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1 Introduction

In this paper we study the behaviour of the BPS spectrum of states in N' = 2 supergravity
as we vary a gauge coupling to zero g — 0. It is known that there is a certain universal
structure to any weak-coupling limit (which reflects the nilpotent orbit theorem [1]), as
was studied in detail in [2, 3]. This universal structure allows for a general study of such
limits. The spectrum of BPS states in A/ = 2 theories has been the topic of much work
(see for example [4] for a review). It is interesting because the spectrum is well controlled,
specifically it can only change upon crossing walls of marginal stability in the moduli space
(or coupling space). How the spectrum changes upon crossing these walls is described by
the wall-crossing formula [5].

We are motivated to study this for a number of reasons, which are all related in
some way to ideas that are part of the Swampland program [6—8]. The central theme is the
expectation that as ¢ — 0 one should find an infinite tower of charged BPS states becoming
massless. We would like to understand various aspects of these states. We outline below
the Swampland-related motivations. However, the results we find are quite general and go
beyond the Swampland theme, and so we outline them first.

Our findings are then as follows: we find evidence that whether a state can decay to
some constituents depends not only on their masses at the point in coupling space where
the decay occurs, but on their masses all the way to the weak-coupling limit. So find
evidence for a certain filtration in the BPS spectrum which is (partially) independent of
the value of the couplings:

BPS Stability Filtration. In any weakly-coupled region g < 1, a BPS state can only
decay to constituents whose mass is not infinitely higher than it in the g — 0 limit.

We are able to prove this property for a large class (one of the three types) of weakly-
coupled regions.! We also go some way towards showing that it holds completely generally.

We find this result quite striking. As an example, it implies that an electrically charged
BPS black hole with a mass of our galaxy cannot emit a dyonic sub-Planckian BPS particle
(upon crossing a wall of marginal stability) because in the g — 0 limit the dyon will be
infinitely heavier than the black hole (which would transition to a particle).

The BPS filtration has a nice mathematical formulation: it is that the stability of BPS
states in any weakly-coupled region is determined by their weight under the Monodromy
Weight Filtration of the limiting mixed Hodge structure associated to the g — 0 limit.

1.1 Motivation from the Swampland program

In this part of the introduction we outline the motivation for studying the spectrum and
decay of BPS states approaching weak-coupling limits in the context of the Swampland. See
also [9-35] for studies of BPS and charged states in weak-coupling limits in the Swampland
context.

!By weakly-coupled we mean that instanton-type effects, so exponential in the coupling, are suppressed.



Black hole stability and the black hole to particle transition. The Swampland
program aims to understand constrains on effective theories coupled to gravity from their
quantum gravity ultraviolet completion. One of the approaches to this question is to try
to utilize black hole physics. The prototypical example is the Weak Gravity Conjecture
(WGC), which postulates the existence of a particle whose mass is less than its charge [36]

m < gqMp, (1.1)

where here m is the mass of the particle, ¢ its integer quantized charge, and g the gauge
coupling of the gauge field under which it is charged. It was proposed in [36] that this
constraint may be related to the discharge of extremal black holes, a process which requires
such a particle. This is an attempt to connect physics of states whose mass is above the
Planck scale, such as black holes, to states whose mass is below the Planck scale, such as
the WGC particle. Crossing the Planck scale in this sense attempts to capture the input
of quantum gravity.?

One can try to understand crossing the Planck scale in a more explicit way as follows.
Consider an extremal state with charge ) such that for a certain value of the gauge coupling
g = g;, we have

Q> 1. (1.2)

We may let this state be an extremal black hole with a super-Planckian mass, so saturating

the extremality bound
M > g;QM,y. (1.3)

Now vary the gauge coupling to g = gy, say by moving along a moduli space, into the
regime of

g5rQ < 1. (1.4)

Now the same state can no longer be considered as an extremal black hole, but may be
regarded as a particle. In practice, tracking the state (while maintaining extremality)
through this variation of the gauge coupling requires knowing the microscopics of quantum
gravity, or having sufficient supersymmetry. We will return to this point, but let us continue
to think about that this means. In particular, a contemporary perspective on the magnetic
WGC [2, 7, 8, 10, 22, 37-39] is that there should be an infinite tower of charged states
whose mass scale is set by the gauge coupling

Moo ~ gMp , (1.5)

where Mmoo is the mass scale of an infinite tower of states. Strictly speaking we should not
consider this tower extended beyond the Planck scale, but it is infinite in the sense that
as g — 0 there are an infinite number of states below the Planck scale in the tower. Now
we see that the state with charge () should be part of this tower at g = g, while it should

2There are some arguments we may try to make about how quantum gravity should behave to try and
connect super-Planckian and sub-Planckian physics. For example, starting with a sub-extremal black hole
and letting it shed mass through Hawking radiation, but no charge, until it is a Planck-scale remnant. But
it is difficult to understand the physics of any such remnants, and whether they are problematic or not.



be a charged black hole at g = g;. This leads to tension, because on the one hand we were
considering that charged black holes should be unstable and decay, on the other hand, we
want a tower of stable charged states.

We would like to understand what happens to a state as we vary the gauge coupling

9@ >1—=9Q K 1. (1.6)

There is a way to understand this transition if there is sufficient supersymmetry. For
example, with A/ = 4 supersymmetry we can track such a transition. Indeed, if we replace
the gauge coupling by the string coupling gs, then the two regimes correspond to the
different descriptions of branes in string theory

9sQ > 1 (Black Holes) — g, < 1 (Branes). (1.7)

Following this transition is precisely what allowed the extraction of the microstates of black
holes in string theory [40]. However, the case of N' = 4 supersymmetry is not so interesting
for the questions we are after, because there is no decay processes for BPS states upon
variations of the gauge couplings (paths in moduli space). Geometrically, the counting of
the D-brane states is topological.

The case of N' = 2 supersymmetry is an interesting compromise between the complete
control (but stability) of N/ = 4, and the instability and generality of no supersymmetry.
With /' = 2 supersymmetry BPS states are not necessarily stable over paths in moduli
space, so there is something to understand about the transition (1.6). On the other hand,
we have some control over their stability and spectrum. In particular, it can be that a
state at one point in moduli space has no charged particles it can decay to, while after
moving to a different point it no longer is BPS and can, and does, decay to some con-
stituent particles. We will consider here specifically the case of type IIB string theory
compactified on a Calabi-Yau manifold. Geometrically, in this setting the BPS states are
no longer topologically counted, but correspond to D3 branes wrapping special Lagrangian
sub-manifolds.

It is worth emphasising that the sense of stability and decay of BPS states is technically
quite different to the picture of a charged black hole emitting a charged particle, as in the
Weak Gravity Conjecture. At a given point in moduli space, BPS states are just stable and
do not decay at all. Decays can only be induced by varying the moduli, or equivalently,
the couplings. Even then, a state cannot decay to a constituent which is mutually local to
it. So an electric black hole will not decay by emitting an electric particle. Nonetheless,
the idea is that studying the interaction between stability of black holes, the spectrum of
particles, and the black hole to particle transition, in a controlled setting, will shed light
on the same type of physics in less supersymmetric settings.

Population of the light tower of BPS states. Our analysis is based on a very general
understanding of the behaviour of the masses of charged BPS states near any weak-coupling
limit, as developed in [2] (see, [3, 13, 28, 34, 41-43] for follow-up work). One universal
feature is that we can split the states into two types. Those which become massless at
infinite distance in field space, or as g — 0, which we term electric states. And those which



become infinitely massive in that limit, which we term dyonic states. The light tower of
charged states is therefore composed of purely electric states. We are then concerned with
the question of the spectrum, and stability, of electric states along variations in moduli
space approaching weak coupling limits.?

It was shown in [2] that approaching any weak-coupling limit g — 0 there exists an
infinite number of charges such that their associated BPS states would become massless in
the limit. However, it was not proven that those BPS states are actually in the spectrum.?
We would like to show that the states are indeed populated.

How can we study the spectrum of BPS states in this setting” In regimes where
there is a geometric picture, such as type IIA mirrors in the large volume regime, it
is possible to study the spectrum directly. But these are only very special loci in the
type IIB moduli space, and more generally there are no geometric tools that can be ap-
plied directly on the type IIB side. Another method is to use duality with the Heterotic
string [10, 18, 22, 29, 46-48]. In this work, we will utilise a tool which builds on the relation
between black holes and D-branes (1.7). In our setting, the string coupling g, is part of the
hypermultiplet moduli space, while the gauge couplings and BPS state masses and stability
are controlled by the vector-multiplet moduli space, and the two moduli spaces decouple
exactly.” We therefore expect some controlled correspondence between the microscopic
D-brane spectrum and black hole physics.

Such a correspondence has been developed extensively. starting with the works [49-51].
The idea is to associate a given charge with a black hole (even if the charge is such that
the mass of the state is smaller than the Planck mass), and study how the moduli behave
around this black hole. The moduli fields follow so-called attractor flows from their values
at infinity, into the attractor loci on the black hole horizon, which is fixed uniquely by
the charges (it is in this sense that a charge can be associated with a black hole, so more
precisely is associated with an attractor locus). Then the claim is: if the attractor locus
is in a controlled region of moduli space, the charge is populated by a BPS state. If the
locus is in an uncontrolled region of moduli space, or it diverges to infinity, then the result
is inconclusive regarding the presence of a BPS state with that charge.

A crucial aspect of the attractors/BPS states correspondence is that we are considering
the spectrum of a given charge at the value of the moduli at spatial infinity of the associated
black hole solution. We must then allow for multi-centre black hole solutions, such that the
multiple black holes have charges which sum to the charge of interest. If those component
black holes have physical attractor loci, then the BPS state of the total charge is in the

30f course, the tower of states also relates to that of the distance conjecture [44, 45], but the focus on
a charged tower naturally places this in the context of the weak gravity conjecture.

4An argument was made for certain limits which showed that if one state in the so-called monodromy
orbit is populated, they all are. This argument made an assumption that states in the orbit do not undergo
decay upon the monodromy path. Actually, this is simple to prove: it follows from the fact that the decay
can only occur with decay products that are not mutually local. But all magnetically charged states are
heavier than the electric ones in the tower approaching infinite distance. So the argument indeed holds.

5At least they do so at the two-derivative level which corresponds to infinite Calabi-Yau volume. But
since the volume is also a modulus, which also sits in the hypermultiplet sector, this limit does not affect
the vector-multiplet sector.
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Figure 1. Figure illustrating two attractor flows for a purely electric charge .. zo, denotes the
values of the moduli at spatial infinity, while z, denotes their attractor values on the black hole
horizon. The single-centred flow on the left is divergent and so not well-defined and cannot be
used to deduce the presence of an associated BPS state. The split attractor flow on the right
is well-defined and ends on two dyonic black holes with charges q} and q2 at finite distance in
moduli space.

spectrum. Such multi-centre black holes can be understood as attractor flows which split
on loci of marginal stability, and continue as separate flows to the different centres.

If we try to probe the spectrum and stability of purely electrically charged states,
those relevant for the tower, we encounter an immediate problem: the attractor flows of
electric states diverge since it is possible to reduce their energy indefinitely by going to
arbitrary weak gauge coupling. However, the existence of split attractor flows suggests
a way around this issue: we can consider starting with a total electric charge at infinity,
but then having a split attractor flow to a multi-centre black hole configuration where the
constituent black holes are dyonic and have physical attractor loci. This is illustrated in
figure 1. The existence of split flows corresponds to the decay of the electric BPS states
into two dyonic states. We therefore are again motivated to understand BPS stability in
the weakly-coupled regions of moduli space.

The emergence proposal. In [2] it was proposed that the weak coupling limit in N = 2
settings arises purely from integrating out the tower of light charged BPS states in that
limit. This would be a controlled example of the more general emergence proposal [2, 7, 39,
52, 53]. If this is the case, then we should expect that the behaviour of BPS states, at least
in weakly-coupled regions g < 1, would be controlled by the tower of states and so by the
limit ¢ — 0. This is related also to the notion of moduli space holography [54, 55], where
the whole moduli space is specified completely by its asymptotic limits (see also [56, 57|
for related ideas). So again we would like to understand how the BPS spectrum behaves
in the bulk g < 1 with respect to its behaviour on the boundary g — 0.



In fact, the discussion above about how the spectrum of states can be understood
from the existence of attractor flows already hints at some sort of emergence/holography.
This is because it proposes that the spectrum of BPS states manifests non-locality in the
moduli space. So the claim is that the presence of a BPS state at the values of the moduli
which are taken at spatial infinity, is determined by the behaviour of the attractor loci on
the black hole horizon, which are at a completely unrelated locus in moduli space. Such a
notion of non-locality is naturally required for emergence/holography.

We will discuss the implications of the results for the motivation topics above in
section 6.

2 D3 branes as BPS states

In this work we are considering the setting of type IIB string theory on Calabi-Yau mani-
folds which gives an N = 2 supergravity. Within this we consider further only the vector-
multiplet moduli space. The charged BPS states whose mass depends on the vector-
multiplet (complex-structure) moduli are D3 branes wrapping 3-cycles in the Calabi-Yau.
In this section, we discuss some properties of these states.

