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1 Introduction

It is widely accepted that there is a crossover transition from the normal hadronic phase
to the quark-gluon plasma (QGP) phase for Quantum Chromodynamics (QCD) matter
at a temperature around 150 − 170MeV [1–3]. It is one of the main goals of heavy ion
collisions to probe this transition [4]. To get a better understanding of the experimental
data, it is essential to acquire a complete knowledge of the in-medium properties of hadrons,
especially of light mesons.

In vacuum, mesons are described by their masses and decay widths in different chan-
nels. Due to the breaking of Lorentz symmetry at finite temperature, the real part of the
dispersion relation might be modified as ω2(p) = u2p2 + m2 [5], where u is the veloc-
ity. One can define two kinds of masses, i.e., the screening mass and the pole mass [5–9].
Both of them carry information about the correlation function of the meson field in the
hot medium.

The screening mass (mscr) characterizes the color screening effect and determines an
important length scale of nuclear force inside the hot medium [6, 7]. Quantitatively, it
describes the exponential decay of the long range spatial correlation function of the meson
field, i.e., G̃(x) ∼ e−mscr|x|/|x| when |x| � m−1

scr . In momentum space, it is the pole of the
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spatial meson correlation function [8, 10–12], i.e., G−1(p)|p2=−m2
scr

= 0. Furthermore, as
shown in refs. [13, 14], it might also carry information about the restoration of the chiral
symmetry and the UA(1) symmetry in the hot medium.

Unlike the screening mass, the pole mass (m) characterizes the temporal correlation
function (G(ω) or G̃(τ)). It can be defined as the real part of the pole of the temporal
correlation function [8, 15], or equivalently the resonance peak location of the spectral
function [16, 17]. The dispersion relation makes it easy to get the simple connection between
these two kinds of masses, i.e., m = mscru. In vacuum, u = c = 1 (with c the speed of
light), and one has m = mscr. Due to the effective interaction between the mesons and the
medium at a finite temperature T , both kinds of masses would be modified [11, 12, 18–22].
Generally, the velocity u(T ) is less than 1, so the pole mass would be smaller than the
corresponding screening mass [23].

Besides these two kinds of masses, the hadronic width is another important quantity
to describe hadrons in the medium. It is also a temperature-dependent quantity. The
variations of the masses and the effective couplings would change the decay width of the
meson. Moreover, the scattering channel would modify the interaction rate, and even a
stable hadron would develop a thermal width [15]. The rapid and monotonic increase of the
thermal width is a possible signal of a phase transition [15, 24]. When the thermal width
increases to a sufficiently large value, the meson is dissociated. In this situation, the meson
correlation function is still meaningful [25]. The masses and the width still contain specific
information about the correlation function. These are widely considered in the lattice
simulations, which give results up to several times the chiral crossover (pseudo-critical)
temperature Tcp [13, 14].

So far, many efforts have been made to study the in-medium hadronic properties, in-
cluding the lattice QCD (LQCD) simulations [11–14, 26–28], the chiral perturbation theory
(χPT) [8, 9], the Nambu-Jona-Lasinio models (NJL) [29–32], the functional renormaliza-
tion group (FRG) [33, 34], the Dyson-Schwinger Equation (DSE) and the Bethe-Salpeter
Equation (BSE) [24, 35–37]. Consistent results are given by the different methods that
the meson masses increase with the increasing temperature when the temperature is above
the chiral crossover temperature Tcp. At extremely high temperature, the screening mass
would increase linearly with T [38]. But, there is no firm consensus on the behavior at
the temperature below or around Tc due to the tricky strong coupling problem. For ex-
ample, the NJL and DSE studies [29, 35] give monotonically increasing pion pole mass.
Nevertheless, the χPT analysis [8, 9], the LQCD simulations [26, 27], and the NJL model
with gluon condensate [31] indicate that the pion pole mass decreases with the increasing
temperature when the temperature is below Tcp. Therefore, it is still meaningful to try to
obtain more information from other nonperturbative methods.

The holographic method developed from the AdS/CFT correspondence [39–42] does
provide another powerful tool for dealing with the strong coupling QCD. There are many
well-constructed holographic QCD models in the bottom-up approach, like the hard wall
model [43], the soft-wall model [44], the Einstein-Maxwell-Dilaton systems [45–49] and the
light-front holographic QCD [50]. Among these models, the soft-wall AdS/QCD model and
its extensions can describe the hadronic spectrum and relevant quantities [51–58], and the
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chiral phase transition [59–69]. It provides an excellent scenario to consider the light scalar
(σ), pseudo-scalar (π), vector (ρ), axial-vector (a1) mesons simultaneously in a consistent
way. Therefore, in this paper, we will study the thermal properties of light mesons in
this model.

The holographic framework is widely applied to extract the pole mass and thermal
width from the corresponding spectral function [70–79], which are calculated from the
imaginary part of the retarded correlation function. However, as noted in ref. [73], at high
temperature, the thermal width increases rapidly, and it is hard to determine the exact
location of the resonance peak. A more straightforward method, which maps the pole
mass and thermal width to the real and imaginary parts of the complex frequency of the
corresponding quasi-normal mode (QNM) [80, 81], was discussed in ref. [82] and applied
in holographic QCD [83–86]. There are also discussions about Debye screening masses
extracted from the spatial correlation functions of CT -odd operator TrFµνF̃µν [87, 88],
the pseudo-scalar glueballs [89] and the Polyakov loops [90]. The Debye screening mass is
shown to increase linearly with T [88], which is consistent with the 4D studies. However,
the studies for the light mesons (like the pion and the σ meson), and their relationships
with phase transitions, are still quite limited in holographic approaches.

Thus, it is very interesting to investigate the thermal properties of the light mesons
in the holographic framework, not only for their temporal correlation functions and disso-
ciations but also for their spatial correlation functions and the relations with phase tran-
sitions. In our previous work [91], the thermal pole masses of the pion and the σ meson
have been extracted in an IR-Improved AdS/QCD model through the spectral function
method. The property of the decreasing pion pole mass is qualitatively consistent with
Son and Stephanov’s general analysis in refs. [8, 9], the LQCD simulations in refs. [26, 27],
and the NJL result in ref. [31]. However, since the fast broadening of the resonance peak,
it is hard to extract the exact thermal width. Here, we will extend our previous study and
follow ref. [82] to investigate the thermal width. It would also be interesting to extend our
analysis to the spatial correlation functions and study the screening masses of the light
mesons. A complete analysis including the two pairs of chiral partners, (π, σ) and (ρ, a1),
would be important for understanding the relationship between the hadronic spectra and
the chiral phase transition.

The rest parts of this paper are organized as follows. In section 2, we will briefly review
the soft-wall AdS/QCD model and the chiral phase transition. In section 3, we will consider
the spatial correlation function and extract the temperature-dependent screening mass in
the chiral limit and with the physical quark mass. Then, we will turn to the temporal
correlation function and extract the thermal pole mass and the width by solving the QNM
frequency in section 4. Finally, in section 5, we will give a summary and discussion.

