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Abstract: Scalar hair of black holes in theories with a shift symmetry are constrained by

the no-hair theorem of Hui and Nicolis, assuming spherical symmetry, time-independence

of the scalar field and asymptotic flatness. The most studied counterexample is a linear

coupling of the scalar with the Gauss-Bonnet invariant. However, in this case the norm

of the shift-symmetry current J2 diverges at the horizon casting doubts on whether the

solution is physically sound. We show that this is not an issue since J2 is not a scalar

quantity, since Jµ is not a diff-invariant current in the presence of Gauss-Bonnet. The

same theory can be written in Horndeski form with a non-analytic function G5 ∼ logX.

In this case the shift-symmetry current is diff-invariant, but contains powers of X in the

denominator, so that its divergence at the horizon is again immaterial. We confirm that

other hairy solutions in the presence of non-analytic Horndeski functions are pathological,

featuring divergences of physical quantities as soon as one departs from time-independence

and spherical symmetry. We generalise the no-hair theorem to Beyond Horndeski and

DHOST theories, showing that the coupling with Gauss-Bonnet is necessary to have hair.
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1 Introduction

Do black holes have hair? Fifty years have passed since this question was first formulated

but it is still able to fuel new ideas. One of the reasons behind its longevity is that both

the theoretical and the experimental context surrounding it have changed dramatically in

the last half a century. For instance, while the original emphasis was on characterizing the

possible existence of additional parameters — in addition to the black hole mass, charge

and angular momentum — that can be seen from far away, after the beginning of the era

of gravitational wave astronomy, a more promising perspective has come out. Indeed, the

presence of a non-trivial background at length scales of order of the light ring can modify

the quasi normal mode spectrum and leave a detectable imprint in the black hole ringdown,

which can therefore serve as a window on the dynamics of the gravitational sector. At least

from this point of view, today there is no reason to prefer long over short hair.

Anyway, in this paper we will readdress once again the aforementioned question, fo-

cusing on a somehow specific though, we think, significant situation. We will restrict to the
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case of scalar hair in shift-symmetric theories. Indeed if a scalar field is, with the exception

of a cosmological constant, the most plausible ingredient to be added to General Relativity

to explain e.g. the accelerated expansion of the Universe, the presence of a shift symmetry

represents the minimal choice to guarantee that such a field will be almost massless and

hence relevant on cosmological scales.

Within this specific setting a clear answer, for spherically symmetric and time-

independent solutions going to a constant asymptotically,1 was obtained in a nice paper

by Hui and Nicolis [1]. In their proof that such black holes have no hair, a crucial role is

played by the covariantly conserved current Jµ. The shift invariance φ → φ + c actually

implies that the scalar equation of motion can be written as the conservation of a current

which depends on the field only through its derivatives. Because of the assumed spherical

symmetry and static nature of the scalar and metric backgrounds, the only non-vanishing

component can be Jr. As we will explain in detail at the beginning of the next section, for a

black hole solution to be consistent, at the horizon every physical and local scalar quantity,

and JµJ
µ in particular, must be finite. This implies that Jr has to vanish at the horizon,

since grr diverges on that surface. Using now the conservation of the current, ref. [1] argues

that Jr ≡ 0 everywhere. At this point, the authors noticed that if the dependence on φ in

the Lagrangian starts quadratically then the current will be proportional to φ′:

Jr = φ′F [φ′, g, g′] with F a regular function , (1.1)

where the absence of φ′′ and higher derivatives of the field is ensured if the theory has

second-order equations of motion. The presence of a kinetic term for the scalar field

translates in the fact that F approaches a non-zero constant as φ′ → 0. These two facts,

along with the condition Jr ≡ 0, imply that if F [φ′, g, g′] is a regular function around

φ′ = 0, then it must be φ′ ≡ 0 and therefore the hair vanishes.

Soon after the appearance of this theorem, however, it was realized [2] that such a sim-

ple and compelling argument admits a subtle exception. Consider for instance the theory

S =
M2

Pl

2

∫
d4x
√
−g
(
R− 1

2
(∂φ)2 + αφR2

GB

)
. (1.2)

The Gauss-Bonnet invariant, R2
GB ≡ RµνρσRµνρσ−4RµνRµν +R2, is a total derivative and

thus its coupling with the scalar preserves the shift symmetry φ→ φ+c. This term gives a

φ-independent contribution to the scalar equation of motion (and therefore to the current

Jr), invalidating the assumption in (1.1). It acts as a source in the Jr = 0 equation, that

does no longer allow for the trivial solution with a vanishing φ′. While the presence of

a linear scalar Gauss-Bonnet (sGB) coupling is indeed a sufficient condition to guarantee

that black holes have hair, the actual solution found in [2] seems puzzling. In this case not

only Jr contains a φ-independent term, which is enough to circumvent the conclusion of

the theorem, but also the norm of the current diverges at the horizon, as pointed out in [3].

A natural concern at this point is whether such a divergence, despite the regularity of

the stress-energy tensor and of the resulting geometry at the horizon, is enough to conclude

1In this paper we do not consider the possibility of an asymptotic time-dependent solution φ = c · t.
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that solutions sourced by the Gauss-Bonnet coupling are not physical and therefore that

the no-hair result in shift-symmetric theories is robust. A more optimistic perspective could

instead be that the sGB example is just the first manifestation of a whole class of theories

with hairy black holes, sourced by Lagrangian operators that give rise to φ-independent

contributions to Jµ, among which there can be solutions with finite J2.

A reason to consider the second possibility is the following. While the sGB coupling

manifestly contains terms with higher derivatives on the metric, it gives rise to second-

order equations of motion. This means that it has to belong to the large family of shift-

symmetric scalar-tensor Lagrangian with this property, the so-called Horndeski theories [4]

or generalized galileons [5]. Such an equivalence was pointed out in [6] and it will be

discussed in appendix B. From this point of view, the peculiarity of the sGB operator

grows dim and in fact ref. [3] finds several other operators of the Horndeski-type that give

contributions to Jr that depend only on the metric in spherically symmetric and static

backgrounds. The authors then conclude that there exist examples of black holes with

hair and a finite norm of the current at the horizon. Despite this result, in a subsequent

paper [7] it is claimed that all the hairy black hole solutions of this kind cannot be smoothly

connected to Minkowski space-time, leaving those generated by the Gauss-Bonnet linear

coupling as the only possibility.

Given the somehow unsettled status of the original question in the literature, in this

paper we will try to clarify if hairy black holes in shift-symmetric theories are One, No One

or One Hundred Thousand (quoting Pirandello). The first step will be to show (section 2.1)

that the Gauss-Bonnet current is not covariant under diffeomorphism and, as a result, J2 is

not a scalar quantity. Its divergence at the horizon is therefore non-physical. The existence

of an equivalent description of the sGB coupling in terms of a Horndeski operator, however,

implies that there is a different form of the current which is instead covariant and still

divergent. In spite of that, as we will discuss in section 2.2, in this case the vector Jµ and

its norm contain powers of (∂φ)2 at the denominator. This non-locality for X → 0 does not

affect in any way the dynamics, but deprives the divergence of J2 of any physical meaning.

