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1 Introduction

Two-dimensional conformal field theories (CFTs) hold a special place in the landscape of
CFTs. They feature prominently in string theory, describing the world-sheet dynamics
of strings and have been studied extensively in the literature. As they admit an infinite
dimensional conformal algebra they are heavily constrained and in certain cases completely
solvable. When 2d CFTs preserve (at least) N' = (2,0) supersymmetry, c-extremization [1, 2]
computes the central charge and R-charges (thus also conformal dimensions of certain
operators) of the strongly coupled IR fixed point using only UV data. The key observation
is that 2d ' = (2,0) SCFTs have a U(1) R-symmetry. Though the R-symmetry may mix
with flavour symmetries along the RG flow, the exact R-symmetry in the IR extremizes the
central charge viewed as a functional of possible R-symmetry choices, at the IR fixed point.
Thus, from knowing just UV data, and with some mild assumptions in tow, one can obtain
information about the IR fixed point. This is a direct 2d analogue of a-maximisation for 4d
SCFTs [3].

As one may expect given AdS/CFT, in gravity, there are geometric extremal problems
dual to the field-theoretic ones. The geometric dual of a-maximization was derived in [4, 5]



for AdS5xSE5; geometries and the geometric dual of c-extremization was found in [6] for so
called “GK” geometries [7-9]. The geometric extremal problem was later extended in [10]
to the F-theoretic extension of GK geometries of [11]. Further advances in the geometric
dual of c-extremization for the GK geometry class have been made in [12-17].

However, whereas a-maximization and c-extremization work for generic field theories
obeying certain mild assumptions, the geometric extremal problems are only defined for
certain classes of solutions and there are holographic SCFTs whose duals are not contained
within these classes. It is natural to conjecture that there is an extremal problem for any
AdS3 solution in supergravity with at least N' = (2, 0) supersymmetry which is the geometric
dual of c-extremization for the putative dual field theory.! It is therefore an interesting
problem to extend these geometric extremal problems to cover the full complement of
holographic SCFTs. One of the key results needed for progress on these geometric extremal
problems was a thorough understanding of the underlying geometry of the system. For [6]
the underlying geometries are GK geometries which were first studied in [7] and arise
from classifying AdSs solutions of Type IIB supergravity with 5-form flux and an SU(3)-
structure. Therefore, extending the classification of all AdS solutions preserving fixed
amounts of supersymmetry is a necessary requirement for making progress in extending
these geometric extremal problems to further classes of geometries.? There has been a lot
of interest in classifying AdSs solutions with various amounts of supersymmetry [7, 20-59]*
yet the analysis is still incomplete and there are interesting AdSs3 geometries still to be
classified and constructed; this paper tightens the noose on classifying all AdS3 solutions in
Type II supergravity.

Another reason for interest in AdS3 solutions stems from their presence in the near-
horizon limit of black strings. The power of the near-horizon geometry is that many of the
interesting observables of the black string may be obtained from the near-horizon rather
than the asymptotic geometry. The entropy, angular momentum, electric and magnetic
charges of a black string can all be obtained this way. However, the electrostatic potential
and angular velocity require UV knowledge which is washed out in the near-horizon limit.
As such if one restricts to understanding any of the first class of observables one needs
only the near-horizon limit of the black string and not the full interpolating flow. In
addition, the 2d CFT dual to the AdS3 near-horizon gives a microscopic description for

4 The first example of computing

the Bekenstein-Hawking entropy of the black strings.
the microstates of a black string using the near-horizon geometry was performed in the

mid 90’s by Strominger and Vafa [65]. This was later extended to the MSW string [66] in

!Similar comments of course apply for any AdS solution where there is a dual field-theoretic
extremal problem.

2A complementary approach to these geometric duals studies the extremal problem from gauged su-
pergravity, see [18] for a-maximization and [19] for c-extremization. From this perspective it is also
interesting to classify supersymmetric AdSs solutions and then to obtain consistent truncations which uplift
on these geometries.

3See [60-64] for examples of further studies.

4There can be some subtleties regarding the contribution of “hair” to the entropy, which the 2d SCFT
does not see, however this is a subleading contribution to the entropy and can therefore be neglected in
most examples.



M-theory and in F-theory in [67]. More recently there have been many advancements in
studying the near-horizon of black strings. There has been recent interest in black strings
with non-constant curvature horizons: in [68-70] black strings with spindle horizons were
investigated whilst in [57, 71] black strings with disc horizons were studied. In a tangential
direction, there have been further advancements in studying black strings in F-theory
probing various four-dimensional asymptotically flat spaces [47, 55, 72-74] using their AdSs
near-horizon geometries.

AdS3 vacua are also interesting when considering whether AdS vacua can be parametri-
cally scale separated. One can construct minimally supersymmetric AdS3 vacua in Type 11
supergravity of the form AdSsxMy; with M; a G2 manifold, see for example [46, 54, 75].
Since the CFT dual is two-dimensional and benefits from the infinite dimensional conformal
symmetry, one may hope that this extra control allows one to answer this question conclu-
sively. With suitable projection conditions imposed on the A" = (2, 0) solutions discussed in
this work one is able to obtain solutions preserving only N/ = (1,0) supersymmetry which
may be candidates for solutions with scale separation. It would be interesting to address
this point in the future.

The layout of the paper is as follows:

In section 2 we present necessary and sufficient conditions for a warped AdSsxMy
solution of Type II supergravity to preserve N' = (2,0) supersymmetry in terms of geometric
conditions on the internal space M7. These conditions depend on the inverse AdS radius m:
for m # 0 we find that M7 necessarily decomposes as a U(1) fibration over a six-dimensional
base Mg, with the U(1) realising the R-symmetry of the superconformal group OSp(2|2)
as expected. When m = 0 conditions for warped N/ = 2 three-dimensional Minkowski
(Minks) vacua are recovered; while these still generically contain a U(1) isometry, this is no
longer an R-symmetry and for restricted classes need to be present. For AdS3 solutions
specifically (m # 0) we find that solutions fall into two classes depending on whether a
canonical ten-dimensional Killing vector is time-like or null. This section is supplemented
by the technical appendices A and B.

In section 3, and for the rest of the paper, we narrow are focus to solution in massive
Type ITA supergravity supporting a null Killing vector. For such solutions Mg necessarily
supports an orthogonal SU(2)-structure, decomposing in terms of a complex vector and a
four-manifold which in this case is complex. We introduce local coordinates for the complex
vector and perform an analysis in terms of the SU(2)-structure torsion classes, reviewed in
appendix C.

In section 4, in order to find solutions, we impose the existence of an additional
Killing vector. This allows us to further refine the necessary and sufficient conditions for a
supersymmetric solution. Inserting an ansatz for the SU(2)-structure manifold of the form
of the product of two warped Riemann surfaces we find three classes of solutions. Buoyed by
finding explicit solutions, in section 5 we study a more general ansatz for the SU(2)-structure
manifold consisting of a warped Kéhler manifold. We find a class of geometries which are
the massive extension of GK geometries in five dimensions. These solutions are determined
by the same master equation as GK geometries but contain D8-branes. In section 5.2
we show that one can define an extremal problem for determining the central charge of



the solution using just the topology. This is the first example of an extremal problem for
solutions of massive Type ITA supergravity.

Finally, in section 6 we use the N' = (2,0) supersymmetry conditions in appendix B
to derive necessary and sufficient conditions for AdS3 solutions of Type II supergravity to
preserve arbitrary extended chiral supersymmetry. We find that an N = (n,0) solution for
n > 2 necessarily comes equipped with an anti-symmetric matrix of Killing vectors that
should span the R-symmetry of whatever superconformal algebra a solution realises (there
are many options [82]). The various d = 2 superconformal algebras can be classified in
terms of their R-symmetry and an associated representation [83].° We make a conjecture
that precisely relates the R-symmetry and representation to the anti-symmetric matrix of
Killing vectors.

2 Supersymmetry equations

We consider a bosonic background of Type II supergravity that preserves the symmetries of
three-dimensional anti-de Sitter spacetime AdS3. The ten-dimensional metric takes the form
of a warped product of a metric on AdSs and a Riemanian metric on a seven-dimensional
manifold M7:

ds? = e?ds?(AdSs) + ds?(My), (2.1)

where the warp factor ¢?4 is a function on M; and we assume that Ricci(AdS3) =

—2m?g(AdS3). The NS-NS three-form, H(1*Y) and the R-R fluxes F take the form
HID — 34h0v0l(AdSs3) + H, F = fi + > vol(AdS3) A +7A(fz) . (2.2)

Here, H has support on My, and the Bianchi identity for H(1d enforces e34hg to be a
constant. F' is a polyform, the sum of the p-form R-R field-strengths with p even for Type
ITA supergravity and p odd for Type IIB. The forms fi have support on M7, with the upper
sign corresponding to Type ITA and the lower to Type IIB. In particular, fi = Zf;:o fop
and f_ = Z?;:o fap+1. The operator A acts on the p-component of fi as

Mfelp) = (=D)B fe| (2.3)
P
and 7 is the Hodge operator involving the metric on M». Finally, the dilaton ® is a function
on M7.

The conditions stemming from requiring that this background preserves N’ = (2,0)
supersymmetry are derived in appendix B. They involve two doublets of Spin(7) Majorana
spinors, x} and x4, I = 1,2 under the R-symmetry so(2) ~ u(1) of the supersymmetry
algebra. Without loss of generality (see appendix) they are taken to satisfy

I I I I —
d +xdxd =2¢461 XD = xETxd = ce 4617 (2.4)

for ¢ a constant and 677 the Kronecker delta.

5Strictly speaking this applies to the simple Lie superalgebras, but as these are in one-to-one correspon-
dence with the algebras embeddable into supergravities with an AdSs factor, this subtelty is unimportant.



