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1 Introduction

The seminal work of Nambu and Goldstone [1-3] revealed a deep connection between spon-
taneously broken internal symmetries and a corresponding set of gapless degrees of freedom.
These Nambu-Goldstone bosons (NGBs) parameterize a continuous degeneracy of vacua
and transform nonlinearly under the broken symmetries. Notably, spontaneous symmetry
breaking often mandates universal features in scattering, as perhaps best illustrated by the
Adler zero [4], which refers to the vanishing of certain NGB amplitudes in the soft limit.

As is well-known, similar statements apply to the spontaneous breaking of spacetime
symmetries [5-9], albeit with a fewer number of NGBs than naively expected [10-13]. More
recently, it has also been suggested that spontaneous breaking of Poincaré invariance is not
merely a calling card of certain condensed matter systems, but can actually be elevated to
an organizing principle for these theories [14]. In this approach, nonrelativistic effective
field theories (EFTs) are classified by their spacetime symmetry breaking pattern, yielding a
rich array of physical systems corresponding to the phonon excitations at zero temperature
of perfect solids and fluids, as well as modes of a superfluid. The authors of [14] also
discovered some exotic, yet-to-be-experimentally-realized systems which include the framid,
whose corresponding framon degree of freedom exhibits the minimal nonlinear realization
of spontaneous Lorentz symmetry breaking.

In this paper we study the soft behavior of scattering amplitudes of NGBs arising
from the spontaneous breaking of spacetime symmetries. Our analysis focuses on the
nonrelativistic EFTs classified in [14] by the symmetry breaking pattern corresponding
to solids, fluids, superfluids, and framids. In all of these systems, the group of spatial
rotations is preserved at low energies, so the NGBs reside in a linear representation of
SO(3). For example, the superfluid phonon is described by a scalar field 7, while solid and
fluid phonons and framons are described by a three-vector field 7*.! In general, the latter
NGBs nonlinearly realize the underlying broken spacetime symmetries via

e e e cAT i ST (1.1)

for parameters o and 3, which are in general position-dependent, and where the ellipses
denote terms higher order in the field. In our analysis, we focus primarily on the case
in which the broken spacetime symmetry generators are translations or boosts, but also
consider the case of broken spatial diffeomorphisms in a fluid.

! Throughout, we use Greek letters u, v, p, - - -, to denote four-vector indices, late Latin letters 4, j, k, - - -,
to denote three-vector indices, and early Latin letters a,b,c,---, to denote external particle labels. For
products of three-momenta we will sometimes employ the shorthand, p - ¢ = p'q;.



Following the logic of [15], we use current conservation to derive a broad class of soft
theorems applicable to NGBs arising from the spontaneous breaking of any symmetry.
Technically, our results apply to any symmetry breaking pattern involving spacetime or
internal symmetries or both.? The schematic form of our soft theorem is

lim a[Ay 1] ~ — lim o [3TVsAA, |~ 37 5[4, (1.2)

where the soft limit ¢ — 0 corresponds to sending the energy and momentum components
of the soft leg to zero. Here both sides of eq. (1.2) are O(¢") in the soft momentum, which
is to say that terms O(q') or higher have been dropped. The summations above run over
all external legs in A,, which are assumed to be hard.

Since a and 3 are in general functions of spacetime, they act as differential operators on
the external momenta. In particular, in eq. (1.2), @ acts on the soft energy or momentum,
while 8 acts on the energy or momenta of each hard leg in A,,. Depending on the differential
degree of o and 3, they will extract different powers in the soft expansion of the amplitudes.
For example, if « is a constant, then eq. (1.2) extracts the O(q°) piece of A, 1, while if
« is a single derivative with respect to the soft energy or momentum, then it probes the
O(q") piece of A, 1.

Eq. (1.2) is an on-shell soft theorem because both the left- and right-hand sides are
operations acting on the on-shell amplitudes A,4; and A,. Furthermore, as required of
any physical on-shell scattering, the soft theorem in eq. (1.2) is satisfied irrespective of
the choice of field basis. This feature is actually rather miraculous when one considers
that eq. (1.2) depends explicitly on the off-shell three-point vertex V3, which is field basis
dependent along with the symmetry parameter 5. However, as we will later argue, any
change of field basis that sends V3 and /3 to an alternative choice of V4 and ' necessarily
cancels in the soft theorem. The fact that the soft theorem is on-shell makes our results
distinct from the soft theorems for correlation functions derived in [16-20].

The structure of this paper is as follows. In section 2 we state the general soft theorem
and present a proof as well as a discussion of its invariance under changes of field basis.
We then turn to concrete examples of theories that satisfy the soft theorem: superfluids in
section 3, solids in section 4, fluids in section 5, and framids in section 6. In section 7 we
discuss a soft bootstrap for nonrelativistic theories, and we conclude in section 8.

2 Soft theorem

2.1 Degrees of freedom

In this work we focus on nonrelativistic theories describing a NGB arising from a sponta-
neously broken spacetime symmetry.? For concreteness, let us consider here the case of an

2While the present work focuses solely on theories which preserve SO(3) rotation symmetry, this is
actually not required for our soft theorem. In particular, our results apply to any symmetry breaking pattern
that preserves some version of spacetime translations in the broken phase such that energy and momentum
are well-defined. We leave an analysis of more drastic symmetry breaking patterns for later work.

3For simplicity, we focus on the case of NGBs of type I with a linear dispersion relation. While we do not
explicitly analyze NGBs of type II with quadratic dispersion relations (see [12, 21-28]), all of our results,
including the general soft theorem, should apply more generally.



SO(3) vector field 7¢, which transforms linearly under
spatial rotations: 7' — Rijwj , (2.1)

for a constant orthogonal matrix R. Here we emphasize that 7¢ does not describe a gauge
theory in the conventional sense, since all three of its components are physical: they
correspond to one longitudinal and two transverse modes of the NGB, which we describe in
terms of one-particle states, |w,p, L) and |w,p, T'), respectively. These states overlap with
the 7’ field according to

(Ol (t,2)|w, p, L) = €}, (p)e™ T,

) ] ) ) 2.2
O|7*(t,z)|w,p, T) = elT(p)e*Mt“p“ ) (22)

Here w and p are the energy and three-momentum of the particle. Depending on the particle
type, these quantities obey the dispersion relations,

Ww—dpt=0 or Wt —cEp? =0, (2.3)

where ¢y, and cp are the speeds of sound for the longitudinal and transverse modes,
respectively. The polarization vectors in eq. (2.2) satisfy

piel =0 and eppes =0. (2.4)

This implies that e, encodes the single longitudinal mode while er encodes the two transverse
modes. For explicit calculations, we will use the unit normalized longitudinal polarization,
crp'

el = o (2.5)

We can think of eq. (2.3) and eq. (2.4) as the on-shell conditions for the kinematic variables
that characterize the phonon modes.
Here it will be convenient to define the projection operators,

i Py’
117 (p) = 2
o (2.6)
ij ij Py
HT (p) =467 — 5
p
which leave the polarizations invariant, so
Hi—f (per; = el and H%‘Z (per; = k. (2.7)

In terms of these projectors, the phonon propagator is

. 11/ (p) 117 (p)
AY =L - 2.8
(w7p) w2 o C%p2 + wQ o c2Tp2 9 ( )

. —1 . . . .
whose inverse, Aij (w,p), is the two-point Lagrangian term in momentum space.



To define the n-point scattering amplitude of phonons we define a set of external
particles labelled by a = 1,--- ,n, whose corresponding momenta are p# = (w,, pl,), with
speed of sound ¢, and polarization vector e/ which is chosen to be either longitudinal or
transverse. The n-point scattering amplitude is

Alrin(py oo pn) = (0] (\m,pﬁil ... |wmpn>in) 7 (2.9)

where we have defined a shorthand for a state |w, p) that carries an arbitrary polarization
and is related to the physical longitudinal and transverse states defined previously by
lw,p, L) = € |w,p); and |w,p, T) = ek |w, p);, respectively.

The quantity A} is simply the amputated correlation function of phonon fields,
which can be computed straightforwardly using Feynman diagrams. To compute the physical
amplitude we simply dot this object into external polarization vectors. Note that we have
used a schematic notation in which A% is written as a function of just the three-momenta
p1, -+ ,Pn. However, since we are interested in on-shell kinematics, momenta and energies
can be interchanged freely. So in explicit calculations, our actual amplitudes may be
functions of energies as well as the three-momenta.