The conclusion is that the presence of Gauss-Bonnet actually represents a well-defined

exception to the no-hair theorem. Notice that only black holes feature “long” hair in these

theories, i.e. solutions φ ∝ 1/r, while compact objects without horizon like neutron stars

do not [8].

After having discussed the sGB models, in section 3 we move on and examine the

whole class of Horndeski shift-symmetric Lagrangians to identify if a similar behaviour is

present in other cases as well. While, as already noticed in [3], for static and spherically

symmetric solutions there are several operators that contribute to Jµ with a regular and

scalar-independent term, as soon as the background solution is slightly deformed, every

operator of this type manifests its non-local nature and becomes divergent in the limit of

Minkowski spacetime. To further assess the robustness of the no-hair result, in section 4

we then extend the analysis to Lagrangians that still propagate 3 degrees of freedom (the

graviton plus a scalar) but nonetheless have equations of motion with higher-order deriva-

tives, the so called degenerate higher-order scalar-tensor (DHOST) theories. These include

Horndeski and Beyond Horndeski as particular cases.
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In section 4.3 we briefly study the case of the most general shift-symmetric EFT. In

this class a prototypical example, which shares many similarities with sGB, is given by

φRR̃. Finally, conclusions are drawn in section 5.

2 The scalar Gauss-Bonnet operator

2.1 The Gauss-Bonnet current

We want to understand whether the divergence of J2 at the horizon is a pathology of the

sGB hairy solutions or not. Why should the divergence of a scalar quantity O be worrisome,

even when the stress-energy tensor and the geometry are regular at the horizon? One reason

is that a scalar quantity can be added to the Lagrangian of the system with an arbitrary

coefficient in front L ⊃ λO. In doing so the black hole solution will change and if O
diverges at the horizon, this will happen no matter how small λ is.2 The solution cannot

be trusted since it is extremely “unstable” if one modifies the theory. The situation is

already pathological in classical physics, but it is even more so when we consider Quantum

Mechanics, since loop corrections will induce λ 6= 0 even if we start with λ = 0. Another

related way to see the pathology is that in general a particle will be coupled to the scalar

O. This means that one gets an effect on the dynamics of the particle (and on its stress-

energy tensor) that diverges at the horizon. This suggests that the solution is unstable

when matter is included in the picture.

What we said holds for a general operator O, but J2 turns out to be quite special.

Indeed, the full current contains a part JµGB associated with the Gauss-Bonnet term in

the action, φR2
GB. This current is not covariant under diffeomorphisms and therefore any

scalar built with it is not invariant under diffs. Therefore one cannot add to the Lagrangian

λJ2 (or write a coupling with a particle) and the issue above does not arise. Simply stated,

J2 is not a scalar quantity: its value, and thus its divergence, depends on the coordinates

we choose. The divergence of J2 is immaterial, like the divergence of a component of the

metric or of a Christoffel symbol. The current JµGB satisfies ∇µJµGB = R2
GB, but the form

of the current is ambiguous and there is no privileged expression, even when a coordinate

system is chosen [9].

This statement is analogous to what happens in a (non-abelian) gauge theory for

the term TrFµνF̃
µν . This object is notoriously a total derivative TrFµνF̃

µν = ∂µG
µ, with

Gµ = εµνλσTrAν(Fλσ− 2
3AλAσ). Similarly to our case, the current Gµ is not gauge-invariant

and G2 is not a gauge-invariant scalar that can be added to the Lagrangian.

Let us make some examples of the forms the current JµGB can take for the Schwarzshild

metric. In the presence of Killing vectors, there is a simple way to write JµGB in the

coordinates in which an isometry simply acts as a shift of one coordinate [9]. Suppose this

coordinate direction has label W , then

JµGB = 2PWµν
ρΓ

ρ
νW , (2.1)

where Pµνρσ = ∂R2
GB/∂Rµνρσ and Γ is the Christoffel symbol. This expression holds only

in coordinates where the translation in W is an isometry. For the case of Schwarzschild,

2We thank M. Mirbabayi for illuminating discussions about this point.

– 4 –



J
H
E
P
0
8
(
2
0
2
0
)
0
4
5

one can use this expression in the standard coordinates (t, r, θ, ϕ) either using W = t or

W = ϕ. In the first case one gets a current that points only in the radial direction (we

temporarily suppress the subscript GB)

Jµ(t) =

(
0 , −4r2

s

r5
, 0 , 0

)
, J(t)

2 =
16r4

s

r9(r − rs)
. (2.2)

Where rs is the Schwarzschild radius. This is exactly the current discussed in the Introduc-

tion and indeed J(t)
2 diverges at the horizon, r = rs. On the other hand, with the choice

W = ϕ one gets

Jµ(ϕ) =

(
0 ,

4rs(r − rs)
r5

, −8rs cot(θ)

r5
, 0

)
, J(ϕ)

2 =
16r2

s

(
−rs + 4r cot2(θ) + r

)
r9

.

(2.3)

The divergence of both these currents gives the Gauss-Bonnet invariant: ∇µJµ(t) =∇µJµ(ϕ) =

R2
GB = 12r2

s/r
6. However J(ϕ)

2 is finite at the horizon, while it diverges on the azimuthal

axis. This example makes clear that J2
GB is not a diff invariant quantity.

A general expression of the Gauss-Bonnet current, which does not assume isometries

of the metric, can be given in terms of the spin connection. In the appendix A we compute

this current in the Schwarzschild spacetime and show that it is not covariant by writing

it in different coordinate systems, in particular in Kruskal-Szekeres coordinates where the

metric is regular at the horizon.

2.2 Horndeski form of sGB

Since the sGB operator is such that the equations of motion are of second order and that

there is symmetry under constant shift of the scalar field, it must be possible to express it in

terms of the so-called shift-symmetric Horndeski Lagrangian. Indeed, the latter describes

the most general shift-symmetric scalar-tensor theory with second-order equations, and is

given by the sum of the following terms:

LH2 = G2(X) ,

LH3 = G3(X)[Π] ,

LH4 = G4(X)R− 2G4,X(X)
(
[Π]2 − [Π2]

)
,

LH5 = G5(X)GµνΠµν +
1

3
G5,X(X)

(
[Π]3 − 3[Π][Π2] + 2[Π3]

)
, (2.4)

where X ≡ gµν∂µφ∂νφ, Πµν ≡ ∇µ∇νφ, Gµν is the Einstein tensor and square brackets

indicate the trace of an expression, e.g. [Π] = 2φ.

It has been pointed out in ref. [6] that the choice G5 = log(X) gives indeed the

same equation of motion as the linear sGB operator (without any field redefinition). In

appendix B we give some details about the proof of this equivalence. The benefit of this

alternative way of writing the sGB operator is that now the Noether current JµH5 associated

with the shift-symmetry is covariant. For this reason, contrarily to the previous case, the

norm of this current (JH5)2 is a true scalar and its divergence looks now problematic. For
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G5 ∼ log |X| one has

(JH5)2 =
4

X4

{
−X

18

(
[Π]3 − 3[Π][Π2] + 2[Π3]

)2
(2.5)

+ ∂φ ·

[
Π6 − 2[Π]Π5 + [Π]2Π4 − Π3

3

(
[Π]3 − 3[Π][Π2] + 2[Π3]

)
+

Π2

12

(
[Π]4 − 6[Π]2[Π2] + 8[Π][Π3]− 3[Π2]2

)
+

Π

6

(
[Π2]− [Π]2

) (
[Π]3 − 3[Π][Π2] + 2[Π3]

)]
· ∂φ

}
+O(Rµνρσ) .

