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ABSTRACT: A model of vector dark matter that communicates with the Standard Model
only through gravitational interactions has been investigated. It has been shown in detail
how does the canonical quantization of the vector field in varying FLRW geometry implies
a tachyonic enhancement of some of its momentum modes. Approximate solutions of the
mode equation have been found and verified against exact numerical ones. De Sitter geom-
etry has been assumed during inflation while after inflation a non-standard cosmological
era of reheating with a generic equation of state has been adopted which is followed by
the radiation-dominated universe. It has been shown that the spectrum of dark vectors
produced gravitationally is centered around a characteristic comoving momentum k, that
is determined in terms of the mass of the vector mx, the Hubble parameter during in-
flation Hi, the equation of state parameter w and the efficiency of reheating . Regions
in the parameter space consistent with the observed dark matter relic abundance have
been determined, justifying the gravitational production as a viable mechanism for vector
dark matter. The results obtained in this paper are applicable within various possible
models of inflation /reheating with non-standard cosmology parametrized effectively by the
corresponding equation of state and efficiency of reheating.
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1 Introduction

One of the outstanding puzzles of high energy physics is to understand the nature of dark
matter (DM). There is overwhelming evidence that the dominant component of matter
density in the universe is due to DM. However, all the observational pieces of evidence in
favor of DM have been established by its interactions with the Standard Model (SM) only
through gravity [1-4]. A wide range of DM models have been proposed with different DM
production mechanisms depending on the DM interaction strength with the SM and/or
beyond the SM new physics, for a review see [5] and original references therein. Arguably
the most popular DM models involve weakly interacting massive particles (WIMPs) whose
mass ~O(TeV) and interaction strength ~O(0.1) are similar to those of the SM particles.
The production mechanism for WIMPs is a thermal freeze-out scenario where it is assumed
that the SM and DM were produced in the early universe during the reheating phase. The
WIMP DM was in thermal equilibrium with the SM and as the universe cooled down it
went out of the equilibrium to constitute the observed relic abundance. Thermal freeze-out
and other DM production mechanisms [5] are theoretically appealing, however there has
been no sign of DM interactions with the SM in a variety of experiments thus far, apart
from its gravitational interactions.

The lack of DM signals motivates us to envision novel mechanisms of DM production
where the DM and SM interactions are absent or negligible. One such mechanism is the
particle production due to quantum fluctuations in a rapidly expanding universe [6, 7].
An inflationary scenario in the early universe not only explains successfully some of the
puzzles of modern cosmology (for a review see [8]), it can also provide an ideal phase for



DM production due to quantum fluctuations [9, 10]. Furthermore, a very heavy DM can
also be produced during the (p)reheating period — the last stage of inflation — where the
inflaton field transfers its energy density to the visible and dark sectors through coherent
oscillations [11-13]. In particular if the reheating does not happen instantaneously the
maximum temperature achieved during the reheating phase can be larger than the tem-
perature at the end of reheating which allows supper-heavy DM production [14]. Recently,
there has been a renewed interest in models of gravitational production of DM during and
after inflation due to quantum fluctuations [15-33].

In this work, we study a minimal model of gravitationally produced DM where the DM
is a massive Abelian gauge boson X,,. In particular, we focus on vector DM production
due to the quantum fluctuations during and after inflation in an early era of non-standard
cosmology parameterized effectively by the equation of state w. We assume the dark vector
field couples minimally to gravity and it has no other interactions with the visible sector.
The vector DM mass is assumed to be generated via the Stueckelberg mechanism and it is
non-zero during and after inflation.

A massive vector field X, has three physical polarizations: two transverse X4 and one
longitudinal X, whereas Xy is an auxiliary component. It is well known that the transverse
components of a minimally coupled vector field produce scale-invariant density fluctuations
during inflation [15, 34-36] therefore they can not constitute all the observed DM relic
density. However, if the vector DM is non-minimally coupled to gravity or the inflaton
field then the transverse components of a vector field may constitute all the observed
DM density, see e.g. [18-21] for the latter case. On the other hand, the longitudinal
modes in a minimally or non-minimally coupled scenarios do not lead to scale-invariant
density fluctuations during and after inflation [15, 24, 27] and hence can account for all
the observed DM abundance. Since we are interested in a minimally coupled vector DM
scenario, therefore our focus is confined to the production of the longitudinal modes of the
vector DM during and after inflation.

The main new feature of our work in comparison to the previous works on the gravi-
tational production of vector DM is an early epoch of non-standard cosmology during the
reheating period parameterized by a general equation of state w of the inflaton/reheaton
field. During inflation, without specifying the inflationary dynamics, we assume a de Sitter
phase with constant Hubble parameter Hy. After the end of inflation a reheating phase
starts where a non-standard cosmological evolution is assumed with the dominant energy
density scaling as a=3(+%) where a is the scale factor and —1 /3 <w< 1. This specific range
of w during reheating period is motivated by our analytic analysis which is robustly verified
against exact numerical calculations with specific values of w={-1/4,—-1/6,0,1/3,2/3}.
At the end of reheating phase, with non-standard cosmology, the standard cosmologi-
cal evolution resumes with the radiation-dominated (RD) era followed by the matter-
dominated (MD) universe. We define the end of the reheating phase when the energy
density of the non-standard cosmology o« a—3(11%) is dominated by the SM radiation en-

ergy density prp o< a4

The production of dark matter during the non-instantaneous
reheating phase due to the coherent oscillations/decays of the inflaton field are studied in

refs. [37—42], however we neglect such effects here. Furthermore, we do not specify the



dynamics of reheating mechanism, however we assume that such mechanism exists and
leads to a non-standard cosmology where the dominant energy density scales as a~3(1+)
and the SM radiation energy density during this phase is subdominant. In recent years
there has been many works done on DM scenarios in the presence of an early universe
non-standard cosmology [43-62]. Our focus in this paper is to study, for the first time,
the production of vector DM purely due to quantum fluctuations during and after inflation
employing non-standard cosmological period of reheating in the early universe.

In section 2 we provide a detailed description of the gravitational production of a min-
imally coupled vector DM in an expanding universe. Focusing only on the longitudinal
modes, we give approximate analytic and exact numerical solutions for the mode functions
during and after inflation for different regimes of DM mass and wavelengths. In particular,
we note that for certain mass and wavelength range the frequency squared of the longi-
tudinal modes becomes negative leading to a tachyonic enhancement of those modes. We
calculate the vector DM relic abundance in section 3 in two DM mass ranges, H,;, <mx < Hi
and myx < Hy,, where H,y, is the Hubble scale at the end of reheating with non-standard cos-
mology. In section 4 we present our conclusions. Supplementary material including details
of the quantization of a vector field on the curved background is given in appendix A.

2 Gravitational vector DM production in expanding universe

During an epoch of rapidly expanding universe (inflation and partially reheating) the grav-
itational production dominates over other DM production mechanisms. In this work we
consider renormalizable (dim-4) Lagrangian for the vector DM minimally coupled to grav-
ity. The action for the vector DM in a background metric g, is given by

1 1
Spm = /d4ﬂc\/ -9 <—49W9VBXWX¢16 - 2m§(9WXuXV> ) (2.1)

where the background metric g, is of the FLRW form with the line element

ds® = dt* — a®(t)di?, (2.2)
The mass for the dark vector boson mx is generated via the Stueckelberg mechanism.'

Now, using the gravitational definition of the energy-momentum tensor

T 2 5(\/—95[)1\/[)
" v —9 5g/w ’

one can find the energy density of the vector DM as

]_ R = 1 d d %
px =55 <\X — VX 45|V x X[ +a’m} X3 + m§<X2)a (2:3)

! Alternatively one may assume an Abelian Higgs mechanism such that the extra neutral Higgs boson
(radial mode) is very heavy. Then it is possible to show that, in an appropriate limit of constant mx,
effectively the Higgs model reduces to the Stueckelberg mechanism. However, this Higgs mechanism has to
be effective already during the inflationary period.



where Xy and X = X, are components of the vector field, the over-dot denotes derivative
w.r.t. t and V = 8/(0).

In appendix A, we provide details of the quantization of a vector field in a curved
background. Adopting the notation from the appendix, we write the vacuum expectation
values for the longitudinal (L) and transverse (+) components of the energy density as

(pp) = ﬁ / dkk? {2?512— ’j((:)) (;?y?zw?f;a) + [(i}f}) 2+k2+a2m§(] \;?LP}, (2.4)
()= gy R { L + (0 + ) s, (25)

where (pr) = (0]: pr: [0) and (p) = (0] fx: [0)? and
Xy(7, k) = A(m)Xp(r, B, A(r) = —dDmx__ (2.6)

k% + a?(T)m%

Above the Xp(r,k) and Xy (7, k) are Fourier transforms of the vector-field longitudinal
X1,(1,Z) and transverse X4 (7,Z) components, respectively (see appendix A). The prime
denotes derivative w.r.t. to the conformal time 7, defined as dt = a(7)dr.