2.2 Proof of theorem

To begin, recall that the NGB of spontaneous spacetime symmetry breaking transforms
nonlinearly under the broken symmetry transformations,

mt— 7t 4+ ont. (2.10)

In general, the nonlinearly realized symmetry transformation may also involve changes of
coordinates, but this will not be important for our analysis. In addition, we will assume
that the Lagrangian does not depend on the second and higher derivatives of fields. The
statement that the Lagrangian is invariant implies that

L— L+46L, (2.11)

where the Lagrangian variation is
5L =, (o7 2L) _sxiE, = 0, K" 2.12
-k W&@,ﬂri TR = O (2.12)

Here K describes any shift of the Lagrangian by a total derivative, as would often appear
in a spacetime symmetry transformation. Meanwhile, F/ denotes the equation of motion,

6L 5-[/ on-shell
E; =0, (W) - =, (2.13)

which vanishes on the support of on-shell, physical field configurations. Recalling the
definition of the conserved current,

; 0L
H=¢n"——— KV 2.14



which satisfies the conservation equation,
It =o' E; =0, (2.15)

for on-shell configurations of fields. In order to derive our soft theorem we evaluate matrix
elements of the above equation, keeping contributions up to O(q') in the soft limit.

For later convenience, let us define a bracket that acts on a local field operator O(t, x)
via

(O)* (p1 + -+ pn) :;i_rg(l]/dtd3:ce_i“’teiq'r<0\0(t,x) (lot, p) -+ Jwn, pa)" ) 5 (2.16)

which is the matrix element obtained by sandwiching the operator between a set of on-shell
physical states with arbitrary polarizations. By construction, the field operator itself is
imparted with energy w and three-momentum g which are taken to zero, yielding a soft
limit. Throughout, we assume that an on-shell momentum flows through the operator, so w
also scales as ¢ and is implicitly sent to zero in the soft limit.

To derive a soft phonon theorem we evaluate eq. (2.15) as an operator equation sand-
wiched between on-shell physical states. To this end, let us define a general parameterization
of the infinitesimal shift of the NGB field,

on' =o' + B (2.17)

where a and [ are spacetime-dependent in general and the ellipses denote terms that are
higher order in the field. Meanwhile, the equation of motion takes the general form,

E; = Vgl‘jﬂj + %VSijijWk SE (2.18)

where Vy;; and V3,5 correspond to the two- and three-point Lagrangian terms. Going to
momentum space, the Feynman propagator and three-point Feynman vertex are equal to
Aij = Vi, and Vi, all multiplied by i.

The classical conservation of the current in eq. (2.15) uplifts to the operator statement,

0= (9uJ") = (57" Ey) = ((a’ + Bym7 + - ) (A7 Daer® + §Vagara 4 ). (2.19)

To derive the soft theorem we must calculate the matrix elements in each term in eq. (2.19).
In principle one should evaluate all possible insertions of each operator, both on internal and
external lines. However, many terms can be neglected since we are only interested in terms
at O(¢") but not higher. In particular, since the first equality in eq. (2.19) implies that the
matrix element is automatically equipped with an overall factor of ¢, any contributions to
(J*) which are analytic in ¢ will only generate O(q') contributions to the matrix element.
Conversely, O(q") contributions only arise from terms in (J#) that go as O(¢~1). Such
terms appear due to soft pole contributions from g-dependent propagators, which in turn
only arise from insertions of the operator on external legs (see figure 1). On the other
hand, operator insertions on internal legs and terms of O(73) or higher yield terms that are
analytic in ¢ and thus vanish in the ¢ — 0 soft limit. Thus we can drop all such terms in
the evaluation of the right-hand side of eq. (2.19).



Figure 1. Diagrams computing the contribution from operator insertions on the external legs.

Shuffling around terms in eq. (2.19), we arrive at
(A7) = — (S Vi mim + B i (A R dexe + (2.20)

where the ellipses denote irrelevant O(7) contributions and the “ext” subscript instructs
that the matrix element should be evaluated with the operator inserted only on external
legs. As described above, all insertions of the operator on internal legs are subleading in the
soft limit and can be neglected. Importantly, each of the terms in eq. (2.20) can be recast
in terms of on-shell scattering amplitudes.

As a warmup, let us consider the matrix element

where as before, we use an abbreviated notation where we write out explicitly the three-
momentum dependence of functions, but implicitly there is also energy dependence ev-
erywhere. Eq. (2.21) simply says that the matrix element of the one-point function of an
amputated field is precisely the amputated (n 4 1)-point amplitude. In the case where the
operator includes the spacetime-dependent factor «, we obtain

Note that in transforming to momentum space, the dependence of & on time ¢ and position
x becomes dependence on z% and —ia@q, respectively.

Meanwhile, the terms involving 8 are written in terms of amplitudes as

n

(5,8 e = = 3 8%, i i) [ )] (229)

a=1

which corresponds to the sum over 5 acting on each external leg in the n-point amplitude.
Last but not least, the term <%aiV3” kﬂjwk>ext is

n
_ Eg(ll > ai(i, —z‘aﬁq) |:‘/?;L'Laja (@.Pa) A", (o + Q) A Fa 0 (py - pyt g, ,pn)} _
a=1
(2.24)

Here the propagator and n-point amplitude on the right-hand side are evaluated at shifted
external energy and three-momentum, w, + w and p, + ¢, where we have suppressed the
dependence on the former in the various expressions for ease of notation. At low orders



B
opi,

in the soft expansion we can express this alternatively as (1 + wa%a + ¢*-%-) acting on
these objects.

As noted earlier, the n-point amplitude is in general a function of three-momenta as
well as energies — which is expected since these are generally interchangeable due to the
on-shell conditions. Thus, the energies and three-momenta in the n-point amplitude should
both be shifted. We will discuss later on how this shift is explicitly implemented in order to
maintain the on-shell conditions.

In conclusion, each term in eq. (2.20) can be expressed in terms of differential operators
acting on the (n 4 1)-point and n-point scattering amplitudes. Hence, eq. (2.20) implies
that

) 9 5 i oein -
;1_1}6%(2%,—2371) [A;;_;rll Z(pla'" apnaq)} -

n
i S i i) [V (0 p) A (o DA kg )
a=1

n
B Z B,La . (iaga : —ZBAPG) |:A;L.L1m'7amln (pla cee D, 7pn):| , (225)
a=1

which is our final expression for the soft theorem after dropping terms O(q!) or higher.

Let us comment on several subtle aspects of eq. (2.25). First of all, the limit ¢ — 0
with all other momenta unchanged will not, in general, preserve the on-shell conditions.
Hence, a strict soft limit of this kind is not actually well-defined. The same is true for
the shift of energy and momenta on the right-hand side of eq. (2.25). For these reasons,
all of the amplitudes in eq. (2.25) should be evaluated in a minimal basis of kinematic
invariants, which we will describe in great detail in appendix A.* With this prescription,
the amplitudes will be on-shell for any value of ¢ and any value of p,, so the soft limit and
the shift of momentum are both well-defined on-shell operations.

2.3 Field basis independence

Next, we show how the soft theorem in eq. (2.25) is invariant under changes of field basis.
To begin, we clarify that there are actually two physically distinct senses in which a soft
theorem can be considered field basis invariant.

The first sense is simply the statement that the soft theorem is valid irrespective of
which field basis the quantities § and V3 are defined in, which enter explicitly into eq. (2.25).
If we transform to a different field basis, these quantities will change to 5 and V3. But
crucially, all of the manipulations in the previous section still hold. Hence the soft theorem
will still apply, so its validity is field basis independent.

The second sense is more nontrivial, and it is the statement that the on-shell amplitudes
An+1 and A, can be computed in different field bases and the soft theorems will still be
satisfied. As is well-known, changes of field basis induce new terms which always vanish
on-shell in the amplitudes. However, since our soft theorems involve differential operators in
energy and momentum, one can worry whether these vanishing terms end up contributing

4Throughout, we assume complex kinematics, as commonly used in the study of gauge theory amplitudes.



to the soft theorems anyway. We consider this possibility now, and show that such terms
have no effect.

Concretely, we will now show how terms that vanish due to on-shell conditions in Al "n
will always cancel automatically in the soft theorem in eq. (2.25). Thus, the soft theorem
in eq. (2.25) commutes with the on-shell condition, ensuring the field basis independence
of the soft theorem. We assume cy, # ¢p. The case where the transverse and longitudinal
speeds of sound are equal is simpler, since then we don’t need the projection operators.