The supersymmetry constraints can then be expressed in terms of two 1-forms and a
set of bi-spinors. The one 1-forms are given by

¢=—i(dud Fxdd) e, E=—i (drad £ xdrad) et (68 =2,
(2.5)

where 4%, a = 1,2,...,7 are the generators of Cliff(7) and e* gives an orthonormal frame on
T*My7. Note that the 1-form & cannot be set to zero globally when m # 0 without reducing
supersymmetry to A/ = (1,0). The set of bi-spinors is

A
v =g = O (5190 1 90 1ok w® 1 ol ), (2.6)
where we have expanded in terms of /7 and the Pauli matrices (o1, 02,03). They can be
further decomposed into even, denoted by a plus subscript, and odd, denoted by a minus

subscript, real parts as
p01.23) — gO123) 4 g 0123) (2.7)

The supersymmetry constraints are

dé = 1cH e*Ahg = —me, (2.8a)
dy (47 (0 +iwl)) =0, (2.8b)
dy (#47° (0 +00)) F 2me?A=® (v 4 iwl) =0, (2.8¢)
dy (e3A—‘I’\If§S)) 7 2me2 AP — ie“ 7 M (2.8d)
i (AP0D) = £ (Entic) £ (2.8)
e <\IJ$), fi> =7 (m + ;eAcho) e~ ®vol (My),. (2.8f)

Note there are further conditions implied by this, for instance acting on (2.8e) with EA +ee
leads to

1
dg (47009) = F el (2.9)

from which it follows that in Type ITA c¢fy = 0 and that in general pure R-R sources are
only possible when ¢ = 0. The vector dual to £ generates an isometry and in fact is a
symmetry of the whole background which corresponds to the R-symmetry. Under this
symmetry the bi-spinors transform as

LW = £ =0, L (WD +i0®) = —dim (D 4i0@) (2.10)
The background also possesses a symmetry generated by the vector dual of a ten-dimensional
1-form 1
_ = 2A1.
K=o (24~ €) (2.11)



where k is the 1-form dual to a time-like Killing vector on AdSs, see appendix A. Two
classes of backgrounds can be dissociated depending on whether K is time-like or null. The
latter case occurs for ||£|| = 2e4.

All the conditions presented so far hold for m = 0, for which AdS3 becomes Minks.
Generically £%0, is now an isometry with respect to which the spinors and bi-linears are
singlets. Clearly there exist N’ = 2 Minks solutions for which no such isometry exists, the
flat space D2-brane with no rotational invariance in its co-dimensions for instance. However
for Minks it is now possible to fix £ = 0 so there is no isometry, this also implies ¢ = 0 (the
converse only implies (&, é’) = 0). This gives a concrete physical interpretation for ¢ # 0 in
this case, i.e.

N =2Minks: ¢#0 = U(1) flavour isometry £°9, . (2.12)

It is extremely common that classes of solutions with necessary flavour isometries can be
mapped to more general classes for which this isometry is not necessary after T-duality.
Thus we expect the most general classes of N/ = 2 Minks vacua (modulo duality) to be
constrained such that £ = ¢ = 0. An exploration of such Minkowski vacua is beyond the
scope of this work, but would be interesting to pursue.

In the present work we will focus on AdSs3 solutions in Type IIA and take ¢ = 0, as we
are primarily interested in backgrounds with non-zero Romans mass.

In general, the four Majorana spinors (x1, X3, X3, X3), can be decomposed in terms of a
single unit-norm Majorana spinor y, and three real unit-norm 1-forms (V7, Vs, V3) whose

interior products we parameterise as
<‘/17V2> =C3, <‘/2’VT3> =1, <V57‘/1> =C2, (213)

for real functions (c1, 2, ¢3). In order to solve

T I
X1TX1J = XzTXg = €A5Ua (2.14)

we take, without loss of generality, the following parameterisation

1 A 2 . A 1 A . 2 LA .
X] =€ezX, Xi = —te2Viy, Xz =e2(a—ibVa)x, X5 = —ie2 Va(a — ibVa)x,
(2.15)
where a, b are real functions constrained as
a4+ =1. (2.16)

The Majorana spinor x defines a Ga-structure characterised by a 3-form ®3 such that

yox = \I/SFGQ)Jrz'\I/_

1
(G2) _ g (1 — 1Pg — x7 D3 + iV017) , Py Ax7 D3 = Tvoly . (2.17)
In what follows we will work with
G =VitVs, V=V, (2.18)

in terms of which
=,  f{=-e¢. (2.19)



We will also define an auxiliary SU(3)-structure via

_ 1 _
P53 = 57 A Jy —ImQg, *7Pg = §J2 N Jy — 57 A ReQg . (2.20)

€| &

A branching of possible solutions now appears depending on how (V7,V3) are aligned.
Generically both £+ are non trivial and can be used to define components of the vielbein
— the exception is when V; = £+Vj3, which sets one of {1 to zero; these cases need to be
analysed separately. For AdS3 we must have £_ # 0, but there is no barrier to fixing £y = 0,
which one can check is equivalent to imposing that the ten-dimensional Killing vector
KM@y, is null. The rest of this paper will be focused on classifying such AdS3 solutions
and finding new explicit examples.

3 The null case

In this work we will study the case of K being null which is equivalent to £ = 0. From

this point we also take
m#0. (3.1)

We are left with (£_,V') and we introduce v such that
V:COSGU—F%sinH{_, W =0, |lol[=1. (3.2)
We can then further decompose the auxiliary SU(3)-structure as
Jo=jo+uAv, Q3 = (u+iv) Awa, (3.3)

with v a unit-norm 1-form orthogonal to ({_,v), and (j2,w2) defining an SU(2)-structure.

In order to parameterise the d = 7 bi-spinors in as simple a fashion as possible we find
it convenient to decompose the functions of the spinor, and redefine the SU(2)-structure
forms as

a+ ibsin 6 = cos Be™? bcosf =sin 3, wos — e Pwy, z=u+iv, (3.4)

and introduce

i . _ -
\II(EU(Q)) = % cos Be™ "2 — sin Bws | A 3%\ , gBU@) %z A | sin fe "2 4 cos fwa | .
(3.5)
In terms of these we have

v = ¢ AReWSV®) @ — opng V@)

vl = o U v = ¢ ARew V),

v = ¢ ATmwBV) v® = 9Rew V)

) = 2Rew PV v = ¢ AoV (3.6)



One can readily check that the supersymmetry equations impose

p=0, (3.7)

without loss of generality. In this case, the first non-trivial component of (2.8c) is the
3-form, which imposes

A3 wy) + 124 PmeV e Awy = 0. (3.8)
Taking the general ansatz
%g_ = eC(dy + A), (3.9)
then fixes A
eC = _2€7m , d (€3A_<I>w2> =iAN (€3A_<I>WQ) . (3.10)

The 5-form component of (2.8¢c) then yields
(H+id(uAv)) Awy =0. (3.11)

Equation (2.8b) contains the following constraints:

d(e*=%) =0, (3.12)
d (eZA_(Du A j2) + 4 PHAv=0, (3.13)
(djaANv—HANu)ANjo=0. (3.14)

We may decompose the flux f as
Fr=gi+ 56 Ay, (3.15)

and given what has been derived thus far, (2.8e) imposes
pA—®

2m

g- = — (v—uAjo) \NF, (3.16)

where F = dA. Now since ¥'? is orthogonal to £_ we immediately get from (2.8f) that
(f - 2m26_2Aj2> ANjaAvAu=0. (3.17)
Combining this with F A ws = 0 implies
F — om2e—24 (j2 + ]:(1,1)) , (3.18)

where 1) is a primitive (1, 1)-form.

To proceed it is helpful to consider the torsion classes of an SU(2)-structure in six
dimensions, see appendix C for the general form of these. We shall compute the torsion
classes on

ds?(Mg) = €347 ®ds? (M), (3.19)



where we add hats to the various forms to indicate this. The relevant classes are

di = 81Re@2+821m@2+SB}2+S4”&/\@+T1 +aANWi1+0AWo | djg = Wg/\ﬁg—Fﬁ/\Tg—i—@/\Tg ,

(3.20)
with s; real functions, W; real 1-forms and T; real primitive (1,1)-forms. We will also
introduce some holomorphic 1-forms along the way, V;. Expanding the NS-NS field-
strength as

H=Hs;+aANH; +0ANHs+0ANDAHy, (3.21)
and the exterior derivative as’
d=ds+ A ad+0Apd, (3.22)
then plugging all this into the derived constraints we find they reduce to
d(ez @) =0, din=iAADy, APH;=ReV;, ImVi=-W;— %d4(7,4—3<1>) :

1. .
s3=0, W3:W1+§d4(5A—(I)), 63A_¢H3:W2/\j2,
1 .
gl = Ts— 5 (1sd(5A—®)+254)j2,
AP 2 = HOD 4 (s5Redy — 51 Imdg) +1ad(3A—B) s . (3.23)

For the remaining flux component g, from (2.8d) we have

*7A(g+)
1 - L
—eC~® DA VAWIAG2 = Wa)+ 50Ada(BA+ ) Ao —uA(Wi+WaAjo) + S unds(5A—P)

1

1
—e 2340 _e3(34-9) (s1Rewa+ solmws) —l—e%(sA_@)u/\v/\ <2 (Lpd(BA—D)—2sy)

1
—2L@Aj2 —€¢_3AH(1’1) —eq)_SATQ — (SQRGWQ — Sﬂmu)g) — Z (L@(3A—|—(I)) +284)j2 /\jQ) ] s

(3.24)

where the lack of hats is intentional, we need to take the Hodge dual of this after all. To do
so we define

ReV = Wy, ReVs = Wy, ReVy = d4A, ReVs = dy @, (3.25)

5The tilde on dy4 indicates a potentially twisted derivative as u may be fibered over My, v can only be
trivially fibred.



and we find

1 34_
fozgoz—§e2(‘4 ®) (15d (3A+®)+2s4) 96=0,
g2 = e%(A_q)) 215dAjo+ soRews —s1Imws —eq)_?’ATg — 234 gL
—1(34-) _1(34-®) 3 1
+e" 2 ImVsAv+e™ 2 Im V2+§V4+§V5 Au|,
: 1
ga= 3 (A=) i (tpd (BA—P)—2s4) joNja—uAvA (isew2+SQImw2—e*3A+q>T1)

1

1
+e 2 G DIy Ay Au—e 734 (V2— gV4+2V5> NJa M} : (3.26)

3.1 Introducing coordinates

Above we have presented the general conditions for a solution to preserve supersymmetry.
In this section we will further reduce the system of equations by introducing coordinates
for the system. Firstly, since ¢ is conformally closed we can introduce a coordinate via

1
b =e2® gy (3.27)
We may introduce an additional coordinate for 4 via
~ U _ U
t=c¢e"(dp+ o+ 1dy) =e” Dy, (3.28)

where o has legs only along the SU(2)-structure manifold. It is natural to assume that both
o and 7 are independent of ¢, and moreover it is natural to assume 0, is a Killing direction.
For the time being we will not assume this, but instead reduce to this more restrictive class
in section 4 and construct explicit solutions there.

