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1 Introduction

Within the AdS/CFT correspondence [1], there is a class of conformal field theories, namely
holographic CFTs, which possess semiclassical gravity duals. Holographic CFTs can be
characterized by a large central charge and a sparse spectrum of operators with low confor-
mal dimensions whose correlators factorize [2, 3]. One particularly interesting example of a
state in a holographic CFT is the thermofield double (TFD) state which is the maximally
entangled pure state comprising energy eigenstates of two identical holographic CFTs, such
that each of the entangling systems are thermal with identical temperature. While each of
the thermal CFTs are holographically identified with a black hole in AdS spacetime, the
entangled state is dual to an eternal black hole [4]. The entanglement between the CFTs is
responsible for creating a wormhole in the bulk spacetime, connecting the two boundaries
across its interior. This idea was first advocated in [5] and later entered the ER=EPR pro-
posal [6]. This proposal has interesting consequences — while the gravitational wormhole

– 1 –



J
H
E
P
0
8
(
2
0
2
2
)
1
6
2

is a topological object that connects two spacelike separated regions of spacetime across
an event horizon, its CFT dual is nothing but a surprising dynamics of entanglement be-
tween degrees of freedom of different parts of the CFT. The most surprising aspect of this
connection is that while in gravity, wormholes lead to a semiclassical geometry connecting
subsystems of the CFT, in the dual theory this is a very complicated dynamics of quantum
information processing with apparently no classical interaction between the subsystems.
These two completely different descriptions of information processing, in the bulk and at
the boundary, lead to several interesting puzzles, the most recent being the factorization
puzzle which makes precise the aforementioned statement in terms of the factorization of
the respective Hilbert spaces. While at the boundary, due to the lack of an explicit classical
interaction, the effective Hilbert space has a factorized structure, the Hilbert space in the
bulk cannot be factorized in presence of the semiclassical wormhole. Such a difference in
the structures of the bulk and the boundary Hilbert spaces is in apparent conflict with the
AdS/CFT correspondence.

To understand the origin of and eventually solve such puzzling differences between
gravitational systems and their holographic counterpart, it will be instrumental to relate
the dynamics of entanglement to a topological feature in a generic quantum mechanical
system. A first step toward this goal was taken in [7], where topological wormholes were
defined in terms of a non-exact symplectic form Ω on the phase space of a given quantum
mechanical system. This symplectic form appears in the thermal partition function as [7]

Z(β) =
∫

[dX] exp
(∫

D
Ω−

∮
∂D

Hdt

)
. (1.1)

A non-exact Ω results in non-integrable phase factors which assume a natural interpreta-
tion as Berry phases, originally introduced in [8]. In addition, for non-exact Ω the path
integral (1.1) does not factorize and thus depends on the topology of the surface D, leading
to a topological wormhole. This relation between non-exactness of the symplectic form and
topological wormholes has been studied in [9] for a quantum mechanical two-spin model.
The authors showed that even for quantum mechanical systems as simple as two coupled
spins in presence of a magnetic field, a topological wormhole can be realized and charac-
terized by the Berry phase. Also, possible experimental realizations of this two-spin model
and its entanglement and topological features were proposed. Moreover, through a careful
comparison of the Hilbert space of gravity to that of the quantum mechanical system, it
was further established in [9] that the Berry phase probes the entanglement structure in
an analogous way both in quantum mechanics and in gravity: in the quantum mechanics
model, entangled states with different Berry phase with respect to the magnetic field may
nevertheless have the same entanglement entropy. A similar structure arises for wormholes
connecting two boundary CFTs as in [5, 6], due to the presence of a non-exact symplectic
form originating from the singularity of the timelike Killing vector at the black hole hori-
zon. Building up on this, it is an interesting and ongoing question how holographic setups
can be brought to the laboratory; for a recent review one may consider [10].

Motivated by these promising results in quantum mechanical systems, here we study
Berry phases in two-dimensional holographic CFTs. Since these CFTs have gravitational
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duals, they allow us to study how the factorization properties of spacetime wormholes
in the dual bulk geometry are encoded within the CFT. Similar to topological wormholes,
spacetime wormholes are defined by a non-exact symplectic form leading to a non-factorized
partition function (1.1), but additionally carry an interpretation as a geometric construction
connecting two spacelike-separated regions in spacetime.

For spacetime wormholes, we find that the non-exactness of the symplectic form, and
thus the Berry curvature, is linked to a variable in the boundary phase space. For purely
topological wormholes, no such variable is present. From the bulk perspective, this variable
is either the holonomy associated to the wormhole or a time shift in one of the boundary
time coordinates. The time shift is induced by the wormhole due to the absence of a
global timelike Killing vector in the eternal AdS black hole geometry. We show that these
variables also appear as phase space coordinates in the dual CFT. Since the CFT Berry
curvature is given in terms of these variables, the non-factorization of the bulk geometry
then becomes manifest also in the dual CFT. We argue that the variable may be interpreted
as a coupling parameter between the dual CFTs. When this variable is set to zero, the
Berry phase associated to the spacetime wormhole vanishes, indicating a decoupling of
both CFTs. In some cases, we may still calculate the Berry phase in a single copy of the
CFT. The Berry phase is then associated to a topological wormhole.

Furthermore, we classify three types of Berry phases appearing in CFTs and the roles
thereof in probing the entanglement structure of the Hilbert space. The first type of Berry
phase is the Virasoro Berry phase. For a single CFT, these Berry phases originate from
conformal transformations in the boundary CFT and may be defined in terms of coadjoint
orbits. In particular, the Berry connection is the symplectic potential on the coadjoint
orbit. These Berry phases are extensively studied from the CFT side in [11]. In [12, 13],
the geometries dual to Virasoro coadjoint orbits are presented. We present the holographic
interpretation of Virasoro Berry phase in terms of the classification of bulk geometries via
Virasoro coadjoint orbits. We show that this classification is instrumental in categorizing
different kinds of wormholes arising from entangled CFTs. According to this classification,
the Berry phases discussed in [11] arise from non-trivial conformal transformations corre-
sponding to improper diffeomorphisms in the bulk. These diffeomorphims change the bulk
geometry. Each of these bulk geometries generated by applying a conformal transformation
in the boundary carries their own unique defects, which may be associated with symplectic
charges or “Virasoro hair” [13]. Therefore, this class of Berry phases probes the defects in
the dual bulk geometries generated by applying conformal transformations in the bound-
ary. Since such conformal transformations change the state in the field theory, these Berry
phases were referred to as state-changing in [14].

When coupling two such Virasoro coadjoint orbits, the individual holonomies associ-
ated with these orbits lead to a spacetime wormhole. We illustrate this explicitly using a
model of wormholes considered in [15], where a system of two coupled chiral bosons was
shown to be mapped to two Virasoro coadjoint orbits. We interpret this map as a “fac-
torization map” [16] to explain how the holonomy of the coupled system interpreted as
the signature of a bulk spacetime wormhole can actually be identified with the holonomies
of the individual coadjoint orbits. This can therefore be thought of as a consequence of
improper diffeomorphisms in the bulk.
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The second type of Berry phase, namely the gauge Berry phase, results from a
different type of bulk diffeomorphism than above. The picture is as follows. The gauge
symmetries in the field theory do not yield physically distinguishable states. In the bulk,
these gauge transformations correspond to proper diffeomorphims, which leave the bulk
spacetime invariant and realize the Killing symmetry of the dual geometry. Such a dif-
feomorphism does not yield a Berry phase within a single CFT, but nevertheless yields a
Berry phase when two such CFTs are entangled. Examples of this type of Berry phase are
discussed in the context of a gravitational wormhole in [9, 17].

The third type of Berry phases we discuss are the modular Berry phases [18–20].
These arise from entanglement between subregions of a single CFT when the subregion
in a CFT is deformed continuously such that the deformations form a closed loop and
were referred to as shape-changing Berry phases in [14]. Such a setup corresponds to
parallel transporting the modular Hamiltonian associated to each subregion around a closed
loop. Since the modular Hamiltonian generates time evolution with respect to the abstract
modular time, a gauge symmetry is present in each subregion and their complement due
to the independent choice of modular time in each subregion. The Berry curvature was
shown to be related to the Crofton form on kinematic space for an interval in a vacuum
CFT in [20]. We derive modular Berry phases for various thermal CFTs and find similar
relations to the Crofton form. Furthermore, for an eternal AdS black hole, where we place
an interval in each CFT on the boundaries, the Berry curvature exhibits a transition very
similar to the transition in the time evolution of the entanglement entropy [21]. Before
the transition, the modular Berry curvature exhibits the same characteristic features of a
wormhole in terms of a non-exact symplectic form.

The paper is organized as follows. In section 2 we discuss Virasoro Berry phases in the
framework of coadjoint orbits and discuss their bulk interpretation. These Berry phases
arise from improper diffeomorphisms. We show that coupling two Virasoro coadjoint or-
bits gives rise to a spacetime wormhole and derive the corresponding non-exact symplectic
form, which may be interpreted as the Berry curvature. Furthermore, we discuss how fac-
torization of such coupled systems is achieved. In section 3, we discuss gauge Berry phases,
which originate from proper diffeomorphisms. We demonstrate that such diffeomorphisms
lead to Berry phases in entangled CFTs, corresponding to a spacetime wormhole in the
bulk. In section 4 we derive modular Berry phases for a single interval in a thermal CFT
on the cylinder and on the torus, dual to an AdS black hole and black string, respectively.
We also consider two intervals in entangled CFTs dual to an eternal AdS black hole and
observe a transition similar to that observed in the time evolution of the entanglement
entropy in [21]. Before the transition, we recover a non-exact symplectic form associated
to a wormhole.

2 Virasoro Berry phase

We start by describing the Berry phase in a single coadjoint orbit and show how coupling
two such orbits gives rise to a spacetime wormhole in the gravity dual. Using a model of
two coupled chiral bosons, derived in [15] as the asymptotic dynamics of the BTZ black
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hole, we demonstrate how an effective factorization of the Hilbert space can be realized in
terms of reduction of the full symmetry to its diagonal subgroup.

2.1 Berry phase as the holonomy of a coadjoint orbit

We begin by introducing Virasoro Berry phases as considered in [11] in the framework
of coadjoint orbits [22–24]. We then discuss their interpretation in the dual AdS geome-
tries, employing the classification of bulk geometries in terms of Virasoro coadjoint orbits
presented in [12, 13].

