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1 Introduction

Interfaces in a quantum field theory are codimension-one objects that connect two neigh-
boring regions in spacetime. Though they exhibit rich physical properties, they have been
as yet only partially explored. Interfaces appear in various physical contexts such as con-
densed matter physics, supersymmetric field theories, and string theory. In this paper we
are particularly interested in the interfaces that are characterized by a spatial change in
the values of the coupling constants; such interfaces are called Janus interfaces [1, 2]. More
specifically, we will study the entanglement entropy associated with the Janus interface in
four-dimensional (4d) N/ = 2 supersymmetric gauge theories.

For 2d N' = (2,2) superconformal field theories (SCFTs), the reference [3] found an
intriguing relation between the interface entropy (the g-function [4]) and the quantity D
known as Calabi’s diastasis. Let us consider the K&hler potential on the (super)conformal
manifold, i.e., the space of exactly marginal couplings 7 = (77) preserving N = (2,2)
superconformal symmetry. For notational simplicity and without loss of generality we
assume that there is only one complex marginal coupling 7. Let 7* be the complex conjugate
of 7, and 7 an independent complex variable. For 7 —7* small enough, one can analytically
continue the Kéhler potential so that the function K(7,7) that depends holomorphically
on 7 and 7 reduces to it when 7 = 7* [5]. Let 74 and 7_ be two points that are close enough.
Calabi’s diastasis is the function given by the following combination of the analytically
continued Kahler potentials:

D:=K(r4,74)+ K(7—,7-) = K(74,7-) — K(7—,74) . (1.1)

It can be viewed as a measure of separation between the two points on the conformal man-
ifold; it becomes proportional to the usual metric when the two points are infinitesimally
close. The finding of [3] is that the g-function of the interface across which the couplings of
the SCFT take different values (74,74 ) and (7—,7_) is given in terms of Calabi’s diastasis
function D as

2logg="D. (1.2)

This formula provides an interpretation of the interface entropy in terms of the geome-
try of the space of quantum field theories. The claim of [3] was further confirmed via
holography [6], super-Weyl anomaly [7], and supersymmetric (SUSY) localization [8].



A generalization of the relation (1.2) to 4d N = 2 theories was conjectured in [9]. In
general one can define the entropy Sz of an interface that separates CF T and CFT_ as

1IcFT) 1/ L(CFT CFT_
Sp =857 -3 (ST + 5T (1.3)
where SSCFT) is the entanglement entropy for a spherical entangling surface in the interface

CFT (ICFT), and SJEJCFTi) is the entanglement entropy computed using the same geometry
for CFT4 without an interface. The reference [9] conjectured that the interface entropy
St for a half-BPS Janus interface in a 4d N' = 2 SCFT is again proportional to Calabi’s
diastasis on the N' = 2 conformal manifold

St xD. (1.4)

In [9] the conjecture was confirmed for a special case, namely the large-N limit of V' = 4
SU(N) super Yang-Mills, using the result of the holographic calculation of the interface
entropy performed in [10].

Both for 2d N' = (2,2) and 4d N' = 2 SCFTs, the Kéahler potential on the conformal
manifold is related to the sphere partition function Z[S?] as log Z[S%] o« K(r,7) [11-13].
Thus one can relate the interface entropy not just to Calabi’s diastasis but also to a ratio
of the sphere partition functions in the presence and in the absence of the interface. Indeed
the paper [14] formulated a relation between the entropy of a conformal defect of general
codimension defined in terms of the entanglement entropy and the ratio of the sphere
partition functions in the presence and in the absence of the defect. The main aim of this
paper is to derive the formula (1.4), based on a certain assumption, using CFT techniques
similar to [14]. We restrict to N' = 2 superconformal theories realized as gauge theories
with Lagrangians, and to marginal couplings identified with complexified gauge couplings,
because part of our analysis uses SUSY localization. It is, however, formally possible to
apply the localization to a non-Lagrangian SCFT whose flavor symmetry is gauged by a
vector multiplet. It is conceivable that exactly marginal couplings in A/ = 2 SCFTs can
always be realized as gauge couplings.

We summarize the steps for deriving the formula (1.4) as follows.

1. Based on the replica trick and the Casini-Huerta-Myers map [15, 16] we show that
the interface entropy (1.3) is proportional to a ratio of the CFT sphere partition
functions in the presence and in the absence of the interface:

7(ICFT) [84]
(Z(CFT+) [84] 7(CFT-) [84])1/2

St = log (1.5)

2. We assume that in the presence of a half-BPS superconformal interface Z in an
N = 2 superconformal field theory, the conformal sphere partition function defined
in a conformally invariant scheme equals the absolute value of the SUSY sphere
partition function defined in a supersymmetric but not necessarily conformally in-
variant scheme:

Assumption:  ZID[sY = | ZE 6y [SY]] . (1.6)



3. We show by SUSY localization that the SUSY sphere partition function with a Janus
interface is given by the analytic continuation of the sphere partition function without
an interface:

ZSIUSY [84](7'+,?_) is holomorphic in 74 and 7_ ,
ZCFDSY(r,7) = ZEysy[SY(r4 = 7,7 = 7). (1.7)

4. Use the relation

1
log Z*DISY (7, 7) = K7 (1.8)
between the sphere partition function and the Kéhler potential to derive the rela-

tion (1.4).

Our derivation of the relation (1.4) relies on the non-trivial assumption (1.6). We note,
however, that the quantity (1.5) with the replacement (1.6) naturally arises if we replace
SSCFT) by a limit of the supersymmetric Rényi entropy, which was introduced in [17] and
is defined using supergravity backgrounds that preserve the supersymmetries used for lo-
calization. Thus even without the assumption (1.6), Calabi’s diastasis naturally arises if we
use the supersymmetric Rényi entropy as an alternative definition of the interface entropy.

In performing SUSY localization, a useful tool is what we call the off-shell construction
of supersymmetric defects. Namely we promote a coupling constant to a supermultiplet
(coupling multiplet) and give it a non-trivial spatial profile. Part of supersymmetry can
be preserved by turning on auxiliary fields in the coupling multiplet in such a way that the
variations of the fermions vanish. This method was used in [8, 18-21] for various defects.
Here we apply it to the half-BPS Janus interface in a 4d N = 2 gauge theory, which was
studied previously based on different constructions [22-26].

The outline of this paper is as follows. In section 2 we begin with the discussion
of conformal interfaces in general, not necessarily supersymmetric, CFTs. We define the
interface entropy in terms of entanglement entropies and use the Casini-Huerta-Myers map
to relate it to a ratio of the sphere partition functions in the presence and in the absence
of the interface. We then explain our assumption (1.6) regarding half-BPS (not necessarily
Janus) superconformal interfaces in N'= 2 SCFTs. We also explain that this assumption
is natural from the point of view of the supersymmetric Rényi entropy [17]. Section 3 is
devoted to the off-shell construction of the half-BPS Janus interface. We illustrate the
off-shell construction by the simpler case of the flat space, and then construct the Janus
interface on S* using off-shell supergravity. In section 4 we perform SUSY localization
with the Janus interface to show the relation (1.7). The relation between the interface
entropy and the sphere partition functions is combined with the results of localization
to show that the entropy of the Janus interface is proportional to Calabi’s diastasis as
written in (1.7). In section 5 we perform two holographic computations. First, for N' = 4
SU(N) super Yang-Mills theory, we compute holographically the sphere partition function
(or its logarithm, the free energy) in the presence of the Janus interface by evaluating the
on-shell action in the supergravity background dual to the interface [27]. This involves a
certain regularization near the AdS boundary. Second, again for the N/ = 4 theory, we



revisit the computation of the holographic entanglement entropy of the interface, using the
same regularization method as for the on-shell action. The two calculations serve as a check
of (1.5). We conclude with discussion in section 6. Appendix A collects our conventions and
notations, as well as useful facts abound supersymmetry and supergravity. Appendices B
and C contain technical details that we use in the main text.

2 Interface entropies in CFT and SCFT

In this section we define the interface entropy in terms of entanglement entropies and
relate it to a ratio of the sphere partition functions in the presence and in the absence of
the interface. We also explain our assumption (1.6) regarding half-BPS superconformal
interfaces in N’ = 2 SCFTs.

2.1 Entanglement entropy in the presence of an interface

We begin by reviewing the standard definition of the entanglement entropy, with a confor-
mal interface included in a straightforward way. For a similar discussion with defects of
general codimensions, see [14].

We consider a 4d CFT in Minkowski space with coordinates (¢,y*,y? y). Let us
introduce along the hyperplane y® = 0 a conformal interface T that preserves a sub-
group SO(2,3) of the conformal group SO(2,4). We also use spherical coordinates (7, ¢, x)
related to the Cartesian coordinates as (y*, y?, ) = (rsin ¢ cos x, 7 sin ¢ sin x, r cos ¢). Let
us take the entangling surface ¥ to be a 2-sphere with radius R inside the ¢t = 0 time slice

S ={t=0,r=R}. (2.1)

We decompose the Hilbert space modified by Z, Hz, into the tensor product of H 4 and Hp
that correspond to the regions 7 < R and r > R in the constant time slice R® at ¢t = 0,
respectively:!

Hr=HasR@HB. (2.2)

Inside the ¢ = 0 slice, the entangling surface r = R intersects the interface along the
great circle at ¢ = /2. Using the ground state |0) € Hz we form the density matrix
p = trp|0)(0| by the partial trace over Hp. Next, by taking the partial trace over H4 we
define the entanglement entropy

S](EICFT) = —tryplogp, (2.3)

and the Rény entropy
1
SUCFT) . _~ Jogtry p". (2.4)
1—-n
The two quantities are related as
: (ICFT) _ (ICFT)

7£1_>m1 Sy, Sk . (2.5)

By construction SSCFT) and ST(LICFT) are non-negative.

'We choose not to delve into to the subtleties associated with such a decomposition for a gauge theory.



The replica trick identifies the quantity tr4 p" with the partition function Z[M,,], i.e.,
the path integral on the n-fold branched cover M,, of the Euclidean space R*, normalized
by Z[M;]™

Z[M,]
trapt = ——-—-. 2.6
Since we are interested in the continuous limit n — 1, we wish to define M,, for non-
integer n.