With these coordinates we have,

iad = eV, igd =2 (9, —70,) = 3D (3.29)
and the exterior derivative takes the form
d=dyNdy+ Do Ad,+dy, (3.30)
where i )
dy =dy — 00, , Oy =0y —70,. (3.31)
Note that the twisted exterior derivative cz4 satisfies
di =~ (dso) N0y, (3.32)

and is therefore generically not nilpotent. Note, that for this to define a genuine exterior
derivative, as opposed to twisted, we require s; = s3 = T1 = 0 or for J,, to be a Killing vector.

~10 -



Using the local coordinates we may further decompose the torsion conditions. For
we find

J4O’ =V (s1Rewy + solmawy + T1)

D0 — dsU = W7,

- 1
0, — OyU = s4e2

(3.33)
(3.34)
(®=4) (3.35)
1 - .
eU7§(q)7A) (8ya — d47‘) =Ws. ( )
A similar decomposition for j, gives

o 1 ~ A 1
dj2 = 5 (2050 = da(2U = 54+ ®)) A jo + " Dp ATy + 2y A T, (3.37)

which in components reads

~ o~ 1 ~ ~

dijo = (2050 — du(2U = 54+ ®)) Ao, (3.38)
Dpjo = eV Ty, (3.39)
~ A 1

Byjy = 2Ty (3.40)

Observe that if ¢ defines a symmetry, then Jo is conformally closed.
Next, consider the decomposition of the connection one-form A,

A=P+ Aydy + A,Dy. (3.41)

With this decomposition we may decompose the torsion conditions for @ws, which gives

dylog = iP NG, (3.42)
Oyl = 1Ay wa (3.43)
Dl = 1A ,0g (3.44)

where the first of these implies that the four-manifold supporting the SU(2)-structure forms
is complex, with an associated complex structure I. Finally the torsion condition (3.17)
leads to

A

(daP = 2m2e®=5435) A jy = 0. (3.45)

Having rewritten the torsion conditions in terms of the local coordinates we can proceed
with the decomposition of the fluxes in coordinate form. The NS-NS 3-form field-strength is

1 ~ ~ N 11 = N
H=eUt2(®=54) <8y0—d47> AJa+eVTE34 DA <T3 — 562 (A-2) (28¢T—8y(2U+<I>—5A))j2>
1 ~
+e2G®=TA) gy A (H(l’l)+82Re(2;2—311m®2+6_U8@(3A—<I>)j2)

1 1~
V3627 Do dyA (—I~(6¢o)—§dj(2U+3<I>—7A)) , (3.46)

- 11 -



with
d§=—1I-(dy). (3.47)

We may rewrite the condition for the Romans mass as
%5y(2U — & —34) - 2N fy = 9,7, (3.48)
by using (3.35). The 2-form gy takes the form
go = 67%(®+3A) [szRed}Q — s1Imwy — Ty — H(l’l)} — eUﬁ%(q){)’A)I . (5ya - &47) A dy
+ eU_%({H'BA)I . (J4(U - 1BA+9)) - QDU) A Do + 2eU_%(<D+3A)8¥,A 2,
(3.49)

whilst the 4-form g4 is
~ 1~ N
gr=e 44 (8y (U+ % (bA—®)) —8@7) §j2 AJo—eU TP ADoAdy A (isedjg +59Imco —Tl)

—e2U—44T. ((%0'—6247') AjoADp+eP 24T (@)0—(54 (U+ % (bA— (I)))> AjaAdy.
(3.50)

Finally the Bianchi identity reads

1
dgy — HAgy = —mdy NAANdA. (3.51)

4 Solutions with additional symmetries

In the above we have presented the general decomposition of the torsion conditions using
a set of coordinates. The resultant conditions are difficult to solve and therefore to make
further progress we will impose some assumptions which make the problem more tractable.

4.1 Imposing an additional Killing vector

As we emphasised earlier one natural assumption to make is to impose that J, is a Killing
vector. We will therefore assume that all the scalars and 2-form J5 are independent of ¢.
This assumption lets us drop ds for dy since everything (but &) is independent of ¢. It
follows that Jo is conformally Kéhler

Lo 544
dy <€U+2(<D 5A),72) =0, (4.1)
and we therefore redefine our Kéahler form to be
1 ~
J = e2BU—BATD)5 (4.2)

This implies that the internal metric takes the form

2A 1
ds? = 5 (dv + AP + e3PV D? 4 PGy 4 2CAD Va2 ()|, (43)

with the metric on My Kéhler at fixed y coordinate.
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The torsion conditions for the new Kahler 2-form read

4T =0, (4.4)
1
0, = e2WU ST, (4.5)
1
0y = 50,(2U —5A+ @)J + eUre=34ry (4.6)

however since we assume ¢ is an isometry we must set 7o = 0 in the following.
Performing the same rescaling for the holomorphic volume form,

0_ e%(2U—5A+<I>)d}2 ? (4.7)

we find the torsion conditions
1
da2 = (i(P + Ago) + 5d1(2U — 54+ ®)) A Q,
1
0y = (i( Ay + ApT) + 502U — 54+ ®))Q, (4.8)
0,0 = 1A 0.
It follows that A, should be a constant and therefore we may solve the final constraint
simply by introducing a phase for 2. Moreover, integrability implies
(9yP — d4Ay + A¢(8y0 — d47’) =0, (4.9)
dyP + Aydyo € HEVD (My) . (4.10)

For non-trivial A, we may solve for P in terms of o up to the addition of a term whose
derivative is a (1, 1)-form. In addition we have that

1 1
dyo=eY (3162(2U A REN + 596 2V AT 4 Tl) . (4.11)

It is useful to redefine s; and so here to absorb the exponential factors but since the classes
of solutions we consider later do not have such a term switched on we will refrain from
doing so here. The supersymmetry condition (3.45) becomes

1
<d4P —o2m2e”Y —2<5A—‘I’>J> AJ=0, (4.12)

which we may rewrite as the scalar equation

1
Ry =204(U = }(54 - @)) + 8m?e V720479, (4.13)

Note that if the first term on the right-hand side vanishes this is reminiscent of the condition
for GK geometries [7-9] after a little redefinition.” As we will see later one of the classes
of solution we obtain are the T-dual of the GK geometries in Type IIB with a torus and

“In [76] similar types of condition for the Ricci scalar appears with a Laplacian like term. The geometries
of [76] generalise GK geometries by including rotation, though this is not the origin of such a term here.
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3-form flux in massless Type ITA. In fact we are able to generalise these solutions further
by turning on a non-trivial Romans mass.
The NS-NS 3-form after this simplification becomes

H = (0,0—dyr) AT+ Do (V04T + %8y(2U+<I>—5A)J> (4.14)
+6_U_A+¢’dy/\ (eU_%(E’A_q))H(l’I) +52Re§27511m9) —DpAdyNdyg <6U+%(3¢_7A)> .
The condition for the Romans mass simplifies to
8, (2U — @ — 34) = 22 @A fy | (4.15)
whilst the R-R 2-form becomes
gp=e UT®+A <32ReQ—511mQ—eU_%(SA_(I))H(M)) —eU_%(<D+3A)I- (Oyo —dyT)Ndy
& <eU—§<‘I’+3A>> ADg, (4.16)
and the 4-form is
ga=e2UTA=29 (U+1L(54-®)) %J/\J—Dgo/\dy/\ <e§<‘1>—5f4> (iseQ+SQImQ)—eU+q’_5AT1)
U3 (#3A) (8,0 —dyT) NI ADp—dS (eUé“A@)) AJAdy. (4.17)

We may construct the magnetic fluxes using (3.15) and find

f2 =492,
1
fi= g1+ 5 (dp+ A) Ay N dA, (4.18)
1
fo =~ 5+ A)ADp AT AdA. (4.19)

4.2 Product of Riemann surface ansatz

Having introduced coordinates and made the assumption of an additional Killing vector
we are in a position where we can introduce an ansatz for the four-dimensional base. The
simplest choice is that we may decompose the base as the direct product of two Riemann
surfaces. We take

ds?(My) = e21Wds?(2)) + 22 Wds?(5,) (4.20)

with f;(y) arbitrary functions of y and we take the metric on X; to be the constant curvature
one given by
1
ds*(;) = mdw? + (1 - mx?) dz? . (4.21)

The Ricci scalar for the Riemann surface is R = 2k; and we take the structure forms to be

Ji =dx; Ndz;, Q;, = # (dl’z + 1 (1 — KJZ.T?) dZZ) , (422)

1 — kix?
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which satisfy
daJ; =0, da€); = iksoidz; A, (4.23)

In terms of the structure forms of the Riemann surfaces the SU(2)-structure forms are
J = 2hW) Ji+ e2f2(y)J2 ., Q= efl(y)+fz(y)Q1 A Q. (4.24)

For the given Kédhler form we can construct a single primitive (1, 1)-form which preserves
the symmetries, namely
Vy = lel(y)Jl — €2f2(y)J2 . (4.25)

Note that d4re = 0, indeed without breaking the symmetries of the Riemann surfaces no
other choice is possible.
Let us define
Ty = th(y)e VW~ PW+340),, (4.26)

then (4.6) implies
4f1(y) = 2U(y) = 5A(y) + @(y) + 2t3(y) + 1,

4f2(y) = 2U(y) — 5A(y) + ®(y) — 2t3(y) + c2. (4.27)

We solve for t3(y) and U(y), giving

2V = 02e2f1W)H212(1) +5A4W) -2 () | (4.28)
t3(y) = C2 + f1(y) + fa(y) . (4.29)
Next take the primitive 2-form 77 to be
T = "Wty (y)vs, (4.30)
the integrability condition for (4.11) implies s; = so = 0 unless k; = k2 = 0. Let
Ai = sz‘dzi s (4.31)
then o takes the form )
o= Z ui(y)A; . (4.32)
i=1
Plugging this into (4.11) gives
dso = Zul )i = t1(y)va, (4.33)
and therefore
ui(y) = t1(y)e* W ugy) = —t1 (y)e2®). (4.34)

It follows that a non-trivial T3 leads to D¢ being non-trivially fibered over the base. Next
consider the conditions on the holomorphic volume form (4.8). From the first we find

P+ .A‘pO' = K1A1 + KoAsg, (435)
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whilst the second implies

Ay =—A,r. (4.36)

We must require that 7 is a function of y only, and does not have any Riemann surface
dependence. It then follows that a coordinate transformation can be performed which sets
7 = 0 and therefore without loss of generality we may take 7 = 0 and therefore also A, = 0.
Note that A, is a constant which we can pick by rescaling the holomorphic volume form by
a ¢ dependent phase, we can therefore set it to vanish without loss of generality. It follows
that the 1-form P is

P = k1 A1 + koo . (437)

From the expression for the NS-NS flux in (4.14) the Bianchi identity imposes
9, (ezfl(y)ﬁ(y)> =0, (leQ(y)fé(y)> _ (95 (62(f1(y)+f2(y))t1(y)) =0, (4.38)

note that it is independent of the primitive two-form H®1 which is necessarily closed on
the four-dimensional base in order to preserve the symmetries of the Riemann surfaces. We
may solve the first two by

i) = qiy + by , (4.39)

which, upon substituting into the third gives

ay + 3
ary + b1)(azy + b2)

ti(y) = ( (4.40)

So far we have solved for t1(y), t3(v), fi(v), U(y) and it remains to determine A(y) and ®(y).

