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ABSTRACT: We study the infrared (IR) structure of SU(NN) x U(1) (QCD x QED) gauge
theory with ny quarks and n; leptons within the framework of perturbation theory. In
particular, we unravel the IR structure of the form factors and inclusive real emission cross
sections that contribute to inclusive production of color neutral states, such as a pair of
leptons or single W/Z in Drell-Yan processes and a Higgs boson in bottom quark anni-
hilation, in Large Hadron Collider (LHC) in the threshold limit. Explicit computation
of the relevant form factors to third order and the use of Sudakov’s K + G equation in
SU(N) xU(1) gauge theory demonstrate the universality of the cusp anomalous dimensions
(Ar,I = q,b). The abelianization rules that relate A; of SU(NV) with those from U(1) and
SU(N) x U(1) can be used to predict the soft distribution that results from the soft gluon
emission subprocesses in the threshold limit. Using the latter and the third order form
factors, we can obtain the collinear anomalous dimensions (B ) and the renormalisation
constant Zj to third order in perturbation theory. The form factors, the process indepen-
dent soft distribution functions can be used to predict fixed and resummed inclusive cross
sections to third order in couplings and in leading logarithmic approximation respectively.
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1 Introduction

Precision studies at the Large Hadron Collider (LHC) is one of the thrust areas in particle
physics. LHC has enormous potential [1] to unravel the details of the standard model (SM)
and also to discover new physics. This is possible due to large center of mass energy and
high design luminosity options [2]. The discovery of the Higgs boson [3, 4] at the LHC and
the on-going studies to understand the nature of the Higgs bosons and its couplings to the

other SM particles provide opportunities to probe the SM in great detail [5]. In addition,



both ATLAS and CMS collaborations have been engaged in plenty of high precision mea-
surements of variety of observables in the scattering reactions. These include measurement
of production cross sections of lepton pairs and vector bosons in Drell-Yan process, pair of
top quarks, Higgs bosons, jets etc. These can be used to constrain parameters of beyond
the SM (BSM) as well. In general, theoretical predictions based on precise computations
within the SM scenarios can be compared against the data from various observables to look
for tiny deviations that could hint for BSM. For example, the mass of the W boson at the
lowest order in electroweak theory can be predicted in terms of mass of the Z boson, fine
structure and Fermi constants. Radiative corrections from the SM alter the predictions
and are sensitive to parameters of the SM as well as heavy states from BSM. While leading
order process is often electroweak, radiative corrections from quantum chromodynamics
(QCD) dominate over those from the electroweak (EW) theory and they improve the pre-
dictions significantly. Efforts are also underway to include higher order corrections from
EW theory. In addition, the predictions are found to be sensitive to parton distributions
of down type quarks which leave large theoretical uncertainties. Hence, the on-going pre-
cise measurements of W boson mass by ATLAS and CMS through Drell-Yan process are
absolutely necessary to confirm the consistency of the SM and also to set constraints on
the parameters of the BSMs. Similarly, understanding the physics of top quarks provide
opportunities to probe new physics. Observables related to top quark, being the heaviest
particle in the SM, are expected to be sensitive to new physics. Hence, dedicated studies
on the production cross sections of top quarks have been topic of interest ever since it was
discovered at the Tevtaron. For the top quarks, since the leading order process is through
strong interaction, there is a large theoretical uncertainty and hence higher order QCD
corrections have been consistently included to stabilize the theoretical predictions.

LHC being the hadron machine, QCD plays an important role in all these studies.
Often, the leading order predictions suffer large theoretical uncertaintities and hence, we
witnessed plethora of works that include higher order QCD corrections to most of the
observables that can be measured at the LHC. Needless to say that the state-of-the art
computations not only provided most precise theoretical predictions for the observables at
the collider experiments but also generated lot of interest among theorists to study the
universal structure of the perturbative series at high energies. Computations of the multi
loop and multi leg scattering amplitudes and cross sections in QCD provide laboratory to
unravel the underlying infrared dynamics in terms of universal anomalous dimensions.

The precision in the predictions from the dominant QCD corrections has reached the

level that requires inclusion of corrections from the electroweak sector as well. The fact that
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5) is comparable to fine structure constant

the square of the strong coupling constant («
a necessitates the inclusion of effects from quantum electrodynamics (QED). In addition,
electroweak logarithms in the Sudakov regions need to be included for a consistent predic-
tion at the LHC. In [6-8], predictions for the di-jet productions are improved by including
electroweak corrections. One finds that the third order QCD effects for the inclusive pro-
duction rate for the Higgs bosons at the LHC are comparable to those from the electroweak
sector. Also, EW corrections play an important role in the W mass measurements through

DY process. While there are already several important works in this direction, there is a



surge of efforts now towards estimating these corrections for the scattering processes at the
LHC. Note that the next to leading order electro weak corrections to Drell-Yan process
was computed in [9-13]. Similarly, for the Higgs boson production, the dominant two loop
effects from EW sector [14] plays important role in the theoretical predictions.

Unlike QCD, electroweak sector contains several heavy particles which can make the
computations technically challenging. The loop integrals as well as the phase space integrals
involve massive particles making them hard to evaluate. However, the subset of radiative
corrections from QED resemble those of QCD if lepton masses are set equal to zero, an
approximation valid at high energies where the quarks are treated light in most of the
perturbative QCD computations.

At hadron colliders, EW corrections affect the evolution of parton distribution func-
tions as well as parton level cross sections. In [15, 16], O(asa) as well as O(a?) corrections
to the splitting function that govern the evolution of PDFs were obtained using the algo-
rithm called abelianization which is incorporated in the determination of precise photon
distributions in the proton within the LUXqed approach [17-19]. For the Drell-Yan process,
there have been continuous effort to obtain NNLO EW corrections as NLO EW correc-
tions for both charged [9-11] as well as neutral [12, 13] currents are known for a while. For
example, works towards NNLO EW corrections can be found in [20-22]. Mixed QCD and
EW/QED effects are known in the pole approximation [23, 24]. In [25, 26], master inte-
grals for double real as well as two virtual corrections relevant for two loop QCD-EW were
computed to obtain predictions for W production at NNLO level in QCD-EW couplings.
In [27], pure QED as well as QCD x QED corrections at O(a?) and O(asa) respectively for
Drell-Yan process were obtained using abelianization to study the phenomenological impor-
tance of QED effects at LHC energies. For earlier work on this can be found in [28]. NNLO
QED as well as QCDxQED corrections to Higgs production in bottom quark annihilation
were obtained [29] to estimate the impact of QED radiative corrections. More recently,
NNLO EW-QCD effects to single vector boson production were reported in [30, 31].