2 A brief review of the soft-wall AdS/QCD model

The Nf = 2 soft-wall AdS/QCD model is constructed with the SUL(2)× SUR(2) gauge
symmetry under the dual 5D geometry [44]. It extends the hard-wall AdS/QCD model [43]
by replacing the hard cutoff with a quadratic dilaton field Φ(z) = µ2

gz
2, which depends on
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the fifth dimension z. The action takes the following form

S =
∫
d5x
√
ge−Φ(z)Tr

{
|DMX|2 − V (|X|)− 1

4g2
5

(
FLMNF

MN,L + FRMNF
MN,R

)}
, (2.1)

where √g is the determinant of the metric. The gauge coupling constant g5 is equal to 2π
when the number of colors Nc is equal to 3 [43, 92]. X is a matrix-valued scalar field, and
its covariant derivative is defined as

DMX = ∂MX − iLMX + iXRM , (2.2)

with LM and LR the chiral gauge fields,

LM = LiM t
i, RM = RiM t

i. (2.3)

The SU(2) generators are ti = σi/2 (i = 1, 2, 3) with σi the Pauli matrices. The potential
term is

V (|X|) = m2
5|X|2 + λ|X|4, (2.4)

with m2
5 the 5D mass (taking the value −3 in the original soft-wall model) and λ a free

parameter. F
L/R
MN are the field strength tensors of the corresponding chiral gauge fields,

which are defined as

FLMN = ∂MLN − ∂NLM − i[LM , LN ], (2.5a)
FRMN = ∂MRN − ∂NRM − i[RM , RN ]. (2.5b)

For the convenience of later analysis, we decompose the chiral gauge fields into vector and
axial-vector fields,

V i
M = 1

2(LiM +RiM ), AiM = 1
2(LiM −RiM ). (2.6)

Then, the strengths of the gauge fields read

F VMN = ∂MVN − ∂NVM − i[VM , VN ]− i[AM , AN ], (2.7a)
FAMN = ∂MAN − ∂NAM − i[VM , AN ]− i[AM , VN ], (2.7b)

and the covariant derivative of X becomes

DMX = ∂MX − i[VM , X]− i{AN , X}. (2.8)

Taking the action eq. (2.1) as a probe, we have the AdS-Schwarzchild black hole solu-
tion as the background geometry,

ds2 = e2A(z)
(
f(z)dt2 − dxidxi −

1
f(z)dz

2
)
, (2.9)

with
A(z) = −ln(z) and f(z) = 1− z4

z4
h

, (2.10)
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where zh is the horizon defined by f(zh) = 0. The temperature of 4D system is identified
as the Hawking temperature

T =
∣∣∣∣f ′(zh)

4π

∣∣∣∣ = 1
πzh

. (2.11)

An IR-modified soft-wall AdS/QCD model with a modified 5D mass,

m2
5(z) = −3− µ2

cz
2, (2.12)

was proposed in ref. [66], with µc another free parameter. Under this background, the
predicted light meson spectra are consistent with the experimental data, together with
a good description of the chiral phase transition. This simple modification can be also
considered as an effective interaction between the scalar field and the dilaton field, Φχ2.

According to the holographic dictionary, only the diagonal components of X survive
in the QCD vacuum. In this paper, we take the degenerate up (u) and down (d) quark
masses and denote them as mq = mu = md. Then, we have

X = χ

2 I, (2.13)

with I the 2×2 identity matrix. The background field χ is related to the chiral condensate.
Inserting eqs. (2.9)–(2.13) into the action eq. (2.1), one can derive the equation of motion
(EOM) for χ as

χ′′ +
(

3A′ + f ′

f
− Φ′

)
χ′ + e2A

f

[
(3 + µ2

cz
2)− λχ2

2

]
χ = 0. (2.14)

It is a second-order nonlinear ordinary differential equation with multiple singularities,
and complete analytical solutions are usually impossible. However, an analytical analysis
of the chiral condensation around the critical temperature has been given in ref. [91]. In
the following, we will introduce the numerical strategy to solve it.

At the ultraviolet (UV) boundary, one can have an asymptotic expansion as

χ(z → 0) = mqζz + σ

ζ
z3 + mqζ

4 (4µ2
g − 2µ2

c +m2
qζ

2λ)z3ln(z) +O(z4), (2.15)

where the coefficientsmq and σ = 〈q̄q〉 are interpreted as quark mass and chiral condensate,
respectively, according to the holographic dictionary. Here, ζ =

√
Nc/2π is a normalization

constant derived by comparing the two point correlation function of 〈q̄q(k), q̄q(0)〉 with the
result from the 4D calculation in large momentum limit [93]. The boundary expansion
near the horizon can also be obtained as

χ(z → zh) = c0 −
c0
(
2µ2

cz
2
h − c2

0λ+ 6
)

8zh
(zh − z) +O[(zh − z)2], (2.16)

with c0 an integration constant.
The model parameters,mq, µg, µc and λ, are listed in table 1, which are fitted in ref. [66]

to describe the meson spectra. It should be pointed out that the main goal of our work is to
investigate the trend of the light meson masses and thermal widths at finite temperature.

– 5 –



J
H
E
P
0
8
(
2
0
2
1
)
0
0
5

Parameter mq(GeV) µg(GeV) µc(GeV) λ

Value 3.22× 10−3 0.44 1.45 80

Table 1. The parameter values taken from ref. [66]. With the giving parameters, the light meson
spectra, which are consistent with the experimental data, can be solved and the chiral phase tran-
sition is also well described.

●●

◆◆

mq=0

mq=3.22 MeV

0.05 0.10 0.15 0.20
T (GeV)

0.005

0.010

0.015

σ (GeV3)

Figure 1. Chiral condensate σ as a function of temperature T in the chiral limit (mq = 0, the black
curves) and with the physical quark mass (mq = 3.22, the blue curve). The red circles represent
the critical point (Tc) of the second order phase transition and the crossover point (Tcp), which
is identified as the fastest decreasing point of σ, i.e., d2σ/dT 2|T=Tcp = 0. Numerically, we get
Tc = 0.163GeV and Tcp = 0.164GeV.

Thus, the analysis of this paper is mainly qualitative. Combining the asymptotic expansion
solutions in eqs. (2.15) and (2.16), we can solve the EOM for χ in eq. (2.14), and extract
the chiral condensate σ by the “shooting method”. The basic strategy of the algorithm is to
transform the boundary problem to a iteration problem. More details can be found in our
previous work [91]. In figure 1, we show the chiral phase transition in the chiral limit and
with the physical quark mass. In the chiral limit, the chiral phase transition is a second-
order phase transition at a temperature Tc = 0.163GeV. With the physical quark mass,
mq = 3.22MeV, the exact chiral symmetry is broken by the small quark mass, thus the
second-order phase transition becomes a crossover, and the chiral crossover temperature
Tcp equals 0.164GeV.

3 Spatial correlations and screening masses

In this section, we will investigate the screening masses of the light mesons, including the
scalar meson (S), the pion (π), the vector meson (ρ) and the axial-vector meson (a1). For
a 4D gauge invariant operator O, one has the spatial correlation function as

G̃(x) ∼ 〈Ô(x)Ô(0)〉. (3.1)

In the long-distance regime, the spatial correlation function in coordinate space would
decay exponentially as

G̃(x) ∼ e−mscr|x|/|x|, (3.2)

– 6 –



J
H
E
P
0
8
(
2
0
2
1
)
0
0
5

where mscr is defined as the screening mass [6]. Generally, it is dominated by the ground
state corresponding to the hadronic operator Ô. When transferred to momentum space,
it becomes

G(p) ∼ 1
p2 +m2

scr
. (3.3)

Therefore, we could extract the screening mass from the pole of the spatial correlation
function. The inverse of mscr is a characteristic length scale ζ = m−1

scr . When the distance
is longer than ζ, roughly, the fluctuations of Ô are not correlated.