From (4.13) we find
Am2el1(W)+12(y)—5A(Y)

-
€ o Cl(/ileng(y) + 52@2f1(y)) ’ (441)
The condition from the Romans mass reads
0,(2U(y) — B(y) — 3A(y)) = 222040 (4.42)
which we may solve for A giving
BSAW) _ 48m?(a1y + b1)*(agy + bo)?
C%f[)(lil (agy + bg) + lig(aly + bl))2(3b1y(2b2 + CLQy) + a1y2(3b2 + 2a2y) — 125) ’
(4.43)
in the massive case and

k1(b2 + asy) + ka(by + ary)’

for the massless case.®

8Note that if one redefines the constant § — —4m?*(foC?6?)~" in the massive case one can take the
massless limit and land upon the massless solution we have presented.
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We have now solved for all the functions appearing in the solution, but for the primitive
two-form H(11) | using the Bianchi identity for the NS-NS flux, the Romans mass Bianchi
identity and the Ricci scalar supersymmetry equation. In solving these conditions we have
introduced eight integration constants, (C1, a1, a2, by, ba, c, 5,6). We will see that the two
remaining Bianchi identities will restrict these integration constants further. Recall that
the primitive form H(11) was not constrained by the Bianchi identity for H, a convenient

choice to make is .
H(l,l) — e_i(q’(y)_’?A(y))h(Ll) (y)]/2 , (445)

with vy as defined in (4.25). This is the most general form we can pick without breaking
additional symmetries of the Riemann surfaces.
The Bianchi identity for gs then imposes

0=ayifo=azfo=afo,

h(l’l)(y _ qn
(aly + bl)\/ﬁblbgy + 3(@2()1 + ale)y2 + 2a1a2y3 —125°

@(a1y +b1) = qi(azy + ba), (4.46)

where ¢o is some constant of proportionality. It is clear to see from the above conditions
that there are different branches of solutions to consider. The Bianchi identity for g4 leads
to further branching conditions and it is therefore convenient to first solve the g2 Bianchi
identity before attempting to solve the g4 one. We will first consider the massive case which
turns out to have a unique family of solutions, before studying the massless case.

4.2.1 Massive class

We see from above that we must set
ap=ax=a=0, (4.47)
which implies that A1 (y) is equal to

) — E— 4.48

() TR (4.48)

The g2 Bianchi identity is completely solved with these restrictions and we may move onto

the g4 Bianchi identity. One finds that this Bianchi identity is solved if we set ¢ = 0 and
thus the primitive two-form H®1 = 0 and

A¢(b2R1 — b1:‘£2) + \/Aa(bgm + b1/€2)2 + 166%6%C%m2 49

It is useful to make the redefinitions

. 26  Lhg(9)? . P
Lfo=fo, y= + 8(Ay) , hs(9) = fog +¢, (4.50)
b1bo 2fo
so that
fo = 05hs(9), (4.51)
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and for simplicity to set A, = 0 by multiplying the holomorphic volume form by a suitable
p-dependent phase. Let us also define

L=m™', b=0L%, C =L2, ¢=1Lg,

B _ C1(bak1 + b1kz) B= \/%. (4.52)

afbby 2

e

The final metric is

2 g2 e PP 2 unit | 1 2
ds®* = L*———ds (Ads;) + Z (d’(/) + k1471 + KQAQ)

Vhs (9)

N 2
+ 01281[32 dp + b (l;lAl — 82A2>>

1 - R

+ B <h8 (H) dy® + —— (b1d32 (1) + bods? (22)) )] , (4.53)
Cl \/ bl b2

with dilaton and magnetic fluxes

e 1 =ePhg(9)®, H=0, fo=0,

~ A hs (7
L73f4 = ,BClhg(ﬁ)D@ ANdy A vo + Siy) Dy Ndy N (/11J1 + KQJQ) ,
_5 fﬂi?z + Hzin N
Lfg=—""——DVANJIANJ2ANDp. (4.54)

4

Note that for the solution to be well-defined we require
61>0, 82>0, Ci1 >0, Kika>0. (4.55)

There are therefore two choices one can make for the Riemann surface. Either one of the
Riemann surfaces is a torus and the either is a torus or two-sphere or both are round
two-spheres. We will see later in section 5.1 that this is in fact contained within a more
general class of solution.

To bound the line interval parametrised by § we take the Romans mass to have jumps
at positions g;, without loss of generality we can take gy = 0 and take hg(0) = 0. This
signifies the presence of an O8-plane which caps off the space. By allowing the Romans
mass to have jumps at the ; whilst keeping the function hg(f) continuous we may obtain
a second root at §p+1 which bounds the space between a second O8-plane. The solution
is thus compact and well-defined. Since we find that this solution is a specialisation of a
more general solution we discuss later we will not present the quantisation of flux here and
instead refer the reader to the later section 5.2.

4.2.2 Massless case

Having considered the massive class of solution let us consider the massless solutions. We
saw that in the massive case the solution was essentially unique, it turns out that this is
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not the case here and there is further branching. The g4 Bianchi implies
KD (y) = qre 21W) = gye=2hW) (4.56)
which has two solutions, either h'1) = 0 or f1(y) and f2(y) are proportional.

Case 1: h(LD) = 0. Let us first consider the case where h(1:1) = 0. Tt follows that we
must set

a=0F=a=ka=0 (4.57)

with the other parameters free. For the metric to have the correct signature we require
that x1 = 1 and therefore we have a round S2. In fact this combines with the R-symmetry
direction to form a round S3. Performing the rescalings

A
A~

_ a2
m—>L1, bi—>bi, aQ — —

A

Cy = L7%C,, 6§94,

2L’
y—2Lj, ¢ — L?% : (4.58)
the final solution takes the form
P o1 (&2Q+32) o A & aon
2_ g2 2 wit | L 97q3 2A2 122 2859 52 (m2
ds? = L*\/b13 |ds? (AdSy)"" '+ 1 ds (s%)+ T (03C3dp?+b1CPody* +ds? (T?))
(4.59)
with dilaton and magnetic fluxes
e s N2
bICHS (a2g+Do) a
40 2 2 .. 2
= L “H=— (T =
€ 256 ) 4 dQO/\VO ( ) ) f2 07
. s
L7 4= Svol(S*)Ady, L5 = 220702 198y A dpAvol(T2). (4.60)

This solution is in fact a special limit of a later solution and therefore we will not analyse it
further. One can of course also quotient the S® with a subgroup of SU(2) and preserve
N = (2,0) supersymmetry.

Case 2: h('1) £ 0. The second and final, class of massless solution allows for a non-
trivial primitive two-form H (11, The final solution (after our favourite rescalings to make
the metric coordinates and parameters dimensionless) is

b1bod ; 1 I C16 (baky + byko
ds® = L2 | —— 2 |ds® (AdS3)"™" + S Dv? + bibyCFDp? + ( >dy2
bok1 + biko 4 16

521431 + 51 K2
4b,

b b
+ Wd (212 + d(22)?] (4.61)
2

A

Dy =dy + £ (81141 — 82142) , D =dy+ k1AL + koAs,
b1bsy
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with dilaton and magnetic fluxes

40 _ m L72H = 52@11’362012 dyn(bri=bsdo), L7 fo= Zf (bada—b11) ,
L3 fy=—C28dy DA (b Ji—bo.lo) + 3 DUNdY A (k1 Ty +rada) (4.62)
L fs= —%Dw/\DW\JﬂJQ,
with

; VAr1rs — G2C25352

4.63
e (4.63)

Note that setting B = 41 = 0 leads to k1k9 = 0 and thus a solution in the previous section.
Regularity imposes the inequalities

6182 >0, 4rikg — Q%O%B%SQ >0, 8 (Bglil + i)llig) >0, (I;Qlil + 61,‘%2) 61 > 0.
(4.64)
Clearly we require k1Ko > 0 unless ¢; = B = 0 in which case we have k1ko = 0 as discussed
in the previous section. Since 131 132 > 0 it follows that we must set k1 = k9 = 1, otherwise
we violate the last bound. The solution therefore contains two round two-spheres and turns
out to be T-dual to a solution in the literature, namely the solution in section 3.1 of [77].

5 General Kihler base

We will now assume that the conformally Kéhler base is a non-trivial four-manifold, that is
we take the y-dependence to come from an overall warp factor, so that

42 (My(7,y)) = 29 ds* (Ma (7)) (5.1)
with My Kéhler. We may then decompose the SU(2)-structure forms as
J = 62f(y)JK , Q= egf(y)QK , (5.2)

where Jx and Qg are the SU(2)-structure forms on My (%) and are independent of y.
They satisfy
dyJri =0, Ayl = 1P N Qe (53)

with P, the Ricci-form potential of the Kédhler metric. We will allow the base to admit a
closed primitive (1,1)-form which we denote by 5. Locally we may write it as

vy =d%, (5.4)

for some 1-form ¥ defined on My(Z). Since the 2-form is primitive it implies that x4v5 = —12
and consequently it is a harmonic 2-form. We will allow for all scalars to depend on both y
and the Kéhler coordinates in the following. When a function does not depend on both
sets we will explicitly give the coordinate dependence, but otherwise omit the arguments
unless necessary.
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Our assumptions on the base and the torsion conditions for J implies that we must
set the primitive forms 75 and T35 to vanish. By construction equation (4.4) is satisfied
whilst (4.6) imposes

U

U — g(f)EQf(y)-F%(M—@) ’ (5.5)

with ¢(Z) an arbitrary non-zero function on the base.
From the torsion conditions for the holomorphic volume form we find,

P = Pg — Ayo +djlogg(Z), (5.6)
Ay = —A,7(Z,y) . (5.7)

We find that A, is constant and can therefore be removed by multiplying the holomorphic
volume form by a p-dependent phase. We may solve (4.11) by taking