The concept of states that acquire a phase when parallel transported around a closed
loop in parameter space can be generalized to symmetry groups. Given a symmetry group
G with group elements g ∈ G and a highest-weight state |φ〉, there is a subgroup of transfor-
mations in G which leave invariant the state |φ〉. This constitutes a gauge redundancy, and
the subgroup H ⊂ G formed by these gauge transformations is called the stabilizer group.
When the state |φ〉 is parallel transported around a closed loop in the group manifold by
continuously applying group transformations |φ(t)〉 = Ug(t)|φ〉, the state will generally not
return to its initial form |φ〉, but differ by a phase due to the gauge redundancy introduced
by the stabilizer group H, |φ〉 → eiα|φ〉. This gives rise to a Berry phase. The Berry con-
nection relates different points in the tangent space of the group manifold and is therefore
given in terms of the Maurer-Cartan form θ of the symmetry group,

A = i〈φ(t)|d|φ(t)〉 = i〈φ|u(θ)|φ〉, (2.1)

where d denotes the exterior derivative on the group manifold and we have used that
U †gdUg = u(θ). This concept can be applied straightforwardly to any symmetry group,
including the Virasoro group [11]. For the latter, the symmetry group is the centrally
extended group of the diffeomorphisms of the unit circle Diff(S1) with group elements
(f(φ), α), where f(φ) are diffeomorphisms of S1 and α ∈ R. Highest-weight states are
denoted |h〉 for conformal weights h > 0 and |0〉 for the vacuum with respective stabilizer
subgroups U(1) and SL(2, R) that generate the gauge redundancy giving rise to the Berry
phase. There is a subtlety in defining the Virasoro Berry connection. The formula (2.1)
cannot be straightforwardly applied but needs to be supplemented by an additional term
since the group is centrally extended. Group elements are pairs, and while α does not
contribute to the Berry phase itself, the Maurer-Cartan form picks up a central extension
as well, (θ,mθ). Therefore, the connection reads

A = i〈h|u(θ) + cu(mθ)|h〉, (2.2)

where c denotes the central charge of the CFT. Since a continuous group path of conformal
transformations Uf(t) generate states within the same Verma module, Virasoro Berry phases
may be thought of as probing the “geometry” of the Verma module. Verma modules may
be obtained by quantizing coadjoint orbits of the Virasoro group [22–24], which are given
by the manifold Diff(S1)/H with H the stabilizer subgroup U(1) or SL(2,R). For a self-
contained presentation, we briefly introduce the orbit construction. Coadjoint orbits of
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the Virasoro group are obtained by taking an element of the dual Lie algebra b0 ∈ g∗ and
applying all possible group transformations to this element by a coadjoint transformation

Ob0 = {b = Ad∗(f,α)b0|f ∈ Diff(S1)}, (2.3)

where
Ad∗(f,α)b0 = f ′2b0 −

c

24π{f, φ} (2.4)

and {·, ·} is the Schwarzian derivative. Depending on the particular orbit label b0, there are
transformations which leave the constant orbit representative b0 invariant. These elements
form the stabilizer subgroup H. Therefore, coadjoint orbits are manifolds Diff(S1)/H.
Furthermore, the coadjoint orbits of the Virasoro group form symplectic manifolds on
which we may define a symplectic form and potential. The symplectic form is given by

ω = −d〈(b, c), (θ,mθ)〉, (2.5)

where 〈·, ·〉 is the bracket between the Lie algebra and the dual Lie algebra. The symplectic
potential is then given by

α = −〈(b, c), (θ,mθ)〉. (2.6)

When evaluated explicitly for the Virasoro group, α is just the Berry connection (2.2).
Therefore, Virasoro Berry phases probe the geometry of the particular coadjoint orbit. In
particular, the Berry connection (2.2) is the symplectic potential on the coadjoint orbit α
and the curvature F = dA the symplectic form ω. Such Berry phases have also been found
for certain choices of cost functions in circuit complexity [25, 26].

For holographic CFTs, it is interesting to ask which feature of the bulk Virasoro Berry
phases probe. To this end, note that the energy-momentum tensor T (φ) of the CFT is an
element of the dual Lie algebra g∗, and (2.4) is nothing but the expectation value of the
transformed energy-momentum tensor under conformal transformations φ̃ = f(φ),

2πb = 2πAd∗(f,α)b0 = 〈h|T̃ (φ)|h〉 = f ′2〈h|T (φ̃)|h〉 − c

12{f, φ}, (2.7)

where we have identified

b0 = 1
2π 〈h|T (φ̃)|h〉 = 1

2π

(
h− c

24

)
. (2.8)

The gauge transformations on the orbit leaving invariant the orbit representative b0 may
then be interpreted as those transformations which leave invariant the expectation value of
the energy-momentum tensor. Depending on whether the expectation value is taken in the
state |h〉 with h > 0 or the vacuum |0〉, these transformations form precisely the stabilizer
groups U(1) or SL(2,R), respectively.

Having established the relation between b and the transformed energy-momentum
tensor, we may proceed to identify dual bulk geometries. In AdS3/CFT2, the dual bulk
geometries may be constructed from the Fefferman-Graham expansion [27, 28], which takes
as input only the boundary metric, set to a flat metric, and the expectation value of the
energy-momentum tensor, given by the coadjoint transformation of the constant orbit rep-
resentative b0. Since the energy-momentum tensor does not transform under SL(2,R) or
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U(1) transformations, the gauge redundancies must also be present in the bulk. Further-
more, as the bulk metric is determined in terms of the energy-momentum tensor, all phys-
ically distinguishable expectation values of the energy-momentum tensor given in terms of
b = Ad∗(f,α)b0, correspond to different bulk geometries. The dual bulk geometries associated
to Virasoro coadjoint orbits are the Banados geometries [29],

ds2 = `2
dr2

r2 −
(
rdx+ − `2L− (x−) dx−

r

)(
rdx− − `2L+

(
x+) dx+

r

)
, (2.9)

where L(x±) = 6
c 〈h|T̃ |h〉 = 12π

c b and x± = t ± φ.1 The Banados geometries are the set
of on-shell solutions to AdS3 gravity with Brown-Henneaux boundary conditions [30] and
have non-vanishing holographic entanglement entropy [31]. These geometries form an on-
shell phase space. To understand, which feature of the bulk the Virasoro Berry phases
probe, it is necessary to understand the structure of this phase space. The phase space
was analyzed in detail in [12] and may be classified in terms of conserved charges. Since
the Banados geometries form an on-shell phase space, we may define a presymplectic form
on this phase space.

In gravity, a charge Qξ for an on-shell metric perturbation δξgµν by a vector field ξ is
conserved if and only if the presymplectic form on the on-shell gravitational phase space
vanishes

ω[δξgµν , δgµν , gµν ] = 0. (2.10)

There are three different conserved charges that arise from this condition: killing charges,
which are generated by proper diffeomorphisms, i.e. δξgµν = 0. These are global symme-
tries of the bulk geometry specified by the metric gµν as these transformations leave the
bulk metric invariant. Then, there are asymptotic symmetries, for which the condition
δξgµν = 0 is only satisfied as we approach the asymptotic boundary. For these charges,
ω[δξgµν , δgµν , gµν ] = 0 only holds in the asymptotic region. Finally, there are symplectic
charges, for which δξgµν 6= 0 but ω[δξgµν , δgµν , gµν ] = 0 everywhere in the bulk space-
time. These charges are generated by improper diffeomorphisms, which — unlike Killing
symmetries — are not isometries of the bulk and therefore change the bulk geometry but
nevertheless give rise to conserved charges. Note that in order to define the charges, we
must specify with respect to which presymplectic form on the phase space these charges
are defined, i.e. which presymplectic form vanishes for a given metric perturbation. In
principle, there are two choices: the Lee-Wald symplectic form [32] giving rise to Iyer-Wald
surface charges [33] or the invariant presymplectic form with conserved Barnich-Brandt
charges [34, 35]. It was shown in [12, 13] that for the phase space formed by the Bana-
dos geometries, charges may be defined with respect to the invariant presymplectic form.
There are two types of metric perturbations for which the invariant presymplectic form
vanishes: killing charges generated by proper diffeomorphisms leaving invariant the metric
(δξgµν = 0 ) and symplectic charges, called “Virasoro hair”, generated by improper diffeo-
morphisms moving us among different Banados geometries on the phase space (δξgµν 6= 0
). In particular, the Killing charges correspond to the gauge redundancy of 〈h|T̃ (φ)|h〉 and

1In the dual gravity description, we employ T (x±) rather than T (φ). Both are physically equivalent.
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hence form the stabilizer subgroup H. For instance, the vacuum state |0〉 has stabilizer
group SL(2,R). It is well known that the dual bulk geometry, which is empty AdS, has an
SL(2,R) Killing symmetry. Banados geometries arising from different values of 〈h|T̃ (φ)|h〉
in the Fefferman-Graham expansion may be distinguished by their symplectic charge [12],
called Virasoro hair,

Qχ[g] =
∫
S

Qχ[g] = `

8πG

∫ 2π

0
dφ
(
ε+
(
x+
)
L+

(
x+
)

+ ε−
(
x−
)
L−

(
x−
))
. (2.11)

These charges are defined by integration around non-contractible circles in the bulk. The
Virasoro hair may thus be associated to a particular defect in the bulk. Note that these
defects also exist for descendants of global AdS, i.e. the dual geometries to descendants
of the CFT vacuum. Therefore, from the bulk point of view, picking a closed path f(t)
on a particular orbit that gives rise to a Virasoro Berry phase corresponds to moving
among different bulk geometries in a class of geometries with identical Killing charge but
different Virasoro hair. The Berry phase thus probes the defects giving rise to non-vanishing
Virasoro hair.

As an example consider the orbit B0, which is labeled by b0 = a
4 = 1

2π
(
h− c

24
)
, where

a > 0, and similarly for the right-moving sector. In the bulk, this corresponds to a BTZ
black hole. The spacetime is invariant under U(1) transformations, which constitutes a
Killing symmetry of the bulk. In the boundary theory, the state is given by |h〉 with
h > 0. Hence, the orbit is also invariant under U(1) transformations, b0 = Ad∗(f,α)b0, where
f ∈ U(1). This illustrates that the stabilizer subgroup of a particular orbit corresponds
to a Killing symmetry in the bulk. In the bulk, these symmetries are generated by proper
diffeomorphisms. These leave invariant the metric. The points on the orbit generated by
applying coadjoint transformations to the reference point b0, b = Ad∗(f,α)b0 = 1

2π 〈h|T̃ (φ)|h〉,
have the same Killing charge but different symplectic charges in the bulk. Since the ap-
propriate bulk diffeomorphims generated by the symplectic charges map different Banados
geometries to one another — each labelled by a different symplectic charge but identical
Killing charge — these diffeomorphisms are improper diffeomorphism.

Therefore, we conclude that Virasoro Berry phases picked up by a state when moving
around a closed loop (up to improper diffeomorphisms) through the group manifold probe
the geometry associated to a particular coadjoint orbit and upon quantization the Verma
module. In the bulk spacetime, we move on a closed path among different Banados geome-
tries which have the same Killing charge but different symplectic charges. These symplectic
charges arise from defects in the bulk. In the bulk spacetime, the Berry phase thus probes
the defects in the bulk spacetime. Note that this notion of Berry phase is unrelated to en-
tanglement. Since Virasoro Berry phases involve transformations of the energy-momentum
tensor induced by conformal transformations, such Berry phases are called state-changing
in [14].

