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Abstract: It has recently been demonstrated that Reissner-Nordström black holes in
composed Einstein-Maxwell-scalar field theories can support static scalar field configura-
tions with a non-minimal negative coupling to the Maxwell electromagnetic invariant of
the charged spacetime. We here reveal the physically interesting fact that scalar field
configurations with a non-minimal positive coupling to the spatially-dependent Maxwell
electromagnetic invariant F ≡ FµνFµν can also be supported in black-hole spacetimes. In-
triguingly, it is explicitly proved that the positive-coupling black-hole spontaneous scalar-
ization phenomenon is induced by a non-zero combination a · Q 6= 0 of both the spin
a ≡ J/M and the electric charge Q of the central supporting black hole. Using analyti-
cal techniques we prove that the regime of existence of the positive-coupling spontaneous
scalarization phenomenon of Kerr-Newman black holes with horizon radius r+(M,a,Q)
and a non-zero electric charge Q (which, in principle, may be arbitrarily small) is deter-
mined by the critical onset line (a/r+)critical =

√
2−1. In particular, spinning and charged

Kerr-Newman black holes in the composed Einstein-Maxwell-scalar field theory are spon-
taneously scalarized by the positively coupled fields in the dimensionless charge regime
0 < Q

M ≤
√

2
√

2− 2 if their dimensionless spin parameters lie above the critical onset line
a(Q)
M ≥

[a(Q)
M

]
critical = 1+

√
1−2(2−

√
2)(Q/M)2

2
√

2 .
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1 Introduction

It is well known, based on the mathematically elegant no-hair theorems presented in [1–
7], that asymptotically flat black-hole spacetimes in the composed Einstein-Maxwell-scalar
field theory cannot support spatially regular static configurations of minimally coupled
massless scalar fields. The most general black-hole solution of the non-linearly coupled
Einstein-Maxwell-massless-scalar field equations is therefore described by the bald (scalar-
less) Kerr-Newman black-hole spacetime [8, 9].

Intriguingly, it has recently been revealed in the physically important works [10, 11] (see
also [12–16]) that spherically symmetric charged black holes in composed Einstein-Maxwell-
scalar field theories whose actions contain a direct non-minimal coupling term f(φ)F [see
eq. (2.1) below] between the scalar field φ and the Maxwell electromagnetic invariant F
can support spatially regular configurations of the non-minimally coupled scalar fields.

In particular, it has been established [10–16] that the critical boundary between the
familiar (scalarless) black-hole solutions of the Einstein-Maxwell field equations and the
hairy (scalarized) black-hole spacetimes that characterize the composed Einstein-Maxwell-
nonminimally-coupled-scalar field theories is marked by the presence of marginally-stable
cloudy black-hole spacetimes (the term ‘scalar clouds’ is usually used in the physics litera-
ture [17–20] in order to describe spatially regular scalar fields which are linearly coupled to
central supporting black holes). These critical spacetimes describe non-minimally coupled
linearized scalar fields which, in the spherically symmetric case, are supported by a central
charged Reissner-Nordström black hole.

As nicely emphasized in [10, 11], in order for the familiar (scalarless) charged black-
hole solutions of general relativity (the Reissner-Nordström and Kerr-Newman black-hole
spacetimes) to be valid solutions of the coupled Einstein-Maxwell-scalar field equations
in the φ → 0 limit, the scalar function f(φ), whose coupling to the Maxwell electromag-
netic invariant of the charged spacetime can trigger the black-hole spontaneous scalariza-
tion phenomenon, should be characterized by the universal weak-field functional behavior
f(φ) = 1−αφ2 +O(φ4). The dimensionless physical parameter α, which in previous studies
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has been assumed to be negative [10–16], controls the strength of the direct scalar-field-
electromagnetic-field non-trivial coupling.

The intriguing spontaneous scalarization phenomenon of charged black holes in com-
posed Einstein-Maxwell-nonminimally-coupled-scalar field theories is a direct consequence
of the appearance of a spatially-dependent effective mass term, which in the weak-field
φ → 0 regime has the compact functional form −αF/2 [10, 11], in the modified Klein-
Gordon equation [see eq. (2.9) below] of the non-trivially coupled scalar field. Interestingly,
it has been established [10–16] that, for negative values of the dimensionless non-minimal
coupling parameter α, the effective mass term of the scalar field, which reflects its direct
coupling to the Maxwell electromagnetic invariant of the spacetime, may become negative
outside the horizon of the central supporting black hole.