Thanks to a large number of perturbative results available in SU(N) gauge theory, its
IR structure is well understood in terms of universal anomalous dimensions (see [32-38]).
Recent results which point to the relevance of electroweak corrections to the LHC ob-
servables provide the opportunity to understand the underlying infrared structure of U(1)
gauge theory with massless fermions. The infrared structure of amplitudes with mixed
gauge groups at two loops was reported in [39]. In [15, 16, 27|, abelianizations provide a
useful tool to obtain NLO QED effects for the splitting functions of parton distribution
functions and NNLO QED corrections to inclusive cross section for the Drell-Yan process.
One finds that the abelianization can be used to relate ultraviolate and infrared anomalous
dimensions of QCD with those of QED. In [29], explicit computation of form factors of vec-
tor and scalar operators in QED and QCDxQED set up to second order in perturbation
theory demonstrates the usefulness of abelianization. In addition, the results on inclusive
cross sections for DY process, such as di-lepton or W/Z productions and also for Higgs pro-
duction in bottom quark annihilation support this procedure of abelianization up to NNLO
level in QED as well as in QCD xQED. Hence, it is tempting to apply the abelianization to
obtain results beyond two loops and also beyond NNLO level for QED and QCD xQED for



di-lepton or W/Z production in light quark annihilation and for the Higgs boson production
in bottom quark annihilation. In this paper, we perform this exercise at three loop level
in QED and QCDxQED to find out the scope of abelianization. In addition, the explicit
computations at three loop level provide valuable informations on the universality of cusp,
collinear and soft anomalous dimensions up to third order in couplings both in QED as
well as QCDxQED. We use Sudakov’s K plus G (K+4G) equation to study the infrared
structure of the three loop form factors and the validity of abelianization. We derive the
third order corrections in QED and QCD xQED to soft distribution function resulting from
those parton level subprocesses where at least one real soft gluon is present. Using these
form factors and the soft distribution functions and exploiting the universal property of the
inclusive Drell-Yan production, we obtain the infrared safe parton level soft plus virtual
contributions to third in QED and QCDxQED. We also derive the resummed threshold
enhanced contribution the inclusive DY production up to next to next to next to leading
logarithmic N3LL approximation. In the following, instead of restricting to SU(3) x U(1),
we study SU(N) x U(1) gauge theory where it is transperent to understand abelianisation
relations between SU(N) and U(1) gauge theories. Setting N = 3, one can easily obtain
the corresponding results in QCD x QED gauge theory. In addition, the IR structure of
the former goes through for QCD x QED straightforwardly. Hence, in the rest of the paper
we use QCD x QED interchangebly with SU(N) x U(1) without loss of generality.

2 Theoretical framework

We work with the gauge theory which is invariant under the gauge group SU(N) x U(1).
The gauge group SU(N) corresponds to QCD which describes the strong interaction while
U(1) (QED) describes the electromagnetic interaction. The Lagrangian of SU(N) x U(1)
is given as,

. | 1 1 2
£ = i (i Dly — méyy ) o = 1G, G = JFu = % (ovca) . 2.1)
Here ¢ is the gauge fixing parameter and * denotes the fermionic field in the fundamental
representation of the SU(N) group with & = 1,--- | N. The covariant derivative ij =
0Hdi5 — igs (Tc)ijG’é —ieA*d;;. The gluonic and photonic field strength tensors are given
respectively as,

Go, = 0,Gs — 9,GY + igs [ GLGS,
‘F/“’ = 8uAy — aVAH7

where the gluon gauge fields Gj, with @ = 1,--- | N 2 — 1 and the photon gauge fields
A, belong to the adjoint representation. We use the standard perturbation theory to
compute various quantities in this theory in powers of coupling constants defined by as =
g2/167% and a. = €%/167% where g, and e are strong and electromagnetic coupling constants
respectively. Since we are interested in quantities in the high energy limit, both the quarks
and leptons are treated massless throughout. We use dimensional regularisation to perform
higher order computations and MS to renormalise the fields and the couplings in this



theory. In dimensional regularisation the space time dimension is taken to be d = 4 4 €.
The field as well as coupling constant renormalisation constants contain poles in € in the
vicinity of d = 4 space time dimensions due to ultraviolet (UV) divergences. Higher
order radiative corrections are often sensitive to soft divergences due to massless gluons of
SU(N) and massless photons of U(1) and also to collinear divergences due to the presence
of (almost) massless quarks and leptons. These are called infrared (IR) divergences and
they also show up as poles in € in dimensional regularisation.

We begin with the renormalisation of the coupling constants when both the interactions
are simultaneously present. Let us denote the renormalisation constant Z, ,c = s,e for
the QCD and QED coupling constants respectively. Then the unrenormalised coupling
constants a.,c = s, e will be related to the renormalised ones through Z,_ as

- 2
a a
5. = 0(2“1[%) Za, (as(ih), ac(u) €) (2.2)
(1?) (k%)
where a. = {as,ac}. Here, Sc = exp[(yg —In4n) 5] is the phase-space factor in d-

dimensions, v = 0.5772... is the Euler-Mascheroni constant and p is an arbitrary mass
scale introduced to make as and @, dimensionless in d-dimensions and pg is the renormali-
sation scale. The fact that bare coupling constants a. is independent of the renormalisation
scale pg results in renormalisation group equations for the couplings a.(u%):

d €
Wiz 10 Za, = 5+ Ba(0s(0R), ac (i) - (2.3)
HR

In the perturbation theory with both the interactions active, the beta functions g, can be
expanded in powers of as as well as ae:

(0.9} o
Bas = Z ﬁijaé—ma‘éa Bae = Z Bz{jaé+2als : (2'4)
i,j=0 1,j=0
The explicit calculation of beta-function begins with renormalising the Lagrangian. This
involves renormalising fields, the Lagrangian. This involves renormalising fields, couplings,
masses and gauge-fixing parameter. Hence we redefine the fields as,

v=2,""0, Gi=2Gs., A,=2Au, (2.5)

and the parameters as,
gs = 4LgGr, €= Zeer, m=Zpmy, &= 23§, (2'6)

where the constants Zy, Z3, Z3, are called the fermion-field, gluon-field and photon-field
renormalisation constants while the constants Z,, Z. and Z,, are called the coupling-
constant and mass renormalisation constant respectively. All the renormalized fields,
masses and parameters are designated with an subscript r. Inserting all of these into the
Lagrangian and collecting all the terms involving 7, where 0Z = Z — 1 for any renormal-
isation constants, we get the counterterm Lagrangian. Now let us look at the counterterm



for the four-gluon vertex to compute the renormalisation constant Z,,. The leading order
starts at a? and hence the QED contributions to Z,, will always be proportional to a2. Sim-
ilarly for the QED B-function, the counterterm for the fermion-fermion-photon vertex is,

~ ey AL (2237 Ze — 1) = ety Al (Z1e — 1), (2.7)

which implies
Ze = Z1e/(Zan/ Z3r). (2.8)

