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ABSTRACT: As a continuation of the study (in arXiv:2102.07696 and arXiv:2104.12625)
of strong-coupling expansion of non-planar corrections in N = 2 4d superconformal models
we consider two special theories with gauge groups SU(NN) and Sp(2N). They contain
N-independent numbers of hypermultiplets in rank 2 antisymmetric and fundamental rep-
resentations and are planar-equivalent to the corresponding N = 4 SYM theories. These
N = 2 theories can be realised on a system of N D3-branes with a finite number of D7-
branes and O7-plane; the dual string theories should be particular orientifolds of AdS5 x S°
superstring. Starting with the localization matrix model representation for the N = 2 par-
tition function on S% we find exact differential relations between the 1/N terms in the
corresponding free energy F' and the %—BPS Wilson loop expectation value (W) and also
compute their large 't Hooft coupling (A > 1) expansions. The structure of these expan-
sions is different from the previously studied models without fundamental hypermultiplets.
In the more tractable Sp(2/N) case we find an exact resummed expression for the leading
strong coupling terms at each order in the 1/N expansion. We also determine the expo-
nentially suppressed at large A contributions to the non-planar corrections to F' and (W)
and comment on their resurgence properties. We discuss dual string theory interpretation
of these strong coupling expansions.
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1 Introduction and summary

An important problem in understanding detailed workings of AdS/CFT duality is to study

1/N corrections to superconformal gauge theory observables and their matching to string

loop corrections. BPS Wilson loop in N = 4 super Yang-Mills theory provides a remarkable



example when its expectation value (W) as a function of N and A = g2 N can be found
exactly [1]. Expanding first at large N and then at large A one finds in the SU(N) theory
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where we expressed the result in terms of the string coupling and tension of the dual
AdSs5 x S® string theory
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As was argued in [2], the particular structure (1.1) of the small gg, large T expansion of (W)
is indeed expected on the string-theory side and may apply also to other closely related
theories with less supersymmetry.

Indeed, the same expansion (1.1) was found recently for two special N = 2 4d super-
conformal models — SU(NN) x SU(N) “orbifold” [3] and SU(N) “orientifold” [4] that are
planar-equivalent to N = 4 SYM theory. Here the localization approach [5, 6] allows one to
expresses the expectation value (W) in terms of a non-trivial matrix model integral. One
is then able to extract the large A behaviour of the leading non-planar 1/N correction,
finding that it scales as A\3/? relative to the planar (i.e. N = 4 SYM) term, in agreement
with (1.1).

The aim of the present paper is to consider two other (SU(NN) and Sp(2N)) examples of
N = 2 “orientifold” superconformal models for which (W) can be also computed using the
localization matrix model of [5] (see also [7-9]). These models are still planar-equivalent to
N =4 SYM but in contrast to the “orientifold” model studied in [4] (N = 2 vector multiplet
coupled to hypermultiplets in symmetric and in antisymmetric SU(N) representation) will
contain a finite (N-independent) number n, of hypermultiplets in the fundamental repre-
sentation. The later are effectively related to the presence of (a finite number of) D7-branes
in the dual string theory description and thus to a different type of the orbifold/orientifold
of AdSs x S° string theory than in the previous case of n, = 0 [10-13]. We shall find that
here the structure of the large N, large A expansion of the BPS Wilson loop expectation
value (W) will be different from (1.1), raising an interesting question of how to explain this
on the dual string theory side.

1.1 Review of N = 2 models

Let us first review 4d N = 2 superconformal gauge theories we are interested in. The
condition of conformal invariance of an SU(N) model with a number of hypermultiplets
in the adjoint, fundamental, rank-2 symmetric, and rank-2 antisymmetric representations
is [14, 15]

SU(N) : p1=2N—-2Nn,,, —n, —(N+2)ng—(N—-2)n, =0. (1.3)



The non-zero number of adjoints can only be n,, = 1 when we find the N = 4 SYM

(np = n, = ng = 0). For n,,, = 0 we get N = 2 superconformal models with n, =
2N — (N +2)ng — (N —2)n,.

a relatively simple AdS dual) the number n, should not depend on N. This implies that

To have planar equivalence with N = 4 SYM (and thus

ng +n, = 2 and thus there are only two non-trivial solutions that we shall refer to as “SA”
(symmetric+antisymmetric) and “FA” (fundamental4-antisymmetric) models
SU(N) : SA:  (ng,ng,n,)=1(0,1,1), FA: (ng,ng,n,) =(4,0,2).
(1.4)
Both N = 2 theories are dual to certain orbifold /orientifold projections of AdSs x S° super-
string [13] and for that reason we shall refer to them respectively as the “SA-orientifold”
and the “FA-orientifold”. It is the SA-orientifold model that was discussed in [4] and here
we shall study the FA-orientifold model.

For completeness, let us recall that the 4d conformal anomaly a and c coefficients of
an N = 2 superconformal model are determined by the free-theory values, i.e. in terms of
the total number of the vector multiplets and hypermultiplets (counting also dimensions
of their representations): a = % ny + i ny, ¢ = %nv + 1—12 np. The resulting explicit values

are given below

SU(N) a c
— 1na72 1 1 1
N=4SYM  in2-1 iN2 -1
— 1nar2 5 1 aA72 1
1 1 5 1 1 1

Similarly, in the case of the Sp(2N) gauge group the condition of conformal invariance of

the N = 2 model containing the adjoint, fundamental and antisymmetric hypermultiplets
reads [14] (cf. (1.3))*

Sp(2N) : p1=2N+2—- 2N +2)n,, —nx, — (2N —=2)n, =0. (1.5)

The Sp(2N) N = 4 SYM theory corresponds to 7,
demanding planar equivalence to N =4 SYM implies that n, should be independent of N

=1,n, =n, =0. Forn,,, =0

and thus the only solution is the FA-orientifold model with n, =4, n, =1

Sp(2N) : FA:  (ng,n,)=(4,1). (1.6)

'n this paper we shall denote by Sp(2N) the compact symplectic group USp(2N) = U(2N)NSp(2N, C)
(sometimes also denoted as Sp(NV)) so that Sp(2) = SU(2).
and antisymmetric representations are, respectively, dim Adj = dim[Sp(2N)] = N(2N + 1), dimF = 2N,
dim A = N(2N —1) — 1. Note while the groups Sp(2N) and SO(2N) and their representations are formally

related by N — —N [16], the index of a representation that enters the 1-loop beta-function is always

The dimensions of its adjoint, fundamental

positive (i.e. its sign is changed at the same time with taking N — —N). Thus the conformal invariance
condition is not invariant and has different solutions for the two groups. For example, the antisymmetric
representation of Sp(2N) is mapped to the symmetric traceless representation of SO(2N) with the index
2N + 2 which is larger than the index of the adjoint SO(2N) representation 2N — 2. Thus there are no
SO(2N) conformal theories with hypermultiplets in the symmetric traceless representation [14].



The corresponding conformal anomaly coefficients are given below:

SP(QN) a ¢
N=4SYM IN%2+1N IN2 41N
N=2FA IN?+iN-L INZ43N-&

1.2 Summary of the results

Let us now summarise the main results of this paper starting with the SU(/V) case. As
in the case of the SA-orientifold [4] the structure of the localization matrix model implies
that the leading 1/N corrections to the Wilson loop expectation value can be expressed in
terms of the corresponding corrections to the gauge theory free energy F(A, N) = —log Z
on 4-sphere. For that reason the main effort goes into the study for the large IV expansion
of F.

To recall, in the case of the SU(N) N = 4 SYM theory where the partition function Z
is given by the Gaussian matrix model [1, 5] one finds (after subtracting the “trivial” UV
divergence in a particular scheme, see also appendix A) [17]

SU(N) : FN=40)) = —%(NQ “1)log . (1.7)

The large N expansion of the free energy of the N = 2 FA-orientifold model which is
planar-equivalent to the N =4 SYM may be represented as

SU(N) - FO) = FN10) + N Ry () + Fa(\) + 0 (;) | (1.8)

The F; term was absent in the case of the SA-orientifold in [4] (it is related to the presence
of the fundamental hypermultiplets in the spectrum of this N = 2 model). F} admits an
explicit integral representation in terms of Bessel functions (3.14) allowing to find its strong
coupling expansion

B2 Xt folog A+ fs+ fi a0 (7)) (1.9)
log 2 1 1 7 3 m?
fl_W’ f2_—1, f3_§10g7r+610g2+1—610gA, f4——z7(1-10)

where A is the Gleisher’s constant.? There is just a finite number of “polynomial” in large

(2n+1)Vx corrections reflecting the

—-1/4

A corrections and an infinite number of exponential e~
asymptotic nature of the strong coupling expansion (see (6.19); here we omit the A

F> may be written as the sum of the two different contributions: a simpler one Fy

prefactor of e~

which is related to F; by a differential relation and a more complicated one F5 which turns
out to be the same as the leading 1/N? correction to F in the SA-orientifold case in [4]

_ _ - A )
Fy(A) = F2(A) + Fa(A) By =5 [0, (1.11)
*Note that log2 in f originates from the Dirichlet n-function value n(1) = >, <_13€k71 = log?2

(see (6.3)).



where (...) = £ (...). As a result,?

B2 pia2 4 pod +pslog A+ ps + O (e*ﬁ), (1.12)

B 2N A2 4 kylog A + ks + O(AY2) (1.13)
1 1

plz_flza p2:_2f1f27 p3:_§f227 HER ]ﬁ:%w-'- (1-14)

where the values of f; were given in (1.10). The form of the exponential corrections in Fy
follows from those in F} and the relation in (1.11), and similar corrections are expected
in FQ.

The large N expansion of the circular %—BPS Wilson loop expectation value in this
N = 2 theory can be written as

SU(N) (W) = N o) + Wi () + - Woa(h) + Wa)] + 0 () (115)

where Wy and Wy o are the leading N = 4 SYM contributions following from (1.1) [1, 18]

Wy = \%]1(\&)7 Wo2 = % {—12\511(\5) + )\IQ(\FA)} ; (1.16)

while W7 and W are the genuine N = 2 corrections. As we will show, they can be
expressed in terms of the 1/N corrections F} and F; to the free energy (1.8) by the following
remarkable differential relations (cf. (1.11))

A A2
Wi = ~Z Wo (AN F)", Wy = -7 Wo F. (1.17)
Using (1.9)—(1.14) in (1.17) and normalizing to the leading planar value

W, 2! \/EA_3/4eﬁ {1 + @(\;)] 7 (1.18)

we then find for the strong coupling expansions of W; and W,

Wi a1 3/2 , 3 (3 1 > 1/2 0

— = —fiA —fix—1|= - A O(A 1.19
Wa fi +oh 8f1+2f2 +0(\), (1.19)
Wads11l 5.3 1 2 1, 3

—< 2z - - - = . 1.2
i SN SR = SR+ 0(3) (1.20)

Like F} in (1.8), the Wj term in (1.15) was absent in the case of the SA-orientifold in [4]
(where there were no odd powers in 1/N series). Also, in the SA-orientifold case the
expansion of W /Wy started with the & A3/? term that originated from the F, term in (1.13)

3The analysis in [4] showed that the leading large A term in F» is definitely A2 The derivation of its
coefficient k1 = % was based on partially heuristic analysis of the determinant of an infinite matrix, whose
matrix elements admit an asymptotic expansion for large A. A comparison with Padé resummation of the
determinant revealed that % may actually be a lower estimate of the exact value of k1. This issue will not
be relevant for the large A expansion in the models considered here where Fvg is dominant over F» at large
coupling.



in view of (1.17). The expressions (1.19), (1.20) also contain exponential corrections as
follows from (1.9), (1.12) and (1.17).