A useful tool to achieve this is the so-called Casini-Huerta-Myers map [15, 16]. We
perform the Wick rotation via the substitution ¢ — —it and consider the Euclidean space
with coordinates (¢,4!, 4%, y3) and the metric

dsgs = dt? +dr® + 17 (d¢? + sin® pdy?) . (2.7)

Let us perform a change of coordinates to (7,6, ¢, x) via (the Euclidean version of) the
Casini-Huerta-Myers (CHM) map?

sin@sin T
t=R—FF——,
1+sinfcosTt (2.8)
cos 0 )
r =

1+sinfcost’

Through this, the Euclidean space is conformally equivalent to the round sphere as
dszs = Q%dsd., (2.9)

with the conformal factor

R

e 2.10
1+sinfcost ( )

and the round sphere metric
ds3s = df? + sin® 0 dr? + cos® 0 (d¢* + sin® pdx?) . (2.11)

The entangling surface ¥ is mapped to the 2-sphere at # = 0. The translation in the 7 direc-
tion fixes ¥ and corresponds to the modular flow generated by the modular Hamiltonian H
defined by p = e~ [15]. See figure 1. The n-fold cover M,, has the metric

ds?,, = Qds , (2.12)
with
ds§% = d6? + n?sin? 0 dr? + cos? 0 (d(Z)2 + sin? ¢dx2) . (2.13)

The range of 7 is 0 < 7 < 2m. This metric is singular for n # 1.

2We believe that the reader can distinguish, based the context, the coordinate 7 from the coupling 7.



Figure 1. (Left) A codimension-one conformal interface Z and the entangling surface (within
the constant time slice t = 0) in the 4d Euclidean spacetime R*. The 7 direction (blue arrow)
corresponds to the modular flow. (Right) The conformal interface extends along the equator S at
¢ = /2 of the 4-sphere S*.

2.2 Interface entropy and the sphere partition function

Armed with the CHM map (2.12) associating the replica space M,, to the n-fold cover of
a 4-sphere St we will derive a relation between the entanglement entropy and the sphere
partition function in ICFT. While we are only concerned with ICFT in four dimensions
there is no difficulty in repeating the same argument for the CHM map in general d di-
mensions (just by replacing the entangling region S? with S%=2). So we closely follow the
derivation in [14] which uses the dimensional regularization for calculating the entangle-
ment entropy in CFT with conformal defects for a moment. This approach is not only
general enough, but also simplifies the derivation by avoiding an extra care for conformal
anomalies as they are automatically incorporated into poles at even dimensions. We defer
the discussion about conformal anomalies in ICFT to section 6.4.

In the dimensional regularization we adopt a scheme such that the theory is strictly
conformal even at quantum level. In other words, we start with an odd-dimensional CFT
without conformal anomalies and analytically continue it to general dimensions. Hence
the CFT partition functions, even in the presence of an interface, on the n-fold covers
of the Euclidean space and d-sphere are the same under conformal transformation of the
type (2.12):

7(ICFT) M,] = 7(CFT) [Sd]. (2.14)

Note that the equality between the two partition functions holds only up to power-law
UV divergences. It follows from this relation together with (2.4) and (2.6) that the Rényi
entropy across a sphere in ICFT is given by

GUCFT) 1 ZIFDsd]

=1 log (200 D))" (2.15)

We note that this expression is trivially valid in the absence of an interface.
Now we consider an interface CFT built out of two CFTs, CFT, and CFT_, glued
together along the interface Z. We define the interface entropy as the contribution to the



entanglement entropy by the interface Z:

GOFTy) SJ(ECFT_)

Sy = SUFT _ 28 . (2.16)
Using (2.5) and (2.15) we can write the quantity S](EICFT) in (2.16) as
Sp ) =log 208 — 9,105 20V s (2.17)
We wish to show that the second term in (2.17) vanishes, i.e., that the relation
SUT) _ 1og Z(OFT) (5] (2.18)

holds. For this we need the behavior of the Rényi entropy (2.15) in ICFT at n = 1 + ¢
with small €. In the framework of general, not necessarily supersymmetric, conformal field
theory, log ZUCFD[S¢] and log ZICFT)[SY] differ by the variation of the background metric
89+ = (n? — 1) sin? 6. In terms of the stress tensor defined by

2 dlogZz
Ty = — = 208 (2.19)
V9 0Guw
where Z is a general partition function that depends on the metric, we can write
1
_ log Z(ICFT) [ng] + log Z(ICFT) [Sd] _ _'_5 / 59“1/ <TMV >gdCFT) + 0(62) ) (2'20)
Sd

To study the one-point function of the stress tensor we use a conformal mapping between S¢

and the flat space. This map may be but does not have to be the CHM map (2.8). In

general the one-point function (7" >gdCFT)

transforms under a conformal transformation as
(ICFT)

(T >(ICFT) = (Weyl factor)2<T;w ) pd

4 (2.21)

(ICFT)
R4
preserved by the interface [28, 29|, so we conclude that the interface entropy is given by

One can easily show (7}, ) vanishes due to the residual conformal symmetry SO(1,4)

the combination

7(ICFT) [Sd]
(Z(CFT1)[Sd] Z(CFT-)[Sd])1/2 |

Sz =log (2.22)
of the sphere partition functions with and without an interface. In what follows we will
use this relation in the calculation of the interface entropy in d = 4 dimensions.

2.3 Interface entropy in SCFT

We now turn to half-BPS superconformal interfaces in 4d N' = 2 superconformal field
theories. For our conventions, see appendix A.l.

In flat space with Cartesian coordinates y* the Poincaré supersymmetry and special su-
perconformal transformations are parametrized as dg = €Q; + Q" and 65 = 17'S; + 1,5,
where a bar on a 4-component spinor parameter indicates the Weyl conjugate defined



in (A.15).3 The spinors €' and 7; are left-handed, while ¢; and 7 are right-handed. The
operators Q; and S* are left-handed, while @’ and S; are right-handed. A half-BPS super-
conformal interface at y3 = 0 preserves the fermionic symmetries with parameters satisfying

& = piy°e, mi=—piV’n (2.23)

where the fixed symmetric tensor p;; satisfies p;;p’* = 0F with p¥ := (p;;)*.* In other
words, the preserved supercharges and special superconformal charges are

Qi — pij13Q’, S+ pijr3S . (2.24)

They generate the 3d N' = 2 superconformal algebra OSp(2[4)se.

Since such an interface is a special kind of conformal interface, our discussion in sec-
tions 2.1 and 2.2 applies to it. There are, however, two important differences between the
conformal case and the superconformal case.

The first difference is that superconformal field theories and interfaces naturally couple
to background supergravity (or conformal supergravity) fields other than the metric. The
partition functions are functionals of these fields. In general a supersymmetric background
involves non-zero supergravity fields.’

The second difference is that the counterterms dictated by supersymmetry involve
supergravity fields other than the metric. When we turn off supergravity fields other
than the metric, as in the supersymmetric S* background, such terms reduce to non-
SUSY counterterms that involve only the metric (and other non-supergravity background
fields), but their coefficients are related by supersymmetry. This mechanism gives universal
meanings to some, a priori non-universal, terms in the effective action [13].

To establish the relation (1.4) between the interface entropy and Calabi’s diastasis, an
important step for us — Step 3 in the introduction — involves localization that computes
the supersymmetric partition function ZZ;qy[S*] of the system with an interface in a super-
symmetric background. As we will see in section 4, the SUSY partition function ZZ ¢ [S"]
is in general complex. On the other hand, so far we have related the interface entropy only

(ICFT) [84]

to the conformal partition function Z , which is real and positive by unitarity.

Based on these motivations we make the assumption (1.6) in Step 2, i.e.,
20TV = | ZEysy (S]] (2.25)

Combined with (2.22), this gives the interface entropy

Sz = log | ZusIS] (2.26)
CFT CFT_ ’ .
(2181 250y s 2

3The parameters here are related to the parameters in appendix A.3 as (€%, €;)there = (€* + y“fym]i, € +
Y i)

4Such pi; can be parametrized as p;; = e - T, where « is real and 7 is a real unit vector. They
transform under U(1)r and SU(2)r.

5In the supersymmetric S* background, the metric is the only non-zero field in the Poincaré supergravity
multiplet [30, 31]. There are non-zero fields in compensating multiplets [32] that violate conformal invariance
and unitarity. See (4.12) and (4.13).



in terms of supersymmetric sphere partition functions with and without an interface. We
note that the combination (2.26) coincides with the “boundary free energy” considered
in [33-35].6

We explain in section 6.1 that one can use the super-Weyl anomaly of [7] to prove the
2d version of the assumption (2.25).

2.4 Interface entropy and the supersymmetric Rényi entropy

We now explain that the assumption (2.25) is natural from the point of view of the super-
symmetric Rényi entropy [17]. More precisely (2.25) is equivalent to the statement that

the entanglement entropy SSCFT) coincides with the n — 1 limit of the supersymmetric

Rényi entropy S&?SFYT )n that we define below.

Even in the presence of a conformal interface, one can relate the (ordinary) Rényi
entropy to the partition function on the n-fold covering of the round sphere, as we wrote
in (2.15). This expression is somewhat formal because we do not specify how we deal
with the conical singularities for n # 1. One can make it more precise by considering a
supersymmetric background gi that regularizes the n-fold covering S} [31, 37]. We review
the supergravity background gﬁ in appendix C.1.7 In the limit n — 1 the background
reduces to the round sphere S* with all supergravity fields other than the metric vanishing.
Let us denote the partition function for S2 by A [S%] and define the supersymmetric

Rényi entropy

T 1 ZSIUSY [Sa)
S3usy n : - Relog (ZE,onS)" (2.27)
We take the real part of the logarithm, or equivalently the absolute value inside the loga-
rithm, mimicking the original definition in 3d (without an interface) [17]. (See also [38, 39)]).
The supersymmetric Rényi entropy is a natural and meaningful physical quantity in general
dimensions [37, 40-48].
If we assume that the entanglement entropy is related to the supersymmetric Rényi

entropy as
SSCFT) = liml S§usy n s (2.28)
n—
we have the supersymmetric version of the equality (2.17):
ICFT 1
Sy = log | Zysy[8"]] — 9. Re log ZEysy(S3]| (2.29)

In appendix C.2 we show that the second term vanishes. Thus
ICFT
SOFD —log | Z&ysy[SY| - (2.30)
Comparing (2.30) with (2.18), we see that (2.28) is equivalent to the assumption (2.25).