Here we only wrote explicitly the terms that survive in flat space: the complete expression

contains terms up to quadratic order in the curvature, indicated by O(Rµνρσ). It is easy

to see that (JH5)2 is a non-local operator, with powers of X at denominator. As such it

cannot be added to the action if one is interested in solutions for which X → 0 somewhere.

Therefore, its divergence is immaterial, in the same way one is not worried about 1/X going

to infinity for a solution where the scalar is a constant. The above quantity is generally

ill-defined as X → 0. As discussed in ref. [3], (JH5)2 diverges on the horizon of a hairy

black hole. However this does not invalidate the solution, since the operator is non-local.

Since we now understand that the operator (JH5)2 is non-local and cannot be added to

the Lagrangian, one may worry about the theory we started with, featuring G5 = log(X).

The appearance of powers of X in denominators suggests that the theory is pathological

in the limit X → 0. However, this cannot be the case, since the theory is equivalent to the

original sGB. Indeed, the non-locality of G5 = log(X) is only apparent as we are going to

explicitly show in section 3 and appendix B.

2.3 Boundedness of local scalar quantities

Having established that the divergence of a nonlocal quantity does not invalidate the sGB

solution, one may ask whether there can be instead a local scalar quantity that diverges.

One can then fully trust the solution only if no local scalar operators blow up (outside the

physical singularities). Here we will verify that this is indeed the case for the sGB solution.

We will see that requiring the boundedness of scalar quantities forces a condition on the

scalar field φ, i.e. that all its radial partial derivatives ∂nr φ have to be bounded everywhere,

and in particular at the black hole horizon.

While this result is evident far away from the black hole, it becomes less obvious at

the horizon, where some coordinate systems display a non-physical singularity. In order

to overcome this complication, one can choose coordinates in which all the geometrical

quantities are smooth at the horizon. This can be achieved for instance by means of

Kruskal-Szekeres-like coordinates or through locally inertial coordinates, where the metric

is set to Minkowski in a specific point (e.g. gµν(p) = ηµν in a point p at the horizon).

Choosing these last coordinates, the Christoffel symbols will vanish at the chosen point

but will have non zero derivatives: these will describe (up to a Lorentz boost) the finite

tidal forces experienced by a free-falling observer that is crossing the horizon.

– 6 –
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Being interested in spherically symmetric and static solutions, it is enough to compute

scalar quantities in a single point of the horizon. Moreover, since the geometry of a black

hole is non-singular at the horizon, one can simply consider quantities that depend on the

scalar field, for instance having the form (∇nφ)2. For the same reason, in these quantities

the terms displaying the most severe divergence when derivatives of φ are not well behaved

will be those involving only partial derivatives.3

Writing the metric in Schwarzschild-like coordinates as

ds2 = −f(r)dt2 +
dr2

f(r)
+ ρ2(r)(dθ2 + sin2θ dϕ2) , (2.6)

with f = 0 for r = rs, we can define a locally inertial frame in a point p using coordinates

(t̂, r̂, θ̂, ϕ̂) having origin in p and such that in p:

dt̂ =
√
fdt , dr̂ =

1√
f
dr , dθ̂ = ρ dθ , dϕ̂ = ρ sinθ dϕ . (2.7)

The Jacobian of this transformation will be diagonal in p. For this reason we understand

that in the leading term of (∇nφ)2 in p only r̂ partial derivatives will appear, each corre-

sponding to a weighted r partial derivative: ∂r̂ =
√
f∂r. In conclusion in the chosen point

we have

(∇nφ)2 ∼ (∂nr̂ φ)2 + · · · ∼ fn(∂nr φ)2 + fn−k−p∂n−pr φ∂n−kr φ + . . . , (2.8)

where the second term on r.h.s. (with k + p < n − 1) indicates schematically a series of

contributions having the same magnitude of the first one and the dots indicate smaller

terms where derivatives hit the Christoffel symbols.

Writing φ ∼ fγ when r ∼ rs, it becomes clear that if γ is not a positive integer (or

zero) there will be large enough values of n such that the terms in eq. (2.8) will diverge at

the horizon,4 making the whole scalar (∇nφ)2 diverge as f2γ−n. For this reason we see that

all the scalar quantities built using the metric and the scalar field will be bounded when

computed on a sGB hairy background if the hair has ∂rφ and its higher radial derivatives

bounded at the horizon. This condition is satisfied by the perturbative solution of [10].

3 Additional hair in Horndeski?

In the Horndeski form, the sGB theory violates the assumptions of the no-hair theorem

of [1] since G5 in non-analytic for X → 0. Indeed the current does not start linearly in φ′

and eq. (1.1) does not hold. A natural question is therefore whether one can find additional

hairy solutions (under the same symmetry assumptions stated in the Introduction) when

3Even though divergent boost factors might make the derivatives of the Christoffel symbols diverge,

these would still be subleading with respect to partial derivatives of the scalar field, which would get the

same boost-enhancement.
4For some special non-integer values of γ there will be a single integer nγ for which the leading contri-

butions in (2.8) add up to zero, but this does not change our conclusion, since infinitely many other scalars

will diverge.
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the other Horndeski functions are non-analytic for X → 0. Examples of such theories

have already been considered in [3], where some particular cases were studied in which

the radial component of the current contains a φ′-independent term (i.e. a term in F [φ′, g]

proportional to 1/φ′), in a static and spherically symmetric setting. In this section (see

also [7]) we study this possibility and we conclude that all these additional examples are

pathological. Here we stick to theories with second-order equations of motion, while more

general cases will be discussed in the next section.

Writing the spherically symmetric, static metric as

ds2 = −h(r)dt2 +
dr2

f(r)
+ r2dΩ2 , (3.1)

the radial component of the shift-symmetry Noether current for generic Horndeski La-

grangian (2.4) takes the form [3]:

JrH = 2fφ′G2X + f
rh′ + 4h

rh
XG3X − 4fφ′

fh− h+ rfh′

r2h
G4X − 8f2φ′

h+ rh′

r2h
XG4XX

− fh′ 1− 3f

r2h
XG5X + 2

h′f2

r2h
X2G5XX . (3.2)

Therefore, we see that it is possible to have contributions independent of φ′ when the

functions Gi behave at small X as

G2(X) ∼
√
|X| , G3(X) ∼ log |X| , G4(X) ∼

√
|X| , G5(X) ∼ log |X| , (3.3)

where the last choice gives the sGB operator. Keep in mind that the function G4 will always

include a leading constant term that drops out of the current in eq. (3.2) and corresponds

to the Einstein-Hilbert part of the Lagrangian. The non-analytic behaviour for X → 0 is

worrisome when one wants to study the Lorentz-invariant vacuum X = 0 or approaching

it as it happens going far away from a localised black-hole solution. In the following we are

going to show that these theories are indeed pathological, with the only exception of sGB.

