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1 Introduction

In our recent work [1], we have proposed a new semiclassical formalism to study four-
dimensional non-Abelian gauge theories by compactifying the theory on small R2 × T 2

including ’t Hooft flux. Our framework provides the weak-coupling description of confinement
and reproduces many qualitative features of strongly coupled confining vacua, and thus
it is reasonable to expect that its dynamics show adiabatic continuity to the strong
dynamics on R4.

Technically, the ’t Hooft flux lifts the classical moduli space of gauge holonomies on
T 2 completely [2], and the 0-form center symmetry is unbroken. As the T 2 size is much
smaller than the strong scale, the center-symmetric vacuum is stable under perturbative
corrections. On the other hand, the 1-form center symmetry is spontaneously broken at the
classical level, and we need to consider the nonperturbative corrections to restore it.

The center vortex [3–6] is the key player that dominates the leading nonperturbative
correction. In this T 2 compactified setup with ’t Hooft flux, center vortices are realized as the
BPS configuration having the fractional topological charge Q = ± 1

N , and its classical action
is given by S = SI

N , where SI = 8π2

g2 is the 4d instanton action [7–9]. The distinguishing
feature of the center vortex is its nontrivial mutual statistics with Wilson loops. We
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can show that the dilute-gas approximation of center vortices describes the confinement
for 1-form center symmetry, and this provides the first semiclassical computations of 4d
confining gauge theories based on center vortices.

In this paper, we generalize our earlier work to quantum chromodynamics (QCD)
with two-index representation fermions, e.g. symmetric or anti-symmetric representation,
and we denote them as QCD(Sym/ASym). QCD(ASym) provides an alternative large-N
limit of QCD because of the simple kinematic fact that fundamental and anti-symmetric
representations are the same for N = 3. Unlike the ’t Hooft large-N limit [10], quark
loops are not suppressed compared with gluon loops in QCD(ASym), and this feature
is similar to the large-N limit of QCD with Nf fundamental quarks with Nf/N fixed.
QCD(Sym/ASym) received much attention in the context of orientifold equivalence with
N = 1 supersymmetric Yang-Mills theory [11–13].

We examine the nonperturbative dynamics of Nf = 1 QCD(Sym/ASym) by using
compactification with magnetic flux. We shall demonstrate that the discrete chiral symmetry
is spontaneously broken completely, by performing the dilute gas approximation with center
vortices dressed with gapless fermions. By adding a soft mass deformation, we obtain the
multi-branch structure of the ground states as in the case of confining vacua of pure Yang-
Mills theory. A remarkable feature here is that even though the theta angle is fractionalized
as θ/N , the dilute gas of center vortices produces the correct N + 2 (and N − 2) vacua
and multi-branched structure once a soft mass term is added. As these theories are
non-supersymmetric, there have not been powerful techniques to study QCD(Sym/ASym)
directly (except with double-trace deformations on R3×S1 [14]), and thus our result provides
a novel insight into their dynamics and the validity of nonperturbative orientifold equivalence.

2 QCD with 2-index (anti-)symmetric representation

In this section, we discuss the dynamics of 1-flavor QCD(Sym) and QCD(ASym). Since the
analyses on these theories become almost parallel, we pay attention to QCD(Sym) first,
and then we briefly discuss the case of QCD(ASym) later.

2.1 Global symmetry and ’t Hooft anomaly of QCD(Sym)

We consider the 4d SU(N) gauge theory coupled to the Dirac fermion with 2-index symmetric
representation. This model is denoted as QCD(Sym), and we set N ≥ 3 in the following
discussion.1 The Lagrangian of QCD(Sym) is given by

S = 1
g2

∫
tr(f ∧ ?f) + iθ

8π2

∫
tr(f ∧ f) +

∫
ψγµDµψ, (2.1)

where f = da+ ia ∧ a is the SU(N) gauge field strength, and D = d + ia is the covariant
derivative. Since ψ belongs to the 2-index symmetric representation, the fermion kinetic

1For N = 2, the 2-index symmetric representation is nothing but the adjoint representation, which is a
real representation. For N ≥ 3, the representation is a complex representation. This causes the significant
difference on the global symmetry, so we only consider the case with N ≥ 3.
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term takes the following form:

ψγµDµψ = ψγµ (∂µ + sym(iaµ))ψ. (2.2)

The classical theory has the chiral symmetry, U(1)L ×U(1)R ' [U(1)V ×U(1)A]/Z2,
but its axial part is explicitly broken by the Adler-Bell-Jackiw (ABJ) anomaly. Under the
U(1)A transformation,

ψ 7→ eiαγ5ψ, ψ 7→ ψ eiαγ5 , (2.3)

the fermionic path-integral measure is changed as

DψDψ 7→ DψDψ exp
(

i 2α
8π2

∫
trsym(f ∧ f)

)
, (2.4)

where trsym denotes the trace operation over the 2-index symmetric representation. Using
the identity, trsym(T aT b) = (N + 2)tr(T aT b), we find that

DψDψ 7→ DψDψ exp
(

i2(N + 2)α
8π2

∫
tr(f ∧ f)

)
, (2.5)

and then the measure is invariant if α ∈ 2π
2(N+2)Z. Therefore, the axial symmetry U(1)A is

explicitly broken to its discrete subgroup,
(
Z2(N+2)

)
A.

We also need to care about the periodicity of the vector symmetry and its relation to
the 1-form symmetry. When the matter fields are absent, the model becomes the SU(N)
pure Yang-Mills theory, which enjoys the Z[1]

N symmetry, or the center symmetry. When
the 2-index fermion is introduced, the vector-like symmetry including the 1-form symmetry
is given by

GV =

U(1)/ZN
2
× Z[1]

2 (evenN),
U(1)/ZN (oddN).

(2.6)

For even N , Z[1]
2 ⊂ Z[1]

N survives as the global symmetry since the 2-index representation is
neutral, while for odd N , the 1-form symmetry is completely gone. This also indicates that
the part of the U(1)V transformation has an overlap with a part of the center subgroup of
the SU(N) gauge transformations, and the faithful U(1) symmetry group has the fractional
periodicity in terms of the quark language.

