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1 Introduction

Perturbation theory is a widely used tool in the Standard Model (SM), New Physics (NP)
models and many other areas. In a given perturbative expansion, the first non-vanishing

term, sometimes called the leading order contribution, is often simple to compute. However,

when a calculation simultaneously involves many perturbative expansions, it can be more

challenging to identify the “leading” or dominant contribution.

In this manuscript, we study perturbative expansions in the Lepton Flavour Chang-
ing (LFV) part of the Lagrangian [1, 2] of the Standard Model Effective Field Theory



(SMEFT). We restrict to LEV operators for two reasons; firstly, they must exist because
the observations of neutrino oscillations demonstrate that leptons change flavour (for a
review of LF'V in the u <> e sector, see [3]). And secondly, LF'V operators are simpler than
generic operators, because SM loop effects, included via Renormalisation Group Equations
(RGEs), cannot change lepton flavour, so the flavour of at least two legs of each operator
remains fixed.

There are many perturbative expansions in SMEFT: the EFT expansion in the ratio
of weak to New Physics scales v?/A3%; p, as well as the SM expansions in loops, in the O(1)
gauge and Higgs self-couplings and in the exceptionally hierarchical Yukawa couplings, and
also in mixing angles. So it is not obvious to find the leading effects. For example, it was
noticed long ago by Bjorken and Weinberg [4], in the SM extended with a second Higgs H
with LF'V couplings YMJMH Pre, that the one-loop amplitude for u — e~ is suppressed by
two lepton Yukawas, so is smaller than two-loop (“Barr-Zee” [5]) contribution:

eyuY i Ye
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eytggyp,e
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-A2—loop X
However, this leading (although two-loop) contribution was missed in part of the subsequent
literature.

Various powercounting schemes have been introduced to organise perturbative calcu-
lations in flavour physics. For instance, in the quark flavour sector below the weak scale,
the Wolfenstein parametrisation of the CKM matrix [6] in powers of Cabibbo’s A ~ 0.22,
allows to guess the order of diagrams [7, 8]. And above the weak scale, there are schemes
such as Frogatt-Nielsen charges [12] and Minimal Flavour Violation [13](see also the more
general framework introduced in [14] for B-anomalies). Below the weak scale, a power-
counting recipe for flavour is sufficient to organise a calculation, because the mass scales
for the EFT are known, and the remaining couplings are few: in the RGEs for four-quark
operators, QED effects can be included at appropriate subleading order in the expansion
in aslog [7, 9]. For LFV below the weak scale, the “leading order” operators and RGEs
have been assembled: observables can be parametrised with three and four-point functions,
which correspond to operators of dimensions five to eight (see eg [10] for a list), and the
“leading order” RGEs, which include two-loop vector to dipole mixing, are given in [11].
However, above the weak scale, the situation is complicated by the dynamical Higgs and
SU(2) gauge bosons, which introduce more particle mixing in the RGEs, and also by our
ignorance of the mass scale of new particles, Axp.

In this manuscript, we suppose that New Physics is “beyond the LHC”, which is taken
to mean Ayp > 4TeV, and introduce in section 2 a generalisation of the Wolfenstein
counting! that parametrises the expansions in all the SM parameters of SMEFT, as well
as the scale ratio v/Axp, in terms of a single power-counting parameter A ~ 0.2. For
any operator, this scheme allows to identify the “leading” contribution to a given process
among those that could arise at different orders in the multiple perturbative expansions.
It also allows to classify the contributions of various operators to a process according to

'We thank Junji Hisano for proposing the original scheme.



the order in A, and estimate when a process can have sensitivity to an operator. So in
section 3, the power-counting scheme is used to address four questions:

1. Are dimension six operators sufficient to parametrise LFV, or can observables be
sensitive to dimension eight operators?

2. Does one need two-loop anomalous dimensions in the RGEs?

3. Are LFV observables sensitive to the effects of CKM angles in the RGEs, or can the
quark Yukawa matrices be approximated as diagonal?

4. If the dimension six operator H' H¢He is present, it contributes to the charged lepton
mass matrix when the Higgs has a vev, so the lepton mass eigenstates are not the
eigenstates of the lepton Yukawa matrix Y, that appears in the RGEs. How should
this be accounted for?

The results are summarised in section 4. The powercounting suggests that in the
i > e sector, upcoming data could be sensitive to some dimension eight operators, and
some O(log /(1672)2) effects, for Axp < 50 — 100 TeV (see the estimates® in tables 5
and 6). The relevant dimension eight operators are listed in appendix A, and their (tree-
level) matching onto the EFT below myy is given in appendix B. For Axp 2 50(— 100) TeV
in the p «» e sector, and for all considered scales in the 7 <> £ sector (Axp 2 4TeV), the

powercounting suggests that the one-loop RGEs for dimension six operators are sufficient.

2 Power-counting

We want to connect low-energy LE'V processes with the operator coefficients in the SMEFT.
In a top-down sense, this means we want to estimate the “leading” or largest contribution of
each operator coefficient to each observable, or equivalently from a bottom-up perspective,
the best sensitivity of each observable to each operator.

2.1 Notation

We write the SM Lagrangian in notation similar to [15, 16]; the differences are that the index
order on Yukawas is doublet-singlet, and A\ will be the small power counting parameter,
rather than the Higgs self-coupling.

Operators that change lepton flavour (but not number) arise at dimension > 6 in
SMEFT, and are added to the Lagrangian in the basis of [1, 2|, with coefficients written
as a dimensionless C' divided by appropriate factors of a mass scale A:

1 1
Lsymerr = Lsm + {A2 Z C§O§ + I Z (S)CKC(’)? ‘4 he+.. } (2.1)
I K

where A is v = 174 GeV in the experimental constraints on coefficients (1/v? = 2v/2G ),
but it is sometimes convenient in the powercounting to take A to be the scale Axp of New

2Qnly a few p — e operators involving t, such as H' H (fic Pre)(q,0 Prt), could contribute up to Axp <
100 TeV.



LFV Physics. So for A = v, the powers of v2/ A%VP are included the coefficients C. The
coeflicient subscripts label the gauge structure, and the superscript ¢ is the flavour of the
fermions composing the operator in order of appearance(sometimes the LF'V indices are
suppressed when they are obvious). The dimension six and eight operators are respectively
labelled and normalised as in [2]® and [17].

The operators {O;} represent LFV contact interactions among SM particles. Loop
corrections to the operators generically diverge, so after renormalisation in M S, the oper-
ator coefficients depend on the renormalisation scale p and satisfy Renormalisation Group
Equations (RGEs). These can be written for dimension six operators as

0 = 1 o=

M%C = @CF +... (2.2)
where the operator coefficients are lined up in the row vector c , and the matrix elements of
[ are the anomalous dimensions multiplied by SM couplings, currently known at one-loop
(see eg [15, 16]). The matrix T can be improved by including higher-loop contributions to
the anomalous dimensions, and the equation can be extended by adding higher-dimensional
operators (which changes its structure [18]). Eq. (2.2) can be solved numerically, or solved
analytically as a “scale-ordered” exponential, or approximated by neglecting the running
of SM couplings and exponentiating I:

Cluz) ~ C(m1) + C(p)

n <“’2> T (2.3)

1
1672 H1

This last approximation can be improved by including the running of some SM couplings,
and selected O(In? /(167%)?) terms. The power-counting scheme introduced below is dia-
grammatic, so makes estimates in the spirit of an improved eq. (2.3), and aims to assist in
determining which improvements should be included in the RGEs.

2.2 The power-counting scheme

The aim here is to construct a power-counting scheme allowing to organise the perturbative
expansions that arise in Renormalisation Group running in the SMEFT above my,. The
input to this power-counting scheme should be the experimental sensitivities of one or
several observables, and a list of operator coefficients. But since one of the expansion
parameters, v/ AQNP, is unknown, we only bound it from above, and quantify the order of
a coefficients contribution to an observable, as the scale up to which an O(1) coefficient
could be probed.
We introduce a small parameter
A~0.2 (2.4)

by analogy to the A parameter of the CKM matrix. The numerical value of powers \* is
given in table 1. The various dimensionless expansion parameters that occur in SMEFT
can be associated to powers of \ as discussed below (the recipe is summarised in table 2).