Equations of motion for the longitudinal and transverse Fourier modes, i.c. Xy (t, k)
and X4 (t,k), are

X!+ w?(1)XL =0, W (1) Xy =0, (2.7)

where the time-dependent frequencies are given by

k2 a 3a’m?2 a’?
20\ — 1.2 4 2.2 X
wi (1) =k +a*my — T atmk <a - K2+ a2m% a?)’ (2.8)

wi(r) =k* +a’m%k . (2.9)

Note that the transverse mode frequency wi(7) is always positive, however, the longi-
tudinal mode frequency w%(T) can be negative in some regions of the parameter space.
Therefore, for w%(T) <0, the production of longitudinal modes would receive the tachyonic
enhancement. Hence the production of the longitudinal modes can be parametrically larger
than that of the transverse modes, see also [15, 24, 27]. In the following, we only focus
on the gravitational production of the longitudinal modes in the expanding universe. In
particular, we will present both numeric and approximate analytic solutions for the longitu-
dinal mode functions X7, in two phases, (i) during slow-roll inflation, and (ii) after inflation
during the reheating phase with non-standard cosmology followed by the RD universe.

2The hat over jr .+ reminds that we are dealing with quantum operators while the colon : stands for
the normal ordering. Note also the disappearance of ¥ dependence for (p; 1) is a consequence of taking
vacuum expectation values before integrating over momenta in (2.4)—(2.5).



Cosmological evolution. First, let us focus on the background dynamics. We assume
that during the inflationary period the evolution of the scale factor is approximated by the
de Sitter universe with an exactly exponential variation of the scale factor, ar(t) o effit,
with Hj being constant Hubble parameter defined as H = a/a = o’ /a? during inflation. In
general, the evolution during inflation is governed dynamically by a homogeneous inflaton
field that rolls slowly down in a properly adjusted potential interacting with gravity [8].
This more elaborate approach is not necessary here, as it would not alter the qualitative
results presented in this work. Hence, neglecting corrections from the inflaton dynamics,
the inflationary stage can be well approximated by the de Sitter scale factor ap(7) o
—1/(7 + const.) in the conformal coordinates. Inflation starts at conformal time 7, ——o0
and lasts up to 7. ~ 0. Then, at 7 = 7. the universe smoothly (in the presence of the
inflaton/reheaton field ¢) transfers from the de Sitter stage into the reheating period which
employs non-standard cosmology. During the reheating the energy density of the universe
is dominated by the energy density pg of the inflaton/reheaton field ¢. In this period, we
assume that the inflaton equation of state is parametrized by a parameter w describing the
non-standard cosmology that we will vary and investigate its relevance:

Py = Wpg, (2.10)

where e.g. w=0 and w=1/3 correspond to an early MD and RD universe, respectively.

Strictly speaking, we consider transfer of energy density from pg to the SM (radiation)
density pgy during the epoch of non-standard cosmology until the very end of this period
when psy & prp & a~4 dominates and standard cosmological universe resumes with RD
era. In particular, the evolution of non-standard cosmology is governed by the following
set of Boltzmann equations for py and pgu,

Po +3(1+w)Hpy = L'y py, psm + 4Hpsu =+ py, (2.11)

where I'y is the rate of transfer of inflaton energy to the SM. Assuming pg > psy and
I'y < 3(14+w)H, the generic form of the equation of state for the inflaton/reheaton (2.10)
implies that during the reheating period the scale factor ary evolves as a function of the
conformal time 7 as

e (7) o 7T (2.12)

The reheating period is followed, in turn, by the RD epoch when the total energy density
is dominated by the SM radiation during which the scale factor varies as agp o 7.

We require the scale factor a(7) and the Hubble rate H(7) to be continuous at the two
transition points, i.e.

ar(7e) = aru(7e), Hy(7e) = Hru(7e), (2.13)
aRH(Trh) = @RD(Trh)a HRH(Trh) = HRD(Trh)v (2'14)



where 7, refers to the conformal time at which the transition from the reheating to the

RD era happens.? The continuity of the scale factor and Hubble rate imply

—1
, T < T,
H; (7' — %Te(l + w)) ¢
2 e
_ v T <7< 2.15
S T K Te<TSTm o (215)
2 3(04w) 1-3w
1 2 - : 1
Hi, T < Te
e s
H(r) = Hie IREETIN Te < T < Tn (2.16)
2 W) 143w
m__Lete VR o,
4\ 71— Lry(1 - 3w) the
Consequently, we can express the Hubble rate as a function of the scale factor a,
Hy, a < e
3(14+w)
(e <
H(a)=1{ "\ a ’ e < @= G (2.17)
3(1;11)) 9
a a
H; — = ) arp < @,
\ Grh a

where a. =a(7.) and a;, = a(7y,) define the scale factors at the end of inflation and reheating

periods, respectively. The total energy density p(a) = py + psu in these different epochs

during the evolution of universe is,

p(a)=3Mg,H?(a),

(2.18)

where Mp;=1/v87G =2.435x 10" GeV is the reduced Planck mass. Approximate form
of individual components of the energy density, ps and psy, can be obtained by solving

eq. (2.11):

pela) =~

psm(a) =

(3ME H?

Qe

0,
0,
3(1+w)
2 2 Qe
SMp Hi <>
Qrh

3(1+w)
3ME H} (a> , e <a<ay

4
Grh
a )

a 3(1+w)
3Mp H} <ah> (
T

a < ae
(2.19)
armp < a,
a < ae
3(1+w) 4
Qe 2 Qe <
(5) T ()] wosn e

ap < a,

3In order to satisfy the continuity conditions we adopt the freedom of shifting the conformal time by a

constant and a freedom of adjusting normalization of the scale factor separately in each considered region.



where we have used I'y = (5—3w) H,1, /2, such that Hy, = H (a,;) defines the end of reheating
period when pg(arh) = psm(arm). As mentioned in Introduction we confine w € (—1/3,1),
therefore during the non-standard reheating period the SM radiation energy density psy

. 3(1tw) . .. . .
approximately scales as a=~ 2 (the second term in the parenthesis in the middle line

of (2.20) proportional to a~* is negligible). Hence the temperature during the reheating
3(1+w)
period scales as a=~ s | this is a useful result for later use. Note that the SM energy

density pgy is zero during the inflationary period and is continuous at the end of reheating

since a~* term in the middle line of (2.20) is negligible in comparison to a—304w)/2 term
for —1/3<w<1.
Finally, it is convenient to define reheating efficiency v as
Hrh
= 2.21
g o (2.21)

which parametrizes the duration of reheating with non-standard cosmology. By fixing ~
and w, we can express a,, in terms of a., or equivalently 7, in terms of 7., as

___4 _ 2(1+43w)
Grh = gy T, T = 7oy A0 (2:22)

The efficiency of reheating ~ is a constrained parameter. Requiring H,, < Hi sets an upper
limit on v < 1. Whereas the lower limit on v > 10~!® can be deduced by using the fact that
curvature perturbations during inflation constrain Hy < 6.6 x 10!3 GeV at 95% C.L. [63]
and Big Bang Nucleosynthesis (BBN) sets the lower limit on the reheating temperature
Tin 2 10 MeV [64], (see eq. (3.29)).

Evolution of the Hubble rate H(a) and the energy density p(a) as a function of the
scale factor a are illustrated in figure 1. During the reheating period, we consider non-
standard cosmological evolution parameterized by w € (—1/3,1). The end of inflation
ae, end of reheating a,y,, and the end of RD, i.e. the matter-radiation equality (mre) apye,
periods are shown as gray dashed vertical lines. In the left-panel, the gray dotted horizontal
lines represent the Hubble rate at the end of inflation Hy, the Hubble rate at the end of
reheating H,j, and the Hubble rate at the end of RD epoch Hpe. In the right-panel, we
show the total energy density p(a)=pg + psm as solid curve. The inflaton energy density
pe is shown as the red curve, whereas the SM energy density pgy is shown as green curve.
Note that the pgy is zero during the inflationary period, however, it has non-zero value

(14w)

proportional to a3 during the non-standard reheating, shown as dashed green curve.

2.1 Longitudinal modes during inflation

During the slow-roll period of inflation the Hubble rate Hj is almost constant, so we adopt
the de Sitter solution. The relation between the scale factor and conformal time is given
by (2.15),

a(t < 1) =ai(r) = . (2.23)




Evolution of the Hubble rate H(a) Evolution of the energy density p(a)
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Figure 1. The cosmological evolution of the Hubble rate H(a) (left-panel) and energy density p(a)
(right-panel) as a function of the scale factor a. The scale factor at the end of inflation a., end of
reheating a,n,, and matter-radiation equality an.e are represented as gray dashed vertical lines.

Consequently, during the de Sitter stage the longitudinal frequency w% (2.8) simplifies as

s 2K Rad(rmd

w%(T < Te) = w%(T) = k2 4+ a%(T)mX — (R + a2(rym3)? ag (T)HI2 , (2.24)

where we have used the fact that during the slow-roll period of inflation
"
(%)2 =al(nHE, % =24} (r)HL.

It is seen that for vector DM mass myx > Hj, w% remains positive with no chance for the
tachyonic enhancement. Furthermore, another reason not to consider vector DM heavier
than the inflationary scale Hi is the fact that we assume during inflation the inflaton energy
density SMI%IHI2 to be the dominant energy density. Therefore, hereafter we consider only
vector DM masses mx < H.