In order to discuss the ’t Hooft anomaly, let us introduce the background gauge field
for the vector-like symmetry GV and we shall check if the discrete chiral symmetry becomes
anomalous (For recent developments of ’t Hooft anomalies, see refs. [15–20]). Taking the
above expression for the symmetry structure naively, the structure of the background gauge
fields seems to depend on N mod 2. However, thanks to the subtle 2-group extension for
even N , the background gauge fields become almost identical to the case with those for
odd N . In order to see this, it is convenient to introduce the U(1) background gauge field
A first, and then the fermion kinetic term becomes

ψγµ(∂µ + i(sym(aµ) +Aµ))ψ. (2.7)
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This has the Z[1]
N symmetry as it is invariant under the following transformation,

a 7→ a+ 1
N
ε, A 7→ A− 2 1

N
ε, (2.8)

where 1
N ε is the flat ZN gauge field. Therefore, we can introduce the ZN 2-form gauge field,

which is realized as the U(1) 2-form gauge field with the constraint,

NB = dC, (2.9)

where C is the auxiliary U(1) gauge field. To have the coupling between (B,C) and
QCD(Sym), we use the trick that a is promoted to the U(N) gauge field ã given by [21]

ã = a+ 1
N
C1N . (2.10)

This should be understood as the local expression, and what it actually means is that the
path integral

∫
Dã is performed over the U(N) gauge fields with the constraint

tr(ã) = C. (2.11)

We postulate the U(1) 1-form gauge transformation,

B 7→ B + dλ, C 7→ C +Nλ, (2.12)

and thus
ã 7→ ã+ λ1N , A 7→ A− 2λ. (2.13)

All of these operations are valid for both even and odd N , and the background gauge fields
for GV are successfully coupled to QCD(Sym).

How can we see the difference of the symmetry group in the language of these background
gauge fields? To see this, we have to note that the gauge-invariant U(1) field strength is
given by

dA+ 2B, (2.14)

since A is transformed under the U(1) 1-form gauge transformation. Since B is quantized
in 1

N , this does not satisfy the proper Dirac quantization for U(1) gauge fields. If we denote
the corresponding U(1) gauge field with the proper Dirac quantization as AB, then its field
strength should be given by [22]

dAB =
{

N
2 (dA+ 2B) (evenN),
N(dA+ 2B) (oddN),

(2.15)

and we here encounter the distinction between even and odd N . The coefficient in front
on the right-hand-side discriminates that the minimal gauge-invariant baryonic operator is
given by ψ⊗(N/2) for even N while ψ⊗N for odd N . When N is a multiple of 4, the baryon
operator is bosonic, which corresponds to the fact that the fermion parity (−1)F is a part
of SU(N) gauge redundancy for N ∈ 4Z.
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Next, we discuss the ’t Hooft anomaly for QCD(Sym) at the massless point. Under the
presence of the GV gauge field, the index of the Dirac operator /D = γµ(∂µ+i(sym(ãµ)+Aµ))
is given by

Ind( /D) = 1
8π2

∫ (
trsym((f̃ −B)2) + dim(sym)(dA+ 2B)2

)
= 1

8π2

∫ (
(N + 2)tr((f̃ −B)2) + N(N + 1)

2 (dA+ 2B)2
)

(2.16)

= N + 2
8π2

∫
tr(f̃ ∧ f̃) + 1

8π2

∫ (
N(N + 1)

2 (dA)2 + 2(N + 1)dA ∧NB + (NB)2
)
.

Under the discrete axial transformation,(
Z2(N+2)

)
A : ψ 7→ e

2π
2(N+2) iγ5ψ, ψ 7→ ψ e

2π
2(N+2) iγ5 , (2.17)

the partition function with the background gauge fields, Z[A,B], acquires the overall phase
factor,

(
Z2(N+2)

)
A :Z[A,B] 7→ exp

( 2πi
(N + 2)Ind( /D)

)
Z[A,B]

= e
2πi

8π2(N+2)

∫ (
N(N+1)

2 (dA)2+2(N+1)dA∧NB+(NB)2
)
Z[A,B]. (2.18)

This is a special case of the baryon-color(-flavor) anomaly discussed in refs. [23, 24]. If
we assume that the low-lying states are described by color-singlet hadrons and that the
anomaly is matched by spontaneous breaking of the axial symmetry, we can conclude the
complete breakdown, (

Z2(N+2)
)

A
SSB−−→ Z2, (2.19)

and there have to be (N + 2) distinct vacua.

2.2 Semiclassical study of QCD(Sym) on small R2 × T 2 with magnetic flux

Having the knowledge on the ’t Hooft anomaly of QCD(Sym), we construct its anomaly-
preserving T 2 compactification and study its 2d effective field theory. This can be achieved
by introducing the magnetic flux along small T 2 following ref. [1], and it allows us to study
the dynamics of QCD(Sym) in a controllable semiclassical calculation. Therefore, we take
the 4d spacetime to be M × T 2, where M is a sufficiently large closed manifold and the size
of T 2 is set to be much smaller than the strong scale. We shall see that the semiclassical
computation predicts the complete spontaneous breakdown of the discrete chiral symmetry.