3The hermitian operators are here defined with a 1 /2, since the hermitian conjugates are included in
eq. (2.1).



k= 1] 3 4 5 6 7 8 10 12
A= |.2].008/1.6x1072(3.2x107%]6.4 x 107°]1.28 x 107°|2.56 x 107°(1.02 x 1077 | 4 x 107°
Axp(TeV) 4.3 22 109 540 2700

Table 1. The second line gives the numerical value of A\¥, for A = 0.2 and k from the first line.
The third line gives the value of Axp, in TeV, such that (v/Axp)? = A\¥ (where v = 174 GeV).

1. the gauge couplings gs, g2 and ¢’ (of respectively QCD, SU(2) and hypercharge) are
counted ~ O(1), and sometimes retained in the estimates (because €3 ~ \2).

2. With a Lagrangian normalised as eq. (2.1) with A = v = 174 GeV, the ratio v”_4/A§1§4
is absorbed into the coefficients (where n is the operator dimension). In discussing

dimension eight operators, we assume a New Physics scale beyond the reach of the
LHC:

Anp 24TV = 2 <\

however we leave Axp > v undetermined in estimating the relevance of two-loop or
CKM effects.

3. to each loop is attributed a factor

1 log
~ 2\ ~ 22
1672 ’ 1672

where the loops that appear in the RGEs are accompanied by a log, so counted with
one less power. (For reference, In % ~ 6.7,3.85, and In % ~3.91.)

4. anomalous dimensions are counted as O(1), despite that some can be large (this may
sometimes compensate for counting gauge couplings ~ 1).

5. In the lepton sector, we work in the mass eigenstate basis for charged leptons. This
would be the eigenbasis of Y, in the SM, but can differ in the presence of non-
renormalisable operators [19]. For instance, the operator [Cer|¥/A%p H'H(;He;
contributes to the charged lepton mass matrix

(2.5)

However, there is a factor of 3 in the Feynman rule of O.p, such that the coupling
of leptons to the SM Higgs is

1 ij i v
NGT ([m] — 2[Cen] Ah) (2.6)

so in the charged lepton mass basis, flavour-changing higgs decays probe the off-

719 =

diagonal coeflicients of C.py.



The LHC measures the yukawas of the 7 and the p to be consistent with SM expecta-
tions [20-23], and constrains the 7 — ¢ flavour-changing interactions of the 125-GeV
Higgs [24, 25]:

v? LT |2 T2 -3 v? 2 2 -3
S VICHEP +ICTHP <100 x 107, /IO +ICTgI? < 160 x 1077,
NP NP
(2.7)
For ;1 — e flavour change, the MEG bound [26] on BR(u — e7) could probe couplings
as small as [10]
v e v en -7
ATC&H’ ATCGH ~ 7.5 x 10 (28)
NP NP
(larger values could be allowed if they cancel against other contributions). These
bounds imply that in the charged lepton mass eigenstate basis, the off-diagonal ele-
ments of Y, are small (they are comparable to the LFV coefficients C'%;v% /A% p — see
eq. (2.5)), so the two largest eigenvalues of Y, can approximately be obtained from m.,
and my,. Assuming that the magnitude of the electron Yukawa is < ye|max = me/v,
one obtains that in the mass eigenstate basis,

<29x10% <106 <103 A8 29 )\
Ye] = <1076  6.0x107* <1073 |~ [A?2)° A\ (2.9)
<1073 <1073 1.0x 102 A3

6. In the quark flavour sector, the mass and Yukawa matrices select eigenbases when
they are diagonalised in the generation spaces of the SM fermions. Since this
manuscript is focussed on LFV, operators such as HTHgHd or Ht HgHu are not
considered, and the quark masses are assumed to arise from Yukawa couplings. So
the eigenvalues of Y; and Y,,, evaluated at myy, are taken as:

(Wb, ys,ya) ~ (1.7x1072,3.5 x 1074, 1.7 x 107°) = (A2/2,\°>,\")  (2.10)
(Y, Yer Yu) ~ (1.0,4.0 x 1073,6.7 x 107%) ~ (1,A3/2,\7/2).

where yr = my(mw)/v, with ms(myw ) obtained from one-loop RGEs — eg for
quarks:
as(mW)
m(mw) = m(p {
) = (k) [ )
with 8 = (33 —2Ny)/3 ~ 8, and m(pu) is from the PDB [27] with = mj, m, for the
b, ¢ and 2 GeV otherwise.*

]4/ﬁ

The CKM matrix is approximated in terms of A in the usual way:

Vd Vus Vb 0.974  0.224  —0.004 LA A3)2
Verm = | Ved Ves Ve | = | =022 099 +£0.02 0.042 | ~ | =X 1 A2
Vid Vis Vi 0.008  —0.04 1.0 A3/2 —A% 1
(2.11)

1At mw, this gives mp = 3.0 GeV, m. = 0.7 GeV, ms = 62 MeV, mg = 3.0 MeV, m, = 1.2 MeV.



loop L A3

1672
loop*log fgfz A2
lepton yukawas Yrs Yus Ye A3,2X5, )8
¢ flavour change | see eq. (2.9)
d-quark yukawas | yp, Ys, Yd A2/2, X5 N7
u-quark yukawas | yt, Ye, Yu 1,A3/2,\7/2

q flavour change | see eq. (2.11)

Table 2. Power-counting scheme for the perturbative expansion of the SMEFT.

We will always work in the mass eigenstate bases of the singlet quarks, and the u-type
components of the doublet quarks. So in the RGEs, the up Yukawa is a diagonal
matrix D, and Yy = VorgayDg. We choose the {ur} basis for quark doublets above
myy for two reasons. First, flavour change in the RGEs is therefore suppressed by
CKM and the small d-type Yukawas. Secondly, at dimension six in SMEFT, there is
only a tensor operator for us (Opeqy(3)), S0 this basis diagonalises the large mixing of
this tensor to the dipole operator.

The CKM matrix is included also in matching at my, when the low-energy operators
involving d-type quarks are expressed as SMEFT operators.

The above power-counting scheme is summarised in table 2, and should allow to estimate
the contribution of any operator coefficient to any observable. The accuracy of the scheme
is discussed at the end of the next subsection, by comparing to the solutions of the RGEs.

2.3 Examples

This section gives explicit examples of how the powercounting estimates are made, and
compares them to the solutions of the RGEs.

We first consider 1 — e processes because the most restrictive experimental constraints
on LFV arise in this sector, and upcoming experiments aim to improve the sensitivities by
several orders of magnitude (see table 3; indeed, there are plans to reach a conversion ratio
< 10718 for uA — eA [43]). The Branching Ratios can be expressed (see eg [3, 10, 42]) in
terms of the coefficients, evaluated at the experimental scale, of operators which contribute
at tree level. For instance, the low-energy operators

oL = Q\EGF(CDJJTL“?U -FPru+ CD,Rm,uEO' - FPru) (2.12)
contribute to u — ey [26] as
BR(j — ey) = 384n%(|Cp r|* +|Cp.1|?) < 4.2 x 10713 (2.13)

which gives the experimental bounds, translated into our power counting parameter (A ~ v
in eq. (2.1))
|Cp,gl, |Cp,| < 1.05x 107% ~ A (2.14)



process bound on BR sensitivity to C
= ey <4.2x 10713 [26] — 6 x 1071 28] | Cp ~ A1t — 12
w— eée < 1.0 x 1072 [29] — 10716 [30] Cg ~ X8 — A\
Cy ~ \8D 5 \115
pA — eA < 7x 1071 [31-33] — 10710 [34-36] | Cy,p ~ AP0 — A12
Cg ~ A05 214
K9 — pe < 4.7 x 10712 Cp ~ A1
Oy ~ N5
By = pFeF | <1x107? Cp~ AT
Bl —nthe | <1.7x1077 Cy ~ A"
BY — pteT | <54 x 107" Cp ~ AT
Bt — Ktjie | <9.1 x1078 Cy ~ A6
D° — pteT | <1.3x1078 Cp ~ XS
Dt = atje | <1.7x1077 Cy ~ M\
T — by < 3.3 x 1078 [37] Cp ~ AT
T — 000 <2x 1078 [38] =< 1079 [39)] Cy ~ N> — \3P
Cg ~ A5 5 NP
T — 4m° < 8.0 x 107% [40] Cg ~ AP
T — In < 6.5 % 107® [40] Cg ~ A5
T = lp <1.2x 1078 [41] Cy ~ AP
By — et < 2.8 x 1075 [27] Cp~ XN
Oy ~ N5