®In 3d it is common to define the free energy as F = —log|Zsusy|[S®]| in terms of the absolute value of
the partition function computed by SUSY localization. See for example [36].

"Although we do not show this explicitly, we expect that in the supersymmetric gﬁ background one
can construct a SUSY preserving Janus interface that reduces to the half-BPS interface in the n — 1
limit. The worldvolume of the interface is invariant under the Killing vector generated by the square of the
supercharge preserved by the background. The gi background is a member of the more general family of
supersymmetric backgrounds that includes the ellipsoid of [30], for which a Janus interface has a natural
interpretation in the context of the AGT correspondence [26].



3 Off-shell construction of the Janus interface

In this section we provide an off-shell construction of the Janus interface in a general N' = 2
SCFT in flat space and on S*. We borrow tools from N = 2 supergravity. Supersymmetry
transformations of the relevant supermultiplets are summarized in appendix A.3.

3.1 Off-shell construction in flat space

Let us illustrate the off-shell construction method of the Janus interface in a general N' = 2
SCFT by first considering the simpler set-up of Minkowski space with coordinates y*. While
the physical reality conditions are clearer in Minkowski signature (see [49]), all the formulas
in this subsection are also valid in Euclidean signature. Without loss of generality we focus
on a single marginal coupling 7.

A crucial ingredient is the coupling chiral multiplet of Weyl weight zero

T =(r, v, BT EQ)- A7, c™). (3.1)

It is accompanied by an anti-chiral multiplet
T = (7, v B, F;EZH, AL Ty (3.2)

where we take 7 to be the complex conjugate of 7: 7 = 7*. See appendix A for our
conventions. We wish to construct an interface characterized by a general profile of the
complexified coupling 7(y>) with part of Lorentz symmetry unbroken. We set the fermions
in the coupling multiplet to zero. To preserve some supersymmetry, we require the auxiliary
fields in T to take appropriate values so that the variations of the fermions vanish. Using
the unbroken Lorentz symmetry we obtain, for constant €’ and e;,

0\ = ()i + %Bg)ej ) (3.3)
647 = _%3335 elhyPe + %C(T)%Gj , (3.4)
ST Z (947 + %B(T)ijej, (3.5)
SAM — —%ﬁgB(T)ijajk’Y?)Gk + %6(7)5”6]' . (3.6)

We demand that these expressions vanish on a half-dimensional subspace of the space of
()
4 ij .
and C(7) to 027. The solutions are parametrized by a U(1) phase €!® and a real unit vector

(¢',¢;). As functions of 33, B;.’ must be proportional to 937, ™ to 8§T, B 4o 947,

i, which naturally transform under U(1)g and SU(2)g, respectively. We write

pij =i Ty, pl=e i T, (3.7)
Then
€ = Pz’j’Y?’fj ) (3.8)
Bg) = —2p;j 03T, BMU = 257 957 | (3.9)
O = —9et%a g2y C) = —2¢7 % 927 (3.10)

We note that (3.8) coincides with the first equation in (2.23).

~10 -



We now specialize to a step function profile

. for 43 >0,

m(y3) = { (3.11)

r_ for 1% <0.

Let us define A7 := 7, — 7_. In the expressions for the auxiliary fields in (3.9) and (3.10),
we get 937 = AT (y?), 937 = AT (y3), where the prime denotes the derivative. Explicitly,
BZ(]T) = —Qpl'jAT 5(y3), B(T)ij = _2§ijA?5(y3)’

(1) _ o, +2icx 1/.3 AT o —2ia A= 5[, 3 (3~12)
C'" = =2eTAT 8 (y?), C\T) = =274 *AT ' (y°) .

We are interested in special superconformal transformations, which we denote by d,. We
take n’ and 7; constant and make substitutions € — y*v,n" and ¢ — y v,n; in (A.26)
and (A.29) to get (577\1157) =0 and

S ey 1 RN
oy A7) = 5 0B Tyt + 5 COesjybyup — B ey,
= 287 05(y°0(y*)) pi i (3.13)

2
— A7 2§ () (y3 + Z y“’ya’yg)sijﬁ]k(nk + pr’nt) .
a=0

As a distribution, i.e., as a linear functional on the space of smooth functions with compact
support, 93(y36(y>)) is zero. Then (577/157) vanishes precisely when the second equation
in (2.23) is satisfied. The same is true for 4, ¥(7)? and 6, A7), which are obtained from (3.13)
by charge conjugation.

Thus we succeeded in constructing a half-BPS superconformal Janus interface in flat
Minkowski space by an off-shell method. It preserves the subalgebra OSp(2|4)s. of the 4d
N = 2 superconformal algebra SU(2,2|2).® The former is the 3d N’ = 2 superconformal
algebra. We note that the background values of the coupling multiplet in flat space respect

the physical reality conditions, i.e., B(T% = (BZ-(J.T))*, (Cy =),

3.2 Massive superalgebra on S*

Because S? is conformally flat, the full N' = 2 superconformal algebra on S* is again
SU(2,2/2). Similarly a half-BPS superconformal interface along S* C S* preserves the
3d N = 2 superconformal algebra OSp(2]4)s.. Another relevant algebra is the massive
superalgebra OSp(2|4),, generated by the SUSY parameters [32]

e = e_%BPin, € = e2B . Tij PRXj , (3.14)
where x? is a Killing spinor satisfying
i

VX' = 5omx’ (3.15)

80ur notations do not distinguish different real forms of the algebras that arise in Minkowski and
Euclidean signatures. We also use group (capital letter) notations even though we really mean Lie algebras.
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Here 7 is the radius of S* and 7 is a unit three-vector, which we will identify with the
vector denoted by the same symbol in (3.7) when we introduce a Janus interface. We also
introduced a U(1)g phase 3.

We take the stereographic coordinates # and set z := (3 (2#)?)!/2. The metric is
given by
_ 1
= =

2

Juv = f($>2 5,u1/ ) f(x)

(3.16)

The gamma matrices in upper and lower cases are related by the vielbein as y* = I'®¢e,*,
with I'* being constant gamma matrices satisfying TI'? + TPT® = 259, and the vielbein
given by e, = f(x)dy. In the stereographic coordinates x#, the Killing spinors can be

written as
X =Vrf <1 + Qir:cﬂF”> X (3.17)
where Xé is a constant spinor. Then we can write €, ¢; as
€ = 6755\/}0 <PLX6 + ;qu#PRX%)) , (3.18)
€ = eéﬁ\/?fi - Tij <PRX% + Qir:cMF“PLxé) . (3.19)

If we further restrict the symmetry by imposing the chirality condition
Prxy =0, (3.20)

then the corresponding symmetry is OSp(2|2),, [32]. We do not lose generality by imposing
this condition, as we will explain in section 6.3. It will, however, also be useful to consider
an alternative choice of massive subalgebra given by replacing (3.20) with

(alternative)  Prxh =0. (3.21)

3.3 Off-shell construction on S*

We now perform the off-shell construction of the Janus interface on S*. As in section 3.1 this

ET)’B’L(;)’F(J(,;—)_’A(T)’C(T))

i
with weight w = 0 and its anti-chiral partner 7 = (7, w(n)i B Fé;”, A 6(7)).
We consider a one-dimensional profile of the coupling 7(x) as a function of z and de-

is done by introducing the coupling chiral multiplet 7 = (7, ¥

mand invariance under the SO(4) subgroup of the SO(5) isometry group. In particular we
have Fé;)Jr = F(EZ)_ =0.

We wish to preserve the supersymmetry corresponding to the parameters given
by (3.18)-(3.20). We set n' = i’y“vuei, N = i’yﬂvuei. For the coupling chiral multi-
plet, the conditions for supersymmetry

50\ = (Y1) ei + %ij) =0, (3:22)

0l a1 )
047 = 5 VB e + 5 €Oyl — B =0, (3.23)
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determine Bg) and C(7) to be given by

iB 2i8,.2
(7) diePr (r) _ 8ePr " 1,

B;; _.CL‘f()T()n Tij, C _W T(:U)—ET($) . (3.24)

Similarly, for the anti-chiral coupling multiplet, the conditions

=i L ()i

=(VT)e' + 5B e =0, (3.25)

. 1 B 1 .. .
oA =~ VB ek 4 3 Celie; — BMig,nk =0, (3.26)

whose expressions are related formally to (3.22) and (3.23) by charge conjugation in

Minkowski signature, lead to
B —ip T B . 6—2iﬁ 332 3
BMii — _le ()i - 7Y m_c T [z o . 2
rf( ) T ()i - TY, C 37 ()2 T (z)+ =T (x) (3.27)

To compare with the analysis in section 3.1, let us introduce the variable 0 via

T =2r tang . (3.28)
Then
() _ 2ie” dr (ryij _ 217 a7
B’ = cot(0/2) " T B'MY = — tan(6/2) BT 7 (3.29)
28 cos(6/2) dr d*r
(r) _ €7 cos(0/ g 47
¢ 2 sin3(0/2) (cosf—2) de +sinfd 5 dez |’ (3.30)

— ~45 5in(0/2) dr d*r
() _ & sin(0/2) o) 47
C 7 o3 (0)2) (cosf + )d9+8m9d92

(3.31)

We now take a limit to the step function profile
f 0<0<Z,
7(0) = {T+ R (3.32)

7_ for g<«9§7r.

We again set A7 = 7 —7_. By applying the identities 2"§(z) = 0 (n > 1), xd'(z) = —d(z),
"8 (x) =0 (n > 2), we get

2ielf
r

. 9B
i-FgAre(0-3),  BOY= “;

T

B = - ﬁ-?ijA?5<0—g>,
(3.33)

o — _

As we explain in appendix B, these expressions are related to the flat space results (3.12)
by the Weyl transformation, with the identification p;; = ielf i - Tij, or equivalently
eiﬂ — eia

In Euclidean signature chiral and anti-chiral multiplets are independent. Indeed for a
generic profile 7(x), (BZ(;), CM) and (B4, C(7) as given in (3.24) and (3.27) are not the
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complex conjugate of each other even though we demand that 7(x) = 7(z)*. In the limit
that the profile 7(x) becomes a step function, however, (BZ-(J-T)7 CM) and (BM4, C()) given
in (3.33) are the complex conjugate of each other.