2.1 N = 2 BPS states

The moduli space of N' = 2 supersymmetric theories splits into two sectors, the vector
multiplet moduli space and the hypermultiplet one. We will be solely concerned with the
vector multiplet sector and denote by ny the number of vector multiplets. The moduli
fields 2%, with ¢ = 1,...,ny, control the mass of (half-)BPS states in the theory. The
mass is set by the central charge Z (q), which is a function of (integer quantised) charge
vectors q. The charges are with respect to the gauge fields of the vector multiplets plus
the graviphoton in the graviton multiplet. The moduli space and the central charge are
controlled by the period vector II (zi), which has 2 (ny + 1) entries that are holomorphic
in the z*. Specifically,

Z(q)=erq’ -y 10 (2.1)

Here 7 is a matrix defining a symplectic inner product, for example it can be taken as

0 1,
n= v (2.2)
—lny+1 0

It is useful to denote the symplectic inner product as
{@p)=dqa" -n-p. (2.3)
The Kahler potential, K, is itself determined by the period vector through
K = —logi (TLTI) . (2.4)

Compactifications of type IIB string theory on a Calabi-Yau manifold have BPS states
corresponding to D3 branes wrapping three-cycles in the Calabi-Yau. The charge vector q



corresponds to the wrapping numbers of the D3 brane. While this is determined topologi-
cally, the question of whether there is an actual BPS state of a given charge is mapped to
the existence of a special Lagrangian sub-manifold in the given homology class, which is
not a topological invariant.

It is informative to look at the mass scale of the wrapped D3 branes in more detail.
The expression for BPS states (2.1) is given in units of the four-dimensional (reduced)
Planck mass M,. This is related to the string scale M, as

Ys

N

Here g is the string coupling, which is a field appearing in the hypermultiplet sector. Vs

My ~ -2, (2.5)

is the (dimensionless) volume of the Calabi-Yau in units of the string length, it is also a
field which appears in the hypermultiplet sector. The mass of a D3 brane wrapped on a
three-cycle C takes the form

M My
Mps ~ P Ve ~ P VVsZ (q) ~ Z (q) M, (2.6)

where here V¢ denotes the volume in string units of C.

We will be interested in this paper in limits in moduli space where Z(q) — 0 or
Z (q) — oo. We will refer to branes whose central charge goes to zero as light (electric)
states, while branes whose central charge diverges will be referred to as heavy (dyonic)
states. It is important to note that the expression (2.6) shows that these two ways to
refer to the states should be interpreted with care. In particular, in the weakly-coupled
supergravity regime we must have Vg > 1 and g; < 1 which means that Mp3 > M,
irrespective of the value of Z(q). Therefore, in that regime even the light D3 states
are always heavier than the string states. On the other side, the heavy D3 states have
Mp3z > M, and so should not really be interpreted as particle states. Nonetheless, the
presence of N' = 2 supersymmetry in the theory will allow us to probe certain aspects of
the physics associated to both the light and heavy D3 states. It is these ‘protected’ aspects
of the D3 brane physics which will be the central elements in this paper.

2.2 Decay and binding of BPS states

A given charge vector q does not necessarily correspond to a stable BPS state in the
theory. Further, the spectrum of stable BPS states depends on the point in moduli space
at which it is evaluated. The changes to the spectrum of BPS states in the theory upon
traversing paths in moduli space is controlled by Walls of Marginal Stability (WMS) where
BPS states may either combine with other ones to form new stable bound states, or may
become unstable and split into stable constituents. In this paper we will be primarily
concerned with such process which involve only two constituents.

Consider three BPS states A, B and C with respective charges q4, qp and qc. We are
interested in the process where the state A decays into B and C, denoted as A — B + C.
We therefore should impose charge conservation

qAa =9 +qC - (2.7)



The central charge is a linear function of the charge, and therefore (2.7) implies

Z(qa)=Z(aB) +Z(qac) - (2.8)

The mass of the BPS states is
M (a) =|Z(a) - (2.9)

We can then introduce the phase of the central charge « (q) as
Z(q) = M (q) @, (2.10)
From (2.8) we can write

M (qa)® = (M (ap) + M (qc¢))* — 2M (aB) M (ac) [1 — cos (a (qp) — a(qe))] . (2.11)

Since the last term in (2.11) is negative we have M (qa) < M (qp)+ M (q¢) and therefore
the decay A — B + C' cannot occur unless the phases of B and C align. This alignment
defines a Wall of Marginal Stability (WMS) for the decay A — B + C,

WMSaspic @ a(qp) =a(qe) - (2.12)

It is useful to note that (2.12) implies also o (q4) = a (qp). However, the opposite direction
is not quite true. Defining a wall of marginal stability by through the phases of B and A
requires an additional condition on the masses

WMSaspic @ a(qa) =a(qp) and M (qa) > M (gB) - (2.13)

The condition on the wall of marginal stability (2.12) determines where such a decay
process may occur, but it does not guarantee that it does. This depends on whether the
constituent states are in the BPS spectrum themselves, and also on which direction we
cross the wall. If crossing the wall in one direction we have the decay A — B + C, then
crossing he wall in the opposite direction must correspond to the reverse binding process
B+ C — A. For small variations away from the WMS the condition on which process is
occurring, decay or binding, is determined as [50, 51, 58]

Decay (A— B+C): (as,qc)(a(as) —a(qc)) <0,
Binding (B+C — A): (as,qc) (@ (ap) — a(qc)) > 0. (2.14)

The microscopic physics associated to the decay or binding is the mass of open strings
stretching between the branes. When the strings are tachyonic the branes form a bound
state. Macroscopically, the condition corresponds to having a split attractor flow with a
positive value for the splitting radius. The two pictures are related by varying the string
coupling, as studied in [51].



2.3 The BPS index and wall crossing formula

A crucial aspect of the spectrum of BPS states is the degeneracy of states of a given charge.
The deformation invariant quantity which provides a good measure of the degeneracy of
states is the BPS index. The index is denoted as € (q,z) for a charge q at a point in
moduli space z. It receives a +1 from a massive hypermultiplet and —2 from a massive
vector multiplet. The wrapped D3 branes give rise to hypermultiplets.

In section 2.2 we discussed walls of marginal stability. Upon crossing such walls, BPS
states can bind or decay and correspondingly the BPS index can jump. Conversely, a
change in the BPS index implies that the state has to cross some wall of marginal stability.
The change in the BPS index upon crossing a wall is described in generality by the wall-
crossing formula [5]. We will not utilise the full details of the formula, and just give a feeling
for it for sub-cases which were described in [59]. First we may consider the primitive decay
process q4 — qp + qc¢. By primitive we mean that qp and q¢ cannot be written as an
integer multiple of some other quantized charge. In this case the change in the BPS index
Q(q, 2) is given by [59]

AQ (qa, 2) = (=1)9299 1 (qp. qe)| Q (a8, Zms) 2 (A0, Zms) (2.15)

where z,,s is the wall of marginal stability locus in moduli space.

If we allow one of the charges to not be primitive, since the marginal stability locus
corresponds to the alignment of the phases of Z (qp) and Z (q¢), it is also a locus of
marginal stability for the more general decay q4 — qp + Mac qc. The change in the BPS
index for this decay is given by the generating function [59]

Qas)+ Y AQ(as+Mac ac) M4 = (ap) [T (1-(~1)Hazae)k)
Xci>0 k>0

kl{as,ac)|kqc)

(2.16)
Here [ is a dummy variable, and all the indices are evaluated on the locus of marginal
stability.

2.4 BPS states in Calabi-Yau manifolds

It is useful to gain some intuition about the spectrum of BPS states in Calabi-Yau manifolds
by looking at examples. We can consider the mirror ITA setting in the geometric supergrav-
ity regime, and look at D2-branes wrapping holomorphic curves. These can be calculated
through mirror symmetry for example, or by counting directly holomorphic curves. The
spectrum of such states for a two-parameter Calabi-Yau was calculated in [60]. The CY
is denoted [PELM’Q’M) [8], which determines its construction as a complete intersection in
weighted projective space. It has two homology classes for two-cycles, and associated
Kahler moduli v; and vs which are part of vector multiplets with scalar components ¢ and
s denoted as

t=0b+1vy, s=bg+ivs. (2.17)

In the large volume geometric regime, the Kahler potential for the Kahler moduli space is
approximately given by

1
e ~ (Uf’ — 3v? — 21}2) . (2.18)



ik 0 1 2 3
0 0 4 0 0
1 640 640 0 0
2 10032 72224 10032 0
3 288384 7539200 7539200 288384
4 10979984 757561520 2346819520 757561520
5 | 495269504 | 74132328704 | 520834042880 | 520834042880
6 | 24945542832 | 7117563990784 | 7117563990784 | 212132862927264

Table 1. Table taken from [60] showing the number of BPS states for different wrapping numbers
j and k, in the Calabi-Yau manifold [Pfll’l"2’2’2) [8].

The mass of the D2 BPS states is given by the general central charge formula (2.1), except
that now we are considering Kahler moduli of the CY. In this case it reads
ngpqé{%+(]—@s}+o@%%¥”ﬂ. (2.19)
2 2
Here j and k are the two integers specifying the charges or wrapping numbers of the D2
branes on the two homology classes. The number of BPS states for j and k are shown in
table 1.

There are of course much more advanced and complete calculations of BPS states in
the geometric regime of type IIA, see for example [61] for the latest cutting edge. However,
we are only interested in certain features of the BPS spectrum, which are universal to all
examples. From table 1. we see observe:

1. Not all charges are populated by BPS states.
2. The populated charges have k,j > 0 (or k,j < 0 for the anti-branes).

3. If a charge q supports a BPS state, this does not imply that Kq supports one, with
K some integer.

4. If a charge K q supports a BPS state, with K some integer, then so does the charge q.°
5. There is a Zy symmetry acting as (7,k) — (j,j — k)

The number of BPS states in a given homology class is counted by the holomorphic
curves in the class. To gain some intuition for this it is simplest to consider holomorphic
divisors. These are given by some holomorphic equations, say f(z;) = 0. The degree of the
polynomial is associated to the homology class of the curve. The simplest such divisors to
understand are those where the Calabi-Yau is embedded in a weighted projective space (as
above) and the equations are in the ambient space coordinates which have certain weights.
The weights of the polynomial determine the homology class. If we allow meromorphic

SIn fact all charges nq with n < K support BPS states.

~10 -



functions, then we can span all the possible divisor classes. But a given class may not have
any holomorphic representation, and in that case it will have a vanishing BPS count. This
is the schematic understanding of property 1.

Property 2 seems straightforward to understand: if we have opposite signs for k£ and j
then one wrapping direction will be anti-holomorphic with respect to the other direction,
so the overall state cannot be BPS. In fact, this type of positivity property will play a
crucial role in our analysis. In the wall-crossing formula it is related to the restriction to
stable states under a certain quadratic form [5].

Now consider property 3. From the picture of holomorphic divisors, having q populated
)& is in the class Kq
)K

means we have some holomorphic f(z;) in that class. But then f(z;
and so we may wonder how it cannot be populated. The point is that f(z;)" is a factorised
polynomial, and the BPS states are counted by non-factorizable holomorphic polynomials.
So to have a representative we need some other monomial in the class Kq, such that we
can construct a non-factorized polynomial from the monomials. This does not always exist,
and so we obtain property 3.

Property 4 on the other hand says something like, if we have some holomorphic poly-
nomial in class Kq, then we must have one in q. This would be the case for example if the
polynomial always contains a monomial f(z;)%. It is not clear why this should hold, but we
can understand it by thinking about the origin of the homology classes which are empty of
BPS states, which we denote as vanishing classes. Indeed, property 4 can also be stated as:
if q is a vanishing class, then so is Kq. We observe in table 1 that there are infinite chains
of vanishing classes. One way to understand these infinite chains is through the property
5. First note that holomorphicity is mapped to some positivity in the classes, j,k > 0,
since we can only include positive powers of the coordinates. On the other hand, the Z5
symmetry maps any class with & > j to a negative class, which cannot have holomorphic
curves. Hence all classes with £ > 7 must be vanishing. So the infinite vanishing classes
can be understood schematically as: there is one charge direction for which increasing the
charge increases the negative powers of some coordinate. So that at some charge, we run
out of holomorphic monomials and only have meromorphic ones.

These infinite chains of vanishing classes are tied to the presence of a conifold locus
in the mirror Calabi-Yau moduli space. The most explicit way to see this is that the
7, symmetry is a sub-group of the monodromy group. In particular it corresponds to a
combination of the conifold monodromy and another one [60]. Traversing the monodromy
path, and acting with the monodromy transformation on the charges is a gauge symmetry,
see (3.13). In general, this does not imply that the monodromy action on the charges is a
symmetry of the spectrum. This is because somewhere along this path the BPS states can
cross curves of marginal stability. If a state q does not cross a wall of marginal stability
upon a monodromy path, then the state T - q (with 7" some matrix which is part of the
monodromy group) must have the same number of BPS states [2, 59]. In the case when the
monodromy action is a discrete finite one, say Zy, then the condition on not crossing a wall
of marginal stability is automatic. This is because going around N times with the same
orientation must lead back to the original spectrum, but any wall of marginal stabilities
would be crossed in the same direction upon traversing such a path, and so cannot switch
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between decay and binding walls as would be required. This is the reason why the 75
monodromy subgroup is also a symmetry group of the spectrum. Its origin is the conifold
monodromy, even though it is applied at large complex-structure (or more precisely at
large volume in the ITA mirror).