Table 3. Some current and upcoming experimental bounds on LFV Branching Ratios (7 < pu
results are similar to 7 <> €). The third column gives the order of magnitude of dimension six
operator coefficients that reproduce the experimental numbers, in powers of A ~ 1/5. The listed
coefficients Cp,, contribute to the process at tree level, are labelled by the operator’s Lorentz
structure, and are normalised to a scale A = v = 174 GeV in eq. (2.1
are from [27], the coefficient sensitivities from [10, 42, 44].

). The meson decay bounds

The dipole is a special case, because the operators contain not only fields, but also a built-
in parametric suppression factor m,. This is the usual operator definition, and makes
sense because in SMEFT the operator has a Higgs leg which frequently attaches to the
muon line. However, in some loop diagrams (for instance Barr-Zee) the Higgs is attached
to a heavier particle in a loop, so such diagrams would gain a factor 1/(2)\%) in our power-
counting scheme. For a different normalisation of the dipole operator, the power-counting

sensitivity would change. For instance,
oL = QﬂGF(CD,LvEU - FPrpu+ Cp rveo - FPrpu)

gives |Cp g, |Cp,r| < A'S.

(2.15)
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Figure 1. On the left, a diagram mixing the tensor operator to the dipole (the Higgs leg is
replaced by a mass insertion in the EFT below my ). On the right, one of the diagrams mixing

tensor operators to scalars (the gauge boson can attach to any two legs not belonging to the same
bilinear).

Figure 2. Representative diagrams allowing two-loop mixing of vector operators to the dipole.

f  Power Counting Running
~ 20 TeV ~ 13 TeV
m ~ 300 TeV ~ 190 TeV
T ~ 10% TeV ~ 1.1 x 10® TeV
u ~ 50 TeV ~ 71 TeV
d ~ 50 TeV ~ 73 TeV
s ~ 200 TeV ~ 330 TeV
c ~ 10% TeV ~ 1.7 x 103 TeV
b ~2x103TeV  ~2x10% TeV

Table 4. Powercounting estimates of the mixing from tensor to dipole operators below myy,
compared to the solutions of the RGEs [10, 11].

The sensitivity of u — e to other operators can be estimated in our power-counting
scheme by drawing diagrams. For instance, tensor operators mix to the dipole via the
left diagram of figure 1. Below the electroweak scale and normalizing as in eq. (2.12), the
contribution to the dipole coefficient is of order

1 2
B T AC ~ X0 YL T (2.16)

m
ACp—E ~e
D2 1672 T Ap yu Mp

where f = u,d,s,c,b,e, u, 7, and the estimate in our power-counting scheme can be ob-
tained using table 2.



Scalar and vector operators can contribute to the dipole via two-loop diagrams, that
arise either as one-loop mixing into the tensor, or direct mixing to the dipole at two-loop.
Below the weak scale, the scalar to tensor mixing is via diagrams like the right figure 1,
where the gauge boson is a photon, which gives

log?® yr 02
ACp ~ ¢ {F31 2.1
CD e (]_671'2)2 CS yu A]Q\IP ( 7)

where now f = u,d, s, c,b, 7. The vector to dipole mixing is via diagrams such as figure 2.
We estimate the diagrams on the left and right as

2 1
ACp ~ 63(1(1;%)2@ (A§P> x { w (2.18)
so there is sensitivity to vector coefficients for scales below 10 TeV (which is consistent
with the bound in [10, 11]).

Approximating physical predictions in terms of powers of some parameter is always
somewhat arbitrary and erroneous (Indeed, although we count in A, we allow for VA in
table 3). In order to test our recipe, in table 4 we compare our power-counting estimates to
the solutions of the RGEs; this estimate is obtained in the EFT below myy, for which the
solution of the “leading order” RGEs is given in [10, 11]. The table shows that our estimate
of the scale Axp where C’%f would be ~ 1, (obtained by combining eq. (2.16) with column
three of table 3), differs by at most v/3 from the solution of the RGEs (this corresponds
to a factor < 3 ~ 1/v/A for C, so less than an order of magnitude in the rate). For the
second-order/two-loop mixing of eqns (2.17), (2.18) we find that the powercounting can
mis-estimate Axp by a factor 2-3.

3 Questions

This section uses the power-counting proposal of the previous section to study what physics
should be included at “leading order”, in the SMEFT RGEs for LFV operators. In the
first sections, the focus is on pu <> e flavour change, due to the sensitivity of current
and upcoming experiments; the importance of dimension eight operators and two-loop
anomalous dimensions for 7-LFV is briefly discussed in section 3.5.

3.1 Dimension eight operators

This section explores when which dimension eight operators are required, and whether
their RGEs are required.

We suppose that the New Physics responsable for LE'V is beyond the reach of the LHC,
so Anp 2 4TeV. In the normalisation convention of table 3, this implies that coefficients
of dimension eight operators are suppressed by ~ A8:

flnp, ) oy _ VC e o <V s
@ty O T O T O ey <A &y

~10 -



Comparing to the tree-level sensitivities given in table 3, one sees that kaon and muon
decays are generically sensitive to dimension eight operators induced by new particles in
the interesting mass range just beyond the reach of the LHC. Pushing the New Physics scale
above 20 TeV would give ®8)C < A2, making most dimension eight operators irrelevant.

There are thousands of LF'V dimension eight operators [17, 45], so it would be attractive
to include only some of them in a first approximation. Indeed, in a bottom-up perspective,
only the dimension eight operators to which observables are sensitive are required. So we
reject derivative operators such as

D*(evysp) Da(f7 f)

because their contribution to low-energy S-matrix elements should be suppressed by
{s,t,u}/v? suggesting that K and u processes have no sensitivity to dimension eight
derivative operators. We also neglect operators with more than four legs after electroweak
symmetry-breaking, on the assumption that they do not contribute (at tree level) to our
low-energy observables.

There remain about four dozen p <> e operators (given in appendix A in the notation
of [17]):

1. four-particle operators which are forbidden at dimension 6 due to gauge invariance.

2. dimension six SMEFT operators with an additional H and Hf, such as
(HHNYHo"PeF,5 or (beHoP11)(giHowguj). Tt may seem unlikely that the dimen-
sion eight contribution could be relevant given the possibility of a dimension six term;®

however, being agnostic could be appropriate in EFT, and dimension eight operators

are considered, for instance, in studies of Non-Standard neutrino Interactions [46].

These operators are schematically listed in tables 5 and 6, along with the scale below they
could contribute to observables with a coefficient C' < 1. So they should be considered in
the EFT parametrisation of any model constructed below this scale.

The effects of these operators can be partially accounted for by matching the model
onto them at Anp, and then including them in the matching at the weak scale onto the
low energy EFT. These matching conditions for LFV operators are given in appendix B
(at tree level).

Many of these operators contribute to observables via loops, so including them in
RGEs is relevant. Since they match at myy onto low-energy four-particle interactions, the
Renormalisation Group running below myy is known and will occur automatically once
they are included in the matching.