2.2.1 Tree-level analysis

We would like to keep the ’t Hooft anomaly as intact as possible under the T 2 compactifica-
tion [25–27]. One of the simplest possibilities for this purpose is to set

A = 0, B = 2π
N

dx3 ∧ dx4
L2 , (2.20)

where x3 ∼ x3 + L and x4 ∼ x4 + L.
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To make the connection with the conventional approach, let us write down the Dirac
equation and the boundary condition on T 2 explicitly. The boundary condition is denoted as

ψ(x3 + L, x4) = sym(g3(x4)†)e−iφ3(x4)ψ(x3, x4), (2.21)

ψ(x3, x4 + L) = sym(g4(x3)†)e−iφ4(x3)ψ(x3, x4). (2.22)

Since we have introduced the minimal ’t Hooft flux,
∫
T 2 B = 2π

N , the color transition
functions must satisfy,

g†3(L)g†4(0) = g†4(L)g†3(0)e
2π
N

i. (2.23)

Then, the uniqueness of the matter wavefunction requires that the U(1) transition functions
satisfy

exp
(
i
{
(φ4(L)− φ4(0))− (φ3(L)− φ3(0))

})
= exp

(
−4π
N

i
)
. (2.24)

The net U(1) gauge field is given by Ã = A+ 2
NC, and we choose the gauge so that

Ã = 4π
N

x3dx4
L2 . (2.25)

The U(1) transition functions are given by A(x3 + L, x4) = A(x3, x4) + dφ3(x4) and
A(x3, x4 + L) = A(x3, x4) + dφ4(x3), and we obtain

φ3(x4) = 4π
N

x4
L
, φ4(x3) = 0, (2.26)

and the transition functions satisfy the above constraint. For the SU(N) color transition
functions, we can perform the gauge transformation so that

g3(x4) = S, g4(x3) = C, (2.27)

where Cnm ∝ e2πin/Nδnm and Snm ∝ δn+1,m are the clock and shift matrices. This
gives a concrete realization of the background magnetic flux (2.20). With this choice of
the transition functions, the SU(N) gauge fields on T 2 obey the boundary conditions,
a(x3 +L, x4) = S†a(x3, x4)S and a(x3, x4 +L) = C†a(x3, x4)C, and we can specifically have
a = 0 as the classical minimum. Therefore, for the classical vacuum, the gauge holonomies
and the transition functions are identified, and we have

P3 = S, P4 = C. (2.28)

Since the SU(N) gauge group is Higgsed to ZN , there are no perturbatively gapless spectrum
in the gauge sector.

Next, we have to discuss the gapless modes of the fermionic fields. To solve it, we have
to solve the zero-mode Dirac equation,[

γ3∂3 + γ4

(
∂4 + i4π

N

x3
L2

)]
ψ(x3, x4) = 0, (2.29)
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with the above boundary condition. We introduce the 2d chirality operator in T 2 as iγ3γ4,
which satisfies (iγ3γ4)2 = 1. To find the number of zero modes, we can use the 2d index
theorem, which gives

Ind(DT 2) = dim(Rep)
∫
T 2

FU(1)
2π . (2.30)

In our case, dim(Rep) = N(N+1)
2 and

∫ F
2π = 2

N , so we have N + 1 flavors of 2d Dirac
fermions.2 We confirm this result in appendix B by solving the Dirac equation (2.29).

2.2.2 Perturbative analysis

We have (N + 1) flavors of 2d massless fermions, so we naively have U(N + 1)L×U(N + 1)R
chiral symmetry. However, this is absent in 4d, and thus most part of it should be
broken by higher-dimensional operators in the 2d effective theory. In 2d, four-fermion
operators are perturbatively marginal, and they can be marginally relevant. Therefore,
except U(1)A, the axial symmetries would be explicitly broken by integrating out massive
Kaluza-Klein (KK) modes.

Let us perform Abelian bosonizations, then we get N +1 compact bosons, φ1, . . . , φN+1.
The correspondence is given by

ψiLψ
i
R ∼ eiφi , (2.31)

and the tree-level effective action becomes

Stree =
N+1∑
i=1

∫
M

1
8π |dφi|

2. (2.32)

Since the U(1)A transformation corresponds to φi 7→ φi+ 2α, we can introduce the following
perturbation without breaking U(1)A:

∆S =
∫
M

d2x
∑
ij

Jij cos(φi − φj). (2.33)

This corresponds to the four-fermion vertices in the fermionic theory.
We note that the one-gluon exchange diagram

(2.34)

cannot produce ∆S, and they are generated by the loop diagrams. The tree-level 4d gluon
exchange can be decomposed into the 2d vector-boson exchange and the scalar exchange.
The exchange of 2d vector boson gives the vector-vector four-fermion coupling, which
modifies the kinetic term in the bosonic description instead of generating the potential

2For the fundamental representation, we have dim(Rep) = N and
∫

F
2π = 1

N
, and we get a single 2d

Dirac fermion. This reproduces the result of our previous analysis on QCD with fundamental quarks [1].
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term. Therefore, we need to consider the exchange of scalar P3, P4 to obtain ∆S, but it
turns out that3

ψγ3,4T
aψ = 0 (2.35)

when ψ is restricted to 2d massless fermions satisfying iγ3γ4 = 1. In other words, by
emitting gluons in the compactified directions, P3 or P4, the 2d fermion has to be excited to
non-zero KK mode. To have the scalar-scalar four-fermion vertex for 2d massless fermions,
we need to consider the loop diagrams, such as

, (2.36)

in which the internal fermion loop runs only over the non-zero KK tower. As a result, the
coupling Jij in ∆S is of the order of g(µ)4, where the renormalization scale should be set
as µ ∼ (NL)−1.

As the four-fermion terms (2.33) are consistent with the global symmetry, loop diagrams
can produce them. Instead of performing their explicit calculations, let us simply assume
that ∆S is generated and that its classical moduli is given by

φ1 = φ2 = · · · = φN+1. (2.37)

Under this assumption, ∆S gives the marginally relevant perturbation to Stree according to
the renormalization-group analysis of the Berezinskii-Kosterlitz-Thouless (BKT) transition.
Let us introduce the coordinate of the classical moduli,

φ ≡ φi, (2.38)

and then the effective action of the perturbative gapless mode is given by

Spert. =
∫
M

N + 1
8π |dφ|2. (2.39)

The zero mode φ cannot be lifted at any orders of the perturbation theory.

