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ABSTRACT: We investigate the spectral form factor of the sparse Sachdev-Ye-Kitaev model.
We use numerical methods to establish that at intermediate times the connected part of
the spectral form factor is the dominant one. These connected contributions arise from
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effect was previously conjectured in SYK but required a value of N out of reach of current
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1 Introduction

One of the hurdles in understanding foundational aspects of holography is the scarcity of
solvable strongly coupled quantum models that exhibit black hole physics. The Sachdev-
Ye-Kitaev model (SYK) [1, 2] is one such model. The SYK model is a quantum mechanical
system of N Majorana fermions coupled by a random all-to-all ¢-body interaction. In the
large N and low-energy limit, an approximate conformal symmetry emerges and the system
saturates the chaos bound [3]. This unique combination of properties make it a remarkable
toy model for a holographic dual of a two-dimensional black hole. The SYK model has
spurred many developments in strongly correlated systems and in holography.

One interesting feature of SYK is that it exhibits chaos. The Hamiltonian of a chaotic
system, when considering small energy windows where the density of states is constant,
is believed to resemble a random matrix. This insight due to Wigner [4], implies that
by studying statistical properties of random matrices subject to the symmetries of the
Hamiltonian, we can understand the statistical properties of energy levels and eigenstates
of the system. One observable that captures the statistics of energy levels is the spectral
form factor (SFF).

In [5] the authors showed that the late time behavior of the spectral form factor in the
all-to-all SYK is governed by random matrix theory (RMT) just as expected for a chaotic
system. At early times, the SFF decreases; this behavior is referred to as “the slope'.
After certain time Ty it reaches a minimum or dip. After T,; the spectral form factor grows
linearly along a “ramp”, until it saturates and reaches a plateau at time T},. Beyond T},
the value of the SFF is constant. Unlike the early time behavior, the behavior after Ty is
believed to be universal, valid for a large class of quantum mechanical interacting systems
and has received much attention in the literature. In [5] the authors argued that before
the dip the disconnected part of the spectral form factor dominates. This matches the



holographic intuition where at early times we expect the gravitational path integral to be
dominated by two disconnected geometries. At late times, after the dip, the connected
contributions are the dominant ones.

Recently, in [6] the authors showed that at intermediate time scales there are modifi-
cations to the connected components that come from global fluctuations of the spectrum.
These fluctuations were conjectured to be dominant at intermediate times for sufficiently
large N. However, to numerically observe this behavior in the all-to-all would require very
large values of N out reach of current numerical simulations.

In this work we focus on the intermediate time behavior of the spectral form factor in
the sparse SYK which allows for efficient numerical simulations. The sparse SYK model
was proposed by Xu, Susskind, Su and Swingle (XSSS) [7], see also [8]. In the sparse
SYK is the interactions grow linearly with N, as opposed to N9, this leads to a significant
reduction in computational complexity. It has been shown that, for appropriate sparsity,
the sparse SYK presents the same features of the original all-to-all SYK model such as fast
scrambling and maximal chaos at low temperatures.

We investigate numerically the SFF of the sparse SYK model. We establish the exis-
tence of an intermediate time regime, before the dip, where the connected part dominates
the SFF. The nature of these connected contributions is different form the ones at late times.

At late times, the contribution of other saddle points that connect the two replicas
dominate. This can be interpreted, holographically, as wormholes joining the geometries.
The intermediate time contributions we find in this work, do not arise from a new saddle
point, they are due to fluctuations around the naive, disconnected, saddle geometry. Thus,
it’s interpretation from the holographic point of view is not clear but it indicates that in
the large, but finite, NV limit, even two disconnected geometries do not fully factorize.