A key relation we will need to show this cancellation comes from the symmetry
transformation in eq. (2.17). Since this is an invariance of the Lagrangian, this symmetry
transformation relates the inverse propagator and three-point vertex,

1 iia ia —1 ka _
limy 0i[V3 ", (0, pa)] + 8, [A 7 (pa)",] = 0, (2.26)

which is even satisfied off-shell. In the following, we will assume that « and § are linear
operators, which is indeed the case for all the examples we will discuss in this paper.
There are two types of off-shell contributions that will vanish on-shell. The first is the
dispersion relation for a specific external particle a. Consider corrections to the amplitude
of the form
BA I = (W — PRI (pa)ie;, Of 9o, (2.27)

where we have inserted a projector II* that enforces that leg a has the correct corresponding
longitudinal or transverse polarization, thus making the on-shell condition manifest. By
construction, §A% % vanishes on-shell. Next, we apply the right-hand side of the soft
theorem in eq. (2.25) to the above expression and then apply the on-shell conditions, yielding

=Ty, [ i (V2 5) 4 ke (2 = e2p2) [0 i, , O (229)

at the relevant order in the soft expansion. To show that eq. (2.28) vanishes, we sandwich
eq. (2.26) between two projectors for particle a. Suppressing the indices, we obtain the
relation

e hlg% Oé(‘/g):| I = —[B(A~H)Ie
— _II® [,8 ((w2 . C?LpZ)Ha + (w2 _ C(%pQ)Hz_z) }Ha (229)
= —I[3(? — it

where a denotes the mode orthogonal to a. To obtain the last line in eq. (2.29), we have
used that TI°M% = 0 and II?[4(11%)]T1* = [I*[3(I1%)]11* = 0. This can be seen from

I°[5(I1°)|T1* = TI°[(IT")]I1* = T1*[I°5(11°) + 5 (I1°)I1°] 11", (2.30)

which vanishes both when b = a and b = a. Hence the sum of field basis dependent
contributions in eq. (2.28) vanishes.

The second off-shell contribution we consider, when the speeds of the two types of
modes are different, ¢y # cr, is

SALIn = TI%(p,)ie, Qla~iein, (231)



corresponding to contributions that vanish due to the projectors coming from the choice of
external polarizations. As before, @ denotes the mode orthogonal to a, so § A% "in again
vanishes on-shell. First applying the soft theorem followed by the on-shell condition, we
obtain

a(y Yia  |71: ijaka) AG o ka (173 i1larin
—I%(pa)™;, [;E%ai (VSJ )A (Pa)kat, + B7F (H (pa)kala)] ou-t . (2.32)
To show that these terms vanish, we sandwich eq. (2.26) between I1* and A%, which yields
1 [lim a(vg)] AT — _TI9[B(A1)] AT
q—0
=114 [5 ((w2 —EpHI® + (W? - cc%pQ)H&) }Aa (2.33)
= T (w? — Zp?)B(IT") + (w? — c2p?)B(I")| A7,

where again we have used I1*TI = 0 to get to the third line in eq. (2.33). The first term in
the square brackets in the third line in eq. (2.33) vanishes on-shell. Hence we obtain

I [lim a(vg)] A" = —T1*B[I11?, (2.34)
q—0

so that the off-shell terms in eq. (2.32) cancel out. This shows that the soft theorem
in eq. (2.25) commutes with the on-shell conditions, thereby guaranteeing the field basis
independence of the soft theorem.

3 Superfluids

To start, we will consider the soft theorems for superfluids corresponding to nonlinearly
realized time translations and Lorentz boosts. These constrain the O(¢") and O(q') terms
in the amplitude in the soft limit, respectively. Note that the latter was exhaustively studied
in the interesting recent work of [15] in the context of single field inflation, which in the
flat space limit is described by the superfluid EFT [29]. For completeness, we recapitulate
results for superfluids here even though the important insights on this theory were discussed
already in [15].

3.1 Setup

The superfluid EFT arises from spontaneous symmetry breaking an internal U(1) symmetry
where the phase degree of freedom ¢ has a time-dependent vacuum expectation value (VEV),?

() =t. (3.1)

The VEV spontaneously breaks U(1) symmetry and time translations down to a diagonal
subgroup. Lorentz symmetry is also spontaneously broken. The fluctuations around the
VEV are described by a field m, so

p=t+m. (3.2)

SEquivalently, the VEV of the field transforming linearly under internal U(1) is <ei“¢> = et where p is
the chemical potential.



Under time translations and Lorentz boosts, the field 7 transforms nonlinearly,

|
—~~

&\

I

m(x)+ T, (3.3)
(') = m(x) + vz’ + v, (:Uiat + tvi) m(x), (3.4)

time translations: 7(z) —
Lorentz boosts: 7(x) —

3

where T and v are constant parameters.
As is well-known, the superfluid Lagrangian can be written in terms of the spacetime
translation and Lorentz invariant combination,

X = (0006 1) = 7 — Somdin = 7+ i — L (0m)’. (3.5)

Considering terms with the fewest possible derivatives per field, we write down the leading
terms in the superfluid EFT Lagrangian,

M.
ﬁsuperﬂuid M X + 7X2 3'3X + -

M1+M2 5 My WEY 3 My . .o

_ : Ll rma.2 7l ol i’} (P2

= M7+ 5 5 (Oim)? + 30 + 5 7(7® — (0;m)°) + (3.6)
2. Lo.a o o 933, =1, .5 2

:c7r+§(7r — c*(0;m) )—|—3'7r + (7 = (0m)*) + ...,

where c is the speed of sound, ¢ is the coupling in the three-point on-shell amplitude, and
the canonically normalized Lagrangian parameters are

(1-ep

My=c, My=1-¢*, Mz=g3+3 (3.7)

As is common for spontaneously broken spacetime symmetries, the interactions are related
to the speed of sound by symmetry.

The Feynman rules for the superfluid are trivial to derive from the Lagrangian in
eq. (3.6). The propagator for the superfluid scalar is

1
A(p) = PEppEIE (3.8)
Given the convention defined in eq. (2.18), the cubic interaction vertex is
V3 = igzwiwows + 2‘(0_2 —1) (w1 (waws — py - p3) + cyclic) ) (3.9)

3.2 Amplitudes
For completeness, let us summarize here some amplitudes describing the scattering of
superfluid modes. For example, the three-point scattering amplitude is

A3 = iggwlew?, . (3.10)

For later convenience, let us define the kinematic variables

wgb = (wq + wb)Q, (3.11)

Sab = (wa + wp)? — (Pa + 1b)?

~10 -



where s, reduces to the familiar Mandelstam variables for ¢ = 1. The four-point amplitude
is

2

2 2 2

w w w 1—c¢

Ay =— gg 22 L F8 L P owswy + — (3%2 + 3%3 + 8%4) (3.12)
512 813 S14 4c

g3 . 2 2 2
+ 22 (wigs12 + wigs13 + Wiys14) + gawiwawswy ,

where g4 = My — 14g3(1 — ¢?)/c? — 15(1 — ¢?)3/c*. Note that the coefficient of the first
term in A4 is fixed by factorization. Naively, the coefficients of (s, + s33 + s34) and
(wiys12 + wiss13 + w?ys14) could have been independent contact terms. Nevertheless, the
nonlinearly realized boost symmetry relates them to the speed of sound ¢ and the tree-point
coupling gs.

3.3 Soft theorem

As noted earlier, the superfluid exhibits the spontaneous breaking of time translations
as well as Lorentz boosts. Let us now derive the soft theorems correspond to each of
these broken symmetries. To achieve this, we take the general form of the soft theorem in
eq. (2.25), plug in the cubic interaction vertex Vs for the superfluid, and then insert the «
and S parameters corresponding to either time translations or Lorentz boosts. These will
constrain the O(¢%) and O(q') terms in the amplitudes, respectively.