3.1 Troubles with a Lorentz-invariant solution

We want to study Lorentz-invariant solutions of the theories with the non-analytic be-

haviours of eq. (3.3). We are going to show that, with the exception of sGB, these solutions

are pathological since the equations of motion are not continuous in this limit, i.e. the result

depends on how the flat, Lorentz invariant solution is approached. Let us take the metric

to be Minkowski from the beginning g = η (this defines a particular direction in which we

approach the solutions we are interested in).

– 8 –
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The equations of motion for generic Horndeski functions Gi read:

∇µJµH2

∣∣∣
g=η

= 2G2,XX Πµν ∂µφ∂νφ+G2,X [Π] ,

∇µJµH3

∣∣∣
g=η

= 4G3,XX

[
Πµν [Π]− (Π2)µν

]
∂µφ∂νφ+ 2G3,X

(
[Π]2 − [Π2]

)
,

∇µJµH4

∣∣∣
g=η

= 8G4,XXX

[
(Π3)µν − (Π2)µν [Π] +

1

2
Πµν

(
[Π]2 − [Π2]

)]
∂µφ∂νφ

+ 2G4,XX

(
[Π]3 − 3[Π2][Π] + 2[Π3]

)
,

∇µJµH5

∣∣∣
g=η

= 4G5,XXX

[
(Π4)µν − (Π3)µν [Π] +

1

2
(Π2)µν

(
[Π]2 − [Π2]

)
− 1

6
Πµν

(
[Π]3 − 3[Π][Π2] + 2[Π3]

)]
∂µφ∂νφ

− 1

3
G5,XX

(
[Π]4 − 6[Π2][Π]2 + 3[Π2]2 + 8[Π3][Π]− 6[Π4]

)
. (3.4)

When the functions Gi, i = 2, 3, 4, 5 behave as in eq. (3.3), the above equations take the

form

∇µJµHi
∣∣∣
g=η
∼ 1

X(i+1)/2
(Aµνi ∂µφ∂νφ+ [Ai] ciX) , (3.5)

where Aµνi are tensors built out of the (i − 1)-th power of Πµν , and ci are numerical

coefficients that can be easily determined by inspection:

ci = − 1

i− 1
. (3.6)

Notice that all of the above equations of motion (in flat-space) are finite for time-

independent and spherically symmetric backgrounds, as it can be confirmed by taking

the divergence of (3.2) when the Gi’s are given by (3.3) and then taking the Minkowski

limit f, h→ 1. This is why no apparent problem arises when looking for hairy black-hole so-

lutions.

However, if a Lorentz invariant solution were to exist in d dimensions, then one would

have Aµνi = ηµν [Ai]/d (this can be seen as an additional assumption about the direction in

which the limit is approached), and therefore the equation would simplify to

∇µJµHi
∣∣∣
g=η
∝
(

1

d
+ ci

)
[Ai]

X(i−1)/2
= Pi(d)

(
1

d
+ ci

)(
[Π]

X1/2

)i−1

. (3.7)

In the last expression we used Πµν = ηµν [Π]/d, with the prefactor given by Pi(d) =∏(i−2)
p=0 (d− p). Since [Π]/X1/2 ∼ ∂2φ/∂φ, one has the same number of fields at numerator

and denominator, so that the Lorentz-invariant limit is ambiguous. Consider for instance

φ = Axµx
µ + bµx

µ + c, for which Πµν = 2Aηµν . The trivial Lorentz-invariant and transla-

tionally invariant configuration φ = const is reached when A→ 0 and bµ → 0. Expressions

like [Π]/X1/2 depend on the order of these limits.

However, for each operator there is a critical dimension for which eq. (3.7) identically

vanishes, namely

di = (i− 1) . (3.8)
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This means that except for a single value of i, all of the other cases5 are incompatible with

a Lorentz invariant solution. This analysis is enough to conclude that in d = 4 all of the

cases in (3.3) are not compatible with a Lorentz-invariant solution with the exception of

sGB (in appendix B we are going to also study the d = 2 case with G3 ∼ log |X|, which

corresponds to a coupling φ(2)R).

3.2 Troubles with perturbations

A similar situation arises when considering arbitrary perturbations around an X = 0 back-

ground. For simplicity we will consider a Lorentz-invariant one. Indeed, consider a scalar

quantity built with the scalar fields’s first and second derivatives, O(∂φ,Π). Expanding in

linear perturbations, φ = φ0 + δφ, it takes the form

δO = Bµ ∂µδφ+ Cµν ∂µ∂νδφ , (3.9)

where Bµ and Cµν depend on background quantities only, and for a Lorentz invariant

background will satisfy

Bµ = 0 ; Cµν ∝ ηµν . (3.10)

Therefore, it is enough to only track the perturbations with two derivatives acting on δφ.

For example, linear perturbations of the equations of motion (3.4) are

δ

(
∇µJµHi

∣∣∣
g=η

)
= Zi�δφ , (3.11)

with

Zi ∝
Pi+1(d)√

X

(
[Π]

X1/2

)i−2

. (3.12)

Again, we observe a problem in the limit φ → const for the cases in (3.3) which is now

even worse than for the background equations (3.7), since here there is an extra power

of the field’s first derivatives in the denominator. Also, similarly to what happened for

the background equations discussed above, in d = 4 dimensions we see that the choice

G5(X) ∼ log |X|, i.e. sGB, is safe because the prefactor P6(4) vanishes (in a similar way in

d = 2 we have an analogous result for the cubic Horndeski P4(2) = 0). Of course G5(X) ∼
log |X| would continue to avoid problems, even going to higher order in perturbations and

on more general backgrounds. Indeed, as we discussed, this case does not feature any true

non-locality being equivalent to the sGB theory (see appendix B).

It is important to point out that, besides the cases (3.3), many other choices of the

Gi can produce hairy solutions, as long as Jr contains terms less than linear in φ′, so

that eq. (1.1) does not hold. One such example is G3(X) ∼ X1/4, which produces a term

proportional to
√
φ′. Even if in this case φ′ = 0 solves Jr = 0, from the explicit expression

of Jr, eq. (3.2) one finds also a non-zero solution:

φ′ ∝ f1/2(rh′ + 4h)2

r2h2
∼ 1

r2
as r →∞ . (3.13)

5Here we mean those that are not automatically trivial. As it is well known [11], for a given dimension

d, the Galileon-like structures present in Horndeski theories with i > d− 2 are indeed trivial. In our setup

this can be seen in eq. (3.7) from the fact that P(d+2)(d) = 0.
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However, the same analysis carried out above for the cases (3.3) shows that also this case

is pathological. The analogue of eq. (3.12) now reads

Z̃3 =
4

d
(d− 1)[Π]

(
2

d
XG3XX +G3X

)
∼ [Π]

X3/4
(3.14)

and again the Lorentz-invariant limit is not well-defined. These pathologies will arise for any

non-analytic function at a certain order in perturbations. For instance even an apparently

innocuous term Xn+1/2 will get corrections of the form ∼ Xn−k+1/2(δX)k when we consider

deformations X 7→ X + δX of the background solution. These terms will diverge as soon

as k > n, making impossible to compute corrections whenever X = 0, both on the Lorentz

invariant vacuum and on hairy solutions.