2.2.3 Reproducing ’t Hooft anomaly with the compact boson

This is the good moment to take a detour for checking how the anomaly (2.18) is realized
in the 2d effective theory. Let A2d and B2d be the 2d counterpart of background gauge
fields defined on M , then the background gauge fields on M × T 2 is given by

A = A2d, B = B2d + 2π
N

dx3 ∧ dx4
L2 . (2.40)

3To see this, let us take the specific basis γi =
(

0 iσi
−iσi 0

)
and γ4 =

(
0 1
1 0

)
. Then, the 2d chirality

operator of T 2 is given by iγ3γ4 =
(
−σ3 0

0 σ3

)
, and the 2d massless fermion should take the form ψ =

(0, ∗, ∗, 0)t to satisfy iγ3γ4 = 1. This shows explicitly that γ3,4ψ = (∗, 0, 0, ∗)t, which cannot be the zero
mode by the spinor structure.
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Substituting this expression, the 4d mixed ’t Hooft anomaly (2.18) becomes(
Z2(N+2)

)
A : Z[A2d, B2d] 7→ e

i
(N+2)

∫
{(N+1)dA2d+NB2d}Z[A2d, B2d], (2.41)

and this gives the ’t Hooft anomaly for 2d effective theory. The first term comes from the
perturbative axial anomaly, and the coefficient (N + 1) counts the number of 2d massless
Dirac fermions. To reproduce it with compact bosons, we introduce the coupling

N+1∑
i=1

i
2π

∫
M
φi ∧ (dA2d + 2B2d) = i(N + 1)

2π

∫
M
φ ∧ (dA2d + 2B2d). (2.42)

This is the standard topological coupling for the vector-like gauge fields in the bosonized
description, where the vector-like gauge field strength is made manifestly 1-form gauge
invariant. However, this does not reproduce the second term of the anomaly correctly and
we need an extra contribution. To see where it comes from, we should note that there
is the dynamical ZN gauge a′ with the gas of center-vortex defects: da′ can be nonzero
and

∫
Vc

da′ = 2π
N for the integration over the vortex core Vc. This should couple to the θ

parameter in the following standard form,

iθ
2π

∫
M

da′, (2.43)

but this does not respect the U(1)A spurious symmetry, θ → θ + 2(N + 2)α, φ→ φ+ 2α,
and da′ is not invariant under 1-form gauge transformation. These requirements fix the
form of couplings in a unique manner:

i
2π

∫
M

(θ − (N + 2)φ) ∧ (da′ +B2d). (2.44)

Combining (2.42) and (2.44), the discrete chiral transformation, φ→ φ+ 2π
N+2 , shifts the

local counter term as
i

N + 2

∫
((N + 1)(dA2d + 2B2d)− (N + 2)B2d) = i

N + 2

∫
((N + 1)dA2d +NB2d) ,

(2.45)
and this reproduces the ’t Hooft anomaly.

2.2.4 Center vortices and chiral symmetry breaking for QCD(Sym)

To go beyond the perturbation theory, we should perform the dilute gas approximation of
the semiclassical configuration. In the T 2 compactified setup with the ’t Hooft flux, the
BPS bound is given by the center vortex [7–9], which has the fractional topological charge
Qtop = 1

N and the nontrivial mutual statistics with Wilson loops.4 From the BPS bound,
the YM action is given by SI/N = 8π2

g2N . The center-vortex vertex is then given by

Ke−
SI
N e

i
N

(θ−(N+2)φ) ∼ (ΛL)3− 4
3N

L2 e
i
N

(θ−(N+2)φ), (2.46)

4This nontrivial mutual statistics is important to describe confinement using center vortices. For numerical
studies of center-vortex induced confinement of 4d gauge theories, see refs. [28–34], and for a visual guide,
see [35].
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where K denotes the fluctuation determinant. From the dimensional analysis, K ∼ 1/L2.
This corresponds to the fractionalization of Kobayashi-Maskawa-’t Hooft vertex [36–39].5

Accordingly, although the scalar field φ is introduced as the 2π-periodic field, this expression
of the center-vortex vertex does not respect its periodicity. We shall see that this problem
is resolved by considering the dilute gas of center vortices.

As the gluon sector is perturbatively gapped due to the ’t Hooft twisted boundary
condition, the center vortex has the fixed size, and the dilute gas approximation is reliable
without suffering from infrared divergence. Since the ’t Hooft twist is introduced only in
the x3-x4 direction, the total topological charge has to be an integer. The numbers of
center vortices and anti-vortices, n and n, must satisfy n− n ∈ NZ for consistency. The
summation over the dilute vortex gas gives

∑
n,n≥0

δn−n∈NZ
n!n!

(∫
d2xKe−

SI
N e

i
N

(θ−(N+2)φ)
)n (∫

d2xKe−
SI
N e−

i
N

(θ−(N+2)φ)
)n

=
N−1∑
`=0

exp
(∫

d2x 2Ke−
SI
N cos

((N + 2)φ+ 2π`− θ
N

))
, (2.47)

and this full expression satisfy the 2π-periodicity of the field φ. However, the local effective
potential induced by the center vortex,

Vvortex,`(φ) = −2Ke−
SI
N cos

((N + 2)φ+ 2π`− θ
N

)
, (2.48)

has an extra label ` ∈ ZN and violates the 2π periodicity for fixed `. A better way to
understand its periodicity is given by the following identification,

(φ, `+N) ∼ (φ, `), (2.49)
(φ+ 2π, `) ∼ (φ, `+ (N + 2)) ∼ (φ, `+ 2). (2.50)

When N is odd, we can eliminate the label ` completely by extending the periodicity
of φ. That is, the branch label can be absorbed by φ but the price to pay is to change
the periodicity as φ ∼ φ+ 2πN . As a result, we can set ` = 0, and the ground-states are
given by

φ = θ + 2πNk
(N + 2) , (2.51)

with k ∼ k + (N + 2). Thus, we have (N + 2) vacua with k = 0, 1, . . . , (N + 2) − 1.
Accordingly, the chiral condensate of the k-th vacuum is given by

〈ψLψR〉k ∼ Λ3(ΛL)−
4

3N ei θ+2πNk
(N+2) , (2.52)

and the discrete chiral symmetry is spontaneously broken completely. This result matches
exactly to the one in QCD(Sym) on R3×S1 [14], but interestingly the underlying microscopic

5The six-quark determinant vertex, deti,j(ψ
i(1 + γ5)ψj), was first introduced in ref. [36] by Kobayashi

and Maskawa to phenomenologically explain heavy mass of η′, and its connection to the ABJ anomaly was
speculated in [38]. The concrete mechanism to generate it by instantons was shown by ’t Hooft in ref. [39].
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mechanisms (center vortices vs. monopole-instantons) are genuinely distinct. This suggest
a nontrivial adiabatic continuity between these two reliable semi-classical regimes.

