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1 Introduction and motivation

Neutrino physics has made tremendous progress in the past few years. The discovery of
the phenomenon of neutrino oscillations [1–8] has not only answered the solar- neutrino
problem [9–12] and atmospheric-neutrino problem [13–16], but also it has open up the
new doors to look at the beyond standard model physics. At present, as per the standard
model, there are three active flavors of neutrinos associated with the electron, muon and,
tau lepton. The neutrino oscillations in the presence of three active neutrinos are described
by six oscillation parameters: two mass square differences i.e. ∆m2

21 = m2
2 −m2

1, ∆m2
31 =

m2
3−m2

1, three neutrino mixing angles θ12, θ13, θ23 and one Dirac CP phase δCP . The values
of the oscillations parameters have been constrained by various neutrino experiments [17–
24], the only unknown oscillation parameters left to be known precisely are the sign of
atmosphere mass -squared difference i.e. ∆m2

31 which will resolve the issue of neutrino
mass ordering, the precise measurement of mixing angle θ23 which will help in establishing
the correct octant and the value of fundamental CP phase. The long baseline experiments
T2K [25] and NOνA [26] have independently reported the value of δCP but there is a
slight tension between the two values. This discrepancy may be because of the systematic
uncertainties or it may be an indication of the new physics arising from the presence of
sterile neutrinos [27–35] or non-standard interactions [36–40]. Also in [41], non-unitarity
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and Lorentz invariance violation have been investigated as a potential explanation for
resolving the tension.

Certain short baseline anomalies are coming from the reactor and Gallium [42, 43],
accelerator experiments LSND [44] and MiniBooNE [45] which hints towards the existence
of a hypothetical fourth sterile mass eigenstate. The presence of such right-handed sterile
neutrinos will extend the structure of the standard 3 flavor framework. As a result, the
number of neutrino oscillation parameters gets enhanced in the minimal extended 3 + 1
framework. There are now three additional mixing angles i.e. θ14, θ24, θ34 and two more
CP phases. We have the new mass square differences arising from the mixing among fourth
mass eigen state ν4 with mass eigenstates of three active flavors (νe, νµ and, ντ ). The pres-
ence of sterile neutrino has been widely explored in the literature (see references [46–52]).

The effect of sterile neutrinos over the standard oscillation parameters have been
widely explored in the current and future proposed neutrino oscillation experiments like
T2HK [53],T2HKK [54], and DUNE [55–58]. An important point to remark is that all the
above-stated experimental facilities are using the neutrino beams originating from the pions
decay, whereas in the proposed work, we look at the potential of upcoming neutrino oscil-
lation experiment MOMENT(MuOn-decay MEdium baseline NeuTrino beam facility) [59]
which will observe a neutrino beam produced from decaying muons at relatively low ener-
gies. As an advantage one can skip the background effects and other technical difficulties
at the experimental level. However, it has a non-negligible background arising from atmo-
spheric neutrinos. MOMENT experiment also provides access to eight different oscillation
channels with a high control of systematic uncertainities.

MOMENT is a proposed medium baseline neutrino oscillation experiment with a base-
line of 150 km. A detailed description of the experimental facility is provided in section 5.
The matter effects arising from the interaction of neutrinos with the matter potential as
they propagate through it are negligible in comparison to the long baseline neutrino ex-
periments. As a result, the fake CP violation scenarios arising from matter terms can be
avoided in the MOMENT. The comparative analysis for the precise measurement of delta
CP phase has been made among MOMENT, T2K, NOνA, T2HK, T2HKK, and DUNE
where it has been discussed that MOMENT can significantly improve the bounds over
δCP [60]. Furthermore, the effect of non-standard interactions and their effect over the
CP phase has been looked at in references ([60–63]). In paper [64], authors investigated
the invisible decays of the third neutrino mass eigenstate for MOMENT. The benefits of
MOMENT like beams with opaque detector are explored in [65]. To the best of our knowl-
edge, the effect of sterile neutrinos in the MOMENT facility is not been studied to a much
large extent. In this work, we look at the influence of sterile neutrino over the precise mea-
surement of the fundamental CP phase. This work aims to study the capabilities of the
MOMENT experiment and put it into context in the global experimental effort in neutrino
physics.

This motivates us to study the physics potential of MOMENT experiment in the
presence of a hypothetical right-handed eV scale sterile neutrino. We present a detailed
discussion of the behavior of the 4-flavor transition probabilities and understand the bird’s
eye view of CP trajectory curves in the standard 3-flavor scheme and extend it to our
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framework of the 3+1 flavor scheme. We perform a prospective study addressing the CP
violation sensitivities and look at the degeneracies among different CP phases.

The paper is organized as follows: in section 2, we give the theoretical understanding of
the neutrino and anti-neutrino oscillation probabilities in the presence of a sterile neutrino.
In section 3, we discuss the quantitative discussion for neutrino and anti-neutrino appear-
ance probabilities for different values of the sterile CP phase. In section 4, we extend our
discussion for the analytical examination of neutrino oscillations at the bi-probability level.
In section 5, we look at the numerical simulations for event rates for signal and background.
In section 6, we focus on the CP violation study and the reconstruction among different
CP phases. We summarize and conclude our results in section 7.