The Ward identity, which is derived using the conservation of the electromagnetic current,
demands that Z;. = Z5 to all orders in perturbation theory. This in turn suggests that
Za, is fully determined by Z3, which starts at order a. and hence the QCD corrections to
Zq, will always be proportional to a.. Substituting eq. (2.4) in eq. (2.3) and solving for
the renormalisation constants Z,, up to third order, we obtain

2 23! 92 432
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£ 5 3e2 3e g2
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Za,E =1 + Qe /800 + Aelg 510 + aeag /800/2810 + 620 + GZ 7630 + /801
€ e 3e 3¢ € €
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We have used the symbol - -- to denote the missing higher order terms of the order aéaﬁ, 1+
j > 3 throughout. While, these constants are sufficient to obtain UV finite observables,
the UV divergences resulting from composite operators in the theory beyond leading order
require additional overall renormalisation constants. These constants are expanded in
power series expansions of both ag as well as a.. Similarly, if the fields of QCD and QED
couple to external fields, then the corresponding couplings are renormalised by separate
renormalisation constants. One such example that we need to study in the present paper
is Yukawa coupling that describes the coupling of a Higgs boson with the bottom quarks
in this theory. If we denote the bare Yukawa coupling by S\b, then the corresponding
renormalisation constant Zg relates this to the renormalised one A\ by

Z3 (as(uk), ac(pk),€) (2.10)

where a. = {as, ar}. The renormalisation constant Zf’\(as, ae) satisfies the renormalisation
group equation:
d

9
Hh oy 23 = 7+ wlas(uh), ac(uk) (2.11)
KR



whose solution in terms of the anomalous dimensions 'ylgi’j ) and Bij, 61’7. up to three loops is

found to be

1 1 1
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1 (20 ENOYNC 1) /_(0,1) 1 ,1)
+ < } { 5 (2057)% + 286007 + )+ aste 7o)
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Note that while the UV singularities factorize through Zﬁ’\, singularities from QCD and
QED mix from two loops onwards.

Having expanded the renormalisation constants of as,a. and A, in powers of as and
e, our next task is to determine the constants 3, 51/'3' that appear in Z,,,c = s,e as well

as 'yéi’j) up to three loops in QED and QCDxQED. The text book approach to this is
to compute relevant loop corrections to the truncated n-point off-shell Green’s functions
of the fermions and gauge fields in the regularised theory. Alternatively [40, 41], one can
determine them by studying the on-shell form factors of certain local/composite operators
in the theory. For example, computing the form factors of vector as well as scalar operators
made up of fermionic fields up to three loops in QCD xQED, and exploiting their universal
infrared structure using Sudakov’s K4+G equation, we demonstrate how we can obtain most
of these constants to the desired accuracy. In the process, we confirm some of the results
for these constants which are already known in the literature. For QCD, (;p and véi’o) are
known to five loops [42-45]. In the following, we elaborate on how we determine them and

also discuss the reliability of abelianization at three loop level.

3 Sudakov formalism

3.1 Form factors

In quantum field theory, form factor (FF) of a composite operator is defined by its matrix
element between on-shell states. Given a composite operator O(z), the form factor in the



Fourier space is found to be

Fo(q*)(2m)*6W (g +p1 — p2) = /d“yeiq'y(pzl(?(y) Ip1) - (3.1)
We restrict ourselves to two composite operators namely

O'(y) =P v(y),  Oy) = W)v(y). (3.2)

The corresponding form factors are denoted by Fj and Fy respectively. F, contributes to
di-lepton or W/Z production and Fj contributes to production of Higgs bosons in bottom
quark annihilation. In the eq. (3.1), ¢ is the fermion field and the states |p;),7 = 1,2 are on-
shell fermionic states with momenta p;. We begin with the bare form factors F 1(Q?, 12, €)
where I = ¢, b and the invariant scale is defined by Q? = (p; — p2)?. They are calculable in
perturbation theory in powers of as and a. using dimensional regularisation. Both QCD
as well as QED interactions are taken into account simultaneously. Beyond the leading
order in perturbation theory, the FFs contain both UV, soft and collinear divergences. UV
divergences are removed by coupling constants as well as overall renormalisation constant
namely Z,.,c = s,e and Zg’\ respectively. The soft divergences arise due to massless gauge
bosons and the collinear ones are due to massless fermions. Explicit computation of the
form factors shows that the IR singularities, resulting from QCD and QED interactions
factorize. In particular, they can be factored out using a universal IR counter term denoted
by Zrr(as, ae, Q, ,u%%) and hence we can write F in dimensional regularisation as

Fr(Q2 12, e) = Zir(Q%, 1%, 11, e) F{™(Q%, 1, i e) (3.3)

where Z;r contains all the IR poles while F If ™ is IR finite. In addition, both Frand F If in
can be made UV finite after appropriate UV renormalisation. Differentiating both sides
with respect to Q2, we obtain K+G equation for the form factors Fy as

Qs wbn @t = 3 (00 2 ) 6o (100, B B )] s

R

dQ

where
12
K ({ac}, )—2@2 Q 0 Zir( Q% 2% )

Q% 12
M 2 Afing~2 202
fac, ) = 202 0 M EL Q). (3.5)
( ‘ U%{ e dQ?

Following, [40, 41] we solve Sudakov K+G equation (eq. (3.4)) order by order in perturba-
tion theory.

The radiative corrections resulting from QCD and QED interactions can not be fac-
tored out independently. In other words, if we factorize IR singularities from the FFs,

/i can be written as a product of

neither the IR singular function Z;g nor the finite FF, F;
pure QCD and pure QED contributions. More specifically, there will be terms proportional

to alal, where i,j > 0, which will not allow factorization of QCD and QED contributions for



both Z;r and Flf ™ One finds that the constant K 7 will have IR poles in ¢ from pure QED
and pure QCD in every order in perturbation theory and in addition, from QCDxQED
starting from O(asa.). The constants Gs are IR finite and they get contributions from both
QCD as well as QED and they mix beyond leading order in perturbation theory. Since, the
IR singularities of FFs have dipole structure, K; will be independent of Q? while G s will be
finite in ¢ — 0 and also contain only logarithms in Q2. The fact that F; are renormalisation
group (RG) invariant implies the sum K + Gy is also RG invariant. This implies

2

d 1 _ o d o @ py —_4A 2
MRd 7 K1 {ac} = —MRFGI {ac}, =, —5.¢ ) = —Ar({ac(ur)}),  (3.6)
HR HR
where A are the cusp anomalous dimensions. Since the FFs are dependent on both the
couplings a, as well as ae, the A; also depend on them. The solutions to the above RG
equations for K can be obtained by expanding the cusp anomalous dimensions (Ay) in
powers of renormalized coupling constants as(u%) and ae(u%) as

Arfacid)h) = Y di(uh)ad (WA, AP =0, (3.7)
i,j=0

and K7 as

> (TR ) ) (0,0)
Kil(ocbae) = X aal(M5) SOV, KV =0, @38)