In conclusion, by dropping the assumption of eq. (1.1) one gets healthy hairy solutions

only in the case of sGB. The physical validity of the hairy black-hole solutions in theories

of the form of eq. (3.3) was studied in [7], reaching a similar result. However, the arguments

of [7] are not completely conclusive in our view. The authors point out that if one sets

φ = const, with a spherically symmetric and static metric and takes the limit of Minkowski

spacetime, Jr goes to zero only in the sGB case. This can be easily checked in the explicit

expression of Jr of eq. (3.2). However, in the case G4(X) ∼
√
|X| one gets Jr ∝ r−2 and

this does not contribute to the equation of motion ∇µJµ = 0. (Notice that a static solution

is effectively 3-dimensional, so that, following the argument of eq. (3.8), it is not surprising

that the G4 ∼
√
|X| case is healthy for a static solution.) Actually, as we discussed at

length in the previous sections, Jr = 0 is not a necessary requirement when J2 is a non-

local operator, as it is the case for all the choices in eq. (3.3), including sGB. As our

analysis shows, one needs to go beyond static solutions to pinpoint the pathology. This

also allows to exclude cases like G3(X) ∼ X1/4 discussed above, which were not covered

by the arguments of [7] since the current vanishes once φ′ = 0 is taken.

4 Theories with higher-order equations of motion

So far we focussed on shift-symmetric theories with second-order equations of motion

(Horndeski). However, the requirement that the field equations are of second order, which

ensures there are no ghost degrees of freedom, can be relaxed. Indeed, even scalar-tensor

theories leading to higher-order equations of motion can, in some cases, propagate only

gravity plus a single extra scalar degree of freedom. For instance this happens when the

following (shift-symmetric) Beyond Horndeski Lagrangian [12] is added to the Horndeski

one (2.4):

LBH4 = −F4(X)εµνρσε
µ′ν′ρ′σ∂µφ∂µ′φΠνν′Πρρ′ ,

LBH5 = −F5(X)εµνρσεµ
′ν′ρ′σ′

∂µφ∂µ′φΠνν′Πρρ′Πσσ′ , (4.1)

provided this degeneracy condition is satisfied [13]:

XG5XF4 = 3F5 [G4 − 2XG4X ] . (4.2)
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There is an even larger set of such theories known as DHOST [14, 15], which includes both

Horndeski and Beyond Horndeski as special cases. In the following we are going to extend

the study of black-hole hair to this more general setup, always with the same symmetry

assumptions made in the Introduction. Notice that the application of the no-hair theorem

is now not obvious, since now one expects the radial component of the current to also

depend on φ′′(r), violating eq. (1.1).

4.1 No-hair theorem for DHOST

Let us start with the class of DHOST theories that can be obtained via invertible conformal

and disformal trasformations that depend on the scalar field:

ḡµν = Ω(X) gµν + Γ(X) ∂µφ∂νφ . (4.3)

The dependence of Ω and Γ on X only (and not on φ) ensures that the shift-symmetry is

preserved. (Notice that the scalar field is not changed in the transformation.) The kinetic

term transforms as

X̄ =
X

Ω +XΓ
. (4.4)

This relation with the Horndeski theories is a way to understand why these DHOST theories

must propagate only gravity plus a single extra scalar degree of freedom. In particular,

from Quartic and Quintic Horndeski one generates [16, 17]

L̄H4 [Ḡ4] = LH4 [G4] + LBH4 [F4] +
∑
i

αiL
(2)
i , (4.5)

L̄H5 [Ḡ5] = LH5 [G5] + LBH5 [F5] +
∑
j

bjL
(3)
j , (4.6)

where the αi’s and bj ’s are functions which parametrize the part of the DHOST Lagrangian

which is neither Horndeski nor Beyond Horndeski,6 and L
(2)
i and L

(3)
i are terms quadratic

and cubic in second derivatives of the scalar field respectively.

Let us consider first a theory with only Horndeski and Beyond Horndeski: it is gen-

erated by a purely disformal transformation, i.e. Ω(X) = 1 and Γ(X) 6= 0. Since the

equations of motion are of higher order, one would expect Jr to contain more derivatives

with respect to the form of eq. (1.1). However, this does not happen, as a consequence of

the high degree of symmetry, and φ′′ does not appear in Jr [3]:

JrBH = 4f2φ′
h+ rh′

r2h
X(2F4 +XF4X) + 3

f2h′

rh
X2(5F5 + 2XF5X) . (4.7)

Therefore the no-hair theorem applies without any changes. We will discuss below new

exceptions in the same vein of eq. (3.3).

More generally, turning on the conformal part of the transformation, i.e. Ω,X 6= 0, al-

lows to span this full DHOST class. In this case the current will contain higher derivatives

6These functions are not all independent, but satisfy relations in order to ensure the degeneracy condi-

tions analogous to (4.2).
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of the scalar field: these arise from derivatives of the metric, once one uses the transfor-

mation of eq. (4.3). Therefore extra derivatives come from the derivatives of Ω(X) and

Γ(X)∂µφ∂νφ. Assuming that the functions Ω and Γ are regular for X → 0 (Γ must start as

a constant and Ω as a non-zero constant) extra derivatives of φ will always appear alongside

extra powers of φ. Therefore the current, instead of being of the form of eq. (1.1) is of

the form7

Jr = φ′F [φ′, φ′′, g′] . (4.8)

Now we are in the position of extending the theorem to this case. Since in any EFT

derivatives must be bounded, in the limit φ′ → 0 we also have φ′′ → 0. In this limit

the function F must go to a constant as in the original case, since the new terms in the

current are at least quadratic in φ. Therefore the logic of [1] still applies: since Jr = 0

(with the caveat of Gauss-Bonnet that we discussed at length) and φ′ = 0 asymptotically,

it must remain so everywhere because for small values of the field the current is simply

proportional to φ′ so that this cannot move away from zero. In conclusion, the no-hair

theorem is extended to DHOST theories which are connected to a healthy Horndeski theory

(as defined in the previous section) by means of a transformation with Ω(X) and Γ(X)

regular around X = 0.

4.2 The fate of sGB

Another way to see that the theorem still holds is to look at how black-hole solutions

are transformed. Since the scalar field is not changed by the transformation, hair can

neither be generated nor removed (grown nor cut) by these transformations. Moreover,

the asymptotics of the solutions are preserved and their symmetries as well. Indeed, far

away from the black hole the transformation (4.3) becomes trivial (∂µφ→ 0),

ḡµν = Ω(0) gµν (r →∞), (4.9)

where of course Ω(0) > 0. This is a constant overall rescaling of the metric: spacetime

is still asymptotically flat. Therefore the only DHOST theories with hair are the ones

obtained via (4.3) starting from a sGB Horndeski theory, since this is the only Horndeski

theory with hair. (Here we are not considering the possibility that a black-hole solution is

mapped into a solution with a naked singularity, as discussed in [18].)