2.2 Interaction, entanglement and Berry phase in general quantum systems

With our understanding of the appearance of Berry phases in a single Virasoro coadjoint
orbit, we are now in a position to analyze how a coupling between two identical orbits gives
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rise to a non-exact symplectic form in the CFT Hilbert space, signalling the presence of a
spacetime wormhole in the gravity dual. Following [7], we start with the general identifi-
cation of a wormhole in terms of a non-exact symplectic form in the partition function of
a general quantum mechanical system. In section 2.3 we will use this definition to identify
the non-exact symplectic form appearing in a model of two coupled chiral bosons, derived
in [15] as the asymptotic dynamics of the BTZ black hole. Employing a map of this cou-
pled system to the action of two Virasoro coadjoint orbits, we demonstrate how an effective
notion of factorization emerges in the CFT Hilbert space.

2.2.1 The wormhole partition function

Wormholes play an important role in understanding the AdS/CFT correspondence, one of
the first insights being the relation between the eternal non-traversable wormhole in AdS
spacetime and the TFD state [4]; a recent review on wormholes in holography was written
in [36]. However as discussed in [7], the notion of a wormhole is not confined to theories of
gravity, but extends to generic quantum mechanical systems with a non-exact symplectic
form. In order to put our discussion in the following section into proper context, we will
first briefly review this notion of wormholes in the following.
The thermal partition function of a quantum system is written as a path integral in terms
of the Hamiltonian H and the symplectic form Ω as

Z(β) =
∫

[dX] exp
(∫

D
Ω−

∮
∂D

Hdt

)
, (2.12)

where D is a disk with the thermal circle ∂D as boundary.2 If the symplectic form is exact,
by use of Stokes theorem the integral in the exponent reduces to the usual one dimensional
path integral of the quantum system. However if Ω is not exact, i.e. it cannot be written
as Ω = dα globally, the thermal partition function corresponds to the functional integral
on D. For such systems, wormholes can be introduced by replacing the disk D with a
general two dimensional manifold Σ which has n thermal circles as boundaries. The path
integral [7]

Z(Σ) =
∫

[dX] exp
(∫

Σ
Ω−

∮
∂Σ
Hdt

)
(2.13)

then includes wormhole contributions. In particular, the path integral for the n-fold trum-
pet geometry Σn corresponds to 〈Z(β)n〉. This only factorises for an exact symplectic form
Ω = dα, in which case Z(Σn) = Z(D)n. Examples for such quantum systems yielding a
wormhole contribution range from two dimensional CFTs to very simple scenarios such as
two coupled harmonic oscillators, as discussed in the appendix of [7].

As pointed out, this construction works both for generic quantum systems as well as for
systems with a gravitational dual. Therefore, in this work we distinguish the corresponding
types of wormholes: if the system under consideration has a gravitational dual, we speak
of spacetime wormholes, while in other cases, we refer to it as topological wormhole. In
the following sections, we discuss how these features are found in the CFT Hilbert space
for a specific model of two coupled bosons.

2Note that, since time is β-periodic, this discussion refers to Euclidean wormholes.
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2.3 Virasoro Berry phase for two entangled CFTs

In section 2.2.1 we described how a wormhole partition function can be defined for generic
quantum systems following [7]. In this section we will explain how the features of this
construction can also be found in holographic scenarios. To do so, we consider the coupled
chiral boson model, derived in [15] as the dual theory to three-dimensional gravity on an
annulus topology. After describing this model and its wormhole features in detail, we move
on to explain how the Virasoro Berry phase can also be found in this model. We further
interpret these results in terms of factorization, and in particular the factorization map.

2.3.1 An illustrative glance at U(1) Chern-Simons theory on the annulus

As discussed in section 2.2.1, non-factorization presents us with an intriguing problem in-
herently related to the presence of wormholes. Non-factorization can also be observed in
AdS3/CFT2. This was shown in [15, 37, 38]. We now show that new insights into this
problem are gained by interpreting the results of [15] in the context of Berry phases that
arise in wormhole geometries from non-exact symplectic forms introduced in [7, 17].
A particular simple example, which already exhibits all the features of non-exactness nec-
essary for non-trivial Berry phases is a U(1) Chern-Simons theory on the annulus, which
was derived in [15]. The two boundaries of the annulus represent the two asymptotic
boundaries at a fixed time with U(1) Kac-Moody algebras. The interior of the annulus
represents a constant timeslice of the bulk spacetime. Due to the topology of an annulus,
it is possible to obtain non-trivial holonomies. Therefore, upon deriving the action for the
boudary field theories from the bulk Chern-Simons theory, one finds a set of fields that can
be devided into two different types: local fields that live on either of the two boundaries
and non-local fields. Of particular importance in the context of Berry phases arising from
non-exact symplectic forms are the non-local fields. These non-local fields arise necessarily
from the bulk point of view since the holonomy must give the same result irrespective from
which boundary it is measured. Therefore, there must exist at least one field that couples
the actions on both boundaries. The action derived in [15] describes two chiral bosons
coupled by the holonomy k0 of the annulus,

S = k

4π

(∫
dt

[∮
dϕ (∂ϕΦ∂tΦ)−HΦ

]
+
∫
dt

[
−
∮
dϕ (∂ϕΨ∂tΨ)−HΨ

]
+ 2

∫
dt

[∮
dϕk0 (∂tΦ− ∂tΨ)−H0

])
,

(2.14)

where
HΦ =

∫
dϕ (∂ϕΦ)2 ,

HΨ =
∫
dϕ (∂ϕΨ)2 ,

H0 = 2π (k0)2 .

(2.15)

The canonical conjugate to the holonomy is given by [15]

Π0 = − k

2π

∮
dϕ(Φ−Ψ) = − k

2π

∮
dϕ

(∫ r2

r1
drAr

)
. (2.16)

– 10 –



J
H
E
P
0
8
(
2
0
2
2
)
1
6
2

The holonomy itself is determined by Π̇0 = −2k0. For the present case of a U(1) Chern-
Simons theory, this reduces to k0 = k

2π
∮
dϕAϕ|r1,r2 , where r1 and r2 indicate that Aϕ

is evaluated at one of the boundaries. We note that the holonomy k0 appears only via
the topology of the bulk space and is intrinsically non-local from the point view of the
dual CFTs, since it is not associated to just one of these CFTs. Moreover, note that Π0
is directly related to the radial Wilson line connecting the two boundaries at r1 and r2.
Using the relation

ẋa =
(
ω−1

)ab
∂bHfull, (2.17)

where
Hfull = k

4π (HΦ +HΨ + 2H0) , (2.18)

the symplectic form on the boundary phase space x = (Φ,Ψ,Π0,ΠΦ,ΠΨ, k0) follows as

ω = dΠΦ ∧ dΦ + dΠΨ ∧ dΨ + dk0 ∧ dΠ0. (2.19)

Note that this depends on the holonomy k0. This term, which is non-local from the point of
view of the dual CFTs, gives rise to a non-exact contribution to the symplectic form (2.19).
In particular, the last term is identical to the one found for JT gravity in [39] with the
identifications

φh =̂
√
φbπk0(t),

δ =̂ Π0(t),

HJT = 2φ2
h

φb
=̂H0 = 2πk2

0.

(2.20)

Moreover, upon setting k0 = 0 the symplectic form reduces to

ω = dΠΦ ∧ dΦ + dΠΨ ∧ dΨ. (2.21)

A vanishing holonomy means that the topology is no longer an annulus but rather a
disk. (2.21) shows that in this case the symplectic form becomes exact again, i.e. all non-
local pieces drop out and the boundary factorizes. Therefore, for k0 = 0 the symmetry is
L̂G
G ×

L̂G
G with L̂G the centrally extended loop group, i.e. the Kac-Moody group, whereas

for non-vanishing k0 the boundaries are connected by a Wilson line and coupled by the
holonomy. The latter case gives rise to the symmetry L̂G×L̂G

G , i.e. the boundary symme-
try no longer factorizes. From this point of view, it is the common quotient that leads
to the non-exact symplectic form from which we may obtain non-vanishing Berry phases.
This concludes our first example for a Berry phase and its associated non-local variable k0
characterizing a wormhole.

2.3.2 Generalizing to SL(2,R)

We now consider a different example and apply the procedure introduced in the preceding
subsection to the action describing the asymptotic dynamics of an SL(2, R) Chern-Simons
action after boundary conditions for asymptotic AdS3 have been imposed. Beginning with
an SL(2, R) × SL(2, R) Chern-Simons theory on the annulus, the authors of [15] showed
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that once AdS3 boundary conditions are imposed the action describing the asymptotic
dynamics of a BTZ black hole is given by

S [k0,Φ,Ψ] = k

4π

∫
dtdϕ

(1
2∂−ΦΦ′ − 1

2∂+ΨΨ′ + k0 (∂−Φ− ∂+Ψ)− k2
0

)
. (2.22)

Note that we consider only one of the SL(2, R) symmetries, the other one gives an analogous
action. Similar to the U(1) case the action is again given in terms of two chiral bosons, Φ
is the field on the outer boundary and Ψ on the inner boundary, coupled by a holonomy
k0. The conjugate momentum to the holonomy k0 is up to a prefactor identical to (2.16)
and is given by [15]

Π0 = − k

4π

∫
dϕ(Φ−Ψ). (2.23)

However, (2.23) cannot be related as straightforwardly to the radial Wilson line as in the
Abelian case. Furthermore, the Hamiltonian is given by

H = k

4π

(1
2

∫
dϕΦ′2 + 1

2

∫
dϕΨ′2 + 2πk2

0

)
. (2.24)

The phase space variables and their conjugate momenta are again x=(Φ,Ψ,Π0,ΠΦ,ΠΨ, k0).
Employing (2.17), we derive the symplectic form as discussed in section 2.3.1,

ω = dΠΦ ∧ dΦ + dΠΨ ∧ dΨ + dk0 ∧ dΠ0. (2.25)

The result is completely analogous to the Abelian case. Furthermore, the interpretation
is also the same. Both sides are coupled by the holonomy and are connected by a radial
Wilson line. This implies that the symmetry group is enhanced from Diff(S1)

S1 × Diff(S1)
S1

for two separate orbits to Diff(S1)×Diff(S1)
S1 and the boundary no longer factorizes. If we

set k0 = 0 the actions decouple and the boundary factorizes. This corresponds to a disk
topology since the holonomy vanishes. The appearance of non-local terms in (2.25) implies
that the symplectic form is non-exact and we obtain non-trivial Berry phases.

The action (2.22) can be written as the difference of the actions on the inner and outer
boundary (Σi and Σo, respectively),

S[k0,Φ,Ψ] = So[k0,Φ]− Si[k0,Ψ] =

= k

4π

∫
Σo
dtdϕ

(1
2∂−Φ(Φ′ + 2k0)− 1

2k
2
0

)
− k

4π

∫
Σi
dtdϕ

(1
2∂+Ψ(Ψ′ + 2k0) + 1

2k
2
0

)
.