1,j=0

where Agi’o) and Ago’i) result from pure QCD and pure QED interactions respectively and
Agi’j),i,j > 0 from QCDxQED. The constants K}i’j) in eq. (3.8) can be obtained using
eq. (3.6) and RG equations for the couplings as and ae, in terms of the cusp anomalous
dimensions. They are listed in the appendix A . Since Girs depend on the finite part of the
FFs, they do not contain any IR singularities but depend only on Q? and hence we expand
them as

1

ZR )ZGA{ac(Q?)},Leﬁ/@; dQ Arl{ac(Nup)}), (3.9)

KR
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Gr (*{Gc}

R

where the first term results from the boundary condition on each Gj at u% = Q?. Again
expanding A; in powers of a5 and a. and using RG equations for QCD and QED couplings,

we obtain
1 9 (H—]) 2\ (i+4)% ..
O e e PR
i h

The next step is to integrate eq. (3.4) over Q? to obtain the solution to K+G equation for
Fy. For this, we substitute the solutions of K; and Gy in the right hand side of eq. (3.4)
along with the expansion for G(as(Q?), a.(Q?),1,¢) given by

Gr({a.(Q®)}, 1,¢) Z a: Q)G (e) . (3.11)



We thus obtain,
) Q2 (i+5)5 A(id)
In Fy = Ze@g( ) SUHI LY (e), (3.12)

£y =5 ( - ;451’”) + o (@),

200 = 5~ oAl + 13( AP+ 25100 + L5361
(A ot = )+ ().

240 = 55 (5ohal + 2 10A§°’”) + ;(— SAL — 231G - 2gieGi )

9 9
L (A2
5o (E).
4(0,3 1 8 19 1(0,1) 0,2) 01) , 4 9 01)
E%} = 54( ﬁ2A ) =3 ( 50014( + 50114( + ﬁzG )
1 (0,3) (0,1) (0,2) 1/ 03)
T ( - §A1 - gﬂ(,)lGI - gﬁ(’)oG[ s (Gz ) : (3.13)

Our next task is to compute the FFs to third order in the couplings of QCD, QED and
QCDxQED. The method of this computation is well documented in the literature [46, 47]
and applied to several of the form factors [48-50] in QCD. Following [46, 47|, we com-
puted Fyfor I = q,b up to third order in QCD,QED and QCDxQED. The form factors
F 7,1 = q,b thus obtained in the present paper up to three loop level are listed in the
appendix B. We use them to extract the cusp anomalous dimensions (Agi’j )) by comparing
them against eq. (3.13). From the one loop result for ﬁ%’o) we obtain {Ggl’o),Agl’o) (e)}
and from the result for /j;%’l) we get {Ggo’l), Ago’l)(z-:)}. Substituting these one loop results

for A; and G(e) along the two loop results for ﬁ%’o) and /3;91’2)

{Boo, G?’O) (), A?’O)} and {08, Ggoz) (), AgO’Q)} respectively. We continue this procedure
with three loop results of FF to determine {10, G(I3’O)( ), A AP 0)} and {8}, G (© 3)( ) A(IO’S)}.
From the QCD xQED two and three loops results for the FFs, we obtain {GI (5), Agl’l)}

in eq. (3.13), we obtain

~10 -



and {fo1, G§2’1)(5),A§2’1)}, {Blo> Ggl’Q) (5),A§1’2)} respectively. This way we can obtain all
the cusp anomalous dimensions, beta function coefficients and Gy(g)s up to three loops.
We find A((;’j) = Al(f’j) up to three loops in QCD,QED and QCD xQED demonstrating the
universal nature of these constants. However, we find that the constants G(¢)s depend on

the type of form factors. The constants Agi’o) are known till three loops in [51] and here in

appendix C we enlist the new ones Agl’Q), A?’l) along with the existing ones in [29]. The

Bs (see [52] for the leading order ones) are given by

11 4 4
Boo = ECA - §"fTF, Boo = _3<NZQZ+Z€Z2> , Por=—2 <Zeg —I—Ze?) )
q l q l
34 20
By = —4 (NZe;* + Z#) ;B = <3C',%1 - ?CAnfTF - 4CanTF) ,
q !

By = —4Ck (Nzeg +) e?) . (3.14)
q !

Here, C4 = N is the adjoint Casimir of SU(N) and the fundamental Casimir is Cp =
(N?2 —1)/2N, Tr = 1/2 and ny(n;) is the number of active quark flavors (leptons). The

electric charge of quark ¢ is denoted by e, while ¢; refers to the electric charge of the lepton /.
Our next task is to investigate the structure of the constants Ggw )(5) following the ob-
servation made in [53] for the Gy’o), I =gq,b,gin QCD, namely we expand Gy’] )(5) around

€ = 0 in terms of collinear (B}i’j )), soft (f I(i’j )) and UV (7}“ )) anomalous dimensions as

Gi ) = 2B =) + 1 + 3 kel (3.15)
k=0
with
9?,10 =0, 9?701 =0, 9(1),11 =0, 9(1),20 = —2ﬁ009}7107 9?702 = —25609},01 )

9?,30 = -2 (5109},10 + Boo (25009%,10 + 9},20)) ) 99,21 = —2ﬂ019},10 - 5009},11 )
g?,03 =-2 (5(’)19},01 + 5(’)0 (25609%,01 + 9}702)) ) g?,lz = —25109},01 - 3(’)09},11 . (3.16)

It was found in the context of QCD up to three loops and in QED and QCDxQED up
to two loops that the constants By, fr depend only on the type of external states, not on
the operator. In other words, the constants By(f,;) and By(fp) extracted from Fy, and Fy,
respectively were found to be the same and similarly Bys (fgs) extracted from Gf,,G**
and GZVC;’“”“ were also same (see [48, 54]). Hence, we expect that Btgi’j ) = Bl(f’j ) and
fq(i’j ) = fb(i’j ) in QED as well as in QCDxQED. However, the anomalous dimensions for
and v, will be different because they originate from the UV sector. Since O, is a conserved
operator, 7, is identically zero to all orders in both as and a. and this is not the case
for ~, which gets contribution from a4 as well as a. in the perturbative expansion. Using
the fact that B; and fr are operator independent and that v, = 0 to all orders, we can
obtain 73 up to three loops in QCD, QED and in QCD xQED by computing Gj(g) — G4(¢).

Thus we obtain 'yéi’o), 7}50,1) for i = 1,2, 3 from pure QCD , QED and %51,1)7%52,1) and 'yél’Q)
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from QCDxQED and they are listed in the appendix D. Substituting these anomalous
dimensions in eq. (2.12), we obtain Zﬁ’\ to third order in the couplings.