This important observation, which was first discussed in the context of negatively
coupled (α < 0) scalar fields in the physically interesting works [10, 11], implies that the
composed black-hole-scalar-field effective potential term in the scalar Klein-Gordon wave
equation may become attractive (negative) in the vicinity of the outer horizon, thus allowing
the central charged black hole to support spatially regular bound-state configurations of
the non-minimally coupled scalar fields.

The main goal of the present paper is to reveal the physically interesting fact that
massless scalar fields with a non-minimal positive coupling (α > 0) to the Maxwell electro-
magnetic invariant F can also be supported in charged black-hole spacetimes. In particu-
lar, we shall explicitly prove that the positive-coupling black-hole spontaneous scalarization
phenomenon in the composed Einstein-Maxwell-nonminimally-coupled-scalar field theory
is spin-and-charge induced in the sense that only non-spherically symmetric Kerr-Newman
black holes that possess both angular momentum and electric charge can support massless
scalar fields with a non-minimal positive coupling to the Maxwell electromagnetic invariant
of the spacetime.

Below we shall explore the onset of the spontaneous scalarization phenomenon in spin-
ning and charged Kerr-Newman black-hole spacetimes of the composed Einstein-Maxwell-
nonminimally-coupled-scalar field theory with positive values of the physical parameter α.1

Using analytical techniques, we shall derive a remarkably compact functional expression
for the Kerr-Newman dimensionless rotation parameter a/M which, for a given value of the
black-hole dimensionless electric charge parameter Q/M ,2 determines the critical boundary
between bald (scalarless) Kerr-Newman black-hole spacetimes and hairy black-hole-scalar-
field bound-state configurations.

1As nicely demonstrated in [10, 11], the critical boundary between bald black-hole spacetimes and hairy
(scalarized) black-hole spacetimes is universal for all Einstein-Maxwell-nonminimally-coupled-scalar field
theories that share the same weak-field functional behavior f(φ) = 1 − αφ2 + O(φ4) of the non-minimal
scalar coupling function.

2Here M , J ≡ Ma, and Q are respectively the mass, angular momentum, and electric charge of the
Kerr-Newman black hole. We shall assume, without loss of generality, the relations a > 0 and Q > 0 for
the characteristic physical parameters of the spinning and charged Kerr-Newman black-hole spacetime.
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2 Description of the system

We shall study, using analytical techniques, the onset of the positive-coupling spontaneous
scalarization phenomenon of spinning and charged Kerr-Newman black holes in the com-
posed Einstein-Maxwell-nonminimally-coupled-massless-scalar field theory whose action is
given by the integral expression [10–13]3

S =
∫
d4x
√
−g
[
R− 2∇αφ∇αφ− f(φ)F

]
, (2.1)

where the source term,
F = FµνF

µν , (2.2)

is the Maxwell electromagnetic invariant of the spacetime. Below we shall explicitly prove
that the presence of the direct scalar-electromagnetic non-trivial coupling term f(φ)F
in the composed action (2.1) allows the existence of spontaneously scalarized black-hole
spacetimes in the Einstein-Maxwell-nonminimally-coupled-massless-scalar field theory.

The bald (scalarless) spinning and charged Kerr-Newman black-hole solution of the
composed Einstein-Maxwell-nonminimally-coupled-scalar field theory (2.1) can be descri-
bed, using the Boyer-Lindquist spacetime coordinates (t, r, θ, ϕ), by the curved line ele-
ment [8, 9]

ds2 = −∆
ρ2 (dt− a sin2 θdϕ)2 + ρ2

∆ dr2 + ρ2dθ2 + sin2 θ

ρ2
[
adt− (r2 + a2)dϕ

]2
, (2.3)

where the metric functions in (2.3) are given by the mathematically compact functional
expressions

∆ ≡ r2 − 2Mr + a2 +Q2 (2.4)

and
ρ2 ≡ r2 + a2 cos2 θ . (2.5)

The conserved physical quantities {M,a,Q} are respectively the mass, the angular mo-
mentum per unit mass, and the electric charge of the black hole. The horizon radii,

r± = M ± (M2 − a2 −Q2)1/2 , (2.6)

of the Kerr-Newman black-hole spacetime (2.3) are determined by the roots of the metric
function (2.4).