2 The sparse SYK model

We recall that the standard Sachdev-Ye-Kitaev (SYK) model consists of a system of N Ma-
jorana fermions with ¢g-body all-to-all random interactions, whose Hamiltonian is given by

Hanto-an = > iy g X X7, (2.1)
1<j1<..<jg<N

where x/, j = 1,..., N denote the Majorana fermions, and the couplings Jj,...j, are sampled
from a normal distribution with zero mean and variance

qg—11J?
<(Jj1~~.jq)2>all—to—all = (]Vq_)l' (2.2)

The parameter J above sets the typical energy scale. The advantage of this model is that
it can be solved analytically in the large N limit. On the other hand, the study of this
model at finite N relies on numerical simulations that quickly become intractable as we
increase the number of fermions due to the increasing dimension of the Hilbert space and
also due to the all-to-all nature of this model, in which the total number of terms grows as
(];f ) ~ N7. A variation of the SYK model, dubbed sparse SYK [7], has been proposed as



a more computationally tractable system that preserves the same features of the all-to-all
SYK model, such as the quantum chaotic behavior [7, 8] and its connection to traversable
wormholes [9]. The sparse SYK model displays these properties with a Hamiltonian that
contains only O(N) interaction terms.

The Hamiltonian of the sparse SYK model is

H:iq/Q Z lequlequle ...qu. (23)
J1<...<Jq
where we introduce the parameter x;, ; that can be either 0 or 1, such that different
choices of xj,..j, lead to different sparse models. In the literature, two implementations
of sparsity have been considered. In the random pruning approach, one chooses z;, . ;, =
1 with probability p and zj.; = 0 with probability 1 — p. Another approach is to
consider regular hypergraphs, in which the Majorana fermions are identified as vertices of
a hypergraph whose hyperedges contain ¢ vertices. The regularity condition imposes that
each fermion appears exactly the same number of times in the list of hyperedges. The
hypergraph is also uniform, meaning that all hyperedges contain the same number, ¢, of
vertices.
The random couplings associated to the sparse SYK model are still sampled from a
Gaussian distribution of zero mean, but its variance is modified to be
(g—1)1J* 2971 72%(q - 1)!

<(JJ1]q)2> = qu—l - quq—l (24)

In the regular hypergraph construction, the amount of sparseness is controlled by the

kEﬁ(f) (2.5)

which makes the Hamiltonian to be a sum of exactly k£ NV interaction terms.

parameter

2.1 Analytical spectral density

The spectrum of the all-to-all SYK model at finite N and q is very well approximated by
a (Q—Gaussian distribution [10, 11], and the spectrum converges to this distribution in the
double scaled limit of taking N, q — oo but keeping N/q¢? fixed [12-15]. This Q-Gaussian

distribution is 1
_ +2i0,
pT](G) - 271’ (777 € 777)00 9 (26)

where (a; q),, is the Q-Pochammer symbol
n—1 )
(a:q)n = [T (1 - ad), (2.7)
j=0

with the shorthand notation (a, b; ¢)n = (a;¢)n(b; ¢)n-
In (2.6) the angle 6 € [0, 7] is related to the energies by

_ 2J cos(0)

B0) = =720,

(2.8)



Figure 1. Histograms of the spectral density of the sparse SYK Hamiltonian for N = 30 and
various values of k. The spectral density is averaged over 100 disorder realizations. For comparison
the solid red line is the @Q—Gaussian approximation to the spectral density (2.6).

and the parameter 1 depends on ¢ and N, and is given by [10]

n(q, N) = (];’ ) SO (=) (j) (]qv _‘j) (2.9)
§=0

—2¢*/N Furthermore, the convergence of the analytical

In the double scaled limit n — e
spectral density in this limit is independent of the precise distribution of the random
couplings [12, 13], so the same exact result also holds for the sparse SYK model. Perhaps
more surprisingly is that even at finite IV and ¢ the spectral density of the sparse SYK
model is also well approximated by this same ()-Gaussian distribution, at least for large
enough N and k [8]. One can add an additional correction to 7, what [8] dubbed the

“renormalized" approximation, to make the agreement with spectral density even closer

n(q, N;k) =n(g, N) (2.10)

+ N
Using this analytical spectral density the partition function can be approximated as

2(8) = tr (1) ~ / d9 py(6)ePEO. (2.11)

We will use this analytical approximation to give a general idea of the expected behavior
of the spectral form factor when comparing to the numerical results.