(2.26)

The authors of [15] show that by employing a different parameterization of the chiral
bosons, the corresponding boundary actions So and Si become the geometric actions on
coadjoint orbits of the Virasoro group. Explicitly, this is achieved by parameterizing Φ and
Ψ in terms of two functions f and g respectively, and the holonomy k0 in the following way,

Φ = k0
(
f(t, ϕ)− ϕ

)
− ln(−k0f

′(t, ϕ)) and
Ψ = k0

(
ϕ− g(t, ϕ)

)
− ln(k0g

′(t, ϕ)).
(2.27)
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Inserting this into (2.26), up to a boundary term it reduces to the difference of two geometric
actions

S[k0,Φ,Ψ] = S−geo[f, b0]− S+
geo[g, b0], (2.28)

where, with h ∈ {f, g},

S±geo[h, b0] =
∫
dtdσ

(
b0h
′∂±h+ k

8π
h′′∂±h

′

(h′)2

)
. (2.29)

The orbit label b0 is related to the holonomy by

b0 = k

8πk0(t)2, (2.30)

where the equation of motion k̇0(t) = 0 enforces k0 = const. This was shown in [15]
and [38].

We observe that the asymptotic dynamics of the BTZ black hole are related to Virasoro
Berry phases. Note that since the holonomy k0(t) is identical on both boundaries, the coad-
joint orbits on both boundaries are coupled by the same holonomy k0. Therefore, in (2.28)
the same orbit label b0 appears in both terms. This observation is crucial in understanding
the factorization properties of the inner and outer boundaries Σi and Σo. Each geometric
action Sigeo can be understood as the action on coadjoint orbits Diff(S1)

S1 . Naively, a linear
combination of two geometric actions therefore corresponds to Diff(S1)

S1 × Diff(S1)
S1 . This is

indeed true for general orbits b and b′. However, as long as b 6= b′, the two geometric actions
do not follow from the chiral boson action (2.26) since the holonomies associated to b and
b′ would differ. The relation of (2.28) to (2.26) can only be made when the coadjoint orbits
coincide. In the chiral boson model, this is ensured by the constraint that the holonomy
k0 has to be identical when measured from each boundary. In this case, the symmetry is
enhanced to Diff(S1)×Diff(S1)

S1 (remember the discussion below (2.25)). In essence, this means
that although (2.28) appears factorized, it corresponds to a non-factorized theory, which
is ensured by measuring the same holonomy k0 from both boundaries. The theory only
factorizes when the holonomy is set to zero, k0 = 0.

This interpretation can also be associated with the field theoretical generalization of the
partition function discussed in section 2.2.1. In the appendix of [7], two-dimensional CFTs
are discussed. The corresponding wormhole partition function is found not to factorize
when the geometry Σ for the path integral is taken to be the punctured disk. A punctured
disk can be understood analogously to the annulus topology discussed in the chiral boson
model above. Paths around the puncture cannot be contracted to a single point, i.e. there
is a non-vanishing holonomy around the puncture. This holonomy is related to the minimal
length lh of a geodesic surrounding the puncture. In fact, the holonomy given in [7] is the
same found in [15], provided that the geodesic length lh is related to the holonomy k0 by
lh = 2πk0.3 The theory does not factorize as long as there is a puncture in the disk, that
is lh 6= 0. If the puncture is removed, lh = 0, and so by the relation lh = 2πk0 the same
conclusion as above is achieved: factorization is achieved by lh = 0 = k0.
We note here that the above described phenomena of diagonalization have an interesting

3Note that [7] is done for the torus. Therefore, to compare with [15], the corresponding formulas of [7]
have to be modified by h→ h− c

24 .
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Σi

Σo

Σi Σo

Figure 1. L.h.s.: fixed time slice of the annulus geometry with the inner and outer boundaries Σi
and Σo, respectively. Along the dashed line, exemplary for a non-contractable circle in ϕ direction,
the holonomy k0 is accumulated. The chiral bosons Φ and Ψ are defined on the boundaries with
action given in (2.26), or after employing (2.27), the geometric action in (2.29). R.h.s.: to interpret
the annulus setup in terms of the factorization map, the inner and outer boundaries represent the
left and right boundaries. The holonomy, represented again by the red dashed line, is understood
as inserting a defect operator which defines the factorization map.

relation with the factorization map. Such a map is used in quantum field theories or
quantum gravity to factorize the full Hilbert space. This enables to define quantities like
entanglement entropy between the two smaller Hilbert spaces. For JT-gravity, this map is
extensively studied in [16]. It is found that the factorization map in two-dimensional gravity
cannot be stated in terms of a local boundary condition for the path integral, but is related
to the Euler character via the Gauss-Bonnet theorem. While the study was performed for
JT gravity, the general features of a non-local boundary condition are expected to hold
for gravity in higher dimensions as well. We illustrate this construction in the right panel
of figure 1, where the red dashed line is understood as inserting a defect operator which
serves as non-local boundary condition to factorize the Hilbert spaces of the theories on
the boundaries Σi and Σo. The partition function is then defined by including this defect
operator as

Z = tr(De−βH), (2.31)

where D is the defect operator, β the inverse temperature and H the Hamiltonian. For JT
gravity, the defect operator is related to a winding number constraint [16]. Analogously, in
our discussion above, we saw that only by including the non-local content of the theory, i.e.
the holonomy k0, the action (2.22) can be brought into a factorized structure in terms of
the actions on the inner and outer boundaries (2.26). Therefore we interpret the holonomy
contribution in (2.22) as resulting from the defect operator, which in this case would
look like

D = e−
kβ
2 k

2
0 . (2.32)

We hope to come back with a detailed investigation on this in an upcoming work soon.
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3 Gauge Berry phase

In this section, we consider proper diffeomorphisms instead of the improper diffeomor-
phisms considered in the previous section. These proper diffeomorphisms correspond to
gauge symmetries in the boundary spacetime. They do not lead to holonomies or Berry
phases for single orbits.
Nevertheless, for two-sided geometries proper diffeomorphisms do indeed lead to a non-
trivial Berry phase. As discussed in section 2.1, these diffeomorphisms are characterized
by invariance of the metric δξgµν = 0 and yield Killing charges. However, in a spacetime
with horizon, namely a black hole, there is no global time-like Killing vector and hence
instead of a Killing symmetry, there is at most an asymptotic symmetry, namely δξgµν = 0
locally near the boundary only. This is a subtle difference between Killing and asymptotic
symmetries that can be demonstrated using the example of an eternal black hole, for which
it is possible to define boundary times tL and tR and to analytically continue them to the
near-boundary region. However, due to the presence of the horizon, it is impossible to
define a global bulk time generated by a Killing vector for the whole spacetime, which im-
plies that there is no origin of time and accordingly, there is an ambiguity in defining time
reversal symmetry. The consequences of the asymptotic gauge symmetries, nevertheless,
remain the same as for Killing symmetries — they correspond to charges at the respective
boundaries of the eternal black hole. Considering both boundaries, it is possible to define
a Berry phase associated to the proper diffeomorphisms as discussed in [9].

This interpretation follows from the analysis of asymptotic boundary conditions in
an AdS bulk spacetime. For theories in asymptotically AdS background, we have to fix
asymptotic boundary conditions for the dynamical fields to have a well-defined variational
principle. The variation of a gravitational action on a manifoldM with AdSd+1 background
has a boundary term

δS ⊃
∫
∂M

ddx√γ Tijδγij , (3.1)

where γ is the metric induced on the boundary and Tij is identified with the boundary
energy-momentum tensor. To set this boundary term to zero, typically in AdS/CFT cor-
respondence one imposes Dirichlet boundary conditions on the metric,

γij = Cij . (3.2)

Such boundary conditions are not preserved under any arbitrary diffeomorphism. The
subset of all diffeomorphisms which do preserve (3.2) is called the asymptotic symmetry
group Gasy. A diffeomorphism in Gasy changes the boundary metric at most by further
constants cij , such that the variation of γ still vanishes. For a Killing vector ξ to belong
to Gasy it has to be an isometry of the boundary metric,

γ α
µ γ

β
ν ∇(αξβ) = 0. (3.3)

This follows directly from the invariance of the metric δξgµν = 0 near the boundary.

– 15 –



J
H
E
P
0
8
(
2
0
2
2
)
1
6
2

=
L

R

Figure 2. HL −HR is the symmetry of the TFD state.

As an example, consider the setup of the eternal black hole in AdS spacetime which is
conjectured to be dual to a particular pure state, namely, the TFD state [4]

|TFD〉 = 1√
Z

∑
n

e−β
En

2 |n〉L|n〉∗R, (3.4)

where Z is the canonical partition function, β is the inverse temperature and En are the
sums of the energy eigenvalues, En = (E(L)

n +E(R)
n )/2. ELn = ERn are the energy eigenvalues

corresponding to the left and right energy eigenstates |n〉(∗)L/R. Since |TFD〉 is an entangled
state of two identical CFT’s with isomorphic phase space and identical spectrum, this
enjoys a symmetry,

e−i(HL−HR)δ|TFD〉 = |TFD〉, (3.5)

which amounts to shifting the left and right boundary times by an equal amount δ but in
opposite directions. This is depicted in figure 2 where all the bulk diffeomorphisms shown
on the right correspond to an asymptotic symmetry which approaches a vanishing constant
and therefore acts trivially on the phase space. For simplicity, we reduce the discussion to
two spacetime dimensions, that is AdS2.4 The asymptotic boundaries are one-dimensional,
each consisting only of the respective time coordinate. The asymptotic symmetries are
given by time translations only. In terms of the additional constants cij mentioned above,
these are ξ ∈ Gasy which lead to cij = 0, which will be called trivial diffeomorphisms in what
follows. The cij 6= 0 corresponds to a change in the boundary phase space, proportional
to these constants. One interesting example of this category is the time-shifted TFD state
depicted in the left panel of figure 3 which is obtained by the time evolution of the TFD
state with HL +HR,

|TFDα〉 = e−i(HL+HR)δ|TFD〉, (3.6)

4It is possible to construct a TFD state in JT gravity. In this case, apart from the metric, there is also
the dilaton field on which appropriate boundary conditions have to be imposed. This does however not
interfere with what we discuss in the following.

– 16 –



J
H
E
P
0
8
(
2
0
2
2
)
1
6
2

evolve by

HL −HR

L

R

evolve by

HL +HR

L R

Figure 3. The figure in the left panel shows the holographic dual to the TFD state time-evolved
by HL +HR while the figure in the right panel shows the time-evolution by HL −HR. The figure
in the middle shows the holographic dual of the original TFD state.

where |TFDα〉 can be explicitly written as an entangled state of the left and right energy
eigenstates

|TFDα〉 = 1√
Z

∑
n

eiαne−β
En

2 |n〉L|n〉∗R, (3.7)

with αn identified as αn = −2Enδ. It is worth mentioning here that (3.6) actually
defines an equivalence class of diffeomorphisms where the members are related to each
other by trivial diffeomorphisms. As a visualisation, let us consider a TFD state with
a particular value of δ, for instance the blue line in figure 4 connecting two points on
opposite boundaries. Trivial diffeomorphisms connect the same points on the boundaries
by a different trajectory through the bulk (blue and green line in figure 4). Therefore trivial
diffeomorphisms will not lead to a change in boundary phase space. Rather, they define
the aforementioned equivalence class of states which differ in the bulk but are equivalent
from the boundary perspective. To uniquely define the TFD state from the boundary
perspective, we therefore mod out Gasy by the trivial diffeomorphisms.