3.1 Spatial correlations in the soft-wall AdS/QCD

It is hard to directly calculate the strong coupling correlation function in the framework
of the quantum field theory. However, the holographic duality provides a possible way
to handle this problem. The basic idea of this duality is to map the strong coupling
quantum field theory to the dual gravity theory, which could be easily solved. According
to the holographic dictionary [39–42], the 4D operator O(x) and the 5D field φ(x, z) are
connected through the equivalence of the partition functions,〈

ei
∫
d4xφ0(x)Ô(x)

〉
= eiS5D[φ]

∣∣∣
φ(x,z=0)=φ0(x)

, (3.4)

where φ(x, z) is the classical solution of the equation of motion for the 5D field in the bulk,
and the boundary value φ(x, z = 0) equals the 4D source φ0(x) [39–42]. From eq. (3.4),
〈Ô(x)Ô(0)〉 can be derived by taking the second functional derivative of S5D with respect
to φ0. In the following, we will follow the prescription given in ref. [94] to derive the spatial
correlation functions of the light mesons in the IR-modified soft-wall AdS/QCD model.

3.1.1 Scalar channel

The mesons are excitations above the vacuum in 4D field theory. In the dual 5D theory,
they are perturbations on the background fields. For the scalar and pseudo-scalar mesons,
the perturbations have the following form,

X = (χ+ S)I2e
2iπiti , (3.5)

with S representing scalar perturbation and πi representing pseudo-scalar perturbation.
Inserting eq. (3.5) into the action eq. (2.1), one can expand the action to second-

order and neglect the higher-order terms of S and πi. So the effective action of the scalar
fluctuation becomes

SS = 1
2

∫
dx5√ge−Φ

[
gµν∂µS∂νS + gzz(∂zS)2 −m2

5S
2 − 3λ

2 χ2S2
]
. (3.6)

Since we will focus on the spatial correlation function, we assume that S and πi are static
perturbations, i.e., the function of x and z only. One can transform the system from
the coordinate space (x) to the momentum space (p) by taking the following Fourier
transformation,

S(x, z) = 1
(2π)3

∫
d3peipxS(p, z). (3.7)
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Without loss of generality and for simplicity, we choose p along the x1-direction, i.e.,
p = (p, 0, 0). Thus, we get the EOM for the scalar meson as

S′′ +
(

3A′ + f ′

f
− Φ′

)
S′ −

(
p2

f
+ 2m2

5 + 3λχ2

2f A′2
)
S = 0, (3.8)

in which the prime represents the derivative with respect to z.
The EOM for the scalar field, eq. (3.8), is a linear second-order differential equation

with multiple singularities. No analytical solution is available so far. However, we can solve
it numerically with the constraints at both the UV boundary and the horizon. We expand
S(p, z) around the UV boundary z = 0, then we can derive the asymptotic expansion as

S(z → 0) = s1z + s3z
3 − 1

4s1
[
2
(
−p2 + µc

2 − 2µg2
)
− 3ζ2λm2

q

]
z3 log(z) +O(z4), (3.9)

where s1 and s3 are the integration constants. According to the holographic dictionary, s1
corresponds to the external source JS , and s3 corresponds to the operator q̄q.

Near the horizon z = zh, one can also get the non-singular expansion as

S(z → zh) = sh0−
6− 3c2

0λ− 2p2z2
h + 2µ2

cz
2
h

8zh
sh0(zh − z) +O[(zh − z)2], (3.10)

where sh0 is another integration constant and c0 is the integration constant of the asymp-
totic expansion of χ at the horizon as shown in eq. (2.16). In our previous study, c0 has
already been solved numerically for different temperatures or zh.

Substituting eq. (3.8) into eq. (3.6), one can get the corresponding on-shell action as

Son
S = −1

2

∫
dpf(z)S(−p, z)e3A(z)−Φ(z)S′(p, z)

∣∣∣∣z=zh
z=ε

, (3.11)

where ε is an UV cutoff regularizing the on-shell action. Finally, one can derive the two-
point spatial Green’s function of the scalar meson by taking the second-order derivative of
the on-shell action Son

S with respect to the external source JS ,1

GS(p) = δ2Son
S

δJ∗SδJS

∣∣∣∣∣
z=ε

= −4s3
s1
− 3

4ζ
2λm2 + 1

2
(
−2µ2

g + µ2
c − p2

)
. (3.12)

From eq. (3.12), once s1 and s3 are obtained, the spatial Green’s function GS(p) could
be calculated. One can start from the horizon boundary condition and extract s1, s3 in the
UV boundary condition. Since eq. (3.8) is linear, the integration constant sh0 could be set to
1 without loss of generality. Then, one can solve eq. (3.8) under a given value of p2 and the
initial condition eq. (3.10). After that, s1 and s3 could be extracted from the UV boundary
condition. They are functions of p2, i.e., s1(p2), s3(p2). One can obtain the screening mass
from the condition s1(p2) = 0, where Gs(p) becomes singular. It is easy to see that eq. (3.8)
is singular at z = 0 and z = zh. Therefore, in our numerical algorithm, we have to slightly
move the UV and the horizon initial points to z = ε and z = zh−ε, respectively. But we have

1The UV divergent terms, 1/z2 and log(z), are thrown away as a simple regularization since they are
irrelevant for the mass poles and spectral functions.

– 8 –



J
H
E
P
0
8
(
2
0
2
1
)
0
0
5

checked that the solutions are stable under the variation of ε. Taking T = 0.1GeV andmq =
3.22MeV for an example, we get mS,scr = 1.0629760, 1.0629760, 1.0629760, 1.0632963 GeV
for ε = 10−8, 10−6, 10−4, 10−2 GeV−1, respectively. In the later calculations, we will take
ε = 10−8 GeV−1.

3.1.2 Pseudo-scalar channel

Being different from the scalar channel, the pion field and the longitudinal part (ϕi) of the
axial-vector field are coupled in the pseudo-scalar channel. For convenience, we will take
the following decomposition of the gauge field,

aiµ = aT,iµ + ∂µϕ
i, (3.13a)

∂µaT,iµ = 0. (3.13b)

The pion fluctuation becomes

Sπ = − 1
2g52

∫
d5x
√
ge−Φ

3∑
i=1

{
gµνgzz∂z∂µϕ

i∂z∂νϕ
i − g5

2χ2
(
gµν∂µϕ

i∂νϕ
i

+gµν∂µπi∂νπi + gzz(∂zπi)
2 − 2gµν∂µϕi∂νπi

)}
. (3.14)

From the action eq. (3.14), one can derive the EOMs for the pion field as

ϕ′′ +
(
A′ + f ′

f
− Φ′

)
ϕ′ − e2Ag2

5χ
2

f
(ϕ− π) = 0, (3.15a)

π
′′ +

(
3A′ + f ′

f
− Φ′ + 2χ′

χ

)
π

′ + p2

f
(ϕ− π) = 0. (3.15b)

The asymptotic solutions of the EOMs for the pion field at the UV boundary can be easily
derived as

ϕ (z → 0) = cf −
1
2ζ

2g2
5m

2
qπ0z

2 log (z) + ϕ2z
2 +O

(
z3
)
, (3.16a)

π (z → 0) = π0 + cf −
1
2π0(ω2 − p2)z2 log(z) + π2z

2 +O(z3), (3.16b)

where cf , ϕ2, π0, and π2 are the integration constants. As we point out in ref. [91], cf is
a redundant free parameter and can be set to zero for simplicity. π0 is identified as the
external source Jπ. On the other hand, we can also derive the boundary conditions at the
horizon, which take the following forms,

ϕ(z → zh) = −c
2
0π

2

zh
πh0(zh − z) +O[(z − zh)2], (3.17a)

π(z → zh) = πh0 + p2zh
4 πh0(zh − z) +O[(z − zh)2]. (3.17b)

Here, πh0 is another integration constant. The on-shell action of the pion part is

Son
π = − 1

2g2
5

∫
dp eA−Φ

[
e2Ag2

5fχ
2π(−p, z)π′(p, z) + p2fϕ(−p, z)ϕ′(p, z)

] ∣∣∣∣z=zh
z=ε

. (3.18)
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Following the prescription, we obtain the two-point spatial Green’s function of the pion as

Gπ(p) = δ2Son
π

δJ∗πδJπ
= − 1

2π0
ζ2m2

q

[
π0p

2 + 4π2
]
. (3.19)

Once one numerically gets the coefficients (π0 and π2) or their ratio, the spatial cor-
relation function would be obtained. We will leave the discussion on the numerical results
in section 3.2.