The RG running in SMEFT is missing. Above my, the Higgs and W bosons can
mix operators differently from the gluon and photon, for instance by modifying the SU(2)
contractions (see eg the RGEs for a subset of dimension eight operators in [48]). Dimension
eight four-fermion operators involving two tops pose a particular problem, because their

5The dimension six coefficient could perhaps be suppressed by additional loops or small couplings with
respect to dimension eight.

- 11 -



operator Axp (in TeV) | process
(teHe,)(quHda) 55 pA — eA
(CeHe,)(u,Hq,) 55 pA — eA
(teHe,)(q,Hds) 26 pA — eA
(¢cHoe,)(quHodyg) 25 pA — eA
(teHoe,)(q,Hody) 25 pA — eA
(¢cHe,)GG 20 pA — eA
(tcHoe,)(lHoe,) 20 w— ey
(¢cHe,)(C.He.) 15 pu— eee
(CeHe,)(u-Htq.) 15 pA — eA
(¢cHoe,)(q,Hods) 15 pA — eA
(CeHe,)(uHq;) 10 w— ey
(tcHe,)(q,Hdy) 10 pA — eA
(CcHey) (0, Hey) 8 H— ey
(tcHe,)FF 3 pA — eA

Table 5. Dimension eight operators which induce at low energy four-particle contact interactions
that do not arise at dimension six. The operators are represented schematically in the first column,
and the second column gives the scale Axp up to which the process of the third column (with
upcoming sensitivity) could probe coefficients < 1. (The estimate for (¢.He,)FF is from [47].) .

leading contribution to low energy LFV is likely to arise from the unknown RG running
in SMEFT. Fortunately, many of these top operators are dimension six operators with an
extra H' and H (only the operator ~ (ePgpu)(tPpt) arises first at dimension eight), so one
could hope that models dominantly generate dimension six operators. Alternatively, one
could envisage to add the coefficients of dimension eight top operators to the dimension six
coeflicients at Axp, and evolve them with the SMEFT RGEs at dimenson six, which will
include a subset of the loops. We leave calculating the anomalous dimensions for a later
project.

3.2 2-loop anomalous dimensions?

This section aims to identify relevant mixing that could arise from the two-loop RGEs of
SMEFT, so we are looking for two-loop diagrams that would not be generated at second
order in the one-loop RGEs.

One can see why these could be interesting, by considering the QED x QCD-invariant
EFT below myy, where at one-loop, vector operators mix among themselves, and the
dipoles+scalars+tensors mix among themselves, but there are no divergent one-loop di-
agrams mixing vectors and non-vectors. Therefore, to all orders in the one-loop RGEs,
the vectors evolve separately from the others. However, vector to dipole mixing occurs at
two-loop, and is encoded in the two-loop RGEs [49]; a few diagrams are given in figure 2.
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operator Axp (in TeV) | process
(HTH)(Ceoe,)(Grour) 100 = ey
(HH)(leep)(daga) 55 LA =5 eA
(HH)(Leep)e(Guin) 55 LA <5 eA
(HH)(Ceey)(dsqs) 25 1A = eA
(HH)(Cey* L) (qu Vo) 22 LA =5 eA
(HHT)(Cey™ ) (i Yatu) 22 pA <5 eA
(HHY)(£ey* ) (qavaqa) 22 1A = eA
(HHT)(€ey*Ly) (daryada) 22 pA = eA
(HH"Y.Ho"Pe, F,p 20 [ ey
(HHT)( eVl )(ge%cge) 18 o — eee
(HH')(Ley™Ly,) (Eeyace) 18 [ — eée
(HHT)(E v¥eu)(Ecyate) 18 I — eee
(HH)(Leep)e(Geue) 15 1A = eA
(HHT)(Leey,) (dyap) 10 pA = eA

Table 6. Dimension eight operators which induce low energy contact interactions that do arise at
dimension six. In the first column the operators are represented schematically(other distributions of
the Higgses, or triplet constractions, could be possible), and the second column gives the scale Anp
up to which the process of the third column (with upcoming sensitivity) could probe coefficients < 1.

qr €L

UR HR

Figure 3. Vector mixing to the tensor via Higgs exchange.

So we are looking for two-loop diagrams that allow operator O to mediate process P, when
O cannot mediate P via the one-loop RGEs.
In SMEFT, there can be 1-loop vector to tensor mixing by exchanging a Higgs, as
illustrated in figure 3. Closing t}(IG; quark legs gives a contribution to the dipole. For
1

instance, considering the vector qu we find

U2

2
ANF’

log
1672

2 2
ACp Ne( > cg)e“”m[yuyj}nmA”T ~ eXCLD Y Y (3.2)
NP

C(l)eutt

which results in a sensitivity to up to Axp ~ 50 TeV. Estimates similar to eq. (3.2)

hold for all vector operators Wthh can mix to the u-type tensor.
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operator | 2loop V= D(Anp in TeV) | V=T—D(Anp in TeV)
o et 10 50

O;uff 10

Oghed 5 —

ot 2 —

ogh 100 —

Table 7. Operators which contribute to p — ey via two-loop mixing in the RGEs, and in the
second column, our powercounting estimate for the scale Axp up to which coefficients < 1 could be
probed. The third column gives the estimated sensitivity obtainable via the one-loop RGEs. O i1
schematically refers to all the dimension six vector four-fermion operators with f #t. .

Vector operators also can mix directly to the dipole in the 2-loop RGEs through gauge
interactions, as illustrated by the diagram on the left of figure 2. The powercounting
estimate for these diagrams

log v?

ACp ~ ¢ 1%
(1672)2 " AZp

(3.3)

suggests that there is sensitivity to vector coefficients for scales below 10 TeV — which is
larger than the vector—tensor— dipole contribution for all operators not involving a top
quark, see table 7.

There could also be two-loop mixing of the Opgpg scalar to the dipoles. For com-
paraison, at one loop the u quark scalar operator O gy mixes to the tensor, which mixes
to the dipole, and due to Yukawa enhancement and large anomalous dimensions, this
second-order process in the one-loop RGEs is important. In the d-quark sector, there is
no dimension six tensor, so no equivalent process occurs; however the diagrams are there,
and Orepg can be Fierzed to the vector —%(Zvaq)@'yae) which mixes at two-loop to the

dipole [49]. The powercounting estimate is

2
ACp ~ eg?XC dq[yd]ijA”T (3.4)
NP
which suggests that u — ey could be sensitive to coefficients < 1 up to the scales given in
table 7.

These results show that the two-loop vector to dipole mixing can be relevant, and
often dominates over the mixing involving a Higgs loop, which occurs at second-order in
the one-loop RGEs. It would be desirable to include these two-loop anomalous dimensions.
However, although they are known in QCD and QED [11, 49, 50], a complete computation

in SMEFT is currently missing in the literature [51].

3.3 CKM

CKM mixing angles can appear in various places in SMEFT: in matching of the higher scale
theory onto SMEFT, in the RG running of operator coeflicients and of SM couplings, and in
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ij\pr | bb bs bd | ss sd dd
tt N5 N9 | AI3 | \14 | \175 | y21
te AT | AT | A105 | \12 | )15 | 3185
tu A8 | A85 | 95 | \13 | 14 | \175
cc N9 | 095 | A125 | \10 | (13 | 16
cu AL05 | 2105 | \1L5 | \11 | y12 | )15
uu A2l AI2 | I8 | 12| I8 | 14

Table 8. Estimates for the Yukawa and CKM suppression (=~ Ve, ya, V5 aya,) of the mixing
between operators containing (g;.¢;) into operators containing (dyvyad,). The indices ij are given
in the left column, and pr in the top line.

matching the SMEFT operators at myy onto the QED x QCD-invariant low energy theory.
Including CKM in matching at myy is straightforward, but it could be conceptually simpler
to set Vogy = 1 in the RGEs for the operator coefficients. This section explores the errors
that could arise from this approximation, by allowing one non-zero operator at a time at
Anp, and estimating the magnitude of low-energy coefficients that it generates at one-loop
x [Verxwmlij,© # j. If no experiment has sensitivity to the contributions proportional to
CKM mixing angles, then one can conclude that Vo = 1 is an acceptable approximation
in the RGEs.

