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1 Introduction

Exact descriptions are available on both sides of the AdS3;/CFT5 correspondence. On the
one hand, the holographic CFT is best understood at the symmetric orbifold point in
moduli space. On the other, for pure Neveu-Schwarz (NS) fluxes the worldsheet theory
is solvable, the main ingredient being the Wess-Zumino-Witten (WZW) model based on
the universal cover of SL(2,R). However, for general values of ns — the number of NS5-
brane sources — the latter is not dual to a symmetric orbifold CFT,! and therefore, when
comparing these two theories, one must restrict to observables which are protected by non-
renormalization theorems [7, 8]. The most relevant examples are the spectrum of chiral
primary operators and their three-point functions.

!The exception corresponds to the ns = 1 case, for which the strings become tensionless and the
holographic CF'T reduces to Sym™* (T‘l)7 where n; is the number of F1-string sources [1-4]. BPS correlators
in this context were studied in [5, 6].



This program was initiated in [9, 10], where the authors determined some worldsheet
three-point functions matching those predicted in [11-13]. The computation was done only
for states in the spectrally unflowed sector of the SL(2,R)-WZW model, which captures
the low-lying spacetime chiral primaries with weights h < (ns + 1)/2. Worldsheet vertex
operators with larger values of h have non-trivial spectral flow charges [14] and require a
different treatment. Spectral flow constitutes one of the distinctive aspects of the model,
and it introduces important complications for studying the corresponding correlation func-
tions [15, 16], especially in the supersymmetric context [17-19].

Obtaining the full set of superstring three-point functions in AdSzxS?>xT* (or K3),
including those where spectral flow is not conserved, remains an open problem. In this
paper, we complete the holographic matching (at all orders in o) for the full AdS3/CFTs
chiral ring, building on [19]. For this, we focus on the short-string sector of the theory and
make use of recently developed techniques for computing bosonic three-point functions
involving vertex operators with arbitrary spectral flow charges [20-23]. We extend these
methods in order to compute descendant correlators appearing after the ghost picture-
changing procedure, mandatory for supersymmetric correlators. We further obtain all
relevant fermionic correlation functions. The analysis of non-protected correlators with
long-string insertions and the corresponding matching with the proposal of [24] are left for
future work.

As the AdS3/CFTy correspondence constitutes one of the few scenarios where we can
study holography far away from the supergravity regime, our results provide an important
contribution to understanding the precise mechanism at play behind this duality. Further-
more, the techniques we present in this work will also be instrumental when considering
applications to black holes and some of their microstates [25-30]. The computation of
the first string correlators for these more involved worldsheet models was carried out re-
cently in [31, 32]. These results can also be connected to the study of holography beyond
AdS, little string theory, and the so-called single-trace T'T deformations of two-dimensional
CFTs [33-40].

The paper is organized as follows. In section 2 we introduce the worldsheet theory
for superstrings in AdS3xS3xT? and provide the definition of all vertex operators corre-
sponding to spacetime chiral primaries, relegating some details to appendix A. In section 3
we review the recent results on correlators of primary fields with non-trivial spectral flow
charges in the bosonic SL(2,R)-WZW model [21, 23|, and then extend these results to the
SU(2) and fermionic sectors. The main results of this paper are obtained in section 4, where
we compute all fusion rules and structure constants of the AdS3/CFTs chiral ring from
the worldsheet theory, and show that they agree with the predictions from the holographic
CFT exactly for all ns > 1. This includes both extremal and non-extremal correlators, in
the sense of [17, 41]. Section 5 contains our concluding remarks and outlook.

2 Brief review of superstrings in AdS3xS3xT*

We start by briefly reviewing the basic definitions for type IIB superstrings on AdS3 xS3x T4,
We focus on the holographic dictionary for spacetime scalar chiral primaries and define the



corresponding vertex operators in the NSNS and RR sectors of the worldsheet theory for
ns > 1. More details can be found in [9, 17, 19].

2.1 Basic definitions

String propagation in AdS3xS?xT* with NSNS fluxes is characterized by the supersym-
metric WZW model based on SL(2,R)xSU(2)xU(1)%. In this section we discuss this model,
mostly following the notation of [19].

The affine SL(2,R) and SU(2) currents and fermions are denoted as J%, ¢*, K% and
x%, respectively, with a = 0, 1, 2. They satisfy the following OPEs:

ns ,,ab ; achc @6(11) ; achc
M) ~ s+ ) Rt ~ o L (o)
:_ab ,/,c - ab . c
T w) ~ ) Ko (@ (w) ~ X, (22
ns ab ns sab
v w) ~ 2 N W) ~ 2 (2.3)

where nj is the level in both cases, while €912 = 1, n® = n,, = (= + +) and 6% = 6, =
(+++). As usual, we define the ladder operators as J* = J! £4.J2, and similarly for K+,
Y™ and x*. The supersymmetric currents split as
J=j"+7", K® = k" +k°, (2.4)
where j* and £ generate bosonic affine algebras SL(2,R); and SU(2), with shifted levels
k=ns5+ 2 and k' = ns — 2, while
= ety k= — ey (25)
ns ns
generate fermionic SL(2,R)_2 and SU(2)2 algebras, decoupled from the bosonic sector.
The free bosons and fermions associated with the 7% directions are written as Y* and \?,

respectively, with ¢ = 6,...,9. It becomes very convenient to bosonize the fermions by
introducing bosonic fields Hy, I = 1,...5, such that?
7’b:i: — \/TT5€:HH1 ’ X:I: — \/TTE)C:HHQ , /\6 + Z)\7 _ e:l:iH4 , /\8 4 Z)\g — e:l:iH5 ’
(2.6a)
0o_ vV ny iH3  —iH3 0_ V ns 1H3 —iH3
Yo = N (e e ) X' =5 (e +e ) . (2.6b)

with H} = H; for I # 3 and Hi = —H.
The stress tensor T and supercurrent G characterizing the matter sector of the world-
sheet CFT read

1 1 . .
T = —(j"%a = "0 + k%0 = X"Oxa) + 5 (awayi - xmi) : (2.7)
5
2 29 21 .
G = — (WL]}L + i¢0¢1¢2 + Xaka _ ZX0X1X2) +Z)\18Y; ) (28)
ng ns ns

2To be precise, one has to refine this definition slightly in order to keep track of the cocycle factors. This
amounts to replacing Hr by H; with A; = H; + WZJ<I Ny, where Ny = fiaHJ so that ei@HIgibHs —

el gialls gimab j¢ 1 < g [9].



We also need to consider the standard bc and (v ghost systems, leading to the BRST
charge

1
Q= ]{dz [c (T+Tgy) —vG + c(0c)b — Zb’y2 . (2.9)
The By system is further bosonized as
B = 6*5086’ Y= 77690 ) (210)

where ¢ has a background charge Q, = —2, while £(2)n(w) ~ (2 — w)~!. The spacetime
supercharges can thus be written as

.5
1
Q. = ]{dz e ?28. . S. = exp (2 ;51H[> , (2.11)

where S; are spin fields and e; = £1. BRST-invariance and the mutual locality constraints
impose 16263 = €465 = 1, leading to the supercharges of the spacetime N = (4,4) super-
conformal algebra. Finally, the zero modes of the worldsheet SU(2) currents are identified
with those of the R-symmetry of the boundary theory.