2 Transition probability in the 4-flavor scheme

2.1 Theoretical framework

The formalism of 3 + 1 neutrino oscillation can be understood in terms of time dependent
Schrödinger equation in the mass basis as,

i
∂νj
∂t

= H0νj , (2.1)

with j = 1, 2, 3, 4 and H0 is defined as the effective Hamiltonian in the mass basis and νj
being the neutrino mass eigenstate. The effective flavor dependent Hamiltonian for 3 + 1
neutrino oscillation including matter effects is given by

H4ν = U4ν


0 0 0 0
0 ∆m2

21/2E 0 0
0 0 ∆m2

31/2E 0
0 0 0 ∆m2

41/2E

U †4ν
︸ ︷︷ ︸

= Hvac

+


VCC 0 0 0

0 0 0 0
0 0 0 0
0 0 0 −VNC


︸ ︷︷ ︸

= Hmat

, (2.2)

In case of 3 + 1 scenario, i.e, for three active neutrinos and one sterile neutrino, the mixing
matrix U4ν can be parameterised as

U4ν = R
(
θ34, δ34

)
R
(
θ24, 0

)
R
(
θ14, δ14

)
R
(
θ23, 0

)
R
(
θ13, δ13

)
R
(
θ12, 0

)
≡ R

(
θ34, δ34

)
R
(
θ24, 0

)
R
(
θ14, δ14

)
U3ν

(2.3)

where U3ν = R
(
θ23, 0

)
R
(
θ13, δ13

)
R
(
θ12, 0

)
is the standard three flavor neutrino mixing

matrix. The mass eigenstates are related to flavor eigenstates as νj =
[
U4ν

]
jα
να.

The 4 × 4 real rotation matrices Rij (here R(θ24), R(θ23), R(θ12)) in the (i, j) plane
with 2× 2 sub matrices are defined as:

Rij =
(
cij sij
−sij cij

)
(2.4)
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while the complex rotation matrices (i.e. R(θ34, δ34), R(θ14, δ14, and R(θ13, δ13)) in the (i, j)
plane are defined by:

R̃ij =
(

cij sij
−s∗ije−iδij cij

)
(2.5)

with cij = cos θij and sij = sin θij . The parametrization of unitary mixing matrix allows
the conversion probability to independent of mixing angle θ34 and the corresponding delta
phase δ34.

In the S-matrix formalism, the neutrino flavor changes after propagating a distance L
is defined in terms of an evolution matrix S as

να
(
L
)

= Sαβνβ
(
0
)
. (2.6)

The key point is that the evolution matrix S satisfies the same Schrödinger equation. After
some simplification, the form of evolution matrix can be expressed in term H4ν as

Sβα = [ exp(−iH4νL)]βα , (2.7)

The final expression of neutrino oscillation probability from να to νβ with neutrino energy
E and baseline L is expressed in terms of evolution matrix as,

P (να → νβ) =
∣∣Sβα ∣∣2 (2.8)

2.2 Appearance probability P 4ν
µe

The 3 + 1 appearance probability for νµ → νe transition has been derived in ref. [66] and
is related to three flavour neutrino transition probability P 3ν

µe and other interference terms
arising from sterile neutrino mixing parameters as follows,

P 4ν
µe ≈

(
1− s2

14 − s2
24

)
P 3ν
µe

+ 4s14s24s13s23 sin ∆31 sin(∆31 + δ13 − δ14),
− 4s14s24c23s12c12 sin(∆21) sin δ14,

+ 2s2
14s2

24 . (2.9)

with ∆ij = ∆m2
ijL

4E . The expression for P 3ν
µe is sum of three contributions i.e, atmospheric

PATM, solar P SOL and their interference term P INT
I . Looking at the neutrino oscillation

parameters from recent global fit [67] values, the sine and cosine of mixing angles are
calculated below:

s23 = 0.76 , c23 = 0.65 ,
s12 = 0.56 , c12 = 0.83 ,
s13 = 0.15 , c13 = 0.99 .