3.1.3 Vector and axial-vector channels

In this subsection, we turn to the spatial Green’s functions of the vector and the axial-
vector channels. The process is similar to the scalar one, and we will skip some details. To
get rid of the mixing of the axial-vector field and the pion field, we take the decomposition
in eq. (3.13) and represent the transverse part of the axial-vector as a1,µ = aTµ . Thus, from
the action eq. (2.1), we have the vector fluctuation up to the second-order as

Sv = − 1
2g2

5

∫
d5x
√
ge−Φ

3∑
i=1
{gzzgµν∂zviµ∂zviν + gµνgmn∂µv

i
m∂νv

i
n}, (3.20)

and the axial-vector fluctuation as

Sa = − 1
2g2

5

∫
d5x
√
ge−Φ

{ 3∑
i=1
{gzzgµν∂zai1,µ∂zai1,ν + gµνgmn∂µa

i
1,m∂νa

i
1,n}

−g2
5χ

2
3∑
i=1

gmnai1,ma
i
1,n

}
. (3.21)

For the spatial fluctuations, we can consider only the spatial components and it is
convenient to take the gauge condition vz = a1,z = 0. Taking the Fourier transformation,
we derive the vector and axial-vector EOMs as

v′′ +
(
A′ + f ′

f
− Φ′

)
v′ − p2

f
v = 0, (3.22)

and
a′′1 +

(
A′ + f ′

f
− Φ′

)
a′1 −

e2Ag2
5χ

2 + p2

f
a1 = 0, (3.23)

respectively.
Similarly, we obtain the UV boundary conditions for the vector,

v(z → 0) = v0 + v2z
2 + 1

2v0p
2z2 log(z) +O(z3), (3.24)

and the axial-vector,

a1(z → 0) = a1,0 + a1,2z
2 + 1

2a1,0z
2 log(z)

[
ζ2g2

5m
2
q + p2

]
+O(z3), (3.25)

where v0, v2, a1,0 and a1,2 are the integration constants.
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The on-shell actions of the vector and the axial-vector mesons are

Sonv = − 1
2g2

5

∫
dpeA(z)−Φ(z)v(z)f(z)v′(z), (3.26)

and
Sona = − 1

2g2
5

∫
dpeA(z)−Φ(z)a1(z)f(z)a′1(z). (3.27)

Following the holographic prescription, we get the spatial Green’s functions of vector
and axial-vector,2

GRv (p) = − 1
g2

5

(
v2
v0

+ p2

4

)
, (3.28)

and
GRa (p) = − 1

g2
5

(
a1,2
a1,0

+ p2

4 +
m2
qg

2
5ζ

2

4

)
. (3.29)

Besides, at the horizon, one has the following asymptotic expansions,

v(z → zh) = vh0 + p2zh
4 vh0(zh − z) +O[(zh − z)2], (3.30)

and
a1(z → zh) = ah0 + c2

0g
2
5 + p2z2

h

4zh
ah0(zh − z) +O[(zh − z)2], (3.31)

for the vector and the axial-vector channels, respectively. Here, vh0, ah0 are the integration
constants. One can solve the coefficients v0, v2 and a1,0, a1,2 numerically, and we will leave
the discussion of this part later in the following section.

3.2 Screening masses of light mesons

In this section, we will numerically study the screening masses of the scalar meson (mS,scr),
the pion (mπ,scr), the vector meson (mv,scr), and the axial-vector meson (ma,scr). As the
definition illustrated in eq. (3.2), the screening mass can be extracted from the pole of the
spatial Green’s function introduced in the last subsection.

As mentioned in section 3.1.1, eq. (3.8) is a linear equation and the integration constant
sh0 in the horizon boundary condition eq. (3.10) is an overall parameter. Thus, we could
set sh0 = 1. Taking the values of the model parameters in table 1, the numerical solutions
and the UV coefficients s1 and s3 could be easily obtained by directly integrating the linear
EOM with particular values of p2. One would see that for some particular values of p2, s1
would be zero. Actually, from the expression of the spatial correlation function, eq. (3.12),
one could see that there are poles when s1 = 0. Thus, the smallest special value of p2 for
getting vanishing s1 is exactly the pole of the spatial correlation function, and we have
m2

S,scr = −p2
S,0. In the calculation, we find that the pole locate at a negative value of p2,

so m2
S,scr is always positive and well defined.
Similarly, the vector and the axial-vector meson screening masses can also be obtained,

requiring v0 = a1,0 = 0. However, as for the pseudo-scalar meson, the related EOMs are
2Here, since we have taken p = (p, 0, 0), the tensor structure of the current-current correlation functions

are neglected.
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Figure 2. The temperature dependence of the screening masses of the scalar meson (mS,scr) and
the pion (mπ,scr) in the chiral limit.

coupled with the longitudinal part of the axial-vector meson. Except for πh0 = 1 and
π0 = 0 in eq. (3.17) and eq. (3.16), one also needs to set the redundant free parameter
cf = 0. Then, the numerical results of the screening masses of the light mesons in the
chiral limit and the physical quark mass could be calculated.

In the chiral limit, we take mq = 0 to check the theoretical consistency of the model.
The numerical results of the screening masses of the scalar and the pseudo-scalar mesons are
shown in figure 2. From the figure, it could be seen that the pion screening mass is precisely
zero below T = 0.163 GeV. It shows the infinite correlation length ζπ = m−1

π,scr =∞ of the
Goldstone mode. However, the screening mass of the scalar meson decreases from 1.05 GeV
to zero with the increasing temperature for T < 0.163 GeV. These phenomena agree with
the chiral restoration extracted from the chiral condensate, and the critical temperature
is confirmed as Tc = 0.163GeV. The chiral symmetry is spontaneously broken below Tc,
and the pion is exactly the Nambu-Goldstone boson for the chiral phase transition. Since
no chiral condensate formed above Tc, the EOMs for the pion in eqs. (3.15)(a) and (b)
are not applicable anymore. The form of the fluctuation for the pion in eq. (3.5) is not
available. It should be changed to the same form as the scalar meson [91]. It means that the
pion and the scalar meson degenerate, and they share the same EOM. In this region, the
screening mass monotonically increases with the increasing temperature. We proved that
the screening mass increases linearly with T at extremely high temperature in appendix A.
Besides, we numerically calculate the critical exponent of the correlation length and get
ν ≈ 0.5 (with the definition of ν as ζπ = (T − Tc)−ν), which agrees with the mean-field
result of the 3D Ising model. To go beyond the mean-field approximation, we suggest that
the back-reaction of the higher power of scalar potential and the temperature dependence
of the dilaton field should be considered in a full back-reaction model [95].