3.3.1 Time translations

For the case of time translations, we see by inspection from eq. (3.3) that the symmetry
transformation parameters « and  defined in eq. (2.17) are simply

a=T and g=0. (3.13)

Hence, the corresponding soft theorem is

n
gi_l}%)AnJrl(pla"' \Pnsq) = —Clli_rg)[;%(q,pam(pa+q)An(p1,-~ Pa+q, s Dn)

L (3.14)
=N — e A (pr, o).
2;wwa—c2q‘pa o )
To derive the second line in eq. (3.14) we have used that
Ape +q) = ! - ! (3.15)
P e v 02— E(pa + 02 2(wwa — ¢ pa)’ ‘
and that the three-point interaction vertex with two legs on-shell,
VZS(Qapa) = _igwwa(wa =+ W) + 2i(0_2 - 1)(wa + w)(wwa - 02(] : pa) (3 16)

"2 —igww? + 2i(c? — Dwa(wwa — g+ pa),

where in the second line we have taken the soft limit. Plugging the above expression
to eq. (3.14), we see that the first term persists while the total contribution from the
second term, after cancellations with corresponding propagators, vanishes due to energy
conservation ), wg = 0.
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3.3.2 Lorentz boosts

Next, we consider the soft theorem arising from the spontaneously broken Lorentz boosts.
The parameters in eq. (2.17) are identified by comparing with eq. (3.4), giving

a = vzt and B=uwv; (xiat + tvi) ) (3.17)

By specifying to the values in eq. (3.17) for the general soft theorem in eq. (2.25), we get

n

a —_—
%1_12% oo [Ans1(p1, -+, pn, @)] = —élfr[l) 9 3:1 (V3(q, pa) A(Pa + Q) An(p1, - sPa+ G5+ 5 Pn)]
o Z (waap +pa8wa) [An(plv T 7pn)] ) (318)
a=1

where the propagator and three-point vertex are those in eqgs. (3.8) and (3.9) respectively,
and we have stripped the constant vector v.

Our derivation of this soft theorem only differs from that in [15] in the field basis chosen,
which changes the form of V3 and 5. The basis chosen in [15] is related to ours by

T m—(c?=1Dnr. (3.19)
In such basis the three-point vertex is
Vi = igwiwows , (3.20)
and the symmetry transformation is
o = vzt and B = (c*%iat + tvi) , (3.21)

so the soft theorem is as derived in [15]

n

égrg)a(g [Ant1(p1,- -+, pn, Q)] = hﬂ(l) 3q zl[Vg(q ,Pa)A(Pa+ @) An (1, ,Pata . Pn)]

—Z (w02 + bl ) [An(pr, - o)) - (3.22)

The above version of the soft theorem features a boost operator that is nonrelativistic,
whereas the one in eq. (3.18) is relativistic. The former has the advantage that it annihilates

2

the on-shell condition w? — ¢?p2 = 0, thus making invariance under field redefinitions more

manifest. Nevertheless, as explained in section 2.3, the soft theorem can be written in
any basis.

4 Solids

4.1 Setup

The Lagrangian description for solids utilizes a three-vector field which acquires a vacuum
expectation value,

(¢') =", (4.1)
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which spontaneously breaks part of the Poincaré symmetry. Fluctuations of this field are
the NGBs for symmetry breaking, defined via

¢ =+t (4.2)
where 7 is the phonon field. Under spatial translations, the phonon transforms as
spatial translation: 7'(z) — 7"%(2') = 7'(z) + w’, (4.3)

for a constant vector w. At the same time, the phonon transforms nonlinearly under boosts
as
Lorentz boost: 7'(z) — 7' (2) = 7'(x) + v't + v; (:cjat + tvj> m(z), (4.4)

for a constant vector v. Here the first term on the right-hand side arises because 7 transforms
under boosts exactly like spatial position, as implied by eq. (4.2). The second term on
the right-hand side arises because the spacetime argument of the phonon field actively
transforms under boosts also.

To construct a Lagrangian that is invariant under nonlinearly realized boosts, we follow
the procedure of [14, 30] and define

BY = §,¢'0'¢) — Y = Vind + Virt + 9, m'ornd . (4.5)

In three spatial dimensions, the only independent scalar components of this matrix are [B],
[B?], and [B?], where the square brackets denote a trace over spatial indices. Hence, the
general Lagrangian for the phonon is

Lsolid = Z Z Z )‘zjk[B]Z[BﬂJ[B:s]k ) (46)
i=0 j=0 k=0
corresponding to the modes of a solid.

The three components of the phonon can be further decomposed into a single longitudinal
mode and two transverse modes via

7t =l + 7l where Vi =0 and eijkvjwf =0. (4.7)

By expanding the Lagrangian to quadratic order, we learn that the longitudinal and
transverse speeds of sound, ¢y, and cp, are related to the coupling constants via

)\010 = %(1 — c%) and )\200 = —%(1 + CQL — 26%) . (4.8)

Otherwise, the couplings are completely unfixed by the spontaneous symmetry breaking
pattern.6
The soft theorem in eq. (2.25) depends on the propagator and cubic vertex, A and V.

Let us briefly present expressions for these quantities in the case of a solid. The propagator

STIn general, there will be further thermodynamic constraints on the couplings, depending on the physical
system of interest.
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for the phonons of the solid is given in eq. (2.8). From the solid Lagrangian in eq. (4.6), we
also compute the cubic interaction vertex,

Vi 25 (p1, pa, p3) = — 2(1+ 2 — 2¢%) ((waws — pa - p3)p 672%3)
+i(1 = cf) ((waws — pa - p3) (P20 + p26"%))
— 2ioo1 (P2PEPE + 3(pa - p3)p2611)) (4.9)
— 4idno(p1' PSP + (P2 - p3)py' 67%))

— 8idsgopt pi? p?f’ + permutations,

which we can freely rewrite on the support of total momentum conservation.

4.2 Amplitudes

Next, let us briefly describe some explicit phonon amplitudes. The three-point scattering
amplitudes for various combinations of longitudinal and transverse polarizations are

.3
Arrr = —Zcfg((l — 3)2 4+ 16(Xoo1 + A110 + Az00))wiwaws
i3

1 .
Appr = —zC—Q((l — c%p)2 + 6\o01) w3 (w1 — wa)(e1 - e2)(p2 - e3) + cyclic,
T
. W% - W% 2 272 2 2 2 2 2
Appr = lch%c%wlwg (p1-e3)| 2cicr((cr — cp) (Wi +wy) + wiwa(cp — 3c1))
+(2- 02T — 3021: + 8(2A110 + 3X001)) ((c% — c%)(w% + wg) — 26%&)1&)2))) ,

_p2-e))(pi-e2) () o 2 2

Arrr = —1 5 2¢0(1 — ¢p + 4M10 + 9)\001)(.03
cLcrws

— (1 -+ 6200) (@ + wB) + A (1 - c%mwz))

.€1 - €2
g g ws (c%c%((c% — ) (W] +w3) + 2601 = ¢, + cp)wiws)
LT

+ ¢ (1= ¢)? 4+ 6Xoon) (¢} — ) (Wi + wh) — 2¢] wiws)

+ 6+ 8Aum0 + 6hann) () — ) ).

(4.10)
where we have eliminated p; - p; using the minimal on-shell kinematic basis defined in
eq. (A.7). As noted in [31], for real on-shell kinematics the external three-momenta are
necessarily collinear, so the three-point amplitudes with an odd number of transverse
polarizations are zero. However, collinearity is avoided in the case of complex kinematics.

The four-point amplitude is immensely complicated so we do not write it explicitly.
However, it can be found in an ancillary Mathematica notebook included with this paper
containing all of our amplitudes.
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4.3 Soft theorem

Next, to evaluate eq. (2.25) we must specify « and  which depend on which symmetry
is spontaneously broken. In what follows, we consider the case of spatial translations and
Lorentz boosts, respectively.

4.3.1 Spatial translations

By inspection, we see that the nonlinearly realized spatial translation in eq. (4.4) corresponds
to eq. (2.17) by identifying
b =w' and ﬁij =0. (4.11)

Plugging this into eq. (2.25), we obtain the soft theorem corresponding to spatial translations
of a phonon in a solid,

gig(l)Ag;f”’(pl, Py Q)

n
=~ lim Y oVE' (4,pa) A (pa+ QAR Ty pa @y pa) s (412)
a=1

where we have stripped off the constant translation vector w;, leaving a free ¢ index.

We have explicitly evaluated eq. (4.12) for the case of four- and three-point amplitudes
and verified its validity. Here A3 and A4 should be evaluated in the minimal kinematic
bases defined in eq. (A.7) and eq. (A.10). Also, to evaluate the above expression one
must, in the end, contract the polarization indices of the hard particles, i1, 12,43, with
explicit polarizations which are either longitudinal or transverse. The on-shell conditions for
those legs should also correlate with the choice of polarizations, since the longitudinal and
transverse speeds of sound are in general different. By computing all possible combinations
of longitudinal and transverse combinations for the external legs, we have verified that the
above formula holds.