As emphasized above, it has been proved in [10, 11] that, in order for the familiar
black-hole spacetimes of general relativity4 to be valid solutions of the composed field
theory (2.1) in the φ→ 0 limit, the scalar coupling function f(φ) should be characterized
by the weak-field universal functional behavior [10, 11]

f(φ) = 1− αφ2 +O(φ4) , (2.7)
3We shall use natural units in which G = c = ~ = 1.
4The most general black-hole solution of the Einstein-Maxwell field equations is described by the spinning

and charged Kerr-Newman black-hole spacetime (2.3).
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where the dimensionless physical parameter α controls the strength of the non-trivial
interaction between the scalar field φ and the Maxwell electromagnetic invariant F of
the spacetime. Intriguingly, one finds that the critical existence surface of the theory,
which marks the boundary between bald (scalarless) black-hole spacetimes and hairy
(scalarized) black-hole solutions of the composed Einstein-Maxwell-nonminimally-coupled-
massless-scalar field theory (2.1), is universal for all non-linear scalar coupling functions
that share the same weak-field leading-order expansion (2.7) [10–13].

The action (2.1), which characterizes the composed Einstein-Maxwell-nonminimally-
coupled-massless-scalar field theory, yields the differential equation [10–13]

∇ν∇νφ = µ2
effφ (2.8)

for the non-minimally coupled scalar field, where the presence of the spatially-dependent
effective mass term

µ2
eff(r, θ;M,Q, a) = −1

2α · F(r, θ;M,Q, a) (2.9)

in the Klein-Gordon equation (2.8) is a physically intriguing consequence of the non-trivial
direct coupling between the scalar field φ and the Maxwell electromagnetic invariant F of
the charged and spinning black-hole spacetime [see the action (2.1)].

Hairy (spontaneously scalarized) black-hole solutions of the composed field theory (2.1)
with negative values of the non-minimal coupling parameter α have been studied in [10–16].
In the present paper we shall reveal the physically intriguing fact that scalar fields with a
non-minimal positive coupling (α > 0) to the Maxwell electromagnetic invariant (2.2) can
also be supported in black-hole spacetimes.

In particular, in the next section we shall prove that the spontaneous scalarization
phenomenon of positively-coupled scalar-electromagnetic fields is a unique feature of black
holes that possess a combination of both non-zero spins and non-zero electric charges
(which, in principle, may take arbitrarily small non-zero values). Hence, we shall henceforth
assume the characteristic relation

a ·Q 6= 0 (2.10)

for the central supporting Kerr-Newman black holes.

3 Onset of positive-coupling spontaneous scalarization phenomenon in
spinning and charged Kerr-Newman black-hole spacetimes

In the present section we shall study the onset of the positive-coupling spontaneous scalar-
ization phenomenon in the composed Einstein-Maxwell-nonminimally-coupled-massless-
scalar field theory (2.1). In particular, using analytical techniques, we shall determine
the critical onset-line acrit = a(Q)crit of the composed physical system which, for a given
non-zero value of the black-hole electric charge, determines the minimal value of the black-
hole spin that can trigger the positive-coupling spontaneous scalarization phenomenon of
the spinning and charged Kerr-Newman black holes.
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The presence of an attractive (negative) effective potential well in the modified Klein-
Gordon wave equation (2.8) provides a necessary condition for the existence of non-minimal-
ly coupled scalar clouds (spatially regular bound-state field configurations) in the exte-
rior region of the black-hole spacetime [21–24]. Interestingly, from the functional ex-
pression (2.2) one deduces that, depending on the angular momentum a of the spin-
ning and charged black hole and the polar angle θ, the spatially-dependent effective mass
term (2.9), which characterizes the composed black-hole-nonminimally-coupled-scalar-field
system, may become negative (thus representing an attractive potential well) in the vicinity
of the horizon of the central Kerr-Newman black hole.