The CKM matrix also appears in the RGEs of the renormalisable SM couplings, where
it causes the eigenbases of YdeT and Y, Y| to rotate with scale. This is due to wavefunction
corrections. Since wavefunction diagrams also decorate the operators, we assume this is a
“universal” effect, automatically included by working in the rotating Y, Y,| eigenbasis, and
do not powercount the associated diagrams.®

Recall that we work in the Y, eigenbasis for the {dr}, and the Y, eigenbasis for the
{ur} and {qr}. So Vog only appears in Higgs loops, at vertices « Yy = VogpDg. It
therefore enters the one-loop RGEs of O191,0103, Orp, Orp Org and OrEpg.

Consider first operators at Axp with a doublet quark bilinear (g;vaq;), where 4,j €
{u, c,t}. Higgs exchange between the quark legs can dress this quark bilinear to generate

log -
@(dﬂadr) (3.5)

(@7ai) = VY, VEx v,
where the approximate magnitude of Vg}{ Mydeég(Mydr, for all possible flavours of the
doublet and singlet lines, is given in table 8. If the CKM matrix is approximated as the
identity, then only the diagonal components of the table would remain.

From the table 8, one sees that mixing induced by non-vanishing CKM angles is sup-
pressed by < A772v2? /A% (where the additional A\? is for the log /1672 loop suppression).
Such contributions are clearly negligeable in the RGEs for 7 — ¢ operators; to determine

SFor instance, an off-diagonal [V, ] ~ 3log /(327%)Vpyi Viey: is generated by a Higgs loop on the gr,
line. Inside the loop mixing Orrqu,3s — Op, this could give sensitivity to OE‘};&UB, in an unrotating basis
for qr..
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whether they should be included in the RGEs for u <> e operators, we compare to the
sensitivity of upcoming experiments. In the case of p = r but ¢ # j, the best sensitivity is
from pu— e conversion. We estimate that pA — eA could be sensitive to the mixing from

(@Vaqe) — (byaPrb) for an experimental reach BR(uA — eA) < 10716 Azf , and to the
NP

cu — $s,dd mixing for BR(uA — eA) < 10_20[;’%. This suggests that the RGE-mixing of
NP B

operators involving (g;7a¢;), into operators involving (d,vady), for i # j and p = g, is neg-

ligeable in the forseeable future. In the converse case, of RGE-mixing of flavour-diagonal

operators (g;Yagi), into quark flavour non-diagonal operators (d,v.d,), table 8 indicates

v2

2
ANP

’L)2
AXp]
which is beyond the sensitivity of the meson decay searches listed in table 3.

that the least suppressed mixings are tt,cc — bs ox A2 and cc,uu — sd oc A3

The CKM angles can also enter in the mixing of the singlet quark current (dpv,d,) into
doublets (g;7aq;). Similarly to the doublet to singlet mixing discussed above, the effects
of CKM are beyond upcoming experimental sensitivities. A novel feature in this case is
that approximating the CKM angles to vanish can generate flavour change when there is
none. For example, the sg leg of an operator could transform under RG running into a
left-handed doublet quark (due to Higgs exchange), which in the SM would be in the s,
direction. But in our approximation where YdeJr is diagonal in the Y, Y, eigenbasis, it is
in the cz, direction, so matches at my onto >, Vi drp.

Finally, there are diagrams with one Higgs vertex on the quark line and one on a
lepton line, which eg mix vector and scalar operators. The mixing from scalar into vector
operators, such as Orpppg — {Oggg, OEq} can be neglected because the lepton Yukawas are
smaller than that of the b, so any quark-flavour-changing contribution is more suppressed
than the (dpyadp) <> (4;7¢;) mixing discussed above. It is also the case that quark-flavour-
changing mixing from vectors to scalars is below the sensitivity of upcoming experiments,
despite that the experimental sensitivity to scalar operators can be better than to vectors
(see table 3). In the case of u <> e searches, this is because the mixing is suppressed by
Yu ~ X\, and for T <> ¢ searches, the experiments are less sensitive.

So we conclude that CKM angles can be neglected in the SMEFT RGEs for LFV
operators, provided that one runs in the quuT eigenbasis for the {qr}, and that CKM

mixing is retained in matching at myy.

3.4 LFV Yukawa couplings

In the SM, the Yukawa matrix of the charged leptons is the only basis-choosing interaction
in the leptonic sector — the gauge interactions are “universal”, that is, proportional to the
identity matrix in generation space, so the eigenvectors do not choose directions. In the real
world (not described by the SM), the neutrino mass matrix provides another eigenbasis, but
the magnitude of neutrino masses is so small that their direct GIM-suppressed contribution
to LFV is irrelevant (instead, they provide motivation to search for LEV).

LFV operators that are added to the Lagrangian below the weak scale are inevitably
written in the mass eigenstate basis of the charged leptons. Above the weak scale in
SMEFT, there are two possibilities: the mass eigenstate basis, or the Yukawa eigenstate
basis — which may be different in the presence of the operator O.p. The physics, of course,
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cannot depend on a basis choice, but the calculation may be more intuitive and simple in
somes bases than in others. So which is the best choice?

Suppose one thinks top-down; then at Axp, the New Physics model is matched to
the SM +operators. The obvious basis in this case for SMEFT is the D.-basis where the
lepton Yukawa matrix is diagonal: Y. = D, = diag{ye, ¥, y-}. This choice is motivated by
LFV being a NP effect, and ensures that the SMEFT RGEs, which describe SM dynamics,
cannot change the flavours of lepton legs.

However, when the Higgs gets a vev in the presence of the O, operator, the D, basis
may no longer be the mass eigenstate basis, due to additional off-diagonal contributions of
Oecp to the mass matrix. So a basis rotation during the matching at my would be required,
from the D, basis to the mass eigenstate basis in which the restrictive low-energy constraints
are expressed. Current constraints/sensitivities on the off-diagonal elements of O,z imply
that the angles of this rotation are small: estimating 6;; ~ Cz%v?’ / (A} pmax{m;,m;}) for
i # j gives

aﬁﬂ Or¢ S A, ee,uy g,ue S /\4 (36)
where ¢ € {e, u}.

If the New Physics scale is sufficiently high that only dimension six operators are
relevant, one might hope to neglect this rotation in matching, because the angles are
o« Cv?/A%p, so any effect on a NP operator would be O(1/A%p). (Below myy, there
are also contact interactions induces by the W, Z, h, which could becomes flavour-changing
under a basis rotation. However, the W and Z interactions are “universal”, so unconcerned
by basis rotations, and the higgs-mediated operators are suppressed by SM Yukawas, so
the dimension six flavour-changing operators induced by the rotation are unobservable.)
However, as previously discussed, LFV data can have sensitivity to operators suppressed
by O(1/A%p), and the mixing angles of eq. (3.6) are also enhanced by inverse Yukawas.
The power-counting rules suggest that flavour-diagonal coefficients at Axp ~ 4 TeV could
be rotated into 7 ¢ £ operators suppressed by A%, and into p <+ e suppressed by A®. This
is within current experimental sensitivities.

We advocate not making the transformation from the mass to Yukawa eigenstate basis
at myy. This is because the rotation is unknown, and the angles are insufficiently suppressed
(see eq. (3.6)). Instead, we remain in the mass eigenstate basis above the weak scale; this
is consistent with our bottom-up perspective, because it is the basis where the constraints
apply. The lepton Yukawa matrix can be off-diagonal in this basis(see eq. (2.9)), but the
off-diagonals ~ 6;;y; are much smaller than the 6;;s of eq. (3.6) because they are suppressed
also by small lepton Yukawas. The powercounting suggests that they can be neglected in
the RGEs, for instance

v, log 2 < \15
e Ton2 AT, ¥
So in practise, we work in the mass eigenstate basis at all scales, but treat the lepton
Yukawa matrix as diagonal in the RGEs of SMEFT. The inconvenience of this choice is
that in matching a model onto the operators, one must identify the low energy lepton mass
eigenstate basis in the model, and obtain operator coefficients in that basis.
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3.5 LFV with 7s

This section briefly discusses the ingredients required for a “leading order” SMEFT study
of LFV involving Ts.