The new terms generated by such transformation from both Quartic and Quintic Horn-

deski, eqs. (4.5) and (4.6), are given by

G4,X = Ḡ4,X̄

√
Ω(Ω +XΓ)1/2 , (4.10)

F4 = −Ḡ4
(ΓΩX + ΩΓX)√
Ω(Ω +XΓ)1/2

+ 2Ḡ4,X̄

√
Ω(XΓX − ΩX)

(Ω +XΓ)3/2
, (4.11)

α5 = −Ḡ4
2ΩX(ΓΩX + 2ΩΓX)

Ω3/2(Ω +XΓ)1/2
+ 4Ḡ4,X̄

ΩX(2XΓX − ΩX)√
Ω(Ω +XΓ)3/2

, (4.12)

7There are no terms with three or more derivatives of φ in the current, because they would give terms

with four or more derivatives in the equations of motions. However the transformation (4.3) adds at most

one derivative: starting with second-order equations, one ends up with at most three derivatives.
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for the Quartic part, while for the Quintic part

G5,X = Ḡ5,X̄

√
Ω [Ω−X(ΩX +XΓX)]

(Ω +XΓ)5/2
, (4.13)

F5 = −2Ḡ5,X̄

√
Ω(ΩX +XΓX)

3(Ω +XΓ)5/2
, (4.14)

b4 = Ḡ5,X̄

√
Ω ΩX

3(Ω +XΓ)5/2
. (4.15)

Due to the degeneracy conditions (see refs. [16, 17]), the remaining αi and bj are determined

by the ones shown, and therefore contain no new information. Starting with a Horndeski

theory with hair, i.e. with Ḡ5 = log(X̄) (sGB) one wants to know whether it is possible

to end up in a DHOST theory without the sGB term (and with all functions regular for

X → 0). From eq. (4.13) it would seem that there is a possible choice of Ω and Γ in the

transformation such that G5 is regular in X = 0, namely

[Ω−X(Ω,X +XΓ,X)]→ 0 , (4.16)

at least linearly in X. However, as discussed in ref. [16], when the above combination

vanishes the transformation admits a null eigenvector, i.e. it is not invertible and thus

pathological.

Ref. [3] studied Beyond-Horndeski theories which could be exceptions to the no-hair

theorem, along the lines of (3.3). These exceptions involve special choices of the Beyond

Horndeski functions,

F4(X) ∼ |X|−3/2 , F5(X) ∼ |X|−2 . (4.17)

The transformation laws (4.11) and (4.14) show however that these are not reachable with

regular transformations, neither starting from regular Horndeski functions, nor allowing for

sGB. Indeed, in the latter case one would need to allow for Γ ∼ X−1 in order to generate

F5(X) = |X|−2 from Ḡ5 = log(X̄). It is straightforward to check that, although such

transformation is safe in a static and spherically symmetric background, it is ill defined for

a general configuration.

We conclude then that it is not possible to remove the sGB operator with a regular

and invertible transformation of the form (4.3). Therefore, the DHOST theories that we

studied can be separated in two (invariant) subclasses, those with the sGB operator and

therefore with hairy black holes and those without. In other words, for a given DHOST

theory connected to Horndeski, in order to determine whether it can support healthy hairy

black hole solutions or not, one only needs to check if eqs. (4.10) to (4.15) can be satisfied

with Ḡ5(X̄) ∼ log(X̄) for small X̄.

4.3 Other DHOST theories and beyond

Besides the theories discussed in the previous sections, other DHOST classes can be defined

imposing different degeneracy conditions on the higher-derivative operators added to the

Lagrangian [16, 17]. This procedure outlines various DHOST classes featuring operators

– 14 –



J
H
E
P
0
8
(
2
0
2
0
)
0
4
5

either quadratic or cubic in second derivatives of the scalar field. As discussed in [16,

17], further requirements might be imposed in order to select the theories which can be

interpreted as a modification of General Relativity through the presence of an additional

scalar degree of freedom.

In particular only some DHOST theories admit a ghost-free decoupling limit of the

metric in flat spacetime. In addition to this, if one wishes to include operators from a

cubic DHOST class, the degeneracy conditions required by these must be compatible with

those of the quadratic DHOST theories which are necessary in order to include an Einstein-

Hilbert term in the Lagrangian. As shown in [17], these two requirements narrow down the

interesting classes to only two possibilities.8 One of these is precisely the class studied in

the previous sections, generated by conformal plus disformal invertible transformations of

Horndeski theories.9 The other class involves more complicated constraints and cannot be

characterised as easily. In appendix C we show that although this class accommodates both

quadratic and cubic DHOST, it contains only theories that do not allow for an Einstein-

Hilbert term and are therefore unsuitable to describe a modification of General Relativity.

One can consider an even more general situation. Imposing either second order or

degenerate equations of motion is motivated if at least one higher derivative (HD) operator

becomes large on the solutions one is interested in. On the other hand, if HD operators can

always be treated perturbatively, as it typically happens in more conventional EFTs, then

such a requirement is no longer necessary and arbitrary HD operators can be considered.

(Notice that this possibility is not that different from the case of sGB discussed so far: even

if the sGB gives second-order equations of motion, these equations may be pathological,

featuring ghost or gradient instabilities, when the sGB is as important as the scalar kinetic

term [19].)

Interestingly the theorem of [1] can be extended to this very generic setting, as long

as one considers energy scales below that at which the ghost degrees of freedom appear,

i.e. in the regime of validity of the EFT. In a spherically symmetric and static spacetime

the current will take the form:

Jr = φ′F1 + φ′′F2 + . . .+ φ(n)Fn , (4.18)

where the functions Fi are assumed to be regular as φ′ and its derivatives approach zero.

Sufficiently far away, and within the regime of validity of the EFT, the leading term will

be the first one in eq. (4.18), so that following ref. [1], Jr = 0 implies φ = const.

One can also find exceptions to this extension of the theorem, similarly to the case of

sGB, where the current contains φ-independent contributions. Among the various possible

operators of this kind, the simplest example is given by φRR̃, i.e. a linear coupling between

the scalar field and the Chern-Simons topological density (see for example [20])∫
d4x
√
−g RR̃ =

∫
d4x
√
−g∇µKµ (4.19)

Kµ = 2
εµαβγ√
−g

Γτασ

(1

2
∂βΓσγτ +

1

3
ΓτβσΓσγτ

)
(4.20)

8Classes 2N-I + 3M-I and 2N-I + 3N-I, as defined in ref. [17].
9Non-invertible transformations will land either outside this class, or in a theory involving non-

regular functions.
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where RR̃ = RµνρσR̃
σ
ρµν and R̃σρµν := 1

2εµναβR
αβσ

ρ. The current Kµ vanishes in any static

spacetime and does not transform covariantly. Similarly to the sGB case, this current will

forcibly source scalar hair around any (non-static) black holes. One might also consider

operators with higher derivatives, for instance φ�(RµνρσR
µνρσ). As remarked, for the

theory to be consistent the generated hair must be small. Nonetheless, the presence of this

kind of operators might be tested through future detections of gravitational waves.