Left over are the non-trivial diffeomorphisms which lead to a change in boundary phase
space. Those connect different states in the boundary, such as the red and the blue lines
in figure 4. If one were to also mod out by those, all states would be equivalent; this would
reduce the asymptotic phase to just containing the groundstate. We are not interested in
this case and keep only the non-trivial asymptotic symmetries.

These time-evolved TFD states have a nice interpretation in the light of ER = EPR [9,
17, 40]. While the phase-shifted TFD states (3.6) correspond to the same bulk metric, the
variable δ provides an additional information, namely, how the boundaries are glued to the
bulk geometry. The variable δ can be identified as the temporal shift tL = 2δ − tR at the
horizon accounting for the non-existence of a global time-like Killing vector [17]. This can
be treated as the bulk phase space variable and leads to a non vanishing Berry phase with
the Berry connection given by [9]

Aδ = i〈TFDα|∂δ|TFDα〉 = 2
Z

∑
n

Ene
−βEn . (3.8)

This non-zero connection and accordingly, the non-zero Berry phase can in turn be
thought of as an observational signature of this wormhole. The horizon is responsible
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H H

tRtL

Figure 4. Kruskal diagram of an eternal AdS black hole, jagged lines representing the singularities
and H indicating the horizon. The blue and green lines describe the same point in phase space.
These two are related by a trivial bulk diffeomorphism which does not induce a time shift at the
boundary. The red line is a different point in phase space, corresponding to a different equivalence
class of bulk diffeomorphisms.

for the non-exactness of the symplectic form which can be explicitly demonstrated using
JT gravity in AdS2 [9]. In fact, in the case of JT gravity, the holonomy resulting in the
non-trivial Berry phase can be associated with the winding number on a circle. While the
details of this interesting construction and an exact parallel of this with simple quantum
mechanical systems can be found in [9], for the purpose of the current work, we would like
to emphasize that the origin of this class of Berry phases, which we refer to as gauge Berry
phases in our categorization, are very different from the Virasoro Berry phases discussed
in the previous section. While the Virasoro Berry phases in entangled systems arise from
improper bulk diffeomorphisms in each of the entangled holographic CFTs, the gauge Berry
phases result from asymptotic symmetries which are proper bulk diffeomorphisms. For
geometries leading to Virasoro Berry phases, time evolution does not yield a gauge Berry
phase. If one applies time evolution on a time dependent single sided geometry, a Berry
phase can be defined, however w.r.t. the globally defined time parameter of the single sided
geometry. This is qualitatively very different to the gauge Berry phases where a non-local
parameter (δ) is used to define the Berry connection (3.8). Nevertheless, although the
origin and the symmetries from which these two kinds of Berry phases result are different,
we note that their interpretation in terms of factorization is very similar. We will explain
this in more detail when we conclude in section 5.

4 Modular Berry phase

We now move on to consider a third type of Berry phase that arises from entanglement in a
single CFT by splitting the CFT into two subregions. These Berry phases, called modular
Berry phases, were defined in [18–20]. Note that these Berry phases differ from those
discussed in the previous sections by the transformations that are applied to obtain them.
In section 2, we considered Berry phases that arise from transformations that change the

– 18 –



J
H
E
P
0
8
(
2
0
2
2
)
1
6
2

energy-momentum tensor in the CFT and are thus called state-changing. In section 3, we
discussed Berry phases arising from asymptotic gauge transformations. Here, we consider
Berry phases that arise from transformations which deform a subregion in a single CFT. We
then generalize the modular Berry phase for a single CFT to two entangled CFTs, dual to
an eternal AdS black hole, by considering two disjoint intervals, one in each CFT. We show
that there is a transition in the Berry curvature induced by a transition in minimal RT
surfaces observed in [21]. Before the transition occurs, the RT geodesic stretches through
the wormhole and connects both boundaries. We show that this gives rise to the Berry
phase indicating the presence of a wormhole as in the previous sections, even though here
the Berry phase originates from shape deformations of intervals in the subregions and
thus of the RT surface. Therefore, Berry phases related to wormholes in the bulk may be
obtained from very different types of Berry phases.

In section 4.1, we give an introduction into modular Berry phases based on [18, 20]. In
section 4.2 we apply the formalism of [20] to thermal CFTs, which exhibit a far richer struc-
ture than those of the vacuum since RT geodesics bounding the bulk subregion associated
to a particular boundary interval exhibit transitions in some thermal CFTs. We calculate
the modular Berry curvature for a CFT in a thermal state in the large interval limit in
section 4.2.1, an interval in a CFT at finite temperature on the cylinder dual to a BTZ
black string in section 4.2.2, two disjoint intervals in a CFT at finite temperature on the
cylinder dual to a two-sided time-evolved black hole in section 4.2.3, and finally for a BTZ
black hole dual to a CFT on the torus in section 4.2.4. We demonstrate that the modular
Berry curvature exhibits analogous transitions as the entanglement entropy for BTZ black
holes and the time-evolved eternal black hole. For the entanglement entropy, these are
transitions in the RT geodesic connecting the interval endpoints, whereas for the modular
Berry curvature, the transitions correspond to changes in Wilson line configurations. In
particular, for the time-evolved eternal AdS black hole, we observe a change in the type of
Berry phase associated to the transition in RT geodesic configurations due to the presence
of a wormhole in the bulk.

4.1 Modular parallel transport

Here, we review relevant aspects of modular Hamiltonians [41–45], modular Berry
phases [18–20], and kinematic space [46, 47] that we will use in the next section.

Modular Hamiltonian. Given a constant time slice in a 2d CFT and a global state
with density matrix ρ, we pick a subregion A in the CFT by selecting an interval [u, v].
The complement of A is denoted by Ā. The reduced density matrix ρA associated to
subregion A is obtained by tracing the density matrix ρ associated to the global state over
the complement Ā, ρA = trĀ[ρ]. Consequently, given some global state, for every choice of
subregion A in the CFT, we obtain a reduced density matrix ρA. Once we have specified
the density matrix ρA, we may define the modular Hamiltonian associated to the particular
subregion A as

K = − log ρA. (4.1)
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In general, this modular Hamiltonian is a complicated non-local operator. There exist only
a handful of cases in which the modular Hamiltonian is known explicitly. Perhaps the
most prominent example is the modular Hamiltonian associated to the half-space x > |t|
in a relativistic QFT in the vacuum. This is simply a vacuum QFT in Rindler space. It
was shown in [43, 44] that in this case, the modular Hamiltonian is given in terms of the
Rindler boost,

K = 2πKboost = 2π
∫
x>0

dd−1xxTtt(x). (4.2)

Therefore, in any 2d CFT that can be mapped back to the Rindler case, the modular
Hamiltonian takes a simple local form

K =
∫
dxf(x)Ttt, (4.3)

where f(x) is a function related to the components of the boost vector. The CFTs and shape
of the intervals for which such a mapping is possible are summarized in [45] and amount
to only a handful of cases. Fortunately, the modular Hamiltonians of holographic CFTs
exhibit a special feature that sets them apart from their non-holographic counterparts.
The holographic dictionary implies that the CFT modular Hamiltonian is related to the
entanglement entropy to leading order in GN [41, 42],

Kbdy = Area
4GN

+O(G0
N ). (4.4)

Here, Area denotes the area operator associated to the Ryu-Takayanagi surface anchored
in the CFT subregion. By definition, the area is a local operator, and thus the modular
Hamiltonian of a holographic CFT can always be approximated by the local expression (4.4)
irrespective of whether a mapping from Rindler space exists or not.

Modular Berry phase. We now move on to discuss modular Berry phases as defined
in [18–20]. In order to derive the modular Berry connection, we have to associate an algebra
to the modular Hamiltonian. To this end, note that the area operator in (4.4) and thus
to leading order in GN , the CFT modular Hamiltonian is the charge associated to boosts
near the edges of the RT surface in the dual bulk geometry [48, 49]. From this point on, we
therefore identify the modular Hamiltonian of the holographic CFT with the boost vector
K → ξµ∂µ = Hmod and refer to the boost vector as Hmod. In this manner, the algebra we
associate to the modular Hamiltonian is that generated by the boost generators. From the
CFT point of view, these are the SL(2,R) generators L−1, L0, L1. This was first employed
in [18, 20] to derive the modular Berry curvature for the vacuum CFT (see appendix A for
a summary).

Modular Berry phases as defined in [18–20] are generated by operators Qa that com-
mute with the modular Hamiltonian,

[Hmod, Qa] = 0. (4.5)

These operators Qa, which we will refer to as modular zero modes from now on, imply
that there is a gauge ambiguity in defining operators in the subregion A: while expectation
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values of operators in subregion A are invariant, the algebra is mapped to itself. The same
applies to the complement Ā, which has an independent gauge redundancy. Therefore,
observers in A and Ā have independent choices of reference frames by choosing a zero-
mode frame, whereas the global state is sensitive to these relative choices of reference
frame. After choosing a particular interval λi = [u, v] to define the subregion A on a
constant time slice in the CFT, we deform A infinitesimally, λi + δλi. Such a deformation
implies that the modular Hamiltonian also changes, Hmod(λi)→ Hmod(λi + δλi), since the
deformation of the subregion implies that the reduced density matrix changes. To relate
the zero-mode frames of different subregions, we must parallel transport Hmod(λi). If we
parallel transport a subregion around an infinitesimal closed loop by choosing successive
deformations that return the subregion to its original shape, the zero-mode ambiguity then
gives rise to a Berry phase since in general Hmod(λi) in the initial region A and in the region
A reached after a closed loop will differ by a zero-mode transformation. This construction
is visualized in figure 5.

These Berry phases may be calculated as follows. Following [20], it is convenient to
decompose Hmod into its spectrum ∆ and a basis U , Hmod = U †∆U . Since in general,
both U and ∆ will change under interval deformations δλ, the change of the modular
Hamiltonian under the deformation is given by

∂λHmod =
[
∂λU

†U,Hmod
]

+ U †∂λ∆U, (4.6)

where the first term gives the change in the basis U and the second one encodes the change
in spectrum. The latter is an element of the zero-mode algebra, i.e. [U †∂λ∆U,Hmod] = 0.

The Berry connection is given by the projection of the operator ∂λU †U implementing
the change in basis onto the zero-mode sector [20],

Γ (λ, δλ) = P λ0

[
∂λU

†U
]
δλ. (4.7)

This may be seen as follows. Since we have not fixed a gauge in (4.6), the choice of
basis U is not unique; we also could have chosen Ũ = UUQ, where UQ is a unitary gen-
erated by a zero mode Qa. Fixing the gauge by requiring P λ0 (∂λŨ †Ũ) = 0 then yields(
∂λ − P λ0

[
∂λU

†U
])
UQ = 0. Therefore, the Berry connection (4.7) follows. We now define

a modular parallel transport operator Vδλ = Ũ †∂λŨ . This operator satisfies

∂λHmod = [Vδλ, Hmod] + P λ0 (∂λHmod)
P λ0 (Vδλ) = 0.