When N is even, the label ` cannot be eliminated completely. The periodicity of φ is
extended as φ ∼ φ+ 2πN2 , and we still have the discrete label ` ∈ {0, 1}. The presence of
the Z2 discrete label ` is the consequence of the 1-form symmetry, Z[1]

2 (⊂ Z[1]
N ), and the

branch label ` discriminates the universes6 in the 2d effective theory [40–45]. That is, the
ground states are given by

(φ, `) =
(
θ + 2πNk
N + 2 , 0

)
,

(
θ + 2π + 2πNk

N + 2 , 1
)
, (2.53)

with k ∼ k + N+2
2 . There are two universes labelled by ` = 0, 1, and each universe has N+2

2
vacua labelled by k = 0, 1, . . . , N2 . As a result, we get (N + 2) ground states, and the chiral
symmetry is spontaneously broken completely.

We note that the fundamental Wilson line is a genuine line operator that transforms
under Z[1]

2 when N is even, and the universe label ` jumps to ` + 1 by going across the
Wilson line. Since two universes have degenerate ground-state energy densities, it obeys
the perimeter law, and Z[1]

2 is spontaneously broken. This however does not lead extra
ground-state degeneracy because of the mixed anomaly between Z[1]

2 and the discrete axial
symmetry (Z2(N+2))A. The number of ground states is given by N + 2 as discussed above.

2.3 Mass deformation of QCD(Sym) on M × T 2

So far, we have considered the massless fermion and obtained the spontaneous chiral
symmetry breaking,

(
Z2(N+2)

)
A

SSB−−→ Z2, using the semiclassical method. Let us add the
mass deformation to the Lagrangian,

∆Lm = m
(
(ψLψR) + (ψRψL)

)
, (2.54)

and assume that the mass m is sufficiently small. The deformation breaks the Z[0]
2N+4

discrete chiral symmetry softly. After the bosonization, the mass deformation becomes

∆Lm ∼ −m
(ΛL)3− 4

3N

L3 cos(φ). (2.55)

The ground-state energy densities can be obtained by substituting the vacuum configurations
for φ at m = 0.

For odd N , we then obtain

Ek(θ) ∼ −mΛ3(ΛL)−
4

3N cos
(
θ + 2πNk
N + 2

)
, (2.56)

with k = 0, 1, . . . , N + 1. At generic values of θ, the system has the unique and gapped
ground state. That is, the degeneracy between chirally broken vacua is lifted by the mass

6The 1-form symmetry in 2d QFT requires the presence of topological local operators, and we can
consider the superselection rule associated with those topological local operators. As the superselection rule
in this case is much stronger than the ordinary one for spontaneous symmetry breaking, the corresponding
superselction sectors are sometimes called as universes to emphasize it.
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deformation. Concretely, the ground state is given by k = 0 when −π < θ < π. At θ = π,
there are two degenerate vacua, k = 0 and Nk = −1. Here, we note that Nk = −1 has the
unique solution in k ∈ ZN+2 as gcd(N,N + 2) = 1 for odd N .

For even N , there are two universes due to Z[1]
2 labelled by ` ∈ {0, 1}. For the ` = 0

universe, the multi-branch ground-state energies are given by

E
(`=0)
k (θ) ∼ −mΛ3(ΛL)−

4
3N cos

(
θ + 2πNk
N + 2

)
, (2.57)

with k = 0, 1, . . . , N2 . For the ` = 1 universe, they are given by

E
(`=1)
k′ (θ) ∼ −mΛ3(ΛL)−

4
3N cos

(
θ + 2π(Nk′ + 1)

N + 2

)
, (2.58)

with k′ = 0, 1, . . . , N2 . At generic values of θ, the system again has the unique and gapped
ground state. As a result, the fundamental Wilson line shows the area law. The string
tension T (θ) of the fundamental Wilson loop is given by

T (θ) = L2
(

min
k′

E
(`=1)
k′ (θ)−min

k
E

(`=0)
k (θ)

)
, (2.59)

and it is indeed nonzero for generic values of θ.

2.4 Semiclassical study of QCD(ASym) on small R2 × T 2 with magnetic flux

In this section, we study the dynamics of QCD(ASym) using the center-vortex effective
theory. As the discussion is almost parallel to that of QCD(Sym), we explain it very briefly.

The structure of the vector-like symmetry GV is completely identical to (2.6) including
the form of its background gauge field. The ABJ anomaly explicitly breaks U(1)A to(
Z2(N−2)

)
A
since trasym(T aT b) = (N − 2)tr(T aT b), and thus the factor “(N + 2)” in the

analysis of QCD(Sym) should be replaced by “(N − 2)” in the case of QCD(ASym). As the
dimension of the anti-symmetric representation is dim(asym) = N(N−1)

2 , the factor “(N +1)”
in QCD(Sym) is also replaced by “(N − 1)”.

To compute the mixed ’t Hooft anomaly between GV and the discrete chiral symmetry,
let us calculate the index of the Dirac operator under the presence of the GV background
gauge field (A,B):

Ind( /D) = 1
8π2

∫ (
trasym((f̃ −B)2) + dim(asym)(dA+ 2B)2

)
= 1

8π2

∫ (
(N − 2)tr((f̃ −B)2) + N(N − 1)

2 (dA+ 2B)2
)

(2.60)

= N − 2
8π2

∫
tr(f̃ ∧ f̃) + 1

8π2

∫ (
N(N − 1)

2 (dA)2 + 2(N − 1)dA ∧NB + (NB)2
)
.