3.2 Soft distribution function

In the following, we show how we can determine collinear and soft anomalous dimensions
from the soft distribution function. Unlike A(Ii’j ), the other anomalous dimensions B}i’j ),
fI(” ) and 'y}i’j ) ('yéi’j ) is zero) can not be disentangled from Fq and F), alone. In order to
disentangle By’j ) and fl(i’j ), we study the partonic cross sections resulting from soft gluon
and soft photon emissions alone as they are sensitive to only fl(i’j ). The process inde-
pendent part of soft gluon/photon contributions in the real emission sub-processes can be
obtained following the method described in [40, 41], where it was demonstrated up to three
loops in QCD, the soft distribution function, denoted by ®;, for the inclusive cross section
for producing a colorless state can be computed using the FFs and partonic sub-process
cross sections involving real emissions of gluons. For the QED and QCD xQED we use the
respective FFs and the inclusive cross sections involving photons as well as gluons that con-
tribute in the soft limit. In the case of QCD, the soft distribution functions were found to be
dependent on cusp (Aj) and soft (f;) anomalous dimensions, where I = ¢, b, g. Up to three
loops in QCD, one finds ®, = &, = Cp/Ca®, [40, 41, 55],where ¢, was found in [56, 57].
This relation is expected to hold beteween quark and gluon soft distribution functions be-
cause they are defined by the expectation value of certain gauge invariant bi-local quark and
gluon operators computed between on-shell quark and gluons fields. The Wilson lines made
up of guage fields make these bi-local operators gauge invariant. (see [58-64]. Using the
partonic sub-processes of either DY process (643) or the Higgs boson production in bottom
quark annihilation (&,;) normalized by the square of the bare form factor Fq or Fb, we can
obtain ®;, i = ¢,b. ®;s are found to be functions of the scaling variable z = ¢%/s and ¢ is
invariant mass square of the lepton pair for the DY and ¢? = m% for the Higgs production.
Note that @? introduced in the form factors is related to g% by Q* = —¢%. We write,

C exp (2@[(z)> - ZUQH;Z)Z , I=q,b (3.17)
I I

where Z, = 1 for the O, as 7, = 0 and Z} can be obtained using eq. (2.12) in terms of %Si,j)

known up to three loops in QCD, QED and QCD xQED. The symbol C refers to “ordered
exponential” which has the following expansion:

Cel) =6(1-2) + 1S () + i (F O NE + (3.18)

Here ® denotes the Mellin convolution and f(z) is a distribution of the kind §(1 — z) and
D;. The plus distribution D; is defined as,

o In‘(1 - 2)
e (200) o

In [29], we computed UV finite 6,7 up to NNLO in QCD, QED and QCDxQED , the
two loop corrected bare FFs and the overall renormalisation constant Zf\ to obtain the
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soft distribution function ®; up to second order in a; from QCD, in a. from QED and
in asa. from QCDxQED. We found in [29] that the soft distribution functions extracted
from two different processes satisfy a remarkable relation, namely ®, = ®; up to second
order in both the couplings as and a. demonstrating the universality among QCD, QED
and QCDxQED results. It was found in [55] that this relation is valid up to three loops in
QCD. Hence, we propose that this relation continues to hold true up to three loops even in
QED and in QCDxQED. Our next task is to predict ®, (equivalently ®;) to third order
in QED and QCDxQED.

Following [40, 41, 55] we express the soft distribution function ®; in terms of cusp
(Ar) and soft (fr) anomalous dimensions order by order in perturbation theory. It was
also shown in [40, 41], that ®; satisfy Sudakov K+G equation analogous to FF owing to
universal IR structure of these quantities:

d 1[— 2 — @
7 _ p R G CR
d 2@ = 2|:KI<{GC},,LL27E,Z) +GI<{aC},FL%zy M27€72 Y (320)

where, K contains all the IR singularities and the IR finite part is denoted by G;. One
finds that the RG invariance of ®; leads to

d d
2 2 9
Hrga K1 =~y O = Ar({acup))o(1 = 2). (3.21)

From the explicit results [55] computed up to second order in QCD, QED and QCD xQED,
we had shown that the anomalous dimension A; are identical to the cusp anomalous di-
mension that appears in the form factors Fy confirming the universality of IR structure of
the underlying gauge theory(ies). In other words, A; are universal and they govern the
evolution of both K7, G and K, Gy.

Following the method described in [40, 41], we obtain

(+9s
O1({ac), i, 2) = Z<)) Vs (WEIN o g

where,

1
(1+7)e

B () = ISROEIGRIOIE (3:23)

To obtain @(Iij), we first expand Gj({ac(¢?)},1,¢,2) in terms of é?’j) (¢) and relate the
latter to ?f,” ) as

-\ €

Gr({ac(q™)}, 1,e,2) = Zaéaﬁ (;2>

0,

SEE @)
=3 i (@)al ()T e), (3.24)

where ¢2 = ¢%(1 — 2)? and the IR finite 6(}’”(5) can be expanded (following [40, 41]) as

G =~ + 3G (3.25)
k=0
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Up to third order, one finds

—(0 —(0 0 ~a
gg,%o =0, gg,gl =0, g] 1n= g] 20 = 250091 10+ g(l 32 —25tl)og§ ()Jl ;
G130 = —2B1091 10 500Q1,20 50091,10 ) g[ 03 = —2601G7101 — Boogf 02 — 485G 1 01 ;
(0 ~a ~(1

gg% —2[3’01957{0 - 50095,%1 ; g[ 12 = 251091,01 50091 11 - (3.26)

As already mentioned, ®; is known to third order in QCD and to second order in pure QED
and in mixed QCDxQED. To determine third order contribution to ®; in QED and in
mixed QCDxQED, we require the constants {f1(0,3)7 fI(l’Q), fl(z’l)} and {?f,?fz,?ﬁ?%l,?%g}.
They can be obtained by computing the N®LO contributions to Drell-Yan production taking
into account QED and QCDxQED effects. While this is beyond the scope of our present
work, we predict these constants from the corresponding ones in QCD using certain rela-
tions that relate QCD cusp anomalous dimension with the corresponding ones in QED and
QCDxQED. We find these relations owing to the fact that the cusp anomalous dimensions
in QCD, QED and QCDxQED can be extracted unambiguously from the form factors of
vector and scalar operators order by order in perturbation theory. Interestingly, in QCD
up to three loops, the cusp A?’O), the soft f I(i’o) and the constants E(Ik}] contain identical set
of color factors, namely at one loop, we have {Cr}, at two loops {CrCy4,CrTynys} and at
three loops {CpC%, CpCaTins, C3Tyny, CFT]?n?}. In other words, the soft distribution
function ®; in QCD demonstrate uniform color factor structure at every order in pertur-
bation theory. This is in contrast to the constants Ay, Br,~r and G that contribute to the
form factors, which contain different sets of color factors. Hence, a uniform and unambigu-
ous relations between QCD, QED and mixed QCD xQED do not exist for the latter ones.
Section 5 is devoted to study of these transformation rules in detail. Assuming that uniform
color and charge factor structure for ®; in pure QED and mixed QCD xQED holds true to
thlrd order we apply the relations that relate their cusp anomalous dimensions, to predict
f 7 ) Q 1.ij ) and hence the entire ® 1 to third order from the corresponding ones in QCD. This
can be validated only by explicit computation which is reserved for future publication. Now
that we have fq"j to third order, it is straightforward to obtain By (:3) in eq. (3.15) to the
same accuracy in QCD, QED and QCD x QED from the explicit results on Gy (09) as 'y( ) — 0.
Similarly, substituting f 59 and '715 ) in G( bJ) (eq. (3.15)) we can determine B( 2 up to
third order in QCD, QED and QCD xQED. We find Bc(li’j ) obtained from G((;’j ) is identical
to Béi’j) from Gl(f’j), namely Béi’j) = Blgi’j) up to third order in QCD,QED and QCD xQED.
The constants f; and By for the pure QCD case are known to three loops in [51, 65, 66] and
the new ones along with the pre-existing ones are enlisted in appendix E and F respectively .