(2.10)

The sine of the reactor mixing angle s13 is treated as a small parameter in comparison to
other mixing angles and is taken to be of the order of O(ε) ≈ 0.15 while all other sines
and cosines are O(1). The other parameter which is the ratio between two mass-square

differences can be considered as |α| = ∆m2
21

|∆m2
31|
≈ 0.03 ' ε2. Also, parameters having
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sine of the sterile mixing angles sin θ14 and sin θ24 are considered to be small and are of the
order of ε. However, the other sterile neutrino mixing angle sin θ34 and the corresponding
phase δ34 are taken to be zero as the vacuum probability expression is independent of these
contributions. Retaining term up to third order in ε the appearance probability P 4ν

µe can
be simplified as sum of three contributions,

P 4ν
µe ' PATM + P INT

I + P INT
II . (2.11)

with individual contributions are given by

PATM ' 4s2
23s

2
13 sin2 ∆ , (2.12)

P INT
I ' 8s13s12c12s23c23(α∆) sin ∆ cos(∆ + δ13) , (2.13)
P INT

II ' 4s14s24s13s23 sin ∆ sin(∆ + δ13 − δ14) , (2.14)

where ∆ ≡ ∆31.
The first term coming from the atmospheric oscillating parameter ∆31 is a positive

quantity providing the leading order contribution to the transition probability. The sub-
leading contribution are arising from the interferences of different frequencies. The term
P INT

I corresponds to the interference of solar and atmospheric frequencies while the term
P INT

II is connected with the interference of atmospheric and sterile frequencies. One can
infer from the expression of P INT

I and P INT
II that the interference induced by the presence

of sterile neutrino is not proportional to ∆ while the solar-atmospheric interference term is
directly related with it. As a result, the numerical simulation carried out for the MOMENT
experiment working over the first oscillation maxima has a good performance.

3 Discussion at probability level

The impact of matter effects on the appearance probabilities is marginal as MOMENT is
a medium baseline experiment with a baseline of 150km. Thus, the vacuum probabilities
expressions can be used effectively while neglecting the suppressed contributions from the
MSW effect. For illustration, let us consider the transition probability in the presence of
matter effects up to leading order as [66, 68–70],

PATM
m ' (1 + 2v)PATM , (3.1)

with the correction factor,

v = V

k
≡ 2V E

∆m2
31
, with, V =

√
2GFNe (3.2)

For the MOMENT experiment with baseline 150km and considering first maxima peak
energy E ≈ 0.3GeV, the correction factor is estimated to be v = 0.048. The correction
factor for NOνA experiment is v ∼ 0.17 while taking the benchmark value of peak energy
E = 2GeV and that is the reason why matter effects are important for long baseline studies.

We look at the variation of appearance probability channel (νµ → νe) and (νµ → νe)
as a function of energy for the fixed value of the fundamental CP phase. The value of δ13 is
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Figure 1. Electron appearance probabilities for neutrinos and anti-neutrinos after averaging over
the fast oscillations are plotted against energy (varying from 0.1 to 0.8GeV) with matter density
kept fixed at 2.7 g/cc. The oscillation probability for 3 flavor is shown by black curve while the
colored curve represents the oscillation probability in 3+1 mixing scenario for four different values of
δ14 i.e. −90◦,0◦,90◦, and 180◦. The left column corresponds to the neutrino transition probabilities
for two different values of δ13 whereas the right one is for anti-neutrino transition probabilities.

kept fixed at 0◦ and −90◦ while the Dirac phase δ14 is allowed to vary over different values
as mentioned in the legends in figure 1. The value of the remaining oscillation parameters
has been kept fixed at the benchmark values mentioned in table 1. The simulations are
performed over the constant value of matter density, 2.7 g/cc considered using the Prelim-
inary Reference Earth Model (PREM) [71]. We have taken the value of the sterile mass
square difference to be ∆m2

41 = 1 eV 2, as a result, the oscillation induced by the sterile
presence is averaged out by the finite energy resolution of the detector. We look at the
averaged-out behavior of the appearance probabilities. One can also recall that the anti-
neutrino appearance probability can be obtained from that of neutrinos by changing the
sign of the matter potential and the fundamental and sterile CP phases i.e.

Pνα→νβ (V, δ13, δ14) = Pνα→νβ (−V,−δ13,−δ14) (3.3)

As evident from eqn (3.1), the leading order contribution to the appearance probability
will be more for neutrinos with V > 0 than anti-neutrinos with V < 0. The solid black
line refers to the 3 flavor appearance probability while the colored lines correspond to the
different 3 + 1 flavor mixing scenario. The blue line indicates the contribution arising
from δ14 = −90◦, orange for δ14 = 0◦, green for δ14 = 90◦ and magenta for δ14 = 180◦.
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Figure 2. Muon appearance probabilities for neutrinos and anti-neutrinos after averaging over the
fast oscillations are plotted against energy (varying from 0.1 to 0.8GeV) with matter density kept
fixed at 2.7 g/cc. The oscillation probability for 3 flavor is shown by black curve while the colored
curve represents the oscillation probability in 3+1 mixing scenario for four different values of δ14
i.e. −90◦,0◦,90◦, and 180◦. The left column corresponds to the neutrino transition probabilities for
two different values of δ13 whereas the right one is for anti-neutrino transition probabilities.