(4.8)

The set of equations (4.8) define modular Berry transport, visualized in figure 5. By defini-
tion the modular parallel transport operator Vδλ cannot have any zero-mode contributions.
Hence, its zero-mode projection P λ0 is defined to vanish. Then, in order to calculate the
modular Berry curvature, we first have to solve (4.8) to find the generator of modular par-
allel transport and ensure that it does not have a zero-mode contribution. The modular
Berry curvature operator follows from the commutator of two modular Berry transport
generators,

R̂ij = [Vδλi , Vδλj ]. (4.9)
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Figure 5. Illustration of modular transport. The base space consists of the modular Hamiltonians
satisfying (4.5); the fibers are modular zero-mode frames. Due to the zero-mode ambiguity of
∂λU

†U in (4.6), parallel transport around a closed loop leads to a holonomy, known as the modular
Berry phase.

It was shown in [20] that for an interval in the vacuum, the Berry curvature (4.9) is given
in terms of the Crofton form on kinematic space (see appendix A for a review).

Kinematic space. Kinematic space in the context of holography was introduced in [50].
On a constant time slice in the CFT, the kinematic space is the space of all CFT intervals.
From the bulk point of view, kinematic space is then the space of all oriented RT surfaces
that lie inside the bulk on the particular constant time slice. It is well known that RT
surfaces calculate the entanglement entropy associated to the interval [u, v] in the dual
bulk geometry [51],

S(u, v) = l(u, v)
4GN

, (4.10)

where l(u, v) is the length of the regularized shortest geodesic connecting the interval
endpoints u, v in the bulk.

Points in kinematic space are characterized by two variables, either the interval end-
points [u, v] or the midpoint θ of the interval and the opening angle α (see figure 6) of the
RT surface anchored at [u, v],

u = θ − α, v = θ + α. (4.11)

We will mostly employ u, v coordinates. On kinematic space, we may then define a
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θ

u

v

α

l(u, v)

Figure 6. Coordinates of kinematic space. The disk and its enclosing circle represent a constant
time slice of AdS spacetime and the boundary CFT, respectively. The RT surface with length l(u, v)
yields the entanglement entropy. An equivalent representation is given by exchanging u and v for
the angular coordinates α and θ.

metric and a corresponding volume form induced by the entanglement entropy5 [46],

ds2 = 12
c
∂λi∂λjS(λi, λj)dλidλj , (4.12)

ω = 12
c
∂λi∂λjS(λi, λj)dλi ∧ dλj . (4.13)

The volume form on kinematic space is referred to as the Crofton form. Furthermore,
locally ω can be expressed in terms of a symplectic potential that is given in terms of the
differential entropy [46],

ω = dκ with κ = −∂λiS|λj . (4.14)

We demonstrate on various examples in the next section that the relation between the
Crofton form on kinematic space and the Berry curvature observed for the vacuum in [20]
also holds for intervals on a constant time slice in a thermal CFT. We show that this has
particularly interesting consequences when there are transitions in the Crofton form. These
transitions in the Crofton form occur in certain thermal CFTs if there is a transition in
the entanglement entropy, see e.g. [47].

4.2 Modular Berry curvature for a thermal CFT

Here, we present new results for modular Berry phases for intervals in CFTs in a thermal
state. To obtain the modular Berry curvature, we proceed as described in [20] for the

5Note that we define kinematic space in terms of the entanglement entropy. Therefore, kinematic space
is defined by the shortest geodesics. In the literature, there also exist definitions in terms of all geodesics.
Our notion of kinematic space and our conventions are inspired by [47] on whose results for kinematic space
in thermal CFTs we later rely.
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vacuum. For completeness, we have included a review in appendix A. The best approach to
solve (4.8) is to find eigenoperators Ek of the adjoint action of the modular Hamiltonian [20],

[Ek, Hmod] = κEk. (4.15)

Possible solutions to this equation in the cases we consider throughout this paper are

Ek,1 = Hmod,

Ek,2 = ∂λHmod.
(4.16)

The first solution Ek,1 belongs to the zero-mode sector since it has eigenvalue κ = 0. Such
contributions cannot contribute to the generator of modular Berry transport to ensure (4.8)
holds true. The second solution Ek,2 has a non-vanishing eigenvalue κ in the examples we
consider. Therefore, the generator of modular Berry transport can be constructed from
Ek,2,

Vδλ = 1
κ
Ek,2 = 1

κ
∂λHmod. (4.17)

Then, we insert this solution into (4.9) to obtain the modular Berry curvature operator.
Note that this commutator can be simplified using standard identities such that the Berry
curvature is simply given by (see also [52] for a derivation)

R̂ = −2
κ
∂λi∂λjHmodδλ

i ∧ δλj . (4.18)

In the thermal configurations we consider, the result for the modular Berry curvature
operator is given by

R̂ = ωHmod. (4.19)

As the modular Berry curvature is proportional to Hmod, it is therefore a zero-mode itself
and scales with a particular prefactor ω. We show that ω is the Crofton form on kinematic
space whenever intervals are chosen to lie on a constant time slice for the configurations in
thermal CFTs we consider. Therefore, our results for thermal CFTs and those of [20] for
the vacuum support that the modular Berry curvature and the entanglement entropy for
intervals that lie on a constant time slice are related as follows,

〈R̂〉 = 〈−2
κ
∂λi∂λjHmod〉dλi ∧ dλj = ω〈Hmod〉 = 12

c
∂λi∂λjS(λi, λj)〈Hmod〉dλi ∧ dλj .

(4.20)
The relation (4.20) is particularly interesting in thermal CFTs since in those systems

the entanglement entropy is known to exhibit transitions in the configuration yielding
the shortest RT geodesic. Then, (4.20) indicates that such transitions also occur in the
modular Berry curvature. We discuss these transitions for a single interval in a BTZ black
hole spacetime and two intervals, one on each boundary, for the eternal AdS black hole.
For the latter, we observe that when both intervals are put on shifted time slices before
the transition occurs, a spacetime wormhole occurs with a Berry phase related to the time
shift.
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4.2.1 Modular Berry curvature from thermal density matrix

We begin with the simplest configuration for a CFT in a thermal state. When the subregion
on the CFT is chosen to encompass the full constant time slice, the density matrix is given
in terms of the thermal density matrix and the modular Hamiltonian is simply given by
the system Hamiltonian, Hmod = K+ + K− = 2βH. Following appendix A, the modular
Hamiltonian may then be written as6

K+ = 2βL0. (4.21)

In this case, we find that the Berry curvature vanishes,

R = 0. (4.22)

In such a system, it is not possible to construct a modular Berry transport operator ∂λŨ †Ũ
that solves (4.8). In particular, (4.8) implies that for K+ = 2βL0, we have to solve
0 = [∂λŨ †Ũ , 2βL0]. The only possible solution is ∂λŨ †Ũ = f(u, v)L0, where we can
choose an arbitrary, not necessarily constant function f . However, this operator is an
eigenoperator to the adjoint action of K+ with eigenvalue zero and is thus a zero mode.
Therefore, P λ0 (∂λŨ †Ũ) = f(u, v)L0 6= 0, and the second equation in (4.8) is no longer true.

Since for a CFT in a thermal state the modular Hamiltonian is given in terms of
the system Hamiltonian, an observer has access to the full system. In contrast, when we
consider the modular Hamiltonian for a finite interval, the division of the system into two
or more subregions implies that the observer only has access to the degrees of freedom in
the subregion associated to the CFT interval. The entanglement cut effectively acts as a
horizon hiding the remaining degrees of freedom, including zero modes, in the complement
to the interval subregion. This introduces independent gauge redundancies for observers in
the subregions and its complement. Both observers may independently choose the basis U
for their modular Hamiltonian and thereby fix their zero-mode frame. The global state is
sensitive to this relative choice of zero-mode frame and picks up additional phases. When
the interval is now chosen to be so large that it effectively encompasses the full spatial
region, there no longer is an independent choice of gauge. The observer has access to the
full system and fixes the gauge globally. We then can no longer obtain a Berry phase.

4.2.2 Modular Berry curvature for a finite interval in the cylinder

The modular Berry curvature can be calculated in a similar manner for a finite interval [u, v]
in a thermal CFT on the cylinder with compactified Euclidean time direction with radius
β
2 . This corresponds to a BTZ black string in the bulk, i.e. a black hole with non-compact
spatial direction.

6We only consider the holomorphic sector, the antiholomorphic sector is analogous.
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The modular Hamiltonian for an interval [u, v] in a thermal CFT on the cylinder is
given in [53] and may be written as

K+ = s1L1 + s0L0 + s−1L−1,

s1 =
2β coth 2π

β (v − u) /2

e
2π
β
u + e

2π
β
v

, s0 = −2β coth 2π
β

v − u
2 , s−1 =

2β coth 2π
β (v − u) /2

e
− 2π
β
u + e

− 2π
β
v

.

(4.23)
We now solve (4.8) and obtain

Vδu = 1
2β∂uK+, (4.24)

Vδv = − 1
2β∂vK+. (4.25)

Note that P λ0 (∂λHmod) = 0 as for the vacuum because the operator ∂λŨ †U is an eigen-
operator of the adjoint action of the modular Hamiltonian with non-vanishing eigenvalue
± 1

2β . The Berry curvature operator then reads

R̂ = 1
2β∂u∂vK+du ∧ dv = − 1

2β
4π2

β2 csch2 2π
β

v − u
2 K+du ∧ dv. (4.26)

The Berry curvature is non-vanishing in contrast to (4.22). The interval divides the system
into two subregions such that both regions become entangled. Here, the entanglement cut
acts like a horizon, hiding some of the degrees of freedom, including zero modes behind
the entanglement cut. The full gauge symmetry of the system is broken into a much
smaller subgroup. The Berry phase arises by an independent choice of modular zero-mode
frame that each observer in the subregion and its complement may choose, which gives
rise to a relative zero-mode phase in the global state of the system. Furthermore, the
results (4.26) is consistent with (4.22). The limit, for which the modular Hamiltonian is
given by the system Hamiltonian, Hmod = 2βH, corresponds to taking the large interval
limit u, v, (v − u)� β [53]. In this case, there is no entanglement between subsystems. In
this limit, the Berry curvature (4.26) vanishes as expected.

Moreover, the Crofton form on kinematic space for the BTZ black string was derived
in [47],

ω = 4π2

β2
1

sinh2
(
π(v−u)

β

)du ∧ dv. (4.27)

By comparison with (4.26), we find that the Berry curvature is given in terms of the
Crofton form on the kinematic space of the BTZ black string. This result indicates that
the relation between the Crofton form and the Berry curvature also holds for thermal CFTs
and supports the relation (4.20) for intervals in a holographic CFT on a constant time slice.
Furthermore, since the entanglement entropy does not exhibit a transition for the BTZ
black string, we find only one Berry curvature and thus one Berry phase independent of the
interval size. Note, however, that the Berry phase vanishes when the interval encompasses
the full constant time slice in accordance with the results of section 4.2.1.
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4.2.3 Two disjoint intervals in a thermal CFT on the cylinder

We now consider an eternal AdS black hole with two CFTs at the asymptotic boundaries
and choose an interval in each CFT, [uL, vL] and [uR, vR]. This corresponds to a setup with
two disjoint intervals in thermal CFTs. Such systems are particularly interesting because
a transition in the entanglement entropy depending on the interval size was derived in [21].
Furthermore, for the eternal AdS black hole, there is a wormhole in the bulk. For particular
choices of intervals in the boundary CFT, we then expect to obtain non-local terms in the
Berry curvature that otherwise do not arise when studying single-sided systems.