In the far past during inflation (subhorizon limit) all modes were deep inside the
horizon, so that aj(T)mx < ar(7)H; < k. In this limit, the frequency w? becomes constant
which results in a simple harmonic oscillator equation for modes,

X} (1) + k2 X () = 0. (2.25)

The unique solution that minimizes the energy is known as the Bunch-Davies state,

1

lim XL(r) =
i A(7) NG

Hereafter we will take the above solution as our initial condition.

e kT, (2.26)

For the vector DM mass mx < Hj, there are two other regimes relevant during inflation:
(a) Intermediate-wavelength case (a1(T)mx < k< ar(r)Hr), such that

w? ~ k* — 2d¢(1)HE. (2.27)
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Figure 2. Evolution of various cosmological distances during and after inflation for heavy vector
DM i.e. Hy, <mx < Hy (left diagram) and light vector DM mx < H,y, (right diagram). The red
region corresponds to modes with wavevector in range amx,aH < k, purple refers to the region
where amx < k < aH, blue corresponds to the condition k£ < amyx < aH and in the green region
aH, k< amy. Here a. = k/H refers to the second horizon crossing, ay, = a(7«), km = aemx, ks =
aymx, ke = a.Hy and kyy, = a;n Hy,. The plot assumes —1/3 < w < 1/3 during the reheating phase.

(b) Long-wavelength case (k< ar(T)mx < ar(7)Hi), such that

L (229)

In figure 2 we sketch the evolution of various cosmological distances as functions of the
scale factor a for the two vector DM mass regimes; heavy Hy, < mx < Hj (left-panel)
and light mx < Hyy, (right-panel). During inflation the intermediate- and long-wavelength
regimes are shown as the purple region ‘(a)’, and the blue region ‘(b)’, respectively. The
intermediate- and long-wavelength modes are represented in the left-panel of figure 2 by
ki < km =aemyx and kg such that k,, < ko < ke = acHi,* respectively. Early enough both
these modes were in the red region (sub-horizon) and they satisfied the initial condition
provided by (2.26) known as the Bunch-Davies vacuum. Next they enter the intermediate-
wavelength region (purple) and before the end of inflation at a. the mode with momentum
k1 crosses the Compton wavelength (amy)~! at 7 and enters the long-wavelength regime
(blue) region. We solve the mode equation in different regimes of k until the end of inflation.
After that, at a., we match solutions found during inflation with those during the reheating
phase, that will be discussed in the next subsection 2.2.

Starting with the first (purple) region during inflation, i.e. intermediate-wavelength
ar(T)mx < k< ai(7)Hi, the equation of motion for modes takes the form

2 2 .
;:72/’\—2 + (k:2 - n2> XL =0, where n=71— g(l + w)Te. (2.29)

4Note that, in fact, this is the case only towards the end of inflation.



The solution to the above equation is given by

~(a) 2 (o) [sin(kn) 2 () [cos(kn) .
X =/ = - -\ = 2.
() = oh [ " cos(kn) = Cy ko + sin(kn) | , (2.30)

where the integration constants are obtained, by imposing the Bunch-Davies initial condi-
tion (2.26), as

cl — _fem@mm), ClO — el (2.31)
Hence the mode solution takes the form
- 1 i )
X(a) ) = <1 _ )ezkr
() V2k k(r—3(1+w)r)
a —1 1 . ) Hy _.
k<<,\11H1 ¢ —ikr _ ¢ aI<T) Ie—sz ’ (232)

Vokk(r— 0 +wr) ok K

where the approximation in the second line above (k < ajHy) implies the modes are well
inside the intermediate wavelength (purple) region. In this limit longitudinal modes grow
linearly with the scale factor ai(7) until the mode momentum k crosses the Compton
wavelength, i.e. kK = aj(7)mx line. This evolution of the longitudinal modes of the vector
DM is similar to a massless scalar.

In the second case with long-wavelength k < aj(7)mx < ai(7)Hy (blue region), the
mode equation (2.7) reduces to

d2 - 2 k‘2H2 .
— X+ ( A S )XL =0, (2.33)

dn? Hinp?  mi%

with a solution
~ H H
X0 m) = [Of”’ T (%) + VY, (Ik‘nﬂ , (2.34)
mx mx

where J,(z) and Y;,(z) are the Bessel functions of the first and second kind, respectively.
The order of Bessel functions n is

1 4m? 1
=4/1- X~ 2.35
T\ T m T2 (2.35)

Consequently, the mode X éb) simplifies as follows

>(b) ®) [2mx k ®) [2mx k
X =— 1/ — . 2.
L (T) Cl ﬂ'kHI St (aI(T)mx> 02 7T]{3HI o8 <a1<7‘)mx ( 36)

We fix coefficients Cfb) and C’éb) by requiring,

X (r) = XV (), X (r3) = X[V (1), (2.37)
where 75 is defined by the condition k ~ aj(m2)mx, i.e.

X

3
Ty = 576(1—|—w) A

(2.38)

~10 -



here b is an auxiliary parameter introduced to improve the agreement between numerical
and analytical solutions, in the following calculations b = 1.2 has been adopted. For the
coefficients we find,

C(b) B T (ZHI2 + [;HImX — 7,52777,%() COS (i)) — B(ZHIQ + BHImX) sin (6) e—isz (2 39)
L HImX 7 ‘

262mx
o _ 7 (iH} + bHymx — ib®>m%) sin (b) + b(iH} + bHymx) cos (b) —ik72 (9 40
5 = = e . (2.40)
Hymx 2b2m x

Expanding the above result in the limit k < aj(7)mx < ar(7)H; we can approximate
eq. (2.36) by the following constant solution

/?éb) o b H; (sin (b) + beos (b)) e—ik(%(Hw)Te—B%) ‘
V2kmx b2
The factor (sin (b) + bcos (b))/b* ~ 0.95 for b = 1.2 and could be safely neglected. Note

that in this case, with k< ar(7)mx < ar(r)Hi, we have w? >0 (2.33). Hence there should
be no tachyonic enhancement for k values in this regime, as it is indeed confirmed by the

(2.41)

above mode function being constant. Note however that in the long-wavelength region
(blue) in figure 2 the constant mode function amplitude square |X L(b)\2 scales as k~! which
is different from that of a massive scalar field which scales as k=3/2.

In figure 3 we show |./\~,’L|2 and the frequency w% as a function of the scale factor a
during inflation for myx = 10® GeV, Hy = 10'3 GeV, and two values of the momentum
k= 1078 GeV (left-panels) and k = 1073 GeV (right-panels) representing the two regimes
k<<aemy <aeHr and agmx < k< acHi, respectively. In the upper panels the approximate
analytical solutions (2.26), (2.32) and (2.41) are compared with exact numerical solutions.
As it is seen the agreement is excellent. The vertical gray dashed lines show the value
of the scale factor corresponding to the radius of the Hubble sphere during the inflation
a=k/Hy and a =k/mx. At those points we have matched the approximate analytical
solutions as discussed above. In the lower panels we plot w% and show its zeros by vertical
green dashed lines. Note nearly perfect correlation between enhancement (tachyonic) of
]/% 7|2 and regions of negative w%. This behavior has been anticipated.

Our goal is to find energy density of the longitudinal modes XL during inflation,

2

1 2 ! 2 STy Sk 3
000 = s [ Wk {'XL‘ ~ (VXL ) o
k4 27172 2 2. 2 v 12
+ (Gt Rk IR e
X

where (p; ) denotes vacuum expectation value of the energy density calculated with respect
to the Bunch-Davies vacuum. In the case of the sub-horizon modes a;(7) H; < k (red region
in figure 2) energy density per log momentum is given by

dlpu(@) _ k' K (HP +mk)  Him | 3a*Hpmy 0<<amx>2 (m)“)

dink  4n2q* 87m2a2  4g2 8m2k2 k k

(2.43)
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Long — wavelength case during inflation
Intermediate — wavelength case during inflation
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Figure 3. Evolution of the mode function |/'? |2 and the frequency w? with the scale factor a during
inflation for k < aemx < acHy (left-panels) and a.mx < k < a.Hy (right-panels). In the upper
panels cyan solid lines correspond to numerical solutions, while red, purple and blue dashed lines
show analytical predictions specified in the main text by (2.26), (2.32) and (2.41), respectively. In
the lower panel green dashed vertical lines indicate zeros of w?. Here mx =10% GeV, H;=10'3 GeV,
w=0 and k=10"% GeV (k=103 GeV) for the left (right) panel.

The first three terms are divergent in the limit & — oo while integrating over k. How-
ever, since we are going to use a cut-off A =a.Hj for the integration, that will eliminate
contributions of those sub-horizon modes.