Our construction involving a general profile 7(x) manifestly preserves OSp(2|2),, at
every step. In the limit where 7(x) becomes a step function (3.32), the symmetry enhances,
classically, to the full 3d superconformal algebra OSp(2|4)s.. We regard a smooth profile
as a UV regulator for the superconformal Janus interface on S*.

Repeating the analysis for the alternative choice (3.21) leads to

. 2ielf d o 2ie”# dr y
BZ-(]-) = — 1: tan(0/2) d*;ﬁ-ﬁ'j, i = 21¢ cot(0/2) d—;ﬁ-?”,

28 sin(6 2) dr d2r

; m = sin(0/2) 01+ 9) - +sinf ——

(alternative) C 7 cos(02) (cosf + )d0 +sinf ool

_ —2i8 6/2) d7 d*F

n = ¢ % 0—92) — +sinf —

- 2 smd(2) |0 Y g T g
(3.34)
These expressions are related to (3.29)—(3.31) via 6 — 7 — 6. In the limit (3.32) they
are related to (3.12) with p;; = —ief . Tij, or equivalently e = 4iel®, by the Weyl

transformation.

3.4 Janus interface in gauge theory on S*

In this section we review the general N = 2 superconformal gauge theory on S* and explain
how to incorporate the half-BPS Janus interface that we constructed in section 3.3 using
the off-shell method.

A general N/ = 2 gauge theory involves a vector multiplet for a gauge group G and
matter hypermultiplets. We allow G to be a product of simple Lie groups and ignore the
global structure because it plays no role for us. Since we are interested in the conformal
case, we assume that the hypermultiplets are in an appropriate representation of G' such
that the beta functions for the gauge couplings exactly vanish. As we will explain below,
the hypermultiplets will enter our discussion only indirectly, and will be dropped for the
most part. To ease the notation we focus on a single gauge group factor with a complexified
gauge coupling '

T=2£—|—4;Tl. (3.35)
T 9ym

Let V = (X, ;, Ay, Y;;) be the corresponding vector multiplet. In flat Euclidean space,

the action is given as

1 o
I = /d4$ Tr o <4DyX DFX — 5 e I Y Vig + 20, QY
Y™

(3.36)
+ 1F A +iiF L
9 H 1672 #

Here Tr(e o) denotes an appropriately normalized inner product on the Lie algebra and
reduces to the trace if G = SU(N), and D, = 0, — iA, denotes the gauge covariant
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derivative. We use hermitian generators Ty and expand fields as X = Ty.X7, A, = TIA/IL,
etc. See appendix A.3.1. The dual field strength is defined as FW = %EW”"FPU, where
g7 is the Levi-Civita tensor. The action on the round sphere of radius r can be obtained
by a conformal transformation and is given as

8 1. o
Tvector = / d*z /g Ty | —— <4DHX DVX + 5 XX — 5 e Yy Yo + 20 P9
[ T
b (3.37)

1 .0 -
+2FMVFW> +1@FuuF‘“’

Here g is the determinant of the metric. To make this physical action positive semi-definite,
as in [30, 50], we impose the reality condition

(Vi) = =74 <<:> (V1) = —171) . (3.38)

This is different from the physical reality condition in Minkowski signature.
The vector multiplet V can be embedded into a chiral multiplet of Weyl weight w = 1,
which we note as A(V), as

Al av) = X, Uil 4ovy = Qi Bijlaov) = Yij s

F&;‘A(V) = % (Fab — Fab) , AZ‘A(V) = —€jj JDQJ s C|.A(V) = <—2DHDM + ;;) X.
(3.39)
See appendix A.3 for notations.

To introduce the Janus interface in gauge theory, we apply the construction of sec-
tion 3.3. We promote the gauge coupling constant 7 to a position-dependent field 7(x),
and further promote it to the coupling chiral multiplet 7 whose bottom component is 7(z).
The coupling multiplet directly couples to the vector multiplet only; it affects the dynamics
of hypermultiplets only indirectly through interactions involving the vector multiplet. We
also consider the anti-chiral multiplet whose bottom component is 7(x) and denote it by
T. By using these multiplets, we can construct a SUSY invariant action as

1 _
Iyanus = % /d4x\/§Tr [C‘TA(V)Q B C|7X(V)2 ’ (340)

where T.A(V)? is the chiral multiplet constructed by the tensor calculus. We give a short
explanation for tensor calculus in appendix A.4 (with explicit formulas only given for the
bosonic components). For a constant profile 7(z) = 7, (3.40) reduces to the ordinary action
for a vector multiplet (3.37):

1 _
— /d4$\/§’I‘I‘ |:’7' C’A(V)2 — ?C|Z(V)2] = 1vector - (341)

8mi
4 SUSY localization, interface entropy, and Calabi’s diastasis

In this section, we compute the sphere partition function in the presence of the Janus
interface via SUSY localization. We will study in detail only those aspects of localization
which are affected by the Janus interface.
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In the absence of an interface, the localization calculation proceeds in several steps that
we sketch here [50]. On top of the chirality condition (3.20), one further constrains the
SUSY parameters so that they generate an SU(1|1) subalgebra [32]. By supersymmetry, the
path integral is invariant under the deformation of the physical action Ihys — Ipnys +t0V/,
where t is a real deformation parameter, § is the supersymmetry variation, and V is an
appropriate fermionic functional of fields. By taking the limit t — oo, the path integral
reduces to a sum over the saddle points of V', or more precisely a finite-dimensional integral
and a discrete infinite sum over the saddle point field configurations. The saddle points
are parametrized by a € LieG and two non-negative integers k and k. The variable a
parametrizes the so-called saddle point locus, which is the space of smooth saddle point
configurations. The integer k parametrizes topologically non-trivial, zero-size instanton
configurations localized at the north pole (z = 0). The integer k on the other hand
parametrizes zero-size anti-instantons localized at the south pole (z = 00). In the absence
of an interface, the partition function takes the form [50]

Zsusy[SY(r,7) = / [da) e ™D Z) 1000 (@) Zinst (@, @) Zinst (0, 7) - (4.1)

Here I is the classical action (3.37) evaluated at the localization locus. Zj.j0p(a) is the one-
loop determinant that arise from the Gaussinan integration around the localization locus.
Zinst(a,q) = 1. ¢ Z and Zingi(a,q) = ZE#ZE are the instanton partition functions with

2miT and

equivariant parameters €; = €2 = 1/r and instanton counting parameters ¢ = e
G = e~ ?™7. For details, we refer the reader to [30, 31, 50, 51].

By the presence of an interface, the localization locus and the one-loop determinant
are not affected because these are determined by 0V only. But the value of the on-shell

action I and the instanton partition functions will be modified.

4.1 On-shell action

On the localization locus, the scalar field X in the vector multiplet is constant. We denote

by V. the vector multiplet V evaluated at the localization locus. It is given as’
2iefX 4eMP X
Alaway =X+ Bijlayy =———7 75, Clapn = —z - (4.2)

From the tensor calculus rules given in appendix A.4, we can compute the components of
the chiral multiplet A(Vq)?%:

4ieP X2 19 218 X2
A|.A(Vc1)2 = XQ, Bij|.A(VC1)2 = —f n- Ty, C|A(VC1)2 = T . (43)
Then we get
12268 X2 91 elf X2 -
Clrapay = 67427—(@ + X200 4 2re A o i B’L'(;—)

T ) | r . ) (4.4)
=e“PX T—ZT(:E)—H] (z) (%) + ¢ (2) 7" (2) | ,

9These are valid without imposing a chirality condition (3.20) or (3.21).
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where

8T2 16 (2)_ 8T2
“E@E mw 1 )

22 f(x)?
The chiral part of the classical action (3.40) is computed as

¢ (w) =

/d4ac VIC|Taw.y2 = 22 /0 dza® f4 Clrawg)? = 3272 28 X212 7(0) . (4.6)

A similar computation can be done for the anti-chiral part using

2ie X _ . _ fe” 48X
77’11.

A =X, Bz, = ——— 79, Clayy = —5— (4.7)

We obtain
/d4:1: VIClFan, = 32m2e 28 X702 7(00). (4.8)

For the chiral and anti-chiral multiplets that arise from a single vector multiplet, B;;
and BY are related: Byj| (v, = Y - Tijs Bij|Z(vcl) — Y - 7%, In Euclidean signature the
vector Y is pure imaginary rather than real. See (3.38). Comparing (4.2) and (4.7) we

can write

1 . R
X = §e_lﬁa, X = §elﬁa (4.9)

with a real. The normalization for a is chosen to be consistent with [50].
The on-shell value of the action (3.40) is the sum of the chiral and anti-chiral parts

Ianus = —imr? (. —7_) Tra?, (4.10)

where 74 = 7(0) and 7— = 7(00). This result is related to the classical action without the
interface by analytically continuing (7,7) to (74,7-):

IJanus = ICI(T+7?—> . (411)

4.2 Instanton partition functions

The instanton partition functions without the Janus interface in (4.1) arise from the fluc-
tuation modes around the instantons and the anti-instantons localized at the north and
south poles, respectively. These localized topological excitations contribute to the phys-
ical action (3.41) and yield the weights ¢* and QE. In the presence of the Janus inter-
y - =€
words, the Janus interface induces an analytic continuation of the instanton partition func-

2miT4 —2miT _

face, the weights are modified to qi and g, where ¢, = e . In other
tions (7,7) — (74,7-).