Similar results are found in the case of the Sp(2N) FA-orientifold model (1.6) which
is more tractable as the corresponding localization N = 2 matrix model is simpler than in
the SU(N) case. Here?

Sp2N): P = PN NRI) 4 () + R + R +0 (73 ) 0 (12)

1
FN=4 = —5N(@2N +1)log . (1.22)

It turns out that the structure of the corresponding matrix model implies that Fy, Fo and
F3 can be expressed in terms of the function Fj in (1.8) (and its integral Fb in (1.11)) that
appeared in the SU(NN) case

1 ~ _
F1 = 2F1, F2 = i(AFl)/ —|—2F2, FQI = —% [()\Fl)”]2, (123)
=V (AF)" — N [(\F )”}2 e (OF )”}3 o 2 (¥ [P )”}4)' +

3 = 24 1 4 1 3 1 ) 4 = A1 1 e

(1.24)

Similar expressions in terms of derivatives of F} appear to exist also for higher F,, terms
in (1.21).
Computing the strong-coupling expansion of F,, we find that (cf. (1.8), (1.9), (1.12))

2
_ N
F=F"=4{ AF’2' AF,q — (N2 + N — f’ﬁ) log A — %7 +0(e V), (1.25)
where AF,, stands for the polynomial in A part of the strong coupling expansion. Note
that log A term in (1.25) receives contributions only at orders N2, N and N° while the A~!
term appears only at order V.
Remarkably, the sum of the leading large A terms in AF, at each order in 1/N

appears to have a closed log expression (f; = 12;%22 as in (1.10))

AFp = N [2/i2+ 000 + [2/202 + 0] + % Effu?’ + ow)} 1o (;2)

= N?F (2[) +.en, 9(2) = log (1+2f1])\\[). (1.26)

Combined with the N?log A term in (1.25) the leading strong-coupling expression for F
is then

A
FA2' _N2log A+ N2F (N) o= N2log (AT 42N ) 4o = N2log [N (g2 +2f1) |+,
(1.27)
suggesting possible role of a finite redefinition of the inverse coupling constant.

“Here we shall use the same definition for A as in the SU(N) case, i.e. A = gf,MN (i.e. without extra
factor of 2 as, e.g., in [19]).



The large N expansion of the Wilson loop expectation value here can be written as
(cf. (1.15))

Sp2N): (W) = (WPLE (W), AW =Wk Wt W+ 0 ().
(1.28)
where the N =4 Sp(2N) SYM contribution is [7, 19] (cf. (1.1))
Ned o A A 1 1
(WYN=1 = 9 eriw kZ:O Lokin <—8N> = N'Wo + Wo, + - Wop + 0 <N2> , (1.29)
_4

VA

As in the SU(N) case, one finds that the N = 2 corrections W; and W5 are expressed in
terms of F; = 2F) and Fy as in (1.17) so that

W, L(VX) =2W,, Wo,lzélo(\f)\)—%, Wo.o i12(\6). (1.30)

~ 96

A2 A2

A 1
W, - —*W F " W = ——W F/ = ——
1 2 Wo (AF1)™, 2 g WoFs 5

2
5 AR =X [(AF)"]
(1.31)
Comparing W; and Wy with Wi and W in the SU(NV) case in (1.16), (1.17) we conclude
that their ratio is the same for any A. The analog of the strong-coupling expansions

in (1.19), (1.20) is®

|

Wi as1 W 3/2 , 3 (3 1 ) 1/2 0

—— =T - = i\ —fiA—| = — A O(A 1.32
Wo 7 fi +2f1 8f1+2f2 +O(\), (1.32)
Woasil 53 1 2 1 -V

W22l 223 D (14N — — fo(1—2 . 1.
Wo 2f1/\ 8f1( f2)A 16f2( f2)A+0(e™v) (1.33)

Similar relations between higher order 1/N terms F,, in free energy (1.21) and W,, in (1.28)
are expected also in general, with the dominant large A term in F,, determining the strong
coupling asymptotics of W,,. In particular,

W3 a1

1
W gff’x’/Q +0\Y. (1.34)

Combining the leading terms in (1.32), (1.33) and (1.34) suggests that the dominant (at
each order in 1/N) strong coupling terms in A(W) in (1.28) exponentiate as

2\3/2

(W) = (NWo + ... ) + AW) *Z" NWj exp [—le ... (1.35)

This may be compared with similar exponentiation of the leading large A terms in the
N =4 SYM case: as one finds from (1.1) in SU(N) case [1] and from (1.29) in the Sp(2NV)

®Note that the leading terms in (1.33) and (1.20) are the same but subleading terms have different
structure.



case (see appendix C)

)\3/2

_— 1.
oeNE| T (1.36)

SUN):  (WWN=4 2" NTI exp l

+o, (1.37)

' N Ap1 A2 \3/2
Sp(2N): (W) = 2NW, <1 + v ) P |96 2N 2 e

where W) is given by (1.18). Note that the (1 + /\81—;,2) prefactor that generates odd powers

of 1/N in the expansion of (W)N=% in Sp(2N) case in (1.37) can be absorbed into eV in
Wo by shifting N — N + i in the definition of A = giMN (assuming one keeps only the
leading large A term at each order in 1/N).6

1.3 Comments on dual string theory interpretation

Let us now discuss string theory interpretation of these strong-coupling expansions derived
on the gauge theory side. The SU(N) FA-orientifold (i.e. the N = 2 SU(NN) superconformal
model with n, = 4 and n, = 2) may be engineered in flat-space type IIB superstring as
a low-energy limit of the worldvolume theory on a stack of coincident N D3-branes in
the presence of four D7-branes and one O7-plane (see [13] and references there).” Taking
the large- N near-horizon limit of the underlying brane configuration one concludes that
the dual string theory should be a projection AdSsx S’ > 8% = 55 /Goi, of the original
AdSs x S® type IIB theory [13]. Here Zg o of Gori = Za2,orb X Z2.0ri acts as ¢1 — @1 + T,
w2 — w2 + ™ and Zo o acts as 3 — @3 + 7 on the coordinates of S5 with the metric
ds? = dO? + cos? 01 (dO3 + cos? Oy dp? + sin? Oy dp3) + sin? 0 dip3.

Similarly, the dual string theory for the Sp(2/N) FA-orientifold (i.e. the N =2 Sp(2N)
superconformal model with n, = 4 and n, = 1) corresponds [10, 11] to the near-horizon
limit of N D3-branes with 8 D7-branes stuck on one O7-plane, i.e. is the type IIB super-
string on AdS5><S’5, S5 = 55/22,@1 (D7 is wrapped on AdS;xS® where S? is fixed-point
locus of Zg o).

In both SU(N) and Sp(2N) cases, the presence of D7-branes introduces the new D3-D7
open string sector (with massless modes being related to the fundamental hypermultiplets
in the corresponding gauge theory). That means, in particular, that the dual string theory
perturbation theory will involve both closed-string and open-string world-sheet topologies,
i.e. corrections of both even and odd powers in gs, corresponding to even and odd powers
of 1/N on the gauge theory side.

While in the SU(N) N = 2 model one expects contributions from only orientable
surfaces (with topologies of 2-sphere with holes and handles) in the Sp(2N) case there
should be additional contributions with non-orientable crosscups (as is also suggested by

SWe thank S. Giombi for this observation.

"This implies modding out by the orientifold group Gori = Z2,0rb X Z2,0ri, Where Z2.orb = {1, Is7s9} and
Z2,0ri = {1, 145 Q (—1)FL}. The inversions Iy, ...n, act on the RS (with directions 4, ...,9) transverse to the
D3-branes as ZZ,orb ¢ T6,7,8,9— — 16,7,8,9 and ZQ’Ori I X455 — T4,5. The ﬁxed—point set of Zg’ori is the
hyperplane x4 5 = 0, which corresponds to the position of the O7-plane and four D7-branes, while the fixed
set of 2 orp is the hyperplane z¢,78,9 = 0.



the structure of the 1/N expansion of perturbative gauge theory diagrams, cf. [7]). In the
Sp(2N) N = 4 SYM case all odd-power 1/N contributions should come from crosscups [20],
while in the Sp(2N) N = 2 FA-orientifold model there should be additional contributions
from world sheets with boundaries introduced due to the presence of D7-branes (and related
to the presence of fundamental hypermultiplets on the gauge theory side), see also [21].

Accounting for the open string (type I, or disc) term in the dual string theory effec-
tive action that here may be interpreted as the D7-brane world-volume action allowed to
give [22, 23] the holographic interpretation of the order N term in the (super)conformal
anomalies of the Sp(2NV) FA-orientifold (cf. table below eq. (1.6)).

The AdS/CFT duality suggests that the conformal gauge theory free energy I on S*
should be matched with the string partition function Zg, in AdSs x S’ °  The leading
2-sphere topology contribution to the (properly defined) Zg, is approximated by the type
IIB supergravity action (plus a’-corrections). In particular, in the maximally supersym-
metric N = 4 SU(N) SYM case one can match the leading N2 term in the free energy
F =4alog(Ar) +fp, a= %(N2 — 1), with the leading term in the supergravity action pro-
portional to the (IR divergent) volume of AdSs5 (reproducing, in particular, the conformal
anomaly [24, 25]). Here A is a UV cutoff, r is the radius of S* and fy is a regularization
scheme dependent constant (cf. (A.2)). In the particular scheme selected by the localiza-
tion matrix model representation for the gauge-theory partition function Z = e~ (with
the A-independent measure) one finds that F¥=* = —% (N2 — 1)log A\. Then the leading
N2 term in FN=% can be matched [17] with the on-shell value of the supergravity term in
the string effective action in AdSs x S° (assuming particular IR cutoff in the AdSs vol-
ume).® The subleading § log A term should come from the 1-loop (torus) contribution to
Zstr, which is again proportional to the regularized AdS5 volume and receives contributions
only from short multiplets, i.e. is the same as the 1-loop supergravity correction [26].

The localization matrix model result for the large N, large A expansion of the free
energy of the SU(N) FA-orientifold model in (1.8)—(1.14) may be written as

1
F(A;N) *Zl_iz\mogHN(ﬁHh log A+ f3+...)

1

- (pl A2 4 pod + B AY2 K log A 4 S 4. ) +0 <N> , (1.38)

where kb = ko + p3, kb = ks + ps. The leading 1/N terms in the Sp(2N) FA-orientifold
case are similar (see (1.25), (1.26), (1.27)).

Let us note that in the SU(N) case the —2log A term in (1.38) has the coefficient

1 N2+1 N—1k}. Inthe Sp(2N) case the analog of this coefficient in (1.25) is A N2+ N—2..

Thus in both cases not only the N2 term (as expected from the planar equivalence)? but

also the order N term is the same as in the a-anomaly coefficients of the two theories (see

80n the AdSs side the IR cutoff £ is measured in units of the AdSs radius L and is related to the product
of the radius r of S* and UV cutoff A as rA = £f = \/X% [17]. Then the regularized AdSs volume (with
power £" divergences dropped) scales as log % — —log v/ A+1log(Ar), suggesting that F' = 4alog(Ar)+--- —
—2alogA\+....