In particular, the onset of the physically intriguing spontaneous scalarization phe-
nomenon in the Kerr-Newman spacetime (2.3) is characterized by the critical functional
relation [21–24]

min{µ2
eff(r, θ;M,Q, a)} → 0− (3.1)

of the spatially-dependent effective mass term. For positive values of the coupling param-
eter α of the composed Einstein-Maxwell-nonminimally-coupled-scalar field theory (2.1),
the characteristic critical relation (3.1) yields the functional behavior

min{F(r, θ;M,Q, a)} → 0+ (3.2)

for the Maxwell electromagnetic invariant of the spinning and charged spacetime at the
onset of the spontaneous scalarization phenomenon.

The non-vanishing components of the Maxwell electromagnetic tensor Fµν in the
axially-symmetric Kerr-Nemwan spacetime (2.3) are given by the (charge and spin de-
pendent) expressions [25–27]

F01 = −Q(r2 − a2 cos2 θ)
(r2 + a2 cos2 θ)2 ; F13 = a sin2 θ · F01 (3.3)

and
F02 = 2Qa2r sin θ cos θ

(r2 + a2 cos2 θ)2 ; F23 = r2 + a2

a
· F02 , (3.4)

with the functional relation [25–27]

F = 2
(

F 2
02

a2 sin2 θ
− F 2

01

)
. (3.5)

Substituting the expressions (3.3) and (3.4) into (3.5), one finds the spatially-dependent
functional expression [25–27]5

F(r, θ;M,Q, a) = −2Q2(r4 + a4 cos4 θ − 6r2a2 cos2 θ)
(r2 + a2 cos2 θ)4 (3.6)

for the Maxwell electromagnetic invariant of the spinning and charged Kerr-Newman black-
hole spacetime (2.3).

5Note that the (rather cumbersome) functional expression (3.6) reduces to the familiar compact expres-
sion F = −2Q2/r4 for non-rotating Reissner-Nordström black holes [10–13].
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Taking cognizance of eq. (3.6), one deduces the relations

{F(r, θ;M,Q = 0, a)} = 0 (3.7)

and
{F(r, θ;M,Q 6= 0, a = 0)} < 0 (3.8)

for the spatially-dependent Maxwell electromagnetic invariant of the charged and spin-
ning Kerr-Newman black-hole spacetime (2.3). These relations, together with the critical
requirement (3.2) for the onset of the positive-coupling spontaneous scalarization phe-
nomenon of Kerr-Newman black holes, imply that the spontaneous scalarization phe-
nomenon of positively-coupled scalar-electromagnetic fields is a unique feature of black
holes that have non-zero spins and non-zero electric charges [see the characteristic rela-
tion (2.10)].

In particular, one deduces from eqs. (3.2), (3.7), and (3.8) that non-spinning Reissner-
Nordström black holes (with a = 0 and F = −2Q2/r4 < 0) and neutral Kerr black holes
(with Q = 0 and F ≡ 0) cannot support spatially regular configurations of scalar fields
which are positively coupled to the Maxwell electromagnetic invariant (3.6).

We shall now prove that the critical onset-line acrit = a(Q)crit of the composed Einstein-
Maxwell-massless-scalar field theory (2.1), which describes cloudy bound-state Kerr-New-
man-black-hole-nonminimally-coupled-linearized-massless-scalar-field configurations with
the critical property (3.2), can be determined analytically. In particular, we shall ex-
plicitly show that the critical functional relation (3.2), which determines the onset of the
positive-coupling spontaneous scalarization phenomenon of Kerr-Newman black holes, can
be solved analytically.

To this end, it proves useful to define the composed dimensionless variable

x ≡ a2 cos2 θ

r2 , (3.9)

in terms of which the Maxwell electromagnetic invariant (3.6) can be written in the re-
markably compact dimensionless functional form

r4

Q2 · F(x) = −2(1− 6x+ x2)
(1 + x)4 . (3.10)

Substituting the expression (3.10) into (3.2), one obtains the critical quadratic equation

1− 6x+ x2 = 0 , (3.11)

which yields the critical value6

xcrit = 3− 2
√

2 (3.12)

for the dimensionless ratio (3.9) at the onset of the positive-coupling spontaneous scalar-
ization phenomenon of the spinning and charged Kerr-Newman black holes.