For modes with aymx < k < ajHy (purple region in figure 2) the energy density per
log momentum is

3 (0 G {ol() G))) e

The modes with k< armx < agHy (blue region in figure 2) contribute to the energy density

per log momentum as,

(5 () (ool (o) () e

Therefore, at the end of inflation, a. =a(7.), the energy density per In & of the longitudinal

modes with myx < Hy scales as,

k’4
—, sub-horizon modes k> a.Hy (red),
dpr(ac)) ) 4m*ag ' (2.46)
dlnk 1/ k\?/H\? '
- — — ) , super-horizon modes k< acHy (purple, blue).
2 \ a, s
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2.2 Longitudinal modes after inflation

In this subsection our goal is to find solutions to the equation of motion (2.7) for the
longitudinal modes after inflation. In particular, we do not assume standard cosmological
evolution, in which the inflationary period is followed by the RD epoch until the matter-
radiation equality (mre). Instead, we allow the possibility for a non-standard cosmological
evolution after the end of inflation by assuming a general equation of state (2.10) such that
the dominant energy density scales as a3t The period of non-standard cosmology,
referred to as reheating, is then taken over by the standard cosmology with the RD universe.
After inflation, for a>a,, the longitudinal mode frequency w? (2.8) takes the form
2 2,2
wi(T) = k? + a*m% — 12 +ka2m?x <1 23w - k:23—C|L— :;ég()LLQH2 , (2.47)

where we have used the following relations

2
(a/> — a’H?, ol _ 130 g (2.48)
a a 2

After inflation the scale factor a(7) and the Hubble rate H(a) are given in eqs. (2.15)
and (2.17), respectively. Note that the longitudinal mode frequency w? (2.8) contains a
term proportional to a”, which is discontinuous across the two transition points 7. and 7y,
therefore the longitudinal mode frequency also has a jump at these two points. Technically,
discontinuity disappears by use of the Friedmann equations (2.48), however, in some sense,
it is still present due to the fact that we assume an instantaneous transition from the infla-
tionary period to a non-standard cosmological epoch of reheating parameterized by w and
similarly for the transition from non-standard cosmological epoch to RD universe. In a case
of describing the inflation and reheating by a dynamical inflaton/reheaton field, the discon-
tinuity would disappear as w would be a continuous function of the inflaton/reheaton field.
However, we would like to emphasize that the energy density (2.42) contains only terms
proportional to a, a’ and X T, X 7. Since the scale factor and the Hubble rate are continuous
across the transition points, by requiring the mode functions to match at 7. and 7y:

‘)?é_)(Te,rh) = XN[(,+)(Te,rh)v ‘)?[(,_)/(Teyrh) = ‘)?[(/—H/(Te:rh)’ (2.49)
where 2&_/ ) denotes the left/right limits of the solutions to the modes equation, i.e.
X ]E_/ +)(Te’rh) = lim X 7,(7), this ensures the energy density to be continuous.
TT

e,rh

To find an approximate solution to the equation of motion for the longitudinal mode
after inflation, we consider the following regimes in parameter space together with the
corresponding frequency w% values:

¢

k? a(t)mx,a(T)H(1) < k (red) (2.50a)
—3w  3a%(T)m3
, —(1 23 2 (kg) X)aZ(T)HQ(T) a(r)mx <k<a(r)H(r) ( ) (2.50b)
vLE k> 3w
2 (r)m% <5 +2 >CL2(7’)H2(T) k<a(r)mx <a(r)H(1) (blue) (2.50¢)
a?(T)m% a(T)H(7),k < a(T)mx ( ), (2.50d)
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where we have indicated colors which, in figure 2, mark regions where a given formula for
the frequency applies.

In the following analysis we restrict our considerations to modes that went outside
the horizon during inflation since only these modes receive tachyonic enhancement, i.e.
k< ke=acHy. After the end of inflation, modes with mass mx < Hy can enter two regions
(see figure 2): purple region, in which amx < k < aH, and blue region, which describes
modes with k <amx <aHi. The modes with different k values evolve differently and they
all eventually enter the green area in which amyx > k,aH is the dominant energy scale.

Our aim is to find approximate analytical solutions for the mode equation in different
mass and wavelength regions after the end of inflation.

2.2.1 Heavy vector dark matter: H,, <mx < Hi

In the case of heavy vector DM we consider the following three regimes w.r.t. the wavelength
of the modes.

Long-wavelength case (k < k., = aemx). After the end of inflation, modes with
k <kp,=ae.mx, for instance kfl line in figure 2, pass through the blue region to the green
area, where they eventually re-enter the horizon. At the early times, when the modes
k< a(t)mx < a(r)H(7) are still in the blue region, the longitudinal mode frequency is
negligible, i.e. w% — 0. Consequently, in this regime, we obtain the following solution to
the mode equation
X0 (@) =cW 1+ a2 (2.51)
We fix the coefficients C’fl) and C’éI) using the continuity condition (2.49) at the transition
point 7 = 7. In this case, we match X’ ]EI) (ac) with the solution X ]Eb) (2.41), which implies
m 1 ﬂe—ik@n(uw)—i)%)

C - T = ’
! V2k mx

Therefore, we get a constant solution in this region

iV =o.

O _ i ﬂefik<%7'e(1+w)fl~1;n—h)fl)

L_\/ﬂmx ’

where we have neglected the factor (sin (b) + bcos (b))/b>~1 in (2.41). This approximate
solution is shown in the left-panel of figure 4 as dashed blue line which matches well with

(2.52)

the exact numerical solution presented as solid cyan curve. Again note that the amplitude
of the modes in the blue region scales w.r.t. the wavelength as |/'?£I)|2 o kL

Next, at 7 =7, = (l;mX/HI)_% such that mx ~ H (7, ), the modes enter the green
region in the left-panel of figure 2, in which the longitudinal frequency is well approximated

ng(. Note that in this regime w% changes slowly, i.e.

by w% ~a
2wl | < w?. (2.53)

2

Since in this regime wj ~ a?

mg(, therefore the above condition implies

2rH < my , (2.54)
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Figure 4. Evolution of the mode function |Xp|2 (upper) and frequency w? (lower) with the scale
factor a after inflation for k <k, (left-panel), ky, <k <k, (middle panel), and k, <k <k, (right-
panel). The solid cyan curves correspond to the exact numerical solution, while colored dashed
lines show analytical predictions. Here we take myx = 108 GeV, H; = 10'3 GeV, w = 0 with
k=10"% GeV,1073 GeV, 1 GeV for the left, center, and right plots, respectively.

which usually (except a short period just after 7 = 7,) is satisfied in this region. Hence,
we can use the following approximation to the solution of the mode equation

) (1) . (1) .
Xéu) (1)= 701 exp <z/ dr’ a(T')mX> + 702 exp (— Z/ dr’ a(T')mX> .
T mx T,

Zalr)mx 2a(7)
(2.55)

The 7 dependance could be easily converted into a dependance on the scale factor a. To

*

find C{H), Cén) we should merge the above solution with X ]SI) at 7 = 7. The approximate
form of these coefficients is

2 ~
an _ Hy [a(m) [bbmx\ 30D a . L (3 bmx
=L B2 + —ik( Sr(1 +w) — (2
Crz =5 mxk[Q H; a(ry) P ik gre(l+w) = (2.56)

The form of solutions in this region are oscillatory decaying as shown in the left-panel of
figure 4 (dotted green) which match well with the exact numerical solution (solid cyan).

Intermediate-wavelength case (k,, <k <k,=a(m)mx). After the end of inflation

modes with wavevector in the range k,,, <k <k,, e.g. k5 ! line in figure 2, pass through the

three regions (purple, blue, green). Their post-inflationary evolution starts in the purple

region, where amx < k< aH so that a?m% /k* < 1. This implies that the second term in

the parenthesis in eq. (2.50b) can be neglected. Hence the mode equation reduces to
>1(111) (1 - 3w)

oy T&HWSH) —0, (2.57)

with the solution

(I11)

a+Cy a
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We fix the coeflicients C’fIH) and C’ém) by merging the above solution at 7 = 7. with
.%-Ea) (7e) (2.32). However, as long as w < 1 the second term in (2.57) is small compared to the
first one. Since we confine ourselves to the range —1/3 <w < 1, therefore, in the subsequent
calculations we neglect this part of the solution. Hence the above mode solution reduces to

1Hy
\/§k3/2

So, in this regime (purple region) the longitudinal modes evolve linearly with the scale

X (a) = Cl(HI)a, where C’fm) = e~ thTe (2.58)

factor a. We show this approximate analytic solution as the dashed purple curve in the

upper-middle panel of figure 4.
Next, at 7=79 = Te(?)aemx/k)

the Compton wavelength line (amx)~! and enter the blue area in figure 2 (left-panel).

—(143w)/2 such that k = Ba(%Q)mX, the mode crosses

In this region, we have found an asymptotic analytical solution given by (2.51). In order
to get coefficients parametrizing solution (2.51) for k,, < k < k., we merge solution (2.51)
with (2.58) at 7 = 7. Note that for w > —1/3 the second term in eq. (2.51) is growing.
Contrary to the long-wavelength case, now the modes with k£ <« amx < aH follow the
purple region, in which mode functions increase in amplitude according to solution (2.58).
One would naively expect that the growing term in (2.51) should dominate the solution
following (2.58). However, exact numerical solution presented in upper-middle panel of
figure 4 shows that even in this case the growing part of the solution (2.51) is not the
dominant one. Consequently, by keeping only the constant part of eq. (2.51) we get,

m) k-

mx

/,?g\/) _ wa) _ Cf

(2.59)
Again note that the mode amplitude in this blue region scales as, |/'? L(IV)|2 o« k=1, This
constant solution is shown in the upper-middle panel of figure 4 as the dashed blue line.
Finally at 7 = 7, modes with intermediate wavelength evolve to the green region
where approximate solution to mode equation of motion in given by (2.55). Once again we
fix coefficients by merging in eq. (2.55) with the solution (2.59) at 7 = 7, and get decaying
oscillatory solutions shown as dotted green in the middle panel of figure 4. The approximate
solution in this region is in the form given by (2.55) with the following coefficients:

C(V) C{HI) 1= a. H, l;mX 3?Zﬁ) 5 60
RG] mXa(T*)[ Traln) 2mX< Hy ) } (2.60)

Short-wavelength case (k, < k < ke). After inflation the modes with k, < k < ke
also start their evolution in the purple region (figure 2 left-panel), but unlike the previous
cases they do not evolve into blue region. Instead at 7 = 7y, they re-enter the horizon,
i.e. the red area, in which k is the dominant energy scale. In this case, it is convenient
to consider those two regimes collectively, i.e. in purple and red regions, we neglect in w%

terms proportional to an_QX and arrive at the following equation of motion,

R O R LA 261
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with the solution

v(VI) 2 (V1) 2k V1) 2k
x = (=t V(2 )], (2.62
L (a) (14 3w)aH {CI J <(1 + 3w)aH> + G <(1 + 3w)aH (2.62)

—3(1—w)
2(1+43w)

Q?I-Ea) (7e) at the end of inflation we fix the value of wa) and C’éw):

where the order of Bessel functions is v = . Merging the above solution (2.62) with

. —2ik
meXp((l+32w>ke> 2% 2%
oV = [Yy_ () +1iY, ()} 2.63

! 2 /201 4 3wk ke |\ + 3wk V(T + 3w)ke (2.63)

—imexp (17227
e B ) o))

2¢/2(1 4+ 3w)k/ke 1+ 3w 1+ 3w)k.

where k. = a.H;. This analytic solution in the purple and red regions is shown in the
right-panel of figure 4 as dashed line in their respective colors.

Then at 7 = 73 the modes enter the green region with the solution given by eq. (2.55).
Again after some straightforward but tedious calculation we find that both coefficients
appearing in (2.55) are non-zero and the solution is decaying oscillatory as shown in the
right-panel of figure 4 (dotted green).

In lower panels of figure 4 we present frequency w% as a function of the scale factor a in
order to verify the expected correlation between regions of strong increase of mode functions
and negativity of w%. The correlation is indeed confirmed in figure 4. Furthermore, we
would like to emphasize that the solutions for mode functions and therefore for energy
densities obtained here are continuous functions, that can be seen just from inspection of
upper panels of figures 3 and 4. However a small discontinuity appears is plots of the
frequency w? as a function of a, a careful reader may notice it comparing w? at a.~10"12
in lower panels of figures 3 and 4.

2.2.2 Light vector dark matter: mx < Hyp

The above approximate solutions are also valid for the lighter vector DM case. As shown in
the right-panel of figure 2, in this case, all modes are in the purple region at the beginning
of reheating. Previously, we have demonstrated that in this region modes increase in
amplitude according to the solution (2.58). This growth is eventually terminated at the
point when modes go outside this region. For modes with k> a,;,mx it happens during the
RD epoch. In this case, one can simplify the above results using the fact that in this era
w = 1/3. However, for the modes with k <a,,mx the transition from the purple region to
blue happens during the reheating phase and results are similar to the heavy vector DM
case discussed above. The modes ky, < k <k, e.g. ko in the right-panel of figure 2, cross
the horizon (transition from the purple to red region) during the RD epoch. In this case
the solution (2.62) is valid, however with the fixed value of equation of state w=1/3. On
the other hand, the evolution of the mode functions with k., <k <k, during the reheating
period is same as for the heavy DM regime discussed above.
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2.2.3 Energy density scaling

Before closing this section, it is instructive to get the approximate analytic results for the
energy density per In k in each colored region of figure 2. Employing the approximate ana-
lytic mode function solutions, we use eq. (2.4) to get the energy density per log momentum
after the end of inflation and its scaling with a in different regions. In the red region where
k is the dominant energy scale one can approximate the mode solution (2.62) as

3(1+w)

. 1-3w _
(VI) s afl 3il'(—v)(1—w) (14 3w) 3w ﬁ it3w o7 ) M
(k>al)e Ak e "M 1+3w) M\ aH1+3w))

which implies that energy density redshifts as,

a _ 3(14w)
Ay 9T -w)(1 = w1+ 30) HFE e\ T e
dink — 3273 at \ ke = e

(2.65)

In the regime with amyxy < k < aH, i.e. purple region, we approximate solution to mode
equation by (2.58) and the energy density scales as

b
dipg”) K
dlnk 472q

Note that the same scaling would be obtained if we used (2.62) in the limit k < aH. In
the blue region k<< amx < aH, using eq. (2.51) with C’él) ~0, we get,

SOV o k202 (2.66)

dipr)y ¥
dlnk 4204

k‘4
< - a?H? + k* + a2m§(> |C’{I)\2 x k*a2. (2.67)
atm5,

~2 is a very unique feature

This scaling of energy density of the longitudinal modes x «a
of the vector DM, see also [15]. For instance, the energy density of a massive scalar DM
scales as constant in this blue region which leads to enhanced isocurvature perturbations
at large scales, such large isocurvature perturbations are severely constrained by the CMB
data [63]. Hence, the damping of the energy density o< a~2 observed here is a welcome
property of the vector DM that implies suppression of unwanted isocurvature perturbations
at the large scales. Finally, in the green region where amyx is the dominant energy scale

we obtain the following scaling

dip”) _ amx K
dlnk = 4n2q*

II 11 _
(’0§ )|2+|C§ )|2) o<k2a 37

where we have neglected the oscillatory terms proportional to exp [:l:i [ dra(t)m X]. Note
that is this region the energy density behave as of the matter density.

The above red-shifting of the energy density and its scaling w.r.t. mode momentum k&
can be summarized as,

2(1—3w)

B ETR a(T)mx,a(r)H(T) < k (red),
d(pr) 5 o
dnk XY ka 7, a(T)mx,k < a(t)H(T) ( , blue), (2.68)
k%a=3, a(T)H(1),k < a(t)mx ( ),
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Figure 5. Scaling of the energy density per In k as a function of the scale factor a in various regions
of the (logk~!,loga) space for heavy vector DM i.e mx > H,y, (left diagram) and light vector DM
mx < Hyy, (right diagram). The main contribution to the total energy density comes from the mode
ki.=a,mx. Here k. = a.H. and k,;, = a,n, Hy,- Along the right sides of the panels we show scaling
of number density per Ink at a = a, w.r.t. mode momentum k.

where the colors represent different regions as in figure 5. Note that the dependance
of energy density per Ink on momentum k is w-dependent for the modes with & >
a(t)mx,a(r)H(7), i.e. the red region. However, if these modes are during the inflationary
(de Sitter) period then w= —1 and if they are in the RD epoch then w=1/3. Whereas,
during the reheating phase the equation of state parameter w takes the value in the range
we(=1/3,1).

To summarize the scaling of energy density w.r.t. the scale factor a, we present the
exact numerical results for different wavelength modes discussed above in figure 6. We
note that as the universe expands the redshift of the energy density varies for different
modes and the approximate analytic scaling of the energy density (2.68) matches well with
those of the exact numerical results. We see that at the end of inflation (a=a.) the main
contribution to the total energy density comes from modes with the shortest wavelength
(k ~ k.). However, after the end of inflation, those modes receive the strongest suppression

proportional to a~*.

On the other hand, modes with longer wavelength initially have a
smaller contribution to the total energy density, but their energy is also redshifted to a
lesser extent. The intermediate-wavelength modes contribute the largest to the energy

density as noted above.

3 Relic abundance of vector dark matter

The present energy/number density of DM particles could be expressed in terms of en-
ergy/number density at H(ay) =mx. The number density of longitudinal modes, (nr), is
related to their energy density (pr) as

d(nr) = ) (3.1)
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Figure 6. Evolution of the energy density per log momentum d{pr,)/(d1Ink) with the scale factor
a for different choice of wavevector k: long-wavelength k <k, (left-panel), intermediate-wavelength
km <k <k, (middle-panel), and short-wavelength k, <k <k, (right-panel). The numerical analysis
presented here agrees with the analytical predictions. Here we choose the parameter my = 10® GeV,
Hy =10 GeV, w =0 and k = 107% GeV, 1072 GeV, and 4 GeV for left, middle, and right plots,
respectively.

where E7, denotes single-particle energy. Consequently at H(a,)=mx the number density
per In k is computed as,

d(ng(a)) _ 1 d{pr(ax))
dlnk \/m§(+k2/a2(7'*) dlnk .

(3.2)

In the following, we evaluate the DM number density in two mass regimes, the heavy vector
DM H., <mx < Hi and the light vector DM myx < H,,,. Moreover, it should be stressed
that we consider the evolution of number density for super-horizon modes with k <k, i.e.
the modes which were outside of the horizon at the end of inflation.