The left column of the figure represents the appearance probability for neutrinos while the
right column explains the behavior of anti-neutrino appearance probability. The curves are
peaked around the first oscillation maxima for MOMENT experiment i.e ≈ 0.3 GeV . One
can notice that the amplitude and shape of probability are strongly dependent on the value
of sterile CP phase δ14. There is a decrease in the amplitude for the anti-neutrino oscillation
probability as expected in accordance to eqn 3.1 and which will be further understood for
the event spectrum in section 5. Moreover, the plot also shows the mutual swapping for
curves as one makes a transition from neutrino to anti-neutrino probability. In figure 2, we
discuss the neutrino and anti-neutrino muon appearance probability channels (νe → νµ)
and (νe → νµ) for two different values of δ13. The electron and muon apperance channels
can be obtained from each other using the simple relation,

Pνα→νβ (δ13, δ14) = Pνβ→να(−δ13,−δ14) (3.4)

We see that oscillation probabilities have strong dependance on δ14 phase and there is
mutual swapping among the curves for different values of δ14. There is a change of an
overall normalization in 3+1 flavor mixing case in comparision to the standard 3-flavor
case.
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4 Biprobability analysis

The bi-probability curves as the name suggest are the parametric curves that allow us to
trace the bi-probability space spanned together by the neutrino and anti-neutrino oscillation
probabilities. The idea of bi-probability curves in the 3 flavor scheme was first introduced
in the work [72]. The oscillation probability in the 3 flavor scheme is defined as:

P = P0 +A(cos ∆ cos δ13 − sin ∆ sin δ13) (4.1)

P = P0 +A(cos ∆ cos δ13 + sin ∆ sin δ13) (4.2)

where A = 8s13s12c12s23c23(α∆31) sin ∆31, α = ∆m2
21/∆m2

31 , and P0 ≈ (1 + 2v)PATM

Thus, the bi-probability curves display the effects coming from the fundamental CP phase
(sin δ13 term which is CP violating, cos δ13 term which is CP conserving), and the matter
effects arising from the presence of term A, all in a single diagram. Thus, bi-probability
provides us with a bird’s eye view important for the mass hierarchy and CP violation
studies. Since the MOMENT is a medium baseline facility, it is not worth performing
the analysis for mass hierarchy sensitivities. In this work, we fix ourselves to a normal
hierarchy and look at the CP trajectory diagrams for neutrino and anti-neutrino oscillation
probabilities. The fundamental CP phase δ13 is varied in the range from −π to π and
biprobability space is spanned. As the probabilities involve the periodic function sine and
cosine, as a result, the space spanned must form a closed trajectory as the δ13 is varied.
We generalize the bi-probability representation to the 3+1 flavor scheme where the value
of δ14 is kept fixed at different values while δ13 is varied over the entire range.

Under the adiabatic approximation, the equation (4.1) and (4.2), can be re-expressed as:

P = l cos δ13 +m sin δ13 + n (4.3)
P = l cos δ13 −m sin δ13 + n (4.4)

where

l = A cos ∆, m = −A sin ∆, n = P0

l = A cos ∆, m = −A sin ∆, n = P 0

A deeper understanding of the CP-trajectory curves for 3 flavor analysis can be ob-
tained by eliminating the δ13 factor from above equations and under the assumption A = A

which holds true in vacuum, we obtain the equation followed by neutrino and anti-neutrino
probability as: (

P + P − 2n
2l

)2
+
(
P − P

2m

)2
= 1 (4.5)

This is the equation of an ellipse where the lengths of the major and the minor axes are
measures for the coefficients of sin δ13 and cos δ13, respectively, in the oscillation probability.
Further, the minor or major axis is always inclined at an angle of 45◦ as visible in bi-
probability plots.

The idea of bi-probability plots in 3 flavor scheme can be extended to 3 + 1 flavor
analysis where we have some additional sources for CP violation arising by sterile neutrino
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presence as explored in [73] and the references therein. The analytic expression for the
neutrino transition probabilities in case of 3+1 neutrino oscillation is recast into a compact
form as,

P (ν) ≡ P = P0 +A cos
(
∆ + δ13

)
+B sin

(
∆− δ14 + δ13

)
(4.6)

where the first term P0 = PATM' 4s2
23s

2
13 sin2 ∆ is independent of phase factor while

the factors which are independent of phase contained in second and third term are, A =
8s13s12c12s23c23(α∆) sin ∆ and B = 4s14s24s13s23 sin ∆. After a few simplifications using
trigonometric relations, the transition probability given in eq. (A.1) modifies to

P = P0 +A′ cos δ13 +B′ sin δ13 (4.7)

Similarly, the simplified antineutrino transition probability is given by

P = P 0 +A
′ cos δ13 −B

′ sin δ13 (4.8)

where the coefficients A′, B′,A′ and B′ are defined as follows

A′ = A cos ∆ +B sin
(
∆− δ14

)
(4.9)

B′ = −A sin ∆ +B cos
(
∆− δ14

)
(4.10)

A
′ = A cos ∆ +B sin

(
∆ + δ14

)
(4.11)

B
′ = −A sin ∆ +B cos

(
∆ + δ14

)
(4.12)