Note that in general for the soft limit of A, with n > 4 we do not encounter the
fractional soft limits of [31]. In that setup, the authors assume real kinematics, for which
taking the soft limit from four- to three-point yields collinear momenta for the latter. For
five- and higher-point amplitudes the soft limit does not yield collinear kinematics in the
amplitudes on the right-hand side of the soft theorem. Moreover, as noted earlier, we assume
complex kinematics throughout, as is common in the study of gauge theory amplitudes.

4.3.2 Lorentz boosts

Next, we consider the soft theorem corresponding to spontaneously broken Lorentz trans-
formations. Comparing the nonlinearly realized Lorentz boost of the phonon in eq. (4.4) to
eq. (2.17), we see that the transformation parameters are

o =o't and Bij = vk (a:k(?t + th) 5ij . (4.13)
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Inserting eq. (4.13) into eq. (2.25), we obtain the soft theorem corresponding to Lorentz
boosts of a phonon in a solid,

n

— lim 8% [Vgiaja (Q7pa)Ajaka (pa + Q)A'anjazn (pla Dt Qe ,pn):| (414)
=1

q—0
a
n . . . .
— Z’L (wa% +pz%) {Ag‘..za.“ln(ply 5 Day 7p’fl):| )
a=1

where the propagator A and cubic vertex V3 are defined in eq. (2.8) and eq. (4.9), respectively.
As before, we have stripped off the constant Lorentz boost vector v;, leaving a free ¢ index.

We have verified by explicit calculation that the soft theorem relating the four-point
and three-point amplitudes is satisfied. As before, in order to verify this soft theorem it is
important to go to the minimal kinematic bases for Az and A4 in eq. (A.7) and eq. (A.10).
Furthermore, we must contract with explicit longitudinal or transverse polarizations for
the hard external states. Performing this for all combinations, we find that the above soft
theorem is indeed satisfied.

5 Fluids

5.1 Setup

As emphasized in [14], fluids are nothing more than solids with an enhanced symmetry.
In particular, the Lagrangian for fluids is the same as the one for solids except with cou-
plings constrained to exhibit an additional invariance under infinitesimal volume-preserving
diffeomorphisms,

diffeomorphism:  ¢' — ¢'* = ¢' + £1(¢). (5.1)

The volume-preserving condition implies that ;6 = 0. In terms of the physical phonon
field this corresponds to

diffeomorphism: 7 — 7' = 7' + &z + 1) = 7' + £ (x) + 9 (@)W + -+ -, (5.2)

expanded to linear order in the phonon field.
Invariance under volume-preserving diffeomorphisms implies that the fluid Lagrangian
can only depend on the combination

l, (1B - 3[B)[BY] +2[B%]) , (5.3)

det B = det(1+ B) =1+ [B] + 5 ([B] ~ [B*)) + 5

and thus it takes the form

1
Louid = —idetB’ + 19 det B”? 4+ 7, det B® + 7o det B* + - - | (5.4)
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where 79 = (1 — ¢2)/8. This implies that fluid dynamics are obtained by imposing the
following constraints on the solid Lagrangian,

Xoto = %,
Aoo1 = —¢
Ao = —5(1+cf)
8 L)>»
Ao2o = 55(1 — i),
Alo1 = %(1—0%)7 (5.5)
)\110:% 1+C%),
Moo = —15(1—cf) — 371,

)\300 = i(l — 36%) + 71,
Moo = o5(1 —cf) + 31 + 72,
where 7 and 79 are residual free parameters of the fluid Lagrangian.

As emphasized in [14, 32], the fluid EFT is peculiar because the transverse speed of
sound is vanishing, so ¢y = 0. Consequently, the transverse modes lack a gradient kinetic
term and the corresponding degrees of freedom are not localized particles in any conventional
sense.” Instead, we will consider the fluid case as a mathematically well-defined limit of
small ¢ — 0. While strict vanishing may be ill-defined, the limit is a straightforward way
to regulate the corresponding solid amplitudes on the approach to fluid dynamics.

5.2 Amplitudes

Next, we record explicit fluid phonon amplitudes. The three-point scattering amplitude of
longitudinal modes is

. T1
Appr = —i—gwiwaws, (5.6)
‘L
where 71 = 3((1 — ¢2)? + 1671), whereas the four-point amplitude is
=2 /2 2 2 2
L[ Wi2 |, Wiz | Wiy — L, .2 2 2
ArLLL = % (S + o + o, | C1wasea + TQL(SIQ + s13 + s14)
12 1 14
L ’ " (5.7)
™1 2 2 2 72
2c cy,

where 72 = 3¢% (1287, — 5(1 — ¢2)?) + 71 (371 + 10c% (1 — ¢3)).

5.3 Soft theorem
5.3.1 Diffeomorphisms

In order to verify the soft theorem in eq. (2.25), we must compute the transformation
parameters « and S for volume-preserving diffeomorphisms, and the propagator and cubic
vertex A and V3 for the fluid.

"We will not shed any new insight on this particular problem, though there has been recent progress
making sense of perfect fluids in two dimensions by recasting volume-preserving diffeomorphisms as SU(NV)
transformations as N — oo [33]. Curiously, a similar construction yields a nonperturbative formulation
double copy relating scalar EFTs in two dimensions [34]. This double copy structure also arises in certain
non-Abelian generalizations of the Navier-Stokes equations [35].
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To begin, let us series expand a general volume-preserving diffeomorphism in powers of
the space coordinate,

o0
fl(l‘) = Z é.ijl...jawjl cegda where gijlml.mja =0. (5.8)
a=1

Here we will be interested in verifying the leading nontrivial component of the diffeomor-
phism, which is linear in the space coordinate

x)=¢2" where ¢ =0. (5.9)
Recasting this leading diffeomorphism in terms of the parameters in eq. (2.17), we find that

ol = ¢ and Bl =¢. (5.10)

Next, to obtain A and V3 we simply take the expressions in eq. (2.8) and eq. (4.9) for the
solid and insert eq. (5.5).

Putting this all together, we learn that the soft theorem in eq. (2.25) applied to the
leading volume-preserving diffeomorphisms of a fluid is

lty 5 [ )] =

n
- éﬁ% > a%. [ng“ja (¢, Pa) A% (Pa + Q)AL (P, pa + ¢, ,pn)}
a=1
n .. . . . . ..
- Z ié“"éga {Af%"']“"'l" (p1,+* s Pas- ,pn)} + terms proportional to 6%,

a=1

(5.11)
where we have stripped off the constant diffeomorphism parameter &;;, leaving free ¢ and j
indices. Thus we see that the terms proportional to 6% are projected out when the left-
and right-hand sides are contracted into §;;, which is by construction traceless.

To verify the above soft theorem we compute the three- and four-point amplitudes
for fluid phonons by imposing the conditions on coupling constants in eq. (5.5) on our
amplitudes for solid phonons. By explicit computation we have verified the validity of the
above soft theorem relating the four- and three-point amplitudes. As before, this check
requires going to minimal kinematic basis for A3 and A4. Furthermore, to avoid pathologies
involving transverse polarizations of external states, we restrict to the case where all external
polarizations are longitudinal.

Note that in principle, one can also derive soft theorems for high-order diffeomorphisms.
In particular, we could consider the next-to-leading diffeomorphism defined by

ot = %gijkajjxk and Bij = ijkka, (5.12)

where §iik = ¢ i = 0. In this case, the corresponding soft theorem will involve the action
of the differential operator, o = —%fi jkaiqja%k' This effectively extracts O(g?) terms
from the amplitude. The general soft theorem in eq. (2.25) applies for any spontaneously
broken symmetry, including next-to-leading diffeomorphism. We do not explicitly construct
and evaluate the soft theorem for next-to-leading diffeomorphism in this paper, but it is

straightforward to do so by inserting eq. (5.12) into eq. (2.25).
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6 Framids

6.1 Setup

The framid theory exhibits a minimal field content needed to represent the spontaneous
breaking of Lorentz symmetry. The setup centers on a four-vector field whose vacuum
expectation value,

(Au(@)) = o, (6.1)

spontaneously breaks Lorentz symmetry. Fluctuations about this value are parameterized
by framon fields which are the NGBs of boosts,

A, = exp(iﬂjKj)M”éS, (6.2)

where K' is a three-vector parameterizing Lorentz boosts. Expanding in powers of the
fields, we obtain explicit formulas for the four-vector field,

A0:1+%ﬂ—2+"7

6.3
Al’:ﬂ'i(l—l—%ﬂj—{—---). ( )

By construction, boosts are nonlinearly realized as constant shifts of the framon field,
Lorentz boost: n'(z) — 7'(2') = 7' (x) +v" + v, (a:j(?t + th) m(z), (6.4)

where, as before, the last term on the right-hand side appears because the spacetime position
of the framon is boosted in the transformation. Note that the framon does not nonlinearly
realize translation symmetries.