°In the case of the N = 4 SYM theory with the group Sp(2N) which may be viewed as an orientifold

projection of U(2N) theory and which is dual to type IIB string on AdSs x RP® [20] the presence of the



the tables below eq. (1.4)). At the same time, the order N coefficient of log A in the
Sp(2N) case does not match the one in the conformal anomaly. This is not surprising:
as discussed in appendix A below, in contrast to what happens in the N = 4 SYM case,
in the N = 2 theory cases there is no a priori reason why the log A term in the strong-
coupling limit of the free energy derived from the localization matrix model should have
the conformal a-anomaly as its coefficient.

Rewriting (1.38) in terms of the dual string theory coupling and string tension as
defined in (1.2) we get (renaming coefficients to absorb factors of 2 and )'°

T>1 2T4 2 )
F(T,g5) £ — log(27T) + ~—— (f{ T + f3 log T+ fy + ... )
S S
+ (p’l T* + phT? + K\ T + k log T + kjf + .. ) +O(gs) - (1.39)

The leading (2-sphere) term in the tree-level string theory effective actlon f dlox\f (R+

..) evaluated on the AdSs x S’° background is expected to match the -7 term in (1.39)
(after usmg, as in the N =4 SYM case [17], the IR cutoff related to T in the AdS volume).
The @ term in (1.39) should come from the disc contribution, and, in the Sp(2NNV)

case, also from the crosscup topology. In particular, one may expect the %jlogT term

to originate from the curvature squared term g‘iﬂ J de\/g RR in the D7-brane action

(with D7-brane wrapping AdSs; and S2 from S’ 5). The background value of this term
is proportional to the AdSs volume and thus after the same IR regularization it should

give the i—: log T contribution. In [23] the gsi/g J d®z,/g RR term was shown to reproduce
the order N term in the conformal anomaly of the Sp(2N) FA-orientifold model. This is
consistent with the above observation that the order N term in the coefficient of the log A
in (1.38) or logT" in (1.39) is the same as in the a-anomaly coefficient of the corresponding
N = 2 superconformal model.

The interpretation of the 7;—: term in (1.39) is not immediately clear. Naively, such

term could come from the D7-brane tension, i.e. s ,4 [ d3z,/g but this term should cancel
against the orientifold (crosscup) contribution (cf. [27]), so that the leading term in the
D7-brane action should be the above curvature-squared term. The order g¥ terms in (1.39)
should come from the closed-string (torus) and open-string (annulus or disc with crosscup)

O3-plane (carrying RR charge of %) leads to the effective shift of N by % and thus to the expression
L* = 4dng, (2N + %) a’? for the AdS radius. As a result, one reproduces both leading N? and N terms
in the conformal anomaly from the on-shell value of the 10d supergravity action [19, 23]. For example,
the N = 4 Sp(2N) SYM free energy in (1.22) may be written as ' = —N?log A — %Nlog/\ or as F =

-1 [(2N + %)2 — ﬂ log A. From the flat space perspective, the shift N — N + 1 may be equivalently

attributed to the crosscup contributions (cf. [23]). One may also interpret the odd-power 1/N terms in
the Wilson loop expectation value of the N = 4 Sp(2N) theory [7] (see (7.36), (7.37)) as coming from
the crosscup contributions, but they can also be formally generated (at least in the large A expansmn) by
shlftmg N — N+ Lin the semiclassical string tension prefactor e*™* (27T = VA = L with gYM = 2x4mgs,
A=g2 N)of the even-power 1/N terms in (1.37) (we thank S. Giombi for a dlscussmn of this issue).

10Tn contrast to the N = 4 SYM case, in the N = 2 Sp(2N) case we shall assume that N is not shifted in
the definition of AdSs radius and string tension and will also ignore possible extra factor of 2 in the relation

between g5 and giM.
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1-loop corrections. Since the compact S’ g part of the background is not smooth (orbifold
action has fixed points) they may originate from “localized” contributions (rather than
“extensive” contributions proportional to the volume of AdS® x S’ ® like terms in the local
part of the string effective action).

The resummed expression for leading strong coupling terms in the free energy of the
Sp(2N) theory (1.25), (1.26) written in terms of the string coupling and string tension
in (1.2) is (we use that f; = 12522)

274 21og 2 274 T2 3
p2tr [log (1 + (;rg gs> +.. .}— <7r +Z — log(27rT)—£+O(e_2”T) .
S

952 952 gs 16
(1.40)
Remarkably, the leading log term (dots stand for terms that are subleading in 1/7 at
each order in gs) has non-trivial dependence only on the string coupling. The special —8Lgs
term (that also depends only on gs) should be a particular crosscup contribution. The
exponential corrections should have a world-sheet instanton interpretation, i.e. should be
related to world sheets wrapping compact S? parts of S’ ® that are non-contractable and
thus stable due to orbifolding (see also discussion in section 6.3).
The large N, large X\ expansion of the Wilson loop expectation values in the SU(N)
and Sp(2N) FA-orientifold models may be written as (see (1.15), (1.19), (1.20), (1.18)

and (1.28), (1.32), (1.33))
(W) Z1eVA I N (b A3/ 4+ b A4 4+ )+ (0 A4 + b A4+ )

1 1
+ (DA% 4 b XA+ )4+ 0 (NQH . (1.41)

Expressed in terms of the string coupling and tension in (1.2) the leading strong coupling
terms in (1.41) become

T1/2

T1/2
(W) T2t 2T (bg + 0, T3/ 4+ by T2 + ) S (bg + U gsT + byg?T? + . ) .

s 9s
(1.42)
The computation of (W) on the string side should proceed in a similar way as for the circular
loop in the AdSs x S° case [2, 28] (the minimal surface ending on a circle at the boundary
of AdS; is the same AdSy one). The crucial difference is the presence of a new open-string
sector and thus extra “disc with holes” and also (in the Sp(2N) case) “disc with crosscups”
diagrams, in addition to the “disc with handles” ones. In the SU(N) case the structure of
subleading terms in (1.41), (1.42) is different compared to the N = 4 SYM case in (1.1).
In particular, the order g¥ term in (1.42) should correspond to the annulus contribution
(with one boundary with Dirichlet and one — with Neumann boundary conditions).
The prediction (1.35) for the resummation of the leading large A terms in the Sp(2N)

theory is the following specification of (1.42)

T1/2 T1/2 log 2
oy 720 T2 ot s T {%T (1 -~ gsﬂ Yo, (143)
T Gs T 3gs ™
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where we used (1.18) and f; = 12;‘?22 from (1.10). Note that the structure in the exponent

that involves a function of 1 4 cgs is similar to the one of the first log term in the free

energy in (1.40). The expression (1.43) may be compared with the leading-order one in

the case of, e.g., SU(N) N =4 SYM theory (1.36) (the Sp(2/V) result (1.37) is similar, cf.

footnote 9)

T>1 T1/2
2wy

(W)

exp |?7TT + W”(JSQ] + (1.44)
5T e .
that should represent the sum of handle insertions on the disc [2]. Similarly, (1.43) should
be summing up the leading crosscup insertions.

Finally, let us note that the exact in A differential relations like (1.17), (1.31) between
the 1/N corrections to the free energy and the Wilson loop expectation value that we find
from the localization matrix model representation on the gauge theory side appear to be
very non-trivial on the dual string theory side where F' and (W) are computed using quite
different procedures. It would be interesting to uncover their string theory interpretation.

The rest of this paper is organized as follows. We shall first discuss the SU(N) case. In
section 2 we shall review the structure of the matrix model representation for the partition
function of the N = 2 superconformal FA-orientifold theory. In section 3 we shall find the
explicit representations for the leading non-planar corrections F} and Fs to its free energy.

In section 4 we shall discuss the matrix model representation for the Wilson loop
expectation value (W) and in section 5 find the general relations between the 1/N terms
in (W) and the free energy F. Section 6 will contain the results of the strong-coupling
expansion of the 1/N terms in (W) and F. In particular, in section 6.3 we shall discuss

VAN

F', their resurgence properties and comment on their possible string theory interpretation.

the structure of exponentially small e corrections to the leading non-planar term in

Section 7 will be devoted to a similar analysis in the Sp(2N) FA-orientifold model:
matrix model representation, structure of 1/N corrections to the free energy and (W) and
strong-coupling expansions. This case turns out be much simpler than the SU(/N) one and
we are able to determine the structure of the large A asymptotics of free energy in rather
explicit way.

In aection A we will review the general structure of the partition function of N = 2
models as described by the localization matrix model and explain how it encodes the
information about the value of the conformal anomaly a-coefficient of the N = 2 model.
Appendix B will contain some details of derivation of the strong-coupling expansion of
Fy using Mellin transform. In appendix C we will discuss the relation between the 1/N
coefficients in the Wilson loop and in the free energy in the case of the Sp(2/N) theory and
their large A asymptotics.

2 Matrix model representation for N = 2 SU(N) theory

Using supersymmetric localization, the partition function of an N = 2 gauge theory on a
sphere S* of unit radius may be written as a matrix integral over the eigenvalues {m}~_,

- 12 —



of a N x N hermitian traceless matrix m [5] (see also appendix A)

8miN 9

Z=e = /@m e~ S0(m)=Simi(m) So(m) =

(2.1)

N N
Dm = [[ dm, (Z m> [A(m))?, Am)= [ (ms—my). (2.2)
r=1 s=1 1<r<s<N

The “interacting action” Sint(m) that vanishes in the N = 4 theory is non-trivial for
the N = 2 theories. We will neglect the instanton contribution since we are going to
consider the 1/N expansion. In the case of the N = 2 model containing hypermultiplets in
the fundamental, symmetric and antisymmetric representations of SU(N) (with numbers
subject to the conformal invariance condition (1.3)) one finds (see e.g. [29])

N
Sint(m) = Z [ng log H(m,) + ng log H(2m,.)]
r=1

+ Z ng +n, ) log H(m, +ms) — 2log H(m, — my)], (2.3)
r<s=1

where H is given in terms of the Barnes G-function'!

> 1’2 " z2 2
=J[(1+5] e =e M G(1 +iz) G(1 — iz). (2.4)
n

We will normalize the N = 2 partition function (2.1) to its N = 4 SYM value. After scaling

the matrix m — a according to

812N
P

the normalized partition function of the FA-orientifold in (1.4) (n, =4, ny =0, n, = 2)

a =

(2.5)

may be written as

Z mt /‘Da/6 tra? mt( )’ \/_Daeftra,2 — ]-7 (26)
a \2i+2 @ o \2i+1 a \ 21
Sin =51+ S2 = B;(\) t <> + Cii(A\) t <> t <> ,
t(a) =51+ 5y ; (A) tr i ”221 i(A) tr Wi v
2.7)
AN\ (L) 2
Bi(A) =4 (87r2> e (l—27), (2.8)

/\ A » ['(2i +2j +2)
. B —1)trJ . .

where (2;41 = ((2i + 1) are the Riemann (-function values.