The detailed derivation for obtaining the CP-trajectory is mentioned in the appendix A
obtained by eliminating the δ13. The angle of inclination is obtained by comparing the
trajectory equation with the general equation of ellipse and is obtained as:

tan 2θ = (B2 −A2) cos 2∆− 2AB sin 2∆ cos δ14
2AB sin δ14

(4.13)

It is clear from the expression that the orientation of the ellipse is strongly dependent
on the value of sterile CP phase δ14 and the parameter ∆. The following conclusions can
be marked depending on the values of these parameters:

1. Firstly, under the vanishing condition of factor sin δ14 (i.e. δ14 = nπ), the inclination
becomes θ = π/4. The orientation of the elliptical trajectory can be determined by
looking at the sign of numerator term. If the numerator is a positive definite quantity
the orientation is counter-clockwise while it is clockwise for negative numerator.

2. Also, if ∆ ≈ nπ/2, which is true for MOMENT experiment which works in the first
oscillation maxima, the inclination angle simplifies as

tan 2θ ≈ 0.366
sin δ14

(4.14)

Now there are again two possible inclinations for δ14 → (2n−1)π/2, depending upon
the value of n (where n = 1, 2, 3 . . .). For the positive sign in denominator, the
inclination of minor axis is ≈ 10◦ whereas for the negative sign the major axis is
inclined by ≈ −10◦.
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Figure 3. Bi-probability plots under the normal hierarchy are shown for both 3 flavor and 3+1
flavor mixing scheme. The CP trajectory diagram for the 3-flavor is drawn by black color while
the orange, magenta, blue and green closed curves corresponds to the fixed values of δ14 phase as
mentioned in each legend. The neutrino energy is kept fixed at its first oscillation peak value of
0.3GeV. The CP-phase δ13 is varied in the range [−π, π]. Four different values of δ13 phase (i.e. 0◦,
180◦, −90◦, and 90◦) are marked by different symbols for comparing the orientation of ellipses.

The discussion can be easily confirmed from the bi-probability plots in figure 3. We
have shown the dependency of ellipse inclination for four different values of δ14. The
parameter δ13 is varied over the complete allowed range [−π, π] while δ14 is kept fixed for
each particular plot as mentioned in the legend. The solid black ellipse is drawn for the
variation of neutrino and anti-neutrino probabilities in the 3-flavor scheme. The centers
of the ellipses in the 3 + 1 flavor scheme are almost coinciding with the centers in the 3
flavor scheme. The slight variation is arising from the negligible matter effects. We have
marked special symbols for highlighting four different fundamental CP phase values i.e
δ13 = −180◦,−90◦, 0◦, 90◦. For δ14 = −180◦ and δ14 = 0◦, the inclination is 45◦ as seen
by the orange and magenta curves. There is a swapping among the values of δ13 phase
pointing towards the tracing of elliptical trajectory as expected. While the blue and green
curves plotted under δ14 = −90◦, 90◦ are inclined by −10◦ and 10◦ respectively.

5 Experimental details and event spectra

In this section, we shed light on the specifications of the experimental setup MOMENT.
As the name suggests MOMENT is a muon-decay medium-baseline neutrino beam facility
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that uses a continuous-wave proton beam of energy, 15 MW. Since ideally, it is very difficult
for any solid target to withstand such a high power, so mercury jets are adopted as the
target. Neutrinos are produced from the muons in a pion decay channel. The µ+ decays
via channel µ+ → ν̄µνee

+ while µ− decays as µ− → νµν̄ee
−. Thus, we have the four

neutrino flavors i.e. νe, νµ, ν̄e and ν̄µ. Hence, the MOMENT setup would allow the study
of eight oscillation channels (i.e. νe → νe, νe → νµ, νµ → νe, νe → νµ as well as their
corresponding CP-conjugate partners). To provide sensitivity towards CP-violating, the
distinction between the neutrinos and anti-neutrinos is achieved by 500 kilo ton fiducial
Gd-doped Water Cherenkov detector as the baseline detector. The final neutrons captured
on Gd provides us a way to distinguish neutrinos from anti-neutrinos with the known
interactions of neutrinos with nucleons as νe+n→ p+e−, νµ+n→ p+µ−, ν̄e+p→ n+e+,
ν̄µ + p→ n+ µ+. The number of the proton on target (POT) with a proton beam power
of 15 MW and with a proton energy of 1.5GeV can be calculated as:

x = W × y × t× 1016

1.6× Ep
(5.1)

where W is beam power and Ep is the proton energy. The operational time in one year
is represented by t and is roughly ≈ 107 seconds, while y is number of years protons are
deposited on the target. For MOMENT experiment, POT will be 6.2 × 1022. The fluxes
for neutrinos and anti-neutrinos arising from 1.5 GeV peaks around 0.3GeV while the
total energy is varied in range from 0.010 − 0.80GeV. The simulations are performed by
assuming the equal run rate for neutrino and anti-neutrino mode. We used an uncertainty
2.5% on the signal and 5% uncertainty over the background for both neutrinos and anti-
neutrino modes. The value of oscillation parameters used for calculating the event rates
are mentioned in table 1, and the further simulation details are mentioned in table 2. The
neutrino fluxes and cross sections used in simulations are taken from [74].