Before presenting detailed numerical analysis it is instructive to estimate the number
density per Ink (3.2) of the longitudinal modes at H(a,)=my, from the energy density
scaling observed in eq. (2.68). In figure 5, we show the d(np(a4))/dInk scaling with k
for the longitudinal modes at a, = a(7y). Note that the dominant number density is
generated by the modes with comoving momentum k, represented as dashed (red) line.
After exiting the horizon, these dominant modes pass through the purple region only until
they reach H(ay) = mx. Focusing first on the heavy vector DM case (figure 5 left-panel),
the modes with wavelengths longer that k!, i.e. k <k,, would have to pass through the
blue region where the energy density of these modes redshifts as a=2. Therefore in this
region the energy density associated with these longer wavelength modes k < k, scales
proportional to k2. Hence the long wavelength longitudinal vector modes k < k, lose their
power proportional to k? and therefore are safe from generating dangerous isocurvature
perturbations at the CMB scales. This result would remain same for the number density
of modes in the blue region, i.e. d(np(a.))/dInk < k?. On the other hand, the shorter
wavelength modes, k> k,, re-enter the horizon at a <a, and follow the evolution in the red
region (figure 5 left-panel) where the energy density of these modes redshifts as radiation
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i.e. a=*. Since these shorter wavelength modes k > k, re-enter the horizon during the

—3(14w)

reheating phase when the Hubble rate scales are a /2, therefore the number density

of the modes scale as k_%. Note that for w < 1, the number density per Ink at a,
has a peak structure and the dominant modes are k, where most of the number density is
contained. This peak structure was first noted in [15] for instantaneous reheating and RD
universe after inflation. Here, we extended this observation for non-standard cosmology
with equation of state w< 1.

Similarly for the light DM case, mx < Hyp, we observe that the dominant modes (shown
as dashed red line in the right-panel of figure 5) are those with k& = k,. The number density
for longer wavelength modes (k < k) scales as k? as they pass through the blue region to
reach a, = a(7y). However, in the light DM case, the modes with wavenumber k,, <k <k,
re-enter the horizon during the RD universe (H(a) o< a~2) and their energy density also
redshifts like the radiation a~*. Therefore, the number density of the modes with k,, <k <
k, scales as k~'. The modes with comoving momentum k. < k < ky, re-enter the horizon

14w)/2

during the period of reheating, i.e. H(a) a3 and their energy density (in the red

region) scales as a~*, and the number density d{ny(as))/dInk of these modes scales as
_3(1711/)

k Gw+D . Hence, for w < 1, the number density per log momentum has a peak structure

with maximum values around k, modes. In the following we present detailed numerical

analysis of this qualitative discussion by calculating the number density of the vector DM.

Number density of the heavy vector DM: H,.,, <mx < Hy. For vector DM in the
mass range H., <myx < Hj, we consider two cases for the momentum vector k:

(a) ki <k<ke,
(b) k<ky.
The number density for modes with k, <k <k, can be written as

dpla)| L oednled _adimle) () ()" gy

Qc Ay

dink |, ok dlnk ko dink

where a. corresponds to the horizon crossing and it is defined as

k.
Hac)

Note that in this case the horizon crossing occurs during reheating, therefore, one can

(3.4)

Qe =

express a. as

2
Hlac 3(14w)
a0|k*<k<ke = Qe A )

which implies

2
3(14w) Fl’ TIan
| — o (S1) (3.5)
Gc ky<k<ke — e k. . ‘

Consequently, in this limit we can rewrite eq. (3.3) as

2 3w2+3w+2 (1—w)

d(nr(as)) 1 ‘(<1+w)(1+3w))m1+2w (%) :(311311;) (3.6)

—_ ~ —H; X . .
dink |, _pk. 82 k
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In the other case, k <k,, the number density at a = a, is given by

dinp(@))| 1 dlppla) _ 1 dipr(ar)) <> g (& )
dlnk k<,€*NmX dlnk  myx dlnk a,)  8&m21 X ae. )’
(3.7)

where we have used the fact that in this limit H(a) = mx occurs during the reheating

2
H 3(1+w)
Ay = Qe <I> . (3.8)

mx

phase, i.e.

Number density of the light vector DM: mx < H,,. Now we focus on the case
when the vector DM is lighter than the Hubble scale at the end of reheating, i.e. mx < Hyy.
In this scenario, we calculate the DM number density for the following three cases:

(a) Kk < k < ke,
(b) ks <k < kyn,
(c) k< ky,

where k. = acHy, kyy = amnHyn. The scale factor at the end of reheating a,, = a(ny) is
given in terms of a. and « in eq. (2.22).
In the case (a), for large k values, i.e. ky, <k <k, we get the number density as

d(n(ay)) e (pr(an)) _ax (prlae)) (ac\’(ac\*(am)* (3.9)
dink |, _pcp. Kk dlnk E dlnk \a./) \am/ \as/)’ '
where in this case the second horizon crossing occurs during the reheating phase at
St/ T
= v = 3.10
e ke <k<ke e ( k ) ’ ( )

Hence the number density for the longitudinal modes for the case (a) can be rewritten as,

1-3w 2(3w2+3w+2) 3(1—w)
d(ng(ax)) ~ 1 3/2H2(1+w)H (Tw)(i+3w) (Ge\ 1+3w
~ e 2"X *rh I )
dlnk ke <k <ke 8w k
w (1—w)
1 g5 1-8u S e A
_ > (i3w) Qe 13w

In the case (b), i.e. ky <k <kyn, we get the number density for longitudinal modes as

_ e d(pr(an)) _ and(pr(re)) ((ac \’(am)?(ac)* (3.12)
kE dlnk kE dlnk ayh ac. ) \a,/) ’ '
where again a. corresponds to value of the scale factor at the second horizon crossing and

for light vector DM this happened during the RD epoch. Therefore,

2
H; \ 30+ [ Haya 1/2
ac‘k*<k<krh = Qe (Hrh> (rk C) , (3.13)

d{nr(ax))
dlnk

ks <k2<k‘rh
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which implies

4
Hp \ 3G+ H _2(1-3w) F
2 1 h 2 I
a0|k*<k<krh = Qe (H h) kj =agy 30+w) T (3.14)
T

Hence the number density in the case (b) is

d(ny(ax))
dink

1 3/2 3((4113111) 67(1113“)1 Qe 1 3/2 175/2 —143w /q,
H w) H w <7) _ H 3(1+’w ( ) .

~
~

ke <k<kpn

(3.15)
Finally, for the longitudinal modes with k < k, (c), we obtain the number density as

ding(a,)) L (pea)) 1 (prlae)) ((ae\? (am)? (3.16)
dink |, ~mx dlnk mx dlnk \am ay )’ '
1 2(143w) 1-3w k 2 1 20-3w) [ k 2
- H 3(1+w) H3(1+w) e = — H~ 30+w) —
gr2 1 rh Qe gr2 1 ae)

where we have used the fact that in this case modes re-enter the horizon during the RD
epoch, which implies

2
H O\ 5w [\ V2 swot [ o\ /2
(x = e (HI > < h> = @y 30+w) <I> . (3.17)
rh mx mx

We can summarize our results for number density for the longitudinal modes at a = a,

in both mass regimes as follows:

e For heavy vector DM mass H,, <mx < Hi,

w 2 3(1—w)
ding(ay)y 1 JETTTTm (% p o) b <k <lie, (3.184)
dlnk  8x2 2043w) 13w 2
H13(1+w) m;{(ww) (a) , k< k*. (3.18b)

e For light vector DM mass mx < H,

3(1—w)
w2 i 2<1+3w) ( ) T Forn <k < ke, (3.19a)
dnefan)) _ L) 3250 iﬁi“i (f) ki <k <k,  (3.19b)
dink — 8r2 k
2(1—3w) k 2
HI'Y 3(1+w) <a> , k< k‘*. (3.19C)

In figure 7 we show results of exact numerical computation of the number density per
Ink as a function of k/k, for different values of w at a =a,. Note that in the above two
vector DM mass regimes, the number density per log momentum has a peak structure if
and only if we (—1/3,1). A similar peak structure was also observed in [15] with standard
cosmological history assuming instantaneous reheating and radiation dominated universe
after the end of inflation. In this case, d(np(ax))/dInk is dominated by modes with k~ k.
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Figure 7. Expectation value of the number density per Ink as a function of wavevector k at
a = a, for DM vector boson with mass in the range H,, < myx < Hy (left-panel) and mx < Hy,
(right-panel). Different colors correspond to different values of equation of state parameter w.
Grey dashed (dotted) lines indicate k& = k,(ky,) while colored dashed lines refer to k = k. for
corresponding value of w. For k <k, the number density increases as k2, while for k, <k < k. it
is proportional to k% Here we take Hy = 10'3 GeV, v = 1073, mx = 10® GeV (left-panel),
myx = 10% GeV (right-panel).

In figure 8 we compare the exact numerical results (solid curves) with the approximate
analytic form [(3.18a)—(3.18b)] (dashed curves) of the number density per In k as a function
of k for w =0,1/3 at a=a,. As seen from the plots the exact numerical results agree very
well with the approximate analytic solutions.