1 Note that the exponential prefactor in the r.h.s. of (2.4) cancels in Sint in superconformal models (with
n, satisfying (1.3)).
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Z in (2.6) is related to the free energy as
_ _ _ 1
Z =e A, AF = FN=2 _ pN=4, FN=4 = —§(N2 —1)logA. (2.10)

Expanding AF at large N we find that the leading N? term cancels due to planar equiva-
lence!? so that

AF(A) = N F(\) + F(\) 4 0 (;) | (2.11)

The order N term was absent in the case of the SA-orientifold [4] where n, = 0.
The weak coupling expansions of F; and F5 are readily computed by doing the matrix
model integrals in (2.6) (here we set A = 25)

7
g3t %@A% 44—14 . 107149A5 11253411A6 250965 "y
N 11721536845 Caib 53110952195 EOn 110062308457 k0. (2.12)
=B5CsA% — ( 2+ 105@) M 4 (540¢3¢5 4+ 441¢0)\° — (1900¢§ + 66215<3¢7+3465§11> AC
N <2415% - 20655¢aCe 4 212355 <13> N (50464505 en 1238895 ot 2126817 o
6441435 C15> X+ (500C5 mﬂ@@ +1016400¢5¢11 + 1756755 Gz + 12167155 C17> \?
~ (525%? ot 5481112477 N 110007513 ot 13635765 oo
189764289 it 91869921 g19> §10., (2.13)

We shall see that as in the case of the SA-orientifold in [4], the large N expansion of the
BPS Wilson loop expectation value can be expressed in terms of F, so it is important to
study the latter first.

3 Explicit representation for free energy corrections F; and Fj;

Following the same strategy as in [4] we can find the explicit representations of the leading
and next-to-leading terms in the 1/N expansion of the free energy (2.11). To this aim, let
us introduce the generating function

X(n,x) = /Da e~ tra? JVnxa) = <eV), (3.1)
2i+1 o0 a O\ 2i+2

» Ay 7 t ‘|‘ 7 t —— . 32

o= Sne () S () a2

12Note, in particular, that at large N the number of hypers in 2 antisymmetric representations 2 x
w ~ N? is the same as in the adjoint representation N? — 1 ~ N2

— 14 —



Expanding in powers of the “sources” 7;, x; and evaluating the integrals over a gives

log X ( )—N(1 + 2+ >+<3 2 Dt 2ig e S Ly 02 )
gAlnX) = 2Xl 8X2 16771 16771772 4772 32771773 32772775 256773

+<9 2 et 23 >+O<i>
A TR N
~ 1
= N Rixi + Qijninj + Qijxix; + 0O <7N> ;
(3.3)

where we assume summation over ,j = 1,...,00. The linear in x terms in (3.3) have the
following general form

a \#t? > 1 2i+2
ma= S o () ) = Sxggrg (n) @9

where the coefficient R; may be written as
21T (z %)
Vrl(i+3)

The infinite-dimensional matrices Q and @ in (3.3) can be expressed in terms of the con-
nected correlators of tra™ (see e.g. [30]; here (AB). = (AB) — (A)(B))

R; = (3.5)

KR gy oD (it + 3) T (ko + 3)
7 (k1 + k2 + )T (k1 4+ 2)T(k2 +2)
kT (g + $)T (ko + 1)
7 (k1 + ko)L (k1)L (k2)
The matrix @);; is same as the one that appeared in the case of the SA-orientifold in [4]
1 24901 (i+3)10(j+3)
T(i+j+1)TE+2)T(G+2)’

<tr a2k1+1 tr a2]€2+1> — Nk‘1+k2+1

(tra®*t tra?2), = Nk Tk

Qij =

(3.8)
while for Q;; we find

12T (4 3)T(G+3) 2t

T ATG DG ) g6t

Qij. (3.9)

Using (2.7), the leading terms in the large N expansion of the free energy AF in (2.11)
may then be represented as

NFy—F —C’ijii—Bii
e T =e ERCE X(n,x)‘

nzxzo

¢ 0 0 _p o ~
e don;onyTiox; oN RixitQuning+QijXiX;

, 3.10
S (3.10)
where B;(\) and Cjj(\) were defined in (2.8), (2.9). To compute (3.10) we may use that

9. 0.0 1ol D,
e P f(xi) = fou — Bi) e~ Cia%i0; :/dye 1 Vit (3.11)
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This leads to an explicit weak coupling expansion of the leading large N correction to the
free energy:

RN (_1)1'1“(1'4—%) e \ i
Fl_gIRzBZ_ ﬁ;(ml) fits) 12 ><2z+1<7r2) - (3.12)

This weak coupling expansion is clearly convergent, with radius of convergence 72. It can

be summed up into an integral representation using the identity:

; 1 o %
1272 (o1 = 7/ dt : 1
( ) Geit T(2i+1)Jo — e+1 (3.13)

This leads to the compact expression

2 [ 2t J1(2tVA) — t VA + L(tVN)?
Fi(A) = \f)\/o dt (€27t 4 1)2 [ 2 : :

It is straightforward to check that the expansion of the Bessel J; function, combined with

(3.14)

the identity (3.13), leads to the weak coupling expansion in (2.12) and (3.12). However, the
integral representation (3.14) can also be used to analyze the strong coupling expansion,
which is an asymptotic expansion, in contrast to the convergent weak coupling expan-
sion (3.12). The strong coupling expansion is discussed below in section 6.
The next subleading correction to the free energy, the O(N?) term Fy in (2.11), may
be naturally split as
Fy(N) = Fa(\) + Fy(N), (3.15)

where F, comes from the Qijnim; part of (3.10) (i.e. depends on Cj; and Q;5). This Fy
part is identical to the one for the SA-orientifold found in [4] and can be written as

= 1 1
Fy(\) = 3 logdet(1 +4CQ) = 3 logdet(1+ M), (3.16)
s 5 A\ itk
Mi; =8v2i+ 125+ 1 > (—1)* ciji Caitojronst <167r2) , (3.17)
k=0
k s
I'(2i + 25 + 2k + 2)
ijk = - - . 3.18
Gk mzz:of(m—i-l)T(QZ+m+2)1“(k—m+1)1“(23+k—m+2) (3.18)

The properties of the weak coupling and strong coupling expansions of Fy(\) have been
studied in detail in [4].
The second term in (3.15), denoted Fy(\), comes from the Q;;x;x; part of (3.10)

—Bii O v O.:B: B .
(cf. (3.11)) e "2 QisXiXs ‘X:O = eQisBiBi Tt can therefore be written as a double sum:

Fy(\) = — " QiBiB;, (3.19)

ij=1

where the function B;(\) was defined in (2.8) and the coefficients @ij in (3.9) and we
explicitly indicated summation over 7, j. Thus, the weak coupling series representation for
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Fy()) is (cf. (3.12))

N | 2 (=1)ititl (1 = 272)(1 — 2-%)T (z + g) r (j n g) )\ i+
P (532G + oG +2) o ()

(3.20)

Note that F5()) is simpler than Fh()), being only quadratic in the zeta factors Cop11, while
F5()\) involves sums over products of zetas to all orders. The weak-coupling expansion of
the total F5(A) (3.15) of course agrees with the direct expansion of F»(\) at weak coupling
n (2.13).

Remarkably, there is a direct differential relation between Fy()\) and Fi(A). Indeed,
differentiating F»(\) in (3.20) with respect to A we observe that the double sum factorizes
in terms of the second derivative of the product A Fy(\) with respect to A, implying that

% o )\[dd)ﬁ()\ﬂ)] ‘ (3.21)

Thus the form of F5()\) is determined by that of Fj()). Using (3.14) we then get also

7F2—2 (/ At egm [Jl(ztf)—th (3.22)

This integral representation also permits a direct access to the strong coupling expansion
of Fy(\).

4 Wilson loop expectation value

The N = 2 vector multiplet of the N = 2 theories contains the gauge vector A,, a complex
scalar ¢, and two Weyl fermions. The %—BPS Wilson loop depends only on the fields of
the vector multiplet and is defined as

W =tr? exp% [z Ay (x)dxt + \}5 (gp(:ﬂ) + 90+(x)> ds] , (4.1)

where the contour z#(s) represents a circle of unit radius and the trace is taken in the
fundamental representation. The expectation value of W may be computed in the matrix
model as (cf. (2.6))

(W) = (tr 2™y — <tre\/ o > | (4.2)
Its large N expansion may be written as
1 1
(W) = N Wo(h) + W2 (0) +  (Woalh) + Wa() +0 5. (43)

where we separated the N =4 SYM parts

Wo= W)™ = —=L(VX),  Wea= (W)™ =

- 1 [~12VAL(VN) + ALV

48
(4.4)
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The leading terms in the weak-coupling expansions of the N = 2 parts Wy and Wy are
found to be

Wi = (W)=, W2 = (W)y=2, (4.5)

W——cg’iA3 I S T IS O R
! ° 2 (8n2)? 32 320 ' 18432 ' 1720320 ' 235929600 = 44590694400

+CLA4 i+A—2+ Al + S + N + X +
® 8 (8n2)3 10 288 ' 16128 ' 1474560 ' 199065600 37158912000
g A 1+@+ o\ + oA + X + al + + (4.6)
T8 (872)1 48 " 1344 ' 73728 ' 1327104 ' 176947200 ’ '
W R . R
TMQ/ = —30Cs At + (324¢2 + 420¢7) X% — (5400¢5Cs + 4410¢0) A°
=Wy

. 14864
+ (22800¢3 + 39690(3(7 + 41580¢11) A" — <338100C5<7 +289170(3(o + 86 85 §13>

(4.7)

(7 4 2477790C5Co + 2126817¢5(11 +

5044305 6441435 5
+ (15

Let us find the closed form of the series for the simpler W; term that is linear in (o, 11. W3
gets contributions from the single-trace term in (2.7) that were absent in the case of the

2i+2
SA-orientifold in [4]. If we write Sip in (2.7) as S1+S2 where S; = Y72, Bi(A) t (T) '
and Sy is the double-trace term, then expanding (4.2) to linear order in S; we get
A
_ . e 1—185;) trevVan®
D tra? S1—S9 t 2 g <( 1 >
(wy = JPae e rerey . (4.8)

[ Dae~tra® g=S1-52 (1—-S1)

Picking up the part linear in Sy gives

Wi=- <tf S1 6\/5“> +(S <tre\ﬁ > < ; tre\/Ta>

C

3 o ) e s S o () S (e ()Y

p=0
e AN A\ (DT 2n 2 2n+2
1% G (aw) X (gaw) -2 (e wa),
(4.9)
Using (3.6), we then find
l)n 02 1 F(p+ >F( + ) A\ et
(o G ()

n=1p=0
(4.10)

which agrees with (4.6).'3

13Let us note that doing the sum over p for each n we obtain the exact form of the coefficients of all
Can+1 terms
15)°
(8m2)?

%
8 5 (8a2)2

matching eq. (3.29) of [29].

2L (V) + Ia(VA)] + G ——geg [612(VA) + 414(VX) + Ts(VN)] + -+
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Using the identity (3.13) we can resum this double series expansion into an explicit
integral representation

Wi(A\) = 2V AL (V) /OOO &t et [Jl(%f _tf]

T™H1)2 ] 4241

oo 627rt
+4\f/\1‘1(\5)/0 dt g I)Qt‘ftng:?). (4.11)

It is straightforward to verify that the expansion of the Bessel functions, combined with
the identity (3.13), leads to the weak coupling expansion in (4.6).

A closed expression for Wa(A) in (4.3) will be given in the next section after relating
it to the corresponding terms in the free energy.

5 General relations between the 1/N terms in (W) and F

The coefficients W7 and W in the large N expansion (4.3) of the Wilson loop expectation
value turn out to have close relation with the F} and F» in the free energy expansion (2.11)
(see also appendix C).