It can be checked that property 4 above holds in many examples, possibly all known
ones. For example, we found them to hold in all cases we looked at within the extensive
database of [61]. We expect that it is general.

2.5 Black hole attractors and BPS states

Calculating the BPS index as a function of the moduli is too difficult. But there is a very
useful way to probe the index by using the relation (1.7). Essentially, this is related to the
fact that the entropy of a black hole is associated with the number of its microstates. In
our case, the black holes are extremal supersymmetric black holes formed from D3 branes.
The precise relation between the macroscopic entropy and the microscopic BPS index has
been the subject of a large body of work (see [62] for a review). We will primarily utilise
the ideas first introduced in [50].

The entropy of black holes can be calculated through the horizon area, and counts
the degeneracy of microstates with the black hole charge. Therefore, we can identify the
macroscopic black hole entropy S (q) with the (log of the) BPS index Q2 (q). But the BPS
index depends on the location in the moduli space, and therefore in this identification we
must associate some point in moduli space to the black hole entropy. To understand what
this means we need to introduce attractor flows.

The charged black holes have two natural points in moduli space associated to them.
The values of the moduli at the horizon of the black holes, these are the attractor values
zi. And the values of the moduli at spatial infinity z’ . The central charge evaluated at
these two values of the moduli corresponds to the black hole ADM mass and its entropy

MADM:‘Z(q,zéO) , S:W‘Z(q,zi)Z

(2.20)

The flow of the moduli between infinity and the horizon is described by the attractor
mechanism [63, 64] (see [62] for a review). For extremal black holes, the attractor moduli
values are fixed by the charges of the black holes, and are independent of the moduli values
at infinity. For a given charge of the black hole, our freedom amounts to the choice of the
moduli values at infinity. The simplest cases, denoted double-extremal black holes in [65],
are when the moduli values at infinity are set equal to those on the horizon 2}, = zi. In
such situations there is no attractor flow at all. If instead we have 2’ # 2% then we must
have a non-trivial attractor flow. This flow is determined by the attractor flow equations,
and is uniquely fixed. The attractor flow is monotonic in the central charge: throughout the
flow the central charge is decreasing. The flow ends when the central charge is minimized

9;1Z (q)], = 0. (2.21)

Let us now return to the question of how to identify the black hole entropy with the
BPS index. As explained in [50], we should match the values of the moduli of the BPS
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Figure 2. Figure illustrating different black holes solutions which contribute to the total entropy
S (q,zéo)TOt associated with a fixed total charge and moduli values at infinity. Here infinity is

denoted by the large circle, and the moduli flows are shown as lines leading to attractor values on
the black hole horizons.

index with the values of the moduli at spatial infinity, so we are calculating 2 (q, zéo)
The index then receives contributions from two types of black holes: single-centered and
multi-centered black holes. In the case of single-centered black holes we have a direct single
attractor flow of the moduli from infinity to the black hole horizon. While in the case of
multi-centered black holes the attractor flow splits on loci of marginal stability and each
branch then leads to a different attractor point on different horizons of separate black holes.
We can then associate a total entropy S (q, zgo)TOt to a given charge and moduli values at
infinity as the sum over the entropies of all the possible black hole solutions which have
that (total) charge and asymptotic moduli values. It is this total entropy which can be
identified with the (log of the) BPS index”

S(ai)™ = s (as) = log0 (a L) (229

This is illustrated in figure 2.

While it is rather natural to identify the entropy of single-centered black holes with the
number of microscopic BPS states, the case of multi-centered black holes appears a little
strange. After all, the microscopic BPS states are particles, while the multi-centered black
holes have large spatial separation. The crucial point, as discussed for example in [51],
is the same one which relates the macroscopic entropy with microstates in a quantitative
way: the string coupling gs; does not correct the number of BPS states. The black hole
description is valid at gs |q| > 1, where |q| is some appropriate measure of the amount

"There are some subtleties to do with this identification associated to potential black hole hair [66, 67].
We will ignore these subtleties as we do not expect that they can modify the analysis in this work.
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of charge. While the microscopic BPS D-brane picture is valid for gs|q| < 1. The limit
gs — 0 is such that the string length becomes infinitely larger than the Planck length
ll—; — 00. The separation of the black hole centres is finite in Planck units, and therefore
goes to zero in string units in the g5 — 0 limit. In that limit, from the perspective of the
microscopic string theory, they are a single object.

It is very important to emphasise that there are limitations to this macroscopic cal-
culation of the BPS index. The attractor flows give only partial information about the
microscopic BPS states. Certainly a well-controlled attractor flow and locus will con-
tribute BPS states for a given charge, but an attractor flow which is not well-defined may
or may not correspond to a state. In particular, this is the case for purely electric (or purely
magnetic) charges where the attractor flow diverges due to the possibility of decreasing the
energy density in the electric field arbitrarily by going to arbitrarily weak coupling.

To illustrate this problem explicitly we can consider the spectrum of BPS states given
in table 1. Since all the charges are purely electric, the attractor flows for all the black
holes with those charges (or charges proportional to them) diverge to large volume. But
the fact that some charges are populated with BPS states, while some are not, shows that
we cannot deduce anything from these diverging flows.

There is also an important connection to the analysis of the example spectrum in
section 2.4 which we would like to utilise. The point is that if we accept the proposal that
the spectrum of states is such that the population of a state of charge Kq implies the
population of a state of charge q, then we can utilise split attractor flows as probes for
towers of stable states. Specifically, we may construct a very massive electric state as a
split flow into two dyonic states. If we find such flows (and we will not) then we deduce
the population of a very massive super-Planckian electric state, but which would imply
also that light sub-Planckian electric states are populated. Those, in particular, would be
stable against any decay approaching weak coupling in moduli space, since they are lighter
than any dyon. This way a split attractor flow can show the existence of a populated tower
of states.

3 BPS states at infinite distance

The structure of the vector multiplet moduli space exhibits certain universal features at
infinite distance and weak coupling limits, which was developed in detail in [2, 3]. In this
section we apply these results to determine the behaviour of the masses and phases of BPS
states near those limits.

3.1 Moduli space near monodromies

The complex-structure, or vector multiplet, moduli space has certain singular loci where
the period vector undergoes monodromies. If we denote the local coordinate about one
of these singular loci as z, so that the locus is at z = 0, then the monodromy action ~
corresponds to circling this locus

R W (3.1)
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The constant r can take the values £1. The sign corresponds to going around the mon-
odromy locus clockwise or anti-clockwise. This is a free choice at a global level, so we can
choose to traverse all the monodromy loci together either clockwise or anti-clockwise, but
once this choice is made there is a fixed global orientation which fixes the 4 sign for each
monodromy locus. This global orientation ensures that the product of all the monodromies
gives the identity

[Tvw=1. (3.2)
1

While this is in general important, it will not play a role in our analysis and so we henceforth
set r = +1 for simplicity.

Note that for moduli spaces with multiple moduli there are monodromy loci with
complex codimension higher than one, and so have a number of monodromies associated
to them. These settings will not be considered in detail in this paper, and we refer to, for
example, [3] for an in-depth study of such monodromy loci.

Under the monodromy the period vector transforms as

v TL(2) =TI (2¢*™) = T-TL(2) . (3.3)

Here T is the monodromy matrix which has integer entries in an appropriate basis. Note
that we will choose the coordinate z in (3.3) such that it is the holomorphic coordinate
of minimal power leading to a period vector which is holomorphic in it up to logarith-
mic factors (which then induce the monodromy). One can physically motivate this as
saying (3.3) is the minimal rotation which leaves the physics invariant up to monodromy
transformations.®

It is useful to introduce the matrix N defined as
T=¢eV. (3.4)

The unipotency of T" then translates to nilpotency of N to a certain order. In particular, for
Calabi-Yau threefolds N4 = 0 for any monodromy locus. Indeed, an important property
of a monodromy locus is the nilpotency order of its V. We define an integer n such that

n: Nl =0, N"#0. (3.5)

The matrix N controls the behaviour of the period vector. This is the Nilpotent Orbit
Theorem [1, 2] which states that

log 27 o
II (z) = Exp {N S ] pgoapzp, (3.6)

where the a, are constant (in z) vectors. We see that as z — 0 the period vector is
dominated by the log z parts with the zP parts contributing exponentially small corrections.

8In general, the monodromy matrix T’ can be factorised as T = T T®  where T(* is a finite order
matrix associated to a possible orbifolding of the moduli space, while T is a unipotent matrix of infinite
order. This will not be important for us because of this definition of z as the minimal power.
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This is true at least as long as Nay # 0. Indeed, an important quantity is the integer d
defined such that
d: Nlag=0, N9y #0. (3.7)

In particular, if d = 0 then the monodromy locus is at finite distance in moduli space,
like the conifold. While if d > 0 then the locus is at infinite distance in moduli space.
Conversely, any infinite distance locus in moduli space, which is also the case for any
vanishing gauge coupling limit, has a monodromy with d > 0.

3.2 BPS states near monodromies

Combining the expression for the central charge (2.1) with that of the period vector (3.6)
we can obtain an approximate expression for the central charge. Consider the cases d =1
and d = 0 where the relevant terms contributing to the central charge take the form

Z(q)z% <q,ao>+<q,N-ao><
|clog |2||2

log z

>+<q,a1)z+... . (38)

21

Here ¢ is some unimportant constant. Let us consider the case d = 0, which corresponds to
the conifold locus. In this case, since N -ag = 0, we have two types of states. Those whose
charges satisfy (q,ag) # 0, which stay massive in the conifold limit z — 0. And there are
those where (q, ag) = 0, which become massless in the conifold limit.

Similarly, for the case d = 1, there are states whose charges satisfy (q, N -ag) # 0
which become infinitely massive in the degeneration limit z — 0. And states which satisfy
(q, N - ag) = 0, that become massless in the degeneration limit.

This type of decomposition into states that are massless and massive in the degenera-
tion limit z — 0 is general. We discuss aspects of this in section 5.3, and refer to [2, 3] for
more details. The result is that charges near the monodromy loci can be split into three
types: dyonic charges labelled as qg4, magnetic charges labelled as q,, and electric charges
labelled as q.. In the degeneration limit dyonic and magnetic states become infinitely
massive, while electric states become massless.

For n = d = 1, they satisfy®”

(Massive) dyonic : (qq, N -ag) #0,  {(qgq,a0) #0,
(Massive) magnetic : (dm, N -ag) #0, (qm,ag) #0,
(Massless) electric : (qe, N -ag) =0, (ge,ap) #0. (3.9)

It is also the case that magnetic and electric states are mutually local

(am-an) = (atal) =0. (3.10)

There is a natural action of the monodromy matrix 7" on the charges q,

y: q—=T'q. (3.11)

Tt is worth noting that with these definitions of electric and magnetic states, they are not related by an
electric-magnetic duality of the gauge coupling. In this sense, the magnetic states here should be thought
of as dyonic also.
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To see the action (3.11) we can track the monodromy action on the central charge

Z(q,z) = 6§<
% e (I (227)) = o (q, T TL(2) = ¥ (70 q 1))

= 7Z(17"a,2). (3.12)

The monodromy is a gauge transformation, which means are can always exchange the
monodromy path on the moduli space for the action on the charges

{z — ze2m} > {q — 717! -q} . (3.13)
Note that BPS states satisfy an identity (see, for example, [68])
Q(a)*=|Z(a@)f* + 97 DiZ (a) D;Z () - (3.14)

Here Q (q)2 is a measure of the physical charge of the state, the precise form of which is not
important but for a single U(1) it is schematically like g2 \01|2 with g the gauge coupling.
From this we see, as expected, that the degeneration locus log|z| — —oc also corresponds
to a vanishing gauge coupling (at least for the linear combination of gauge fields associated
to the charge q). Indeed, generally, electric charges are with respect to electric gauge fields,
all of which have a gauge coupling which behaves as [2]

_d
2

g ~ (log |z[]) (3.15)

3.3 Walls of marginal stability at infinite distance

In this section we study the structure of walls of marginal stability near infinite distance
loci. We consider for simplicity the d = 1 case, but the conclusions are general.