4 Soft-virtual and resummed cross sections

The results obtained so far have two important phenomenological implications. Firstly
third order threshold predictions for DY (di-lepton or W/Z production) as well as for
Higgs boson production in bottom quark annihilation in QED and QCD xQED. Secondly,
the threshold enhanced resummed predictions in the N Mellin space .
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We begin with the threshold predictions for DY and Higgs boson productions. Denot-
ing the mass-factorised finite cross-section by A}gv and following [40, 41], we find

AV (1. Q% pig 1) = ZH () | F1(QV)P3(1 = 2) © ™D @ Typ(up) @ Tpp(ug) ,  (4.1)

where I'7; = T'j7 are Altarelli-Parisi (AP) kernels [67] that are required to remove the
initial state collinear singularities. The scale pp is called factorization scale at which
collinear singularities are removed from the partonic cross sections. In the above equation,
we drop all the regular terms after the convolutions are performed to obtain only threshold
contributions, often called soft plus virtual contributions (SV). In above equation for AV
the soft and collinear singularities arising from gluons/photons/fermions in the virtual sub-
processes are guaranteed to cancel against those from the real sub-processes when all the
degenerate states are summed up, thanks to the KLN theorem [68, 69]. The remaining
initial state collinear singularities are removed by mass factorization kernels, namely the
AP kernels which satisfy renormalisation group equations

M%CZZ%FH(%M%) = %PH(N%) Trr(ug), (42)
where Pry(z, u%) are AP splitting functions known upto three loop level in pure QCD [65,
66]. In [15, 16], these splitting functions up to NNLO level, both in QED and QCD xQED,
were obtained using the abelianization procedure. The splitting functions that we have
obtained [55] by demanding finite-ness of the mass factorised cross section, agreed with
those in [15]. One finds AP splitting functions can be expressed in terms of distribution
and regular functions as follows:

Ar({ac(pd)})
(1—2)+

Since we are interested only in threshold corrections to finite mass-factorised partonic cross-

Prr(z, py) = 2 ( + Br({ac(uh))} 6(1 — Z)) + Preg.11(2, 1) - (4.3)

section Ay, it is sufficient to drop P77 in Pr; when computing A7Y using eq. (4.1). Hence,
we need only Ay and By from Py to obtain I';;. Using Z7, FI, ®; and I';; to third order in
QCD,QED and QCDxQED, we can readily obtain Afv to third order. We expand A}qv as

. . SV, ~7*
AV (2, k) = > al(uh)al (W) ATV (2, % i 1) (4.4)
i,j=0
and present the results for Afv’(i’j) in the appendix H up to third order in QED and

QCDxQED for I = ¢,b. Up to two loops, our results for SV agree with those obtained ear-
lier [27, 29] and results at third order are our predictions using the factorisation properties
of the scattering cross section and the universal structure of the soft distribution function.

In the following we exploit these properties to systematically resum certain class of
logarithms to all orders in perturbation theory. In QCD, it is well known that threshold
logarithms of the kind D;(z) spoil the reliability of the fixed order perturbation theory
when z = ¢2/5 is closer to threshold namely z — 1. These logarithms originate from the
soft distribution functions after the cancellation of soft and collinear singularities against
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those from the FF and the AP (mass factorisation) kernels. These logarithms when convo-
luted with the appropriate parton distribution functions to compute the production cross
sections at the hadronic level, can enhance the cross section provided the latter also dom-
inates. In other words, the interplay between perturbative (threshold logarithms) and
non-perturbation (parton distribution functions) terms enhance the cross section at every
order in perturbation theory questioning the truncation of the perturbative series. The
resolution to this problem was provided in [58, 64] which proposed a systematic way of
reorganising the perturbative series through a procedure called threshold resummation.
Working in Mellin space parametrised by a complex variable N, one can resum the or-
der one terms of the form asf5yolog N or a.fB),log N to all orders in perturbation theory.
Following [40, 41], it is straightforward to obtain z space result that is required to obtain
resummed result in the Mellin space. In order to get the z space result, we write the soft
distribution function ®; as

q? 2
o = ( [ty 000,00 + 2 (%(qg),ae(qg)))

+

+ 3 alalsit <“§> T K¢ (e)

53 I 1—2z)4

o s
£ st () a0 - 2676, (45)
ig—1

where Dy is related to G given in eq. (3.24) through

Di (as(d2), ae(a2)) = 2Gr ({ac(4®)},1,€,2) |e=o- (4.6)

Up to third order, they are listed in the appendix G. The first term in the above expression
is finite as ¢ — 0 while the second and third terms contain singularities that cancel against
those from the AP kernels and the FF. Substituting Eq. (4.5) in Eq. (4.1), and taking a
Mellin transform, we obtain

1
) = [ ar AR ()

)

= Cro(¢®, g, p3) exp (Grn (@, g, 13)) (4.7)

where

1 2 2
Gry=[ a2 ( / T2 (009,008 + =D (as<c_z§>,ae<q§>)>+ (48)

where C7 o gets contributions from terms proportional to §(1 — z) in FF and the soft distri-
bution function. All the ug and pur dependent logarithms in Cjy come from renormalisation
constant and the AP kernels after the poles in € cancel against the form factors and soft
distribution functions. We have presented C7 in the appendix I for I = ¢, b.
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QCD (a?) | QCDxQED (aZa.) QCDxQED (a,a2) QED (a?)

C’% 301276% 3C’Fe}L e‘}
CaC2 CaCre? 0 0
CinsTr a CrngTpe? Cre? (NZe?I—i-Zel?) a e} <NZ€3+Z€ZQ>
q l q l

+b CfT. ( e2+ 62)
e Zq: I 21: : +b e%(NZefl—le:e?)
q

CpC? 0 0 0
CFC’AnfTF 0 0 0
2
Cpn?T2 0 0 &2 (Nzeg+zel2>
q l

Table 1. The index ¢ is summed over all the quark charges and index [ is summed over all the
lepton charges. Moreover index I = ¢,b corresponding to Drell-Yan pair production and Higgs
production in bottom quark annihilation.