Now, we consider the case with the physical quark mass, mq = 3.22MeV. Since
the small non-zero quark mass gives a minor explicit symmetry breaking, the second-order
phase transition becomes a crossover. The pion obtains small mass mπ(T = 0) ≈ 0.139GeV
and acts as a pseudo-Goldstone boson. We numerically calculate the screening mass. The
screening masses of the pion and the scalar meson are shown in figure 3(a). The screening
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Figure 3. The temperature dependence of the screening masses with the physical quark mass
mq = 3.22MeV. (a) The screening masses of the scalar meson (mS,scr) and the pion (mπ,scr). (b)
The screening masses of the vector meson (mv,scr) and the axial-vector meson (ma,scr).

masses equal the meson masses at zero temperature mπ,scr(T = 0) = mπ(T = 0) and
mS,scr(T = 0) = mS(T = 0) ≈ 1.06GeV. With the increasing of the temperature, the
screening mass of the scalar meson decreases and reaches its minimal value at TS,2 =
0.167GeV, which is very close to the crossover temperature Tcp ≈ 0.164GeV. It means
that even with the physical quark mass, the screening mass would be a signal for the chiral
crossover. The pion screening mass increases slowly below Tcp, then increases sharply
and merges with the scalar one above Tcp. We note that the above results are in good
agreement with the LQCD [13] and the NJL results [30]. These results confirm that the
temperature-dependent behavior of screening masses of the pion and the scalar meson are
strongly coupled with the chiral phase transition.

The screening masses of the vector and axial-vector mesons are given in figure 3(b). It
could be seen that the screening masses of vector meson and axial-vector meson at very low
temperature are very close to their in-vacuum values. Below Tcp, the curve for screening
mass of the vector meson behaves a concave shape with a minimum at T ≈ 0.062GeV, then
increases monotonically. The screening mass of the axial-vector meson has a very slight
bump (almost increases monotonically). It might be caused by the dissociation effect and
the vanishing of the chiral condensation at a relatively high temperature. The dissociation
effect increases the screening mass, while the vanishing of chiral condensate decreases the
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screening mass. Above Tcp, it is interesting to see that the screening masses of the vector
and the axial-vector mesons also merge with each other in the chiral symmetric phase.
Also, all these behaviors of the screening mass are qualitatively consistent with the LQCD
simulations in ref. [13].

4 Pole masses, thermal widths, temporal correlations, and quasi-normal
modes

The pole masses of the scalar meson and pion in the current model have been extracted
from the spectral functions in our previous work [91]. It has been shown that the pole
masses of the scalar and pseudo-scalar mesons degenerate at temperature above the chiral
crossover temperature Tcp. This could be considered as a reflection of the chiral symmetry
restoration at the hadronic spectrum level. Also, it could be seen that the widths of
the resonance peaks increase rapidly with the increasing temperature. It becomes hard
to extract the masses and widths at high temperatures since the peaks are too broad to
be considered as resonance peaks. In this situation, as shown in ref. [82], one can map
the masses and widths to the complex frequencies, ω = ωRe − iωIm, of the corresponding
quasi-normal modes (QNMs). In this scenario, one can also study the thermal widths of
the light mesons, which are the essential quantities to describe meson dissociations. In
the holographic duality, it has been established that the QNM frequency is related to the
process of thermalization in the 4D strong coupling field theory [96, 97]. The real part
(ωRe) is the oscillation frequency of the mode, and the imaginary part (ωIm) contributes to
the damping rate. The real part of the lowest QNM frequency is related to the pole mass,
and the corresponding imaginary part is related to the thermal width. It is also interesting
to extend the study of the scalar and pseudo-scalar mesons to the vector and axial-vector
sectors and get more knowledge of the thermal properties of the light mesons. We will give
a detailed analysis on this topic in this section.

4.1 Temporal correlations and pole masses of light mesons

From the definition, the pole masses of the scalar, the pion, the vector and the axial-vector
mesons are the real parts of the frequencies of the temporal correlation (Green’s) function
poles with zero spatial momentum. The main difference to extract the temporal correlation
functions is that we need to consider the temporal perturbations of the corresponding fields.
In this case, they depend on the frequency (ω) other than the spatial momentum (p), i.e.,
S(ω, z), π(ω, z), ϕ(ω, z), v(ω, z), and a1(ω, z). It is easy to repeat the previous derivations
and get the temporal EOMs. The EOM for the scalar meson takes the form

S′′ +
(

3A′ + f ′

f
− Φ′

)
S′ +

(
ω2

f2 −
2m2

5 + 3λχ2

2f A′2
)
S = 0. (4.1)

The pseudo-scalar meson would obey the following coupled equations

ϕ
′′ + (A′ − Φ′)ϕ′ − e2Ag2

5χ
2

f
(ϕ− π) = 0, (4.2a)

π
′′ +

(
3A′ + f ′

f
− Φ′ + 2χ′

χ

)
π

′ − ω2

f2 (ϕ− π) = 0. (4.2b)

– 14 –



J
H
E
P
0
8
(
2
0
2
1
)
0
0
5

The EOM for the vector meson has a simpler form

v′′ +
(
A′ + f ′

f
− Φ′

)
v′ + ω2

f2 v = 0, (4.3)

while the axial-vector meson takes a slightly different form

a′′1 +
(
A′ + f ′

f
− Φ′

)
a′1 −

[
e2Ag2

5χ
2

f
− ω2

f2

]
a1 = 0. (4.4)

From the above EOMs, one could derive the corresponding asymptotic expansions at the
UV boundary. The expansion of the scalar sector becomes

S(z → 0) = s1z + s3z
3 − 1

4s1
[
2
(
ω2 + µc

2 − 2µg2
)
− 3ζ2λm2

q

]
z3 log(z) +O(z4). (4.5)

That of the pseudo-scalar sector reads

ϕ(z → 0) = cf −
1
2ζ

2g2
5m

2
qπ0z

2 log(z) + ϕ2z
2 +O(z3), (4.6a)

π(z → 0) = π0 + cf −
1
2π0ω

2z2 log(z) + π2z
2 +O(z3). (4.6b)

The vector sector becomes

v(z → 0) = v0 + v2z
2 − 1

2v0ω
2z2 log(z) +O(z3), (4.7)

and the axial-vector sector becomes

a1(z → 0) = a1,0 + a1,2z
2 + 1

2a1,0z
2 log(z)

[
ζ2g2

5m
2
q − ω2

]
+O(z3). (4.8)

Then we have the temporal correlation functions of the scalar, the pseudo-scalar, the vector
and the axial-vector mesons as3

GR
S (ω) = −4s3

s1
− 3

4ζ
2λm2 + 1

2
(
−2µ2

g + µ2
c + ω2

)
, (4.9)

GR
π (ω) = 1

2π0
ζ2m2

q

[
π0ω

2 − 4π2
]
, (4.10)

GRv (ω) = − 1
g2

5

(
v2
v0
− ω2

4

)
, (4.11)

GRa (ω) = − 1
g2

5

(
a1,2
a1,0
− ω2

4 +
m2
qg

2
5ζ

2

4

)
. (4.12)