Thus in the expression (4.1), I4(7,7), Zist(a,q), and Zins(a,q) are replaced
by I(74,7-), Zinst(a,q+), and Zingt(a,q_), respectively. We assume that at least when
the difference between 74 and 7_ is small enough, the integral in (4.1) remains convergent
with the contours of integration suitably chosen. Then the whole partition function in the
presence of the Janus interface is given by the analytic continuation (7,7) — (74,7-).
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4.3 Kaihler ambiguity and finite counterterms

SUSY localization computes the partition function in a specific renormalization scheme.
Other schemes are possible, and two different schemes are related by a finite counterterm.
As shown in [13] for 4d N = 2 superconformal field theories coupled to an off-shell Poincaré
supergravity, a renormalization scheme corresponds to a particular choice of the Kéahler
potential on the conformal manifold. Two choices are related by a Kéhler transformation,
which corresponds to a finite supergravity counterterm [32]. In this section, we evaluate
this counterterm in the presence of the Janus interface.

The relevant off-shell Poincaré supergravity is obtained by gauge fixing conformal
supergravity using compensating multiplets. One of the compensators is the vector mul-
titplet V. whose components take values [32]'°

i 2ip ., _
Xy, = e, Yiln ===E@-Py. Qb =Fal=0,  (412)
_ . . 2i . .
Xy, =pet®, YUy =-ZE@Ai, Qi =FLy =0, (413)
r

where p > 0 is an arbitrary mass scale. This vector multiplet can be embedded into the
anti-chiral multiplet ® := A(V.) with Weyl weight one. We can further construct a chiral
multiplet T(log ®) with Weyl weight two from ®.!! Its components are given by

228
Ahr(log@ =2 (4.14)
ie B
Bijhr(log@ =T 3 (71 - T)ijy (4.15)
24
C”H‘(log@) = ,r,74 (416)

Next, we compute the components of F(7) for an arbitrary holomorphic function F(-)
via the tensor calculus rules given in appendix A.4. Its components are given by

Alpir) = F(1), (4.17)

n- 7_")1] > (4.18)

82 218 dQF(T) 1dF(7)
Clrm = x2 f2 dz2 7z du )

The SUSY invariant counterterm considered in [32] is the top component of the product

(4.19)

chiral multiplet 7(7)T(log®). It can be computed by the tensor calculus rules given in
Appeneix A.4. Note that the components of F(7) are obtained from those of the coupling
multiplet 7 given in (3.24) by replacing 7 with (7). Similarly the components of T(log ®)
are obtained from those of A(V,)? given in (4.3) by replacing X? with 26;#. Therefore

1%We note that Yi;|y, and Y|y, violate the physical reality condition: (Yij|v.)* # Y™|y..

11 flat space, with ® viewed as an anti-chiral superfield, the top component of log ® is a chiral primary
of Weyl weight 2 [52]. A chiral multiplet can be constructed by repeated SUSY transformations such that
the chiral primary is its bottom component. T(log ®) is the curved version of this chiral multiplet.
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the top component of F(7)T(log ®) can be obtained from C|z 4,2 in (4.4) by the same

substitutions:
272 1 dF(7) 9 d2F(r)
Clrrymao®) = 72 [7“2]: (M) + 4V (@) =g + 4P @) = | - (420)
Thus
/ Az /g Ol rryraops) = 647> F(74) (4.21)

Similarly we can compute the anti-chiral counterterm constructed from the anti-chiral
coupling multiplet 7 and the compensating vector multiplet V.:

/ 4"z /9 ClE T ypaog sy = 647 F(T-). (4.22)

The anti-holomorphic F(7) is the complex conjugate of the holomorphic function F(7)
when 7 = 7%,

4.4 Interface entropy as Calabi’s diastasis

By assembling the results above, we now relate the sphere partition function in the presence
of the Janus interface to Calabi’s diastasis. By a previous result [13] the sphere partition
function in the absence of the Janus interface can be written as

Zgusy[SY(r,7) = K (TT/12 (4.23)

We saw that the sphere partition function with the Janus interface can be obtained by
analytically continuing (7,7) — (74,7—) in the sphere partition function (4.1). Then by
using (4.23) we can write the sphere partition function in the presence of the Janus interface
in terms of the analytically continued Kéhler potential as follows:

Zusy[S'] = M e T2, (4.24)

Besides we can add the counterterms constructed in the previous section to the action.
These terms modify the sphere partition function. With proper normalizations this modi-
fication is (an analytically continued version of) the Kéhler transformation

K(ry,72) = K(14,7-) + F(r4+) + F(7-). (4.25)

Then by substituting the result (4.24) into (2.26), we conclude that the interface en-
tropy can be written in terms of the analytically continued Kéahler potentials as

1

Szz—ﬂ

[K(m,74) + K(7—,7-) = K(74,7-) = K(7—,74)] . (4.26)
The combination in the bracket is Calabi’s diastasis (1.1) defined in the introduction.

Calabi’s diastasis (1.1) and the entropy of the Janus interface (4.26) is invariant under the
transformation (4.25).
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5 A holographic example

N = 4 supersymmetric Yang-Mills theory with the maximally supersymmetric conformal
interface has a dual gravity description by the supersymmetric Janus solution in the type
IIB supergravity [27]. The solution respects SO(1,4) x SO(3) x SO(3) symmetry associated
with the conformal symmetry on the three-dimensional interface and the unbroken R-
symmetry. The metric takes the form

ds® = f2ds?yg, + p* dodv + fEdsd, + f3dsi (5.1)

where ds§2 is the metric of a unit 2-sphere and v = x + iy is a complex coordinate on a
strip with the ranges € R and 0 < y < w/2. The functions fy, p, f1, fo are determined by
two real functions hi(v,v) and ha(v,v) as

Fng s 28R FRW?
=165 O g
FW? nw? (5:2)
8 8
12 =16h% F3 , f8 = 16n5 F2 ,
where
F; = 2h1ho|0yhi|® — B2W (i =1,2), W = 0,05(h1hs). (5.3)
The real functions are given by
A A
hi(v,7) = —iay sinh <U - 2¢> +c.c., ho(v,7) = g cosh (v + 2¢) +cc.. (5.4)

This solution has two asymptotic regions at x — +oo corresponding to the two sides of
the Janus interface. The real parameters oy, and A¢ fix the AdS radius L and the
Yang-Mills couplings g$M by the relations:

LY = 16|ayan| cosh A¢h, (gEy)? = 4m 92| 00 (5.5)

aq

5.1 Sphere free energy

We are interested in the sphere free energy of the interface CF'T dual to the SUSY Janus
solution. It can be calculated holographically by evaluating the on-shell action after a
consistent truncation to four dimensions [53]:

3 - 26 Vol(S?)? 4
I=———n— — d*z, / dzdy Whih 5.6
167G N /AdS4 ! 9(4)/ vy e (5.6)

where Gy is the Newton constant in ten dimensions. In terms of the coordinate A such that

1
dsys, = —= [dA? + sin®* Adsgs] | (5.7)
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with 0 < X < 7/2, the integral becomes

3Vol(S?)2Vol(S3) L8 [™/2  sin® X\ [T/, o cosh(2x)
1= — 2 1+ ——= .
260Gy /0 dA cost \ /0 dysin®(2y) / dz {1+ cosh(A¢)

—00

(5.8)
This is divergent and requires a cutoff.

To regularize the integral, we adopt the single cutoff procedure [54, 55],'? which cuts
out the spacetime outside the UV boundary hypersurface satisfying

fa L _
7 =3 Z =cos\. (5.9)
Then the integration for x is restricted from x_(Z,y) to x4 (Z,y) defined by fs(x1+) = LZ/
for Z fixed. It also restricts the range of Z from Z, = f4(0)d/L to 1. We can perform the

integration over = by expanding z+ in §/Z:!3

§§> ~ cos(2y) tar;h(A¢)ﬂ:2 <5>2+0 (g‘i) (5.10)

1
x4 (Z,y) = i§ log (4 cosh(Ag) 7

It follows that the integral over x becomes

=+(24) cosh(2x) 72 72 52

Hence the regularized on-shell action becomes

1(S2)2 Vol(S3) 1.8 w/2 1 1— 72
[ = 3VolE)” Vol(S") / dy sin2(2y)/ 4z
0 8

267TGN 7 74
72 72 52
X [log (4 cosh(Ag) (52> + 26—2 +1+0 <Z2>] (5.12)
_ VoI(S?)2Vol(S*) L® [es 2 | 4 cosh(Ag) 5 9
== 27GN ﬁ-l-ﬁ—kg—i-log 762 +§+O(5) s

where we do not bother to write down the coefficients ¢; (i = 1,2,3) which contain loga-
rithmically divergent terms. Subtracting the bulk contribution, the universal part of the
free energy is

Vol(S?)? Vol (S3) L®
27GNn

Al =1 —I|ap=0 = log cosh(Ag) . (5.13)

Using the relation of the Newton constant and the rank N of the gauge group

Vol(S?)2 Vol(S?) L®
Gy = e , (5.14)
we find the sphere free energy of the supersymmetric Janus solution of the form
N2 + = )2
Al =~ log 1+(9YM+—91/M) : (5.15)
2 29vyMmIym

12There are other cutoff procedures for regularization in Janus geometry [10, 55].
13This expansion differs from (3.10) in [55].
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which is minus the interface entropy obtained in [10]. This is in accordance with the
universal relation between the sphere free energy and entanglement entropy across a sphere
in ICFT [14].
Applying an SL(2, R) transformation of the type IIB supergravity on the Janus solution
without a theta-angle generates a new solution with a complexified coupling
9 4ri

T=—
2 g%M

, (5.16)

jumping across an interface. Hence the universal part of the sphere free energy of the
supersymmetric Janus solution with the coupling taking values 7+ across an interface is [9]

Al = i (K(r4,74) + K(7_,7_) — K(14,7-) — K(7_,74)] , (5.17)

where K is the Kahler potential given by
K(1,7) = =6N%log[i (7 — 7)] . (5.18)

If we identify the holographic free energy with the sphere partition function by the relation

A Z(ICFT) [S4]
I'=—log (Z(CFT1)[s4] Z(CFT)[S4])1/2 (5.19)
we find the sphere partition function
ZUCFD Y (ry 7)) oc | K0 T/12) (5.20)

which is consistent with our assumption (1.6).