6Note that the second solution of the critical quadratic equation (3.11) is given by the dimensionless
expression x+

crit = 3 + 2
√

2 > 1 and it therefore violates the physical requirement x ≤ 1 which follows from
the inequalities a/r ≤ a/r+ ≤ 1 [see eq. (2.6)] and cos2 θ ≤ 1.
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Taking cognizance of eq. (3.9) one deduces that, for a given non-zero value of the
black-hole electric charge parameter Q, the minimally allowed value of the black-hole spin
a which is compatible with the positive-coupling spontaneous scalarization condition (3.2)
can be inferred from the analytically derived dimensionless critical relation (3.12) with the
maximally allowed value of the spatially dependent expression cos2 θ/r2. In particular, the
composed expression cos2 θ/r2 is maximized by the coordinate values (cos2 θ)max = 1 with
rmin = r+(M,a,Q) at the poles of the black-hole horizon, which yields(

cos2 θ

r2

)
max

= 1
r2

+
. (3.13)

From eqs. (3.9), (3.12), and (3.13) one finds the remarkably compact dimensionless
critical relation (

a

r+

)
crit

=
√

2− 1 (3.14)

at the onset of the positive-coupling spontaneous scalarization phenomenon in the com-
posed Einstein-Maxwell-nonminimally-coupled-scalar field theory (2.1). Interestingly, Kerr-
Newman black holes with the property a/r+ > (a/r+)crit are characterized by Maxwell
electromagnetic invariants which are positive near the black-hole poles, in which case the
effective scalar mass (2.9) in the modified Klein-Gordon wave equation (2.8) becomes neg-
ative in the near-horizon region, thus allowing the central Kerr-Newman black hole to
support non-minimally coupled scalar field configurations.

Taking cognizance of eqs. (2.6) and (3.14), one obtains the functional expression(
a

M

)
critical

=
1 +

√
1− 2(2−

√
2)(Q/M)2

2
√

2
for 0 < Q

M
≤
√

2
√

2− 2 (3.15)

for the critical existence-line of the composed Kerr-Newman-black-hole-nonminimally-
coupled-massless-scalar-field configurations. The analytically derived functional expres-
sion (3.15) determines the minimally allowed value of the Kerr-Newman black-hole spin
a = acritical(Q) that can trigger, for a given non-zero value of the black-hole electric charge
parameter Q, the positive-coupling spontaneous scalarization phenomenon in the composed
Einstein-Maxwell-nonminimally-coupled-scalar field theory (2.1).

Interestingly, one finds from (3.15) that the critical spin parameter of the cloudy
Kerr-Newman black holes is a monotonically decreasing function of the black-hole elec-
tric charge parameter. In particular, the charge-dependent critical rotation parameter
acritical = acritical(Q), which determines the onset of the positive-coupling spontaneous
scalarization phenomenon in the Einstein-Maxwell-nonminimally-coupled-scalar field the-
ory (2.1), attains its global minimum value,(

a

M

)∗
≡ min

{( a

M

)
critical

}
=
√

2− 1 , (3.16)

at the extremal Kerr-Newman limit (a2 +Q2)/M2 → 1−7 with
Q

M
=
√

2
√

2− 2 . (3.17)

7Note that extremal Kerr-Newman black holes are characterized by the simple dimensionless relation
r+/M = 1.
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It is physically interesting to point out that the classically allowed polar angular region
for the positive-coupling near-horizon spontaneous scalarization phenomenon of spinning
and charged Kerr-Newman black holes in the super-critical regime a/r+ ≥ (a/r+)crit is a
monotonically increasing function of the dimensionless spin parameter a/r+. In particular,
the near-horizon Maxwell electromagnetic invariant (3.6) of the Kerr-Newman black-hole
spacetime becomes positive in the polar angular range

(3− 2
√

2) ·
(
r+
a

)2
≤ cos2 θscalar ≤ 1 . (3.18)

The polar range (3.18), which can also be expressed in the remarkably compact form
[see eq. (3.14)] (

acrit
a

)2
≤ cos2 θscalar ≤ 1 , (3.19)

defines, in the super-critical regime a ≥ acrit, the classically allowed angular region for
the spontaneous scalarization phenomenon of positively-coupled scalar fields in the near-
horizon region of the spinning and charged Kerr-Newman black holes. In particular, the
classically allowed angular region (3.18) is characterized by the limiting property

(3− 2
√

2) ≤ cos2 θscalar ≤ 1 (3.20)

for the maximally spinning Kerr-Newman black hole with a/M → 1−.