By solving the EOMs and extracting the UV coefficients, one could get the temporal
Green’s functions. However, before that, one has to specify the boundary conditions at
the horizon, and they would be different from those in the spatial cases. These differences
mainly come from the f2 factor in the denominators of the EOMs. In the spatial cases,
this factor is f other than f2. Such a difference would cause variations of the asymptotic

3Since only the time-dependence is considered, the tensor structure of vector and axial-vector mesons
are also omitted.
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expansions at the horizon. The regular power expansions should be replaced with the
incoming or outgoing boundary conditions. According to the prescription proposed in
ref. [92], the incoming conditions are for retarded Green’s functions while the outgoing
conditions are for advanced Green’s functions. In this work, we will consider the retarded
Green’s functions and take the incoming conditions. The asymptotic expansions at the
horizon for these four sectors would become

S(z → zh) = (zh − z)−i
ω

4πT
{
sh0 + (zh − z)sh1 +O[(zh − z)2]

}
, (4.13)

ϕ(z → zh) = (zh − z)−
iω

4πT

{ 16π2c2
0πh0

ωz2
h(zhω + 4i)

(zh − z) +O[(z − zh)2]
}

+ ch0, (4.14a)

π(z → zh) = (zh − z)−
iω

4πT

{
πh0 + πh1(zh − z) +O[(z − zh)2]

}
+ ch0, (4.14b)

v(z → zh) = (z − zh)−
iω

4πT
{
vh0 + vh1(zh − z) +O[(zh − z)2]

}
, (4.15)

and
a1(z → zh) = (z − zh)−

iω
4πT

{
ah0 + ah1(zh − z) +O[(zh − z)2]

}
, (4.16)

with

sh1 = −12 + 6c0λ+ 6izhω + 8iz3
hµgω − z2

h(4µ2
c + 3ω2)

8zh(2− zhωi)
sh0,

πh1 =

[
zh(−8zhµ2

g + 2zhµ2
c − 3ωi) + c2

0

(
−λ+ 16iπ2

4i+zhω

)]
ω

8(2i+ zhω) πh0,

vh1 =
(2− 8z2

hµ
2
g − 3izhω)ω

8(2i+ zhω) vh0,

and

ah1 =
4ic2

0g
2
5 + (2− 8z2

hµ
2
g − 3izhω)zhω

8zh(2i+ zhω) ah0.

The poles of the Retarded Green’s functions are located at specific frequency values,
which satisfy the vanishing conditions of s1, π0, v0 and a1,0. There are slight differences
between the spatial cases and the temporal cases. From our calculation, at finite tempera-
tures no real frequency values could satisfy these conditions. The poles are in the complex
frequency plane with ω = ωRe − iωIm. The real parts (ωRe) of the poles characterize the
oscillation rates while the imaginary parts (ωIm) describing the damping rates. The cor-
responding modes are called QNMs in the literature. Thus the complex QNM frequencies
are the poles of the temporal retarded Green’s functions [82].

From the definition, the pole masses are the real parts of the temporal poles, i.e.,
mpole = ωRe, and the thermal widths are related to the imaginary parts by Γ/2 = ωIm. By
solving the EOMs with the above boundary conditions, we can obtain the pole masses as
well as the thermal widths from the retarded Green’s functions of the scalar meson eq. (4.9),
the pion eq. (4.10), the vector meson eq. (4.11) and the axial-vector meson eq. (4.12). We
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Figure 4. The temperature dependence of the pole masses mS,pole and the thermal widths ΓS of
the scalar meson in the chiral limit. Taken from ref. [91], the quasiparticle masses of the scalar
meson mS,SF and the pion mπ,SF , are extracted from the peak locations of the spectral functions.

can take a similar numerical algorithm, and get the pole masses from the QNM frequencies.
For example, the only difference for the scalar sector is to replace eqs. (3.8) and (3.10) with
eqs. (4.1) and (4.13). For more details about the numerical algorithm, please refer to
section 3.1.1.

Firstly, we also check the theoretical consistency by considering the chiral limit. We
obtain the pole masses and the thermal widths of the scalar meson and the pion, as shown
in figure 4. In the figure, the blue line and the blue dashed line represent the pole mass
(mS,pole) and the width (ΓS) of the scalar meson, which are extracted from the QNM
frequency. The red and black solid lines represent the pole masses of the scalar meson
(mS,SF) and the pion (mπ,SF), respectively. They are extracted from the locations of the
peaks in the spectral functions and are taken from our previous study [91]. We will call
them quasiparticle masses later. The critical temperature of the chiral phase transition Tc
is equal to 0.163GeV, at which both the pole mass and the width equal zero. Below Tc, the
pole mass and the width of the pion are zero, which are the same as the spectral function
results. However, the pole mass of the scalar meson from the QNM frequency decreases
to zero at TS,0 = 0.156GeV. The width increases with the temperature and reach their
maximum at TS,0. Then it decrease to zero at Tc. The pole masses from QNM frequencies
are consistent with the results from spectral functions in the low-temperature region. At
higher temperatures, the values of the widths gradually drive the quasiparticle masses
away from the pole masses from QNM frequencies. Numerically, the relation between the
quasiparticle masses and the pole masses from QNM frequencies approximately satisfies
m2
S,SF ≈ m2

S,pole + (ΓS/2)2. We have noticed that a similar relation for the effective masses
of Z0 is analytically studied in ref. [98]. It is not difficult to comprehend this behavior.
At low temperatures, the widths are relatively negligible, (Γ/2 � mpole), and the poles
are very close to the real ω-axis. Therefore, the values of the locations of the spectral
function peaks are almost equal to the pole masses from QNM frequencies. However,
when the temperature is high, the large thermal widths drive the poles away from the
real ω axis and cause significant differences between the masses from spectral functions
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Figure 5. The dependence of the pole masses and the widths on temperature with physical quark
mass mq = 3.22MeV. Pole masses (a) and thermal widths (b) of the scalar meson (mS,pole, ΓS)
and pion (mπ,pole, Γπ). Pole masses (c) and thermal widths (d) of the vector meson (mv,pole, Γv)
and axial-vector meson (ma,pole, Γa). The quasiparticle masses of the scalar meson and the pion
extracted from the spectral functions, taken from ref. [91], are shown as the dashed lines in (a)
and (b).

and QNM frequencies. When the temperature is above TS,0, since the real parts of the
QNM frequencies are zero, the quasiparticle masses are dominated by the imaginary parts.
Understanding the underlying reasons for the transition will be left for the future.

For the physical quark mass case, mq = 3.22MeV, we show the pole masses and
the thermal widths in figure 5. In figure 5(a), the pole mass from the QNM frequency
of the pion, mπ,pole, monotonically decreases with the increasing temperature and reach
zero at Tπ,1 = 0.169GeV. The pole mass of the scalar meson from the QNM frequency
also monotonically decreases with the increasing temperature and reach zero at TS,1 =
0.158GeV. These are pretty similar to the results in the chiral limit. Also, the quasiparticle
masses from spectral functions are close to the pole masses from the QNM frequencies at
low temperature.