Ty = eVt (Z, y)vs. (5.8)
Integrability implies
d4t1 ('fa y) =0 ) (59)
and therefore
o=t(y)S. (5.10)
From (4.13) we find
Ry + 20k log g(&) = 8m2g(&) 1?54 (5.11)

where we used (5.5). Note that the left-hand side is independent of y and therefore we have
that & — 5A must be independent of y too.
The Romans mass condition is equivalent to

A fo =21 (y) + 0,(A - @). (5.12)
For the massless theory it is easy to see that this has solution
e®A = ¢(2)e2W) | (5.13)

with ¢(Z) a non-zero, but possibly constant, integration function. In the massive case for
f'(y) = 0 the general solution is

A=) — 9 foy + by () (5.14)

but more generally we can only solve this condition once we have fixed f(y).
Let us proceed with the conditions from the Bianchi identities. We must fix the second
primitive two-form H® which we take to be

HLD = 25439 (11) (5 1y, (5.15)
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then the Bianchi identity for the R-R 2-form implies the four conditions

d5 (9(@)0,e2 A=) = fods (g(@)e W TOA), (5.16)

d4d4( (Z)eA™ ¢’)+2f0f( )Tk =0, (5.17)

(da (" #RED (@9)) 0 ()5 (9(D)e ") ) Ava = = ot () AT (5.18)
1) (da (9(@)eA = 1-2) +d5 (9(F)e ") D) = =49,k (@,y) +4 (9) b (7)) v
(5.19)

The first condition is satisfied immediately after using the condition for the Romans mass
n (5.12). The non-primitive part of the second condition implies the scalar condition

O (9(@e ™) +4f0f'(y) = 0. (5.20)

This is a necessary, but not sufficient condition since we must also enforce that the
primitive part of the first term vanishes. For f’(y) = 0 we see that we require a Laplacian
Eigenfunction, but since the only Eigenfunctions on a Kéhler manifold are constant it
follows that the bracketed term is constant. We shall refrain from imposing any of these
restrictions for the moment and proceed with the remaining Bianchi identities.

For H we find the two conditions

0= (2/"(W) + 41 W)*) Jic + dadg(9()e* ") (5.21)
0= (£(y) +4f W W) S A Jx - [d4 (=MD @, y)) +ta(y)di (9(2)e ) | Ave.
(5.22)

In the massive case these are implied by the Bianchi identity conditions for go, but in the
massless case they are generically not.

Finally let us consider the Bianchi identity for the R-R 4-form. There are three
conditions, the first two are

[t () da (9 (@) e "T-%) +4, () D Ad§ (g (@) )] AT =0, (5.23)

(@) 21 )1 () e 4+ W W, (WAL ()| TS AT (5.24)
= [t () dag ()" = g (2 WD) (7, ) d (O70) [ A

whilst the final condition from the Bianchi identity gives the 4-form equation

—4f(y) _ 1 _ = 2 —
o:eg(T)Qay( (20 (4) +0y (5A-®)) ) 3 i A+ [P (D (F,)) 1 (y)29(2)2 o Ao
—e 0 dydf (g(7) 1P A+ 28] (1) (@) e P EAL ATk
—4f(y)

e (d4PK/\d4PK+2d4PKAd4d4logg( 7)+dad$ log g(7) AdadS log (7 )) (5.25)
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We may rewrite this as a scalar equation:
1
Ox Ry — iR%( + R™ Ry 4 20k Ok log g(£) + 2ROk log (%) — 4R™V,,,V,, log g(%)

— 2(0k log (7)) + 2V V" log ¢(T) (VmVn log g(¥) — 1,,"VVlog g(f)fsm) (5.26)

5 _ 2674]0(:[/) _
= 8m?eH W [Qtll(y)zg(w)eA *IZP + Way (6 4Af’(y)>

[ (100 )+ 120 ]

Above we have presented results for a general Kéhler base with a generic one-form ¥ and its
closed primitive two-form field-strength 2. We now want to solve the conditions explicitly
whilst keeping the generality of our ansatz by not inserting any particular Kéhler metric.
A useful restriction is to consider four-dimensional toric metrics, this preempts our later
discussion. For four-dimensional toric metrics the one-form X is dj-closed, in fact it can be
written as djs for some function s. In addition we can introduce symplectic coordinates.
This allows us to split the form equations depending on the number of legs along the torus
coordinates of the toric action. For example Y has legs only along the angular coordinates
and none along the non-angular coordinates. In addition, note that since v, is primitive it
is anti-self-dual and therefore vy A vy # 0.

5.1 Massive GK geometries

In the previous section we have further reduced the conditions for a solution to exist with a
warped Kéhler metric. In this section we will solve these conditions explicitly, focussing
first on the massive case. From (5.18) we see that necessarily

da(e? AR (@,y)) =0, (5.27)
whilst (5.19) implies
Oh D (7, y) +4f () D (@) =0, () d§ (9(@e ) AT =0 (5.28)
From (5.18) we also have
t1(y)d§ (g(2)e? ™) Ava = foti(y)E A Ik, (5.29)
and combining with the previous condition we find that we should impose the two conditions
B =0,  di(g(@e)=0. (5.30)

From (5.17) it then follows that f’(y) = 0 and therefore we have
A=) — ofoy + (). (5.31)

It follows from (5.30) that dyc(Z) = d4g(Z) = 0 and the only non-trivial remaining conditions
fix KD (£, y) to be constant. It remains to solve the final scalar constraint in (5.26). The
condition reduces to

2
Ok Ri — AR% + R™ Ry = —8m2e™ {(2 foy +b1) > (D) + t%gﬂ . (5.32)
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First note that the left-hand side is the same master equation components that govern GK
geometries [9], whilst the right-hand side acts as a flux source term. Since the left-hand
side is independent of y it follows that we must set A(1b1) = 0.

The final solution is

1
ds? = e*4|ds?(AdSs3) + 1

13 (A0 + Pe)* + (dp + 11 2)* + e? 54 (eq)*f‘aly2 + ds2(M4))]

(5.33)

where

_ R _ (2foy + ¢)*/*V/R
4A K /57 1 . 29 0 K
(&4 = — 2 + C’ [ = 5 534
8m? foy 21/2m ( )
where the metric on My is Kéhler and satisfies the master equation
Ok Rk — $R% + R™ Ry, = 8m*t1|dS|* . (5.35)

The solution is supported by the magnetic fluxes

H=0, fo, fo=0,

1 1
fi=t1Dp Ady Ao+ m((dw + Pic) NdPx = 5 %4 dRK) Ady, (5.36)
1
fo = ——=(dy+ Pxg) NDp A J A dPg .
4m?

We have presented a general class of solution above determined by solving the master
equation, (5.35), for a four-dimensional Kéhler base. Note that there is a large similarity
between the geometry here and the so-called GK geometries [9] that appear in AdS3 solutions
of Type IIB [7] and AdS; solutions of 11d supergravity [8]. One of the advances made in
investigating these solutions is the construction of an extremal problem that determines
the central charge (IIB)/free energy (11d) of the solution using just the topology of the
manifold and without the need for an explicit metric, see [6]. Given the close connection we
can also define an extremal problem for our setup, and the first in massive Type TIA.

5.2 The extremal problem

In the remainder of this section we will set t7 = 0. To put the solution into a more amenable
parametrisation for the extremal problem we first perform a few redefinitions. First define
a new length scale L = m™! and redefine

A~

As2(AdSy) = L2ds(AdSy)"™ | ds*(My) = Lds*(B)). o= Lo, fo="0,
—c+ hg(9)? ) A
y=1 =S80 ) = Fog e, (5.37)
2fo
It is also useful to define R )
eB:gB, nzi(dw+P), (5.38)
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with Rp the (dimensionless) Ricci scalar of the base metric By. With these redefinitions
the metric becomes

_BJ2
hs(9)
We have dropped the subscript “K” on the 1-form P, and all forms will be the defined on

B4 henceforth. Recall that dP = p with p the Ricci-form of B4. The metric is then in a
form similar to GK geometries, and satisfies the same master equation, this time in four

L72ds? =

ds?(AdS3)"™ " + 2 + dp? + P (ds(By) + hg(gy)d@f)] . (5.39)

dimensions. The 1-form 7 is the 1-form dual to R-symmetry Killing vector 9, = £ and in
keeping with the notation in [6] we call this the R-symmetry vector. We define Y5 to be the
manifold consisting of the U(1) R-symmetry direction fibered over the base B4. This is the
five-dimensional version of a GK geometry.

We can identify the linear function hg(g) as the warp factor of D8-branes which are
arrayed at fixed points along the ¢ line interval and wrap the remaining directions. After
the redefinitions the non-trivial dilaton and magnetic fluxes take the form

e 2% = hg(g)%%eB/?, (5.40)
L fo = 93hs() , (5.41)
L3f = hBQ@) nAp— % 4 dR) Adj, (5.42)
L_5f6——%77/\p/\J/\d¢. (5.43)

For the solution to be well-defined it remains to fix the period of § and quantise the
fluxes correctly. Supersymmetry and the equations of motion impose that hg(7) is a linear
function with first derivative the Romans mass. The function hg(§) must be continuous but
need only be piecewise smooth, in particular we may allow for jumps in the Romans mass
in different patches of the line interval, let there be p such jumps. Note that we require
p > 1 for the space to close, if there is no jump the space is non-compact. We can then
bound the line interval between two zeroes of hg(§). Without loss of generality we may
take the smaller root to be at 0 and the second to be at some strictly positive root §,1
which caps the space. At the two end-points the degeneration of the metric shows that the
space is capped off by O8-planes.

The most general hg one may construct is”

~(0) ~ N ~
ﬁ)y 0<9<%1,
R 27l AZ-' . ) R .
hs(9) = 7 g — g+ 9 <§< G, (5.44)
fép)(?} - Qp) + clp) Ap <gy< Ap+1 )

9We include an overall factor depending on the string length for later.
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subject to the continuity conditions

£ (i1 — 91) + @ = D (5.45)
fép) (pr1 — Dp) + P —q. (5.46)

Note that this defines the ¢ iteratively as

i s k) /~ N
D =371 (rer — ) (5.47)
k=0
and a constraint on 41,
P
(k) (A "
0= B G —n) - (5.48)
k=0

In addition we require that hg(f) defines a convex curve, this implies
O S 0Dy (5.49)

and guarantees that only D8-branes appear in the bulk as opposed to O8-planes. There are
2p + 1 free parameters, the p + 1 constants féi) and the p locations of a jump y;, 1 < i < p.
The final end-point is fixed by the choice of this data. In addition as we will see soon this
data is further constrained by flux quantisation.