0.7

0.6

0.2

0.1

0
E
Figure 2. The individual spectral densities of the sparse SYK Hamiltonian for 100 different
realization of the couplings.

To give a qualitative assessment of the validity of the Q—Gaussian approximation, we
compare it to the average spectral density of the sparse SYK Hamiltonian computed using
exact diagonalization in figure 1. We see that for ¢ = 4 the spectrum has a Q-Gaussian
shape with some small deviations from the analytical approximation, which is true even
for £ = 2. On the other hand, the spectral density for ¢ = 8 deviates from the Q—Gaussian
approximation at the center of the spectrum, where for small values k < 4 there is a
noticeable dip. Similar observations on the validity of the ()—Gaussian approximation for
g = 4 were discussed in section III. B of [8].

To understand how the spectral density deviates from the average in each realization
of the couplings, we plotted the individual spectral densities for each of the 100 different
realizations of couplings in figure 2 for N = 30, ¢ = 4, and k£ = 4. We see that the
shape of the spectral density is similar for all the different disorder realizations, with the
main deviation being a stretching or compressing of the spectrum; this corresponds to the
dominant scaling mode described in [6]. Additional plots of the spectral densities for other
values of k and ¢ and presented in the appendix.

3 The spectral form factor

The main focus of this paper is the spectral form factor (SFF) of the sparse SYK model.

The SFF is defined by the two replica average

Z(B+iT,B —iT)
[Z(8)]?

The SFF contains the important information about the two replica energy correlations in

9(T; B) = (3.1)

disordered systems [16]. As such it has played a central role in the study of holography
and quantum chaos [5, 17-20]. For chaotic systems the late time SFF has a universal ramp
and plateau behavior whose features are solely determined by the discrete symmetries



(time reversal, charge, and parity) of the Hamiltonian [5, 18]. This universal behavior is
described by a random matrix universality class, which typically fits into one of three RMT
B-ensembles [18].

From a holographic prospective, the spectral form factor describes the analytical con-
tinuation of the gravitational path integral over a space with two asymptotically AdS
boundaries [5, 17, 21]. At early times we expect this gravitational path integral to be
dominated by a geometry consisting of two disconnected disks, while at late times the
connected geometries become the dominant configuration. These connected geometries are
exponentially suppressed by factors of e, where S is the entropy.

These same dynamics happen in the SYK model. [5] showed that the SFF of the all-to-
all SYK model behaves as the product of disconnected partition functions at early times,
and follows the RMT prediction at exponentially late times (in N.)! Later [17] showed
that this late time behavior is due to the need to include new connected saddle points to
the two replica path integral. These saddle points are indeed exponentially suppressed in
N (recall that the entropy of the SYK model is proportional to N.)

However the SFF of the SYK model also contains connected contributions that are
only polynomially suppressed in N [5, 6], the leading term being of order N~%. These con-
nected contribution do not arise from new saddle points, but rather from a perturbative
expansion around the disconnected saddle point [6].2 Though the existence of such contri-
butions has been known for some time [5, 23-25], recently [6] argued that this connected
contribution should dominate the SFF of the all-to-all SYK model at intermediate times.
These connected contributions have not been seen in the SFF of the all-to-all SYK model
up to now due to finite N constraints, though [6] conjectured that N = 60 would be enough
to this new intermediate time behavior.

In [6], the authors calculated the connected contributions for a general multi-trace
thermal expectation value in the all-to-all SYK. In this work we are interested in the
spectral form factor (3.1) in the sparse SYK so let us first review the results of [6] for the
double trace case that is the relevant one for the SFF.

Consider the thermal expectation value

Z(B1, ) = (tx(e” M) tr(e M) (3:2)
where the sub index J denotes the ensemble average over the random couplings. We can
expand (3.2) as

R k1 lBkz
2(617/82) - i kz . <tI‘(Hk1) tr(Hk2)>J ﬁé(_l)kl+k2 (33)
1,k2=
3 PR ik
- Z M(khkz)pp(—l) 1+k2 (3.4)
k1,k2=0 1- R2-

where M (ki, k2) denotes the joint moments of the distribution. We are interested in the
leading order 1/N term in the connected part of these moments. The connected part can

'We note that the late time RMT behavior was first observed by [22], where they computed the Fourier
transform of the SFF (i.e. the number variance.)