5 Conclusions

In this paper we have shown that asymptotically flat black holes in shift-symmetric scalar-

tensor theories with no ghost degrees of freedom can have nontrivial scalar hair only in the

presence of the operator φR2
GB (sGB). Further assumptions include time-independence

and spherical symmetry. We have laid out this fact by building from the no-hair theorem

of Hui and Nicolis, which is directly applicable only to Horndeski theories. We have shown

that this theorem allows a single pathology-free exception, by first addressing some concerns

about the sGB solution and the infinite norm of its associated current at the black hole

horizon. The fact that this object is either non diffeomorphism invariant or non-local

devoids this divergence of physical meaning. Instead, any local scalar quantities were

shown to be finite. In contrast, all of the other exceptions to the no-hair theorem within

the realm of shift-symmetric Horndeski theories turn out to feature pathologies, such as

the lack of a Lorentz invariant solution in flat space.

Stepping away from theories with second-order equations of motion, we extended the

applicability of the no-hair theorem to a larger class of shift-symmetric scalar-tensor the-

ories, which nevertheless propagate no extra degrees of freedom (the so called DHOST).

Among these, we focused on those which can recover General Relativity when X = 0, there-

fore selecting the class which also contains Horndeski and it is in fact generated from it

by X-dependent invertible conformal plus disformal transformations of the metric. Lever-

aging this fact, we were able to show that no new operator that produces hair apart from

sGB can arise in this larger class of theories, since hair cannot be generated nor removed

by such transformations. Therefore, sGB remains the unquestionable champion, being the

only one able to source healthy nontrivial scalar hair.

It is in the context of shift-symmetric theories in which it was ultimately possible to

give a sharp answer to the question of black hole hair. This is a compelling scenario since

an approximately massless scalar field can be important thoughout a large range of scales,

from the cosmological to the astrophysical. One such interesting situation is when the

effect of black hole hair on the production of gravitational waves in black hole mergers

could help in unveiling the dynamics of the dark energy field. This scenario was put

forward in [21], where in spite of there being only a single possible source of hair, i.e. sGB,

the phenomenology is sensitive to the other operators present in the Lagrangian, allowing

for a rich array of observational signatures.

It would be interesting to extend our study to the case of rotating BHs. For example,

numerical studies have shown that regular hairy solutions with arbitrarily large rotation

exist in the presence of sGB [22]. However, to our knowledge, the no-hair theorem of [1]

has only been extended to the case of slowly rotating black holes in Horndeski [2].
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A The many Gauss-Bonnet currents

As we have discussed in section 2, the Gauss-Bonnet invariant is the divergence of a current

which is not itself a tensorial object. For this reason taking its square does not give a

quantity which is invariant under diffeomorphisms. In the main text we discussed the

special expression that this current takes in the presence of a Killing vector aligned with

a coordinate. In a generic case the current can be written is terms of the spin connection.

Its expression does not give a covariant vector, in the same way the Christoffel symbols are

not rank-3 tensors.

Using Greek and Latin letters for curved and flat indexes respectively, the vierbeins

eaµ(x) will be defined through the following relation: gµν = eaµηabe
b
ν . The spin connection

will be ωab = ωaµbdx
µ = eaν∇µeνbdxµ and the curvature form will be Rab = dωab+ωac∧ωcb =

eaµe
b
νR

µν
ρσdx

ρ ∧ dxσ, where as usual flat indexes are lifted and lowered with the flat metric

ηab. Using these definitions we can express the Gauss-Bonnet invariant as a total derivative:∫
d4x
√
−gR2

GB =

∫
RabRcdεabcd =

∫
d

(
εabcdω

ab
(
Rcd − 1

3
ωceω

ed
))

= −
∫
d4x
√
−g∇µ

(
εµνρσεατ

βλωανβ

(1

2
Rτ λρσ −

1

3
ωτργω

γ
σλ

))
, (A.1)

where ωανβ = ωaνbe
α
ae
b
β and εµνρσ = eaµe

b
νe
c
ρe
d
σεabcd, with εabcd the Levi-Civita symbol.10

Evaluating the expression (A.1) in the Schwarzschild coordinates (with the natural

induced vierbein) gives:

Jµ(Schw) =

(
0,

2rs(r − 2rs)

r5
,−4rs cot(θ)

r5
, 0

)
, ∇µJµ(Schw) =

12r2
s

r6
. (A.2)

This current has a non-zero θ component and its square diverges both at the horizon and

at the poles:

J2
(Schw) =

4r2
s

r9

(
4r cot2(θ)− (r − 2rs)

2

rs − r

)
. (A.3)

This current is actually a linear combination of the currents defined in section 2.1: Jµ(Schw) =
1
2J

µ
(t) + 1

2J
µ
(ϕ) (and this of course implies it has the right divergence).

10Notice that in the analogous expression given in [10] the term − 1
3
ωτργω

γ
σλ was accidentally omitted.
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The expression (A.1) holds in any coordinate system without the need of a Killing

vector. In the case of Schwarzschild space-time, in Kruskal-Szekeres coordinates (T,R, θ, ϕ),

see for instance [23], we have:

Jµ(KS) =

(
T
(
2r2
s + rsr + r2

)
r2
sr

4
,
R
(
2r2
s + rsr + r2

)
r2
sr

4
,−4rs cot(θ)

r5
, 0

)
, ∇µJµ(KS) =

12r2
s

r6
,

(A.4)

where r must be understood as a function of the new coordinates T and R. The relation

JR(KS)/J
T
(KS) = R/T implies that this current has no time component once we transform it

to Schwarzschild coordinates. The radial component reads:

Jr(KS→Schw) =
∂r

∂T
JT(KS) +

∂r

∂R
JR(KS) = 2

(r − rs)
rsr5

(
2r2
s + rsr + r2

)
= Jr(Schw) +

2

rsr2
. (A.5)

Therefore, transforming back to Schwarzschild coordinates we obtain the current (A.2)

plus a divergenceless term. The square of the Kruskal-Szekeres current is divergent only

at the poles:

J2
(KS) =

4

r2
sr

9

[
4r4
sr cot2(θ) + (r − rs)

(
2r2
s + rsr + r2

)2]
. (A.6)

This does not coincide with eq. (A.3), as expected since J2 is not a scalar.

Notice that it is possible to take an arbitrary linear combination of the various currents

obtained above, and build another one with the proper divergence. For example we can

combine the currents of eqs. (2.3) and (A.5):

Jµ(finite) = −Jµ(ϕ) + 2Jµ(KS→Schw) =

(
0,−4r2

s

r5

(
1− r3

r3
s

)
, 0, 0

)
. (A.7)

This current gives the correct divergence and has a finite norm everywhere for r > 0:

J2
(finite) =

16

r7
(r − rs)

(
r

rs
+
rs
r

+ 1

)2

. (A.8)

B Equivalence between sGB and Quintic Horndeski with G5 = log(X)

In this appendix we want to check explicitly the equivalence between the sGB operator

and a shift-symmetric Quintic Horndeski with G5 = log(X) [6].