5.2 Entanglement entropy

Next we consider the entanglement entropy across a sphere centered at the origin of the
Janus interface. In the holographic system described by the metric (5.1) it is convenient
to use the Poincaré coordinates of the Lorentzian AdS spacetime, in terms of which the
metric is

1
ds’yg, = > [dz? — dt? + dr? + 7% d¢?] . (5.21)
The spherical entangling surface is on the boundary at a constant time slice
Y={t=0,r=R, z=0}. (5.22)

The holographic entanglement entropy is given by the area of the minimal surface anchored
on X [56, 57],

S = Vol(§)” Vol(S') (/dxdy (f1 fo f4P)2> dz S5 /1+ (0:0)7, (5.23)
4G N 2?
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where the minimal surface is determined by a function r(z) which is independent of (¢, ¢)
due to the spherical symmetry. Varying the area functional with respect to r(z) yields the
equation of motion, which turns out to allow for a simple solution [16]

r=vR?—22. (5.24)

To evaluate the entropy (5.23) on shell, we need a regularization for the UV divergence. In
the single cutoff prescription we cut out the spacetime by the UV boundary hypersurface'®

L2 (5.25)

which restricts the integration range for = to z_(z,y) < x < x4 (z,y) with z1(z,y) given
by (5.10), where (z,0) are replaced with (z,£). Also the z integral is restricted to z, =
f2(0)e/L < z < R. The regularized expression of the entropy becomes

247 Vol(S?)2 L8 [™/? 9 Uody o) cosh(2x)
= in“(2 — 14+ ——= . 2
S 24Gy /0 dy sin’(2y) /Z*/R 22 /:c(z,y) a < " COSh(A¢)> (5.26)

Repeating the same type of the calculation as for the free energy, we find the universal
part of the interface entropy

N2
S7|univ = 5 log cosh(Ag) , (5.27)

which agrees with the result obtained using another regularization [10]. We note that the
interface entropy is minus the sphere free energy as expected from the CFT consideration,
i.e., from the relation (1.5).

6 Discussion

6.1 Super-Weyl anomaly

In 2d with N/ = (2,2) SUSY one can use the super-Weyl anomaly of [7] to prove the 2d
and boundary (B) version of the relation (1.6), i.e., Z(BCFT[§?] = | 25,5y [S%]]- Indeed
Z(BCFT) [S?] is the overlap of the boundary state and the ground state in the NSNS sector.
This overlap is nothing but the g-factor, which was shown to be a boundary contribution
to the entanglement entropy in [58]. The NSNS overlap on the other hand was shown to
be the absolute value of the SUSY partition function in the presence of a boundary in [7]
using the super-Weyl anomaly.

1

Somewhat more explicitly, on a half-plane z* < 0 and in Euclidean signature, the

super-Weyl variation of the logarithm of the partition function reads, in superconformal
gauge,
1 _ i _
oxlogZ D6 [—4 /d%; (O(oc —ia)h + O(o +ia)h®) + 4i /dx2(wh9 —wh')| .
T T
(6.1)

1The UV regulator ¢ is different from & used for the free energy calculation. It is not clear how to relate
them as € and § are introduced for the Lorentzian and the Euclidean spacetimes, respectively.
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See [7] for notations. The inside of the large bracket is essentially log Z. The twisted
chiral superfield ¥ = o +ia+ 0Tx, + 0~x_ + 0t0~w is the supersymmetric version of
the Weyl factor o that represents the metric g, = 62“6,“, in the conformal gauge. For
the round sphere o = —log(1 + |z|?), where z = 2! + iz?. If one demands supersymmetry
used for localization but gives up conformal invariance, we get w = w = —2i/(1 + |z|?)
and a = 0.! This gives the supersymmetric hemisphere partition function [60-62] as
ZE4y[S?] ~ exph®. If one demands conformal invariance we get w = W = a = 0.
This gives ZUFD[S?] ~ exp 2(h? + hY). We thus have ZUFD[S?) = | 7L ¢, [S?]|. This
explanation is similar in spirit to [63].

It would be nice to extend the analysis of [7] to 4d.

6.2 Complex partition functions and a Chern-Simons counterterm

For 3d N' = 2 superconformal field theories, a relation similar to (1.6), Z(CFT[S3] =
’Zsusy[S?’H, was shown using a supersymmetric Chern-Simons coupling as follows [63].
The conformal partition function Z(CF1)[S3] is defined in a conformally invariant renormal-
ization scheme and is real and positive. The supersymmetric partition function Zsysy [Sg]
is computed by SUSY localization in some renormalization scheme and is complex. The
two schemes and the two partition functions should differ by finite counterterms. The rel-
evant counterterm is the Z-Z Chern-Simons term constructed from the off-shell Poincaré
supergravity multiplet. It violates conformal invariance, and involves a field H which
in the supersymmetric S® background takes a value that violates unitarity. The on-
shell value of the Z-Z Chern-Simons term is pure imaginary, and is responsible for mak-
ing Zsusy|[S?] complex.

We expect that an essentially identical explanation should be possible. Indeed in the
extreme case that the bulk 4d N/ = 2 superconformal theory on S?* is trivial, a half-BPS
interface is nothing but a 3d superconformal field theory living on S3.

It seems plausible that the assumption (1.6) can be shown along the following line.
One can impose boundary conditions on symmetry parameters in a way similar to [64] so
that the 4d N' = 2 Weyl multiplet restricted to a 3d boundary decomposes into 3d N' = 2
multiplets. The restricted 4d Weyl multiplet would include the 3d Weyl multiplet [65].
The vector compensator V. in section 4.3 decomposes into a vector multiplet and a chiral
multiplet [66]. The auxiliary fields Y;; and Y% in (4.12) and (4.13) violate the physical
reality condition and hence violate unitarity (as H does in 3d). They descend to an
auxiliary field in the 3d vector multiplet that violates the physical reality condition. It seems
likely that the off-shell Poincaré supergravity (or at least its supersymmetric background)
considered in [63] can be obtained from 3d conformal supergravity with the 3d vector
multiplet as a compensator. We conjecture that the imaginary part of log ZgUSY [S*] arises
from a counterterm that corresponds to the Z-Z Chern-Simons term.

5The values of w and W violate unitarity [59].
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6.3 Dependence of the SUSY interface partition function on the chirality con-
dition
The full 4d N = 2 superconformal algebra is SU(2,2|2).'5 The Janus interface of
our interest preserves the 3d N = 2 superconformal algebra OSp(2|4)s.. The mas-
sive subalgebra OSp(2|4),, of the SU(2,2|2) is generated by SUSY parameters given
by (3.14) and (3.15). A chirality condition, (3.20) or (3.21), further restricts the sym-
metry to OSp(2(2),,.1"
The localization result (4.24)

Zdusy[SY] = K (rT-)/12

for the SUSY interface partition function was obtained by imposing the chirality condi-
tion (3.20), Prxo = 0, on the SUSY parameter. We point out that if we instead impose
the alternative condition (3.21), Prxo = 0, we obtain

ZEusy[S'] = M -TH12,

which means that the roles of the north and south poles get exchanged. Since K(74,7_)* =
K(7_,71), the phase of the supersymmetric partition function depends on the choice of
the chirality condition, or equivalently the choice of OSp(2|2),,.

In the absence of an interface, the role of a chirality condition is to choose the
point z# = 0 and its antipodal point as the special points to which various quantities
such as the on-shell action and the instanton partition functions “localize”. Once the con-
dition is imposed, the SUSY parameters generate an OSp(2|2),, subalgebra of the massive
subalgebra OSp(2|4),,. The bosonic factor Sp(2) ~ SO(3) contains the isometries that
preserve the two special points. If we do not impose either the condition Pryo = 0 or
Prxo = 0 we obtain, in the absence of an interface, the same partition function; indeed
given a non-zero Xg) we can take, as the special point (the north pole), the solution z* to
the equation

. , S .
(¢ < PLx? o<) Py + gquuPRX{) =0. (6.2)

This is a system of four equations (j = 1,2 and two components for a chiral spinor) for
four unknowns z# (u =1,...,4) and (at least generically) has a solution.

6.4 Conformal anomaly in the presence of an interface

In section 2.2 we derived the relation (2.22) between the interface entropy and the sphere
partition functions on S* using the dimensional regularization. (2.22) provides us an easier
and more pragmatic way to calculate the interface entropy than the original definition (2.5),
and is the key to proving the equivalence between the interface entropy and Calabi’s dias-
tasis in this paper. The crucial point of the derivation in [14] is that in the dimensional

16WWe do not distinguish between a group and its Lie algebra, and ignore the global structure of the former.
"The algebra OSp(2|2), coincides with the intersection of OSp(2|4)m and OSp(2|4)sc.
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regularization there are no conformal anomalies, hence one can ignore a possible contri-
bution from the conformal anomaly in calculating the interface entropy. The anomaly is
automatically incorporated as poles at even dimensions in the final result. The validity of
the approach in [14] was supported by the holographic computation, so we believe (2.26)
universally holds in any dimensions. In our case the holographic calculation of the sphere
partition function and the interface entropy in section 5 gives an additional evidence for
the relation (2.26).

On the other hand, the use of the dimensional regularization in section 2.2 obscures how
conformal anomalies could have appeared if the same line of argument would be followed
in four dimensions. So it would be instructive to revisit the derivation in section 2.2, but
now in d = 4 dimensions.

First the partition function is no longer invariant under the CHM map and gets a
contribution from the anomaly:

ZUCFD) [ pq 1 = Z(CFT)[gh] o o~ Jog d'e Algu] (6.3)

The conformal anomaly is a functional of the background metric A[g,,]. In CFT without

an interface, it transforms under an infinitesimal conformal transformation 6g,,, = 20 g, as

5A(CFT)

=aF+cl, (6.4)
do

where a and c are the central charges, and F and I are the Euler density and Weyl
invariant in four dimensions [67]. In ICFT, there is an additional contribution localized on
an interface to the conformal anomaly

A= ACFD 157 AD) (6.5)

where 47 is the delta function supported on the interface. The anomaly gives rise to an
additional contribution to the entanglement entropy:

(ICFT) _ .. 1 4. 4
Sk = 711—>mll—n [(/S%dx n/s4dx> .A], (6.6)

whose ambient part ACFT) are shown to yield the logarithmically UV divergent term [68],

but it is cancelled by the same anomaly from CFTL in the interface entropy (2.16). The
localized term A@), on the other hand, remains unsubtracted and contributes to Sz.