As a result, under the discrete axial transformation,

(
Z2(N−2)

)
A : ψ 7→ e

2π
2(N−2) iγ5ψ, ψ 7→ ψ e

2π
2(N−2) iγ5 , (2.61)
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the partition function of QCD(ASym) is shifted by the local counterterm of the GV
background field:

(
Z2(N−2)

)
A :Z[A,B] 7→ e

2πi
8π2(N−2)

∫ (
N(N−1)

2 (dA)2+2(N−1)dA∧NB+(NB)2
)
Z[A,B]. (2.62)

This is the mixed ’t Hooft anomaly, and the anomaly matching condition can be satisfied
by the complete spontaneous breakdown of the discrete axial symmetry,(

Z2(N−2)
)

A
SSB−−→ Z2. (2.63)

In order to apply the semiclassical description with center vortices, we would like
to perform the T 2 compactification to maintain the above ’t Hooft anomaly as much as
possible. To this end, we again consider the magnetic flux background (2.20). It effectively
introduces the minimal ’t Hooft flux in the gauge sector, and thus the gauge field has the
perturbative mass gap because of the Higgsing SU(N) → ZN . For Dirac fermions, there
are perturbative gapless modes following the index theorem on T 2 given by (2.30), and it
predicts the presence of (N − 1) flavors of 2d Dirac fermions at the classical level.

By performing the Abelian bosonization, 2d effective theory at the classical level
is given by the theory of 2π-periodic compact scalars, φi, with i = 1, . . . , N − 1. The
U(1)A transformation acts as φi 7→ φi + 2α, and other axial symmetry in the classical
analysis should be eliminated by the four-fermion vertex (2.33), which can be obtained by
integrating out massive KK towers. We again assume that its classical moduli is given by
φ ≡ φ1 = · · · = φN−1, and then we only have a single compact scalar as a result of the
perturbative analysis.

The center-vortex vertex takes the following form,

Ke−
SI
N e

i
N

(θ−(N−2)φ) ∼ (ΛL)3+ 4
3N

L2 e
i
N

(θ−(N−2)φ), (2.64)

and this satisfies the spurious symmetry, φ→ φ+ 2α associated with θ → θ + 2(N − 2)α.
By performing the dilute gas approximation of center vortices, the effective potential,

Vvortex,`(φ) = −2Ke−
SI
N cos

((N − 2)φ+ 2π`− θ
N

)
, (2.65)

is generated with the discrete label, ` ∈ ZN . The periodicity of the field φ is then
understood as

(φ, `+N) ∼ (φ, `), (2.66)
(φ+ 2π, `) ∼ (φ, `+ (N − 2)) ∼ (φ, `− 2). (2.67)

With this identification, the field φ is extended to 2πN -periodic field for odd N , and the
discrete label ` is completely eliminated. For even N , the periodicity of φ is 2πN2 , and
` takes values in Z2. In this case, the label ` discriminates two universes of the 1-form
symmetry, Z[1]

2 , in the 2d effective theory. In both cases, we get (N − 2) degenerate vacua,
which shows the spontaneous breakdown of discrete chiral symmetry.
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3 Implications on the large-N orbifold/orientifold equivalence

There is a conjecture called as the large-N orientifold equivalence [11, 12], which states that
C-invariant bosonic sectors of QCD(Sym/ASym) becomes equivalent to those of N = 1
SU(N) super Yang-Mills (SYM) theory in the large-N limit. This is a striking conjecture,
which is interesting and important not only theoretically but also phenomenologically. For
N = 3, two-index anti-symmetric representation becomes identical to the fundamental
representation, and thus QCD(ASym) for N = 3 is the ordinary QCD that describes the
strong interaction of our world. If the conjecture is true and N = 3 is regarded as a large
parameter, the orientifold equivalence may provide a direct path to apply the knowledge of
supersymmetric gauge theories to the actual QCD [46, 47].

It is therefore an important question if the large-N orientifold equivalence is true at
the nonperturbative level. In ref. [13], it is uncovered that the unbroken charge-conjugation
symmetry is the necessary and sufficient condition for its validity. In order to see this,
it is useful to think of both N = 1 SU(N) SYM and QCD(ASym) as Z2 projections of
N = 1 SO(2N) SYM theory. To obtain N = 1 SU(N) SYM theory from SO(2N) theory,
we introduce the symplectic matrix J = iσ2 ⊗ 1N ∈ SO(2N) and impose the constraint
Aµ = JAµJ

t and λ = JλJ t for the gluons and gluinos of SO(2N) theory. Then, the gauge
group becomes U(N) and λ becomes the Weyl fermion in the adjoint representation, so we
obtain N = 1 U(N) SYM theory. To obtain QCD(ASym), we replace the constraint for the
gluino as λ = −JλJ t, then the fermion becomes the Dirac fermion in the anti-symmetric
representation of U(N). In the large-N limit, the difference between U(N) and SU(N)
becomes negligible, and we obtain the correspondence. In this way, the large-N orientifold
equivalence proposed in refs. [11, 12] has been decomposed into two large-N orbifold-type
equivalences [48–51] between the parent and daughter theories with the same parent theory:
it is an example of the daughter-daughter equivalence.

The necessary and sufficient condition for the large-N orbifold equivalence has been
derived in refs. [52–54], and it shows that the equivalence holds for correlation functions of
neutral sectors if and only if the ground state also belongs to the neutral sector. Applying
it to the present case, the ground states must have unbroken charge-conjugation symmetry,
and then the orientifold equivalence is true for observables in the C-even bosonic sector.
Since it is widely accepted that N = 1 SYM theory does not break C while it breaks
the discrete axial symmetry, the question becomes whether QCD(ASym) maintains C-
symmetry or not. This is a nontrivial question as it involves the strong dynamics of 4d
gauge theories.