The total number density (nz(a4)) for the case of heavy vector DM, Hy, <mx < Hj,
at the moment when H(a,)=myx is given by,

2(3w2+3w+2)

1 2(1+3w) 1—3w Ky 2 3(1-w) ke 4
<n}L‘DM(a*)> — o7 |:H13(1+w) m?{(IHU) an/ kdk+HI(1+w)(l+3W) m;{-kw ae(1+3w) / k1+3“’dk}:|,
™ 0 *
1—w
1 [1 143w e 2o Hy \ Tw
— - H2 H 14w 14w 1 _
812 [2””( 3w " ( <mx> )}
1 1 1+3w )
H, 3.20
872 [2 3(1— )}mx b (3:20)

1—w
where in the last approximation we have assumed that w € (—1/3, 1) such that ﬂ%{) s
Note that we have introduced a cut-off at A = k., so only modes that exit the horizon dur-
ing inflation and re-enter during reheating contribute to the total number/energy density.
Moreover, these sub-horizon modes, i.e. k > k., do not receive any tachyonic enhancement
and hence their contribution would have been suppressed. For the case of light vector DM,
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Figure 8. Comparison between numerical results (solid lines) and analytical predictions for the

expectation value of number density per log momentum for w = 0 (left-panel) and w = 1/3 at

a = a,. The same parameters as in figure 7 have been adopted.

myx < Hy,, the number density is given by

WP (@) =

+m

872 |2

13
T 8r2 |2

1 [1
L L

2(1-3w)

L [HI’Y 3(1tw) ae—Q

3/
X

1+ 3w
3(1—

H{

0

2 1—3w 3(w+3)
’ym H12(1+3w) a

—Mmx 1

3/2 1-3w

w) mx

1+ 3w

3/2H3/2’y_1

ke 3/2 p;5/2 TATSw
/ kdk +m5? HY 2y 500 g,
ke,
/ k15w dk |
krh
o\ V2
() )
mx

3(1—w)
1+3w
e

(1

2(w—1)
’)/1+wHi3/2<1 - 1+w

mX 2
i L P
30w Hrh]mX L

—14+3w

krh
/ k2dk
kx

))

(3.21)

2(w—1)
where we have assumed that w € (—1/3,1) such that in the last step we used 7 +v > 1

approximation.

Comments on isocurvature density perturbations.

As observed in the above anal-

ysis (see figure 7), the most dominant modes are concentrated around the characteris-

tic value of mode momentum k, = a,mx for both the light (mx < Hy,) and the heavy

(H, <mx < Hy) DM mass regimes. The explicit value of k, can be written as,

ky= Amre \/mX Hrme <mX

1—3w
Hrh>6(1+w)

L,
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where amre and Hye denote the scale factor and the Hubble rate at the matter-radiation
equality, respectively. As noted above, the number density per log momentum for the
longitudinal vector DM drops as k? for the modes with momentum k < k,, i.e. for the
long-wavelength modes. This result is independent of the vector DM mass regimes and the
presence of the reheating phase. Since the vector DM is coupled to the SM (radiation) only
through gravitational interactions, therefore the corresponding density fluctuations are of
the isocurvature type. Hence the density perturbations of the vector DM with wavelengths
of the size of CMB scale, i.e. k ~ kcvp ~ 0.05 Mpc™! may lead to large isocurvature
perturbations which are severely constrained by the Planck data [63]. It was first noted
in ref. [15], where an instantaneous reheating was assumed, that the power spectrum of
longitudinal vector DM density fluctuations falls as k3 for the long-wavelength modes k < k,.
We also get the same scaling behavior k2 for the long-wavelength modes k < k, of the
vector DM density perturbations (for both mass regimes), as the presence of non-standard
reheating phase only affects the scaling behavior at the short-wavelengths k> k.. Hence, if
the dominant modes k, correspond to cosmological scales much smaller than the CMB scale,
i.e. k> kewp ~0.05 Mpe ™!, then thanks to k% suppression of the density perturbations, the
longitudinal vector DM modes would not generate dangerous isocurvature perturbations.
We can estimate the scale of the dominant modes k, from (3.22) as,

1—3w
Hyp,\ 600y
mx ( - ; Hy, <mx <Hp,

~ -1
k*fv 1400 pcC m mx

(3.23)
17 HmreSmX<Hrh-

For the light DM mass scenario, as long as mx > 1074 GeV, the vector DM would be safe
from isocurvature modes since 1/k, is a tiny scale compared to the cosmological scales [15].
However, for the heavy vector DM case (Hy, <mx < Hy), the w dependent extra factor is

mx \ [0 1/6)
Hu eexm) B <Hrh> =1 w=l1/a,1), (3.24)
mx o Hrh (1/270) ’
<1, w=(-1/3,1/3).
mx

Hence, in this case, the dominant mode momentum k, > kcuvp for w=[1/3,1) and myx >
10~ GeV, independent of the reheating scale H,;, (or reheating efficiency +). However,
for the equation of state w = (—1/3,1/3), the heavy DM dominant mode momentum k,
can be of the order of the CMB scale for H,;, <« mx and hence can generate dangerous
isocurvature perturbations. In this case, we find the following condition on the reheating
scale H,y, in order to safely avoid the isocurvature constraints with &, 21400 pc > ko,

2(1+3w)

) i-3w)  with w=(-1/3,1/3).  (3.25)

1071 GeV

mx > Hg > 107 GeV < o

The strongest lower bound on the reheating scale corresponds to the extreme case in our

choice of parameters w~ —1/3 which implies myx > H,, > 107!* GeV. Hence, the heavy
vector DM isocurvature perturbations are also highly suppressed at the cosmological scales
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for mx > Hy, > 1071 GeV (corresponding to Ty, 2 100 GeV, see eq. (3.29)), which is the
case considered in this work. Therefore, we conclude that the isocurvature modes are not
problematic for the gravitationally produced vector DM in the parameter space of interest.

Relic abundance. We calculate the present day relic abundance of the vector DM as

T
Qxh? = ‘/’)—XhQ - ”W;X(O)h?, (3.26)

where p, is the critical density and Ty refers to the present temperature. The present num-
ber density nx (7p) is related to the number density n,(7%) = (n(ay)) at temperature T
such that H(T,) =mx as:

nx(To) = n,(T3) (“*)3 = (1) 2 (“*)3

agp Srh \ Qrh
2w
m 1+w
72 L) P™M@)),  Hu<mx<H,
— 870 rh Hrh (3 27)
2 .
Srp M
WV e, Hune <1 < Ha,
rh

where in the last step we employed relation (2.17) for the ratio a,/amn, which is different
for the two DM mass regimes. For the case of heavy vector DM with mass H,, <mx < Hj,
the H(ay) =mx equality takes place during the reheating phase, while for the case of light
DM with mass mx < Hy, this condition is satisfied during the RD epoch. Above sq is the
entropy density at present-day temperature Ty and s, refers to the entropy density at the
reheating temperature Ty, i.e.

_ épSM(arh) _ 4]\41%1 HrQh

rth = , 3.28
orh 3 Trh Trh ( )

where the reheating temperature is given by,

90 1/4
Ton = <h)> /Mpi Hy, . (3.29)

w29, (T}

Finally the DM present-day relic abundance (3.26) can be calculated as,

2w
m 1+w
2 soh? T <H)1(1> <n}LlDM(a*)>7 Hm<mx <Hr,
Qxh = —— — ! (3.30)
4M2 PecMXx
Pl m
) T, (M (), mix < Ha,

r

where sp = 2970 cm ™ and p. = 1.054 x 107°h? GeV cm 3. Furthermore, we assume that
9x(Tin) = 106, i.e. no extra relativistic d.o.f. beyond the SM. Employing the approximate
results for (ny(a,)) from egs. (3.20)—(3.21) and H,, = v2H; with v being the reheating
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efficiency, we get the vector DM relic abundance as,

1 143 Ttw
<2+3 1_w ) < ?2) yH?,  Hyn<mx<H,
Qxh?~1.27x107%x (1—w)/ \*H (3.31)

3 143w mx 2
2 vmx H <H,
<2 + 3(1_w) 72H1> mx Hy, mx rhs
T H 3w (1075 The
mx w I v v
[ _— 9 Hr S <H7
o1 <0.33GeV> <3.3><1010GeV) ( Y > hEmAS
~U.1lz2X 1/2 2
mx Ll <H
-~ _— m
<2x10—14GeV) (6.6><1013Gev>’ A

where Q‘)’})Sh2 =0.12 £ 0.0012 is the observed DM relic abundance [1]. In the last approx-
imation for the heavy vector DM case we take w = 1/3, however the dependance of the
equation of state w is power-law. Note for the heavy DM regime, the relic abundance is
independent of the DM mass for the matter dominated (w=0) reheating phase.

Our result for light vector DM (mx < Hyy) relic abundance eq. (3.31) is consistent
with ref. [15], which employed instantaneous reheating followed by RD universe. Since the
dominant modes for light vector DM cross the horizon during the RD era (see figure 5
right-panel), therefore the dependance of non-standard cosmology during the reheating
phase is less significant and one gets the same results as for instantaneous reheating. In
ref. [24] a non-instantaneous phase of reheating with matter dominated (w =0) universe
was considered. Our results for the case w=0 agree with ref. [24].°

In figure 9 we present exact numerical results for the parameter space in the plane Hiy
vs mx which leads to the production of observed DM relic abundance Q52°h?=0.12 (solid
curves) and 10% of the observed relic abundance, i.e. Qxh? =0.012 (dashed curves), for
four choices of the reheating efficiency v = 1071, 1073,107°, and 1070 with various values
of the equation of state parameter w during the reheating phase. The hatched gray region
corresponding to Hj > 6.6 x 1013 GeV is excluded by the Planck satellite at 95% C.L. [63].
We note that for the light vector DM, mx < H,,,, the observed relic abundance is produced
for mx ~2x10"14 GeV(6.6>< 1013 GeV/HI)4. However, for the heavy vector DM, H, <
mx < Hi, the presence of non-instantaneous reheating phase with general equation of state
w is of great significance as the DM relic abundance is power-law sensitive w.r.t. w as
the dependence scales as miw/(prw), HGHw)/@+2w) - and 4~ Gw-1)/0+w) - Note that the
effects of non-standard cosmological evolution during the reheating phase parametrized by
w are negligible for the light vector DM regime, as the DM mass gets smaller compared
to the H,y. In figure 9, we show the DM mass equality to the reheating scale H,; and the
inflation scale Hy as dashed gray lines. For the reheating efficiency v = 10~! the purely
gravitational production of vector DM can provide the observed relic abundance for vector
DM mass mx ~ [10714,10°] GeV for Hy~ [10'4 10%] GeV. Whereas, for v = 107! the
gravitational vector DM can account for the observed DM relic for mx ~[107!4, 10'2] GeV
and Hy~[10'* 10% GeV. Hence a wide range of parameter space can lead to the production
of vector dark matter purely due to quantum fluctuation during the early universe.