To relate W1 to F} let us first write (4.10) as

_1°OAPF(P+) o AP
Wi= _Trp; el ) W _\/777;) Ty PN Y
< UM r(i+3) A\
i=1 z+1 2 2)(p+i+1)F(i+1)€2i+1 (TFQ) ' 2

We notice that differentiating (5.1) over A leads to the expression where the double sum
factorizes. Using the expression for Fi in (3.12) we then obtain

d AP
—Wi=|-—— AFY) . 5.3
.t \/%pzozwr(p)r(gwr |~ \Fd/\Q( ) (5:3)
This relation may be written as
d 1 d?
W= iﬁll(f) ViR (5.4)
Using also the expression for Wy in (4.4) we conclude that
Ly, = /\W R (5.5)
ot Cap2 '

The term Wy in (4.3) turns out to be related to Fs in (2.11), (3.15) by

A2 d

Wo= =" Wo i Fy (5.6)
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This can be proved in the same way as in [4]'* by expanding the Wilson loop factor to
leading order, using the large N factorization of correlators and observing that the insertion
of tr a? is the same as the insertion of the Gaussian “action” which, in turn, can be obtained
by differentiating the matrix model integral over .

Using that in Fy = F + F5 and (3.21) we may represent (5.6) as
A3 [ d? 2 d

2
W2:§WO W()\Fl)‘| _ZWOJFZ

In view of (5.5) the first term here is thus related to the square of dggl

6 Strong coupling expansions of the N = 2 SU(INV) free energy and Wil-
son loop

In this section we present results for the large A expansions of the terms Fj(A) and F())
in the large N expansion (2.11) of the free energy. Using the relations (5.5), (5.6) these will
also determine the expansion of the terms Wi () and Wa(\) in the large N expansion (4.3)
of the Wilson loop.

6.1 Large A\ expansion of F; and F5

The large A\ expansion of the first subleading large N correction Fj(A) in (2.11) for the free
energy can be derived in several different but complementary ways. The simplest way is
to use the representation

(1=27%) Gusr == Y° oy =n2i+1). (6.1)

where 7(2i + 1) is the value of the Dirichlet n-function. Then the expansion (3.12) for F}
yields

2 (=DF [ A 8kir? A 5 w19 11 A
k=1

(6:2)

Expanding at large A gives an expansion that can be evaluated using (-function regular-

ization

AT e kil A Ank?  2m?k?
= -1 k[1+4+2log(2mk) —log\]| — — 4+ ——+ -+ | . .
| ;;1( ) (wﬂ“ og(2mk) —log A] = —Z + ==+ (6.3)
Using the n-function values

n(1) =log2, n<-1>:£, 77/<—1>=—fl—1°g3<2)

+3logA, n(=2)=0, n(-3)=-

1n [4] we used the notation % = Agq and F> = AF.
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where A is Glaisher’s constant, we thus obtain the strong coupling expansion

FLN) 2N fId+ folog A+ f3+ fa XL+ 0 (/\*1/4 e*ﬁ) , (6.5)
log 2 1 3 7 1 72
fi 17 f2 1’ I3 1 T glos2+ glogm —6logA, fa 1
(6.6)

Here we indicated that there is only a finite number of power-law corrections: as will
be discussed below in section 6.3 and appendix B, all further corrections turn out to be
exponentially small as A — +00. An indication of this is that all higher order corrections
in (6.3) have coefficients that are expressed in terms of n-function values that vanish.
The strong coupling expansion (6.5)—(6.6) for Fi(\) can be also obtained from the
integral representation (3.14) using the Mellin transform method (see appendix B), or

by expanding the 0 okl % (=1)"tp e~ (n=Dmt factor in the integral representa-

627rt+1)2 = n—=

tion (3.14) and integrating.
The F, part (3.16) of Fy in (3.15) is same as in the SA-orientifold and thus [4]

By 2 B A2 4 Ry log A+ ks + O(/2), k=5 o (67)

The strong coupling expansion of F, in (3.20) may be derived directly from (3.21) us-
ing (6.5)'

B2 pid2 £ po X+ pslogh+ps + O ()\5/4 e—ﬁ) , (6.8)
1
p=—ff, p2=—2f1f2, p3 = —§f22, e (6.9)

where f; have the values listed in (6.6). Notice that, as for F7()\) in (6.5), there is only a
finite number of power law corrections, followed by exponentially suppressed terms, whose
origin is discussed below in section 6.3.

6.2 Large A\ expansion of W3 and Ws

Using the relations (5.5), (5.6), (5.7) allows us to find the strong coupling expansions of
W1 and Wy from those of Fy and Fy. In particular, from (6.5) and the expansion of W)
in (4.4)

2 3 15 2 3 15
VVO)\;>1 \/;)\_3/46\& <1_8\/X_128)\+>_Z\/;>\_3/46_ﬁ<1+8ﬁ_128A+>7

(6.10)
we find (dropping exponentially suppressed parts, cf. (6.5))
%% 3 1
Lo AN L2 AN B+ 4N 200N, (6.11)
Wo 2 8

5Note that the value of the constant term ps can not be deduced from the differential relation (3.21)

and requires separate derivation using the method of appendix B that gives py = %6 + lolg22 + lolgﬁ" — % log A.
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Comparing (6.7) and (6.8) we observe that F, dominates over Fj at the first two leading
orders of expansion in A > 1. As a result, the dominant contribution to W5 comes from
the first term in (5.7)

),

where we used (6.5). The contribution to (6.12) coming from F, term in (5.7) is

A3 [ a2 2 1 1
8ldA2(AF1)] = ffl)\3+§f1f2)\2+(‘)()\), (6.12)

2 -
[} =X d gt k /2 —k:2>\ O, (6.13)
2

so that in total

Wa WQ} {W2] 11 3 1 o 1, 13/
L | = —= — A+ = AN— =k A2 4+ O(A .14
Wo [Wo 1 Wo fl 2flf2 gt Ot (6.14)

where the values of f1, fo and kj are given in (6.6), (6.7).

6.3 Exponentially suppressed corrections at large A

The leading large N correction to the free energy Fj(\) has, in addition to the “perturba-
tive” terms in (6.5), also exponentially suppressed corrections in the large A limit. These
can be computed directly from the integral representation (3.14). It is actually slightly

simpler to begin with the combination AF1) which appears in the relation to Wi as

d/\2(
n (5.4). From the integral representation (3.14) we deduce that

j;( = f/ em ) 7 [12tV3) =tV

K1 ((2n+1)VA)
(2n + 1)V

5 (6.15)

:10g2_7 ii[ o ((2n+)VA) +

Both these expressions are exact, but the first expression in terms of Bessel J-functions
is well suited to a small \ expansion, while the second expression in terms of Bessel K-
functions is well suited to a large A expansion. As A — 400 each Bessel K-function in (6.15)

@n+)VA multiplied by an asymptotic series in

is given by the exponentially small factor e~

1
ﬁ.
multiplied by a “fluctuation expansion” in inverse powers of v/\:

2 ~@nr)Vx - o ()R (K243 T (k+ 1) T (k-3
d A1 log2 1 \f e \“n (—1) +1 +3 2
e M) = S Tt e Z R

@n+ VA= 2 D(k+1) [(2n+1)VA
(6.16)
The reconstruction of Fi(A) from this expansion requires two integrations, and the inte-

Thus we obtain an expansion in the form of an “instanton sum”; with each exponential

gration constants are easily fixed by the comparison with (6.5), (6.6). As a result, we find
that F} in (6.5) may be represented as

2 FPOl 4 pee FP = fiIX+ folog A+ f3+ faA ™!, (6.17)
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Here F} °lis the “polynomial” in A > 1 part, with a finite number of nonzero coefficients
f; as in (6.5)—(6.6), and F}"" is the exponentially small contribution given by

LA 1 S OO (e
f (A)Azl_w<w) §(2n+1)2,§) 24’fF(lc+1)2 2
T n
x {r (;’—k,(2n+1)ﬁ) —F<2 (:T;(jl;i)ﬁ)}. (6.18)

Here the sum over n looks like an “instanton” expansion: for each n and k the incomplete
I-function terms in (6.18) are proportional to e~ +DVA when A — +oo. Using the
expansions of these I'-functions we find explicitly that

pon oy 21 <2>3/2 g Cnt1)VR 2o (—1)'[4l(1+4) +3]T (1+ 1) T (1= 3) |
m nmo @nH 1P e ) [(2n + 1)\5}1

(6.19)

For each n, the fluctuation series is factorially divergent, but it is resurgent in the sense
that the large | behaviour is encoded in the low [ terms. To see this explicitly, let us define
the “fluctuation” coefficients from (6.19):

(D Al +4)+3T(1+3)T(1-2
a= 7r21+2r(l(+1)2) ( 2)' (6.:20)

The first few low-order values of ¢; are given by

23 153 435 13755 172935 5893965 126080955
¢ = (6.21)

L, 87128° 1024’ 32768 262144’ 41943047 33554432 7

At large order, | — oo, these coefficients are alternating in sign and factorially divergent,
and including the subleading corrections the large order behaviour can be written as:

l—00 (=) 2.2 92, 153 23.<_1%’11)
o= ey Taeu-y Taena-aa-w | O

Notice that the numerators of the subleading corrections correspond precisely to the low
order coefficients in (6.21). The powers of 2 correspond to the difference between the two
Bessel function saddles (e~ vs. e*®) whose ratio is e 2%, Thus we see that the subleading
corrections to the large-order growth of the fluctuation coefficients are directly encoded in
the low-order fluctuation coeflicients.

This behaviour in (6.22) is the typical low-order/large-order resurgence relation [31-
33]. These resurgence properties are inherited from the large argument expansion of the
Bessel function term in square brackets in the r.h.s. of (6.15). Furthermore, this resurgent
behaviour of Fj(A) is inherited by the exponentially small corrections to the Wilson loop
ratio W1(X)/Wp(A) in (6.11), due to the expression (5.5) relating Wi () to Fi(A). Similar
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exponential terms will appear in the strong coupling expansion of F5 and Ws and also in

the corresponding terms in the Sp(2/N) theory case discussed in the next section.
—cV/X

are generally expected in observables in conformal gauge theory with an AdS string dual.

The exponential e corrections found here in the 1/N term in N = 2 free energy
The perturbative expansion (in inverse string tension) in 2d string sigma model is expected
to be asymptotic and such corrections may have a world-sheet theory origin (which may
be different in different observables). Similar terms appear, e.g., in the N =4 SYM theory
in the large A expansion of the cusp anomalous dimension (see [34, 35] and also [36, 37] for
their relation to resurgence).

@k+DVA torms in F1 have a string instanton interpre-

One may conjecture that the e~
tation in terms of world sheets wrapping part of the compact internal space S’ ® that has
fixed points under the orientifold/orbifold action on S® (see discussion in the Introduction).

It is useful to compare this with what happens in the case of the Wilson loop expecta-
tion in N =4 SYM theory (see (1.1), (4.3), (4.4)). The large X\ expansion of the Bessel I;
function in Wy in (4.4) leads to just two exponential terms in (6.10), with the subleading
one being imaginary (the same pattern is found also for higher 1/N terms in (W) in (1.1)).
While the leading eV term in (6.10) represents the expansion near the minimal AdSs sur-
face embedded in AdSs, the second term may be interpreted!® [38, 39] as the contribution
of an unstable surface wrapping S? of S°.17 Note that higher order terms ~ e~V do not
appear, as multiple wrappings would correspond to multiply wrapped Wilson loop.