Walls of Marginal Stability (WMS) are defined by the phase equalities (2.12) and (2.13).
This is a real condition and therefore they trace out real dimension one lines in the moduli
space. We will often work with a change of coordinates

_ log=z

t= . 3.16
211 ( )

So that Im t — 400 is the degeneration limit, and the monodromy path « is Re t — Re t+1.
Let us consider electric states near infinite distances. From the central charge ex-
pression (3.8), and the definitions (3.9), we see that electric states have central charges of

the form 1

Z(@) = —— [(@e,20) + (e, a1) €™ + .| . (3.17)
|c Im t|2

We see that variations in moduli space do not change the phase of the central charge (up
to exponentially small corrections). So approaching infinite distance, electric states have
a static phase. Since the charge space of electric states is at least two (real) dimensional,

the phases of electric states are static points distributed throughout the phase circle.
There are no walls of marginal stability (in the ¢ plane) for purely electric states to
decay to other purely electric states when approaching infinite distance. So if they are
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present in the spectrum at some large Im ¢, increasing Im ¢ further (and varying Re t as
we wish) will not lead to a decay to other purely electric states. Even without the phase,
since the inner product of electric states with each other vanishes (3.10), we see that they

cannot decay to other electric states.
Magnetically charged states (which could be purely magnetic or dyonic) have a central
charge such that all the terms in (3.8) are generically non-vanishing. We can write this as
Imt¢ T, (q,a9) + (qm, N -ag) Re t N

Z(q) = —25 _1itqm, N - ag) + ey

(3.18)

where q;, is the magnetic component of the dyonic charge. The variation of the phase under
paths in moduli space is suppressed again but now only by Im ¢ and not exponentially. This
means that dyonic states can cross walls of marginal stability with respect to other dyonic
states and also electric states.

With respect to the stability of purely electric states, we see that purely electric states

which satisfy
,a
(ae,20) (3.19)
| Im ¢]2
are stable because they cannot decay to dyonic states as they are too light. So at infinite
distance we have an infinite number of states that, if populated, would be stable [2]. But
importantly, such states are sub-Planckian in mass, so they are not electric black holes.
Black holes, so states which satisfy instead

(Ge20) oy (3.20)

| Im ¢]2
can decay to dyonic states if those are present in the spectrum.
It is simple to state the wall of marginal stability between two general dyonic states.
Let us consider three charges q? = q® 4+ q, and we are interested in a wall of marginal

stability for the process
a' - q? +q°. (3.21)

There are two ways to formulate the condition for the wall of marginal stability, corre-
sponding to (2.12) and (2.13).

In terms of the charges q® and q°, as in (2.12), we can write the condition for the
wall of marginal stability as

Re Z (qB, tWMS) Im 7 (qc, tWMS) =ReZ (qc, tWMS) Im 7 (qB, tWMS) , (3.22)
where additionally we must impose

Im Z (qB, 7fWMS)
Im Z (9%, twwis)

>0. (3.23)

The second condition ensures that (3.22) corresponds to alignment rather than anti-

alignment.
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Here we have introduced the notation twws, which refers to the value of ¢ on the wall
of marginal stability. Note that this is a wall, so a one real parameter line in complex ¢
space, and so tyys is a parameter.

In terms of the charges q” and q”, as in (2.13), we can write the condition for the
wall of marginal stability as

Re A (qA,tWMs) Im 7 (qB,tWMs) = Re 7 (qB, tWMS) Im 7 <q‘4, tWMS) s (3.24)
where additionally we must impose

Z (qutWMS)

Z (aP, twws)

The condition (3.25) ensures that it is alignment, rather than anti-alignment, which is

>1. (3.25)

solving (3.24), as well as ensuring the second constraint in (2.13).

3.4 Single-centre attractor flows at infinite distance

In this section we study single-centre attractor flows near infinite distance loci correspond-
ing to n = d =1 in the classification of (3.7). We aim to determine which charges support
attractor loci which are in a controlled region of moduli space. For the modulus ¢ associated
to the infinite distance, this requirement on the attractor locus is

Imt, > 1. (3.26)

For the other moduli, which we will refer to as z;, to clearly distinguish them from ¢, the
condition can be stated generally that they should have finite attractor values within the
bulk of the moduli space. This need not be near some infinite distance locus, or where any
Nilpotent orbit expansion is manifest. Let us denote the space of such physical values of
the moduli as Mpyys. We therefore require for a viable black hole to exist that (2.21) has
solutions such that

Zi € Mphys - (3.27)

The central charge is a restriction of (3.8) and takes the form
‘ 1 ‘ ,
Z (q,t,zl) = m Kq,ao (zl)> + <q,N -ag (z’)>t +.. ] ) (3.28)

Here we dropped the terms exponentially suppressed in Im ¢, and have manifested the
dependence on the other moduli z;. The attractor locus for the modulus ¢ is then

ro_ <qa (aO)*>
b= TN (a0 (3.29)

where (ag), means evaluated on the attractor solution for the other fields 2* = z¢. This

gives

Re (q, N - (a0),) Im (q, (a0),) — Re (q, (a0),)Im (q, N - (a0),)
‘<q7 N - (aO)*>|2

(3.30)

Imt, =



The central charge evaluated on the attractor locus is

‘Z (q)’2 _ 2Im (<q7 (aO)*> <q7 N - (EO)*» ) (331)

* <(a0)* N - (50)*>

If the conditions (3.26) and (3.27) are satisfied, so the attractor locus is physical, then this
gives the entropy of the single-centered black hole solution and so the associated contribu-

tion to the spectrum of BPS states of that charge. It is worth noting that the central charge
on the attractor locus (3.31) is invariant under the monodromy transformation (3.11). This
is a general result, holding not only in this specific case.

The existence of a nilpotent orbit expansion implies that there is an associated splitting
of the charges into electric and magnetic as in (3.9). A charge which admits a controlled
and physical attractor locus, so satisfying (3.26) and (3.27), must be magnetic. This is clear
from the expression of the central charge (3.28): purely electric charges only depend on the
moduli through an overall factor which cannot lead to a solution to the attractor equations.

In general, it is not difficult to find infinite classes of charges which have controlled
attractor loci, so satisfy (3.26) and (3.27). Let us consider such a charge and denote it

q"s. It can have a magnetic and an electric component, so we can write

a™ = qp + Qqe . (3.32)

Here q,, is the magnetic component of the charge, q. is the electric component, and @ is
some integer. We can then consider, schematically,

am ~ O(1), qe~O(1), |Q>1. (3.33)

Substituting the form (3.32) into (3.29), and using the properties (3.9) and (3.33) gives

ot [ (@@
Imt, ~QI <<qm7N‘ (ao)*>> . (3.34)

We see that by choosing @ large and of appropriate sign we can always satisfy (3.26).
What about the condition (3.27)? Let us ‘integrate out’ the field ¢ by using its attractor
locus (3.29), but keeping ag as a function of the z’. We reach

ap (2
A (q,t*,zi) ~ Ll [<qe,ao (z’)> — <qm,N -ag (zl>> <qe, O<)> + ...
le(2%) Im t,|2 <qm,N‘aO (z1)>
(3.35)
This expression gives us the (approximate) form of the potential for the 2, and the condi-
tion (3.27) is the assumption that there is a minimum to this potential in the bulk of the
moduli space. An important point is that @ factors out in (3.35) which means that the
attractor locus for the 2’ is independent of Q). Since it is determined only by the choices
of q,, and q., which are completely general, it is in general a rather weak assumption that
for some choice of charges there is a physical attractor locus satisfying (3.27).
In conclusion, we have for charges of the form (3.32), we expect to be able to find a
physical attractor locus given the freedom to choose Q.
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4 Evidence for obstruction to split attractor flows

In this section we study multi-centre, so split, attractor flows. These are solutions where
the attractor flow crosses a wall of marginal stability and splits on it. Such flows combine
the analysis of single-centred attractor flows in section 3.4, and the analysis of walls of
marginal stability in section 3.3. Our analysis will be restricted first to single-parameter
moduli spaces, and to infinite distance loci of type d = 1. In such cases, ag is a true
constant, which makes things much simpler to analyse. We will then go on to discuss
increasingly general cases building on this.

While we analyse things completely generally here, it is always useful to be guided by
an example. In appendix A we present such an example.

We begin with the fact that if we are free to choose the charges q, then this translates
into freedom in choosing (q,ap) and (q, N - ag). This follows from the fact that minimally
there are two real charge components of q which appear in (q, ap), that allow us to choose
its real and imaginary parts arbitrarily. This is true up to quantization of the charges, but
of course if we there is an obstruction to split flows allowing for continuous charges, then
it will hold for quantized charges.! More precisely, (q,ag) contains in general four real
parameters (exactly four for one-parameter models), corresponding to two electric and two
magnetic charges. It is possible to go to a basis, which we will not utilise, where it contains
only two electric charges. The expression (q, N - ag) contains at least two real magnetic
charges. Choosing these charges is mapped to choosing the real and imaginary parts of
(q,N -ag).

We will sometimes encounter rather lengthy expressions, and so it is useful to introduce
some condensed notation:

Re <qA, ao> =gt Im <qA,ao> =q",
Re <qA, N - a0> = q]‘é,’Jr , Im <qA, N . a0> = q]‘é,’f . (4.1)
Since, as explained above, we are free to choose ¢* and q]j\c, arbitrarily as real parameters,
the notation should hopefully not lead to any loss of clarity. Also, we recall, that since we
are in one-parameter models, the ¢’s are all true constants.
4.1 Obstruction for one-parameter two-centre electric flows

Let us consider a setup where a purely electric charge flow splits into two dyonic flows. We
would like to know if the dyonic flows can end on physical attractor loci. We take the split
as q4 = q® + q°, and take the magnetic component of g to vanish, q;ﬁl =0.

We consider the specification of the wall of marginal stability given by (3.24) and (3.25).
We can solve (3.24) for Re twus as

_ — — Bvi B7+
—qN Bt 4 Bt 4 (qA’ N~ + Moy )Im twMs

B,— _ B,
—qy qA,+ +qA, qN+

Re twwms = (4.2)

10T any case, it turns out that quantization of the charges does not place strong restrictions as all the
relevant physical quantities have rational coefficients.
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Since Re tws has no physical constraints on its sign or magnitude, there is always such a
solution. Note that we are here allowing Re t to be arbitrary, while it is often considered to
lie in the range 0 < Re t < 1. It can always be brought into this range by acting with the
monodromy (gauge) transformation Re ¢ — Re t+n and q — T -q. In other words, there
is a choice of charge representative within each monodromy orbit for which |Re ¢| < 1, but
since we do not want to restrict the charge to that representative, we should equally keep
Re t arbitrary.

We still have the condition (3.25) to impose. First though, let us solve for the attractor
loci Im tZ and Im t¢ of the two dyonic states q” and q©, as given by (3.30). We do this
by keeping Im tZ and Im t¢ arbitrary, and solving for some of the flux parameters, or
equivalently the ¢’s, in terms of them as

B,— 2
s ay dPT ey Imt?
q = B )
qN7+
B,— 2
A v b+ |dB (Im tB —Im tf)
A= = , (4.3)

an

2 2 N2
where ’qﬁ‘ = (qﬁ’Jr) + (qﬁ’ ) .
Now we can return to the second constraint for the wall of marginal stability (3.25).
Substituting (4.2) and (4.3) into (3.25) gives

Im t8 —Im t¢
Im tf + Im twws

> 1. (4.4)

It is manifest now that there is no way to satisfy this inequality while maintaining the
physical constraint on both the attractor loci as well as the location of the wall of marginal
stability

ImtZ >0, Imt¢ >0, Imtwys >0. (4.5)

We have therefore proven that, in the one-parameter moduli space case, that there are
no two-centre physical split attractor flows with total electric charge, at least not in the
weakly-coupled region of moduli space Im ¢ > 1.

There is no obstruction to a split flow which has a negative attractor locus for one of the
dyons. We can take, for example, —Im ¢t > Im tywys > 0 and satisfy the condition (4.4).
What does it mean that we have an attractor locus which has Im ¢, < 07 This just means
that the attractor flow will drive Im ¢ — 1 approaching the black hole horizon. What
happens after that is not clear because by then we are in the strongly-coupled regime of
the moduli space, where the exponentially suppressed (instanton-type) corrections in e~1™?
become important and the Nilpotent orbit approximation breaks down.

It is worthwhile looking at why the obstruction comes about in a less sharp but more
direct way. The requirement that the total charge is purely electric imposes that the
magnetic charges of the two dyons are opposite qfl = —q%. From (3.30) we therefore see
that if Im <qf, (ao)*> and Im <qec, (ag)*> have the same sign (and also the real parts),

then we would have that Im tZ and Im t¢ must have opposite signs and so they cannot
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both be positive.!! We also have that the sum of the electric charges sum to the total
electric charge q2 = qf 4+ qf. But we need that the electric state is more massive than
the two dyonic states, and it obtains all its mass from the electric charge. So we expect,
q| > |a? q| > |af

up’ rather than ‘subtract’, and this results in Im <qf, (ao)*> and Im <qu, (ao)*> having

and . So the electric charges q® and q¢ must ‘add

schematically,

the same sign. This picture is of course more schematic than the sharp result (4.4), but it
makes manifest the underlying cause.

What can we make of this no-go in terms of the stability of the electric states? If the
attractor flows ended in well-controlled loci, we would be able to deduce that the dyonic
constituents were in the spectrum of BPS states. Therefore, crossing the wall of marginal
stability in the opposite direction, also the electric state would be in the spectrum. Since
it would be heavier than the dyonic constituents, which are themselves heavier than the
Planck scale, it would be a black hole. This black hole would then be unstable and decay
to the dyons upon the path to weak coupling which would make it sub-Planckian in mass
eventually. Also, following the discussion in section 2.4, we would expect that by choosing
the electric charge to be of the form q2 = Kq, for some large integer K, we can deduce
the existence of an electric state of charge q. in the spectrum. But this state would be
sub-Planckian and cannot decay to dyonic states upon the path to weak coupling. It would
therefore remain stable, and this way we could populate the BPS states of the light tower.