In figure 5(b), the comparison of thermal widths with the quasiparticle masses from
spectral functions is given. It is shown that the thermal width of the pion (Γπ/2) increases
monotonically with the increasing temperature. However, the width of the scalar meson
increases quickly below T < TS,1, then turn to decrease, and finally approach the pion width
above Tπ,1. It could be seen that, at high temperature, the quasiparticle masses are very
close to the imaginary parts of the QNM frequencies. It indicates that the quasiparticle
masses describe the pion and the scalar meson better when the imaginary parts dominate
the QNM frequencies. At high temperature, the masses of the pion and the scalar meson
degenerate, revealing the restoration of chiral symmetry at the hadronic spectrum level.
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The rapid increase of the thermal widths might be related to the dissociations of mesons.
The pole masses (mv/a,pole) from the QNM frequencies and quasiparticle masses

(mv/a,SF) from the spectral functions of the vector meson and the axial-vector meson are
compared in figure 5(c). It could be seen that at low temperature mpole and mSF are
very close, while apparent deviations appear at high temperature. We will compare these
two scenarios in the next section. However, the qualitative behaviors of them are very
similar. The two sectors possess different values of pole masses in the chiral asymmetric
phase. When the chiral symmetry is restored at a sufficiently high temperature, T > Tcp,
they will merge for the degeneration of the vector and axial-vector mesons. The pole mass
of the vector meson, mv,pole, has a slight drop from 0.88GeV at T = 0 to its minimum
0.814GeV at Tv,m ≈ 0.06GeV. The mass shift is less than 7.5%, which is well consistent
with the predictions from the experiment and the theoretical approach in refs. [21, 22].
The pole mass of the axial-vector meson, ma1,pole, also decreases from 1.31GeV at T = 0
to its minimum 1.22GeV at Ta,c ≈ 0.16GeV ≈ Tcp. In figure 5(d), we plot the thermal
widths of the vector and axial-vector mesons. Below Ta,c, the thermal widths of the vector
and axial-vector mesons increase with the increasing temperature, while the width of the
axial-vector meson is always smaller than that of the vector meson. The large values of
thermal widths above Tcp indicate the dissociations of the mesons around this tempera-
ture. However, the exact dissociation temperature requires further study, and we leave it
for future. Above Ta,c, the vector and axial-vector meson masses degenerate, and their pole
masses from the QNM frequencies together with the thermal widths are all monotonically
increasing. The degeneration of the two sectors at high temperature is a signal of the chiral
symmetry restoration.

4.2 Spectral functions and QNMs

In the last subsection, we have studied the pole masses from the QNM frequencies of the
light mesons and have given a comparison with the results from the spectral functions. We
find that these two different approaches give almost the same values at low temperature.
However, the effects of the thermal width can not be ignored at high temperature. The
underlying connection between these two different methods should be interesting. We will
also study the spectral functions of the vector and axial-vector mesons. What is more, we
will numerically verify the relationship between the pole masses from the QNM frequencies
and from the spectral functions.

4.2.1 Spectral functions for the vector and axial-vector mesons

The spectral function can be obtained from the imaginary part of the retarded Green’s
function,

ρ(ω) = − 1
π

Im[GR(ω)]. (4.17)

Combining eqs. (4.7), (4.8), (4.11), (4.12), (4.15), (4.16) and (4.17), we can numerically
calculate the spectral functions of the vector and the axial-vector mesons. Figure 6 shows
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Figure 6. The spectral functions of (a) the vector meson and (b) the axial-vector meson at
T = 0.030, 0.080 and 0.157GeV.

the spectral functions4 of the vector meson ρv/ω
2 and the axial-vector meson ρa/ω

2 at
three different temperatures, T = 0.030, 0.080 and 0.157GeV. We find that those peaks
arise around the vanishing frequency at relatively high temperature, and the lowest lying
states correspond to the smallest non-zero frequency peaks. The peaks of both the vector
and axial-vector meson spectral functions shift to the left at low temperature and then
to the right side of the ω-axis with the increasing of the temperature, representing the
varying of the quasiparticle masses. The quasiparticle masses from the spectral functions
are compared with the pole masses from the QNM frequencies in figure 5(c). The black
and green dashed lines represent the quasiparticle masses of the vector meson and the
axial-vector meson, respectively. They are almost equal to the pole masses from the QNM
frequencies at the low temperature. At higher temperature, they increase faster than the
pole masses from the QNM frequencies. Nevertheless, the quasiparticle masses of the vector
meson and axial-vector meson also degenerate in the chiral symmetric phase.

4.2.2 Spectral functions versus QNMs

To clarify how the pole mass and the thermal width (or the QNM frequency) are connected
with the spectral function, we reconstruct the spectral function with a series of numerical
solutions near the complex QNM frequency ω0. Figure 7 is a cartoon diagram for this
approach. Taking the scalar channel as an example, the process can be summarized as
three steps: a) Obtain the QNM frequency ω0 at a particular temperature, such as the
black solid point shown in figure 7; b) Calculate a series of numerical solutions in the
neighborhood of ω0. For example, one can choose frequencies (ωi) on the line perpendicular
to the ωRe-axis, as shown with the purple dashed line. One can solve the EOM in eq. (4.1)
with the chosen ωi and get a series of coefficients {si1, si3} of the boundary expansions; c)
Fit the spectral function on the complex ω plane with the calculated data {ωi, si1, si3}.
The fitting functions for s1 and s3 are

s1(ω) = s10 + s11(ω − ω0) + s12(ω − ω0)2 + · · ·+ s1n(ω − ω0)n + · · · , (4.18a)
s3(ω) = s30 + s31(ω − ω0) + s32(ω − ω0)2 + · · ·+ s3n(ω − ω0)n + · · · . (4.18b)

4The spectral functions are rescaled by ω2, since the spectral functions are proportional to ω2 in the
large ω limit.
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Figure 7. Schematic diagram to illustrate the connection between the QNM frequency and the
spectral function.

Therefore, the fitting spectral function is

ρFIT(ω) = 4
π

Im
[
s3(ω)
s1(ω)

]
. (4.19)

Through the fitting function ρFIT(ω), one can easily get the spectra functions in the neigh-
borhood of ω0, such as the green, blue and red peaks in figure 7.

Following the reconstruction steps, in the chiral limit, we get three different spectral
functions of the scalar meson on the real ω-axis at T = 0.1, 0.153 and 0.175GeV. The
fitting parameters are shown in table 2–4, in which one can find that the expansions are
approximately convergent, and the higher order parameters are negligible. Figure 8 shows
the spectral functions ρFIT and the comparison with the Breit-Wigner formula ρBW and
the spectral functions ρSF, which are directly calculated with the imaginary parts of the
Retarded Green’s functions. The spectral functions ρSF obtained at different temperatures
are all well consistent with ρFIT. In figure 8(a), the thermal width ΓS/2(T = 0.1) =
0.026GeV is much smaller than the pole mass from the QNM frequency mS,pole(T = 0.1) =
0.98GeV. As a result, the peaks can be well described by the Breit-Wigner formula,

ρBW ∼
mpoleΓω2

(ω2 −m2
pole)2 +m2

poleΓ2 . (4.20)

In the neighborhood of Tc, such as figure 8(c), when the pole are pure imaginary, the
thermal width is dominant in the spectral function, then one can simply fit the spectral
function with the leading terms s10, s11 and s30. The fitting form is

ρTS ∼
Γ/2ω

ω2 + [Γ/2]2 . (4.21)

As shown in figure 8(c), the peak of ρS,SF locates at mS,SF ≈ ΓS/2 and is well consistent
with ρTS.
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s10 2.19 + 0.08i s30 −17.76 + 0.14i
s11 −7.12 + 7.32i s31 46.28− 62.86i
s12 3.97− 25.63i s32 4.82 + 193.76i
s13 11.19 + 35.42i s33 −131.57− 236.89i
s14 −20.56− 24.48i s34 181.15 + 141.90i
s15 14.44 + 8.37i s35 −111.92− 38.60i
s16 −4.76− 1.06i s36 33.59 + 1.58i
s17 0.61− 0.04i s37 −3.96 + 0.86i