So far, we pay attention to QCD(ASym), but we can perform the same analysis for
QCD(Sym) starting from the N = 1 USp(2N) SYM theory, and we do not repeat it
here. Again, the criterion for the large-N orientifold equivalence is given by the unbroken
C-symmetry for QCD(Sym).

Our analysis on small R2 × T 2 predicts that C symmetry is unbroken. We have also
observed the complete spontaneous breakdown of discrete chiral symmetry, which suggests
the adiabatic continuity between our semiclassical description and the strong dynamics on
R4. This gives positive support for the nonperturbative orientifold equivalence.
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We would like to emphasize the magnetic flux on small T 2 plays the pivotal role to
achieve the adiabatic continuity [1] (see also refs. [55–57]). In ref. [13], QCD(Sym/ASym) on
small R3 × S1 has been studied, and it was found that these theories have chiral symmetric
vacua with broken C symmetry. Since the anomaly matching on R4 requires the spontaneous
breaking of chiral symmetry, this suggests that the naive compactification must have phase
transitions and it is not suitable to study the dynamics of strongly coupled regimes.

In order to achieve the adiabatic continuity on R3 × S1, the double-trace deformed
gauge theories are more suitable choice [58–60]. By adding the double-trace deformations
to QCD(ASym) on R3 × S1, we can find that C becomes unbroken and instead the chiral
symmetry is spontaneously broken [14]. Therefore, in both S1 and T 2 compactifications
with adiabatic continuity, we obtained the evidence for unbroken C symmetry, suggesting
the validity of nonperturbative large-N orientifold equivalence.

4 Summary

We performed the semiclassical analysis of QCD(Sym/ASym) on R2 × T 2 by introducing
the magnetic flux in T 2. QCD(Sym/ASym) have the mixed ’t Hooft anomaly between its
vector symmetry and discrete chiral symmetry, and the magnetic flux in T 2 allows us to
preserve the information of ’t Hooft anomaly. As a result, the dynamics of the 2d effective
theory is constrained by the same anomaly of 4d QCD(Sym/ASym).

We find that discrete chiral symmetry is spontaneously broken completely thanks to
the dilute gas of center vortices, and this satisfies the anomaly matching constraint. This
leads to the multi-branch structure of the ground states after the tiny mass deformation,
and this leads to the same vacuum structure with the pure YM theory.

Each ground state has unbroken C symmetry, and this gives an important implication
for the large-N orientifold equivalence between QCD(Sym/ASym) and N = 1 SU(N)
SYM theory. Since the unbroken C symmetry gives the necessary and sufficient condition
for its nonperturbative justification, our result gives a strong positive support for the
nonperturbative orientifold equivalence, assuming the adiabatic continuity.

As we showed in this work, the chiral condensate obtained in the small symmetric
T 2 regime (2.52) matches exactly the result on R3 × S1

small in [14]. At the same time, the
microscopic configurations which lead to this result are genuinely distinct, even though they
have the same topological charge Q = 1/N and action. Monopole-instantons and center
vortices have different mutual statistics with Wilson loops. It would be very interesting to
establish how these two reliable semiclassical regimes are adiabatically connected.

Lastly, let us comment on several future directions. One of them is about the domain
wall that connects different chiral broken vacua. As the phase of chiral condensate can
be regarded as an effective θ angle via the ABJ anomaly, the domain-wall theory can be
thought of 3d QCD(Sym/ASym) with a Chern-Simons term. This problem has been studied
in ref. [61], and they suggest the domain wall connecting n-th and 0-th chiral broken vacua
is described by U(n)(N±2)−n,(N±2)−2n Chern-Simons theory, where n = 1, 2, . . . , (n± 2)− 1.
It would be an interesting future work to study if the T 2 compactification with magnetic
flux can give a nontrivial check of this proposal on the wall.
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Another curious problem is to extend our work of vector-like QCD to some chiral
gauge theories [62–65]. Recently, ref. [66] considers the 4d chiral gauge theories that
contain both two-index symmetric and anti-symmetric Weyl fermions, and the anomaly
matching constraint is studied in detail both on spin and non-spin manifolds. It would be
fascinating if we can check those scenarios (even partially) by the reliable semiclassics with
T 2 compactification, although the extension might not be straightforward due to the lack
of the vector-like U(1)B symmetry.
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A Group theoretic factors of two-index representations

Let T arep be the generators of su(N) Lie algebra with the representation rep. We take the
orthonormal basis,

tr(T arepT
b
rep) = T (rep)δab, (A.1)

where T (rep) is the trace normalization factor. For the defining (or fundamental) represen-
tation, rep = fd, we set

T (fd) = 1
2 . (A.2)

The quadratic Casimir invariant C2(rep) is defined by

N2−1∑
a=1

T arepT
a
rep = C2(rep) idrep. (A.3)

By taking the trace of both sides, C2(rep) is related to T (rep) by the formula,

C2(rep) dim(rep) = (N2 − 1)T (rep). (A.4)

Let us write down the table of these factors for the fundamental, adjoint, two-index
symmetric and antisymmetric representations:

rep dim(rep) T (rep) C2(rep)
fd N 1

2
N2−1

2N
adj N2 − 1 N N

sym N(N+1)
2

N+2
2

(N−1)(N+2)
N

asym N(N−1)
2

N−2
2

(N+1)(N−2)
N

(A.5)
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The perturbative beta function, β(g) = dg
d lnµ , is given by

β(g) = − β0
(4π)2 g

3 − β1
(4π)4 g

5 +O(g7). (A.6)

The leading coefficient is

β0 = 11
3 N −

4
3T (rep)Nf ,

β1 = 34
3 N

2 − 20
3 NT (rep)Nf − 4C2(rep)T (rep)Nf , (A.7)

for SU(N) gauge theory with Nf Dirac fermions in the representation rep. The normalization
of the coefficient is the standard one for non-supersymmetric gauge theories, and then the
instanton factor within the 1-loop renormalization group is given by

exp
(
− 8π2

g2(µ)

)
=
(Λ
µ

)β0

, (A.8)

where Λ is the strong scale. For 1-flavor QCD(Sym/Asym), β0 and β1 are given by

β0 = 3N ∓ 4
3 , (A.9)

β1 = 6N2 ∓
(38

3 N −
8
N

)
, (A.10)

and they are identical to those of N = 1 super Yang-Mills theory in the large-N limit,
β0 = 3N and β1 = 6N2.