From the existing literature, we know that the number of events in the i-th energy bin
are given by

Ni = Tnnε

4πL2

∫ Emax

0
dE

∫ Emax
Ai

Emin
Ai

dEAφ(E)σνe(E)R(E,EA)Pµe(E) (5.2)

where T is the total running time, nn is the number of target nucleons in the detector, ε
is the detector efficiency, φ(E) is the neutrino flux, σνe is the neutrino interaction cross-
section and R(E,EA) is the Gauβian energy resolution function of detector. The quantities
E and EA are the true and reconstructed (anti-)neutrino energies respectively and L is the
baseline.

The numerical results have been performed using the GLoBES software [76, 77] and its
additional plugin [78, 79] required to incorporate the new physics arising from the presence
of sterile neutrino. We plot number of events against the reconstructed energy. It is found
that the maximum flux peaks about 0.3GeV, so we have maximum number of events in that
energy bin. In the figure 4, the thick black lines depicts the 3 flavor scenario. The other
colored histograms are drawn in the 3+1 scenario for the different values of δ14. The num-
ber of νe appearance events are almost double of the number of events of νe events since the
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Parameters True Value Marginalization Range 3σ interval

sin2 θ12 0.318 Not Marginalized 0.271–0.369
sin2 θ13 0.022 Not Marginalized 0.0200–0.02405
sin2 θ23 0.574 [0.38,0.64] 0.433–0.608
sin2 θ14 0.02 Not Marginalized 0–0.0996
sin2 θ24 0.02 Not Marginalized 0–0.0996
sin2 θ34 0 Not Marginalized 0–0.1894
δ13 [−180, 180] [−180, 180] [−180, 180]
δ14 [−180, 180] Not Marginalized [−180, 180]
δ34 0 Not Marginalized [−180, 180]

∆m2
21(eV 2) 7.50× 10−5 Not Marginalized (6.94− 8.14)× 10−5

∆m2
31(eV 2) 2.55× 10−3 [2.4, 2.7]× 10−3 (2.47− 2.63)× 10−5

∆m2
41(eV 2) 1 Not Marginalized –

Table 1. The various parameters and their true value used to simulate the data in GLoBES are
mentioned in columns 1 and 2. The standard oscillation mixing parameters are taken from global
fit analysis [67] while 3+1 oscillation parameters are chosen from [75]. The third column depicts
the range over which sin2θ23 , δ13 , and ∆m2

31 are varied while minimizing the χ2 to obtain the
final results.

Characteristics MOMENT

Beam power 15MW
Fiducial Detector mass 500 kton Gd doped Water Cherenkov

Baseline 150 km
Flux peaks at 0.3GeV

First Oscillation maxima ≈ 0.3GeV
Number of bins 20

Bin Width 0.0395GeV
Energy Resolution 0.12/

√
E

Table 2. The experimental specifications of MOMENT experiment.

cross section of neutrino interaction is very much different from the anti-neutrino interac-
tion cross-section. For νe appearance events, we have shown the four possible backgrounds,
where a pink color histogram represents background coming from atmospheric neutrinos
while the brown color histogram is for νe disappearance events in anti neutrino mode run
of MOMENT experiment. Additionally, the red and light green color histogram represents
the background coming from νe and νµ neutral currents, respectively. Similarly, for νe ap-
pearance events, the background mainly comes from charge misidentification, atmospheric
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Figure 4. The expected number of signal events are plotted against the reconstructed neutrino
energy. The black curve refers to 3 flavor case while the colored histograms are for (3+1) scheme
with different values of δ14 as mentioned in the legend. The left panel corresponds to νe appearance
events while the right one is for νe appearance events.

neutrinos, and neutral current backgrounds. It clearly emerges that the background effect
is more prominent in νe appearance events compared to νe appearance events.

6 CP violation sensitivities in presence of sterile neutrino

6.1 Chi-square analysis

The χ2 square analysis is performed to determine the sensitivity of an experiment in finding
out the precise value of oscillation parameters. It is performed by comparing the simulated
true event rates from the present best fit data with the events generated by the test hy-
pothesis. Also, the theoretical uncertainties and the systematic errors at the experimental
level are incorporated using the method of pulls in calculating χ2 as [80, 81],

χ2(ptrue, ptest) = min
ξ

[ ∑
i∈bins

(N true
i −N test

i (ξ))2

N true
i

+ ξ2

σ2
ξ

]
(6.1)

where the nuisance parameter is denoted by ξ and the corresponding systematic error
is presented by σξ. The terms involving the nuisance parameters are called pull terms.
In order to counter the effect of systematic errors, the penalty term ξ2 is added. The
nuisance parameters are dependent on the fiducial mass of the detector used in a particular
experiment as well as on the other experimental properties like flux normalization and cross
section. The minimisation of χ2 is obtained by marginalizing the oscillation parameter
space. Therefore, one add another penalty terms called priors to χ2. The mathematical
expression for the prior is given by