2.2 Short string spectrum and vertex operators: the NS sector

We first focus on the NS sector of the theory. The (holomorphic part of) vertex operators
holographically dual to the low-lying chiral primaries of the holographic CF'T are expressed
as [9, 10]

Vi(z,u,2) = 6790(2)1/}(%,Z)V}‘(]I,Z)Wj_l(u,z), (2.12a)
Wj(x,u,z) = e_‘p(Z)Vj(x,z)x(u, 2)Wi—1(u, 2). (2.12Db)

in the canonical (—1) ghost picture where z is the holographic coordinate, u is the SU(2)
isospin variable, and z is the worldsheet coordinate. Given the weights A; = —j(j —1)/ns
and Aj = [(I + 1)/ns, the Virasoro condition relates the SL(2,R); and SU(2); spins j and
[, setting [ = j — 1. The bosonic primaries Vj(x, z) and W(u, z) satisfy

i D Vil w) Pe Wilu, w)
where
+ 0o _ . - _ .2 .
Dy ;= 0, Dy ;= 20, + j, D, ;=20 + 2jx (2.14)

Pl =0u, Pl =udu—1l, P,

u,l

= —u?0, + 2lu. (2.15)

Here we work in the so-called z-basis for SL(2,R) and the isospin u-basis for SU(2). Opera-
tors Wj(u, z) have integer and half-integer spins in the range 0 <1 < k//2, while the corre-
sponding modes W ,,(z) have spin projections taking values n = —I, —l+1,...,1—1,1 [42].
Operators Vj(z, z) are associated to normalizable short string states for real spins satisfying
1/2 < j < (k—1)/2, and, for the corresponding Dj (D; ) representations, the modes Vj
have projections m = 3,5+ 1,... (m=—j,—j—1,...) [15].



The complex label x is identified with the holomorphic coordinate on the AdS3 bound-
ary. Egs. (2.14) show that in the bosonic theory j§ realize the global sector of the spacetime
Virasoro algebra, such that j is identified with the spacetime weight h. In the supersym-
metric model an analogous statement holds for the zero-modes J§, so that the spacetime
weight H, identified with the spin of the corresponding SL(2, R),,, representation, is defined
as H = j for W;, while for V; the fermions induce the shift H = j — 1.

Worldsheet operators associated to spacetime chiral primaries with H > n5/2 belong
to the so-called spectrally-flowed sectors of the theory and were constructed in [17]. In
terms of the mode algebra, spectral flow refers to the automorphisms

k K
Ow _ 20 Ow _ 1.0 tw ot +w _ .E
In = JIn — §W5n,0 ) kn - kn + 5"‘)571,0 ) In = Intw> kn - kniw ’
Ow _ .0 Ow _ .0 +tw ) E +tw _ E
¢n - d]n ) Xn = Xn> wn - wn:ﬁ:w ) Xn' = Xntw:

with w € Z. Let us first focus on the SL(2,R) sector. Due to the fact that AdSs is both
Lorentzian and non-compact, spectral flow gives rise to additional physical states, i.e. it
generates representations inequivalent to the unflowed ones considered above. The corre-
sponding bosonic vertex operators are built upon the m-basis spectrally-flowed primaries
Vit
for w > 0, we have

The latter are affine primary fields with respect to the flowed currents j%“. Hence,

k) Vi) |

7O(2)Vio(w) = (m+ i — - (2.16a)

J (Vi (w) = (z = w)* " Hm +j = DV, g (w) + -, (2.16b)
w () @l iTVe | (w

FT (Vi (w) = (m—j+1)M+ZM+M, (2.16¢)

=0

where the ellipses denote higher-order terms. As a consequence, these are the lowest-
weight states in a (discrete) spin h = m + kw/2 representation of the zero-mode algebra,
while the worldsheet weight becomes A]“? = —](k]%;) —wm — %oﬂ. Importantly, V}, and
Vjiwm lead to the same spin, and they both contribute to the same z-basis operator, such
that one can freely restrict to positive values of w in this picture. The precise definition

can be written as

VE(2,2) = B VE (2)e ™0 | h=m+ gw, (2.17)
which can be understood as translating the operator at the origin, namely V;"m(z) =

j?fh(O, z). Note that, unlike in the unflowed sector, here we have to keep track of the
SL(2,R) unflowed spin projection m, which specifies the spin h. A similar story holds for
the SL(2,R) fermions. Fermionic spectrally-flowed m-basis primaries are nicely expressed
in bosonized form as

w*,w(z) _ \/n;sefi(ler)Hl(z) ’ ,l/}+,LU(Z) — \/@ei(lfoj)Hl(z) , ,L/}O,w(z) — ,L/}O(Z)efinl(z)'
(2.18)



Note that, ¥%“=!(z) = */T"?j*(z), hence y%«+1(z) = \/T"?j*’w(z). We define the x-basis
spectrally-flowed fermion and fermionic current that will be useful below,

P (x,z) = egﬁjsrw*’w(z)e*xj(T , P, 2) = exjarj*’“(z)e*‘”jg. (2.19)

Although including spectral flow in the SU(2) sector is, strictly speaking, unnecessary,
for short string states it turns out to be useful. Hence, we also introduce the operators
Wie (u, 2), x°(u, ), k“ (u, z), which are completely analogous to their SL(2,R) cousins.

We now have all the relevant ingredients to write down the supersymmetric vertex
operators corresponding to the spectrally-flowed versions of those in eq. (2.12), which read

1 —p(z), ) w w w— ”/w
V;)(CC,’LL, Z) — ,7756 i )2/) (I‘,Z)V}' (‘T’Z)X l(uv Z) j—l(uv Z)v (220&)
w 1 —p(2),)w— w w we
Wj (xvua Z) = ——=¢t i )w 1(1’,2)‘/]- (va)X (U,Z) jfl(u7z)' (220b)

VAL
Here we have used that, in the (discrete) flowed case, the BRST constraints force the
bosonic primary operators to be lowest-weight [17], and further set | = j — 1. We have also
introduced the shorthands

Vid(z,2) = Vi, (w,2), WiE(u,2z) = Wi (u, 2) (2.21)

with j, = j 4+ kw/2 and I, = | + K'w/2. As a consequence, the spacetime weights are
given by
H {V;"] =j—14+nsw/2, H [Wﬂ = j+nsw/2. (2.22)

There are actually two additional families of supersymmetric flowed vertex operators
one can construct, starting from highest-weight operators that we denote as V¥ (r,2) =
Vi iihws2(@:2) and W2 (u, 2) = Wi o (us 2). Considering them separately will not be
necessary. Indeed, the statement that representations in different spectral flow sectors are
inequivalent only holds up to the so-called SL(2,R) series identifications [15]. At the bosonic
level, we have equivalence relations for highest/lowest-weight flowed primaries taking the
following form:

Vid(z,2) = J\/(j){/’i“(*gl_j)(;1c7 z), Wi (u, z) = szr%—l) (u,z), (2.23)
where we have also included the SU(2) counterpart. The coefficient N () is defined in terms
of the reflection coefficient appearing in the SL(2,R) two-point function, see appendix A.
Eq. (2.23) implies that, in the supersymmetric theory, the extra families of operators al-
luded to above do not lead to additional states, so it is enough to work with those in (2.20).
We refer the reader to [19] for more details.

Fermionic representations also satisfy a similar identification. The j = —1 flowed field
Y¥(z, z) is mapped to a 7 = 0 flowed field that we denote by ¢ (z, z). More precisely, this
reads

YO(x, 2) = /st (x, 2). (2.24)



The unflowed field 1[)(1‘, z) is nothing but the fermionic identity. This can be done similarly
for the SU(2) fermions.

The identities presented in eq. (2.23) played a prominent role in the computation of
bosonic spectrally-flowed primary three-point functions [23], which we review in section 3
below. As it turns out, the series identifications will also be a crucial ingredient in the
present paper, as they will allow us to bypass the additional technical difficulties that arise
when computing short-string three-point functions in the supersymmetric model involving
vertex operators with non-trivial spectral flow charges [17, 19].