We now want to rephrase the problem of computing the central charge and performing
flux quantisation as an extremal problem following [6]. Note that the geometry Y5 considered
here is precisely the n = 2 version of the theory considered in [6, 9]. Our solution is
determined by a 2p + 1-dimensional charge vector containing the D8-brane information,
the féi) and ¢; parameters, and a base Y5 which is of GK type [9] for n = 2. As such the
extremal problem will make use of existing results in the literature, in particular in [6]
and the followups [10, 12-17, 78]. For clarity we will review these results repurposed to
our problem.

We first fix the complex cone C'(Y5) and endow it with a nowhere-zero closed holomorphic
three-form and holomorphic U(1)® action. We pick a basis of the U(1)® action where the
holomorphic volume form has charge 2 under the first basis vector and is uncharged under
the remaining s — 1 vectors. The R-symmetry vector may then be written as

= b0y, . (5.50)
I=1

The vector b = (b1, be, bs) parametrises the choice of R-symmetry vector, and is subject to
b1 = 2 which should be imposed at the end. We may define the 5d supersymmetric action

SSUsy[f, J] :/ nApAJ, (5.51)

Y5
which is a functional of the choice of R-symmetry and Kéahler metric. Note that it depends
only on the cohomology class and not the explicit representative. The master equation (5.35)
(with ¢; = 0) may be integrated to obtain

Y5
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which is a necessary condition for the equations of motion to be solved. With the above
constraint and the assumption that the cohomology condition

H*(Ys,R) ~ Hg, (F¢)/p], (5.53)

holds true, where F¢ is the transverse foliation of the R-symmetry vector, we may define a
consistent quantisation of the fluxes.
The quantisation condition for the magnetic fluxes is

1 1
2rlsfo=n€Z, 7/ =My, €2, —— =Nj€Z, 5.54
T Sfo n (27T,€s)3 o.ayi f4 a,? (27'('£s)5 EA f6 A ( )
with o, ; all four-cycles and ¥ 4 all six-cycles in the geometry. The quantisation condition

for the Romans mass implies ‘
ez, (5.55)

justifying our choice of normalisation earlier. For the magnetic 6-form flux there is a single
relevant six-cycle consisting of Y5 and the U(1) direction parametrised by ¢. Let ¢ have
period 2mlsl,/L, then the quantisation condition reads

L4,

S 5

where we have dropped a total derivative term. This should be understood as the number of
D2-branes in the geometry probed by the cone over Y5 and smeared along the circle. We will
turn to evaluating this integral using the results in [6] shortly. The final flux quantisation
condition we must consider is the quantisation of the magnetic 4-form flux. The relevant
four-cycles in the geometry consist of the union of line-segments with three-cycles in Ys:

Oa,i = Ui, Yit1] X Ga, (5.57)

with 6, giving a basis of three-cycles in Y5. In total there are (p + 1) x b3(Y5) such cycles
to consider. The quantisation condition becomes

L L[y ovdil = M. e 5.58
{2(27r€5)2/§an/\p]x{27753/gi 3(9) y}_ ai € &, (5.58)

where we have split the terms suggestively. The first integral may again be computed using

the toric formulae in [6] as we will explain shortly. The second may be integrated to give:
L Dit1 1 ) )
= Ndit = = (01 — 0:) (0T L o0
ey ), P8 = 50— (D )
1

‘ i-1
5(@1'“ — i) [fé” (Divr — D) +2 ) AP @rr — 90 (5.59)
k=0

To satisfy this quantisation condition let us define

L2

CTCTONT /&an/\p:Ma, (5.60)
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and

L Dit1 o
ﬂ hg(9)dy = n; , (5.61)

so that
Maﬂ' =Mn; € Z. (562)

The simplest possibility to satisfy the condition is to take both M, and n; integer, however
we may take the more general choice of fixing M, € Z and

n; € Z/ged(M,) . (5.63)

We see that imposing flux quantisation splits into a part dependent on the geometry of Y;
and a second part dependent only on the D8-brane parameters. We then need to use the
results in [6, 17] to evaluate the following integrals for flux quantisation

LA,
2(2mls )

—_— M, eZ. .
27r€ / nAp= € (5.65)

77/\,0/\J NeZ, (5.64)

Next observe that the central charge of the solution can be obtained by using the
Brown-Henneaux formula [80] giving

4872 L8 gl . N
= 2t hg(y)eB§77/\J2/\dg0/\dy
S 7
1272 L8

where in the last line we have used the properties of the Ricci-form. In terms of the
supersymmetric 5d action this is

1272 L71,

= 2rt)t SSUSY/hs (5.67)

Strictly this is off-shell expression for the central charge as we have not satisfied the equations
of motion yet.

Once the constraint equation (5.52) and flux quantisation have been imposed we can
then extremise the supersymmetric action Sgygy over the choice of R-symmetry vector and
Kahler parameters. The central charge is then

_ 12#%L71, le g

hg(9)dy . .
on—shell/ y Y (5 68)

Using the flux quantisation we may rewrite this as

482N M, &

c= Z (5.69)

I E=
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where we picked a particular flux number M;. Note the similarity with the expression
in [6]. The presence of the D8-branes lead to a deformation of the central charge by the n;
dependent piece. One must still impose that the flux parameters M, are related as

M, Y

— . 5.70
Maz1 [s,mAp (5.70)

We now want to evaluate the final integrals for flux quantisation. We may directly use
the expressions in [6] if we assume that Y5 is toric or the more elegant expressions using
the master volume in [17]. This was later extended to toric manifolds fibered over a Kéhler
base in [13] and one could in principle use their results for an S fibered over a general
Riemann surface or an S! over a 4d Kéhler base.' Rather than presenting these more
complicated cases we will present the simpler case when Y5 is toric for completeness.

If Y is toric it means we have a holomorphic U(1)® action. This defines a set of vectors
Vg, @ = 1,...,d which are inward pointing normals to the facets of the polyhedral cone
and define the geometry. We refer the reader to [79] for a more detailed exposition of toric
geometry. One can define the master volume

1
VY= “nAJNJ. (5.71)
vy 2

The Kéhler form may be expanded in a basis C, of basic representatives of H %4 (Fe),
see [17, 79], where the two-forms C, are Poincaré dual to the restriction of toric divisors of
the cone C(Y3), as

[J] = —2r zdj AaCla - (5.72)
a=1

Only d — 3 of the C, are independent [79], and thus only d — 3 of the Kéhler parameters A,
will appear in the expressions. The Ricci form can be expanded similarly as

p=2mY Cq. (5.73)

The master volume of Y5 can then be determined in terms of the toric data as

a—1 (1_];17 z_fa—l-ly b) - )\a (Ua—la Ua—i—la b) + )\a—l—l (17a—17 17117 b)
(7711—17 17a7 b) (77(17 77@—}—17 b)

v (5, /\a,ﬁa) - (22)3 zd: /\a)\
a=1

(5.74)

10Strictly these should be free of orbifold singularities.
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It then follows that the integrals we needed for flux quantisation and the constraint equation
may be determined in terms of the master volume as

/?7/\,0/\,0* Z (9)\ a)\b (5.75)
oV
ApAJ=— : 5.76
/st p ;ma (5.76)
1 & 92y
Ap=—S 27| 5.77
s TP 27rb§axaaxb (5.77)

With the above expressions we may perform the quantisation of the fluxes, extremise
the action and obtain the central charge. First we determine the constraint. Note that
since the master volume is quadratic in A, the constraint

d 2
9%y
%::1 o 0, (5.78)

is independent of A and must be solved for bs (or b2). We can solve for the flux parameter
N in terms of one of the A,

2 (2mls)
N = I, Z (5.79)

Next the fluxes M, are given by

2 (2ml,)? LY
M, = .
e Z Dy (580)
and are independent of the A,. We must now impose that
d 2 d 92y
oy
M 5.81
! bz::l MOy EZ: ENTOY (5:81)

for all a. This imposes b3(Y5) — 1 constraints for a single free variable. If b3(Ys) = 1 we
retain the free variable by which is fixed by extremising the trial central charge

SNM p
D6m" N M, S i, (5.82)

c= Z —d 92V
b=1 3)\18)\17 =0

over the remaining parameter by.'! If b3(Y5) = 2 then we may use (5.81) to fix b in terms
of the flux parameters, and then there is nothing left to extremise. For b3(Y5) > 2 not
only is there nothing to extremise and by is fixed in terms of the fluxes once again but the
fluxes M, also satisfy a non-trivial constraint. This agrees with the analysis in [6] of 7d GK
geometries with a 72 factor.

1This is independent of the X’s again.
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Brane | R C(Ys) u(l) | I
| ¢
D2 X | X|o|o| o| o | o e — X
D4 X | X|=|=|—=1]—=|x]X
D8 X | X | X | X | X | X|X|X X °

Table 1. The brane configuration arising from our setup. The D2-branes are located at the tip
of the cone over Y5, smeared over the circle and lie along the line interval. The D4-branes wrap a
two-cycle in Y5, denoted by C' in the table, along with the circle and are located at the special points
of the line interval. Finally the D8-branes are located at the distinguished points of the line interval.

Brane construction

The gravity solution suggests the brane realisation given in table 1. This consists of a
stack of N D2-branes probed by the cone over Y, with flavour D4 and D8-branes located at
the distinguished points along the line interval. One should think of this brane construction
as giving rise to a quiver field theory consisting of subquivers joined together and flavoured
by D8-branes. Each subquiver is given by the field theory living on a stack of N D2-branes
probed by C(Y5), smeared along a circle and wrapping a finite length line interval. It would
be interesting to construct such a dual field theory in the future.

Another interesting point to highlight is the connection of these geometries to the
F-theory ones discussed in [11, 43, 44] and for which an extremal problem was derived
in [10] by making use of M/F-duality. Dualising along the U(1) to Type IIB the D8-branes
become 7-branes and the Romans mass becomes a non-trivial axion. The metric is then of
the class discussed in section 4.2.2 of [11] and should give a local description of the base of
an elliptically fibered K3 surface or equivalently locally is the hyper-Kahler manifold

1
ds? (HK) = hs (§) (dy? + da} + da3 ) + el (dp + By () w1ds)? . (5.83)
8

It would be interesting to map the extremal problem here into the one considered in [10].