The conformal anomaly also modifies the transformation law of the one-point func-
(ICFT)

tion (TH )q from (2.21),
(T ) IO = (Weyl factor)?( Ty )07 + Ay lss = A lss (6.7)

where A, is the anomalous part of the stress tensor,

§ [dtz Algu .

2
A v = —
SN S Gy
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It also consists of the ambient and localized terms:
A = ATFD 467 A0 . (6.9)

The explicit form of its ambient part can be found in [69, 70]. On S?* the ambient part

A,(SFT) can be fixed from the type-A trace anomaly [69, 70] as

C a R2 5 A 4
ALCFD) = ~ e [g,w (2 B RM> +2RnR — SR RW] . (6.10)
On the other hand the localized anomaly ALIV) associated with the interface is not known
except for the trace part in BCFT

1 , . .
AP, = (a BPY) by tr K3 — by thﬂ‘SWaM) . (6.11)

We refer to [71] for the definitions of various symbols. See also the paper [72] that focuses
on interfaces. The quantity Agj) should be a geometric functional of the background metric
and the extrinsic curvature, but it remains open how to fix the explicit form.

A moment’s thought shows that the ambient terms AEE,FT) are there both in ICFT and
CFT. with the same value, hence cancel out in the interface entropy (2.16) in the same
way as ACFT) in the previous paragraph.

Collecting the possible contributions from the localized anomalous term, we find a
deviation AS7 from (2.22):

ASs = / A2 66 — 7/2) sin2 0 AD T
S4

~ lim 1in [(/S%d4x—n/84d4x> 5(¢—7T/2)A(I)] .

Compared with the dimensional regularization result, this result indicates that the anoma-

(6.12)

lous terms from the interface-localized anomaly A®) should integrate to zero on a sphere
while the ambient anomalous parts nicely cancel out in the definition of S7.

It would be nice to determine the explicit forms of A®) and .Ag) from (6.11) along
the lines of [69, 70] and directly check that it does not contribute to the interface entropy.

Acknowledgments

We would like to thank Y. Kazama, K. Maruyoshi, Y. Nakayama and I. Yaakov for valuable
discussions. We thank C.Bachas for useful communication. The work of T.O. is sup-
ported in part by the JSPS Grant-in-Aid for Scientific Research (C) No.JP16K05312. The
work of T.N. is supported in part by the JSPS Grant-in-Aid for Scientific Research (C)
No.19K03863 and the JSPS Grant-in-Aid for Scientific Research (A) No.16H02182. We
thank the Yukawa Institute for Theoretical Physics at Kyoto University, where a part of
this work was done during the workshop YITP-T-19-03 “Quantum Information and String
Theory 2019.” We also thank the participants of the conference “Strings and Fields 2019”
for stimulating discussions.

—97 —



A Supersymmetry and supergravity

A.1 Notations and conventions

We use the notation and the convention in [49, 73] unless otherwise noted. Complex
conjugation is indicated by * and hermitian conjugation by . The imaginary unit is i.
Coordinates have indices i, v,.... The vielbein is e,%, and its inverse is e, with tangent

(or flat) space indices a,b, .. ..

A.1.1 Gamma matrices

In Minkowski signature we have % = diag(—1,1,1, 1) with a,b = 0,...,3, while in Eu-
clidean signature n = diag(1,1,1,1) with a,b = 1,...,4. The gamma matrices y* (with
a Greek alphabet) satisfy

{7} = 29", (A1)
while the gamma matrices v (with a Latin alphabet) satisfy'®
(%A% =29 (A.3)
They are related as
=A% M. (A.4)
In flat space there is no distinction. The matrix v is anti-hermitian if ¢ = 0, and is
hermitian otherwise. We have v*=0 = —iy%=% In terms of the chirality matrix v, =

1707172773 = V1727374, we define the chirality projections Py, Pg by

1 1
Pp=500+%), Pr=5(0-mn). (A.5)

A.1.2 SU(2)gr multiplets
We denote by i,7,... SU(2)g doublet indices. We regard an SU(2)p triplet as a three-
component vector, from which we can form a tensor with two indices

ng _ ,f%j . }7’ (A.6)
where 77 =i7;7. Let €9 and €;j be anti-symmetric tensors such that

512 = £12 = 1. (A?)

Sometimes but not always, we use them to raise and lower doublet indices, as in

7_'Vij = €ik7_"kj = (7_';])* = Eik€jl7?kl . (AS)

8In the Weyl representation we have

0 o
e A2
ol <a“ 0 ) ; (A.2)
where o = (0%, 0%, 0%,1),7 = (¢, 0%, 0%, —1), and ¢ (i = 1,2, 3) are Pauli matrices.

19Here each gamma matrix is 7. More generally v, and 7, should be distinguished based on the context.
As in [12], we sometimes write I'* for v°.
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Using 7% we can convert the SU(2) g triplets into symmetric matrices
YU =7U.Y, (A.9)
We note a useful formula
AyB* =¢%A. B+ (Ax B)-7*. (A.10)
A.1.3 Conjugations in Minkowski signature
The charge conjugation matrix C' satisfies?”
cct=1 C"=-C, CyC'=-9. (A.11)
We also introduce?!
B=iCH". (A.12)
In Minkowski signature we define the charge conjugation U of a 4-component spinor ¥ by
v¢ = B7lo*, (A.13)
We have (U9)C =W, (v, ... 7un ¥)¢ =9, - - 7un YO, The matrix B satisfies the relation
B7l(y")*B = ~*. (A.14)
We indicate the Weyl conjugate of a spinor by a bar:
v.=vTC. (A.15)
For two spinors € and 7, we have
(Y oY) = :I:eicyu1 . -’YuN7707 (A.16)

where we take the upper sign when they are both odd and the lower sign otherwise.

A.2 Supersymmetry parameters
In Minkowski signature the parameters for Poincaré supersymmetry satisfy

()Y =¢. (A.17)
For such parameters, the Weyl conjugate (A.15) coincides with the Dirac conjugate:

e = (&)TinY. (A.18)

The parameters for special superconformal symmetry similarly satisfy

)" =mi. (A.19)

Both in Minkowski and Euclidean signatures, these parameters are chiral:

¢ =Pre', € =Pre, 1 =Prn', m=Pn. (A.20)

20We choose to = 1, t; = —1, etc. in table 3.1 of [49].
2Tn the Weyl representation (A.2), we can take C = iv®y', B = (y%9'~+*) 7.
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A.3 N = 2 supermultiplets

In the rest of appendix A, we assume that the background values of the Weyl multiplet
are all zero except the metric and the vielbein. We now explain A/ = 2 vector and chiral
multiplets following [73]. Formulas are given for the Minkowski signature and for anti-
commuting parameters satisfying 1’ = %vuvuei, N = %yuvuei [32]. Care must be taken
when applying them in Euclidean signature and with commuting SUSY parameters. The
transformations valid in these cases are obtained from the formulas in [73] by explicitly
computing “h.c.” by (A.16) to have expressions with odd parameters on the left. For
example, the “h.c.” of €7,0; with ¢ and Q; odd gives the expression €',Q’, which is
valid in Euclidean signature and with ¢; even.

A.3.1 Vector multiplet

A vector multiplet has (X, €;, A,,Y;;) as its components. The spinor €; is the left-handed
gaugino, and its charge conjugate Q' is right-handed. We use hermitian generators T
such that [T7,Ty] = ifrs%Tk and expand X = Ty X1, 4, = TIAII“ etc.?? Their SUSY
transformations are [73]

sxl %giQ{’ (A.21)
0 = PX'e; + %’Y“”F;{y eijel + % Vi + XIXE frite; e +2X (A.22)
5A/€ = %5’7 QWQJI- + %Eij R OZ (A.23)
sy = %%’U &P — fi" 7 e X7 +he.. (A.24)

In Minkowski space we have (/)¢ = Q.

A.3.2 Chiral multiplet

A chiral multiplet A has (A, V;, B;;, F,, A;,C) as its components. Their SUSY transfor-
mations are [73, 74]

6A = %z\p : (A.25)
1 1 ,
00 = V(Ae) + 5 By +  T0F ¢ + (2w —4) Am, (A.26)
0Bi; = ¥ ¥y — e Auej +2(1 —w) 7, ¥y, (A.27)
1 .. 1_. 1 ¥
0F = 1e"& YV a ¥+ € lapdi— 5 (1+w)e’n Tal;, (A.28)

1 1 4 1 4
0A; = 1 reb V(Fa_b €) — B W4 B;; eIk €x + B Ceij e
; 1
— (1 +w) Bij ey + 3 (3—w)T®F,n;, (A.29)
0C = —vu(é‘ij €; "}/m/lj) + (2w —4) el n; Aj, (A.30)
where w is the Weyl weight of the multiplet.

22Qur hermitian generators T are related to the anti-hermitian generators t; in [497 73] as tr = —iT7y.
Most of the formulas in the references are given in terms of the coefficient fields X7, AL, ete.
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An anti-chiral multiplet A has (A, U¢, BY F;l—:v A%, C) as its components. In Minkowski
signature, its transformations are obtained from those of the chiral multiplet A by complex
or charge conjugation. In Euclidean signature, the transformations are obtained from those
in Minkowski signature by the procedure described at the beginning of this subsection.

A.4 Tensor calculus for chiral multiplets

Given two chiral multiplets A and B with vanishing fermionic components

A = (A|.A7 \I]Z|.A - 07 Bl]|.A7 FCE)|A) A’L|.A = 07 C|A) ) (AS]-)
B = (A|g, ¥i|g =0, Bij|s, F |5, Ails =0, C|5), (A.32)
the product chiral multiplet AB is given as [75]
Alag = AlaAlg, (A.33)
Bijlag = Ala Bij|s + Al Bijla, (A.34)
Foplas = AlaFyls + Alp Fuyla, (A.35)
1 . I

Clag = AlaCls + ClaAls — 5 e e Bijla Buls + Fyyla F~|s. (A.36)

The n-th power of a chiral multiplet A [76] is given as
Alar = (Al)" (A.37)
Bijlar =n (Al4)"! Byla, (A.38)
Fplan =n(Ala)"" Fyla, (A.39)

n— 1 n— ik g — 2

Clan = n (A" Cla— 7 nln = 1) (AL4)" 7 |6 Bij| aBula = 2 (Fgla)®] - (A.40)

For fields in the adjoint representation, we should apply these formulas to the coefficients
of the generators T7.