In contrast, in the case of F1()) in the N = 2 theory we get an infinite series of expo-
nential terms as here multiple wrappings should be allowed'® and they have real coefficients
as the corresponding world-sheet solutions should be stable due to orbifolding of S°.

Note that the appearance of the imaginary term in the formal large \ expansion of
Wy is related to fact that the asymptotic expansion of the Bessel I; function about the
Vv

are factorially divergent and non-alternating in sign and then the naive Borel summation

dominant eV term is non Borel summable: the coefficients of the expansion about e

integral has an imaginary contribution, and this must be cancelled against the ie=V term
as total Wy should be real. At the same time, the exponentially small factors e~ (k+DVA iy
F are multiplied by asymptotic series that are Borel summable (note that the ¢; coefficients
in (6.20) are factorially divergent but alternate in sign) and therefore, one finds only real
exponentially suppressed contributions.

In view of the relation (5.5) between W; and F; and the expansion of Wy in (6.10) the
resulting expression for the 1/N correction Wj to the Wilson loop in the N = 2 theory will
thus contain two different sources of the subleading exponential corrections since

2 0o
iVV1 = —EAWOd—z()\Fl) ~ [w(\f)\) eV 4 iw(—VN) e_ﬁ} Z up(V) e~ (@kHDVA
dX 4 dA =
(6.23)

16 An instanton interpretation of this second term was originally conjectured in [1].

" This may be viewed as a limit of the result found in the case of i-BPS “latitude” Wilson loop where
there are two solutions of disc topology covering (in addition to AdS2) the smaller or bigger part of S2
in S°.

18To recall, the 1/N correction F; should be given by string path integral over surfaces of disc topology
with free boundary.
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Thus, %Wl has a trans-series expansion involving an overall eV factor, multiplied by even
powers of eV, These alternate between being real and imaginary,'” in such a way that the
full trans-series is well-defined and real (as W should be when A is real and positive). The
same structure also survives the A- integration that gives Wj. The resurgence properties
of this final trans-series for W would be interesting to study in more detail.?"

7 N = 2 superconformal Sp(2NN) theory

Let us now repeat similar analysis in the case of the FA-orientifold model (1.6) with the
gauge group Sp(2N).

7.1 Matrix model formulation

The structure of the matrix model here is the same as in (2.1). For the model with n,,.,n,
and n,, expressed in terms of them using the finiteness condition (1.5) the interacting action
in (2.1) reads [9] (cf. (2.7) and also appendix A)

B o) A 1+1 (_1)i : a 2142
Sint(a) = lzzl (871’2) P C2it1 {2 (22 - 1)(nAdj —n, —1)tr (\/N)

+% (nAdj +n, - 1);; <2i24k— 2) o <\/aﬁ>2¢2k+2tr <\/aﬁ>2k},
(7.1)

where the matrix a is in the 2N-dimensional fundamental representation of Sp(2/N). The
expression (7.1) greatly simplifies for the FA-orientifold where n,,, = 0, n, = 1 (and

n, = 4): only the single-trace term survives so that (cf. (2.7))%!

00 a 2i+2
Sint(a) = Bi(A) tr (\/N> ) (7.2)
i=1

where B; is same as in (2.8).

Perturbative calculations are most efficiently performed by the same methods as in [40]
in the SU(N) case. The matrix model variable is written in a basis of sp(2N) generators
in the fundamental representation with the following normalization

N(2N+1) 1
a= > dTf, tr (TETf) = 507 (7.3)
r=1

YFrom the string theory point of view, Wi comes from contributions of world sheets with annulus
topology (with one boundary being fixed by the Wilson loop circle and the other being free). Then the
argument about stability of all wrappings of subspace in S8 (given above for Fi case) should no longer
apply.

20 An alternative approach is to start directly with the integral representation for W in (4.11) and perform
the large \ expansion, getting both perturbative and non-perturbative contributions.

*'There is no similar simplification with no double-trace terms in Siy in the SU(N) case (2.3) (apart
from “trivial” N = 4 SYM case where Sint = 0).
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Then the matrix model measure is simply

N(2N+1)
Da =N H da" . (7.4)

r=1

Integration is done with respect to the Gaussian weight e~ %" (cf. (2.6)), i.e. it reduces

to repeated Wick contractions using (a"a®) = 6" and the Sp(2N) fusion/fission rela-
tions [41, 42]
1 1 —
tr(Ta M, T Mg) = 1 tr My tr Mo + i(—l)nQ tr(MlMg), (75)
1 1 —
tI‘(Ta Ml) tI‘(Ta Mg) = Z tI‘(Ml Mg) - Z(—l)nQ tI‘(MlMQ), (76)

where M7 and M, are products of generators, ng is the number of factors in My, and Mo
is the product in reverse order. In particular, one finds the following useful correlators??

lfnp (1
(tra2"> — Nyt 27 (2 +")

VT L(2+n)
n+l nm*-1) nm*-1)(n-2)
8 {1 TN T e N } ’ (1)

(tra®™ tra®™). = Nt 2t (n+ %) r (m—|— %)

7 (n+m)T(n)'(m)
n+m  (n+m)(1—2n—2m+n?+nm-+m?)
1
X [ toan 48N? Tl
(7.8)
MR (L DD (m+ )T (k+ 2
(traQn tran tra2k>c _ Nn+m+k—1 ( 2) ( 2) ( 2)
w3/2 T (n)T'(m)T(k)
n+m+k—1
1 PR .
. ( v T ) ’ (7.9)
nt+m+k+e+1 1 1 1 1
(tr a2n tr a27n tr a2k tr a2£> _ Nn+'m+k+éf2 2 r (n+ 5) r (m+ 5) r (k+ 5) r (£+ 5)
¢ 2T (n)T'(m)T'(k)T'(£)
Xx(n+m+k+l—1)+---, (7.10)
<tI‘ a2n tr a2m tr a2k tr a2€ tr CL2S>C _ Nn+m+k+é+sf3

2 (1 )T (4 )T (3T ()T (54 3)

X 72T ()L (m)T(B)L (0T (s)

x(n+m+k+L+s—(n+m+k+l+s—2)+---. (7.11)

7.2 Free energy

The free energy of the Sp(2N) FA-orientifold has the same structure of the 1/N expansion
as in (2.11), i.e. after the subtraction of the N =4 SYM free energy we have (see (1.22))
LFa() + 5 Fa(N) + < Fs(\) + O (e (7.12)
N? N2 N3P N1)” '

2Note that (ABC). = (ABC) — (A) (BC) — (B) (AC) — (C) (AB) + 2(A) (B) (C), etc.

AF(A) = NFi(\) +Fa(\) +
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where we included two more terms, compared to (2.11). To get the explicit expressions
for the terms Fq(\), F2()), and F3(\) we repeat the analysis in section 3 (the computation
of F,4 follows similar steps). In this case we need to consider the analog of the generating
function (3.2) containing only y-part

[e’e) 2142
= /Da e e gVixa) Vix.a) =) xitr (\;%) . (7.13)
i=1

Evaluating the integrals gives

et £ (e () )3 5 (e () ())
(G

+;i <tr< >21+2 >2]+2 <;N>2k+2>c XXXk + . (7.14)

i,5,k=1

Using (7.7)—(7.11), this may be written as

1
logX( ) = Rixi + Ungsz + Tz]kXZXij +0 <N2) (7.15)
where
R-zNR(-O)+R(1)+1 (2)+O(1) Uz:u@+1u(1.>+(9<1>
1 7 () 7 N2 1] 1) N 1] N2 )
1
and
2i+2T (i+§) 1o Y2
R = = 2R ORI rR® _ i+ 1D(+2)
VaL(i+3) o i 5 14 i 54 i
u© — 2i+j+2F<i+§)F(j+%> _20;, U(l)_z’—i—j+2~ (7.17)
9 pi+j+2)TE+ DTG+ T b2 i '

o B () ()
ijk = 6m3/2T(i + 1)I(j + 1)T'(k + 1)

= Sl D+ 20+ DG+ 2)(k+ 1)+ 2) R, Ry,

with R; and Q;; being the same as in (3.5) and (3.9).
The free energy AF in (7.12) is then obtained by acting on —log X with the operator
exp ( Bza ) and setting x; — 0.2% This replaces x; — —B; (cf. (3.11)) and thus

=Y RiB; — ZUZ]BB + Z Tijx BiB;By, +0< ! ) (7.18)
i=1

5,j=1 i,5,k=1

2i42
**Equivalently, we just start with exp [ Yoo Bi(A) tr (ﬁ) } (cf. (7.2)), compute its expectation

value expanding in powers of B; terms using the connected correlators in (7.7)—(7.11) and then rewrite the

result as e 27,
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The F; term in (7.12) is then simply

[e.e] o0
Fi(0) =Y RYB, =23 R, B, = 2R, (\), (7.19)
i=1 i=1
where F () is the corresponding SU(N) term in (3.12). Thus, Fq(\) for the Sp(2/N) model
also has an exact integral representation of the form in (3.14) multiplied by factor of 2.
For the Fy term we obtain

(o] oo 1 o (o] -
F2(0) =Y RYB, — S uVBB; = 32 (i +2)RiB; =2 Y QBB
i=1 i,j=1 i=1 i,j=1
1d _ d- A& ?
= ia [)\Fl()\)] -+ 2F2()\) s aFQ = [d)\Q (AFl)] R (7.20)

where F5()) is the same as in (3.19), (3.20), (3.21).

We conclude that in this Sp(2/N) model the F2 term is much simpler than in the SU(N)
case in (3.15) — it does not contain the analog of the Fy term (3.16). In (7.20), the first
term is linear in the (9,41-values, while the second is quadratic. The presence of this first
term is related to the different structure of the large N expansion in (7.7) that contains
the 1/N term which was absent in the SU(N) case.?*

Furthermore, since F;()\) has a simple integral representation (3.14), and Fy()) is di-
rectly related to Fj(\) as in (3.21), we see from (7.19) and (7.20) that in the Sp(2/N') model
both F;(A) and Fa(\) have explicit integral representations that permit precise analysis of
both the convergent weak coupling expansion and the asymptotic strong coupling expan-
sion. This carries over to the Wilson loop corrections, as discussed in the next subsections.

Finally, from (7.18) we conclude that the 1/N term F3(\) in (7.12) is given by

o0 o0 o0
Fa) =Y RPB, — 3 US)BiBj + Y T(;),)C B, B, By
i=1 ij=1 ij,k=1

1 1 - 1[& ’
fﬂg 7,Z+1 Z-|-2 R, B; — B E (Z+]+2)Ql]BZB]+3[E (Z—l—l)(l—l—?)RlBl .
i=1 ij=1 i=1

(7.21)
Using that according to (2.8) we have B; ~ Al and also the relation in (3.21), the
expression for F3 may be written as (cf. (7.20))

)\2 " A 7/ >\3 m\3
Fa) = 5 WA + 5 B + 5 (W)
)\2 " )\ " 2 2)\3 " 3
= O =5 [(AFI) "+ 5 (aR)"]", (7.22)
where f'(\) = & f(\).
24Note, for example, that
. S (NP —1)(3-3N?+ N =32 4 ox N*— 322 4 ... SU(N)
(tra”) = 85N S 4 3 -
ZN(L+2N)(1+2N +4N?) = 20 4 500 4 5N 4 Sp(2N) .
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It is possible to generalize the above computation of F3 to the case of the next terms
F4 and F5 in (7.12). The analog of the last term in (7.22) with highest number of powers
of derivatives over A or of highest power in (AF7)” turns out to be (cf. (7.21), (7.10),
(7.11), (7.17))

1 & 2\ '
FiN == > cymRiRiRiRe BiB;BiBe+--- == (W [(AF)"]") 4.0, (7.23)
" 4,5,k =1 ’

- 2)2 n’
Fs(N== > cijrsRiRjReRyRs B;BjBBBs+--=— [/\2 (/\3 [(AFl)"]E)) } +...,
t 4,9,k 0,s=1

where we used that, as follows from (7.10), (7.11),

Cijke =200+ +k+L+3)G+1)(E+2)+1)(G+2)(k+1)(k+2)((+1)(L+2),

Cijies =200+ +hk+L43)(i+j+hk+Ll+s+4)(E+D)(E+2)G+ DG +2)(E+1)(k+2)((+1)(L+2) .
(7.25)

These terms provide the dominant contributions in F4 and Fs at strong coupling: F4 ~ A4,

F5 ~ A° (see below). Comparing the last term in (7.22) with (7.23) and (7.24) we observe

a definite pattern for generalization.