2.3 The R sector

Vertex operators in the Ramond sector of the theory are constructed by using the spin
fields defined in eq. (2.11). The AdS3xS? chirality is defined as € = e1e2¢3, and the GSO
projection imposes €465 = €. The relevant unflowed vertex operators then involve two
SL(2,R)_2xSU(2)s fields of spins (j,1) = (—1/2,1/2) , namely

Se(x,u,2) = ekl g7 g5 (—Hi(2) = Ha(2) +eHa(2) o —aif o —uk( , € ==1. (2.25)

Cocycle factors are important for computing the r.h.s. of (2.25). More explicitly, BRST
invariant unflowed states have spins (j — 1/2,1 + 1/2 = j — 1/2) with respect to the
supersymmetric currents J%, K% and take the form [9, 43]

yje($7 u, Z) = eiéw(Z)S— (IE, u, Z)‘/j($7 Z)Wj—l(ua Z)ei%(H4(Z)7H5(Z))7 (226)

where we have renamed €4 — € for simplicity. The corresponding spectrally-flowed states
are constructed as in the NS sector. One obtains

y;vw(xa u, Z) = 6_%¢(Z)S‘i (xv u, Z)‘/}w($7 Z)W]"u—l(u7 z)ei%(H4(Z)_H5(Z))7 (227)

where s“ (z,u) is built upon the m-basis flowed primary

¥ _ efi(%+w)H1(z)fi(%+w)H2(z)féH3(z)’ (228)

which is the extremal state in a spin (—1/2 — w,1/2 4+ w) representation of the fermionic
zero-mode algebra. As a consequence, the spacetime weights are

H V5] =5 = 1/2 4 nsw/2. (2.29)

2.4 Holographic dictionary

We now discuss the identification of each of these operators in terms of the boundary theory
at the symmetric orbifold point, namely Sym®™ (T*) with N = nyns, following [9, 14, 17].
At large N, the holographic dictionary identifies single string states in the bulk with single
cycle fields of the dual CFT. Hence, one needs to start from the twist fields, usually denoted
on, which must be dressed appropriately. In the 7% case, each twist sector contains four
types of chiral primary operators, whose explicit expression can be found in [13]. We



will denote them as O, (z), O%(z) and O} (z), respectively, and with a = 1,2. Their

holomorphic weights are given by
n—1 a; M 41 _n+1 _
5 Hlo=3. oo} = 5 n=L2. (2.30)

These are local operators on the boundary, which are associated with z-integrated x-basis

H[0;] =

n

operators of the worldsheet theory. Moreover, one can combine the individual states with
fixed R-charge in a given R-symmetry chiral multiplet by using the SU(2)R currents, leading
to the isospin variables introduced in [42]. As the zero modes of the R-symmetry currents
are identified with those of the worldsheet SU(2) currents, the isospin variable is identified
with the coordinate u used in the previous sections.

Similar considerations hold in the anti-holomorphic sector of the theory. In this paper
we focus on chiral primary operators that are spacetime scalars. The NS and R sector
operators of the worldsheet theory constructed above are promoted to NSNS and RR
vertex operators by including the analogous polarization in the anti-holomorphic sector.
For instance, we have

Vi (2, Z,u,u,2,2) = (2.31)

ieﬂa(z)*“‘i’(g)zp“’(m, 2)U* (z, 2)Vi(z,z, 2, 2)x¢ Hu, 2)x* (4, )W (u,u, 2, 2),
ns

where we have momentarily reinstated the dependence of the bosonic primaries in the
anti-holomorphic variables, and similarly for W and Y. Consequently, and up to the
normalization, which will be discussed below, the holographic dictionary for the chiral
primary sector is

O, (z,z,u,u) < Vi (x,Z,u,u, 2, 2),

Op(z,z,u,u) < Y7 (2,2, u, 4, 2, 2), (2.32)
Of (x,z,u,u) < W (z, z,u, u, z, 2),
together with the identification
n=2j—1+nsw. (2.33)

From the worldsheet point of view, the allowed ranges are

3 ns

=1, =
J 727 727

w=0,1,.... (2.34)

This shows that the worldsheet theory accounts for all chiral primaries of the holographic
CFT, except for those in the twisted sectors where n is a (non-zero) multiple of ns [9, 17].
These would sit exactly at the lower boundary of the allowed range for j. However, at
this point, the spectrum degenerates due to the presence of the zero-momentum states
belonging to the continuous representations [44, 45]. The fact that the worldsheet theory
for strings in AdSs fails to describe these states indicates that the NS5-F1 model sits at
a singular point in moduli space [46]. This was shown to be resolved when RR fluxes are
included, thus lifting the long string sector [47].



2.5 Picture changing

Given the ghost background charge, for three-point functions, it is necessary to compute
the ghost picture (0) version of the NSNS operators defined in the previous sections. Given
a ghost picture (—1) operator O~ (2), we have

0O (z) = lim (£ G(w)) OI(z). (2.35)
Then,
VOO (@ u,2) = AP (@,u, 2) + (1) A2 (2,0, 2) (2.36)
with

AN @, 2) = [0 (@, 2) = HIZy (@, 2) | 09 (2, 2) Vi (2, 2)%9 (u, 2) Wi (u, 2) (2.37)

w 1 7. w w w w
Aj 72($a u, Z) = _??,75 [k:(u7 Z) - Hk;;(ua Z)} 1/’ (ZL‘, Z)V] (l‘, Z)X (’LL, Z)ij—l(uv Z)v (238)
and
Wf’(o) (x,u,z) = B;V’I(JT, u,z) + (—1)wB;‘u72(5177 u, z), (2.39)
with

A

By (w,u,2) = (K2, (u,2) = HEZ,_ (u, 2)] 0% (2, 2) VP (2, 2) 8% (0, 2) Wi (u, 2),(2.40)

By (z,u,2) = 7115 [ (@, 2) + HiS (2, 2)| 0% (2, 2) VP (m, 2)X (w, )Wy (w,2), (2:41)
where in each equation H corresponds to the spacetime weight of the corresponding vertex
operator. These were derived in [17] and reviewed in [19], although here we have rewritten
them in a slightly more symmetric way. Note that although .A;-J’l and A?’Q have the same
total fermion parity, they differ in one unit between the SL(2,R) and SU(2) fermion sector,
therefore only one of them can contribute in a given three-point function. The same holds
for B‘;’l and B;-J’2.

In the R sector, we need to express the field (2.27) in the (—3/2) ghost picture for
computing two-point functions. They are given by

ew,(—2) B VAL _3 i€ (Hy—H.
VD 0 2) = = B (0, )V 0 )W (0, ) (200)

where s% (x,u) is the x- and u-basis version of the field
Sti—-i- = eii(%+w)H17i(%+w)H2+%H3 . (243)

Indeed, one can check that (2.42) satisfies

Vi (z,u, 2) = lim (@) (w)yé’w’(fg)(x,u, ). (2.44)

wW—z J



3 Spectrally-flowed primary correlators

In this section, we compute the primary correlators needed for the supersymmetric three-
point functions. We first review the recent results obtained for bosonic SL(2,R) correlators
involving vertex operators with arbitrary spectral flow charges [20-23]. We then extend
these results to the SU(2) sector of the theory and also provide the relevant correlators
involving fermions and spin fields. Spectrally-flowed correlators with at least one unflowed
insertion were discussed in [19]. Here we restrict to cases with w; > 1 for i = 1,2, 3, and
take w3 > wy 2 for concreteness.