Based on [54], we employ the following modular Hamiltonians for two disjoint intervals
in the CFT,

forκ≤ 1 :

K+,L =
2β coth 2π

β (vL−uL)/2

e
2π
β
uL+e

2π
β
v

L1−2β coth 2π
β

vL−uL
2 L0+

2β coth 2π
β (vL−uL)/2

e
− 2π
β
uL+e−

2π
β
vL

L−1

forκ> 1 :

K+,(uL,uR) =
2β coth 2π

β (uL−uR)/2

e
2π
β
uL+e

2π
β
uR

L1−2β coth 2π
β

uL−uR
2 L0+

2β coth 2π
β (uL−uR)/2

e
− 2π
β
uL+e−

2π
β
uR

L−1,

(4.28)
where

κ =
sinh 2π

β
uL−vR

2 sinh 2π
β
uR−vR

2

csch2π
β
uL−uR

2 csch2π
β
vL−vR

2
. (4.29)

K+,R andK+,(vL,vR) are obtained by replacing the interval endpoints with their appropriate
counterparts. The transition between the modular Hamiltonians occurs when κ = 1 and
is caused by a transition in RT geodesic configurations in the bulk at the same value
κ = 1 [21]. For κ > 1, the shortest geodesic is one that connects interval endpoints at both
boundaries. Therefore, the RT geodesic stretches through the wormhole in the bulk. For
a visualization see figure 7. The modular Hamiltonian is then K+,(uL,uR) and similarly for
v. For such a configuration, we again expect non-local contributions due to the presence of
the wormhole. In contrast, for κ ≤ 1, the RT geodesic sits outside the horizon and connects
interval endpoints on the same boundary. The modular Hamiltonian is K+,L and similarly
for the other boundary. In this case, we do not expect the modular Berry curvature to feel
the presence of the wormhole and expect a local result related to kinematic space.

Proceeding as described in the previous sections, for deformations uL + δuL and uR +
δuR and similarly for vL, the Berry curvature is given by

R̂ = 1
2β∂u∂vK+,LduL ∧ dvL + 1

2β∂u∂vK+,RduR ∧ dvR

= − 1
2β

4π2

β2

(
csch2 2π(vL−uL2 )

β
K+,LduL ∧ dvL + csch2 2π(vR−uR2 )

β
K+,RduR ∧ dvR

)
(4.30)
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t

x

P1

P2

P3

P4

Figure 7. Two configurations of RT geodesics connecting two intervals in the CFT in the presence
of an eternal black hole. The two solid rectangles are regions of the left and right boundary CFTs.
In the bulk, the dashed lines represent the horizon of the eternal black hole. The dotted lines are
included to guide the eye of the reader. The coloured lines correspond to the geodesics associated to
the endpoints Pi, drawn for late and early times. For κ > 1, κ given by (4.29), the shortest geodesics
connect points in opposite boundaries, thereby stretching through the wormhole (red lines). At late
times when κ ≤ 1, the shortest geodesics connect endpoints in the same boundary and do not cross
the horizon (blue line).

for κ ≤ 1 and

R̂=− 1
2β

4π2

β2

(
csch2 2π(uR−uL2 )

β
K+,(uL,uR)duL∧duR+csch2 2π(vR−vL2 )

β
K+,(vL,vR)dvL∧dvR

)
(4.31)

for κ > 1. For an independent interval choice on the left and right boundary, we thus obtain
a non-vanishing modular Berry curvature that exhibits a transition. To make explicit the
non-local contributions to the modular Berry curvature for RT geodesics that connect
both boundaries, it is convenient to choose specific interval endpoints. In line with [21],
we choose the points P1 = (−x

2 , tL = −t), P2 = (x2 , tL = −t) in the left boundary and
P3 = (−x

2 , tR = t) and P4 = (x2 , tR = t) in the right boundary, where we have identified
the Schwarzschild time in the left and right boundary by tL = tR + iβ

2 . Note that by
establishing a relation between the time in the left and right boundary, we have identified
the modular parameters on both sides. For this choice of interval endpoints, the transition
at κ = 1 occurs at t = x

2 . The entanglement entropies are given by [21]

S = 2c
3 log

(
cosh 2πt

β

)
+ Sdiv

S = 2c
3 log

(
sinh πx

β

)
+ Sdiv.

(4.32)

Thus, for t < x
2 , we connect the endpoints P1 and P3 in each boundary CFT with a RT

geodesic through the wormhole. The interval is then given by [uL, vL] = [−t + iβ2 , t] at
fixed position −x

2 and similarly for [uR, vR]. After the transition, the interval endpoints are
given by P1 and P2, which amounts to an interval [uL, vL] = [−x

2 ,
x
2 ] at fixed time −t+ iβ

2
and similarly for the remaining points. For the latter setup, we simply obtain twice the
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Berry curvature we have obtained for the one-interval setup in (4.26),

R = −2 1
2β

4π2

β
csch2 2πx

β
dx1 ∧ dx2, (4.33)

where we have labeled the interval endpoints, which are identical on both sides, x1 and x2
to demonstrate that these points are to be considered independent. This is the expected
result: as the RT geodesic stays in each exterior region, it is not sensitive to the wormhole
in the bulk and we obtain twice the modular Berry curvature of the single-sided setup. In
the large interval limit, the Berry curvature vanishes.

Since we identify the time in the left and right exterior region, whenever we consider
the same timeslices in the left and right CFT before the transition, we obtain zero Berry
curvature due to dt ∧ dt = 0. This is consistent with a wormhole interpretation of this
Berry phase: if the time in the left and right boundary are identified, there is no relative
zero-mode frame in the global TFD state and the Berry phase vanishes. We may, however,
obtain a Berry phase by introducing an additional shift δ, i.e. rather than tL = tR + iβ

2 ,
we set tL − δ = tR + iβ

2 . The time in the left and right CFT are then identified only up to
a shift. This is also consistent with a wormhole interpretation of the bulk spacetime. The
presence of the wormhole prohibits the global identification of the left and right boundary
since there is no global timelike Killing vector [17]. To relate the times in both exterior
regions, a shift δ is then introduced. This shift is non-local since it cannot be measured by
a single observer [17]. Before the transition, the interval is now given by [−t − δ + iβ

2 , t].
We then obtain the modular Berry curvature

R̂uL,uR = − 1
2β

4π2

β2 sech2
(
π

β
(2t+ δ)

)
K+,(uL,uR)dδ ∧ dt. (4.34)

On the other hand, shifting both interval endpoints tL → tL−δ = −t−δ and tR → tR−δ =
t− δ yields

R̂uL,uR = 1
2β

4π2

β2 sech2
(2π
β
t

)
K+,(uL,uR)(−dt− dδ) ∧ (dt− dδ)

= − 1
2β

4π2

β2 sech2
(2π
β
t

)
2K+,(uL,uR)dδ ∧ dt.

(4.35)

Note that for a shift in opposite directions tL → tL − δ = −t− δ and tR → tR + δ = t+ δ,
we obtain

R = 0. (4.36)

In this case, the Berry curvature vanishes because shifting in this manner corresponds to
a time evolution with HL − HR, which is a symmetry of the system. Such an evolution
cannot lead to a Berry phase.

We interpret these results as follows. If the modular Berry curvature is given in terms
of local variables (κ ≤ 1), the Ryu-Takayanagi surface does not stretch far into the bulk.
Therefore, the entanglement wedges associated to the RT surfaces anchored on the left and
right boundary do not reach deep into the bulk. For such a configuration, IR physics is
irrelevant. On the other hand, for κ > 1, the RT surfaces connect both boundaries and
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consequently the entanglement wedges overlap. However, due to the presence of a horizon
in the bulk, there is no global time coordinate and the time in the left and right exterior
region are identified only up to a shift δ. This gives rise to a spacetime wormhole Berry
curvature due to the variable δ.

We stress that though the modular Berry phase exhibits the same features we expect
for Berry phases related to spacetime wormholes discussed in section 2 and 3, the Berry
phase is nevertheless different in origin from that in those sections. Here, we consider
modular Berry phases, which arise from deformations of intervals in the CFT. These are
sometimes referred to as shape-changing Berry phases [14]. On the other hand, in section 2,
we consider the full CFT without subregions and apply transformations that change the
state. The relative shift δ in the boundary time gives rise to the modular Berry phase if
the RT surface stretches through the horizon. This shift also occurs in section 3, where we
consider Berry phases from gauge transformations. Nevertheless, the modular Berry phases
are very different from gauge Berry phases as for the first we consider shape deformations,
whereas for the latter gauge transformation in the asymptotic boundary region are relevant.

4.2.4 Modular Berry curvature for a finite interval on the torus

Here, we argue that for holographic CFTs on the torus dual to a BTZ black hole, the Berry
curvature exhibits a transition induced by a similar transition in the entanglement entropy.
We further comment that the knowledge of the Crofton form and its relation to the Berry
curvature in holographic CFTs provides a means to calculate modular Hamiltonians for
holographic CFTs.