For the majority of 7 LFV processes listed in table 3 there is sensitivity to Wilson
coefficients that are > A°. Since a loop costs a factor A2, loop effects in the 7 sector could
be relevant for (v?/A%p) > A3, but this implies a New Physics scale within the LHC reach.

In the case of the more sensitive 7 — e(u)y searches, the corresponding diagrams
can be power counted as for yu — ey, replacing the muon leg with a tau leg. Since the
constraints concern dipole coefficients defined with a built-in yukawa of the heavier lepton,
we encounter two possibilities in the diagrams:

o either one Higgs leg is attached to the decaying lepton line and the power counting
estimate is the same,

e or no Higgs-heavy lepton vertex is present and the diagrams are suppressed by a
factor y,/y- = 2)\? with respect to the corresponding p — ey one.

In both cases, given the lesser sensitivity in the 7 sector, we can conclude that any approx-
imation that we justify through power counting for u-s is also valid for 7 LFV processes.

As a result, two-loop anomalous dimensions should be irrelevant in 7 <> ¢ processes,
due to the estimated suppression ~ A% of two-loop diagrams. This should remain true even
in the case of 7 — e(u)7y.

Furthermore, the requirement of eq. (3.1) on 8-dimensional operator coefficients for
Anp 2 4 TeV

B < A8

is sufficient to argue that any 7 LF'V observable is not sensitive to dimension eight operators.

4 Summary

Effective Field Theory can be envisaged from a bottom-up or top-down perspective. In
bottom-up EFT for Lepton Flavour Change(LFV), the aim is to map experimental con-
straints onto the correct sum of operator coeflicients at the New Physics scale Axp, in order
to identify the area in coefficient space where BSM models must sit. From a top-down per-
spective, one can map a LFV model onto operator coefficients at Axp, calculate observables
using EFT, and this should correctly reproduce model predictions to within a calculable
uncertainty. In both perspectives, the EFT calculation must include correctly every oper-
ator coefficient that could contribute to an observable, irrespective of its dimension or of
the order in the loop or coupling expansions.

To ensure that we use SMEFT correctly for describing LFV, we introduced a power-
counting scheme, that allows to organise all the SMEFT perturbative expansions — in
loops, couplings, mixing angles and the ratio of the weak scale to the New Physics v/Axp
— in terms of a small “Cabibbo-Wolfenstein-like” parameter A ~ 0.2. This power-counting
scheme is described in section 2.2, and summarised in table 2. The future reach of various
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experiments can be expressed in powers of A (see table 3) — so for instance, the upcoming
MEGII experiment searching for ;1 — e~y could probe dipole coefficients up to O(A2). Then
one can draw diagrams, arising at various orders in the different perturbative expansions,
and do two things; first, compare different contributions of an operator to an observable,
to identify the leading one, (see eg section 2.3 and 3.2). And secondly, one can determine
which operators can affect which observables by comparing the power-counting estimates
to the future experimental sensitivity. Some examples are given in section 2.3.

For LFV operators, the SMEFT expansion in operator dimension can be written as an
expansion in v?/ A%IP, where the New Physics scale Axp plays two roles in our manuscript.
On one hand, it is the unknown mass of the lightest lepton flavour changing new particle (see
the Lagrangian of eq. (2.1)), which we take “beyond the reach of the LHC”: Axp = 4 TeV
(so v2/A%p < O(NY) in the powercounting scheme). However, since Axp is unknown, we
simultaneously count the order of an operators contribution by the scale it could probe
with a coefficient of O(1/AZ%,).

In the SMEFT, there are already many operators at dimension six, and their RGEs
are only known at one-loop. So in section 3, we use the powercounting scheme to explore
whether dimension six operators and one-loop RGEs are sufficient to describe LFV at the
sensitivity of experiments under construction. Section 3.2 suggests that some two-loop
anomalous dimensions are required for p <> e flavour change, when Axp < 20 TeV. The
calculation of these anomalous dimensions is in progress [51].

Section 3.1 finds that upcoming p <> e data can be sensitive to dimension eight SMEFT
operators, about four dozen of them for Axp 2 4 TeV, but none at scales Axp = 100 TeV.
The relevant dimension eight operators match onto three-or four-point interactions below
the weak scale, and can be divided into two sets: those which are the lowest-dimension
SMEFT operator inducing a given contact interaction below my, and a second set that
induces low-energy contact interactions already present at dimension six. The scale Axp
up to which the operators can be relevant is given in tables 5 and 6. These dimension eight
operators are listed in appendix A, and are included in the matching onto operators below
my in appendix B.

The power counting scheme can also be used to simplify and streamline calculations
with the existing SMEFT operators and RGEs, for instance by neglecting flavour-changing
SM interactions. We perform two such exercises; section 3.3 checks that CKM mixing can
be neglected in the RGEs for LFV operators, provided that it is included in matching,
and that the SMEFT RGEs run in the Y, Y, eigenbasis for the {qr}. Section 3.4 explores
the case where operators of the form C¥(HTH)"(;He;, with i # j, are allowed to con-
tribute to the charged lepton mass matrix. This implies that in the charged lepton mass
eigenstate basis (where all experimental constraints are given), the charged lepton Yukawa
Y, has unknown off-diagonal elements. The power-counting suggests that if these flavour-
changing Yukawas are below current experimental sensitivities, they can be neglected in
the SMEFT RGEs.

In this manuscript, we estimated lower bounds on the scale Ayp, such that the pre-
dictions of lepton flavour changing New Physics models from beyond Ayp can be obtained
with the dimension six operators of SMEFT and their one-loop RGEs. These results could
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be used to motivate, or justify, SMEFT studies of LF'V. It could be interesting to perform
a similar study in the EFT with a “non-linear realisation” of the Higgs sector [52-55], and
also to perform a more systematic expansion to ensure that the leading terms are identified.
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A  Some LFV Operators of dimension eight

Section 3.1 showed that p <+ e processes can be sensitive to some SMEFT operators of
dimension eight, if these have O(1) coefficients at Axp 2 4 TeV. This appendix lists the
relevant operators, following the notation of [17].

The LFV operators given here are required to match onto low energy operators in-
volved in the processes of table 3, so derivative operators, and those involving more than
four particles at low energy, are neglected. In addition, operators of the form pu3, x di-
mension six, where p?% is the Higgs mass® term in the Lagrangian, are neglected because
in matching onto operators below myy, the potential minimisation condition relates 2,
to HTH. Furthermore, we restrict our list to operators that are p < e flavour changing
but flavour diagonal in the two other fermion legs, as the low energy observables constrain
operator with this flavour structure.

The four-fermion operators of dimension eight can be obtained by adding two Higgs
fields to dimension six four-fermion operators, or by multiplying two renormalizable La-
grangian terms. Dimension six operators can be multiplied by the singlet product (HTH),
but the Higgses can also contract with specific doublets; when the Higgs gets a vev, this
feature induces a low-energy operator involving only some SU(2) partners. For instance,

the dimension eight operator
(Zaff’ypfﬁﬂg) @"q) = Wa,vp)(WyPu + dyPd).

This operator induces “Non-Standard neutrino Interactions” [46], which can be searched for
at neutrino experiments, without inducing tree-level flavour-change among charged leptons.
Exploiting SU(2) identities, these operators can be expressed as linear combinations of
dim6x (HTH) and the following operator

(Cayls) @y q)(H T H).

Adopting the convention of [17], we retain the triplet contractions in the operator basis.
Since we are interested in the contribution of dimension eight operators to LF'V observables,
we organize the operator list according to whether a dimension six version exists or does
not exist.