B Dirac zero modes on T 2 with the magnetic flux

In this appendix, we confirm the result of the index theorem (2.30) by solving the Dirac
zero-mode equation (2.29) explicitly. We first define the chirality of small T 2 by

(iγ3γ4)ψ± = ±ψ±, (B.1)

and then the Dirac equation for each chirality becomes[
∂3 ∓ i

(
∂4 + i4π

N

x3
L2

)]
ψ± = 0, (B.2)

or
(∂3 ∓ i∂4)

(
e±

2π
N

x2
3
L2 ψ±

)
= 0. (B.3)

This shows that
ψ±(x3, x4) = e∓

2π
N

x2
3
L2 u±((x3 ∓ ix4)/L). (B.4)

We can check that there is no zero modes for iγ3γ4 = −1 by the following equality,

0 =
∫
T 2
|(∂3 ∓ i (∂4 + iBx3))ψ±|2

=
∫
T 2

[
|∂3ψ±|2 + |(∂4 + iBx3)ψ±|2 ∓B|ψ±|2

]
. (B.5)
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Here, we set B = 4π
NL2 for simplicity of notation. In the first equality, we use the equation

for Dirac zero modes. The second equality can be obtained using integration by parts. For
iγ3γ4 = −1, all the three terms are positive semi-definite, and it requires that ψ− = 0. We
therefore only consider the case iγ3γ4 = 1 in the following discussion.

Introducing the dimensionless coordinate z = (x3− ix4)/L, we can rewrite the boundary
condition as

u+(z + 1) = sym(S†)e
2π
N

+ 4π
N
zu+(z), (B.6)

u+(z − i) = sym(C†)u+(z). (B.7)

Writing color components explicitly, we find that

u+,ab(z + 1) = e
2π
N

+ 4π
N
zu+,a−1 b−1(z), (B.8)

u+,ab(z − i) = e−
2πi
N

((a−1)+(b−1))u+,ab(z). (B.9)

We can perform the Fourier expansion to satisfy (B.9),

u+,ab(z) = e
2π
N

((a−1)+(b−1))z∑
n

cn,abe2πnz. (B.10)

We then use the boundary condition (B.8) for the x3 direction. When 1 < a, b ≤ N , the
condition becomes

e
2π
N

(a−1+b−1)(z+1)∑
n

cn,abe2πn(z+1) = e
2π
N

+ 4π
N
ze

2π
N

(a−2+b−2)z∑
n

cn,a−1 b−1e2πnz, (B.11)

and we have
cn,ab = e

2π
N

(1−(a−1)−(b−1))−2πncn,a−1 b−1. (B.12)

When a = 1 but b > 1, the condition becomes

e
2π
N

(0+b−1)(z+1)∑
n

cn,1 be2πn(z+1) = e
2π
N

+ 4π
N
ze

2π
N

(N−1+b−2)z∑
n

cn,N b−1e2πnz, (B.13)

and we have
cn,1 b = e

2π
N

(1−(b−1))−2πncn−1,N b−1. (B.14)

Similarly, when a > 1 and b = 1,

cn,a 1 = e
2π
N

(1−(a−1))−2πncn−1,a−1N . (B.15)

When a = b = 1, we get
cn,11 = e

2π
N
−2πncn−2,NN . (B.16)

This gives cn,a b ∝ exp
(
−2πN

4 n2 − π((a− 1) + (b− 1))n
)
, and we can find that the solutions

can be expressed with theta functions.7

7The Fourier series expansion of Jacobi’s theta function is given by θ3(z) ≡ θ3(z|τ) =
∑

n∈Z eiπτn2+2inz =
1+2

∑
n≥1 eiπτn2

cos(2nz) with Im(τ) > 0. Importantly, it satisfies the quasi-periodicity, θ3(z+(m+nτ)π) =
e−iπτn2−2inzθ3(z), and it is the key property to solve the quasi-periodicity of u+ coming out of (B.8),
u+(z +N) = e2πN+4πzu+(z), combined with (B.9). We note that the theta functions are holomorphic, i.e.
do not have poles or singularities, and thus they give normalizable zero modes.
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Let us count the number of zero modes. By the shift matrix, a− b mod N is preserved,
so the diagonal directions are related in mod N . That means, when we consider k-diagonal
from the top-left to the bottom-right (i.e. cn,i i+k wit i : 1 → N − k), we jump to the
−(N − k)-diagonal elements (i.e. cn+1,N−k+j j with j : 1 → k), and we come back to the
k-diagonal elements, cn+2,1 1+k. As a result, cn,ab is related to cn±2,ab, which means that we
can have 2 zero modes, corresponding to even and odd n: for example, the 1-1 component
is given by

u+,11(z) = a
∑
n∈2Z

e−
2πN

4 n2e2πnz + b
∑

n∈2Z+1
e−

2πN
4 n2e2πnz, (B.17)

where a, b ∈ C. For the main diagonal, we thus have 2 zero modes, but for off-diagonals, the
symmetry condition imposes the restriction, and thus we only have 1 zero mode for each.
In total, we get 2 + (N − 1) = N + 1 zero modes as indicated by the index theorem (2.30).

The discussion is completely parallel also for the case of the two-index anti-symmetric
representation. The crucial difference appears only in the last step and it comes from the
absence of the diagonal elements. As a result, we get 0 + (N − 1) = N − 1 zero modes.
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