4 Summary and discussion

It has recently been proved [10, 11] (see also [12–16]) that charged black holes in composed
Einstein-Maxwell-scalar field theories in which the scalar field is non-trivially coupled to
the Maxwell electromagnetic invariant of the charged spacetime with a negative coupling
constant (α < 0) can support bound-state hairy configurations of the scalar field. Motivated
by this physically intriguing observation, in the present paper we have revealed the fact that
scalar fields which are positively-coupled (α > 0) to the Maxwell electromagnetic invariant
can also be supported in asymptotically flat black-hole spacetimes.

In particular, we have studied, using analytical techniques, the onset of the positive-
coupling spontaneous scalarization phenomenon in spinning and charged Kerr-Newman
black-hole spacetimes. The main results derived in this paper and their physical implica-
tions are as follows:

1. We have revealed the physically intriguing fact that the black-hole spontaneous scalar-
ization phenomenon of positively-coupled scalar-Maxwell fields is a unique feature of
black holes that possess a non-zero combination (a·Q 6= 0) of angular momentum and
electric charge [see eq. (2.10)]. Thus, the scalar-Maxwell positive-coupling sponta-
neous scalarization phenomenon of black holes is a spin-charge induced phenomenon.

2. We have proved that the critical black-hole dimensionless rotation parameter,

â ≡ a

r+
, (4.1)

– 8 –
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which marks the boundary between the familiar (bald) Kerr-Newman black holes
of the Einstein-Maxwell theory and hairy (scalarized) black holes in the composed
Einstein-Maxwell-nonminimally-coupled-massless-scalar field theory (2.1) with a non-
minimal positive scalar-field-Maxwell-electromagnetic-invariant coupling, is given by
the remarkably compact analytically derived expression [see eq. (3.14)]

âcrit =
√

2− 1 . (4.2)

Interestingly, spinning and charged Kerr-Newman black holes that lie above the crit-
ical onset-line (4.2) can support bound-state configurations of the positively-coupled
scalar-Maxwell fields.

The super-critical regime of the positive-coupling spontaneous scalarization phe-
nomenon can be expressed in terms of the black-hole dimensionless physical param-
eters,

ā ≡ a

M
; Q̄ ≡ Q

M
, (4.3)

in the simple form [see eq. (3.15)]

ā ≥ ācritical =
1 +

√
1− 2(2−

√
2)Q̄2

2
√

2
for 0 < Q̄ ≤

√
2
√

2− 2 . (4.4)

3. It has been proved that the minimal value of the dimensionless black-hole spin pa-
rameter ā that can trigger the positive-coupling spin-charge induced spontaneous
scalarization phenomenon in Kerr-Newman spacetimes is given by the compact ex-
pression [see eqs. (3.16) and (4.3)]

ā∗ ≡ min{ācritical(Q̄)} =
√

2− 1 . (4.5)

4. It is worth emphasizing the fact that the positive-coupling spontaneous scalarization
phenomenon in Kerr-Newman black-hole spacetimes can be triggered by arbitrarily
small non-zero values of the black-hole electric charge parameter. In particular, from
eq. (4.4) one finds the critical black-hole spin

ācritical(Q̄→ 0) = 1√
2

(4.6)

in the Q̄→ 0 limit of weakly-charged Kerr-Newman black holes.

5. We have proved that the classically allowed polar angular region for the positive-
coupling near-horizon spontaneous scalarization phenomenon of black holes in the
super-critical regime â ≥ âcrit is a monotonically increasing function of the Kerr-
Newman dimensionless spin parameter â. In particular, the classically allowed an-
gular region for the black-hole spontaneous scalarization of positively-coupled scalar-
Maxwell fields is characterized by the limiting near-extremal (ā→ 1−) behavior [see
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eq. (3.20)]8

0 ≤ θscalar . 65.53◦ for ā→ 1− . (4.7)

This is the largest classically allowed polar angular region for the positive-coupling
near-horizon spontaneous scalarization phenomenon of the spinning and charged
Kerr-Newman black holes.
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