If the no-go would imply that there are just no physical attractor flows for both the
dyons, then we would deduce that q and q© cannot both be populated by BPS states at
the same time. This means that if the black hole g was in the spectrum, so is physical,
then it will remain stable upon the path to weak coupling and become part of the sub-
Planckian light tower.

The fact that the attractor flows must go into the strongly-coupled region, means at
this general level, the results remain ambiguous.

4.2 Obstruction for one-parameter n-centre electric flows

After the first split of the attractors, one of the dyonic flows is towards small Im t. But
we can consider the flow splitting again, this time into two dyons with well controlled
attractor loci. This can occur an arbitrary number of times, and so we should consider in
generality an m-centre black hole configuration, where each centre is a dyonic black hole
with a controlled attractor locus, and the total sum of the charges is purely electric.

To show that this is not possible, we will show the following result: a dyonic flow
towards a negative attractor value for Im ¢, cannot split into two dyonic flows into positive
attractor values. So this means that there is no way to get rid of the negative attractor
value we found from the two-centre solution, so the one induced after the first split, no
matter how many subsequent splits there are.

This is a little more involved to show than the result of section 4.1, but follows similar
logic. We will eliminate fluxes for the attractor and wall of marginal stability values of
the modulus, and show an inconsistency. So we consider q* = q” + q°, but now all the

1The magnetic parts of the charges in <qB, (ao)*> cancel out in (3.30).
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charges are dyonic. The only constraint we will impose is that g* has a negative value for

its attractor locus
Im t2 < 0. (4.6)

We can eliminate some fluxes for the attractor loci of B and C by solving (3.30) to give

Bzf 2 sz 2
aN qB’++‘q]]\3,’ Im tf aN qC’++‘qC‘ Imtf

B,— C,—
¢ = 5 , ¢ = ol (4.7)
qN,-i- qN+
We can then substitute (4.7) into the attractor locus for state A, and solve that as
1
PPt == (4.8)

C+ C,— B,+ B,— C+
N (—qN av 4N 4N )

C,— B+ + B+ B,— C+ A
o an " (¢“rant - 2087 gF T m )

+(a57) aB (B 4 g (m e — T o))

+an" ( oy eyt + (Qﬁ’_>2 (a8 0 ¢+ gy (w27 — Ton tf)))
+ayT (ot +a8T) (an (mtf —tm 1) + g7 (Tm ¢ — Im 1)) ]

For the wall of marginal stability we will take the conditions (3.22) and (3.23). We
again would like to solve the constraint (3.22) for Re twwms. However, unlike the purely
electric case, the constraint (3.22) is now quadratic in Re twyg which means that a real
solution is not guaranteed. We should require some positivity constraint on the coefficients.
More precisely, we can solve (3.22) as

_q]?’/v:_qB,+ + qﬁ,—qC,+ _ qC,qu,Jr + q]c\;a"rqB,* _ \/ﬁ
C,— B, B,— C+
2 (qN qN+ — A4y 4y )

Re twwMms = , (4.9)

where P is a quantity which we require to be positive to obtain a real solution

C,— B,— _ B, ~ C+)?
p— (qN qB,+ —qy qC,+ +qc, qN+ . qB, qN+)

—4(gv"an" —ayay") l — %%t +¢% (¢ — a Im twws)

B c,
Cot Bt 4 Bt Gt

_C-
+ Im twwms (qB’ N~ —4q q

c,- B B~ C
+ay gy Imtwus — gy gy Im tWMs,) >0. (4.10)

The constraint for a solution (4.10) must then be imposed along with the second con-
straint on the wall of marginal stability (3.23). After substituting the attractor values (4.7)
and (4.8), the two constraints can be written as

P=X?>-Y>0, X+VX2-Y >0, (4.11)

— 24 —



where

c,
X:Q(qN qN —l—qfﬁq +)IthMS

B,— c,—\2 B, c+\2 2 2
+ (qN +aqy ) +(QN++QN+> Imtf—‘qﬁ‘ Imtf—‘q%) Imtf,

2| ~2
Y =4 ‘qﬁ‘ ‘q%}‘ (Im twws + Im t2)(Im twys + Im t) (4.12)

A solution to the constraints (4.11) requires X > 0. Now since we are interested in attractor
loci of the form
Imt? <0, Imt? >0, Imt¢ >0, (4.13)

we see that
2 (qN o +anva C+> Im twms > X > 0. (4.14)

But (4.11) also requires X2 > Y, so we require

(2(an"ay” +antey") m tWMs>2 > X2 >V > (2|qR] || m tWMS)Q. (4.15)

It is a simple identity that

B~ C,— B4 C, 2 2
(a5 a5 +aita) < |aR[aS[ (4.16)
and therefore (4.15) cannot be satisfied. Hence, it is not possible to satisfy the constraints
for the wall of marginal stability (4.11) and the attractor loci (4.13) simultaneously. This

proves that any attractor flow towards a negative attractor locus, cannot split into two
attractor flows which are both towards positive attractor loci.

4.3 Generalizing to multi-parameter models

We have shown that for one-parameter moduli spaces, there are no split attractor flows
near n = d = 1 infinite distance loci which have a total electric charge and terminate on
controlled attractor loci. In this section we generalise this result.

Generalising to the case of an arbitrary number of moduli still allows the natural
restriction of one-parameter approaches to infinite distances, and so there is a singled-out
coordinate t which controls the infinite distance limit. The crucial difference from the
analysis of sections 4.1 and 4.2 is that now the limiting period vector is not a constant but
a function of the other moduli ag = ag (z;). This first of all places additional constraints on
the attractor loci, that they should be at controlled and physical values of the z;. However,
this is expected to be rather mild, and in any case can only make the constraints on the
existence of split flows stronger.

The aspect which may seem to allow to evade the no-go results, at least on first thought,
is that the z; moduli can vary between the locus of marginal stability and the attractor
loci. So ag (2i)|ywys and ag (z;), need not be the same which would imply that the ¢’s
n (4.1) also need not be the same. Recall that it was the interaction between these two
loci in moduli space which led to the obstruction of the split attractor flows. The wall of
marginal stability and the attractor loci could individually be made positive (physical), but
not all simultaneously. In this section we will study in examples if this additional freedom
allows to avoid the obstruction.
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4.3.1 Obstruction in a two-parameter example

In this section we study the case of a two-parameter model near the large complex-structure
point. We will consider the mirror to the Calabi-Yau [PS’M’Q’Q) [8] as studied in [60]. There
are two monodromies associated to the two complex moduli fields ¢; and ¢3. These take

the form
0 0 0000 0 0000O00
1 0 0000 0 00O0O0O0
N, — 0 ooooo’NQ_ 1 00000 (4.17)
-2 40000 0 00O0O0O0
0 -8—-400 0 —2-400 00
-2 0 —20-10 —2-20-100

3
We note that the nilpotency indices are n; = 3 and ny = 1, so N = 0 and N3 = 0. We
can write the Nilpotent orbit of the period vector as

T (t1, 1) = eVal) (ty) = eM22al?) (1) = eNot2tNitig (4.18)

where the limiting vectors are

1 1 1
0 t1 0
(1) t2 @) 0 0
t = t = g
% (f2) o | s @) 1o 22 | T o |
—4 =2t o -4
—tg + 20 (=11t + 413 + 6i€) 2i¢

(4.19)
where £ is an order-one real constant whose value is not important for our purposes. Note
that in this example we have taken the symplectic inner-product matrix as

000 0 0 -1
000 0 —1
000 -1
001 0
010 0
100 0

(4.20)

0
0
o |
0
0

o O O O

which is slightly different to (2.2).
Denoting the real and imaginary parts of the ¢; as

ti = bi + ivi y (4.21)

there are two types of infinite distance limits we can consider which match onto the for-
mulation in this paper:

n=d=1: v finite, v9 = 00,

n=d=3: v — 00, vofinite. (4.22)

Note that to keep control of the nilpotent orbit expressions we need to keep always
v1,v9 > 1.
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Simplifying assumption. Let us denote the general charge vector as

a=(q0,q1,%,q,q,3)" . (4.23)

It is difficult to analyse the attractor loci for charges in full generality. We will therefore
simplify the analysis by restricting to the case where all charges have

q = 0. (4.24)

It is important to keep in mind that the obstruction we find may be related to this re-
striction, and there exists the possibility that relaxing it will allow a realisation of the split
attractor flows. But in any case this is an example analysis, not a general one, and it aim
is to test for an obstruction once we have multi-parameters, as relevant for the discussion
in section 4.3. At least this aspect is not affected by the restriction (4.24).

4.3.2 The attractor loci

We would like to solve for the attractor loci, specifically in order to test if they are at
physical well-controlled points in moduli space. Keeping in mind this aim of the analysis,
we can make a further simplification

£E—0. (4.25)

The justification for this is that because of the restriction (4.24), the only place where £
appears is in the Kahler potential for the moduli. As long as vi,ve > 1, it gives a small
correction which cannot change the validity of an attractor locus.

With the states simplifications, the attractor loci are

o =5V@ )= 2w,

2t g gt + 2193 + 4203 — Q104
i * g7 7

(b1), = (4.26)

where

Q. — —1124% — 34205 — 61ngs (95 — 1) — 12q7 (92 + 203 — g4 + 245) (4.27)
i (2q1 + 3¢2)
Here we have assumed ¢; # 0 which, as we will see, guarantees that the state is dyonic
with respect to the electromagnetic splitting induced by both N; and Na. Recall that being
dyonic is a necessary requirement for a non-divergent attractor locus.

4.3.3 The n = d = 1 sector

Let us consider first the case of v9 — 0o as the degeneration limit, so it isann=d =1
degeneration. First we can split the charges into electric and magnetic as in (3.9). We have

0 qo
0 Q1
ge = © , Am = 0 5 (428)
0 q3
44 0
qs 0
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We are interested in split attractor flows of the type qf — qf + qg, and define the wall
of marginal stability by the constraints (3.22) and (3.23). We can solve (3.22) for b as
1

bQ = X
3v1 (8b1qs'ql —4qi'qf +2q5'af +4b1g5" (24P +4F) + ai' (24 +aF) + 85 aPv?)

3¢ (2qQB +4by (2qlB —|—qu> +q43) v1 4 g3 [ 11¢7 +12b%q; +6biqs — (Q2B+QE]>B)

+6 (207 +a8') 02| +a5'vr [af (—22-+4b1 (—5+6b1) +2407)
3 (25 +4b1g5 +qf (14267 +207) )]
3 (e

+3 (g +2b1 (1+b1) g5 +b1gi' +a8') ((2+4b1) af +0F ) va

(4.29)

+6 (2 (g5 + 20105 +1') af — 5'af’) v -
Substituting this solution into (3.23), gives the constraint we need to satisfy

Rap= <3v1 (80%as'al’ — 45l +245'aF +4b1g3' (207 +4F ) +ai* (24 +af') +8a5'aP0}) )

1 <3q§ ((2+4b1) g +47) + (qlB)2 (—44+48by (1+b1) +4807)
+6g7 (401 (a5 +b1a5’ +aF ) +af — 208 +44507) )

2 2 a
+3(((2+4bl)q13+q33) +16 (qf) v%) wm| =1 (4.30)

At this point we need to impose that the attractor values for states B and C are
physical The attractor solutions are given by (4.26)—(4.27). We can eliminate generally
q? and q for QB and Q. Once we do that, the physical attractor loci conditions are

g @ — a3
Q7 >0, Q¢¥>0, >0, 252 >0. (4.31)
ap 0

Now let us return to the constraint (4.30). We note that we have a free real uncon-
strained parameter b; in the constraint. We can consider eliminating b; for Rsp (as defined
n (4.30)). However, because b; appears quadratically, there is a resulting condition on the
positivity of the square root to obtain a real solution (much like the constraint (4.10)).
After substituting the elimination of ¢ and qg‘ for QB and Q¢ into this expression, we
recover the constraint

- [ (qQB - %4) 01+ qyv1 (=14 Rag) + 2¢7 (v1 + v2) RAB] X
[Qf (3(af — a') +24) + Q7 (20F +34F) (~1+ Ran)

+ 3v; ((qQB - qf) v1 + qQBU1 (=14 Rap) + 2qlB (v1 + v2) RAB) > 0. (4.32)
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It is manifest that this constraint is incompatible with (4.30), which implies R4 > 1, and
with (4.31). To see this note that (4.31) implies that ¢f, ¢& and ¢& — ¢4 must all have the
same sign, and therefore all the terms in the two square brackets have the same signs.

We have therefore shown that, up to the restriction (4.24), there are no electric split
attractor flows in this example. So again we find an obstruction.

4.3.4 The n = d = 3 sector

We can repeat the same analysis but now with the electric-magnetic splitting dictated by
Ni. This corresponds to the limit v; — oo with vy finite. In this case the electric-magnetic

splitting is

0 qo
0 q1
=" an=|?]. (4.33)
q3 0
qa 0
qs 0

The attractor loci solutions in (4.26) are still valid, but with the further restriction that,
since state A is electric, q? = 0. This therefore gives the constraints

B
QB >0, Q°>0, & 59, (4.34)

To determine the wall of marginal stability we can again solve for by. However, to keep
things tractable in this case we make the further simplifying assumption

g =0, (4.35)

We can then go through the same steps as in section 4.3.3 and we arrive at the final

positivity constraint (the analogue of (4.36))

X (4.36)

—Rap [%Bvl +2¢7 (v1+v2)

>0.