The leading order boost invariant Lagrangian for the framon is

Loamia = —5 M3 (0, A")? — M3 (0,A0)* = 5(M5 — MP)(AP9,A,)° . (6.5)

As before, we can expand to quadratic order in the framons in order to express some of the
couplings in terms of the speeds of sound of the longitudinal and transverse modes,
M3 M3 + M3

=2 and A =

6.6
e A (66)

In order to evaluate the soft theorem in eq. (2.25) we must compute the propagator
A and cubic vertex V3 of the framid theory. Conveniently, the framon has an identical
dispersion relation to the phonon, so A is defined as in eq. (2.8).
Meanwhile, the cubic interaction vertex is straightforwardly extracted from Lgamid,
yielding
Vi (pr, pa,py) = = (1= ) (wn (67729 + 679

— (CQ _ 2 ( 51'12'2 i3 1143, 92 i (6'7)
T —cr) (wi(6"2ps’ + 6" "8py’) ) + cyclic.

As noted in [14], in the relativistic limit of ¢, = ¢ = 1, the framid coincides with the
nonlinear sigma model (NLSM), which is why V3 vanishes in this case.
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6.2 Amplitudes
The three-point on-shell scattering amplitudes for framons are
(1-cf)

CL
Arprr=(1 —cZT)(wl —wo9)(e1-e2)(p1-e3)+cyclic,

(c2—c2) w? 2
Appr=wr <LT3+(1—CL)> (p1-e3)+ (1 2),

2
cr wiw2

Aprr = (Wi +wi+w3),

(2 —c2)(1-3c%) 2 2cp(1—c2)
2cr,c2 w3 — c2
LCr T

Aprr =3cp(1—c7)(p2-e1)(p1-e2) + ( w1w2> (e1-e2),

while our four-point amplitude can be found in the attached ancillary Mathematica file.

6.3 Soft theorem
6.3.1 Lorentz boosts

Comparing eq. (2.17) to eq. (6.4), we see that the transformation parameters corresponding
to the nonlinearly realized Lorentz boosts of the framon are

of = o and Bij = v (azk&g + tvk) 5ij . (6.9)
Combining this with eq. (2.25), we obtain

i1t

;i_I}(l)An—i-l (pl)"' 7pm(1):

M=

V;iaja (Q7pa)Ajapa (pa + Q)AS.-.ja...in (pl’ o aPat g ,pn) (6'10)

e
Il
—

WE

(Wa% _’_pZ%) [Aglazn(pla s Pay 7pn):| )

Il
—

a

which is the soft theorem corresponding to boosts in the framid.

By explicit calculation, we have verified the framon soft theorem at five-, four- and
three-point, by using a minimal kinematic basis and plugging in all possible combinations
of longitudinal or transverse polarizations for the hard external legs.

7 Soft bootstrap

Our analysis thus far has focused on incarnations of the soft theorem in eq. (2.25), which
relate nonzero expressions involving the (n + 1)-point and n-point amplitudes. However,
in the special circumstance where soft limits vanish — also known as Adler zeros — the
corresponding theories typically exhibit enhanced symmetry structures. Concretely, the
Adler zero stipulates that

1 ... f— 1
éli%An—H(pla Py q) = O(q7), (7.1)
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which is the case for, e.g., amplitudes of pions in the NLSM [4]. In special circumstances,
scalar EFTs can exhibit an enhanced Adler zero,

lim An+1(pla c 5 Pn, Q) = O(q2) . (72)
q—0

This is the case for Dirac-Born-Infeld (DBI) theory and the Galileon. Remarkably, the
NLSM, DBI, and the Galileon exhibit a soft behavior of amplitudes that is enhanced beyond
what is naively expected simply from counting the number of derivatives per interaction
vertex. Hence, by writing an ansatz and imposing eq. (7.1) or eq. (7.2) as constraints,
one can bootstrap these theories from first principles [36-39]. These resulting theories
have highly constrained interactions, and were dubbed exceptional scalar EFTs. The soft
bootstrap has also been extended to broader classes of theories, including theories with
vectors or fermions [40-54] as well as nonrelativistic theories [55-57].

In the context of spacetime symmetry breaking, it is natural to ask: Are there exceptional
nonrelativistic EF'Ts? Are there exceptional theories of phonons and framons?

7.1 Exceptional phonons

We start by considering effective theories of phonons, i.e., corresponding to spacetime
symmetry breaking pattern of solids, fluids, and superfluids, which all have interaction
vertices with one derivative per field. First, we want to establish the Adler zero for these
theories, i.e., the requirement that the amplitudes vanish as O(q') in the soft limit.

For a theory with one derivative per field, all interaction vertices involving the soft
particle will scale as O(q'). This suggests that the on-shell amplitudes should also scale
as O(q'), thus exhibiting an Adler zero. However, as is well-known, this reasoning fails
in the presence of three-point interaction vertices, which generically induce O(q~!) soft
poles. These contributions can, in principle, conspire with O(q!) contributions from the
interaction vertex to give an amplitude that scales as O(q).

In relativistic theories of derivatively coupled scalars, there are no such soft poles because
there are no on-shell three-point amplitudes. The only nonzero three-point amplitude for
relativistic scalars is a constant arising from a cubic potential term, which is absent by
definition for derivatively coupled scalars. The absence of relativistic three-point scalar
amplitudes implies the existence of a field basis where the corresponding three-point vertex
is zero and thus there are no singular terms in the soft limit.

In contrast, nonrelativistic theories can have nontrivial three-point amplitudes, even in
theories with interaction vertices with one derivative per field. Thus, the Adler zero is not
automatic. A sufficient condition for having an Adler zero for such nonrelativistic theories
is to demand that all three-point amplitudes vanish.

7.1.1 Solids

Let us begin by imposing an Adler zero for phonons in a solid. The three-point solid
amplitudes are given in eq. (4.10). Demanding that all of these vanish for any choice of
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[ee]

external modes, transverse or longitudinal, implies a universal speed of sound,
cr =cL=c, (7.3)
in addition to the constraints
6X001 = —8A110 = 48X300 = —(1 — ¢?)2. (7.4)
Given the restrictions in egs. (7.3) and (7.4), the following field redefinition
=714+ (1 - Aot (7.5)

sets the three-point vertex to zero. In this basis the soft theorem for spontaneously
broken spatial translations in eq. (4.12) with V5 = 0 shows the existence an Adler zero for
n-point amplitudes.

One might ask whether such restrictions on the solid couplings are technically natural.
In other words, do the choices of couplings in egs. (7.3) and (7.4) enhance the symmetries
of the solid EFT? Unfortunately, the answer is no. While the vanishing of the three-
point amplitude and a relativistic dispersion relation suggest a possible emergent Lorentz
symmetry, this is trivially broken by higher-point amplitudes.

Next, it is natural to further impose the condition that the O(q') term in the amplitude
vanishes, yielding an enhanced O(¢?) soft limit. A necessary condition for this is given by
the soft theorem for spontaneously broken boosts. In the basis where the three-point vertex
is zero it takes the form

n
51_13’(1] % |:Azll+llnl(p17 5y Pns q):| = — Z’L <wa8§ai + C2p:‘z%> |:Aqullzaln (pla e 7pn)i| .
a=1
(7.6)

Interestingly, the enhanced Adler zero requires choosing couplings in the solid EFT such
that the theory has an emergent boost symmetry with respect to the speed of sound c.

The boost soft theorem in eq. (4.14) does not capture all terms of O(q) in the soft
expansion of the solid amplitude. Hence, the emergence of a relativistic symmetry is not
sufficient to guarantee an enhanced Adler zero. By explicitly imposing the enhanced Adler
zero on the four- and five-point scattering amplitudes of longitudinal phonons in a solid, we
constrain the couplings in the solid Lagrangian in eq. (4.6) according to

252X 101 = 672X020 = 1152 400 = —224A910 = 21(1 — )3,

b (1D
192X310 = 320120 = —240X901 = —120Ag11 = —768\500 = 5(1 — ¢*)".