Thus it is natural to expect that all higher order 1/N corrections in the free energy
in (7.12) will be expressed in terms of derivatives of F(\). The integral representation for
Fy (3.14) will then imply a similar representation not only for Fy (cf. (7.20), (3.22)) and
F3 (7.22) but also for all F,,.

7.3 Strong coupling expansion of free energy

Given the relations (7.19), (7.20) and (7.22) the strong coupling expansions of the free en-
ergy terms Fq, Fo and F3 in (7.12) follow from the SU(NV) results for F} and F in (6.5), (6.6)
and (6.8) and the leading terms in F4 and F5 from (7.23), (7.24)

Fi= 2fiA+2flog A+ 2f5 + 23+ 0(eV?)
2

_log2 1 0 sy
=573 A 5 log A + const. oY +0(e™V7), (7.26)

Fo = —2f12)\2 + fi(l —4fo) A+ %fg(l —2f2)log A + %(fé + f3+4ps) + O(e_ﬁ) , (7.27)

Fs = §f§A3 — fE1 = 4f2)NE = fifa(1 — 2f2) N — ifa(l +6f2 —8f3) +0(e™V), (7.28)
Fo=—4fixt+ 003, (7.29)
Fo= 2 fX+ 00, (7.30)

Here O(e‘ﬁ) stands for the corresponding exponentially suppressed corrections
~ AF/4e=nVA that follow from the ones in F} in (6.17), (6.19).%

_ﬁ, F2 (that contains squares of derivatives of F}
VX

Z5While F; has exponentials that are odd powers of e

and cross-terms, cf. (7.20)) has both even and odd powers of e V. Similarly, for Fs in (7.22) one also finds

both odd and even powers of e VA,
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We observe that the leading large A asymptotics of F,, appears to be \”. Note also that
F3 has no log A term while the order A~! term appears only in F;. Assuming that all higher
F, terms are expressed in terms of derivatives of AF as in (7.20), (7.22), (7.23), (7.24) the
only log A corrections will come from F; and Fo, i.e. the coefficient of the log A term in F'
receives contributions only from the N2, N and N° orders in the 1/N expansion while the
A~! term in F is exactly captured by (7.26).

Including also the N'= 4 SYM contribution in (1.22) the full expression for the free
energy expanded at large A may be written as

2
_ N
F=F" 1 AF 2" AF,q — (N2 FN - 3) logh— = 40V,  (7.31)

16 2 A
AFpor = NX[2f1 + 00| + 22 |22 + 00| + %A?’ [2 P+ O(A‘l)] +0 <A1,2>
= N%F (]AV) + ., (7.32)
7 (%) =2n +2rt (;)2 +o (]AV)S —aff (fv)4 v 25 (2,)5 fo, (139)

where AF},, represents the polynomial in A > 1 contributions with F (%) being the sum
of the leading A" terms at each order in 1/N.

Remarkably, the coefficients in (7.33) suggest that F has the following exact form

r(2) =os (14202, 30
A

Using that according to (1.2) we have § = 4mgs we conclude that this leading order
term expressed in terms of string parameters non-trivially depends just on string coupling

(8w f1 = %log 2)

A 27
F:NZS—"(N) dooe = T log (14 87higs) + .. (7.35)

S

This term should be summing the leading large string tension contributions from each order
in string topological expansion

The term —é% = —%g—ls in (7.31) should also have a special origin on the string side,
coming from a particular crosscup or disc contribution not involving (in contrast to the g%
term in (7.35)) extra powers of string tension (and thus subleading compared to (7.35) at

large T).

7.4 Wilson loop

The 1-BPS Wilson loop is again defined as in (4.1). In the Sp(2N) N = 4 SYM theory its
expectation value (exact in N and A defined still as A = N 9\2(1»1) is given by the sum of the
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Laguerre polynomials [7] (cf. (1.1)%9)

= A
<W>N:4 = 2eT6N Z Loj 11 (—) . (736)
The resulting 1/N expansion is

(W=t = N \4&11(\&) + % [1o(VX) 1] + % % L(VA) +0 (;2) : (7.37)

Then the N = 2 expectation value may be written as in (1.28)%7

() = N Wo(A) +Wos () + Wi () + - WoaO) + WaN] +0 (5 ) (739
where the N = 4 parts Wy ,, are given by (7.37)

Wo= (W)=t = Zo1,(VA) = 210, Wou = (W)= = 2 [1(v3) - 1], (739)

Woo = (W)N=1 = % L(V)\). (7.40)

The relation between the genuine N = 2 parts Wi and W» in (7.38) and the free energy
terms in (7.12) is the same (up to factor of 1/2) as in SU(N) case in (5.5), (5.6) (see
appendix C)

A 22

Wi = —2Wo (AF1)", Wy = — Wy F}. (7.41)

We thus find using (5.5) and (7.20) (cf. (5.7))
\? 1 " 2
Wi(A\) =21 (A), Wy (\) = —§W0 i(AFl) —A[E)"7). (7.42)
Like for the free energy in (7.22)—(7.24), these relations can be extended also to higher 1/N

orders.
Using (7.41), (7.42) we find for the strong-coupling expansion of the coefficients in (7.38)

Wi _ Wi s 3 _(3 1 > 1/2 0y _ _log2 5

Wo © Wo JiA +2f1>\ 8f1+2f2 AEHON) = 47r2)\ +0(N),
(7.43)

%_}23_} . 2_i _ —ﬁ__10g22 3 2

Wo 2f1)\ 8f1(1 4f2)\ 16f2(1 2f2)A+0(e™V7) = 39,1 A7+ 0(N).
(7.44)

26The Laguerre polynomials in (7.36) are the basic ones, while in the SU(N) case in (1.1) we have the
associated Laguerre polynomial arising from the sum in (7.36) without parity restriction on the index, i.e.
from the identity Lg\l,)(ac) = Z:{:O Ly(x).

27To recall, we define (W) so that (1) = 1, i.e. we divide over the matrix model partition function Z = e 7.
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Note that like F,, in free energy the Wilson loop coefficients W,, have additional exponen-
VA

follow directly from the exponentially suppressed corrections to F3(\) derived in section 6.3.

tially suppressed corrections ~ e~ V* at strong coupling, which are resurgent, and which

Similar relations between higher order 1/N terms F, in free energy (1.21) and W,
in (1.28) are expected also in general, with the dominant large A term in F, determining
the strong coupling asymptotics of W,, (see appendix C). In particular,

W3 a1

1
We —gf{’AQ’/Q + 0O, (7.45)

Comparing to (7.43), (7.44) thus suggests that the leading (at each order in 1/N) strong
coupling terms in A(W) in (1.28) exponentiate as

)\3/2

(W) = (NWo +...) + AW) *Z' NWj exp [—le +.... (7.46)

This may be compared with similar exponentiation [1] of the leading large A terms in the
N =4 SYM case in (1.36), (1.37) that on string side may be interpreted as representing
sum of separated handle insertions into the disc diagram [2]. Similarly, (7.46) may be
interpreted as a sum of crosscup insertions into the disc.
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A Partition function of N = 2 matrix model and conformal anomaly

Let us first recall that the conformal anomaly coefficients a and ¢ in N = 2 superconfor-
mal models are not renormalized, i.e. are given just by their free-theory values found by
summing up contributions of particular fields (see, e.g., [43]). In a model with n, vector
multiplets and nj hypermultiplets one finds

) 1
a=gohy + oM (A1)

In particular, in the N =4 SYM theory (n, = ny) with group G we get a = %dim G. The
free energy of a massless superconformal model on S* of radius r may be written as

F = —log Z = 4alog(Ar) + Fan(\, N), (A.2)

where A is a UV cutoff, i.e. the r dependence is controlled by the a-coefficient. The free
energy thus depends on a subtraction scheme and below we shall denote by F' its regularized
value.
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The localization matrix model expression for the partition function Z of N = 2 gauge
theory on S4 is [5]

7(2 r2
Z=eF = /Da 678 R tra® Z1-100p(@) , Z1-1o0p(@) = e~ Smt(a) (A.3)

In N =4 SYM case Zi.jo0p(a) = 1 and doing the Gaussian integral we get

er —%dimG 1
ZN=t = ¢ <)\> , FN=4 = 4alogr—2alog A+ const, a= ZdimG. (A.4)

Setting r = 1 we conclude that in the subtraction scheme assumed in the localization
approach FN=% = —2alog A (up to a constant). In particular, in the SU(N) case FN=* =
—%(N? —1)log A\. This was noted in [17] and an AdS/CFT interpretation of this result
was suggested.

One may wonder what happens in other N = 2 superconformal models, in particular, if
the conformal anomaly a-coefficient is also encoded the log A term of the large A\ expansion
of the free energy F on S*. For the models that are planar-equivalent to N = 4 SYM this
is certainly the case at the leading N? order but as we shall see below this does not need
to be true at subleading orders in 1/N.

For an N = 2 model with a collection of hypermultiplets in representation R = ®R; of
a group G with algebra g one finds [5]%®

z (a,r) = ﬁ acroots(g) 120 + (a-a)?] \"
rer [Tweweights(r) 17202 + (w-a)?] )

n=1

(A.5)

Zl—loop coming from the ratio of 1-loop determinants on S* in a constant scalar a background
does not depend on A but does depend on r. Note that the product over roots here includes
also the “massless” contributions of the zero roots corresponding to Cartan directions for
which « - a = 0 (same also applies to the product over weights in the case of the adjoint
representation).

The regularized value of Z in (A.5) used in [5] was

HaEroots(g) H(Z a-a I')
HwEWeights(R) H(’L w-a I‘)

Z1loop(arT) = , (A.6)

where H(z) = G(1 + ) G(1 — z) is the product of the Barnes G-functions. Notice that
here the contribution of the “massless” terms present in (A.5) is trivial as H(0) = 1. As
a result, the contribution of (A.6) to the logr term in F or to the conformal anomaly is
trivial — the r dependence can be absorbed into the rescaling of the integration variable a
in (A.3) and this the resulting Z will depend on r in the same way (A.4) as in the N =4
SYM case.