[Qf (305 +241) +QF (24 +34F') (—1+ Rap) +3v1 Rap (5'v1 + 247 (v1 +05))
Again there is an obstruction to (4.36) for R4 > 1 and the constraints (4.34).

5 Obstruction from moduli space singularities

In section 4 we presented evidence that there are no split attractor flows where a total
electric charge splits into a number of dyonic ones with well-controlled attractor loci. This
suggests that electric states do not decay to dyonic states upon crossing walls of marginal
stability.

In this section we will present further strong evidence for this, and also generalise it
significantly. The key idea is that in any weakly-coupled region of moduli space, where
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the nilpotent orbit approximation holds, we know that there are no singularities in the
moduli space away from the degeneration limit g — 0.'2 This places constraints on the
BPS spectrum, because we cannot have a populated state become massless in that region.
So any charge q for which the central charge Z (q) vanishes in a weakly-coupled asymptotic
region must be absent from the spectrum. We will show that the electric to dyonic decays
are obstructed by this, so one of the dyonic constituents would always have a vanishing point
along the wall of marginal stability of the decay and should therefore not be in the spectrum.

The vanishing of the central charge along walls of marginal stability is something that
played an important role in the formulation of the Kontsevich-Soibelman (KS) wall-crossing
formula [5]. It was assumed that this does not occur, or more precisely the formula was
restricted to states which do not have a vanishing central charge at the point where the wall
is crossed. The formula applies to charges which satisfy, on the wall of marginal stability,
a certain positivity constraint. Namely, there is a quadratic form on the lattice of charges,
so an inner product which maps a charge to a real number @ : q — R. Then the formula
applies to stable charges, so which satisfy

Q(q) = 0. (5.1)

The form further has the property that

Q|KerZ(q) <0. (52)

So, charges which lead to a vanishing central charge Z (q) = 0 are not stable charges. It
was discussed in [5] that there is a natural candidate for such a quadratic form on the
Calabi-Yau.

The stability constraint is essential because it fixes the finiteness of the number of
combinations of charges which align on a wall of marginal stability. Specifically, on the
wall we may consider alignment
A

a’ (rp,rc) =rp d® +rc q“, (5.3)

with 75 and ro some integers. So we let g be a charge which depends on r5 and r¢.
Then the stability condition ensures that there is a basis of the alignment charges such
that rg,7¢ > 0 (or rp,rc < 0) for all populated BPS states. This positivity constraint is
crucial to guarantee finiteness in the wall crossing formula [5, 69, 70].

Returning to the singularities on the moduli space. We see that it is the same as
requiring that all the populated states on the wall of marginal stability are stable (5.1). It
is in this sense the statement that the wall-crossing formula should apply to all BPS states
at any point along the wall, at least in any weakly-coupled region.

What we are able to show, below, is that an electric to dyonic decay implies one of
the dyonic states is not stable at some point on the wall. This suggests that it cannot be
part of the BPS spectrum, matching the results from the attractor loci analysis. The final

1By this we mean we consider the complex plane of the modulus associated to the nilpotent orbit
expansion. The other moduli can lead to singularities for non-generic values, but this is irrelevant for the
flow to g — 0 which can be achieved by varying the nilpotent orbit modulus.
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part of the proof is to show that it cannot be that it participated in the decay, and then
itself decayed away from the spectrum before it became unstable. We can prove this for
the case n = d = 1, but have not done so completely generally for any n and d.

A key aspect of the analysis is that we find that the absence of a singularity, or the
stability constraint, leads to the same expressions as the positivity of the attractor loci.
This is expected if the correspondence between attractors and the spectrum of BPS states
holds, and can be said to provide strong support for it. Indeed, since the attractor locus
minimizes the absolute value of the central charge, we could not have a physical attractor
locus with a non-vanishing central charge, and also a physical locus where the central
charge vanishes.

5.1 Equivalence of stability and attractor loci

Let us consider the one-parameter n = d = 1 case, as studied in section 4.1. The wall of
marginal stability is given by (4.2). We can then substitute this into the central charge
formula and solve for vanishing central charge constraint on the wall

So here we are restricting the central charge to the wall, by solving for Re ¢ as in (4.2), and
then defining Im ¢y as the value of Im ¢ where the central charge vanishes. Doing this for
the two charges q” and q© gives

B,— B, B,— B+
Imt8 = — —dn 9 Tt N = —Imt8
' a5/’ "
B,— B+ B,—, B+ A,— B+ A+, B,—
— ) + ’ — ) + )
Im t§ = —[ 41 qN’qBFq In TEAN ) = € (5.5)
N

We see that the modulus value on the wall where the central charge vanishes for the states
B and C is exactly the negative of the attractor locus for those states. Since the wall is
defined by (4.2) for any Im ¢ > 0, having no point on the wall of marginal stability where
the central charge vanishes is the same as the statement that the two attractor loci are
positive. This is precisely the problem we have analysed in section 4.1, and have shown
that it leads to an obstruction.

Actually, the whole analysis is only valid for Im ¢ > 1, since that is required for the
use of the nilpotent orbit approximation. But the power of the stability constraint is that
if we found an attractor locus which is very negative Im t, < —1, then we can translate
that into a zero of the central charge in the controlled region. The only remaining refuge
for states could be in the strong-coupling regime |Im ¢| < 1. So the only escape from the
obstruction is if we pick charges such that both of Im ¢§ and Im t§ are either small or
negative. However, looking at the constraint (4.4) we see that it requires at least one of the
attractor loci to be large and negative, which means at least one large and positive Im ¢g.

The second powerful aspect of the stability constraint it that it applies on the wall of
marginal stability. That means that the multi-parameter case can be analysed in the same
way as the one-parameter case, as long as the degeneration itself is by variation of only
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one parameter. So the value of the ¢’s for the positivity constraints (5.5), is the same as
the one for the wall of marginal stability. There is no need to track them to the attractor
loci. Their dependence on the other moduli 2* is inconsequential for the constraints.

There is an important way to attempt to avoid the problem of the vanishing central
charge point Im t5. We can postulate that between the point on the wall of marginal
stability which was crossed for the decay, and the vanishing central charge locus, the state
decayed and left the spectrum. So it participated in the decay, and then after moving along
the marginal stability locus, it decayed away so that it did not lead to a singularity in the
moduli space at Im tg. It is difficult to believe that this could occur, because recall that
the states have an associated BPS index which is typically very large, and this would have
to completely vanish through decays upon the variation to Im ty. But we can be even more
precise and show that in fact one can never avoid the singularity. Recall that we faced a
similar possibility in section 4.2 when studying attractor loci. We considered whether it
is possible to avoid a negative attractor locus by having the state decay, so have a split
attractor flow, to two states with positive attractor loci. We showed that this is not possible
because one of the decay products would always have a negative attractor locus. We can
import this result into this setting to show that if the state which has a vanishing point
decays somewhere along the wall of marginal stability, then moving along the marginal
stability wall of that decay will always lead to a zero locus for one of the products in
a physical regime for Im ¢. The only thing we need to show is that the correspondence
between the attractor locus and the zero locus, as in (5.5), is general. So the negative
attractor locus which we cannot remove by decays turns into a positive vanishing point.'3

It is simple to show that indeed the correspondence between the attractor loci and
the vanishing loci is general. The general central charge, dropping the overall irrelevant
Kahler-potential normalization, takes the form

ReZ(q) ~q¢"+ ¢ Ret —qyImt, Im Z(q) ~q +qfImt+qy Ret. (5.6)
For a charge participating in a decay, the wall of marginal stability can be defined by
Re Z (q) A(t) = B(t) Im Z(q) , (5.7)

where A (t) and B (t) are in general real functions of the moduli (in the case where one
of the charges is purely electric it is a constant). Then if such a wall exists in a physical
regime, we can combine (5.6) and (5.7) to write that everywhere on the wall we have

—Bq™ + Aqt — (Aqxf + Bq;\r,) Im t

Re twms = — (5.8)
—qu(, + Bqy
Substituting this into (5.6) we can solve for the vanishing locus
Re Z (q,t9) =0, (5.9)

130ne might try to hide the vanishing of this second decay product in the strong-coupling region, but
this is not possible. The simplest way to see this is that the analysis in section 4.2 shows that having both
|Im tf| < |Im twwms| and |Im tf‘ < |Im twwms| is not possible for Im t2 <o. Therefore, at least one of
Im ¢Z or Im t¢ must be negative and large in magnitude.
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which gives

—anat +aay
lan|”

The only subtlety here is if the vanishing locus is such that also A (t9) = B (t9) = 0, but

then we would have a vanishing locus (5.4) for one of the other states.

Im ty = — l 1 =—Imt,. (5.10)

5.2 General proof of obstruction

It is possible to prove very generally, and relatively simply, the first part of the obstruction:
that for electric to dyonic decays, one of the decay products must have a vanishing central
charge point on the wall of marginal stability. In fact, one can prove a more general
statement which we will outline below.

Let us begin by noting the reason why the solutions (5.5) even exist. This is highly
non-trivial because if we take a generic central charge, and look for its vanishing loci, they
are two constraints on one coordinate and so pick out a point in moduli space. On the
other hand, the wall of marginal stability is a line in the moduli space. And generic lines
and points do not intersect.

The point is that we are considering electric states for which the phase is a constant,
so independent of ¢. The constraint for the wall of marginal stability (3.24) then ensures
that the ratio of the real and imaginary parts of the central charges for q” (and qC) are
also a constant. They therefore become proportional to each other. This means that the
requirement for the wall of marginal stability to have a vanishing point on it becomes the
intersection of two real lines: the marginal stability line and the line of vanishing real part
of the central charge. Once they intersect, the vanishing of the imaginary part of the central
charge is guaranteed. In a real two-dimensional space, two generic real lines intersect.

Since on the wall of marginal stability the real and imaginary parts of the central
charge are proportional to each other, the second constraint for the decay (3.25) can be
written as

Re Z (qA)
>1. 5.11
Re Z (g5, twms) — (5.11)

It is important to note that in (5.11) we have manifested the point that the numerator
is independent of twus, it is a constant. The denominator is a function of tywus, but we
only need (5.11) to hold for some point on the wall of marginal stability, so for some value
of twwus.

Now let us consider the vanishing point for the central charge of q, so Im tOC. Since
the marginal stability line spans all of Im ¢, for this point not to lie one it we must have
that there is no positive value of Im ¢ for which Re Z (qA) =ReZ (qB ,Im t) ‘WMS. Since

they must have the same sign to satisfy (5.11), we see that we must therefore have

ReZ(qB,Imt)‘ S>ReZ(qA) or ReZ(qB,Imt)‘ <ReZ(qA) VImt.
(5.12)

But Re Z (qB ,Im t) ‘WMS is unbounded in magnitude as a function of Im ¢, and therefore

WM WMS

only the first option in (5.12) is possible. Therefore, (5.11) can never be satisfied.
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The analysis presented generalises simply since it does not rely on a particular choice
of n or d. The only assumption was that electric charges are such that Re Z (qA) is a
constant (up to the overall factor from the Kahler potential). We can also see that this
restriction is simple to generalise. The absence of a zero locus along the wall of marginal
stability is the same as the statement that (5.11) must hold everywhere on the wall of
marginal stability.

It is worth showing this explicitly. Let us consider in general a decay A — B + C.
Then we require the generalisation of (5.11), so

Re Z (qA, tc)

_ 7 >1. 5.13
Re Z (qB,t.) ( )

WMS

Here we made things more explicit than (5.11) by labelling explicitly the point on the wall
of marginal stability where the decay is occurring as t.. Now let us violate (5.13) at some
point by moving along the wall of marginal stability, so that eventually we reach some
point ¢y such that

Re Z (qA,to)
Re Z (q®,t9) WS =1 (5:14)
At this point we have
Re Z (qc,to) =Re 7 (qA,to) —ReZ (qB,to) =0. (5.15)

But we also know that everywhere on the wall of marginal stability we have

Re Z <qc,t) Im Z (qA,t) =Re Z (qA,t) Im Z (qc,t) ,

Re Z (qc,t) Im Z (qB,t) =Re Z (qB,t) Im Z (qc,t) . (5.16)

So at tg we have only two possibilities
Re Z (qc,to) =Im Z (qc,to) =0, (5.17)
" Re Z (qA,to) —Re Z (qB, to) —Re Z (qc,t()) —0. (5.18)

The second option (5.18) is not viable because ¢ is defined by (5.14). It is possible to
consider the possibility that in (5.14) the numerator and denominator share a zero at
to while leaving a finite ratio, but this seems highly implausible since they are different
functions in one real variable. In other words, the wall of marginal stability guarantees that
Re Z (qc, t()) is proportional to Im Z (qc, to), but not that Re Z (qA, to) is proportional

toRe Z (qB , to). We are therefore left with the first option (5.17), and so Z (qc) vanishes
somewhere on the wall of marginal stability.