These conditions must be imposed in addition to the constraints in eqgs. (7.3) and (7.4)
which are needed to ensure the ordinary Adler zero. We find that the five-point scattering
amplitude vanishes identically for this choice of couplings.

This bootstrap suggests that there should exist a solid with an enhanced Adler zero.
To investigate this possibility, we generalize to a solid in arbitrary spacetime dimension

8Note that this constraint is not compatible with thermodynamic constraints imposed by bulk stability
in ordinary solids [58].
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while including all [B"] operators in the Lagrangian. Remarkably, we find that the
three-, four-, and five-point scattering amplitudes for a solid with the constraints in
egs. (7.3), (7.4), and (7.7) agree with the scattering amplitudes derived from a physically
equivalent Lagrangian,

Lexc. solid = i\/— det (77“1, +r (%ma’ywi)) , (7.8)

with a coupling constant x = —(1—¢?), where we introduced &, such that 9,0 = —97+c*d;.
In addition, we have verified that the theory in eq. (7.8) yields a six-point amplitude that
vanishes as O(q?) in the soft limit.”

Since the phonon indices in eq. (7.8) are only contracted with each other, they effectively
label an internal symmetry. Moreover, eq. (7.8) clearly describes a theory that linearly
realizes the Lorentz symmetry with respect to the speed of sound ¢ in eq. (7.6). Note that
the coupling x vanishes when ¢ = 1, yielding a free theory. Thus, we have arrived at the
Lagrangian for multiple relativistic DBI fields. The enhanced soft limit we have encountered
is not surprising in light of the results of [37-39], which show that the only relativistic
theory of single derivatively coupled scalar with an enhanced soft limit is DBI.

7.1.2 Fluids

Let us now attempt to construct an exceptional fluid theory. As noted earlier, we only
consider the longitudinal external states. That makes the fluid case different from the
solid case. The only condition for the fluid comes from requiring Arrz in eq. (4.10) to
vanish, subject to the fluid constraints in eq. (5.5). That fixes the free coupling in the fluid
amplitude in terms of the speed of sound for the longitudinal modes,

T =—(1-c]). (7.9)

As for the solid, this is sufficient to ensure an Adler zero thanks to the soft theorem for
spontaneously broken spatial translations in eq. (4.12). Similarly, the soft theorem for
spontaneously broken boosts in eq. (4.14) shows that an enhanced Adler zero requires an
emergent relativistic symmetry.

Next we demand that the four-point amplitude for all longitudinal polarizations has
an enhanced Adler zero. Imposing the constraints in egs. (5.5) and (7.9), we find that the
four-point amplitude is

3 213 1—cf o 2 2
ALLLL = -7 (5(1 — CL) - 1287’2) wiwaowswy + 472(812 + S13 + 814) , (7.10)
‘L ‘L
where s, was defined in eq. (3.11) and here ¢ = ¢. In the soft limit, the first term scales as
O(q) and the second as O(¢?). Imposing the enhanced Adler zero constraints the coupling
to be
Ty = 155(1— c2)3. (7.11)

9Since eq. (7.8) is expressed in terms of a determinant over spacetime indices, one must impose kinematics
in a specific dimension in order to verify the enhanced soft theorem. In this case, the on-shell identities in
appendix A must be supplemented with dimensionally specific Gram determinant constraints.



From the choice of coefficients in eqgs. (7.9), (7.11) it is easy to guess the pattern for the
exceptional fluid Lagrangian

Lexe. fluid = 1 - C detB/ 2 (7.12)
—tL
= Laetn + 1(1 — ¢2)detB"” — ! —(1—¢2)%detB" + i(1 —2)3detB™ +
2 8 16 128

Although not obvious, can we identify a different Lagrangian which reproduces exactly
these fluid amplitudes which have an enhanced soft limit. That Lagrangian takes the form

exc. fluid = \/1 + K’ c%(aiﬂ-i)Q) : (713)

The coupling constant is k' = —(1 — cL) /c2. As it turns out, this Lagrangian is tree-level

equivalent to relativistic DBI with the longitudinal phonon playing the role of the DBI
scalar. To understand why this is so, we simply expand the phonon field in terms of its
longitudinal and transverse components as in eq. (4.7), yielding

1 ; : ,
ézxc. fluid — E\/l + K/ (77% + 77% - C%(@Zﬂ‘i)z) . (714)

Crucially, since 7 enters quadratically, it can only be pair-produced. Thus, for tree-level

amplitudes with all external legs with longitudinal polarizations, the transverse modes
decouple completely. Hence, the resulting Lagrangian is equivalent to that of DBI for the
longitudinal phonon mode at tree level.

7.1.3 Superfluids

A similar analysis was carried out for the superfluid in [15, 59]. In order to have an Adler
zero, one demands that the tree-point amplitude in eq. (3.10) vanishes, which imposes
g3 = 0. Then the soft theorem in eq. (3.22) shows that an enhanced Adler zero requires an
emergent boost symmetry. From directly requiring the O(¢?) vanishing of the soft limits of
higher-point amplitudes it follows that the only such theory is

1
£exc. superfluid =— E\/l + (1 - 02) (au¢8u¢) ) (715)

written in terms of the field ¢ defined in eq. (3.2). This superfluid DBI Lagrangian
corresponds to one of the symmetric superfluid theories in [59], found by considering all

possible new symmetries that form a consistent algebra with Poincaré and U(1) shift
symmetries.
As before, we can identify a classically equivalent Lagrangian

1 ;
fexc. superfluid — ?\/l + K" (@2 —c? (8ZS0)2) ) (716)

with k" = —(1 — ¢?)/c*, which also follows from the emergent boost symmetry and the

results in refs. [37-39]. This Lagrangian describes a brane moving with constant velocity in
an extra dimension [60].

A more general soft bootstrap for nonrelativistic theories with a single scalar was
also performed in [55], including the case of NGB with quadratic dispersion relations. By
imposing the enhanced Adler zero for a theory with a single scalar with one derivative per field

— such as the superfluid — the resulting theory was also found to be effectively relativistic.
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7.2 Exceptional framons

The analysis of enhanced soft limits for framids is slightly different. Framon interactions,
unlike phonons, do not involve one derivative per field. This is analogous to what happens
in the relativistic NLSM, where at leading order in the derivative expansion the interactions
have the structure (9, )2

The framon soft theorem in eq. (6.10) shows that an Adler zero requires the vanishing
of the three-point amplitude. This is achieved for

cr=cp =1, (7.17)

corresponding to a genuine relativistic dispersion relation for all modes. With this choice
the soft theorem still yields

+Phgls ) AR (ot pa )|

(7.18)
so an Adler zero requires full boost symmetry of the framon amplitudes. This is indeed a

n
;L}I%Anl_kl (pla”' 7PmQ) __E:I(Waapai
a=

consequence of the choice in eq. (7.17) which corresponds to the Lagrangian
Eexc. framid = _%MQQ(auAV)Q , (719)

at the leading order in the EFT derivative expansion. Note that the derivative indices are
independent from the Lorentz indices of A,. Thus, this theory simply describes a relativistic
NLSM realizing the spontaneous breaking of an internal SU(2) symmetry corresponding to
the boosts of A,. That such choice of couplings at this order corresponds to the relativistic
NLSM was already pointed out in [14]. Here we have derived this condition from the bottom
up as a necessary condition for an Adler zero. Furthermore, since our soft theorem is a
consequence of symmetry it is valid to all orders in the EFT derivative expansion.

7.3 Alternative bootstraps

Given the soft theorem in eq. (2.25), can we extend the approach of on-shell soft bootstrap
to theories with nonzero soft limits? Immediately, we see an obstruction: as we have noted,
the soft theorem in eq. (2.25) contains field basis dependent terms: the off-shell three-point
vertex V3 and the field transformation under the symmetry 5. If we do not know these
beforehand, how can we initiate a bootstrap procedure?