3.1 SL(2,R) sector and the y-basis

An integral formula for spectrally-flowed three-point functions in the bosonic SL(2,R)-
WZW model at level k > 3 was conjectured in [21] and proved recently in [23].3
The intuition comes partly from the k& = 3 case, which corresponds to the background
with a single NS5-brane in the supersymmetric context. There, the fundamental strings
become effectively tensionless, and the holographic CFT is identified with the symmetric
orbifold model Sym™ (T4) [1-4, 20]. In particular, worldsheet spectral flow is mapped to
the spacetime twist via AdS/CFT. Twisted correlators in the symmetric orbifold theory are
non-zero only when one can construct a holomorphic covering map I'|w1, wa, ws](z) = I'(2)
satisfying
[(z) ~zi +ai(z — z;)“" + - - when 2z~ z;, (3.1)

where the ellipsis indicates higher order terms in (z — z;). Holographically, the covering
space is identified with the string worldsheet itself. For three-point functions, such covering
map exists and can be constructed explicitly when [12]

w1 +wr+wg €2Z4+1, w1 +wy >wg—1. (3.2)

At large ny the main contribution comes from covering surfaces of genus zero. For these
three-point functions, such a map is unique. After fixing (z1,29,23) = (z1,22,23) =
(0,1,00) as usual, the coefficients a; appearing in eq. (3.1) take the following combina-
torial form

witwiti1twi4o—1 —witwip1—wipp—1\ 71
J— 2 2
A = | —witwititwita—1 witwit1—wito2—1 ’ (3'3)
2 2

where the subscripts are understood to be mod 3. The use of the map I'(z) combined with
the local Ward identities derived from the OPEs (2.16) allowed the authors of [20] to derive
the corresponding three-point functions in the ns = 1 worldsheet theory.

As mentioned in the introduction, for & > 3 (ns > 1) the holographic CFT does not
have a symmetric orbifold structure [24, 51]. Nevertheless, the same local Ward identities
imply a set of recursion relations for z-basis correlators [20]. These become differential
equations in the y variable introduced in [21]. For a given spin j and spectral flow charge

3 A similar conjecture for four-point functions was then put forward in [48] and further analyzed in [49].
“Here the RNS formalism breaks down since the bosonic SU(2) level k' = ns — 2 becomes negative, and
one needs to use the so-called hybrid formalism [50].
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w, the so-called y-basis operators Vj‘*’ (z,y, z) are constructed by summing all V;‘,’l(m7 z) over
the allowed values of h. The inverse relationship can be written as a Mellin-type transform,
namely

Viw.2) = [dyy = iy ), (34)

which mirrors the relation between the m-basis and the z-basis for unflowed operators [16].
For operators 17;"(:5,3/,2), eq. (3.4) shows that the modes jT, and j§ act as differential
operators in the y variable, namely
k

. .0 0 . —

Jo ~ Dy Jo~Dyj+ 5w, Jow ™~ Dy, (3.5)
where we have used the notation of eq. (2.14).

When (3.2) is satisfied, the existence of the covering map I'(z) in eq. (3.1) can be

used to show that the differential equations in the variables y; implied by the local Ward
identities are solved by the following expression [21]:

(Vi (1) Vi (y2)Vist (y3)) = Noad (y1 — a1)” ¥ (y2 — a2) 22 (y3 — az) ™" (3.6)
S—j1—j2—js
Y1 — a1 Y2 — a2 Y3 —as

Here and from now on, we omit the explicit dependence in x; and z; unless necessary. The
constant Nyqq, which fixes the normalization, was derived in [22], and will be given below.
Eq. (3.6) is written in terms of the so-called y-basis operators, defined as follows. The
more familiar x-basis three-point functions can then be extracted by means of (3.4). For
discrete states this can be computed in terms of holomorphic and anti-holomorphic contour
integrals, while for complex j one needs to integrate over the full complex plane.

Moreover, short strings are an important part of the spectrum, and, as discussed above,
the series identifications in eq. (2.23) show that, for such states, w is not defined uniquely.
As a consequence, correlators can be non-trivial even when no associated covering map
exists. This is consistent with the fact that the holographic CFT is not expected to be an
exact symmetric orbifold [24, 51]. Nevertheless, one can use the adjacent covering maps
of [23] to compute even parity correlators, namely those with

w1 + wo + w3 € 27, w1 +wy > ws. (3.7)
This leads to
Yo ys Y2y3 Js
VL () Vi (92) V2 (4)) = Neven (1 - —2e = 02y
< J1 (yl) J2 (y2) 73 (y3)> eve ( a2[1—‘§_] a3[rg_] a2 [F:S_]a3[1_‘3_]>

Y1 Y3 Y13 JamIah
X [1-— - + ~ (3.8)
( a1[l3]  a3[Tf]  a1[T5]as [W])

Y1 Y2 Y1Yy2 B
x 11— — + — ,
( a1[[3]  a[l{]  a1[l3]ax(ly ])
where a; [Fj] denotes the coefficient a; of the covering map in which w; is shifted upwards
by one unit, while Neyen is discussed below.
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As it turns out, one can show that egs. (3.6) and (3.8) are also valid for the so-called
edge cases,

w3=wi+twy Or w3=wi+ws+1, (3.9)

which correspond to correlators which have a well-behaved m-basis limit [23, 52]. Roughly
speaking, this also holds for correlators with unflowed insertions, where some of the y-
variables are absent. Hence, these results provide an integral expression for all non-zero
correlators satisfying the fusion rules derived in [16],

w1+ wo > wsg — 1, (310)

where, again, we have w3 > wij 2. As discussed in [21], these selection rules are encoded
in the normalization factors Nogq and Neyen in egs. (3.6) and (3.8), which are defined
in terms of the unflowed three-point functions C(j1, j2,j3) [16, 53] combined with certain
combinatorial factors related to spectral flow [21, 22]. Importantly, they factorize as follows

Neven = C (j1, j2,43) Neven(jiswi) ,  Noda = N'(j1)C (k/2 = ju, ja, j3) Noaa(jiswi) - (3.11)
We have collected the definitions of these objects as well as some of their properties in
appendix A.

3.2 SU(2) and fermionic sectors

In the SU(2) sector, spectrally-flowed correlators are merely complicated linear combina-
tions of primary and descendant unflowed correlators. However, we can use techniques
analogous to those of [20, 21, 23] in order to compute them directly. Indeed, using the
same covering maps, we find that three-point functions of flowed SU(2) primaries satisfy
the same recursion relations as those of the SL(2,R) model with the replacements k — —&
and j; — —[;. Hence, we conclude that, after fixing the overall dependence in the world-
sheet and isospin variables by means of the global Ward identities, we have

<VT/1°1J1 (01) W2 (0 ) W3 (03)) = Nlgq (01 — a1)? (v — ag) 2 (v3 — ag)?s (3.12)

la I3

k/

v1 + a1 Vo + a2 V3 + a3z — gttt

X | wq + w9 +wyg——— —1
U1 — a1 V2 — a2 V3 — ag

)

for odd parity while correlators, and

v . Vo —l1+la+l13
le (%1 WWQ V2 ng v3)) = Néven 1-— 2 - 3 + _2 >
Wt o)W )W) @] sl il osiT)
v v o0 —la+13+1
1 3 1V3
x|1— — + — 3.13
( o] aly] al[rms[rﬂ) (3.13)

v v 010 —l3+l1+12
1 2 102

x|1- - + — ,
( al[lf]  a[lf]  al3]as(Ty ])

for even parity correlators. The normalizations are given by

Néven(livwi) = (l17 la, l3) Néven ’ N(;dd(liv wi) = (k//2 — 1, lg, l3) Nc/)dd ) (3‘14)
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where C’(l1,ls,13) are the unflowed SU(2) three-point functions, defined in appendix A
together with the factors N’ and N

even- 10 the expressions above we have introduced the

v-basis for SU(2) operators, analogous to the y-basis used in the SL(2,R) case, i.e.

l
I/T/l(u,v,z) — Z vl—l—n{]l—i-ﬁW

l,n+%w,ﬁ+%’w(u’ Z) :

(3.15)

n,n=—1

Correlators involving flowed fermions and spin fields are also necessary for comput-
ing three-point functions in the supersymmetric model. We note that ¢*(z,z) (x*(u, 2))

A~

is the flowed version of a spin j = —1 ([ = 1) unflowed fermion, and belongs to a spin
Jw = =1 —w (I, = 14 w) representation of the zero-mode algebra of SL(2,R)_y (re-
spectively SU(2)3). Similarly, the fermionic field ¢*(z,z) (¥“(u,z)) can be seen as the
flowed version of the fermionic identity, with flowed spin 7, = —w (iw = w). Finally,
the spin fields s¥ (z,u, z) belong to SL(2,R)_2xSU(2)2 representations with flowed spins
(jw,fw) = (-1/2 — w,1/2 + w), obtained by the application of spectral flow on a spin
(7, Z) = (—1/2,1/2) state. Consequently, all relevant spectrally-flowed fermionic correlators
can be obtained from the bosonic formulas given above by inserting the corresponding spins
and levels and taking care of the parity of the different fermion numbers.