6 Geometric conditions for arbitrary extended chiral supersymmetry

In this section we give necessary and sufficient conditions for AdSs solutions of Type II
supergravity to preserve arbitrary extended chiral supersymmetry — i.e. N’ = (n,0) for
2 < n < 8 (The case of N' = (8,0) is maximal [81]). As we shall see, these conditions are
actually implied by the N' = (2,0) conditions of section 2.

A solution preserving N' = (n,0) supersymmetry must support two n-tuplets of
Majorana spinors on My, X{,Q for I =1,2,...,n. In terms of these one can define §(n — 1)
independent N = 2 sub-sectors, the same number of independent components as a dim(n)
anti-symmetric matrix. Each of these sub-sectors must obey the conditions of section 2 for
potentially differing (£, &, ¢, W.). However, by exploiting constant GL(n,R) transformations
of X{,Q one can take them to obey

I I I I —
g +xdxd =241 XD = xATxd = ce 461 (6.1)
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without loss of generality — so that they share the same c. In terms of these one can define
the real 1-form valued n x n anti-symmetric matrices

& = =i (xlvaxd T xbvexd) e €7 = —i (xdraxd £ x37ax3 ) o, (6.2)

where the vectors dual to the components of £/ are all Killing vectors with respect to the
entire solution under which X{,Q are charged. The necessary and sufficient conditions for

N = (n,0) supersymmetry can then be expressed covariantly as

det = ters H e*hg = —me, (6.3a)
A—oq(IN\ _ - € c1J
dy (e*~ ") = SATL S (6.3b)
1
du (62’4*4’\115(”)) F 2meA*‘I’\11$J> = ge?’A *7 Afudt? (6.3c)
—oglla _ L o
dir (=) = = (€ A tigrs) £ (6.3d)

sa—o gl _ o 3a—o, olJ] Lz 34
dy (247 WT) = 534 ngul] iﬁ(f A g ) € A
(6.3¢)

(IJ) _ Loy 1 4 &
(\II¢ ,ij>7 = $25 (m—l— 1€ ch()) e “vol (My) , (6.3f)

which we should stress contain many redundant expressions. What considering the % (n —1)
independent N = (2, 0) sub-sectors does not tell us however is the following

1. How many of the §(n — 1) Killing vectors dual to ¢!V are independent.
2. How X{,Z transform under every component of ¢/,

To be clear we do know how the Killing vector associated to each N' = (2,0) sub-sector
acts on the spinors that make up that sector — what we don’t know is how they act on
the remaining spinors of the n-tuplet. If we were considering for instance AdSy solutions
with extended supersymmetry, which have superconformal group OSp(n|4) and spinors
transforming in the n of the SO(n) R-symmetry, it would be clear that £/ should contain all
5(n—1) independent SO(n) Killing vectors (and possibly some additional flavour isometries).
The structure of the chiral superconformal algebras for AdS3 with extended supersymmetry
is however more rich than the higher dimensional cases [82]. There exists the analogous
possibility of OSp(n|2) with spinors in the fundamental of the SO(n) R-symmetry, however
there are several other options. Several of these have R-symmetry groups of dimension less
than % (n —1), for small V' = (4,0) for instance it is SU(2). The algebras that are consistent
with AdSs solutions (the simple Lie super-algebras) can be classified in terms of the Lie
algebra of their R-symmetry g and a corresponding representation py [83], which X{,Q should
transform in under g. There should thus exist a real basis of g, T{ for a = 1,...,dim(g), in
the representation pg such that

EKgX{,Q = (T;)IJsz ) (6.4)
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where K are the Killing vectors of g. This leads us to make the mild conjecture that the
different possibilities for super-conformal algebras can be distinguished by decomposing

1J
¢ = —8mc"K§ (T;) + &7, ££éJXf2 =0, (6.5)

where &}/ are some additional flavour (or uncharged) isometries in M7 that we cannot
exclude the possibility of. Here ¢® are a set of constants one needs to keep arbitrary for
consistency with large ' = (4,0) which depends on a continuous parameter — we expect
cq = 1 in all other cases. Note we are assuming conventions where

%5@5 o [Ke KL = kg, (6.6)

b b b
T 1| = e, T (Ty18) = -
which is the reason for the —8m in the first expression in (6.5). We have explicitly checked
this proposal for the classes of small N' = (4,0) solutions in [38] and [59], the large N" = (4,0)
solutions in [36] and the N = (3,0) solutions in [37]. In these cases one finds &7/ = 0,
though we are aware of some examples for which this is not the case (see the discussion

about a priori isometries in [59]).
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A AdSj; spinors and bi-linears

In this appendix we will give some details on the spinors and bi-linears of AdSs, which
supplements the following appendix.

AdSs3 is a maximally symmetric space with global SO(2,2) = SL(2)4 xSL(2)_ symmetry
and Ricci tensor Ricci(AdS;3) = —2m2g(AdSs3). It comes equipped with Killing spinors
charged under SL(2)+ defined through the Killing spinor equation
m
57

Vil == >

B¢y, (A1)

where in this work we will be interested in solution preserving SL(2); specifically. A
particular parameterisation of AdSs is given by the vielbein

eV = e™dt, el = e™dx, e? = dr, (A.2)
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and in terms of this, one can show that (; decomposes to two independent components as

G=all +e®,  (F= (eo) R ( m“j@“j L (A3)

where c¢1, ¢y are constants, (¥ is the Poincaré (or spacetime) supercharge and ¢¢ is the

conformal supercharge — together realising N' = (1, 0) superconformal symmetry. Note we

have taken ’y,(f)’) = (io2,01,03), here. In terms of these one can define the SL(2) doublet

.
¢ = (gc) , (A.4)

which gives rise to a matrix of bi-linears of the form

- 1 vi A (1 —u) 1+u— tv; A vy — vol(AdS3)
o7 _ 1 1 2712 3 A5
¢ ec 2(—1+u—%v1/\v2—l—vol(Ad83) va A (1 +u) (4.5)

where in terms of (A.2) the various 1-forms that appear here are

vy = 2™ (dt —dx) , vy = m2(t+x)vy +2m(t+z)dr +dt + dz u=dr+m(t+x)v;.
(A.6)
These obey the following simple identities

dvy = =2mviAu, dvg =2muaAu, du=—mviAva, viAvaAu = 2vol(AdSs), (A.7)

which imply that d(¢f @¢7) = 2m(¢f @ (7)o and (L @ (7 Avol(AdS3) = —(¢f ®¢7)3. Further
one can show that these 1-forms obey the following conditions under the Lie derivative and

interior product

1 1
Vip(ui)yy =0,  Lyuj =2mfijruy, u; = (5(711 + v2), 5(1)1 —v2),u);,

(v1,v1) = (v2,v2) = (v1,u) = (vo,u) =0, (v1,v9) = =2, (u,uy =1. (A.8)

where f;;;, are the structure constants of SL(2), i.e. the Lie alebra of SL(2) is spanned by
7; = 1(io2, 01, 03); which are such that [r;, 7;] = fijx7%. We thus have that ((v1)“9), (v2) 9,
are null Killing vectors, (u1)"d, is a space-like Killing vector and ((¢! ® ¢7)1)#0, is a
symmetric matrix containing the three independent Killing vectors of SL(2). It also
follows that

L<§I®@)1V01 (AdS3) = — (CI ® 5‘])2 . (A.9)

For the following appendix it will be useful to decompose (A.5) as
= 1
'@ ¢! =5 (0790 + (@) i) + (o) @) . (A10)

where everything here is real and 4 = (I, 01, ic9, 03)? is such that (X4)17/(£B)17 = 2648,
Then defining a time-like Killing vector k#d,, through its dual 1-form as

1
k=u = 5(’[)1—!—1)2), (A.ll)
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one has that

L (v + i) =0, Lo (v +ip®) = 2mi (9O +ip®) |
w (0@ + @) =i (0 + i) u (00 +ip®) =i (v +in?)
kA (0@ +ip®) =i (0 +iyf?) EA (0 +ip®) =i +ivd?), (A12)

i.e. %2 are singlets under vH0,, while 13 are charged. These expressions will be important
for identifying the 7d bi-linears charged under the U(1) R-symmetry in the following
appendix. Note that we also have

Li¢t=me’¢7, (A.13)

providing a map between the two supercharges contained in (7.

B Detailed derivation of geometric conditions for N = (2,0) AdS;

In this appendix we will give a detailed derivation of the necessary and sufficient conditions
for an AdS3 solution of Type II supergravity to preserve N = (2,0) supersymmetry; we will
make use of an existing classification for totally generic Type II solutions [84].

A solution of Type II supergravity preserving SO(2,2) in terms of an AdS3 factor can
in general be written in the form

ds? = e2Ads?(AdS3)+ds*(My), HIY = 34hvol(AdSs)+H
F = fy+e3vol(AdS3) Ax7A(f),

where €24, H, f+ and the dilaton ® have support on M7 alone and e34hg is a constant. Here
f+ = fo+ fo+ f1+ fe should be taken in ITA and f_ = f1 + f35 + f5 + f7 should be taken
in IIB; this convention for upper/lower signs will be used throughout. For such a solution
to preserve N = (2,0) supersymmetry its d = 10 Majorana-Weyl Killing spinors should
decompose as

2 2
a=» (el ox, e= e6zex, (B.1)
I=1 I=1

where ¢! are a doublet of SL(2), Killing spinors on AdS3 that are Majorana, X{72 are
independent doublets of Majorana spinors on M7 and 6. are the auxiliary vectors one
always needs when decomposing an even-dimensional space in terms of two odd ones; they
parameterise the d = 10 chirality indicated by +. The astute reader will note that by
identifying ¢! appearing in (B.1) with the SL(2) doublet of the previous section we are only
manifestly preserving two real supercharges, where as N' = (2,0) superconformal symmetry
preserves four. The resolution to this naive paradox is that (A.13) ensures that there are
another two supercharges any solution consistent with (B.1) must also be consistent with,
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i.e. €12 as defined above, but for ¢! — !¢/ (that is unless m = 0 sending AdSz —Minks).
We shall take the d = 10 gamma matrices to decompose as

Fp, — GA%(?) ® 03 X ]IS ’ Fa = ]I2 K01 & Ya » (B2)
where 'yf;’) are the real Cliff(1,2) gamma matrices of the previous appendix and ~, are a set
of gamma matrices on M7 such that iy1934567 = 1. The chirality matrix and intertwiner
defining Majorana conjugation can then be taken to be

=-Loel, B0 =L, ®o30 B, By,B~'=—4', BB*=1. (B.3)

Then given that we must have €f 5, = B(IO)ETQ = €1,2 we can without loss of generality take
¢! to be the real doublet of AdS3 spinors in the previous appendix and