χ2
prior =

(
N true −N test

σtrue

)2
(6.2)
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In our analysis, we looked at the sensitivity of MOMENT experiment to determine the
precise value of CP phase in the presence of sterile neutrino. In the three flavor scenario
as seen by eq. (4.1), the CP violations are induced by the presence of sin δ13 term. The
χ2 analysis is carried out with the statistical significance at which we can reject no CP
violation test hypothesis as,

χ2 = (N(δtr
CP)−N(δtest

CP = 0, 180))2

N(δtr
CP) (6.3)

We have fixed the mixing angles θ12, θ13 and θ14 to their best fit values as mentioned in
table 1 in both true and test spectrum. We look at the marginalization over the parameters
θ23 and the mass-squared difference ∆m2

31 in two different ways as follows

1. First Case: ∆m2
31 is kept fixed for both 3 flavor and 3+1 flavor scheme while θ23 is

marginalized over the range mentioned in table 1.

2. Second Case: both ∆m2
31 and θ23 are marginalized in 3 and 3+1 flavor scheme. Also

the projected information on ∆m2
31 is added in the form of priors as

χ2
prior =

(∆m2
31(true)−∆m2

31(test)
σ(∆m2

31)

)2
(6.4)

where σ(∆m2
31) is the 1σ error on ∆m2

31.

The numerical results are displayed in figure 5. The left-panel of the figure corresponds
to the fixed value of ∆m2

31 and varying θ23 while right-panel of the figure corresponds to the
second case of marginalizing over both the mass hierarchy ∆m2

31 and θ23. The solid black
solid line represents the estimated value of ∆χ2 for three flavor scenario while all other
color lines depict the analysis for 3+1 flavor scenario. While performing the χ2 analysis
for discovery potential of CP phases we have considered equal neutrino and anti-neutrino
mode for a run time of (5+5) years. In each case we have considered four different values
of true δ14 phase as considered in probability analysis while its test value is marginalized.
The figure clearly depicts that CP sensitivities decreases in the presence of sterile neutrino,
primarily because of the degeneracies between the fundamental and active-sterile CP phase.

6.2 Reconstructing the CP phases

In the last subsection, we looked at the CP-violation discovery potential of the MOMENT
experiment by performing χ2 analysis. But there is an another way to extract the comple-
mentary information by reconstructing the values of two CP phases δ13 and δ14, indepen-
dent of the amount of CP violation. We look at the contour plots by reconstructing the CP
phases in δ13 − δ14 plane. The test values of both the CP phases are varied from (−π, π)
and contours are shown at one, two, and three sigma level, simultaneously. The four plots
represents the regions reconstructed for the four benchmark values considered in figure 6.
The solid black dot in the upper row represents CP-conserving scenarios with values (0,0),
(π, π) while the bottom panel has CP-violating picture with (−π/2,−π/2), (π/2, π/2).
The uncertainties in the standard CP Phase δ13 (sterile CP phase δ14) can be traced by
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Figure 5. The figure indicated the potential of MOMENT experiment for the discovery of CP
violation induced by the fundamental phase δ13. The black curve shows the behavior under 3 flavor
scheme while the colored curves in each panel are of different values of δ14. The left figure ∆m2

31
is kept fixed for both 3 and 3+1 flavor mixing while we marginalize over θ23 value whereas in the
right figure, we marginalised over both hierarchy ∆m2

31 and θ23.

CP Phases Values to be reconstructed Reconstructed Range

(δ13,δ14) (0◦,0◦) −30◦ ≤ δ13 ≤ 30◦ −30◦ ≤ δ14 ≤ 80◦

(δ13,δ14) (180◦, 180◦) 150◦ ≤ δ13 ≤ 180◦ 110◦ ≤ δ14 ≤ 180◦

(δ13,δ14) (−90◦,−90◦) −140◦ ≤ δ13 ≤ −45◦ −165◦ ≤ δ14 ≤ −15◦

(δ13,δ14) (90◦, 90◦) 45◦ ≤ δ13 ≤ 140◦ 10◦ ≤ δ14 ≤ 170◦

Table 3. The reconstructed range of test values of δ14, δ14 for the four choices of their true values
at 3σ level.

the horizontal (vertical) spanning of resulting contours. The contours are narrower along
the test δ13 while they are broader along the test δ14 axis. Thus, reconstruction of δ13 is
better than δ14, one can understand it by the fact that mixing angle θ13 is known with
much precisely than mixing angle θ14. To have a quantitative idea of reconstructing the
true values of CP phases, we calculate the horizontal and vertica span of contours at 3σ
level for δ13 and δ14 respectively. The maximum range of uncertainities in reconstructing
the true values of CP phases are mentioned in table 3. Our results predict remarkable
sensitivity for determining the precise value of the CP phase δ13 in the presence of sterile
neutrino.