As a check, we can recover some of the expressions obtained in [17] using free field
techniques. We first compute the correlator with three ¢*(z, z) insertions, which is non-
vanishing only for even wy + wy + w3. The quickest way to compute this is to take the even
parity case, namely eq. (3.8), and set j; = jo = j3 = 0 and k = —2. The desired z-basis
result is then obtained by computing the relevant residue, which can be done simply by
setting y; = 0 for i = 1,2, 3, see eq. (3.4). We obtain

<ww1¢w2¢w3> = P(2L‘11+17w2+1’w3+1), (3.16)

where we have fixed the worldsheet and boundary insertion points as usual, and P(w1, w2, ws)
is defined in appendix A. We can also work out the slightly more complicated case

<@£w1¢0’w2¢07w3> = %awa% <1;w1 (yl)&w2 (y2)d~}w3 (y3)> ‘yizO
= P(w1+1,w2+1,w3+1)P(wl—‘rl,wz—l,w;;—l) - P(w1+1,w2—17w3+1)P(wl—i-l,wg—l—l,wg—l)a (317)

where we identified

YO, 2) = —3 GE0°)(@,2) = — i (2,9, 2)ly=o. (318)

Our results (3.16) and (3.17) precisely reproduce the functions f(*) and f of [17].5

4 Chiral primary three-point functions and holographic matching

This section contains the main results of this paper. We compute all relevant short-string
three-point functions with arbitrary spectral flow insertions and match our results with the

5We note that our y-basis methods give slightly different results for the functions f* and f® of [17].
The formulas we derive lead to the correct holographic matching, as will be shown in the next section.
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predictions from the chiral ring of the holographic CFT at the symmetric orbifold point.
For this, we first compute a family of descendant correlators, which appear as a result of the
picture-changing procedure. These correlators, presented as the main technical obstacle
in this context [17, 19], are obtained by the SL(2,R) series identifications, in combination
with the y-basis results reviewed above.

4.1 Spectrally-flowed correlators involving current insertions

Let us first focus on the NS-NS-NS short-string three-point functions. The simplest way
to compute these is by inserting two vertex operators with ghost picture (-1) and one with
ghost picture (0). For states polarized in the AdSs directions, the corresponding operators
were given in eq. (2.36). From their expression, one finds that it is not enough to know the
SL(2,R) primary correlators. Indeed, we must also compute correlators of the form

<V (xlyzl)v (-7;2722) (]wdv;u;g) ((E3,23)>, (41)

where we use the shorthand defined in eq. (2.21), such that V}*(z,2) = V¥, (z,2) with

h=j+ %w, which belongs to the D;.r’w representation, while (j“’ij) (z,z) stands for

;— w
() 0.0 = a2 (1.2)
Here V}wj(z) is a flowed primary m-basis operator, derived from an unflowed lowest-weight
state, as opposed to an x-basis operator.

Three-point functions such as those in eq. (4.1) are usually thought of as descendant
correlators in the sense that they involve the action of the mode j~;_  on a vertex operator
Vj“’(x, z), which is a negative mode of the current j~ in the corresponding spectrally-flowed
frame. However, by using the series identification (2.23) we can interpret a given (short
string) built upon an unflowed lowest-weight state as an operator with an extra unit of
spectral flow charge built upon an unflowed highest-weight state, including the usual spin
replacement j — k/2 — j. Hence, we can write

W W xj w+1 *33_]'+
() .2) = NG f dwe—mim v o @i @)

where V,i" +,1 (k _j)(z) is the highest weight m-basis operator of the D;_wj representation.
2 2

Cru(nally, the current mode j—,_,, can be seen as a zero mode in the spectrally-flowed

frame associated to an operator with charge w+ 1. Inserting the OPE (2.16b) in the above

expression leads to

) . 4 P .
(74VF°) (. 2) = NG VL ()0 = NV (2), (44)
where
j=k/2—j, h=—j+k(w+1)/2. (4.5)
In eq. (4.4), V“’+1 1(2) is an m-basis operator with spin projection m = —j— 1 belonging to

the D;~ etk Whlle VthHl (z, z) is its a-basis counterpart. We can then express the relevant
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correlation functions with current insertions in terms of flowed primary correlators, namely

(Vi (w1, 20) Vi (w2, 20) (Vi) (w3, 7)) =
= N (js) (Vi (21, 20) Vi (w2, ;) Vit (a3, 23)) - (4.6)

Note that we have not imposed any condition on the spectral flow charges involved in the
correlator. We are only taking advantage of the constraints imposed by the Virasoro condi-
tion for spectrally-flowed 1/2-BPS vertex operators, i.e. m; = j;. Even though the strategy
at play could have been used before, its applicability would have been limited, as flowed
primary three-point functions were only computed in full generality quite recently [21, 23].

In order to calculate the r.h.s. of (4.6) we go back to the y-basis operators used in
the previous section. Eq. (3.5) implies that, after fixing the insertions as (z1,22,23) =
(x1,m2,23) = (0,1,00), the relevant correlator can be expressed in terms of its y-basis
cousin as follows:

w1 w2 W . k—2j3 /v rw Crw — (7w
(VEAVEVER )=l o (V5 0 = OV 2 =)Dy 5 Vi ). (47)
By using egs. (3.6) and (3.8) we find that
w1 w2 W . k—2j3 /¥rw Crw: (7w
<lelvj22vj~3f;:;1_1> = aw lim ys ™ (Vi (g = 0)Vi2(y2 = 0) Vs (ys)) (4.8)

where the coefficient is given by

205151 [(w1 — w2) (1 — 2) + (w3 + 1)(§ — )]

3
if €274+ 1,
witwy—we+1 ! sz +

i=1

2a3[T] [ (1 + wi +wa)s — (14 ws) (1 + J2) — §(wr +wp — wy)|

W3 — w2 — w1

3
if sz‘ € 27.
i=1
(4.9)

Here a3[I'{;"] denotes the coefficient a3 of the covering map T'[w; + 1, ws, w3 +1](2). Finally,
by using the series identification once more we can express the result in terms of correlators
of operators in the D;-r’w representations. We conclude that

(Vi (Vi )) = e (VR VEPVED). (410)

Recall that this result holds only for the discrete states considered in this paper. Analogous
formulas hold for the SL(2,R) fermionic sector, where we have to set k = —2, and also for
the SU(2) bosons and fermions, for which the levels and spins appear with the opposite
sign.

4.2 NS-NS-NS three-point functions

We now have all the necessary ingredients for computing the NS-NS-NS string correlators
with arbitrary spectral flow charges. This includes not only the extremal correlators (in
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the holographic CFT language), some of which were briefly discussed in [17], but also the
non-extremal ones.