®We thank the authors of ref. [24] for pointing out a mistake in eq. (3.27) in an earlier version of the paper.
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Qxh? = 0.12 (solid), 0.012 (dashed) for y = 107" Qxh? = 0.12 (solid), 0.012 (dashed) for v = 1073
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Figure 9. Relations between the Hubble rate during inflation Hy vs the vector DM mass mx
that reproduces the observed relic abundance Q5% (solid curves) and 10% of the observed density
(dashed curves) for different values of the equation of state parameter w. Each panel corresponds
to a different reheating efficiency v=10"1,10"2,107°,1071° as indicated in the title of each plot.
The hatched gray region is excluded by the Planck satellite at 95% C.L. [63].
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As a final remark, we address the question of detection of our purely gravitationally
produced vector DM. It has been assumed that our vector DM candidate is absolutely
stable due to the discrete Zs symmetry, in addition it interacts with the SM via gravity
only. Therefore detection of such DM in laboratory experiments is rather unlikely. However,
absolute stability of DM is not necessary as long as the lifetime of DM is larger than age
of the Universe. In this case, one may allow a small mixing of vector DM with the SM
photon via the dark U(1) x kinetic mixing with the SM hypercharge U(1)y, i.e. %EBWXW,
where B,,, is the field strength tensor for the SM U(1)y gauge boson B,,. For very small
values of the mixing parameter e the vector DM can be stable at the time scales of the age
of the Universe and there is possibility of direct detection, see [15] and references therein.

4 Conclusions

The aim of this work was to investigate the possibility of gravitational production of an
Abelian vector dark matter due to rapidly expanding early universe. In this scenario the
SM is extended by a U(1)x gauge group equipped with a stabilizing Zy symmetry, so that
the corresponding vector boson is a DM candidate. It has been assumed that the dark
sector communicates with the SM only through gravitational interactions described by the
General Relativity. We have focused here on the possibility of generating vacuum expecta-
tion value of energy density for the longitudinal component of vector DM in the presence of
time dependent FLRW metric in the early universe. We have shown in detail how does the
canonical quantization of the vector field in this varying gravitational background imply the
tachyonic enhancement of some momentum modes of the field. In all cases approximate so-
lutions of the mode equation have been found and verified against exact numerical solutions.

We have assumed the period of inflation described effectively by de Sitter geometry,
however for the following period of reheating we have adopted a generic equation of state
with its parameter varying in the window —1/3 < w < 1. That way we have effectively
taken into account possibilities of unknown dynamics modeled by some unspecified inflation
scenario followed by an extended period of reheating with non-standard early universe
cosmology. It has been shown that the spectrum of dark vectors produced that way is
centered around a characteristic comoving momentum k, that is determined in terms of
the mass of the vector, the Hubble parameter during inflation Hy, the equation of state
parameter w and the efficiency of reheating . The ultimate result of this work was to
calculate the present total vector-dark-matter abundance produced purely gravitationally.
Regions in the parameter space consistent with the Planck measurement of 2py; have been
determined justifying the gravitational production as a viable mechanism for vector dark
matter production for a wide range of DM masses. In particular, we found non-trivial
dependance of the relic abundance on the vector DM mass mx and the Hubble parameter
during inflation H;. This dependance of the relic abundance on myx and Hi is different for
the heavy DM H,;, <mx < Hy and light DM mx < H,j, regimes. The results obtained in
this paper are applicable within various possible models of inflation/reheating with non-
standard cosmology parametrized by corresponding equation of state.
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A Quantization of the vector field in a curved background

Here we collect essential details of the canonical quantization of a vector DM in a curved
background. The action for an Abelian vector field reads

1 1
SDM = /d4x\/jg |:_4g#agVBXMVXa5 + §m%(gleNXV ) (A'l)

where X, = 0,X,—0,X,, denotes the field strength and m x is the vector boson mass. The
background metric is in the FLRW form (2.2). The above action results in the following
equations of motion,

VX - V2Xy+m%a®Xo =0, (A.2)
; 2, 1 _ - =
X+HX - 5V*X +mixX = -2HVX, (A.3)
a

where V = 9/(da"), V2 = 82/(dx;02%), and H = a/a is the Hubble parameter. It is
convenient to adopt the Fourier transform

P B LA Ad

where the reality of the X, (¢,%) field implies X, (¢, k) = X, (1, —k). Inserting this decom-
position into egs. (A.2)-(A.3), we get,

—ik - O X
0= —5—5—5, (A.5)
k? + a?m%
. . k2 . I
2 2 _ t
OfX + Ho X + <a2 +mX)X_—2Hk Pamia (A.6)

Note that the Xy is an auxiliary (unphysical) field and has no dynamics associated with it.
However, we have used it in obtaining the above dynamical equation for the X components.
The three components of X field can be decomposed in a basis of helicity states, i.e.

X(t.k)= > a(k)Xa(t k),
A=+,L

where XL and A7, denote two transversely-polarized modes and a single longitudinally-
polarized mode, respectively. By choosing the reference frame such that the vector k points
the z-direction the explicit forms of the polarization vectors can be adopted as follows

0 1
er(k.)=101|, élk,)=F—4| +i |,
0
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which implies
k- X(t k) =k XL(t, k).

k
This allows us to rewrite eq. (A.6) in terms of the conformal time (dt = a(7)dr) as

X!+ (K +a*mk) Xy =0, (A7)
X!+ Lﬁlx’ + (k® + a*m%) X, =0 (A.8)
Ehg2 4 a?m% a L X ' '

Note that eq. (A.7) is the harmonic oscillator equation with time-dependent frequency,
wl = k% + a®m%. Tt is worthwhile to mention that in this case w? is always positive.
However, for the longitudinal mode, X7, it is convenient to perform a field redefinition

/k2 +a2m2 _
Xp = ——— AL, (A.9)
amx

that allows to rewrite eq. (A.8) in the desired form of an oscillator equation. We obtain
the equation of motion for Xy, in the following form

X[+ wi (T)Xp =0, (A.10)
with the frequency
k2 a’ k2m2 a/2
2 _ 1.2 2 2 X
wL(T):k +mX(I — k2+m§(a2;+3(k‘2+m?xa2)2 . (All)

Let us here recall some basic mathematical facts about time-dependent oscillator equa-
tion. Such equations have a two-dimensional space of solutions, spanned by {X L(l), X f)}

and {Xj(tl), Xf)}, respectively. The general solutions are given by

X (r k) = az X (r, k) + a* X (7, k). (A.12)
Xe(7,k) = bz Xa(r, k) + b1 XL (r, =), (A.13)

where a%, b% are complex time-independent constants and
X=X 4ix?, X =x0 4ix®, (A.14)
Using egs. (A.4), (A.12), (A.13) we get
v - d*k - INARE | = (TN V¥ )ik T
%)= [ o {GL(k)aE Xy (r, F)e™e + & (Ryat X (. F)e }

. Bk e N RE | o k(T ¥ P\ —ikF
Xelrd)= [ o (e s P e (] s By

Next, we quantize the theory imposing equal-time commutation relations,

A~
A~

[)?L(T’ :Z:)v 1QIL (7-7 37)] = 26(3) (f - g)a [Xi (7-7 f)) ﬂi (7_7 g)] = 25(3) (f - 37)7 (A15)
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where we have promoted X4 to the quantum field operators X L(+)

o = &’k - ~ D N GRT | o (DA * —ik-T
XL(T,J;):/W{EL( g Fu(r, R 4 e (Rl (r, Ry 7} (A.16)

Syl

A = d3]{7 o TN e 7;_‘.53’ = % /1M1 * 7 —i—:f
Xi(r,7) = / W{ei(k)bgié\.’i(ﬂk)ek Fes (Rl az(r Re T (A

where d%(&g) and BITZ(BE) are the creation (annihilation) operators for the X and X,

respectively. The canonical momenta are defined as

if the Wronskian:

is time-independent and normalized as follows
WXL, Xj] = W[Xe, Xf] = —i. (A.21)

To solve equations of motion for the two transversely-polarized mode (A.7) and the
single longitudinally-polarized mode (A.10) we impose the Bunch-Davies initial conditions:

- 1 , . 1 A
lim Xp(7, k) = ——e 7 lim Xi(7, k) = ———e 7. A .22
T——00 L( ) m T——00 i( ) \/ﬁ ( )

This boundary condition together with (A.21) completely fixes the mode functions X -
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