@:§<;>. (B.4)

From this point we begin to make use of [84] which give necessary and sufficient geometric
conditions for supersymmetry of any Type II solution, the fundamental objects are the
following bi-linears in ten dimensions

1 ~ 1
K= a(glqu +€2FM€2)dXM , K= 674(€1FM€1 - EQFMEQ)dXM , \I’(wd) =€1Q€y.
(B.5)

The first necessary condition we consider is that KM 9y, is a Killing vector under which
both the bosonic supergravity fields and U109 are singlets. Given our ansatz we find

K= 3% (e (CI®C_J)1 (D +xaxg)—¢), K= % (e (CI®5J)1 (e =x3'x3) -€)
(B.6)
for the real d = 7 one-forms

¢=—i(dd Fed) e, €= =i (xhraxd £ xdrad) e, (B.7)

where e is a vielbein on M7. Imposing V(, Kn) = Lxk® = LxF = L H0D) = 0 and
making use of the fact that (¢! ® ¢/)1is a matrix containing 1-forms dual to Killing vectors
on AdSs, we find the d = 7 conditions

V(a&b) = 07 ﬁgA = Eg‘b = Eﬁf:l: = [’SH = O7

de* ((d" + ")) = o, (B.8)

necessary follow — i.e. £%0, is a Killing vector with respect to all bosonic supergravity
fields and

I I Al
xiod + e = etel? (B.9)
for cfr‘] a symmetric (this follows because X{,Z are Majorana) constant matrix such that

e, ¢?2 > 0. The next necessary condition we consider is dK = ¢ H10

to the d = 7 conditions

which gives rise

dé = el , X{Tx‘{ — ngxg = e A o2mel’ = —cfrJe?’Ahg, (B.10)

— 36 —



J

for ¢!/ another symmetric constant matrix. We can now use a constant GL(2,R) of X{,Q

(which can be absorbed with a corresponding inverse transformation of ¢ in (B.1)) to fix
k7l =281 c=¢c = e*Ahy = —me, (B.11)
without loss of generality. This refines (B.6) as

K= % (262Ak —5) . K= 3% (ck —5) , (B.12)

for k#0,, the time-like Killing vector on AdS3 defined in the previous appendix. Now we
turn our attention to the bi-linear W99 which must obey the necessary condition

(@ BODA) (7PwD) = — (R A 4ok ) F. (B.13)
We find that the objects appearing here decompose as
o (10d) _ (CI ® 5J>0 (@U])i - (CI ® C—J)B A (63A\I][IJ}>

+ (T @) A (A) F (Ted) A (eA\I/(U))jF (B.14)

:F

(Rt P = gt (0), (€ 40) 14 (¢ 0 €0, (Envg) w2

T S G YR T YA

where we define the d = 7 matrix bi-linear
\IJIsz{®X2‘]T. (B.15)

Plugging this into (B.13) yields the d = 7 differential bi-linear constraints

A-dq(IN\ _ - € c1J

dy ("0 )_:Fm(s fe (B.16a)

1

dy (eQA_q)\I/iU)) F 2meA_¢\Il(3FIJ) = §€3A N A (B.16b)
—& g, 1] _iu g

di (e v )— 16 (f/\%—%) fe, (B.16¢)
3A-o g [IJ]\ _  3A-® 17/ e 34

dy (47 WT) = FeH4 =P ngul] T (En+i) 4w M, (B.16d)

where we note that the (11) and (22) components of (B.16a)—(B.16b) reproduce the
differential A" = (1,0) conditions presented in [58], as they should. The conditions derived
thus far are not sufficient for supersymmetry to hold, for that one must also solve the pairing
constraints, namely (3.1c)-(3.1d) of [84]. Generically these are the hardest conditions to deal
with, however in this case we can rely on earlier AdS3 work for N' = (1, 0) solutions [35, 44, 58]
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(respectively the original work, first to use these conventions and first to generalise to ¢ # 0)
which informs us that these conditions are implied by

1 1 _ _
(UL, f)r = (W2, f)7 =5 (o et ) e vol(M) (B.17)

however one can show that the difference of these conditions is actually implied by the trace
of (B.16b) — a similar outcome was found for A' = (1, 1) AdS3 and the steps to show this are
analogous (see appendix C of [58]). Further one can show that (\I/;1 ), f+)r = (\I/gf ), f+)7=0
allowing one to write the pairing constraints in a covariant fashion as

(U, f)r =587 (m+ e cho) e Pvol(My). (B.18)

where only the trace of this contains non-trivial information. We have now derived a
necessary and sufficient set of conditions for N' = (2,0) supersymmetry, these can however
be refined somewhat: it is well known that the N" = (2,0) AdS3 solutions come equipped with
a U(1) R-symmetry under which the spinors X{,Q should be charged — having established
that £°0, is necessarily a Killing vector, clearly it is this that should be identified with
that U(1). Indeed a consequence of supersymmetry is that Lxe;2 = 0, and since K is
spanned by k and ¢ with ¢! transforming non triviality under the former, clearly X{,Q must
transform under £9, for (B.1) to be consistent. We find

Lexio = —2mexi,, (B.19)

ie. X{Q are SO(2) doublets as expected. As the matrix bi-linear ¥/ is a tensor product of
SO(2) doublets it should decompose into irreducible representations of SO(2) as 2 ® 2 =
1@ 1@ 2, as such U/ should contain both singlet and doublet contributions. To see this it

is helpful to decompose

vl — e; (51J\I/(0) + U{Jq/(l) + Z-Uéjqj(Q) + a?{"\lf@)) ’ p(0.1,2.3) \I,(+0,1,2,3) + z’\I/(_O’l’2’3) ’

(B.20)
where \Ilf 123) are real. We mentioned before that ¥(109) should be a singlet with respect to
K, given that the AdSs bi-linears transform non-trivially under & as in (A.12), it follows that

L) =0 = L£00=£0@ =0, £(0W 4060 = —4im(vD 1+ 06)),

(B.21)
so it is only W(1:3) that are charged under the U(1) R-symmetry. Another useful condition
that follows when supersymmetry holds is that (tx + K /\)\Il(lod) = 0, which one can show
implies the following conditions on the d = 7 bi-linears

(e +én) (9 +i0) = gice™ (v +iw?) |

= ice* (W) +i0l?)) . (B.22)
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Additionally (K, K ) = 0 must hold, as K, K are proportional to the sum and difference of
2 null vectors, this implies

(€,6) = 2c. (B.23)

From these identities one can show that (B.16d) and the \Il(io ) dependent contribution
to (B.16a) are implied by the other conditions in general.

This concludes our derivation of the necessary and sufficient geometric conditions for
N = (2,0) AdS; solutions of Type II supergravity, we summarise our results and present
them in a compact fashion in section 2.

C SU(2)-structure and torsion classes in six dimensions

An SU(2)-structure in six dimensions is defined by a (1,0)-form z a real (1,1)-form j and
a (2,0)-form wy which obey the relations

) ) ) 1 _
Jo ANwe =0, 32/\]2:§w2/\w2, wo ANwg =0, (C.1)

with z orthogonal to jo and ws. As such an SU(2)-structure indicates an obvious decompo-
sition of the d = 6 metric as

ds?(Mg) = %zz+ds2(M4). (C.2)
There always exists a canonical frame (e!,e?, e, e*) of My such that

g = el ne?+ednet, wy = (el +ieP)A (3 +iet) = %jz/\jz =123 = yol(My), (C.3)
which makes clear that (j2, Rews, Imws) span the real self-dual 2-forms on My.

In the main text it will be useful to know the torsion classes for an SU(2)-structure in
six dimensions, these can be computed with group theory given that the torsion classes
should form irreducible representations of SU(2), here we will take a different approach and
exploit a canonical frame in d = 6.

The aim is to decompose the exterior derivatives of (z, jo,w2) in terms of objects with
useful properties under the wedge product and hodge dual — these will in fact turn out to be
irreducible representations of SU(2), but this fact is somewhat auxiliary to this usefulness.
The first step is to introduce some complex primitive (i.e. jo A T; = 0) (1,1)-forms T,
holomorphic 1-forms V; and complex functions S; (here 7 € N). In the canonical frame these

are expressed in a basis of the following
Vi: (el +ie2,e3+ie4) , T : (el ne? — ¢ /\e4,e1 Aed —FeQ/\e‘l,e1 net—e?ne?

(C.4)

It is then a simple matter to confirm that one can express generic n-forms on My XT(Z4) in a

basis of the forms introduced so far as

xXWov4v,, X5V = 81wy + Sowa+ S32 + T
X5 = (Va4 Vi) Ajo,  X{Y=Ssjansn. (C.5)
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Relevant to the torsion class are generic complex 2 and 3-forms on Mg, which can thus be
decomposed as

X = Sjwy + Sowy + Ssja + Ty + Saz AZ+ (Vi+ Vo) Az+ (Vs + Vi) AZ, (C.6)

XéG) = (V5 + V) Aja+ 2 A (Sswa + Sz + S7j2 + To) + Z A (Sswa + Sows + S10j2 + T3)
+ (Vi +Vs)AzAZ.

However, dj2, dws are not generic, they must also be consistent with the exterior derivatives
of (C.1) which forces some terms to be equal. We find in general that the torsion classes
take the form

dz = S1wo+Sowa+ S350 +T1+S4zANZ+2 AW +ZAWsy,

dwo = (V1 —I-VQ) Nj2+z N (Sswa+Sej2+To) +Z N (Stwa+Ssja+15) +i (ngwz) NzZNZ,
. . _ 1 1. 1. .
dja = VaNje+VaN2NZ+2/ <_258w2_2s6w2+2 (S5+S7) 32+T4> +c.c, (C.7)

where W, are simply complex 1-forms on M, that can each be expressed in terms of two
holomorphic 1-forms if we wish. Note this gives the correct counting 8 scalars, 8 holomorphic
1-forms and 4 primitive (1,1)-forms.

As promised, by making use of the canonical frame one can compute many nice identities
the SU(2)-structure forms and their torsion classes must obey — for instance

TiNjo=T; Nwy =V; ANwa =0,

1 1
x6Vi=gViNj2 Nz AZ ke (Vidj2) = 5Vinz Az,

) T . _ i _ 1 _
*6]2:§]2Az/\z, *ngziwg/\z/\z, *6 15 :—§Ti/\z/\z,

(LViWQ) A jJo = —in- N wa , (LViLUQ) N Wy = 41'72‘ A jJa, (CS)
which we make use of in the main text.
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