For concreteness, we start with all three vertex operators polarized in the AdSs3 di-
rections, namely <Vf11Vj"J22Vg3’(O)>. We take the picture (0) operator to be the one with
the largest spectral flow charge, ws > w2, and further set (x1,z2,23) = (u1,uz,u3) =
(21, 22,23) = (0,1,00). Additionally, we will also assume that

w3 < wy +wy + 1. (4.11)

The edge cases w3 = wi + we + 1 will be discussed below. When (4.11) holds, all y-basis
(and v-basis) three-point functions involved in the supersymmetric computation turn out
to be regular in the limits y; — 0 (and v; — 0). We can therefore pick up the relevant
poles in the corresponding transforms (3.4) by setting y; = v; = 0 in all relevant y-basis
and v-basis correlators.

Let us go back to the correlator <Vj“il V;‘f Vf’(o)). The vertex operators involved in this
three-point function were given in eqs. (2.20) and (2.36). Fermion number counting shows
that for even parity correlators, i.e. those with >, w; € 2Z, only the first term in (2.36)
gives a non-zero contribution, while only the second one is relevant when ), w; € 2Z + 1.
In other words, in the former case, we have

(eryenpes Oy — iy gosly, Y wi € 2Z. (4.12)
i
This factorizes into ghost, bosonic and fermionic correlators. The latter include a current
insertion, giving

B 2a3 [F;r](2 + w1+ wo +ws)

“rgr (s ) = W1 g2 q)s 413
(g1 (32002)) ), (413)
where we have used (4.10) with &k — k=-2, J12 = 2 = —1and js — j3 = 0. Hence,
we get
w1y w2y w3, (0
<lelvj22vj33 ( )> = (hi+ha2+h3 —2) (4.14)

X2a+wg%my

L V) ) (W W2 W) (R4 R8).

J1—=1""ja—1""jz—1

where h; = j;+nsw;/2 = H;+1. The spectrally-flowed primary three-point functions in the
different sectors can be evaluated explicitly by using the results of section 3. Although the
individual factors look somewhat complicated, the final result becomes extremely simple:

(Veryeryes Oy o= (hy + ha + h — 2)nsC(ji). (4.15)

where C(j;) is the product of the SL(2,R); and SU(2) unflowed three-point functions.
Let us pause and briefly discuss this expression. It was shown in [9] that for short
strings the relation between the SL(2,R) and SU(2) spins stemming from the Virasoro
condition leads to important cancellations for the product of unflowed three-point functions
contained in C(j;), whose final expressions is given in eq. (A.16) above. Here we have found
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that such cancellations extend non-trivially to the spectrally-flowed sectors of the theory.
Indeed, as a result of the structural similarities between spectrally-flowed correlators for
SL(2,R) and SU(2), all combinatorial factors coming from the different contributions in
the second line of (4.14) exactly cancel each other. The only dependence of the final
expression (4.15) on the spectral flow charges w; is contained in the overall prefactor. This
is consistent with the partial results of [19], which were obtained by very different methods.

We now show that the result in eq. (4.15) holds also for odd parity correlators with
Y ;wi € 2Z + 1. In these cases we have

w1y w2y w3, (0 W1y w2 AW3,2
<lelvj22vj33( )> = <V]‘11Vj22"4j3d >’ (4‘16)
By using that
(WA Wi (KW )) = (W (01 = 02 (02 = )0, W (03)] g0} (4.17)
_ Ky _
= — 2 |:W3(l1 + l2 2 ) (1 + “i + wz)l3:| <WUJ1Ww2Ww3>
(1 + w1 + w2 + W3)CL3 h b2 ls /o
where ag is from the map I'[wq, ws, ws], and
N 2
SW1 w2 + w3 2 w1 pwa w3
(R (k) = oy RN, (4.18)
we find
(VSV2 AS32) = — (hy + hy + hg — 2) (4.19)
2<V]§;11 ‘/']452‘/';;3> <Wﬁ1_1W;;2_1W;;3_1> <¢w1¢w2ww3> <>2w1>2wzxw3>

(14 w1 + ws +ws)ag

As in the even parity case, and after using the identity eq. (A.17), inserting the explicit
expressions for each factor leads to

<Vj“i1ijjV;3’(0)>odd = (h1 + hg + hg — 2)n5C(j:). (4.20)

A similar computation can be carried out for NS-NS-NS correlators involving one, two
or three states polarized in the SU(2) directions. The final results for these cases will be
given in section 4.4 below.

4.2.1 Edge Cases

The y-basis three-point functions (3.6) and (3.8) are singular in the limits y; — a; [22—
24, 49]. For the edge case, i.e. when w3 = wy + wy + 1, we see from (3.3) that ag = 0. As
a consequence, we must be careful when picking up the relevant residues at y3 = 0, and
use the Mellin-like transform (3.4), which for discrete states can be performed as a contour
integral, namely

dys -
Vit (w3, z3) = fi) ?i%§3($3,y3723), (4.21)

where, as is done throughout the paper, we have ignored the anti-holomorphic variables.
Analogous formulas hold for the SU(2) and fermionic sectors.
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The three-point functions we are interested in are given by
w1y w2y w3, (0)y W1y W AW3,2\
<Vj11 Vj22vj3 )= <Vj11 Vj22"4j3 ) =

w1 Y yw WB x . nsw w 7. w w
= <ijij{ n; ) kG - (93 —14+ 2 3) W lk;} } W ). (4.22)

Looking at the first term, the bosonic SL(2,R); and SU(2); correlators involved are ex-

Vis (@)

pressed as

1T et rw . S ta w3 4+ 1)1
(VEAVEVES) = NGOO(/2 ~ i o) f dusyi ™ (1 + y3<3>> (4.23)

wl!LL)Q!
and
(Wi, (kWi ) = (424
1 —1+8)
= C/(/{,/Q — j1 + 1,j2 — 1,j3 — 1)%d’03’03_3_a (1 + U3(w3+)>
0 wlle!
where we have identified kjs — Oy and defined o = j1+jo2—J —g and 8 = g —Jj1—Jo—7Js3.

Due to the SU(2) selection rules contained in the structure constants (and reviewed in
appendix A) « and § must be integer numbers, hence the integrals involved in these
bosonic correlators will be finite. On the other hand, the fermionic SU(2) correlator gives

(XXX ?) = s jé dvzvz = 0. (4.25)

The first term in the second line of (4.22) thus vanishes. The same happens with the second
term after identifying l%j3 as a vs-derivative for the SU(2) fermionic three-point function.
Therefore, we conclude that

(arywapatethO) — g, (4.26)
A similar procedure shows that
W way yw1+wa+1,(0 w w w14w2+1,(0
<Wj11Wj22Vj31+ P )> - <Wj11Wj22Wj31+ P )> =0. (4.27)
Finally, we can show that the last possible edge correlator vanishes as well, i.e.

Wyt L)y — g (4.28)

This involves a factor of the form
Vv (Vie)): (4:29)

For this specific choice of spectral flow charges, this can be computed by means of techniques
similar to those used in section 3.3 of [23]. We have

(z — 21)w1+1(z — 2;2)”2“‘1
(z — z3)wstl

for any contour C that encircles all three insertion points z;, as the integrand is regular

=0, (4.30)

( ;i Az (3, )V (01, )V (2, 20) Vi (w3, 23)

at infinity. Moreover, the OPEs (2.16) show that the integrand is regular at z = z; and
z = 29, and only the residue z3 contributes. Hence,

(Vv (40V5)) lugmo i1 = 0. (431)

Since the corresponding fermionic correlator vanishes analogously, eq. (4.28) holds.
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4.3 R-R-NS correlators

We now move to the R-R-NS three-point functions. While the extremal cases were obtained
in [17], here we complete the analysis by computing all the non-extremal ones. These three-
point functions

DEEYEAVE)  and QEeYEews) (432)
are technically simpler since no picture changing is necessary. Hence, they can be obtained
directly from the spectrally-flowed primary correlators of section 3.