Upon compactifying the spatial coordinate on the cylinder, we obtain a thermal CFT
on a torus, which is dual to a BTZ black hole in the bulk. For convenience, we set the
spatial radius of the torus to r = 1. The temperature is given in terms of the horizon
rH , β = 2π

rH
. In such systems, the entanglement entropy exhibits a transition. For small

intervals, v−u2 < αc, where αc denotes the critical opening angle,

αc = β

4π log
(

1
2 + 1

2 exp
(

4π2

β

))
, (4.37)

the entanglement entropy in the bulk is as usual given by the shortest geodesic connecting
the interval endpoints. After the transition for intervals v−u

2 > αc, the shortest geodesic is
no longer given by a single geodesic connecting both interval endpoints but rather by two
disconnecting geodesics, one connecting the interval endpoints with the shortest geodesics
for the complement but with reverse orientation and a second horizon-wrapping geodesic.
For a detailed discussion, we refer to [47]. The Crofton form on kinematic space is given by

ω1 = 4π2

β2 csch2 π(v − u)
β

du ∧ dv,

ω2 = −4π2

β2 csch2 2π(π − v−u
2 )

β
du ∧ dv,

(4.38)

where ω1 and ω2 are the Crofton forms before and after the transition, respectively. At
the transition, the Crofton form is singular [47].
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In general, it is difficult to derive the Berry curvature for CFTs on the torus since the
form of the modular Hamiltonian becomes theory-dependent and the modular Hamilto-
nian cannot be written in the form (4.3) [45]. Typically, known results for the modular
Hamiltonian are restricted to free CFTs such as for free fermions on the torus in [55, 56]
and in [56] also for multiple intervals. However, for a holographic CFT, the relation (4.4)
between the boundary modular Hamiltonian and the bulk has been proposed to leading
order in GN . This suggests that for holographic CFTs, the modular Hamiltonian K must
always have a local contribution given in terms of the area operator, which defines the
RT surface calculating the entanglement entropy in the bulk. In particular, the modular
Hamiltonian may be written in the form (4.3) [41] such that we may employ the procedure
introduced in the previous sections to calculate the Berry curvature. Before the transition
occurs, the following modular Hamiltonian for an interval in a holographic CFT on the
torus has been suggested in [47],

Klocal,1 = 2β
∫ v

u
dθ′

sinh π(θ′−u)
β sinh π(v−θ′)

β

sinh 2π
β (u−v2 )

T00
(
θ′
)
. (4.39)

No expression for the modular Hamiltonian after the transition in the entanglement entropy
was given in [47] since the effect of the transition on the modular Hamiltonian was not
clear. Let us first calculate the Berry curvature for the modular Hamiltonian before the
transition. We may again identify K → ξµ∂µ. Following the same steps as before, we set
ξµ∂µ ≡ Hmod and write Hmod in terms of SL(2,R) generators. Then, the Berry curvature
may be obtained from the procedure introduced in section 4.2. We obtain

R̂ = ω1Hmod, (4.40)

where ω1 is the Crofton form (4.38) before the transition. This result is in agreement
with the expected relation (4.20) and is evidence that the modular Hamiltonian for a
holographic CFT on the torus before the transition in the entanglement entropy is indeed
given by (4.39). Furthermore, (4.20) implies that the Berry curvature should exhibit the
same transition as the Crofton form. Therefore, after the transition, the Berry curvature
must be of the form

R̂ = ω2Hmod, (4.41)

where ω2 is the Crofton form after the transition given in (4.38). It is now possible to obtain
the modular Hamiltonian after the transition that gives the correct Berry curvature (4.41),

Klocal,2 = 2β
∫ v

u
dθ′

sinh π(π−(θ′−u))
β sinh π(π−(v−θ′))

β

sinh 2π
β (π − u−v

2 )
T00

(
θ′
)
. (4.42)

The shift by π in the argument of sinh compared to (4.39) reflects that after the transition
the shortest geodesic is given in terms of the interval complement. Therefore, at least for
holographic CFTs, the modular Hamiltonian for intervals on a constant time slice may also
be obtained from the Crofton form and its relation to the Berry curvature.

– 31 –



J
H
E
P
0
8
(
2
0
2
2
)
1
6
2

5 Summary and outlook

In this work, we showed that the presence of wormholes in bulk geometries is linked to
Berry phases in the holographic CFTs. We extended the connection between Berry phase
and entanglement from simple quantum mechanical systems discussed in [9] to quantum
field theories that have gravity dual descriptions. The connection between wormholes in
bulk geometries and Berry phases in the dual CFTs arises from mathematical properties
of the Hilbert space that are realized both in the gravity theory and in its dual CFT.
This connection is expected to play a pivotal role in understanding how the holographic
correspondence emerges as a consequence of spacetime entanglement.

We established a classification of the Berry phases, and their holographic description in
terms of spacetime wormholes, by their generating diffeomorphisms. Coupling two Virasoro
coadjoint orbits via an annulus times time geometry, we obtain a Berry phase arising from
an improper diffeomorphism generating bulk geometries with different defects or “Virasoro
hair”. The holonomy on the annulus is associated with a wormhole. Furthermore, proper
diffeomorphisms, which correspond to an asymptotic gauge symmetry, give rise to a Berry
phase and associated wormhole when two CFTs are entangled. Finally, we calculated
modular Berry phases for subregions in thermal CFTs, showing that the Berry curvature
is given in terms of the Crofton form on kinematic space. Using this, we find that for two
subregions in entangled thermal CFTs the Berry curvature displays a transition similar
to that in the entanglement entropy [21]. Let us now conclude with two immediate and
concrete applications of the formalism we developed in this work.

Non-factorization of the Hilbert space. In section 2.3 and section 3 we discussed
how the corresponding types of Berry phases are related to non-factorization of the Hilbert
space. Starting with Virasoro Berry phases, we made use of the results of [15], where it
was shown that the boundary action of AdS3 on an annulus topology consists of two chiral
boson actions coupled by the holonomy k0. The holonomy results from non-contractible
loops in the annulus topology. Due to this coupling, the boundary actions only factorize
when the holonomy is set to zero. In light of [7], we found that this manifests in the
symplectic form (2.25) of the boundary phase space: the holonomy enters as a non-local
term, which implies that the symplectic form is non-exact.

Moreover, using that the chiral boson action can be rewritten into the difference of
two geometric actions on coadjoint orbits of the Virasoro group, we discussed how the non-
factorization can also be understood in terms of Virasoro Berry phases. The orbit labels
of these geometric actions are equal and related to the holonomy according to (2.30). As
explained in section 2.3.2, the symmetry underlying these two geometric actions factorizes
into products associated with each boundary only when the holonomy is set to zero.

Although gauge Berry phases arise from a different type of diffeomorphisms and have
different underlying symmetries, they have a similar interpretation to Virasoro Berry phases
in terms of factorization. As discussed in section 3, gauge Berry phases arise in presence
of a horizon from transformations in the asymptotic symmetry group. As an example, we
discussed the eternal black hole in AdS spacetime, dual to the TFD state. In presence of
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the horizon, there is no globally defined time generated by a Killing vector. The associated
ambiguity in relating the times on the left and right boundaries leads to introducing the
variable δ [17], w.r.t. which a Berry connection and corresponding Berry phase can be
defined [9]. If there were no horizon, there would not be the above mentioned ambiguity
and a gauge Berry phase could not be defined. Therefore, a gauge Berry phase signals
non-factorization of the left and right boundaries.

We point out here that the above described phenomena have an interesting relation
with the factorization map. Such a map is used in quantum field theories or quantum grav-
ity to factorize the full Hilbert space. This enables to define quantities like entanglement
entropy between the two smaller Hilbert spaces. For JT-gravity, this map is extensively
studied in [16]. It is found that the factorization map in two-dimensional gravity cannot
be stated in terms of a local boundary condition for the path integral, but is related to
the Euler character via the Gauss-Bonnet theorem. While the study was performed for
JT gravity, the general features of a non-local boundary condition are expected to hold
for gravity in higher dimensions as well. In our above discussion, we saw that using the
non-local content of the theory, i.e. the holonomy k0, the action (2.22) can be written in
a factorized structure in terms of the actions on the inner and outer boundaries (2.26).
Similarly, the entanglement between the coupled spins in [9] is calculated by tracing out
one of the CP1 factors, that is by imposing some factorization map.

Towards subregion complexity. As for a very different application, the results ob-
tained in section 4 of our present work may open up an interesting avenue to understand
subregion complexity, using the CFT set ups considered in this work. Modular Berry
phases and in particular the modular Hamiltonian are known to be a promising new tool
to study subregion complexity [57]. However, this notion of complexity has so far been
studied mostly from the bulk point of view and a precise CFT interpretation of the same
remains elusive. In light of the results presented here and in [20], the relation between
modular Berry curvature and the Crofton form suggests that the complexity=volume pro-
posal for spatial subregions Σ contained beneath the RT geodesic in AdS3 geometries may
be phrased in terms of modular Berry phases. The volume of such a subregion is given in
terms of the Crofton form on kinematic space [58, 59],

vol(Σ)
4G2

N

= 1
2π

∫
K
ω

(∫
∆pp′

ω

)
, (5.1)

where ∆pp′ denotes the set of geodesics separating two bulk points p and p′ and K refers
to kinematic space. ω in (5.1) is identical to the Crofton form defined in this paper
only for global AdS. For thermal AdS geometries, ω as specified in [58, 59] includes non-
minimal geodesics, i.e. their kinematic space is composed of all geodesics rather than the
shortest ones. Therefore, in the subregion complexity definition (5.1), there are additional
contributions unrelated to the entanglement entropy in thermal AdS geometries. For the
vacuum, on the other hand, subregion complexity is defined entirely in terms of the Crofton
form given only by the shortest geodesics and can hence be written in terms of the modular
Hamiltonian. This seems to suggest that the CFT cost measure matching the result (5.1)
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for the vacuum may be defined in terms of the CFT modular Hamiltonian. It would be
interesting to find the appropriate CFT cost measure for a CFT in the vacuum and see
if the complexity measure can be adapted for thermal CFTs to account for additional
contributions due to non-minimal geodesics in the dual bulk geometries.

To conclude, we note that based on the results of this paper, there are many more
interesting questions to be pursued in the future. For instance, it will be very interesting
to connect our present construction to the split property in quantum mechanical systems
and the lack thereof in gravitational systems as formulated extensively in [60, 61]. It will
also be extremely illuminating to understand the lack of factorization due to the non-exact
symplectic form in terms of the emergent operator algebra of the dual CFT as discussed in
a series of recent work [62–64]. Finally, a further direction will be to consider multi-throat
wormholes [65].
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A Modular Berry curvature for the vacuum

We briefly review how to obtain the modular Berry curvature for a CFT in the vacuum as
calculated in [20].

The modular Hamiltonian for a single interval [u, v] employed in [20] is given by

Hmod = K+ +K− = s1L1 + s0L0 + s−1L−1 + t1L̄1 + t0L̄0 + t−1L̄−1, (A.1)

where
s1 = 2π cot (v − u) /2

eiv + eiu
t1 = −2π cot (v − u) /2

eiv + eiu

s0 = −2π cot (v − u) /2 t0 = 2π cot (v − u) /2

s−1 = 2π cot (v − u) /2
e−iv + e−iu

t−1 = −2π cot (v − u) /2
e−iu + e−iv

.

(A.2)

In a vacuum CFT, every modular Hamiltonian may be mapped to another by a conformal
transformation. Therefore, P λ0 (∂λHmod) = 0 and (4.8) reduces to ∂λHmod = [Vδλ, Hmod],
which is solved by

Vδu = 1
2πi∂uK+. (A.3)
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Similarly,
Vδv = − 1

2πi∂vK+. (A.4)

The Berry curvature operator for deformations (u+ δu, v+ δv) is the obtained from (4.18)
and reads

R̂ij = − 1
2πi

K+
sin2 v−u

2
. (A.5)

It was observed that in [18, 20] the Berry curvature for a CFT in the vacuum is related to
the Crofton form, which reads

ω = 1
sin2 v−u

2
du ∧ dv (A.6)

for the vacuum. The analogy, however, can be taken one step further. As was shown
in [66], the Crofton form on kinematic space can be identified with the symplectic form
ωsymp on the coadjoint orbit of SO(2,1)

SO(1,1) ×
SO(2,1)
SO(1,1) . Therefore,

ωsymp = ωCrofton. (A.7)

This identifies the modular Berry curvature for the vacuum with the symplectic form on
the vacuum coadjoint orbit of the global conformal group. Therefore, the modular Berry
phase is a Berry phase on the coadjoint orbit of the global conformal group.
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