Yet another, the most simple, way to see this is to note that (5.14) is the statement
that state A and B have equal masses. But the wall of marginal stability is precisely the
locus where the masses of the constituents, B and C, sum up to the mass of A. So state
C' must be massless there.
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Table 2. Table showing if a solution of type (5.19) exists, and therefore the wall of marginal stability
stretches to the limit Im t — oo (and so g — 0), for the highest powers of ¢ in the (holomorphic
part of the) central charge of states A and B. When a solution exists, there are no constraints on
the charges.

There is an important subtlety with connecting this to the g — 0 limit, specifically,
it is not always the case that the wall of marginal stability stretches to the degeneration
limit Im t — oco. In the n = d = 1 case, for an electric to dyonic decay, it did because the
condition defining the wall of marginal stability (3.24) was a linear equation in Im t, and
so has solutions for all its values. On the other hand, the wall for a dyonic state to decay
to a dyonic state led to a quadratic equation which for fixed charges had no solution as
Imt — oo.

In order to have a solution for arbitrarily large Im t we need to look for a solution
scaling of type

Ret=zImt, z€R. (5.19)

Whether such a solution exists for a real  depends on the highest power of ¢ which appears
in the central charge for the states A and B, and is shown in table 2. We see that if the power
of t is larger in state B than A, the wall of marginal stability stretches out to Im t — oo.
So let us assume this for now, and we will explain how this highest power is classified
mathematically in section 5.3. With this assumption, taking the degeneration limit Im t —
00, which corresponds to g — 0, gives the BPS Stability Filtration of the introduction.

The reason that the BPS Stability Filtration is a proposal and not proven is that
there remains the issue of showing that it is not possible for the state with the vanishing
locus to participate in the decay, and then decay away from the spectrum by the time
it reaches the vanishing point. For the case n = d = 1 we have proven that indeed this
cannot happen, or more precisely, that it will lead to some other decay product having
a zero locus. We have not done so for general n and d, which is the missing step for a
general proof. Unfortunately, showing this requires some further work, which we leave for
the future. We expect that this is only technical and not conceptual, the accumulated
evidence so far seems sufficiently strong to propose a BPS Stability Filtration.

We can make some simple statement about the general case by restricting to certain
charge sectors. In general, the central charge takes the form

Z(at2) = % Rq,ao (+)) + (@ N -a (27) ) 1+

lc (2%) Im t|2
1

3 (a Va0 ()4 g (anan () 2] . G20
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We can choose our black hole charges such that
<q,a0 (zz)> = <q,N3 - ag (z’)> =0. (5.21)

q=N-q, (5.22)
so that the central charge takes the form (for d = 3)
i t ~ i L i
z(q,t,z)ZW[<q,a0(2)>+2<q,N.aO(Z)>t]. (5.23)

The analysis of the obstruction to decays from the electric to dyonic charges is insensitive

We then define

to overall factors in the central charge. Therefore, this is essentially the same form as (3.28)
and we can carry our results over.

It is worth discussing the relation of this analysis to that of [71]. There, paths in
moduli space which connect marginal stability walls to anti-marginal stability walls (where
the central charges anti-align) were studied. In our setting, the locus where the central
charge of one of the constituents vanishes turns the marginal stability wall into an anti-
marginal stability wall. So one can consider circling that locus, thereby traversing a path
as studied in [71]. There it was argued that either there is a singularity in the moduli space
(which we are forbidding) that induces a conjugation wall, or the constituents themselves
were never fundamental in the first place, and their constituents rearrange along the path
(this was termed crossing a recombination wall). This is consistent with our analysis. Of
course, the assumption of [71] is that BPS constituents are populated in the first place,
which need not be the case here.

5.3 A BPS Stability Filtration

The analysis in section 5.2 culminated in the point that if we consider a decay of some
state A to some state B (plus something else), then the decay requires that the mass of A
is larger than the mass of B over the full locus of marginal stability. We also showed that
if the highest power of Im ¢ in the central charge of B is higher than the highest power of
Im t in the central charge of A, then the wall of marginal stability stretches to the limit
Im t — oo (and so g — 0). This also automatically implies that for some sufficiently large
value of Im t the mass of B will become higher than the mass of A, and so is a sufficient
condition to forbid such a decay.

There is a mathematical formulation which captures precisely the highest power of
Im ¢ in the central charge, termed the monodromy weight filtration. Here we outline some
parts of it, and refer to [2, 3] for much more detail about this structure.

Consider the rational vector space of charges q € V (Q). Then the monodromy matrix
N induces a monodromy weight filtration W; (N) on V.

W_i1=0cCc Wog ¢ Wi C ... Weg=V. (5.24)

This filtration is uniquely specified through the following defining properties
o NW;,CW;_o (5.25)
e NY:Gryy; — Grs_j is an isomorphism, Gr; = W;/W;_1. (5.26)
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Note that there is a simple representation of the W; in terms of the kernels and images of
N as
Wo=imN3, W;=imN?nkerN, ..., Ws=kerN3. (5.27)

This implies immediately that if the unipotency index is smaller than the complex dimen-
sion of the manifold, n < 3, some of the previous subspaces will be empty. In particular,
for all j > n we have W3; = W3, and W3_; = 0.
Note that using the uniqueness of the filtration on can show that if we have q4 € W;
and qB € Wﬁfifj then
(qa,qp) =0,if 7 > 0. (5.28)

The splitting into electric and magnetic states can be done as follows. We define
electric states as those lying in W; with ¢ < 3. Dyonic states are charges lying in W; with
t > 3. Magnetic states are dyonic states where the electric components, so those that are
in W; with ¢ < 3, are removed. The simplest way to identify those is by acting with N and
using (5.25).

The W; are related to the highest power of ¢ which appears in the (holomorphic part
of the) central charge. This is because (from (5.25))

(@ N ap) = (~1)" (N" - qa0) # 0 = @ ¢ Wagui1) (5.29)

When using this we should keep in mind that Wy, does not exist, and Ws_,, is empty.
We can therefore assign an s-weight to a charge as

s — weight [q] = Largest integer w such that q ¢ Wy(yq1)—p - (5.30)

Then the s-weight of a BPS state corresponds to the highest allowed power of ¢ in its central
charge.

We therefore can identify the BPS stability filtration with the monodromy weight filtra-
tion as follows: a BPS state cannot decay to a BPS state of a higher s-weight. The remark-
able thing is that this is true for any perturbative g < 1, and not only in the g — 0 limit.

There is a subtlety with such an identification of the BPS stability filtration with the
monodromy weight filtration which is that it assumed the maximum allowed power of t is
realised by the charges. This assumes that the charge is a sufficiently generic element of the
(maximal) W; that it belongs to. A better way to phrase this genericity condition is that the
moduli other than ¢, so the 2%, are at generic values. In that case a vanishing (q, N* - ag)
implies the full constraint on the charges in terms of the monodromy weight filtration.

If we would like to drop the assumption of generic values for the other moduli, then
there is still a mathematical formulation which relates the highest power of ¢ which appears
in the central charge to the charge q, but it is slightly more involved. It corresponds to
placing the charge q into the primitive spaces of the limiting mixed Hodge structure (the
P; in [2, 3]). On those spaces there exists a polarized inner product, which would guarantee
the non-vanishing of inner products of type (q, N* - ap). Indeed, the most precise way to
formulate the stability constraints is by using the Deligne splittings in a basis where the
Sls-algebras associated to the different N; are fully commuting. Such a Deligne splitting is
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so-called R-split and so any real charge can be placed into the space of a Deligne sub-space
plus its conjugate. The process of reaching such a basis, and the properties of the splitting,

is explained in detail in [3].1

6 Summary and discussion

In this paper we studied the decay and spectrum of BPS states in A/ = 2 theories, in
particular considering weak-coupling limits in moduli space g — 0. We found evidence for
a certain filtration structure in BPS states, which is determined by their mass in the g — 0
limit. Specifically, that a BPS state at any (perturbative) value of g cannot decay to a
BPS state whose mass at g — 0 is infinitely larger. This appears somewhat surprising, for
example, an electrically charged black hole cannot emit a dyonic particle upon crossing a
wall of marginal stability in any perturbative regime, because in the g — 0 limit the black
hole would be infinitely lighter than the dyon.

Although the analysis was sometimes involved, at least some of the key points are
extremely simple and so we can summarise them here using quite general notation. Con-
sider a decay of states A — B + C. Let this decay occur at vanishing kinetic energy, like
in N' = 2. Let the masses of the states depend on some couplings, say g for simplicity.
Then at the decay point in coupling space, say g = g., we have an equality in the masses
My (9¢) = M (gc) + Mc (gc). Now consider this equality of the masses as a constraint on
the value of the couplings. It picks out a real co-dimension one subspace of the coupling
space. In N' = 2 this is a wall of marginal stability. Now let this subspace be non-compact,
so that it stretches out to the limit g — 0. This is sometimes, not always, true in ' = 2.
Then we see that if somewhere between g = g. and g — 0 the ordering of the masses
changes, so say Mp becomes larger than M4, we must have that one of the constituents
of the decay becomes massless, in this case Mz = 0. A massless charged state induces a
singularity in the low-energy effective theory, so in N’ = 2 would manifest as a singularity
in the moduli space. If we insist on the absence of such a massless state, or singularity,
then we forbid a change in the ordering of the masses. This induces a certain filtration on
the decay of states which is independent of g, so in particular can be deduced at g — 0.

The absence of a singularity in perturbative regimes in A/ = 2 is guaranteed by the
nilpotent orbit theorem, which gives the universal behaviour around any infinite distance
(or weakly-coupled) locus in moduli space.'® The only remaining subtlety is that it could
be that state C participated in the decay process, and then as we varied the coupling,
itself decayed away so that it was not present in the spectrum at My = 0. This seems a
contrived situation to occur, but we need to rule it out to be sure. We can prove that this is
not possible in certain (one of the three possible) weak coupling limits. More precisely, we

1 Gimilarly, the identification with the monodromy weight filtration assumes n = d, which to our knowl-
edge is correct for any infinite distance locus, but can again be removed as an assumption by going to an
R-split Deligne basis.

15This gives also a rather precise statement of what we mean by the perturbative regime: it is one where
instantons are suppressed. Note that we do not consider cases where g — 0 at finite distances in moduli
space, such as the conifold locus, as perturbative regimes. The vanishing coupling there is only due to
integrating out a massless state, and would be finite at any finite mass scale.
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showed that if it does decay, then at least one of the constituents would become massless in
the perturbative regime still leading to a singularity in the moduli space. So the singularity
is robust against decays in this sense. We were not able to prove this for all possible weak-
coupling limits, simply because the algebraic equations are of order 2d, with d = 1,2,3
being the different possible limits (we solved d = 1, so the quadratic case). But we believe
it is a technical task to show it generally. This belief led to the proposal of a BPS Stability
Filtration, as stated in the introduction.

We gave further evidence, and developed the understanding around the filtration, by
studying also attractor flows for multi-centred black holes. These should capture the spec-
trum of BPS states, and we find agreement with the filtration proposal. So a decay which
would violate the filtration, manifested as a split attractor flow, leads to an unphysical
attractor locus for one of the constituents. Also, the filtration can be understood as the
statement that the wall crossing formula [5] should apply to all states in the theory, every-
where on the wall (so imposing the absence of non-stable states anywhere on the wall).

The filtration on the BPS states can be mathematically formulated in terms of the
Monodromy Weight Filtration associated to the limiting mixed Hodge structure of the
g — 0 limit. The statement is that a state cannot decay to one which has a higher s-
weight (where s-weight is defined in (5.30)). This condition also automatically captures
the requirement that the wall of marginal stability stretches to the g — 0 point: it is true
whenever the s-weights of the decaying state and one of its products differ. Of course,
since BPS states are mapped to the existence of certain geometric sub-manifolds such as
special-Lagrangians, the filtration implies a corresponding geometric statement which is
mathematically interesting.

It is natural to propose that our analysis can be extended to all g, so away from
the perturbative regime, by assuming the absence of moduli space singularities on the
walls of marginal stability. So in this sense, it is the statement that the stability of BPS
states depends only on the singularities in the moduli space, whether they are at finite or
infinite distance.

If, as we propose, a filtration exists on BPS states in A/ = 2 theories, then what does
this imply for the Swampland motivations discussed in the introduction? Regarding the
first topic, the black hole to particle transition as ¢ — 0. Electrically charged black holes,
if we can make sense of their divergent attractor flows (see below), cannot emit any dyons,
and therefore all their constituents are completely stable throughout the transition. The
tower of light states as ¢ — 0 therefore start their life as black hole microstates. Note that
this is somewhat expected from the fact that the number of BPS states in examples grows
exponentially already from small charges. In spirit, this goes against the idea of the electric
weak gravity conjecture which would like the black holes to discharge so as to avoid stable
charged remnants. Of course, as discussed in the introduction, the A" = 2 BPS decays are
very different to the discharge decays of the weak gravity conjecture, so we must be quite
careful in extrapolating any connections.