Despite this apparent lack of data, such a bootstrap is actually possible in some
circumstances, e.g., for the framid. Suppose we want to find theories with two derivatives
per interaction vertex which spontaneously break Lorentz boosts. Let us start with the
general soft theorem in eq. (2.25), together with eq. (6.4) for the framons. For this particular
case, the soft theorem for the on-shell three-point amplitude encodes enough information to
constrain all couplings in V3. Then, imposing the soft theorem on higher point amplitudes
recursively, we obtain a set of constraints on the couplings in a Lagrangian ansatz with only
rotational symmetry. We find that the only solution at the two-derivative order coincides
with the expansion of the framid Lagrangian in [14], which was constructed using the
top-down approach.
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Similarly, higher-derivative deformations of the framid Lagrangian can be obtained
either from the top-down or the bottom-up construction (by adding higher dimensional
operators to the Lagrangian ansatz). The two methods are complementary, however the
bottom-up on-shell approach allows us to bypass the field-dependent redundancies of the
Lagrangian and directly obtain the on-shell framid amplitudes.

8 Conclusions

In this paper we have initiated a systematic analysis of the soft behavior of scattering
amplitudes in a broad class of condensed matter systems. The common thread linking these
theories is that their gapless modes are the NGBs of spontaneously broken spacetime symme-
tries. As per the classification of [14], the dynamics of superfluids, solids, fluids, and framids
can all be derived from universal principles governing nonlinearly realized symmetries.

Using current conservation, we have derived the general soft theorem in eq. (2.25),
which encodes the action of broken symmetry generators on the NGBs. The ingredients
entering the soft theorem are the parameters of the broken symmetry transformation, «
and 3, together with the propagator and cubic vertex of the theory, A and V3. While 5 and
V3 are generally dependent on the field basis, and thus not individually invariant, they enter
into eq. (2.25) in a way that is field basis independent. Furthermore, eq. (2.25) should be
viewed as a soft theorem because it is an operation relating on-shell scattering amplitudes.

Applying this construction to various EFTs, we present and check a broad array of
soft theorems, including those corresponding to temporal translations and Lorentz boosts
of the superfluid, spatial translations and Lorentz boosts of the solid, volume-preserving
diffeomorphisms of the fluid, and Lorentz boosts of the framid.

Last but not least, we have applied a soft bootstrap approach to these condensed
matter systems. In this analysis we take as input the assumption of an enhanced Adler
zero condition for soft NGBs. While we have identified exceptional theories of the solid and
fluid with these enhanced infrared properties, they are all closely related in structure to
relativistic DBI.

Our analysis leaves a number of directions for future work. For example, as noted
earlier, our soft theorem does not actually require SO(3) rotation invariance in the broken
phase. Indeed, the only requirement is that symmetry breaking preserves some notion of a
conserved energy and momentum. For this reason one can in principle study condensed
matter systems with even less rotational symmetry. It would be interesting to classify these
theories and their corresponding soft theorems.

Throughout this paper we have focused on scattering induced by the self-interactions of
phonons. However, the interactions of phonons with other degrees of freedom, e.g., crystal
defects or vortices are also of interest for many condensed matter systems. As long as
these other modes can be incorporated consistently into the EFT of spontaneous spacetime
symmetry breaking, it should be possible to mechanically derive new soft theorems for
scattering processes involving these other degrees of freedom.

Another avenue for exploration is more elaborate variations of the soft bootstrap. In
particular, it should be possible to assume a general ansatz for the broken symmetry
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parameters « and 3, as well as a general ansatz for the propagator and cubic vertex, A and
V3. Sculpting out the space of amplitudes satisfying our soft theorem might offer insight
into new condensed matter systems of interest.

Finally, it would be interesting to understand whether the geometric perspective on soft
theorems presented in [61, 62] extends to a nonrelativistic setting. A geometric description
of the corresponding EFTs has already been described in [26], so generalizing to this case
should be relatively straightforward.
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A Nonrelativistic kinematics

Our analysis will require a careful treatment of on-shell kinematics for scattering amplitudes
with nonrelativistic dynamics. For the n-point amplitude, A,,, we define the four-momenta
of the n hard legs to be

Pl = (W, Pl (A1)

where the external particle index is an integer in the range 1 < a < n.

It will be crucial to define the notion of a minimal on-shell basis of kinematic invariants.
A priori, the n-point amplitude is an SO(3) invariant quantity that is a function of the
energies w, and all inner products of three-momenta, p, - pp for 1 < a < b < n. A minimal
on-shell basis defines a set of kinematic variables for which all on-shell constraints are
automatically imposed.

To achieve this, we first eliminate the energy and three-momentum of some leg, chosen
here to be leg n, so

n—1 n—1
Wy = — Z Wa and Py, = — sz (A.2)
a=1 a=1

The elimination of the energy w, and three-momentum p¢, of leg n via the above equations
then automatically enforces total momentum conservation. Second, we impose the on-shell
conditions for the external legs, allowing us to eliminate the kinematic invariants
2
2 Wa

Pr=— for 1<a<n-1, (A.3)

2
Ca

where ¢, is the speed of sound for the corresponding leg. For example, for phonons it
would be the longitudinal or transverse speeds of sound, ¢y, or ¢y. The above condition
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allows us to eliminate p2 for 1 < a < n — 1. However since we have already eliminated p?,
by momentum conservation, for the case of a = n the on-shell condition imposes a more
elaborate constraint,

n—1 2 1 n—1 2

2
= (Tn) — 5 () - (A1)
c

a=1 n \a=1

which should can be used to eliminate one more kinematic invariant, which we can choose

to be p,_o - pp—1 without loss of generality. In summary, the minimal kinematic basis is
comprised of the variables

Wy for 1<a<n-—-1,

(A.5)
Da * Db for 1<a<b<n-2 and 1<a<n-3, b=n-—1,

with all other kinematic variables fixed by on-shell conditions.

With the inclusion of external polarization vectors, ¢! for 1 < a < n, similar logic
applies. Without assuming any special properties of the external polarizations, for example
whether they are longitudinal or transverse, we simply eliminate all invariants involving p¢.
Hence, we obtain

€q " €p for 1<a<b<n,

(A.6)
Pa - € for 1<a<n-1, 1<b<n,

for the elements of the minimal kinematic basis involving polarizations.
Let us also write down the explicit minimal kinematic basis for three-point scattering,

basis for As : w1, W,

b1-€1, pP1-€2, p1-€3, P2-€1, P2-€2, P2-€3, (A-7)

€1-€2, €1-€3, €2-€3.

The utility of these variables is that we can freely change them while remaining on the
kinematic surface that defines on-shell configurations. From here on, we will write all
on-shell quantities in terms of these minimal bases.

Finally, to evaluate the amplitude for a specific configuration of external modes, we plug
in explicit longitudinal or transverse polarizations. The trasverse conditions put additional
constraints on the minimal basis

Pa-€q =0 for 1<a<n,

n-2 (A8)
Pn—1-€n = _Zpa'en-
a=1

For our analysis, we will be interested in how the soft limit of the (n+1)-point amplitude,
Apyt1, can be expressed in terms of the n-point amplitude, A,. For this reason, we define
legs 1,--- ,n to be hard, since they are present in both A,+; and A,. On the other hand,
leg n + 1, with external polarization e’, will be taken soft, so we parameterize it with a
special four-momentum

¢ = (w.q). (A.9)
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To be very explicit, A, is a function of py,--- ,pp, ¢ while A, is a function of ,--- | p,.
Both should be evaluated in a minimal kinematic basis in which the energy w,, the three-
momentum p’, and the invariant p,_s - p,_1 have been eliminated. Consequently, for any
values of the soft momentum ¢, the amplitudes remain on-shell. This ensures that the soft
limit is taken while maintaining all on-shell conditions. The minimal basis for four-point
scattering is then

b&SiSfOI'A4: w, w1, W2, 9q-p1, 9-pP2, 9q-€¢, q-€1, q-€2, q-e€3,
pL-€, pi-e1, pi-€2, pi-€3, Pa-€, Pa-€1, P2-e€2, p2-ez, (A.10)

€-€, €-€2, €-€3, €1 €2, €1 €3, €2-€3.

By construction, the minimal basis for A4 in eq. (A.10) reduces to the minimal basis for Az
in eq. (A.7) in the soft limit, ¢ — 0.

While the above approach is somewhat convoluted, we emphasize that any definition of
the soft limit of an on-shell amplitude requires something analogous. In general, simply
changing the momentum q of a leg to be soft will not maintain on-shell conditions. For the
case of on-shell soft recursion [39, 41, 63, 64], the soft limit of a given leg must always be
compensated by a slight shift of one of the hard legs. The minimal basis construction we
have described above achieves this automatically.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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