2Essentially these contributions arise by computing the non-diagonal 1-loop determinant around the
disconnected saddle order by order in 1/N.



be obtained by subtracting all lower disconnected moments,
M (K1, ko) = M(ky, ko) — M (k1) M (k2) . (3.5)

Therefore, the connected part of Z(f1, B2) is simply given by the connected part of the
moments,

00 k1 pk2
Z(Bf) = S Malka, k) Ol 2 (Cqypta, (3.6)

oy o0 k1! ko!
Furthermore, in the case of the all-to-all SYK, [6] found that M. (k1, k2) is simply given by,

kika

Mc(kla k2> = 9

-1

N

(q) M (k1) M (ko) + O(N34/2). (3.7)
It is not clear how to interpret these connected contributions holographically as they are
not associated to wormhole configurations in the bulk. Nevertheless, if these connected
contributions dominate the SFF at some intermediate times then they must be important
to the gravitational path integral.

Thus, we can approximate the known contributions to the spectral form factor as

0Z(8) [*
a(p")

T
+ /dE e~ 2 min {42,2p(E)} .
7r

+ ...

z(ﬁ+z'T,B—z'T)%IZ(BH'T”Q*;(ﬁ2+T2)‘ BI=B+iT
I — —+7 (38)

The first term is the disconnected contribution, the second term is the leading connected
piece (coming from (3.6) and (3.7)) and the third term is the RMT contribution given
in [5].> The parameter € is a small parameter convenient to organize higher order corrections
(denoted by the dots in (3.8)), which for the all-to-all SYK is € = (];’)_1

For the sparse SYK model, one can use the same analysis in [6] to compute the leading
connected contribution to the SFF assuming the random couplings are non-Gaussian. In
this case the leading connected contribution only depends on the normalized forth moment

-1
¢= ;<N> (v —1), (3.9)

of the couplings,* with

q

where v is the normalized fourth moment of the couplings
4

((jresaina)')
2\2"

3Here we assume the RMT contribution comes from a GUE ensemble, which is the case for N mod 8 =

v = (3.10)

2,6 Other values of N fall into the GSE or GOE universality classes, and the ramp behavior is more
complex, and can be found in [18].
“See Theorem 1 of [23] for a rigorous mathematical derivation.



Thus even for the sparse SYK model the SFF still takes the form (3.8), only with

—1
1/N 3 3
e—2<q> (p_1> N o (3.11)

Note that when p — 1 we recover the all-to-all result, as expected.

Assuming & = O(1) we see that the suppression of the leading connected term in the
sparse SYK model is only of order 1/N, and so we expect this contribution to dominate
at earlier times. Hence we may be able to see the intermediate time behavior conjectured
in [6] at manageable values of N’s for the sparse SYK model.

Finally, we note that many in the condensed matter (and high energy) community are
primarily interested in the SFF to understand the spectral correlation. These correlations
are easier to study if the energies are re-scaled so that the local density of states is a
constant, in a process called spectral unfolding. The spectral unfolding is typically done
by renormalizing the spectrum of each disorder realization independently® (for example
by using a smooth function that is fitted to the numerical data of each realization.) This
local unfolding will remove the global correlations in the SFF and only leave the local
correlations, i.e. the universal RMT part. This was seen in [25] for the all-to-all SYK
model, and in [8] for the sparse SYK model. One can further focus only on the bulk
of the spectrum by adding a Gaussian filter, as was done in [8, 25, 26]. Such a filter,
in combination with local spectral unfolding, removes any edge and global effects, and is
particularly powerful in understanding the local eigenvalue statistics.

In this work we focus on the full SFF at finite temperature rather than the unfolded
SFF as it has a particularly simple holographic interpretation, and contains the global
fluctuations which we are particularly interested in. Omne can add a Gaussian filter to
the SFF (or any other smooth filter,) and calculate the leading contribution to the SFF
(without unfolding) using the same moment method described above, though it is not clear
to us what the holographic interpretation of these observables is.