Regarding the second topic of constructing multi-centre flows to understand electric
black holes which exhibit divergent single-centre attractor flow. A filtration implies that
no such flows can exist in any perturbative region of moduli space (something which we
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checked in multiple examples). This has a natural interesting interpretation once we match
the split attractor flows onto some kind of resolution of the constituents of states. It means
that the filtration captures some sort of ‘fundamentality’ of the states, so states may decay
to more fundamental ones, but not the other way around.

The final motivation in the introduction was to understand the emergence proposal,
and the related idea of moduli space holography [54, 55]. What we find is essentially
evidence for (at least some version of) these ideas. The decay, and therefore the spectrum,
of BPS states in the ‘bulk’, at finite g, is determined by their behaviour at the ‘boundary’
g — 0. This is a notion of holography. We find also a relation between attractor flows and
the vanishing mass obstructions, and attractor flows are a manifestation of some sense of
moduli space non-locality (since the spectrum at the moduli values at spatial infinity is
determined by the moduli attractor values). In this sense, the analogies with holography
are interesting.

We note also that the idea that the filtration is associated with how ‘fundamental’ the
states are matches nicely with the emergence proposal, where the tower of light charged
states are thought of as constituents that the gauge field is composed of.

More generally, we find the results quite surprising in that they make the g — 0 limit
much more powerful than one might naively guess. This is promising in terms of the
Swampland program, which aims to constrain and understand such limits.
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A Example one-parameter Calabi-Yau

Throughout the paper we have studied one-parameter d = 1 limits in much detail. While
our approach has usually been completely general, it is worth having in mind an explicit
example. In this appendix we present such an example as a guide to the more general
results in the main text. Many of the details of the analysis follow that of [14].

The example we take is the bi-cubic Calabi-Yau P°[3,3]. It is specified as

3 3 3
%+%+%+¢1‘1$2$3 =0,
(133 5173 3:3
§4+§5+§6+¢x4x5m6:0. (Al)

Where the z; are homogeneous coordinates in P?. The complex structure moduli space
is spanned by the single complex parameter 1. In terms of the vector multiplets we have
n, = 1. It is useful to introduce coordinates on the moduli space

1

ZEwQ, w W7 U

=1-w, (A.2)

40 —



Tyurin degeneration

= ==
= =

Large Complex Structure TN w, u orientation Conifold

Figure 3. Figure showing the moduli space of the P5[3,3] Calabi-Yau. The orientation of the
different monodromies, 5, vas and yo, about the singular loci is shown. The global orientation
ensures that the product of the monodromies is the unit operator.

where 1 = 35. The moduli space has three special points
e Large complex structure: w = 0,
e Tyurin degeneration: z = 0,
e Conifold point: u = 0.

The first two of these are at infinite distance, while the conifold is at finite distance. The
moduli space is therefore of the form P!/ {0, 1,00} and is illustrated in figure 3.

The Tyurin degeneration locus z = 0 has a Z3 orbifold symmetry which can be seen
by noting that sending 1 — we% can be undone by rotatining the coordinates appropri-
ately. This means that while the natural holomorphic coordinate for the conifold and large
complex-structure behaves as 1%, the natural coordinate for the Tyurin degeneration is 2.
This explains the definition (A.2).

There is a global orientation of the monodromies on the moduli space. As shown in
figure 3, we take this such that we are circling all the monodromy loci clockwise in the
coordinates w and u. This means that in terms of the coordinates z we are circling the
Tyurin degeneration locus anti-clockwise. So if we label the monodromy loci by M for the
large complex structure point, C' for the conifold, and s for the Tyurin degeneration, then
the monodromy matrices associated to each locus are defined such that

HM (we*Q’”') = TM . HM (w) y HC (u672”i> = TC . HC (u) y HS (ZGQM) = TS . HS (Z) .

(A.3)
Where we denoted the local form of the period vector around the monodromy locus with
the appropriate subscript.
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In this section we will first give expressions for the period vector and monodromy
matrices associated to the three points of interest. It is important to note that the mon-
odromy matrices are not in a common symplectic basis. This means, for example, that
their product does not give the unit matrix. This part of the section builds heavily on the
analysis in [14]. In the second part we will use the period vector to study the spectrum of
BPS states near the monodromy loci.

A.1 The period vector

In this subsection we calculate the local expressions for the period vector about the mon-
odromy loci. We are interested in the n = d = 1 locus (Tyurin degeneration). We give the
expressions for the conifold locus for completeness in appendix A.3.

There are two bases of interest for the period vector, the Frobenius basis IT and the
symplectic basis II. The Frobenius period vector can be expressed in terms of Meijer
G-functions as [14]

1,4 1111
Gas _"‘pﬁ‘;;zz
3333
1,4 1111
. Gy —?/)ﬁ\gllg
= RS (A.4)

2,4
Gra (Y0111 29
3333
2.4 1111
Gia|?'122 11
3333

We can expand these about ¥ = 0 to give

1(1(3) 2 8 1 r(l)2 2
v b (B vt (505 4
4 2 F(ézg ? 10 2 F(§§2 2
~ o 0f () +oe o0 (k) +-
Hs: ) F(l)2 2 . ) (A5)
_ 3 1) 2
(4 F@)) (2y+610gw+4f(0,3) zr(ojg))#”

4<r<§>2 ? , )
ot () (v omomvrar (03) -2 (0.4)) +.

Note that the overall prefactor of 12 can be removed by a Kahler transformation and will
not feature in the physically relevant quantities.
The monodromy matrix in the Frobenius basis is defined as

I, (22™) = (14 N,) T, (2) . (A.6)
From (A.5) we then obtain
0 0 00
N, 6mi 0 000 A7
STV cE 00 00 (A7)
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We can move to a more convenient symplectic basis which matches the general analysis
in this work more directly through a transformation matrix Upss as

II, = UMs‘fIs- (AS)
The form of Upys is [14]
9(3+iv3) 9(3-iv3) 9 9i
T 8n? 82 = a3
_34iy3  3=iy3 2(1(1—“/)5) 3(%'(4\/53@')
_ 8m 87 8(v/3—5i)n3 4(v/3—5i)x3
Unms = 3(5+iv3) 3(5—iv3)  3(v3+3:) s(v3-si) | (A.9)
T 8n2 82 1673 T 1673
_3+iv/3  3-iV3 30 3i
4m? 472 8m3 83

We can translate the monodromy matrix into the symplectic basis by using (A.9) through

N. =Ups - Ns-Uyps, (A.10)
which gives
9618 —3
1 -3 —14
N |0l . (A.11)
63 -9 —6
32 -6 —1

It is useful to perform a further symplectic rotation

N=M-N,-M1, (A.12)
with
4 3 -9 0
1 0 0 -3
M=| 5 15 5 (A.13)
58 87 29 174
1 53 5 1
29 174 58 87
This yields
0000
1
A (A14)
912100
11400

Note that such a symplectic transformation to a form where N only has components in a
2 x 2 block is always possible [72].
We can write the period vector in the canonical Nilpotent orbit form as

~ Ng log z

I, (2) = e 2w ag(z), (A.15)

where z is defined as in (A.2). The holomorphic vector takes the form

8 (2) = 2 (50 + 2 851) + O (), (A.16)
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with the expressions for the vectors

(—1)%1“(%)4 0
2 2
r(3) (-13r(3)"
. 0 . r(4)?
A5 0= 114 , As1 3
I'(3 0
—2pdk (v2r (0.4) -1 (0.3)) ! 2 4
_9- 5 2\ _ 4
0 )y (r+2r(0.5)-T (0 312)17)
We can also define the symplectic limiting vector
al (z) = Upys - a5 (2) (A.18)
and write
Né log z
IT, () =e i al (z) . (A.19)
Finally we should define the appropriately rotated vector
a(z)=M-al(z). (A.20)
We have that ag is given explicitly by
3(9+iv3)r(2)*
gr2r(2)”
3ivar(d)”
_ 4n>r(3)°
071 p(2)" —an(51i+106V3)187(5+iv/3) log 27 (A-21)
1“(%)2 696(—5i++/3)m3
r(1)" 2m(-951i+137v/3)+609(1—iv/3) log 27
1“(%)2 696(—5i++/3)m3

A.2 The BPS spectrum

To study the BPS states we can apply the general central charge expression (3.8). However,
in this case we should note that there is an additional factor of z in the expression for the
period vector, for example in (A.16), that can be removed by a Kahler transformation.

More explicitly, we should utilise the expression
2

2r4 L) o (A.22)

~ 902[v/logle | 1 (1)

vl
Wit

e

in the central charge formula. This yields the form (3.8), up to a phase, after cancelling
the factors of |z| in (A.22) and in the period vector. The left over phase is universal to
all the BPS states, so is independent of q. It therefore does not feature in any relative
phases, which are the quantities of interest for us, and therefore we drop this phase from
our expressions and work with (3.8).
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Since this is a n = d = 1 locus, we can split the states into electric and magnetic as
described in section 3.2.

The electric states. Electric states satisfy (ge, N - ag) = 0 and become massless in the
degeneration limit. It is cleanest to give these after the symplectic rotation (A.13), so we
define

q=M-q". (A.23)

The electric states form a two-parameter family and are denoted as qe (r1,72). They are

given by!6
. 1 )
Electric : qe (r1,72) = §x1 + §x2, r1,r9 € Z, 4r1 + 19 = 0 mod 3, (A.24)
where
0 0
0 0
= , = A.25
=0 = (4.25)
0 1

Note that the quantization is such that M ~!-q. (and below M ~!-q,,) is an integer vector.'”

The magnetic states. The magnetic states form a two-parameter family and are de-
noted as q, (p1,p2). They are given by

Massive : qm, (p1,p2) = 2p1w1 + 6pawsa, p1,p2 € Z, (A.26)
where
2 5
5 -2
Wi = 0 , Wo = 0 (A27)
0 0

18These states were first identified in [14] in a different symplectic basis.

7Tt is not clear to the author that this is the correct quantization condition. For example, there are
various strange looking factors of 7 in some of the expressions. This may be related to the fact that the
magnetic states are actually dyonic with respect to the gauge couplings. In any case, the exact quantization
condition is not important for this work.
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The central charge. We can now evaluate explicitly the central charges as in (3.28).

This gives
Z(q,t) = ’Ilt' (@ a0) + (@, N -ag)t+.. ] | (A.28)
18
_ 8% E%Ll , (A.29)
3
o r3)
@200 = (-5i+v3) 73 \ 1 (g)z g (8.50)
[Tr (6 (—19i + v3) p1 + (96i = 92V3) p = 7 (=3 + V3) r1 + (3i + 5V3) 1)
+9log3 (15— 115v/3) py + (11 + 19iv/3) pg)] ,
o = _9[ (150 + 11v/3) ;?1 + (120 - 19v3) po] (T (;)2 s
2 (—52—1—\/5) w2 r (%)

Here we wrote q = g+ qm, so that we have the integer magnetic charges pi, p2 and integer
electric charges rq, s.

A.3 Conifold and large complex structure loci

In this section we give the form of the period vector and BPS states for the conifold locus.
We also give the monodromy matrix of the large complex structure.

A.3.1 The conifold locus

The period vector near the conifold locus was calculated in [14]. Expanding the Picard-
Fuchs equations about the conifold locus gives the period vector

1+ gmud + ...
- w4 Bu 4
Mo = e A.32
¢ u2+%u3+... ( 3>
(u + %u2) logu — 3525’;23 +...
We need to transform this to a symplectic basis through
e = Uye - e (A.33)
The explicit form of the transformation matrix is [14]
0 —0.477464 0 0
U — 7.2268 + 0.532677 1.4974 + 0.074299: —0.22102 — 0.015039: 0
Mo = 1.0922 —0.029110 0.006133 0.075991
1.06531¢ 0.14859¢ —0.0300724 0
(A.34)
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This yields
—2miv u + 0.344832iu? + . ..
(7.2268 + 0.532671) + (1.4974 + 0.0742997 )u
1.0922 + v ulogu — 0.02911u ’
1.0653i + 0.14859iu

o = (A.35)

with v ~ 0.07599. From this we can determine the cycle that vanishes in the conifold limit
u — 0 as the top entry in the symplectic basis.
By sending u — ue™?™ in (A.32) we can obtain the monodromy matrix about the

conifold as

0000
~ 0000
N = —2mi . A.
C i 0000 (A.36)

0100

We can translate this to the monodromy matrix in the symplectic basis by using (A.9)
through

Ne =Une - Neo Uy (A.37)

which gives
0000
0000
Ne = . A.
““l1000 (A.38)

0000

We can write the period vector in the canonical Nilpotent orbit form as

Tio () = e~ a0 (u) (A.39)
The holomorphic vector takes the form
ac(u) = (aco+uacy)+0 (UQ) ; (A.40)
with the expressions for the vectors
1 0
aco = 8 ; acy = (1) (A.41)
0 0
We can also define the symplectic limiting vector
ac (u) =Upyc -ac (u) (A.42)
and write
Mo = e % a(u) . (A.43)
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A.3.2 The large complex structure locus

We will only be interested in the monodromy matrix about large complex structure, which
in an appropriate symplectic basis takes the form [14]'8

11-64
01-59

Ty = . A.44

M 0010 (A-44)
00-11
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any medium, provided the original author(s) and source are credited.
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