5 Abelianisation procedure

In a series of works [15, 16, 27], the second order contributions to Altarelli-Parisi split-
ting functions and inclusive cross section for Drell-Yan production in QED and in mixed
QCDxQED were obtained from the existing QCD results using certain transformation
rules that relate color and charge factors for the relevant Feynman diagrams. These trans-
formation rules (also called as the Abelianisation rules) were found to hold true [29] for
the FF's of vector and scalar operators and the inclusive cross section for the production of
a Higgs boson in bottom quark annihilation. In addition, in [29], the infrared structure of
QED and mixed QCDxQED at NNLO level were studied thereby obtaining the same set of
transformation rules for the anamolous dimensions in QED as well as in QCD xQED from
the QCD ones. In the following, we discuss, in detail, the existence of such transformation
rules at the three loop level.

The explicit computation of FFs to third order shows that for the color factors C%,
C’%C’A, C’FC’124 and C’Fn%Tfp in pure QCD, there exists definite transformation rules that
relate FFs, A?V and anomalous dimensions of pure QED and mixed QCDxQED to pure
QCD at the third order. However for the color factor C’%n +Tr which arises from topologies
with single fermion loop, there is no one-to-one mapping from pure QCD to pure QED at
a? and to mixed QCD xQED at a2a. order. But interestingly, at asa? order there is again a
one-to-one correspondence with QCD color factors. We present a general set of such rules
obtained from the explicit calculation of FFs in table 1. The coefficients {a,b} against
the corresponding color factors depend on the contribution from relevant topologies and
are dependent on the FFs. Similar set of transformation rules were obtained for A*?V and
anomalous dimensions with different coefficients {a’,0’'}. However, strikingly for the cusp
anomalous dimension, we find that there exists a one-to-one mapping from pure QCD to
those of mixed QCD xQED and to pure QED for all the color factors. This happens because
the contributions from Cpn;Tre? and eF(N > eg + 37, €7) are absent in A?’l) and Ags’o)
respectively. Thus for the cusp anomalous dimension, the color factor C’%nfTF maps to
CrTr(N Y ez—i—zl: e?) in a?a. and to e? (N 634—21: e}) in a? as can be seen in appendix C.

q q
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Figure 1. An example of Feynman diagram which contributes to the color factors C3., C%eZ, Crej.

With these observations at hand it is possible to understand the reason behind the
transformation rules. We begin with the transformation rule for C’%. This color factor
arises from those diagrams where no fermion or gluon loops are present. In the below we
show some Feynman diagrams which leads to C’% color factor.

The numerical factor of three at a2a. order accounts for the number of ways a gluon
field can be replaced by a photon field in a pure QCD Feynman diagram. For instance at the
aae order, the factor of three against C%e? corresponds to the number of ways a gluon can
be replaced by a photon for a particular pure QCD diagram. Having found the reason we
anticipate that the transformation rule for C3. can be generalised for higher orders. For this,
let N1 denote the number of gluon fields in any pure QCD diagram, then the number of ways
Ny photon fields and N; — N» gluon fields can be arranged in any QCDxQED diagram is

|

O (5.1)
Next we discuss the color factor CiCF, which arises from diagrams involving three gluon
vertices. Such diagrams are absent in the mixed case as well as in pure QED case due
to the absence of self-interaction vertices. Similarly the color factor C’Fn?cTI% corresponds
to diagrams shown in table 2 and due to trace-less property of Gell-Mann matrices they
will be absent in mixed QCD xQED. Hence, for higher loop configurations, we can antic-
ipate that diagrams where the internal lines are connected only by gluon loops or only by
fermion loops will always be absent in the mixed case. But for the color factor C%n iTr,
the rules are not so definite and cannot be extended unambiguously to higher orders. This
is due to the fact that at the third order some of the topologies, which mainly come from
the single fermion loop configurations lack the aforementioned one-to-one mapping from
QCD to QED and to QCDxQED. In table 2 we show some of those configurations which
demonstrate the ambiguous transformations.

From the table we can see that the coefficient corresponding to color factor C’%n Tr
in QCD splits and gives rise to two different color-charge (charge) factor contributions in
QCDxQED (QED). This accounts for the fact that QCD is flavor blind whereas QED is
not and hence the above transformations.

Thus at higher orders, more of such loop configurations will open up which will lead
to ambiguous mapping from QCD to QED as well as to QCD xQED. Such one-to-many
mappings are observed even in case of UV (appendix D) and collinear anomalous dimensions
(appendix F) as well as for A7V (appendix H). But we find that the cusp anomalous
dimension is free from such ambiguity and it could be due to the fact that it contains the
soft gluon or photon contribution which is universal.
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b b b b
C%nfTF CFTF(zq:e?1+zl:€lz) CFei <N263+;612> e% <N263+;6?>
q q
b b b b
b b b b
(c%f CA;’F>nfTF CFTF(§e2+Ze?> o (N%:eg+21:e?) % (N§f’3+;<’?>
b b b b
b b b b
2 _ CuCr CrnsTre? 4 2 2
Ch— =4 )npr FrylFpey CFCi(NZGéJrZCl?) 6,)<N§eq+zel>
q [

m @
=
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- -
e
E

B
'
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Table 2. Flavour and charge distributions for some pure QCD, pure QED and QCD xQED loop
configurations. Color factors are obtained for the bb channel after conjugating with born amplitude
and taking the color average up to an overall % factor.
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In summary, we infer that the abelianisation procedure [27, 29] which succeeded in
giving definite color transformation rules at the two loop level without explicit calculation
fails at the three loop level. At two loop level in QCDxQED, the single fermion loop
diagrams do not contribute. Hence, taking the abelian limit of the pure QCD result is
straightforward. On the other hand, in the case of two loop QED, although the single
fermion loop diagrams contribute, still switching off diagrams involving three gluon ver-
tices was sufficient to reproduce pure QED results from pure QCD ones. But at three
loops, closed fermion loop configurations map to different charge-color factors in QED and
QCDxQED and hence taking abelian limit of the pure QCD FF results does not pro-
duce pure QED as well as QCDxQED results. So, the fact that the coefficients {a, b} for
QCDxQED and pure QED color factors can only be fixed by explicit calculation, limits
the use of abelianisation procedure beyond NNLO.