7 Conclusions and outlook

We have addressed the physics potential of MOMENT experiment to emphasis the role
of sterile neutrino presence over the standard three flavor oscillation parameters. We
have shown the transition probabilities for both neutrinos and anti-neutrinos in 3+1 flavor
scheme and looked at the space spanned by the CP trajectory curves. The performance
of MOMENT in understanding the CP violation sensitivities induced by the fundamental
CP phase δ13 and new CP phase arising from active-sterile mixing has been explored. We
found that loss of CP sensitivity is dependent on the different values of δ14 phase. The
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Figure 6. Contour plots in the plane of δ13 (test) and δ14 (test) for four different values of CP
phases δ13 and δ14. The discovery potential of δ13 in the contour plot of δ13 vs δ14 plane has been
presented by blue, red, and green band with 1σ, 2σ, and 3σ confidence level respectively. The
left(right) panel of first row corresponds to (0,0) and (π, π) respectively while the left(right) panel
of second row corresponds to (−π/2,−π/2) and (π/2, π/2).

discovery potential of CP violation in 3 flavor scheme is quite significiant at 7σ level though
it gets reduced in the presence of unknown CP phase δ14. The reduction arises from the
degeneracies among the two CP phases. We have also assessed the capability of MOMENT
experiment in reconstructing the true values of such CP-phases.
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A Detailed description of biprobability analysis

The analytic expression for the neutrino transition probabilities in case of 3 + 1 neutrino
oscillation are recasted into a compact form as,

P (ν) ≡ P = P0 +A cos
(
∆ + δ13

)
+B sin

(
∆− δ14 + δ13

)
(A.1)

where the first term P0 = PATM' 4s2
23s

2
13 sin2 ∆ is independent of phase factor while

the factors which are independent of phase contained in second and third term are, A =
8s13s12c12s23c23(α∆) sin ∆ and B = 4s14s24s13s23 sin ∆. After few simplification using
trigonometric relations, the transition probability given in eq. (A.1) modifies to

P = P0 +A′ cos δ13 +B′ sin δ13 (A.2)

Similarly, the simplified antineutrino transition probability is given by

P = P 0 +A
′ cos δ13 −B

′ sin δ13 (A.3)

where the coefficients A′, B′,A′ and B′ are defined as follows

A′ = A cos ∆ +B sin
(
∆− δ14

)
(A.4)

B′ = −A sin ∆ +B cos
(
∆− δ14

)
(A.5)

A
′ = A cos ∆ +B sin

(
∆ + δ14

)
(A.6)

B
′ = −A sin ∆ +B cos

(
∆ + δ14

)
(A.7)

The factors A′ and B
′ are obtained from known relations of A′ and B′ by replac-

ing δ14 → −δ14. Eliminating δ13 from the modified neutrino and antineutrino transition
probabilities, we obtain,

1
C2

(
P − P0
B′

+ P − P 0

B
′

)2
+ 1
D2

(
P − P0
A′

− P − P 0

A
′

)2
= 1 (A.8)

where C = A′

B′ + A
′

B
′ and D = B′

A′ + B
′

A
′ .

After few simplifications, we can effectively express the above equation as,[ 1
B′2C2 + 1

A′2D2

]
P 2

+
[ 2
B′B

′
C2
− 2
A′A

′
D2

]
PP

+
[ 1
B
′2
C2

+ 1
A
′2
D2

]
P

2

+
[ −2P0

B′2C2 + −2P0

A′2D2 + −2P 0

B′B
′
C2

+ −2P 0

A′A
′
D2

]
P

+
[−2P 0

B
′2
C2

+ −2P 0

A
′2
D2

+ −2P0

B′B
′
C2

+ −2P0

A′A
′
D2

]
P

+
[( 1
B′2C2 + 1

A′2D2

)
P 2

0 +
( 1
B
′2
C2

+ 1
A
′2
D2

)
P0

2

+
( 2
B′B

′
C2
− 2
A′A

′
D2

)
P0P0 − 1

]
= 0 (A.9)
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Comparing it with the general quadratic curve representing the equation of ellipse

ax2 + bxy + cy2 + dx+ ey + f = 0 (A.10)

where the counterclockwise angle of rotation from the x-axis to the major axis of the ellipse
is defined by tan 2θ = b

a−c , we can understand the inclination of ellipse in the biprobability
plots.

a = 1
B′2C2 + 1

A′2D2

b = 2
B′B

′
C2
− 2
A′A

′
D2

c = 1
B
′2
C2

+ 1
A
′2
D2

(A.11)

Simplifying the results under the assumption that matter effects induce negligible perturba-
tions on the interference terms (i.e. A = A, B = B) and using equations (A.4), (A.5), (A.6)
and (A.7), the angle of inclination becomes

tan 2θ = (B2 −A2) cos 2∆− 2AB sin 2∆ cos δ14
2AB sin δ14

(A.12)
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