4 Numerical results

We evaluated the spectral form factor using exact diagonalization for N = 30 Majorana
fermions. Our numerical results are evaluate considering the regular hypergraph model.
Although in principle the derivation of (3.11) assumes the random pruning definition of
the sparse SYK model since it treats z;, . j as a random variable, we expect corrections
to this result when one considers a regular hypergraph instead to the moments to be of an
order of 1/N%~1 [8]. We have confirmed this numerically so we will only display the results
for the regular hypergraph model.

5Occasionally in the literature the spectrum of the whole ensemble is unfolded together, rather than
independently in each disorder realization. In this case the global spectral correlations will remain and our
conclusions will still be valid.
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Figure 3. Main: Exchange of dominance in the spectral form factor of sparse SYK model, for
N =30,q =4, k=4, p =05, averaged over 100 disorder realizations. Inset: the critical time T,
dependence on the sparsity k and inverse temperature 3.

The average over the random couplings is taken by averaging the numerator and de-
nominator separately, i.e.

(2(8,1)Z2*(5,T))s

9(T,B) = GIE , (4.1)
_ (2B, 1)), (Z*(8,T))s

N A 42

9¢(T, B) = g(T', B) — 9a(T, ) - (4.3)

We find the existence of a transition at some time t. (before the dip) where the con-
nected part of the spectral form factor begins to dominate over the disconnected part — see
figure 3. The transition time appears to increase linearly with the sparsity parameter k,
and seems to slightly decrease when the inverse temperature 3 is increased.

We also find that the computed SFF from exact diagonalization is in agreement with
the analytical formula (3.8) up to a timescale close to the point where the transition
takes place and the agreement becomes significantly better as the sparsity parameter k
increases — see figure 4. This is true even for the small value of k = 1.5, which is somewhat
surprising. After the exchange of dominance the connected SFF does not agree with the first
order analytical approximation, at least for & 2 2. Somewhat surprisingly, the connected
contribution seems to follow the disconnected approximation for large enough k 2 4. This
behavior may be because the SFF is still dominated by the same saddle point, even though
this saddle no longer factorizes into the two disconnected saddle points. A similar behavior
of the SFF occurs when ¢ = 8 and for other values of 3; these additional plots of the SFF
are given in the appendix.



Figure 4. Full spectral form factor g, connected part g., and disconnected part g4, obtained by
exact diagonalization of the sparse SYK Hamiltonian define over a regular hypergraph, and averaged
over 100 disorder realizations of the random couplings. These are compared to the analytical Q-
Gaussian approximation g, g4, and grmT-

5 Discussion and holographic interpretation

We have observed an intermediate time transition in the SFF of the sparse SYK model,
where the SFF is no longer dominated by the disconnected contribution. To understand
how to interpret this transition in the dual gravitational description, it is illuminating to
consider the path integral description of the SYK model where these connected contribu-
tions arise from a perturbative expansion around the disconnected saddle 6. Thus this
intermediate time regime is still described by a disconnected saddle geometry, but the con-
nected fluctuations around the saddle are in fact important”. This raises a factorization
problem in the dual holographic description which is stronger than the usual factoriza-
tion problem in quantum gravity (a la Maldacena-Maoz [30]), as even two disconnected
geometries do not factorize.

6See section 8 of [6] for the full derivation.
"This is similar to a double trace deformation of the boundary CFT [27-29].

~10 -



We may expect such connected contributions to be generic in models of holography, as
these models are typically only understood perturbatively in some large parameter N, but
have an exponential number states which goes like e#V. As a result the connected multiple
boundary saddles are exponentially suppressed in N, and so are relevant only at exponen-
tially large times. However the disconnected saddle is only understood holographically to
leading order in N, and so the disconnected picture is only valid for times of order 1. At
intermediate times of order N (or more generally N to some positive power), 1/N correc-
tions become relevant. The 1/N corrections should generically contain any terms allowed
by the symmetry, and so should contain disconnected contributions; for example via double
trace deformations.