Z8We ignore the instanton contribution since it is exponentially suppressed in the 1 /N expansion we are
interested in here.
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To properly account for the conformal anomaly of the N = 2 model we need to go back
to the original unregularized expression (A.5) and compute its dependence on the radius
r. Rearranging (A.5) using that

o) e.¢] o0
H (r_2n2 _{_HQ)n _ H 2n H (n2 4_r2”2)”7 (A7)
n=1 n=1 n=1

where p stands for a - a or w - a, we conclude that the non-trivial dependence on r (that
cannot be absorbed into a) is captured by the infinite product factor that can be defined
using the standard Riemann (-function regularization as

00
H r—2n _ €—2C(—1)logr _ e%logr. (AS)
n=1

As a result, we find from (A.5)%

Zl—loop ((I, I‘) N eé(dim G—dim R) logr

Z1100p(ar) . (A.9)
Redefining ra — a to account for the dependence on r in the free action in (A.3) and in
Z1-100p(aT) We need also to include the contribution of the Gaussian measure or the N = 4
term in (A.4), so that the total r dependence of the N = 2 free energy is (cf. (A.2))

F = |dimG — é(dimG —dim R)| logr+--- =4alogr+..., a= %dimG—i—Q—ZdimR,
(A.10)
in agreement with the general expression for the a-anomaly in (A.1).

We have thus shown that it is the “bare” expression for the matrix model integral (A.3)
using (A.5) that correctly includes the conformal a-anomaly term in free energy. It is clear
that the direct correlation between the dependence on r and on A is a feature of only the
Gaussian part of the integral in (A.3). In particular, the dependence of the N = 2 free
energy on log A beyond the leading planar limit need not be controlled by the a-anomaly
coefficient as that happened in the N =4 SYM case in (A.4).

Nevertheless, we have found (see discussion below (1.38)) that not only the order N2
but also the order N coeflicient of the log A term in the large A limit of the free energies of
the SU(NV) and Sp(2N) FA-orientifold theories computed in this paper do agree with the
corresponding terms in the conformal a-anomalies. We suspect that the matching of the

order N term should be also related to the fact that these models are planar-equivalent to
N =4 SYM theory.

B Derivation of large A expansion of F; using Mellin transform

In the main text, we computed the large A expansion of F; using the approach described
in (6.1)—(6.3). Here we shall compute the large A expansion of F; given by the integral

29Here we use that the total number of roots counting also the trivial Cartan ones is the same as dim G.
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representation (3.14) by applying the Mellin transform method (see e.g. [44, 45]). The first
step is to rewrite (3.14) in the form of a Mellin convolution

W) = (Frg)@) = [ dt fta) (). z=VX. (B.1)

The Mellin transform is h(s) = M[h](s) = Joedzx¥ = h(z) = f()g(l—s). fa<s<fis
the fundamental strip of analyticity of h(s), the asymptotic expansion of h(z) for x — oo
is obtained from the poles of its Mellin transform in the region s > . In particular, the

(-1
pole 0

n—1

gives a term log"™" z in the asymptotic expansion of h(z).

)"
5—50 )" (n—1)! xSO

Explicitly, let us first put (3.14) in the equivalent form?’

/ e?™ 3t/ = 8J1(tVA) 4 J1(2tVN)
VY

(e27t —1)2 2
=2V [T dt FVN) 9(0) = 2VA (F ) (V). (B.2)

where 3t — 8J1(t) + J1(2t 2t
= HERROEAED g (B3

The Mellin transform of g(t) is

e27rt 1 d 1 1 1
= (27) 7 T(s)C(s — 1). (B.4)

Computing the Mellin transform of f, then using J/c;/g = f~(s) g(1—s), and finally evaluating
the residues gives

4 72 4Og7r2 +

a1 log2 A 11 A (7
4 4 \n2

2 -1
= 6log2+3—610gA> _7r<)\> + ..., (B.5)

where A is Glaisher’s constant. There are no additional pole contributions beyond those
giving (B.5). This implies that dots in (B.5) stand for the exponentially suppressed cor-
rections (discussed in section 6.3).

C Strong coupling expansion of Wilson loop in Sp(2N) theory

Let us first consider the expectation value of the BPS Wilson loop (defined in fundamental
representation) in the N =4 Sp(2/N) SYM theory [7] (see also [19])

N—
_ A
<W>N—4 — Z Lojiyq ( BN) (C.1)
30For an odd function f(¢), we have the identity foo dt ?%gf(t) = fooo dt (?fjﬂ—jl)gf(t) with f(t) =
f@)—2f ( t) and the inversion relation f(t) => o 2% F(27F¢).
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Using the integral representation of Laguerre polynomials L, (x) = ﬁ tTflL (t+ x)"e

we can write

A
3 1 8Ne Twn (1 — 2 A\ 2N
(WHN=4 = 5 ](dt (A S“V) 1— (1 - 8Nt> : (C.2)
e A (1 _ W)
Expanding at large N and observing that
1 du -1
= ZEerrluteT) — Lyl (2 :
2 um € ( ) nfl( 33) ) (C 3)

we obtain for the leading terms [19]

Net o VA 1 L AV L ALV | VARSIV
(W)™ = 4N Jn 2 [IO(‘&) 1} TN T2 192 " 768
(C.4)
Let us denote the leading large N term here as (W)o=NWy=4N Il\(/\?) (cf. (1.29), (1.30)).

Expanding at large A and keeping only the dominant term at each order in 1/N we find

<W>N:4 A1 /\1/2 )\3/2 22 A3 /\7/2
= 1+ —+ + + o+
(W) 8N  384N?  3072N3 = 294912N 2359296 N5
29/2 A\

(C.5)

1339738624N6 | 2717908992N7 |

A natural guess for the sum of this expansion is

<W>N:4 A1 A\1/2 )\3/2
= 1 _— _— . .
Who N A e (C-6)

This expression can be proved rigorously starting from the exact relations between <W>N:4
in U(N) and Sp(2N) theories given in [7]

1 A
N=4 _ N=4 / =4 (y/
(WP ) = (WP 00 + 1o [ av Wit ov), (1)
and taking the large A limit.3!
Let us now turn to the Wilson loop expectation value in the N = 2 Sp(2N) theory given
by the matrix model expectation value as in (2.6), (4.2) with the single-trace interaction
action in (7.2)

£ 2 A a
Sint = Bi(\) tr ait?, a= ﬁ’ (C.8)
where here and below we assume summation over i = 1,...,00 and B;() is given by (2.8).

Denoting as in (2.6) by (...) the normalized expectation value in the Gaussian theory (i.e.

31The Wilson loop in the N =4 U(N) theory is given by (W)N=4(\) = €N L%ll (—4) (cf. (1.1)).

4N
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in N =4 SYM case) then

revit ennt) & (3 it e
<€—Bitrd2i+2> - (2]{3)' 9 <e_Bitr&2i+2>

A _B.tra2it2
A <tra2 e Bitra

= 2N + Z <efBi trd2i+2>

(W) =

1 e az! <tra2k+2 —Bitra2i+2>
arrmle) o me

+\/
i M8

1 (/\) k+1 <tr G2k+2 o~ Bitr a2i+2>

1 ~ %)
= 2N = yOarloa 2+ kz 3 R

— (2k +2)!
A2 N(2N+1 e~ A\ R

= 2N — Z_9\AF AF . :
INOAE AT z:: 2k+2 <2> O, (G:9)

Here Z = ¢ ¥ = [ Dd e~ ra”=Sm(a) 5 the total partition function as in (2.1) before
rescaling of integration variable by A'/2 in (2.5) and the total free energy F' = FN=4 + AF
as in (2.10) with FN=* given by (1.22). We used that differentiating Z over A puts down
the factor ~ tra?. The third term in (C.9) comes from

A / 1
log Z = —AF +log/Da'6_%t“’2 = —-AF + 5N(2N—|— 1) log A + const. (C.10)

—B;tr a2i+2> _

We also used the formal notation Op, AF for the normalized Op, (e
(tr a2k +2 = Bitra® ™) Here (see (7.19), (7.20))

1
AF = NF F —F A1
1+ 2+N3+O<N2> (C.11)
1. 0
Fi = QZZ:R,LB“ Fo = 5;(1—{—2) R'LBl_2Z]Z::1QUBZBJ (012)

where numerical R; and Q are given by (3.5), (3.9) and A-dependence is contained in B;.
Defining W,, corrections to the N = 4 SYM value (W)¥=% = (tr e\f“ ) as in (7.38), i.e.

_ 1 1 1
(W) = (W= 4 Wy + o Ws + o Ws + 0 <N3> , (C.13)

we see that derivatives of both F,, and F,, 11 terms in AF in (C.9) contribute to W,,. In
particular, dp, F1 = 2R}, contributes to the order N (planar) part of (W) while for W,
we find

)\2 , 00 1 A k+1 AZ , 00 1 A k+1
Wy =-2F = (2} g FB)=-2F - __(Z B
Ty 1+§1(2k+2)! (2) 5F2(B) = = Z:1 (2k +2)! <2> Qi Bj.
(C.14)

where (...) = x(...). Since Bj ~ M 11, differentiating W; over \ gives

1 X2 +k+2) A\~
W, = ——(\2F") — E —_ () B
1 4( 1) =t (2](5—]—2)' 2 Qk] J

= A)k PHHD (5 4+ 3)T (k+3)

=—= )\2F’ ( B;
; 2k+2 2 al(j + DI(k + 1) I
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ISRNG 12777 (+3)
- _Z()‘QFI) + ﬁ(ﬁ_ 2‘[1(\&))]2:1 T F(] ¥ 1) 7
1 o 1 .
= W)+ —=(VA-2h ));(] +1)( +2)R;B
= —i Woi(j+1)<j+2)Rij = % 0o(AF1)", (C.15)

j=1
where Wy = %Il(\ﬁ\) as in (7.39). This demonstrates the relation in (7.41). Similarly
one can show also that Wy = —)‘;Wg F,.
The example of Wy suggests that the dominant at large A term in W,, comes from the

dominant term in the corresponding F,. Indeed, from (C.9) and the expression for the
dominant term in F3 in (7.21) we get for the leading order large A\ contribution

oo )\ k+1 1 [e'e) 3
kz:: 2k+2 () aBk?)L;(zﬂ)(HmRiBi +...

II\/

2
+...

A

[e's) k+1 [e's)
Z (k+1) k+2Rk[Z )(i + 2)R; B;
s (3)

S {1 _ 2

16 vV

This is indeed the leading at large A\ term in the exact expression for Wy in terms of
F1 = 2F1 in (742)

Applying the same logic to find the large A contribution in W3 we use the expression

11(\6)] AAF)" P+ =Wy = A AAF) P +....  (C.16)

for the dominant term in Fy in (7.23)

A>1 i A mHa l = . P .
=2 2m+ i (2> B (— 1 i’jgﬂc”kngR]RkRgBZBJBkBg)—|—
1 & 1 A\ s
_imz::lm <2) R, i’j’zk:zlcijkaiRijBiBjBk +..., (C.17)

where ¢;jpm, is given in (7.25). Summing over m and keeping only leading eV terms (i.e.
terms proportional to Wy = 2\/2)\*3/46\5 +...) we get

)\3/2 o)
V= a1 g Wo (i + D) +2)( + 1) +2)(k+ 1)(k + 2)RiR; Ry BiB; By + ...
ijk
1 /\3/2 0 . ' 3 1 )\3/2 :
(C.18)
Then F; 2 2fiN+ ... (see (7.26)) gives
W3 )\>>1 1 319/2
——fiA e 1
Wo 6f1 + (C.19)
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