Table 2. The fitting parameters at T = 0.1GeV.

s10 0.06 s30 −0.46
s11 −0.04i s31 0.01 + 0.47i
s12 −0.22− 0.03i s32 1.79 + 0.17
s13 0.13− 0.17i s33 −0.70 + 1.51i
s14 0.14 + 0.22i s34 −0.72− 1.19i
s15 −0.17− 0.01i s35 0.90− 0.18i
s16 0.04− 0.05i s36 −0.26 + 0.24i
s17 0.01i s37 0.01− 0.02i

Table 3. The fitting parameters at T = 0.153GeV.

s10 0 s30 0.07
s11 −0.20i s31 1.80i
s12 0.03 s32 0.11
s13 0.13i s33 −0.13i
s14 −0.09 s34 0.51
s15 −0.09i s35 0.08i
s16 0.05 s36 −0.11
s17 0.01i s37 0.01i

Table 4. The fitting parameters at T = 0.175GeV.

As shown in figure 8(b), at T = 0.153GeV, the thermal width is comparable to the
pole mass from the QNM frequency, ΓS/2 = 0.422GeV ≈ mS,pole = 0.445GeV. Both the
pole mass from the QNM frequency and the thermal width are not negligible. One cannot
simply describe the peak with ρBW or ρTS.

Since the behaviors of the vector meson are very different from the scalar one, we
have also checked the relationships for the vector meson. We fit the peaks of the vector
meson spectral functions at T = 0.030, 0.080 and 0.157GeV, respectively, as shown in
figure 9. The fitting curves ρFIT are in perfect agreement with the spectral functions ρSF
at any temperature. However, it is verified again that the Breit-Wigner formula ρBW is
only applicable at low temperature and with small thermal width.
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Figure 8. Comparison among the spectral functions (ρSF), the fitted-spectral functions(ρFIT) and
Breit-Wigner formula (ρBW) of the scalar meson at (a) T = 0.100GeV and (b) T = 0.153GeV, and
comparison with ρTS (eq. (4.21)) of the scalar meson at (c) T = 0.175GeV.
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Figure 9. Comparison among the spectral functions (ρSF), the fitted-spectral functions(ρFIT) and
Breit-Wigner formula (ρBW) of the vector meson at (a) T = 0.030GeV, (b) T = 0.080GeV and (c)
T = 0.157GeV.
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5 Summary and discussion

In this work, we have investigated the thermal properties of the light mesons, including the
screening masses, the pole masses and the thermal widths in the framework of holographic
QCD. We have also studied the relationship between the pole masses from the QNM
frequencies and the quasiparticle masses from the spectral functions. The nearest QNM
frequencies on the complex ω plane always determine the peaks of the spectral functions.

In the chiral limit, the pole masses, the thermal widths and the screening masses
of the scalar meson and the pion all become zero at the chiral critical temperature Tc.
Below Tc, the pion with zero mass and thermal width is the Nambu-Goldstone boson of
the chiral phase transition. The pole mass of the scalar meson from the QNM frequency
monotonically decreases to zero at TS,0 (TS,0 < Tc). However, the thermal width increases
first and then decreases with the increasing temperature. Above Tc, the masses of the scalar
meson and the pion merge and monotonically increase with the increasing temperature.
All these behaviors describe the chiral phase transition well at the hadronic spectrum level.
We also compare the pole masses with the quasiparticles masses investigated in ref. [91].
As to the physical quark mass, the chiral phase transition turns to be a crossover. Below
the crossover temperature Tcp, the pole mass and screening mass of the pion split with
finite temperature, and they are monotonically decrease and increase with the increasing
temperature, respectively. The qualitative behaviors of the screening masses are in good
agreement with the LQCD simulations in refs. [13, 14]. Besides, the quasiparticle masses
can be related to the pole masses and the thermal widths from the QNM frequencies
with m2

SF ≈ m2
pole + (Γ/2)2. Also, the rapid increase of the thermal widths indicates the

dissociations of light mesons at high temperature.
In the vector and axial-vector channels with physical quark mass mq = 3.22MeV, the

pole masses only have small changes at low temperature. Especially, the pole mass of vector
meson decreases by about 7.5%, which is in good agreement with the theoretical models
as well as the experimental data [21, 22]. The thermal widths of vector and axial-vector
mesons monotonically increase with the increasing temperature. Above Tcp, the vector
and axial-vector mesons degenerate, which can be also considered as a signal for the chiral
symmetry restoration.

A Screening masses in the high-temperature limit

In this section, we will provide a brief proof that the screening mass increases linearly with
T at very high temperature. The basic idea to reach this conclusion bases on a simple
variable transformation. We take the scalar channel in the chiral limit as an example
to show the main strategy. With the variable transformation t ≡ z

zh
= πTz, pT ≡ p

πT ,
eq. (3.8) becomes

S̈ −
(

3
t

+ 4t3

1− t4 +
2µ2

g

π2T 2 t

)
Ṡ −

[
p2
T

1− t4 −
3 + µ2

ct
2/(π2T 2)

(1− t4)t2

]
S = 0, (A.1)

in the high temperature limit (since χ ≡ 0 above Tc in the chiral limit). Here, the ‘dot’
stands for the derivative with respect to t. The terms with µg and µc would be suppressed
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Figure 10. The temperature dependence of the screening mass of the scalar meson in the high
temperature limit with mq = 0.

by T in the high temperature limit, thus the above equation becomes

S̈ −
(

3
t

+ 4t3

1− t4

)
Ṡ −

[
p2
T

1− t4 −
3

(1− t4)t2

]
S = 0. (A.2)

The above simplified scalar meson EOM is still a second-order ordinary differential
equation with multiple singularities. However, except for the p2

T term, the other terms in
the eq. (A.2) do not explicitly depend on temperature. Once we find the specific solution
which satisfies the pole condition of the Green’s function, we could prove the linear tem-
perature dependence of screening mass in the high temperature limit. We do not have
the analytical solution; nevertheless we can numerically solve this EOM. We have the
boundary conditions at the UV boundary (t = 0) as

S(t→ 0) = s1,T t+ s3,T t
3 − 1

2p
2
T s1,T t

3 log(t) +O(t4), (A.3)

and at the horizon (t = 1) as

S(t→ 1) = sh0,T −
sh0,T

4 (p2
T + 3)(1− t) +O[(1− t)2], (A.4)

where s1,T , s3,T and sh0,T are the integration constants. To extract the screening mass,
s1,T = 0 is required. Combining the EOM and the boundary conditions, we can numerically
solve the EOM and obtain

p2
T = −5.74. (A.5)

Thus, we have
mS,scr =

√
−π2T 2p2

T ≈ 2.40πT. (A.6)
Therefore, it is verified that the screening mass is linearly proportional to temperature in
the high temperature limit. We also give a numerical check up to T = 1.63GeV in figure 10.
It is shown that the screening mass of the scalar meson approach mS,scr ≈ 2.40πT with the
increasing of the temperature.

For a more general situation with a finite quark mass, mq 6= 0, χ(z) approaches
mqζz in the high temperature limit, so that the term including χ in eq. (3.8) can still
be neglected, and the EOM can be simplified to eq. (A.2). In other channels, one can
also show the corresponding screening masses vary linearly with temperature in the high
temperature limit.
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