Our results suggest several directions to explore in the future:

e Holographic interpretation. As mentioned above, the intermediate time dominant
contributions presented here are connected fluctuations around the disconnected sad-
dle geometry; They do not correspond to a new, connected saddle. Thus, it is natural
to ask what is the bulk interpretation of this regime. In [6], the authors suggested
that these connected contributions correspond to the existence of light fields in the
bulk with fluctuating boundary couplings. It would be interesting to study this issue
further.

e Other observables. The connected contributions that dominate the SFF at time before
the dip time, should also leave an imprint in other observables. We could consider for
example, the new measure of quantum state complexity defined by minimizing the
spread of the wavefunction over all choices of basis proposed in [31]. In systems with
chaotic behavior this notion of complexity displays four dynamical regimes: a linear
ramp, a peak and a slope down to a plateau. This behavior can be connected to the
ramp -dip- plateau structure of the SFF. Furthermore, the complexity slope, arises
from spectral rigidity just like the SFF ramp. It would be interesting to understand
how the dominance of connected fluctuations studied here is reflected in this new
measure complexity.

e Larger N simulation. Our numerical results relied on the exact diagonalization of
the Hamiltonian which significantly constrains the values of N that we can achieve.
This was enough to demonstrate the exchange of dominance at intermediate times in
the sparse SYK model, but the same cannot be said for the all-to-all SYK, where one
expects at least N = 60 to observe the same effect. Recent techniques such as Krylov
subspace methods for time evolution have been employed to study quantum chaos
in the SYK model for up to N = 60 [32]. However, we found that these techniques,
when applied to the SFF, are susceptible to large errors so that it fails to correctly
capture the correlation between eigenvalues. It would be desirable to refine or find an
alternative algorithm such that the numerical simulation could be pushed to larger
values of NV, allowing us to verify the same statement for the all-to-all SYK.

- 11 -
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A Extended numerical results

In this appendix we offer additional plots of the numerical results discussed in the text.
In figure 5 and 6 we give additional plots of the SFF taking 8 = 5 and ¢ = 4 and ¢ = 8.
To give a qualitative picture of the variance of the SFF we plotted the region containing
the individual SFF of all 100 disorder realizations, and the region containing 90 disorder
realizations in figure 7. In figure 8 and 9 we offer additional histograms of the average
spectral density, and compare them to the Q—Gaussian approximation. Finally in figure 10
and 11 we present additional plots of the individual spectral densities for the different
realization of the couplings.

Figure 5. Full spectral form factor g, connected part g., and disconnected part g4, obtained by
exact diagonalization of the sparse SYK Hamiltonian define over a regular hypergraph, and averaged
over 100 disorder realizations of the random couplings. These are compared to the analytical Q-
Gaussian approximation g., g4, and grwmT-

~13 -
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exact diagonalization of the sparse SYK Hamiltonian define over a regular hypergraph, and averaged
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Figure 7. The spread of the spectral form factor over the 100 disorder realizations of the random
couplings. The black line is the disorder averaged spectral form factor, the light gray area is the
maximal spread of the SFFs, while the dark gray area contains 90% of the disorder realizations.
The disconnected part of the SFF is plotted in a dashed line to give some indication of time scales.
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Figure 8. A histogram of the spectral density of the sparse SYK Hamiltonian averaged over 100
disorder realizations for various values of k. For comparison the solid red line is the ()—Gaussian
approximation to the spectral density (2.6).
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N=30, ¢=38
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Figure 9. A histogram of the spectral density of the sparse SYK Hamiltonian averaged over 100
disorder realizations for various values of k. For comparison the solid red line is the ()—Gaussian
approximation to the spectral density (2.6).
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Figure 10. The spread of the spectral density of the sparse SYK Hamiltonian for 100 disorder
realizations and for various values of k.
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Figure 11. The spread of the spectral density of the sparse SYK Hamiltonian for 100 disorder
realizations and for various values of k.
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