We display operators with “standard” flavour indices and we don’t include the permu-
tations that will be matched to the same low energy interaction, as discussed in appendix B.
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A.1 Dimension eight not present at dimension six

A.1.1 Four-fermion

SU(2) invariance and its chiral nature forbid SMEFT dimension six counterparts of some
four-fermion contact interaction of the QCD*QED invariant Lagrangian, forcing their ap-
pearance at dimension eight. In the case of four-fermion operators with four-lepton legs
these are the tensor operators

O(L‘é)g‘;% = (ieHJaﬁeu)(ZkHJQgek)
where k € {e, u, 7}. They can be related to the scalars O(Li)gfIZQ = (l;He;)(lxHe;) of the
basis [17] thanks to the following Fierz identity

Ottt = ~sOf, 100t
Given that the tensors mix with the dipole, we retain both operators in the matching
conditions of appendix B, keeping in mind that we can remove the redundancy by means
of the above identity.
For four-fermion interaction involving two-lepton and two-quark legs, the dimension
eight operators that do not arise at dimension six are

O b = (LeHey) (G Hdy) — OSYbN . = (Lo He,)(Gnoas Han)

5)eunn Vi — 7
(’)(Lgé‘UHQ = (feHeM)(unHan).

where n is a quark generation index. In this case, the scalar and tensor operator for
down-type quarks are independent and cannot be related by means of Fierz identities.

A.1.2 Two-lepton operators

Two-lepton and two-gauge boson operators firstly appear at dimension eight

Ok, = (L.He,)GA,GAP OP)ek, = (L.He,)GA,GAP
O pvary = (LHe,)WisWw!e? O oy = (beHe)WlgW 1P
OLEB2H (CeHe ) aﬂBa'B OLEBQH (C.He ) aBB s
O(LEWBH = (et )Baﬁwl OS;EWBH = (¢er'He,)B apW !

and provide the leading order matching contribution to the dimension seven two-
photon Oppy = (ePyp) aﬁF OFFY = (éPy,u)FagFaﬁ and two-gluon Oggy =
(éPy,u)GéﬁGAaB, Ocey = (ePy,u)Gé GA*# operators of the low energy Lagrangian,
whose coefficients are constrained by searches of ;i — e conversion in nuclei.
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A.2 Dimension eight operators present at dimension six

A.2.1 Four-fermion

The four-fermion operators with four lepton legs that also appear at dimension six are

OWEE — (0r0,) (Dryalys) (HTH) ORI — (LA 0,) (G valy,) (H T H)
Ol — (0, Ervack) (HTH) — OZUE — (7.71720,) Eryaer) (HI T H)

ng;k;z = (667a€u) (ék'Yaek’)(HTH)a

where k = e, i, T
In addition, the four-fermion operators containing two-lepton and two-quark legs are:

O = 0y 0,) (@nvaan) (HH) O = €Ty 0,) (GnYatn) (H T H)

O = (LT 4 0,) (Gn o) (HT H) O = (L’ 0,) (@ yugn) (H 7T H)

Ol = ”Kw ) (@ ) (H T H)  OL = (06, () (HTH)
O = (L0, (Tgyaur) (H 7 H) O, = (0ey°0y) (diyady) (HH)
O = (Lo y*0,) (dnryadly) (H' 7T H) Opdait, = (€7 ) (@ agn) (HH)
SQ;%’?Qz(é o eu)( T Yatn) (H 7" H) Oyt 2 = (€ €p) (tnYatun) (HTH)
O 12 = ey ep) (dnYadn) (HTH) Ot o = (Leen) (dnan) (H'H)

O s = (lee,) ! (dngn) (7 H) O b = (Lee ) (Grun) (HTH)

O hbis = (lee >r Le(Gnun)(H'r' H) O bt s = (Leo™P e,)e(Gnoapun) (HH)

O s = (Lo ;)1 e(@n0aun) (H 7 H)

where n = 1,2, 3 runs over the quark generation space.

A.2.2 Two-lepton operators

Two-lepton operators include the eight dimensional dipoles

o\er o = (Cer' HoPe, )W/ (H H)
Okt = (L.HoPe, )W, (HI T H)

LEWH3 — \"
OLEBH?’ = (t;Ho® ej)BaB(HTH)

and the following operators

Dep  _ 17 TH t
O = i(ley*l,)(H'D H)(H'H)

L2H'D
_ © o
Ot = i(ler’y ) (H'DLH)(HH) + (H' D H)(H'7 H)]
e
O rap = i€y e,)(H' Do H)(H'H) O s = (l.He,)(HTH)?,
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where
<~
iH'D,H =iH'(D,H) —i(D,H)H
A4
iH'D!H = iH'r!(D,H) — i(D,H")r"H.

Following Electroweak Spontaneous Symmetry Breaking, the second set of operators are
matched onto four fermion contact interactions at low energy, after integrating out the

heavy Z, h bosons at myy.

B Tree matching at my with LFV operators to dimension eight

This section presents the tree level matching conditions at my, of u < e flavour-changing
SMEFT operators, including the dimension eight operators listed in the previous section,
but neglecting double-insertions of dimension six operators. The operator basis below myy
is given in the notation of [10, 56].

B.1 Dipoles and two-photon(gluon)

Below myy, there are the dipole operators of two chiralities, and operators with two photons
or two gluons. Above myy, there is a dimension six dipole operator for hypercharge, and
another one for SU(2).

Since the photon is the combination A, = cos Oy B, + sin HWW;Z’ = cwB, + SWW/f’,
the low energy dipole coefficient (on the left) is matched onto the dimension six and eight
SMEFT dipoles (on the right) as

2

2
ot ey <cw b0 o ) aw lcw U (e o ]
D,R EB T AL, LEBH EW T AT ( LEW H3(1) LEWH (2))

2 2

Cpp=cw <C§%* + Zmlf)\le:ngBH?’) —sw [C]’ﬁ/ + yujj\%\lp (ngWH3(1) + CZ?WH%Q))]

where the — sign is due to the 73 matrix. In addition, since matching “at tree level” mean
tree-level in the low-energy theory, loop diagrams in the theory above myy composed of
heavy particles can be included. We follow [56] (see [57] for a more recent calculation),
and retain the two-loop Barr-Zee diagrams, in which a Higgs leg connect a W or ¢ loop
with the neutral Higgs flavour changing vertex of eq. (2.6), and the one loop Z—exchange
diagram where one Z vertex is flavour changing. The former give the matching condition

ACH ) = ~Ciome) | e (@t - )] = o) [ 55| )
while the latter give
ACH (mw) = =95 Cip(mw)
ACH r(mw) = o505 (Chfy ) (mw) + Cify o) (mw)) (B.2)
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where g7, g% are defined in the Feynman rule for Z couplings to leptons —i% o (95 Pr +
9% Pr) as g% = 2%, and g§ = —1 + 253,
For the two-photon and two-gluon operators the matching conditions are

Crrr = ﬁ ( WCLEBZH( 1) SWCWCE%WBH(U + SIQ/VCZ%W2H(1)) (B.3)
CrrL = ALNP CTQ/VCgeE*BZH(l) - SWCWCZGE*WBH(I) + S%A/CS?WZH(1)> (B.4)
Crrp = ALNP ( Crepeme) — SWowCrpwpme + S%VCZ%WH(Q)) (B.5)
Crpr = ﬁ ( Clpper( — WewClEwpne + 5wl W2H(2)) (B.6)
Cdor = ANP 1 Cleeenny  Caor = AUPCZ?GQH(D (B.7)
CCEJMG,R = ALI\H)CJGLHE@H(?) CZ’MC?,L = ANp = Clece ) (B.8)

B.2 Four-Lepton

SMEFT operators with four-fermion legs are matched onto four-fermion contact interac-
tions in the low-energy effective theory as Electroweak symmetry is spontaneously broken
and the Higgs doublet is replaced by its vacuum expectation value. In addition, given that
the interesting LFV operators are u <+ e flavour changing but otherwise flavour diagonal,
two-lepton i <> e operators can be connected to a renormalizable vertex exchanging an
h or a Z, generating an effective four-fermion interaction when the heavy SM bosons are
integrated out at the Electroweak scale.