We start with the non-edge cases as before, i.e. with w3 < w1 + wo + 1. The only new
pieces of information we need are the fermionic correlators involving spectrally-flowed spin
fields, namely . 4
(841 s22pws g8y (7 (Ha—Hs) o5 (Ha= )y (4.33)

The different sectors factorize up to an overall phase coming from the cocycle factors
(see footnote 2 above). However, this can be ignored since there is a single contribution,
and the phase will cancel out upon including the contributions from the anti-holomorphic
sector. The torus correlators involving Hy and Hjs impose € = —es. On the other hand,
the SL(2,R) and SU(2) contributions give a product of a flowed three-point function with
SL(2,R)_5 spins (J1, 42, j3) = (—1/2,—1/2, —1) and SU(2), spins (I1,l2,13) = (1/2,1/2,0).
As for the NS-NS-NS cases, we find that all combinatorial factors related to spectral flow
cancel out, leading to

VIV = (I VTIWE) = as ). (434)

01
¢ = <1 o) . (4.35)

Finally, we find that R-R-NS three-point functions with ws = w1 + ws + 1 vanish as in the

where ¢ is defined as

previous section.

4.4 Normalized correlators

As it was argued in [16, 17] and proved recently in [19], in order to obtain a precise
holographic matching, the NSNS vertex operators must be normalized as

O“(x,Z,u, U, 2,2
(O)".J(x,:i,u,ﬂ,zjg)_ ](, , Uy Uy 2, )

’ e nsQ2 (20— 1) Bvs.

(4.36)

where h = j + nsw/2, while ¢,, Q and B(j) are given in appendix A, and v, is the 7%
volume. A similar computation shows that, due to the extra factor appearing in eq. (2.42),
for vertex operators in the RR-sector of the worldsheet theory we have

_ 2h -1 é
Ye-7€7w x-) -ti'yruqra)Z?E = ?7670‘} x7i7u7 'EL,Z,E ° 4'37
i ) \/2c,jln§Q2B(j)v4y] ( ) (437

In these expressions we have re-inserted the anti-holomorphic dependence. String three-
point functions are then obtained directly from the results of the previous sections, and one
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must also include a factor of the string coupling g5 = 1/”2—11’4 together with an additional
factor of v4. Consequently, we find that the full set of normalized (spacetime) chiral primary
three-point functions takes the following form:

<V?11V?32V?33,(0)> N \/1N :<2h1(ﬁ15<§2f—hf>?224_ 1): 1/2’ (4.38)
oy = L[t
(Wywizver ) = \/1N @ _(T;(;hZQ_ll;g; - 1): 1/2, (4.38¢)

and

1 [(2h1 — 1) (2hy — 1)} 1/2

€1,€1,W1 \€2,€2,W2\ W3\ __ €1,€2 ¢-€1,E
(Y5eery e yes) = g (4.39%.)

VN (2h3 — 1)
. . 1 [(2h1 — 1) (2hy — 1)]/? -

where h; = j; + nsw; /2. The overall scaling with N = nns is obtained from [9]

1 Js 270
- . 4.4
IN  nsyon | vbt 1+ 52) (4.40)

Here b = ngl, while v can be seen as a free parameter of the WZW model, which was fixed
holographically in [9]°® and is given in the appendix. Note that gs/,/vs is independent of
the 7% volume. Finally, the selection rules on the SU(2) spins /; and spectral flow charges
w; can be summarized as follows:

liglk—i-lj and wigwk—i—wj vV o1,7,k=1,2,3. (4.41)

The fusion rules (4.41) and the final expressions for the structure constants of the
AdS3/CFTy chiral ring presented in egs. (4.38) and (4.39) are in exact agreement with
all previous worldsheet results [9, 10, 17-19]. Moreover, they precisely reproduce the
holographic CFT computations at the symmetric orbifold point [11-13]. This concludes
our analysis of short-string correlators with arbitrary spectral flow charges.

5 Discussion

In this work, we studied short-string three-point functions of type IIB superstrings in
AdS3xS3xT%. More precisely, we focused on the worldsheet description of the spacetime

6See however footnote 4 in [19] and the discussion in [24].
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chiral ring in this instance of the AdS3/CFTs correspondence, and when the number of NS5-
brane sources is strictly larger than one. It was discussed previously in the literature [17-
19] that important complications arise when computing the three-point functions involving
vertex operator insertions with non-zero spectral flow charges in the RNS formalism. Here
we have shown how to overcome these difficulties.

Bosonic primary correlators with arbitrary spectral flow charges were obtained recently
in [20-23]. Nevertheless, supersymmetric correlators remained elusive, mainly due to the
appearance of current insertions arising from the picture-changing procedure. These de-
scendant correlators cannot be obtained by the usual techniques involving contour integrals
due to the rather non-trivial OPEs, presented in eq. (2.16).

Recently, in [19] all short-string z-basis correlators involving at least one unflowed
vertex operator were computed by using an m-basis approach based on [52]. However,
such a strategy turned out to be somewhat restrictive.

In this paper, we computed all remaining short-string supersymmetric correlators. This
was done by generalizing the y-basis techniques developed in [21, 23], in order to apply
them not only to the relevant descendant correlators but also to the SU(2) and fermionic
sectors. As was the case for [23], the SL(2,R) series identifications (2.23) are instrumental
in our calculations.

The individual bosonic and fermionic correlators give complicated expressions as a
function of the spectral flow charges, which moreover depend on the parity of the total
spectral flow. We showed that, in all cases, the supersymmetric computation conspires so
that almost all of these combinatorial factors disappear from the final result. This extends
the analysis of [9, 10] to the spectrally-flowed sectors of the theory. The final expressions
show no trace of the difference between even and odd total spectral flow appearing in the
intermediate steps, as was expected from a boundary CFT perspective.

The main results of this paper are the fusion rules and structure constants presented
in egs. (4.38), (4.39) and (4.41). They precisely agree with the predictions from the holo-
graphic CFT at the symmetric orbifold point [11-13], and complete the exact (large N)
holographic matching of the full AdS3;/CFTy chiral ring.

The techniques developed in this paper will be useful for studying more general super-
symmetric correlators for strings in AdSs, i.e. those involving long string states. Unfortu-
nately, for such states, the Virasoro condition is less restrictive, and in order to obtain the
x-basis three-point functions it will be necessary to carry out the integrals appearing in
the Mellin transform (3.4) over the full complex plane [21]. Long-string correlators are not
protected by non-renormalization theorems. Consequently, and as opposed to the short
string case, a holographic comparison only makes sense with the holographic CFT at the
same point in the moduli space. An exact matching with the results derived from the
holographic CFT put forward in [24] would provide conclusive evidence for this proposal.
We leave this computation for future work.

Our results are also important in the context of black holes in AdS3 and the description
of some of their microstates, as the correlators we have computed here constitute the
main building blocks of those in the gauged WZW models constructed in [25-32]. These
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models are also related to the discussions of [33-40] concerning little string theory, 7T
deformations, and holography beyond AdS.
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A Some additional definitions and properties

Here we provide some definitions related to the SL(2,R) and SU(2) WZW models. We
first focus on the unflowed sectors. For the SU(2), model, the zero-mode representations
are the highest-weight states Wj(u, z), with integer or half-integer spins 0 <[ < k'/2 [42].
For strings in AdSs, one considers states Vj(x, z) in the continuous and discrete principal
series of SL(2,R)y, more precisely, those with spins j € 1/2+ iR and 1/2 < j < (k —1)/2,
respectively [15]. The corresponding two-point functions (omitting the anti-holomorphic
dependence as in the bulk of the paper) are given by

201
u
(Wi, (1, 21) Wiy (2, 22)) = 8112527+ (A1)
212
with 1)
+
I __
A= (A.2)
and
_ L e L .\ 0(j1 — J2)
(Vir (@1, 20)Vjo (w2, 22)) = 5 |67 (21 — 22)0(j1 +J2 — 1) + BU) ——;;7—| »  (A3)
212 T12
with G- 1)
JJ —
A= — A4
T T kg (A-4)
and where
vi=2 ['(z)
N =— 1 - b(2j — =———— VP=(k-2"". :
B(j) (1 =0°(27 = 1)), ~(z) Ti-7)’ b = (k—2) (A.5)

The parameter v is fixed holographically as in [9, 17, 19]" as

270

v= P 5 (A.6)

Recall that k = n5 + 2 and k' = ns — 2 in the supersymmetric context. The function B(j)
defines the coefficient N (j) appearing in the series identifications (2.23),

B()

N(j) = m

(A7)

"See footnote 4 in [19)].
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For short-string states such as those considered in this paper, only the second term in the

two-point function (A.3) contributes. Finally, the coefficient ¢, appearing in egs. (4.36)

and (4.37) takes the form

my(1 = b)
vb?