6 Summary and conclusions

In this paper, we have studied the infrared structure of a theory which is invariant under
SU(N) x U(1) (QCD x QED), containing n; number of quarks and n; number of leptons
with their respective anti-particles. We have treated all the quarks and leptons massless
throughout. We considered two inclusive reactions at hadron colliders, namely production
of a pair of leptons through quark anti-quark annihilation and production of a Higgs bo-
son in bottom quark annihilation as theoretical laboratories. We used the parton model
throughout. In the parton model, one factorises the hadron cross section into IR safe par-
tonic cross sections and parton distribution functions. The former ones being computable
order by order in perturbation theory, are expanded in double series expansion of the gauge
couplings as and a, of QCD and QED respectively to include radiative corrections. The
computation of these corrections beyond leading order in perturbation theory provides am-
ple opportunity to understand both UV and IR structures of the underlying gauge theory.
In our case, the computation of IR safe partonic cross sections can help to understand the
contributions from pure virtual and real Feynman diagrams and virtual-real diagrams both
from QCD and QED. While UV divergences go away after including appropriate renor-
malisation constants, we are left with soft and collinear divergences in virtual and real
subprocesses. In order to shed light on the IR structure, we have restricted ourselves to
the computation where only soft and virtual contributions to the partonic subprocess are
included in a IR safe way. In particular, we have computed those contributions that result
from threshold region alone. This is achieved by appropriately combining entire pure virtual
contributions with the soft part of the certain partonic subprocesses where at least one real
radiation is present and with the AP kernels computed in the threshold limit. Each part of
the computation involves careful study of its IR structure. The form factors are shown to
satisfy K+G equations up to third order in perturbation theory. The renormalisation group
invariance of the form factors can be used to obtain the universal cusp anomalous dimen-
sions Aj of the underlying theory in powers of both as and a. to third order. We find that
the abelianization relations hold among the coefficients Agi’j ) at various orders in couplings
irrespective of I. Assuming the universal structure of the single poles of the form factors, we
determined for the first time the renormalisation constant for the Yukawa coupling at third
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order both in pure QED and QCD xQED. Using the abelianization rules obtained from the
results of A}i’j), we have determined the constants fl(o’i),z' =1,2,3 and fl(l’l), fl(z’l), fl(l’Q) of
QED and QCD xQED. These are our predictions for f; in QED and QCD xQED up to third
order irrespective of I. From the knowledge of fI(i’j ) up to third order, we can determine the
corresponding By’j ) for QED and QCDxQED. Interestingly, we find that abelianization
rules that we obtained at third order for Agi’j ) do not work for B 1. Since we have explicitly
computed the form factors up to third order, it is easy to find that certain color factors of the
form factors at third order in QCD can come from different kinds of topologies while these
topologies in pure QED and QCDxQED cases can give different charge and color-charge
factors. In other words, there is no one to one mapping between color factors of form factors
in QCD and charge or charge-color factors in QED or QCD x QED. However, these topolo-
gies do not contribute to Ay allowing us to find consistent abelianization rules for them,
but the UV renormalisation constants and collinear anomalous dimensions By in QCD get
contributions from them. Hence, we fail to find consistent abelianization rules for them. In
summary, we have determined § function coefficients, cusp and soft anomalous dimensions
from the FFs computed to third order in QCD,QED and QCD xQED. We have predicted
the soft distribution function ®; by applying the abelianization rules on the corresponding
ones in QCD and extracted collinear anomalous dimension B from the explicit results of
the form factors. Using these ingredients, we have obtained the soft plus virtual cross sec-
tion to third order and resummed cross section to N3LL accuracy in QED and QCD x QED.
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A K}i’j )s in the form factor

The constants K}” ) in the form factor are given by,

K}l,O) _ é( _ 2A§1’0)) ’ K}o,l) _ é(_ 2A§0,1)) 7 K}l,l) _ é( _ A§1’1)> 7
= o)+ ). 8= o)+ (),
K§3’0) = 513< *ﬂooA o ) + ;(iﬁooA(ﬁ’O) + 2510A§170)> + i( - ;A?’O)) ;

K = 5 (580040 + 350000 ) + (- 240),

K}Z,l) _ ;(;1/30014 (L1 35 A 10)) +i<_ ;A?’l)) 7

K = 513(— ~BEACY ) + ;(iﬂaoASO’” - §ﬁ61A§°’1)> + i(— §A§°’3)) . (A
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B Form factor

The unrenormalized form factor (F 7) can be written as follows in the perturbative expan-
sion of unrenormalized strong coupling constant (@s) and unrenormalized fine structure
constant (a.)
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q l

I = q,b denotes the Drell-Yan pair production and the Higgs boson production in bottom

N2 —4 2 %
+Cpn3TEF3 5+ CrNpy (> f:,,{ﬁ} +a2a, <§2> S3 [301%6%??{,0 +CrpCaciFs,

quark annihilation, respectively. Here, Ngy corresponds to the charge weighted sum of
the quark flavors [47]. The Coefficients Fij I for i,j < 3 are given in paper [29]. The ]-'Zj
for DY at third order are given by,
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The FF Fij b for bottom quark annihilation at third order are given by,
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C Cusp anomalous dimension Agi’j s

The cusp anomalous dimensions Agi’j ), I = q,b up to three loop order are found to be,

A =4, APV =42, Al =0,
67 10
APO = <8C'AC'F (18 - Cz) +8CrnfTr <— 9> ) :

10
s (ve ) (~12).
l

490 1072
3 9

1672 @ C
27 2

176
A( 0— CACF( CQ +— C3> +0A0anTF<

224 220 64

T 27
AL CFeI<NZe +Z ><—220+64<3>
AP —c TF<Ze +Zel>< 220 64<3>,
AP —¢ <NZ@ +Zel><—220+64§3>+el(NZe —i—Zel) <—> (C.1)

— 24 —



D UV anomalous dimensions 7,5” s

(4,9)

The UV anomalous dimensions «y, " up to three loop order are found to be,
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E Soft anomalous dimensions fI(i’j s

The soft anomalous dimensions fl(i’j ) up to three loop order are found to be,
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F Collinear anomalous dimensions B}m s

The collinear anomalous dimensions B}i’j ) up to three loop order are found to be,
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G Df-i’j)s in soft distribution function

The constants Dy’j ) in soft distributon functions up to three loop order are found to be,

p" =0, Dp"V=0, DM =0.
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H A5 for QCD, QED and QCD-QED up to N3LO

(1,5),SV

Here we present the soft virtual cross-section A} defined in eq. (4.4) at the third

order in the strong and electromagnetic coupling constants. The finite cross-section upto
two loop is already available in appendix C of [29]. At the third order, Agl’] )5V takes the
following form:

AGDSY NCE AL+ CROAAT ) + CPCRALL 5 + O3y Tr AL+ CrCang TrAlL
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q

For II1=qq,bb denotes the Drell-Yan pair production and the Higgs boson production in
bottom quark annihilation, respectively. The coefficients for the above color factors are
given as:
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Similarly Al(’b ) for bottom quark annihilation at third order are given as,
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I Cr, for QCD, QED and QCD xQED up to N3LO
Here we present Cy g in eq. (4.7) with the following expansion in a, and a.,
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As before I=q,b for the Drell-Yan pair production and the nggs boson production in
bottom quark annihilation, respectively. For brevity we denote log( ) = Ly and
R

log (17) = Lg,. The coefficients for the above color factors are,
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In the following we present c . for bottom quark annihilation at third order as,
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