As discussed in the text, a flavour changing vertex with the A Higgs boson appears as
the SMEFT operators Ogpg and Opggs contribute to the leptons mass

02 ot
[me]ij —0 ([ ] CEHA2 C’LEH5 A4 ) , (B.9)

so that in the charged leptons mass basis the Yukawa coupling is off-diagonal

h _; » v? vt
75° Pre’ <[ Ye]? —3CEy 1o Az = 5C s i AL )

. .2 1)4 (B.10)
and the LFV Feynman rule with the neutral Higgs reads
y o 2 vl
_ z\/éeZPReJ (CEJHAIQ\I + 2CLEH5 A4 ) (B.ll)

In SMEFT there are more distinct flavour structures which are matched into the same low

o s (’)i{e“ (’)f nef (’)z];f ¥ all match onto the below-

energy operators: for example and

mw LFV operator O}/ /7. In the following, we suppress these permutations for brevity,

and write

epff _ (enff
Clow energy ~ ~SMEFT + perm.
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to indicate that these different flavour structures are to be summed on the right side of the
matching conditions. These are:

2

Citan = City’ + Citugh + Az, (Celiéfp 062H4DgR) + perm. (B.12)
24 00
CVir = Clp + (Chrs +Chra)9r
2
ot + et + (co 20k
+A2NP [ L2E2H2(1) L2E2H2(2) L2H4D(1) L2H4D(2) IR
00 744 124 144
CoMl = e g Ot gt + A2 [CL;ng(l) Uty 12y + C 2H4DgL} (B.13)
174 00
C\e/lfLL = O +(Cyp 3T CHL 9L
2
v eull eull eu
+ATNP |:CL4H2( 1) + CL4H2( 2) + (CL2H4D(1) + CL2H4D( )) gﬂ + perm.
mCv | v° epll meC 50
Cdpn = - Cla gz — 2——5— | + perm. (B.14)
RR m}QL AIQ\TP L2E2H2(3) m,%
m,CH v v msCH v
Cg#g; — _2C7uef . TYEH 2 07'12167'2 ) CT;;@‘I; ) 49 LEH
' m,% AIZ\IP_(LEH() EH(Z)) m% ]
(B.15)
m,CHe v v [ m,CH ]
Cglgz — _QCeTT,LL TYEH” _ 2 Ceg‘r% ) + CEQT% ) +2 LEH
: mi% A2NP i ( L2E2H2(1) LEH(Z)) m% |
(B.16)
OHexy, 02 mecue* v
Ce,uff _ Tl ey C,LL@M* _2¢ ‘ B.17
S,LL m? AZ, L2E2H2(3) m2 + perm ( )
EUTT 1)2 euTT
Crrr = AZ, L2E2H2(4) (B.18)
CHEE = T Cli (5.19)

where ¢ € {e, u, 7}. We see that lepton tensors are matched at tree level only at dimension
eight, and also that dimension eight operators could be significant for LL or RR scalars,
where the dimension six contribution is Yukawa-suppressed.

B.3 Two-lepton two-quark

Given that the low energy constraints are expressed in the quark mass eigenstate basis, in
the “bottom up” approach adopted here, the CKM matrix will act on SMEFT operator
coefficients in the matching conditions. As we work in the uy—basis, a CKM weighted sum
will appear in matching dj, operators.(The CKM matrix is here written as V, rather than
the previously used Vogar.)
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Tree-level matching SMEFT dimension six and eight coefficients (on the right) onto
low energy coeffic ients (on the left) results in:

Cifyn = Oty = Oty + 94 (it + Citaa)

)~ Croe) HL()
v? eunn epunn eunn eunn
Az (O ey + Clbtsmn e — Crbopmas) — s

+ ( Z’émm) + 2ngH4D(2)) 9%}
epdndn « ik ik
=y VinVin(Cr50y + Crioe) + g%(CgLL(l) +Clrres)
jk

v? eujk ik ik ik
* 1 ] e €L
Az [Z VinVin (Clitreqy + Clieancy) + Clean sy + Cibtgera(a))
ik

Cep,unun _ Ceunn + u Ceu U2 Ce/mm Cep, u B.21
RR - EU gR HE + A2NP ( FE2U2H?2 + E2H4DgR) ( . )

2
dpndy v
O™ = CP5" + ghCif + 52— (Coibome + Ciprapse) (B.22)
NP

Cor™" = Coy" + 9r(Chray + Crines)
2

v
+A2NP [ng?fgm(l) + CZ’Q‘Z’%H@ + (ngH4D(1) + 20?22*{417(2)) 91;%} (B.23)
dndn d
CTR =Clp" + QR(CZ{”L(U + C?L(g))
2
v
+A2NP {02%2112(1) + Clap2pag) + (CZI;H‘lD(l) + QCZI;H4D(2)) gﬁi%} (B.24)
2
v
CHimn = CPO™ + gt CH'y + e (ot 1y — Ciasioy + Cobsyrapot] (B.25)
dndp * ik
CRE™™ = Y VinVinCis™ + 91C3x
ik
LZ Ve vE (O etk ceH d (B.26
+A2NP Z inVkn ( E2Q2(1) + EQQQ(Z)) + E2H4D9L . )
jk
2
nlUn * My, v * v * * My, vV *
Cgs™ = -CHE - 08 - o (1B + Ol + 72O
(B.27)
2
dndn _ mdnv * v * 1Tk mdn'U *
Csri™ =~ m2 Cpn + AZ, (Z VinCriopmz@) ~ 2 m2 Clﬁ%gs) (B.28)
J
2
eptn Uy eunn My, U ~ep v eunn eunn My, U ~ep
CS,RR — TYLEQU — T}%CEH - ATNP (CLEQUH2(1) + CLEQUH?(Q) + 27n%CLEH5>
(B.29)

— 96 —



2
dndn __ Md, U : oMy
Csri " = m? T A2, Z‘Gnci%am(s) T — 5= Cllpms (B.30)
J

2
m v m
eptnUn __ un pex un U ~pex _ ypenmk
Corr " = m? Cen AZp ( 2 Clens LEQUH2(5)) (B.31)

eudnd >k en, mdn ex
Cslfoz "= Zvyn L%D]Q C“

2

* j md ex
Vin cHend Gl L o nomex
AQNP ; ( LEQDH?(1) LEQDH (2)) m% LEH
2
copmen — _MunBoen 0 (olunboen —_ gennn B.32
S,RL m? AZp m? LEHS LEQUH?2(5) ( )
dndn * j mdn,U
R = Vil ~ " i
h
eun] eunj mdn’U
Z ( LEQDH?(1) T CLEQDH2(2)) m2 —5Cllpms
OeHunun _ _ rykpenn v? (Cuenn* + Cpennx ) (B 33)
T,LL - T YT,LEQU — ATNP LEQUH?2(3) LEQUH?(4) :
Ctunun _ _ ~epnn v? oernn oernn (B 34)
T,RR — ~ ~YT,LEQU — A2P ( LEQUH?2(3) + LEQUH?(4) :
udndn eujn
Crri" = AQ ZVJ"CLEQDHQ(5) (B.35)
NP 4
Ceudndn _ Z Hej”* (B 36)
T.LL A2 LEQDHQ(S) ’
NP

J
where V' is the CKM matrix, u, € {u,c}, d,, € {d, s,b}, and
4 4 2 2
gi=1-3sty,  gh=—3sv, gi=-l+gsy,  gR=gsh (B.37)

As anticipated, the low energy LFV tensors involving d—type quarks are matched at tree
level onto the SMEFT eight dimensional tensors. Dimension eight operators could also
be relevant for LL, RR scalars with d quarks and RL, LR scalars with u quarks, as the
dimension six contributions are suppressed by Yukawa couplings.

Open Access. This article is distributed under the terms of the Creative Commons
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any medium, provided the original author(s) and source are credited.
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