As for the three-point functions, in the SU(2) case we have

. (A.8)

Cy =

li+la—lI3 ul223+13 -l u1113+13 —l2

u
(Wi, (ur, 20) Wi (uz, 22) Wiy (us, 23)) = C' (I, l2, 13) —xr ar— AT AT AT AT ATTAT AT -
1 2 32232 3 lz 1 3 2

212 13

(A.9)

with ;

P(l—2l;)
C’ l1,l2,13) = £/ b2)P(l+1 , A.10
(ot te) =PI 5 ey (10
where [ =17 + Iy + 13, b2 = (K’ +2)~! and
!
Py = ] v(nb*), P(0) = 1. (A.11)
n=1

These expressions hold if 2I; < | < k' and | € 27Z, otherwise the three-point function
vanishes. In the SL(2,R) case the three-point function is given by
le'SQ—jl —J2 x]ég—]é —J3 33]1'23—]1 —J3
<‘/}1 (1:1’ Zl)ijQ (‘7;27 22)‘/3'3 (273’ Z3)> = C(.]l)]Za 33) ATFAL-AL AL+AL—A ATFAL—A]

212 13
(A.12)
with, following the conventions of [9],
2\ 1=J
o PPy () (b 3 Y (b(2ji — 1
2m2y (14 62) T(b(7 — 1)) 51 T (b(5 — 2ji))

where j = j1 + jo + j3, and the upsilon function Y (z) has an integral representation as®

_ [t (g N\ o s’ (5 —2)3) o
ln(T(x))—/O t [(2 :U> ‘ sinh(bgfsinh(}b)}ﬂ ¢=b+b7, (A-14)

if 0 < Re(z) < ¢, and it is extended outside this range by means of the following properties:

T(z 4 b) = b %% (bx) Y(z) , T (x + %) R (”;) T(x). (A.15)

As pointed out in [9], a crucial simplification occurs for the product of SU(2) and SL(2,R)
structure constants appearing in (unflowed) supersymmetric short-string correlators. More
explicitly, we have

3 3
¢ =06 Gi- 1) =[P BGy =@ TTYBG).  (A16)
=1 =1

8The relation between the upsilon function and the function G used in [16] can be found in [53].
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Furthermore, the product C(j;) satisfies the identities
NGC(k/2 = ji, g2, J3) = N(j2)C (1, k/2 = ja, j3) = N(js)C(j1. 2, k/2 — js). (A.17)

This ensures that the three-point functions in eq. (3.6) satisfy have the correct exchange
symmetry.

The spectrum of the SL(2,R) model also contains states in spectrally-flowed represen-
tations. The two-point functions of the corresponding operators can be obtained by means
of the so-called parafermion decomposition, giving [16]

(i —ha) [, . w0 (1 — j2)B(j1)y (1 + m1)
bod w = - “ -1
(Vitn, (@1, 21) Vigp, (2, 22)) a7 S(j1+j2—1)+ VTR r—

(A.18)
Recall that for a given vertex V;“fl(x,z), m is defined in terms of the spacetime weight
and the spectral flow charge as m = h — kw/2. As in the unflowed sector, the first term
in (A.18) is irrelevant for our short-string vertex operators. Three-point functions of vertex
operators with w > 0 are much more involved, and were derived only recently [20-23].
We have reviewed these results in section 3, see egs. (3.6) and (3.8). The corresponding
normalizations include the factors

\ .\ _ piitietis—k piz—j2—j1 J1—j2—J3 J2—J3—J1
Neven (i wi) = (w1,w2,w3) P(W1+1,w2+1,W3)P(w17w2+17w3+1) (w1+1,w2,w3+1) (A.19)

and

5 —J1—J2—7J3 . . . . . . . . .
N, ; _ P(w1*1:w2*1,w3*1) 2 P]3+]2—]1—§ J3—32+J1—§ —]3+J2+J1—§
Odd(]i’ wz) - (LU1—1 w9 wg) (w1 wo—1 w3) (w1 wa,w3—1) 7
wl + w2 + w3 — 1 ) ) ; 5 ) )

(A.20)
where
P,=0 for ij < 2iI:III.‘s’L2)7(3wi or Zwi €2Z+1, (A.21)
2 7

with w = (w1, ws,ws), otherwise

G (—w1+t202+w3 + 1) G (w1—¢22+w3 4 1) G (w1+u§2—w3 4 1) G (w1+u52+w3 + 1)

G(w1 +1)G (w2 +1)G(w3 + 1) ’
(A.22)

P, =S,
where G(n) is the Barnes G function

n—1
G(n) =[] TG) (A.23)
=1

for positive integer values, while S, is a phase depending on w mod 2. For more details,
see [21]. We also need spectrally-flowed correlators in the SU(2) sector. Two-point functions

read o
m 1

(W (un, 21) W2 (u2, 22)) = 01y 1500, ws 2%23 ) (A.24)
212

where we have restricted to the vertex operators relevant for this paper, i.e. those appearing
in supersymmetric spectrally-flowed short-string states, built from unflowed lowest-weight
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states. The extension of the methods of [20-23] for three-point functions to the SU(2) case
was also given in section 3, leading to egs. (3.12) and (3.13). In that context, one obtains
the normalization factors

N/

(l (U) _ P*ll*lQ*l:H’k/ —l3+l2+01 —l1+1l2+l3 —lo+13+11 (A 25)
even\"?%» T *

(w1,w2,w3) (w1+lw2+1l,ws)” (w1we2+1l,ws+1)" (w1+1,w2,w3+1)

and

K K K
—ls—l+h+5 —ls+la—h+5 Slz—lo—li+%
(wi—lw2,w3z) ~ (wrw2—1lws) * (wi,w2,w3z—1)"

(A.26)

Supersymmetric short-string three-point functions are greatly simplified by the re-
lation between SL(2,R) and SU(2) spins /; = j; — 1. Indeed, the product between the
normalizations N, 4q Jeven and N ! 4d Jeven leads to several cancellations, and it even becomes

P(UJI*LWQ*LWS*D
wi+wys+wg—1

*%/+l1+12+13
N7/
Noaa(li,w;) = ( )

spin-independent:

Noaa(ji, wi) Noqa(Gi — 1,wi) = Noaa = l

P(w; — Lws — 1wy — DI Pw — &) -
w1+ wo +wsg —1 ’

(A.27)
-1

Neven(jiawi)Néven(ji - 1awi) = Neven = P(wlaw%wi’;) H P(w +é + é])

1<j

, (A.28)

where é; = (1,0,0), é2 = (0,1,0) and é3 = (0,0, 1). This mirrors the simplifications for the
product of the SL(2,R) and SU(2) unflowed three-point functions highlighted in eq. (A.16)
above. These identities are crucial for the analysis of section 4.
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Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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