A.5 Definition of T(log ®)

In this appendix we give the expression for T(log ®) computed from an anti-chiral multi-
plet ® with vanishing fermionic and field strength components. First, the components of
log ® are given by [52]

Z|log6 = log (Z‘g) ) (A41)
ij BY|5
BYog5 = Tf)a (A.42)
®
— Clg 1
Cliogs = =2 + seiss (B7lg) (BYlg) - (A.43)

ogd® T T —

AR 4(4lp)

The chiral multiplet T(anti-chiral multiplet) is the so-called N' = 2 kinetic multiplet [76].
The components of the kinetic multiplet made from log ® are given as [52]

A’T(mg@ = 6|1og6a (A.44)
Bijlrog®) = —2€ik€szoBkl\log5, (A.45)

where ¢ is the so-called conformal d’Alembertian.
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B Conformal transformations between S* and the flat space

Let us consider the embedding coordinates YV (M =1,...,5) for S* satisfying

M2 =02 dsq =) (dvM). (B.1)

Recall the coordinates z* used in section 3.2 and y* used in section 3.1. We define x =
(Zu(a:“)z)lm, y= (Zu(y“)2)1/2. We also define two functions of a single variable z:

2
1 L 1-%

f(z) = ——, g(z) :=r . B.2
(2) T+ & (2) vl (B.2)
By (3.28) we have
f(z) = cos? g : (B.3)
The coordinates z# and y* are related to Y™ as
v a! 9(y)
y2 22 yh
S I AN gy i y! (B.4)
y4 2 f(y) yz
Yo g(x) Y’
From the relations f(x)x! = g(y) and g(x) = f(y)y® we find
2r cos 1
3_ _ :
V=1 T on0cosd; fly) 2(1 + sinf cos b)), (B.5)
where cosf; = z!/x. Then
1 ™ 1 3 1, 7r 1, 3
z )= - — =) =- . B.
(0-3) =500 2 (0-3) =5 (B.6)

Since the sphere metric can be written as ds§4 = f(y)?dy*dy*, f(y) is the conformal factor

that relates the metrics in sections 3.1 and 3.2. The Weyl weights of Bz(;—)’ BMii () and
C7) are 1,1,2,2, respectively [73]. The identities (B.6) then imply that (3.12) and (3.33)
are related by the Weyl transformation.

C Details on the supersymmetric Rényi entropy

In this appendix we provide some details that we use in section 2.4 when we discuss the
supersymmetric Rényi entropy.

C.1 SUSY background on the branched 4-sphere

To complete the definition of the supersymmetric Rényi entropy (2.27), we review the
relevant part of the supersymmetric background S} that regularizes the n-fold branched
cover of the 4-sphere with metric (2.13). For simplicity we set the radius of the sphere to
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one. First let us consider a four-manifold X4 that is a torus fibration over a 2d surface.
One can pick coordinates (¢1, ¢2) and (n, p) for the torus and the surface respectively, and
introduce the metric of the form [31]

d:s_QX4 =sin?p (61_2 cos?n d¢% + 62_2 sin? 7 dgb%)
+ (fi(n, p) sinpdn + fa(n, p) dp)* + fa(n, p)* dp?,

where €1, €5 are constants and f1, f2, f3 are functions on the surface.

(C.1)

We regularize the singularity of the branched sphere metric (2.13) in four dimensions
by replacing it with the resolved branched sphere S},

dséz = £(0)*d6? + n’sin® 0 dr* + cos® 0 (d¢? + sin® pdy?) | (C.2)
where we introduced a smooth function f(6) such that
f(@—0)=n, f@>6)=1, (C.3)
for a small parameter § < 1. By changing the coordinates via
sinfl = sinn sinp, tan ¢ = cosn tanp, X =o¢1, T = ¢, (C.4)
the metric takes the form (C.1) with e; = 1,e3 = 1/n and®
f(6)? cos®n + sin? 7 cos? p) 1/2

cos2n + sin? 7 cos? p

_ [
f2(777p) - fl( ’p)u (C5)

~ (f(6)® — 1) sin(2n) cosp
B0 = S ) o nt sn?y cos?p)

For n =1 and f(#) = 1, (C.2) reduces to the round sphere metric (2.11). We note that
the interface is placed at ¢ = 7/2 or equivalently at p = 7/2.

fi(n, p) = <

Part of supersymmetries can be preserved by tuning on the background supergravity
fields V,,/, A,,, T, and D in the Weyl multiplet [31].2*

C.2 Vanishing of one-point functions

We now show that the second term in (2.29) vanishes.
An N =2 SCFT has the supercurrent multiplet [77-80]%°

T = T, Sk G G I, 5% 55 (C.6)

#3The expressions in (C.5) are equivalent to (C.3) of [37] with (fi, f2, f3) = (F, G, H)there-

241n the singular limit § — 0 the SUSY background of Sy [37] reduces, away from the singularities, to
(V2)!; = A,diag(1,-1), A, = 25% and T, = D = 0.

51t was shown in [32] that the system with the massive superalgebra OSp(2|4),, symmetry corresponds

to an off-shell formulation of N' = 2 Poincaré supergravity with vector and tensor multiplets used as
compensators. The SUSY parameters for OSp(2|4).. are compatible with this off-shell formulation, but not
with the off-shell formulation that involves a non-linear multiplet or a hypermultiplet as a compensator.
For a similar hidden dependence of theory on the off-shell formulation of supergravity, see [81]. The
compensating tensor multiplet in general affects the conservation equation for the supercurrent [82]. In our
set-up, however, the tensor multiplet does not actually couple to the field theory and hence does not affect
the conservation equation.
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which includes the stress tensor 7},,,, the supersymmetry current Sf” the SU(2) g current jff,
and the U(1)g current j,. The supercurrent also contains a real scalar J, self-dual and
anti-self-dual anti-symmetric tensors ji,, and a spinor j’. The spinorial operators are
chiral: S}, = PpS),, j* = Prj'. We suppressed their conjugates S,; = PSy; and ji = PLji
in (C.6).

The supercurrent multiplet couples to the Weyl multiplet. Among the fields in the
Weyl multiplet, those which couple to the SCFT supercurrent are

W= (g,uw %i, Vuij7 Aua D, Xia T;j) . (07)

Spinorial fields are chiral: ,' = Pry,t, x* = Prx’. In (C.7) we suppressed their con-
jugate 1,; = Prty; and x; = Pry;. The partition function ZSIUSY[S%] on the branched
sphere (2.13) can be expanded around n =1 as

— Relog Z&ysy[Sh] + Relog Z&ysy [SY]

1 _ _ . .
= [ d'z\/g(= 69 TH + 01,"S*; + 8, S* + SV, jH; + 5 A, 5" C8
st 2 (C.8)

(ICFT)

DT + 8K i+ 0§+ ST o + ST ) +O((n—1)?).

S4

Here we took the real parts on the left-hand side and assumed that they coincide, at least in
the n — 1 limit, with the conformal partition functions. The variations of fermions are ac-
tually zero because the ZSIUSY [S%] background is bosonic. In flat space one-point functions
of operators with non-zero spin have to vanish due to the conformal symmetry SO(1,4)
preserved by the interface [28, 29]. Most operators in the supercurrent multiplet transform
as primary operators of definite weights under the Weyl transformation from flat space
to a sphere, so their vevs should vanish on S* as well. An exception is the stress tensor
whose one-point function has a non-vanishing contribution from the conformal anomaly on
a 4-sphere as in (2.21); this case is discussed in sections 2.2 and 6.4. Assuming that the
localized part of A,, in (2.21) does not contribute to the interface entropy, the only non-
trivial contribution from the couplings in (C.8) comes from the scalar one-point function

(J >é14(}FT) in the second line.
We now show that, for a half-BPS superconformal interface, (J )ngT) vanishes and

gives no contribution to (C.8). The SUSY transformation of j; in flat space is given by?¢

. 1 1. i . ;
5.71' — —5(@J)€z + ij,ui]’)’uej + 5];/}’“@' _i_JMV,YHVgijeJ. (CQ)

26The components of the supercurrent multiplet for an abelian vector multiplet can be obtained by
linearizing the Weyl multiplet in the superconformal action (20.89) of [49]. Explicitly, they are given

— _ e
by T = 80X 9" X — 4g" 0,X|* + 4(g"V0* — 9"0") |X|” — ¢"(XO*X + X0°X) + Q4 *9VQ, —
e . o — —
19 P + 2FF FYP — LgM Fa FP7, S = =L Fpoy? vt e ¥ — 2X 0 Qi 4 2XAMP0 — 24470, (XQ),

. . - o . — —
Ju'i = =20, 4 6105, j, = —4iX 0, X +iQ,Q,, J = —4XX, ji = 4XQ4, jf, = XFJ,, and
— — . . <
Jyw = XF,,. Here £ = —40, X0"X + 2e™e!Yi; Vi — 209 — 2 Fu F* and f0,.9 = fOu.g — (Ouf)g. See
also [78]. One can obtain (C.9) and the other transformations from these expressions.

~ 34—



As we explained earlier, the one-point functions of non-scalar operators in an ICFT vanish
thanks to conformal symmetry [29]. For constant SUSY parameters ¢; and €’ parametrizing

the supersymmetry preserved by the interface, the Ward identity (07, >]gf FT) — 0 and the
transformation (C.9) imply that
0=, (WD e, (C.10)
Since 0, <J>]§§IEFT) =0 for u # 3, we have
(J)ngT) v3¢; = constant . (C.11)
On the other hand, because J has Weyl weight 2
(UTF o ? 72 (C.12)
(ICFT)

For a non-zero ¢; (C.11) and (C.12) are compatible only if ( J(y)) = 0. Since J is a

(ICFT)

R4

conformal primary, we conclude that (J )q = 0.
Therefore, we have
log Z3ysy[Sn] = log ZEysy[S'] + O((n - 1)%), (C.13)

for the supersymmetric Rényi entropy. This shows that the second term in (2.29) vanishes.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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