As a warm up, we can first look at the analogous case of shift-symmetric Cubic Horn-

deski with G3 = log(X) in d = 2 dimensions and the operator φ (2)R, where (2)R is the

two-dimensional Ricci scalar (see also ref. [24]). The scalar current for a generic G3(X)

has the following form

JµH3 = G3X ([Π]gµν −Πµν) ∂νφ . (B.1)

The equation of motion then reads

∇µJµH3 = G3X

(
[Π]2 − [Π2]

)
+ 2G3XX ∂αφ∂βφ

(
[Π]Παβ −ΠαµΠ β

µ

)
+G3X gαβ ∂µφ∇[µ∇α]∂βφ . (B.2)
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Notice that the terms with three covariant derivatives acting on φ arrange in an antisym-

metric way, leaving behind only a term proportional to the Riemann tensor, but no third

derivatives of the field, as expected from a Horndeski Lagrangian. The above equation of

motion in its current form obscures the fact that there is a choice of the function G3(X)

that renders the equation φ-independent (in d = 2). In order to make this manifest, it is

useful to consider the Cayley-Hamilton theorem, which states that any square matrix sat-

isfies its own characteristic equation. In this case, consider the matrix of second derivatives

of the field in a given basis, Πµ
ν , a d×d matrix, the following local identity holds in d = 2:

(Π2)µν − [Π]Πµ
ν −

1

2
δµν
(
[Π2]− [Π]2

)
= 0 (d = 2) . (B.3)

Then it is straightforward to rewrite the equation of motion (B.2) as follows

∇µJµH3

∣∣∣
d=2

= (G3X +X G3XX)
(
[Π]2 − [Π2]

)
−G3X

(2)Rµν∂µφ∂νφ . (B.4)

Finally, using that in d = 2 the Ricci tensor is just (2)Rµν = (2)Rgµν/2 and the choice

G3 = log(X) we obtain

∇µJµH3

∣∣∣
d=2

= −1

2
(2)R , (B.5)

which is the expected result.

Now let us turn to our case of interest. In what follows we are going to be more

schematic, however the story is conceptually similar, but the calculations considerably

more cumbersome due to the sheer amount of terms involved. A generic shift-symmetric

Quintic Horndeski in d = 4 dimensions will have a scalar current with two types of terms:

JH5 ∼ G5XR(∇∇φ)∂φ+G5XX(∇∇φ)3∂φ , (B.6)

where R stands generically for the curvature. There various terms of each kind have several

different contractions among the tensors, which nevertheless enjoy a particular structure

due to the theory being Horndeski. The equation of motion, in turn, will schematically

have the following seven types of terms,

∇JH5 ∼ G5X

[
∇R(∇∇φ)∂φ+R([∇,∇]∂φ)∂φ+R(∇∇φ)2

]

+G5XX

[
R(∇∇φ)2(∂φ)2 + (∇∇φ)4 + (∇∇φ)2([∇,∇]∂φ)∂φ

]
+G5XXX (∇∇φ)4(∂φ)2 , (B.7)

where the terms were arranged according to the number of X-derivatives acting on G5.

Once again notice that, since the theory is Horndeski, the equations of motion must be

of second order. Indeed, the terms with ∇R cancel identically by the differential Bianchi

identities, while those with third derivatives acting on the scalar always appear antisym-

metrically. Some of these terms are in fact the ones giving rise to terms quadratic in the

curvature. We also emphasize that, much like in the cubic case, the terms contain various
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possible contractions. For example, in the last term of (B.7) the two factors of ∂φ are not

contracted to each other, and thus are not forming the combination X.

We rearrange once again the types of terms in the equation of motion, now in increasing

powers of the curvature, obtaining, schematically,

∇JH5 ∼

[
G5XX(∇∇φ)4 +G5XXX(∇∇φ)4(∂φ)2

]

+R

[
G5X(∇∇φ)2 +G5XX(∇∇φ)2(∂φ)2

]
+G5XR2(∂φ)2 . (B.8)

At this point, if one specializes to d = 4 one can simplify the way indices are contracted

so that, similarly to the Cubic example above, all the terms that have a ∂αφ∂βφ become

proportional to X. For the first line we make use of the Cayley-Hamilton theorem in d = 4.

For the second line instead, it is useful to first decompose the Riemann tensor

Rµνρσ = Cµνρσ + Eµνρσ + Sµνρσ , (B.9)

where Cµνρσ is the Weyl tensor, and

Eµνρσ =
1

d− 2
[gµρSνσ − gµσSνρ + gνσSµρ − gνρSµσ] , (B.10)

Sµνρσ =
R

d(d− 1)
[gµρgνσ − gµσgνρ] , (B.11)

and Sµν = Rµν − R
d gµν is the traceless part of the Ricci tensor. The pieces involving

the Ricci tensor quickly combine to be proportional to a metric. For the pieces involving

the Weyl tensor, a bit more work is necessary to show this, but it ultimately follows by

exploiting the fact it is a fully traceless tensor. Once the X is factorized, the resulting

expression combines with the terms with one less X-derivative.

Finally, let us be more explicit with the part quadratic in the curvature (third line

of (B.8)),

(∇µJµH5)(2) = −G5X ∂αφ∂βφ

[
RµνR

µανβ − 1

2
RRαβ +RαµR

µβ − 1

2
R α
µνρ Rµνρβ

]
. (B.12)

Using the decomposition (B.9), the above expression can be brought to the form

(∇µJµH5)(2) = −G5X ∂αφ∂βφ

[(
1

4
SµνS

µν − R2

48

)
gαβ − 1

2
C α
µνρ Cµνρβ

]
, (B.13)

where again the nontrivial part is the one involving the Weyl tensor. In this case, it is

necessary to further decompose it into its electric and magnetic parts, defined as

Eµν = CµανβU
αUβ , Bµν = C̃µανβU

αUβ , (B.14)
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where Uµ is any timelike unit vector defining a local frame, and C̃µανβ is the dual of the

Weyl tensor, C̃σρµν := 1
2εµναβC

αβσ
ρ. Here, Eµν and Bµν are symmetric, traceless and

transverse to Uµ. An explicit expression for Cµανβ in terms of them can be found in

ref. [25]. With these tools, it can be shown that

C α
µνρ Cµνρβ = 2(d− 4)EαµE β

µ + 2(EµνE
µν −BµνBµν)gαβ . (B.15)

Therefore, in d = 4, this contribution is indeed proportional to the metric. Notice that,

although Eµν and Bµν are frame dependent, the combination on the second term above is

in fact invariant. With this, we can finally write

(∇µJµH5)(2) =
1

8
XG5X

[
−2SµνS

µν +
R2

6
+ 8(EµνE

µν −BµνBµν)

]
, (B.16)

the quantity in brackets being no other than the Gauss-Bonnet invariant R2
GB.

Putting everything together, the equation of motion can be written in the following

form

∇µJµH5

∣∣∣
d=4

=−2

3
(2G5XX+XG5XXX)

(
[Π]4−6[Π2][Π]2+3[Π2]2+8[Π3][Π]−6[Π4]

)
−2(G5X+XG5XX)

[
1

3

(
[Π]2−[Π2]

)
R−

(
[Π]Πµν−Π2

µν

)
Rµν+ΠµρΠνσC

µνρσ

]
+
XG5X

8
R2
GB . (B.17)

We emphasize again that we crucially rely on being in d = 4 dimensions in order to express

the equation in this form. The unique choice G5 = log |X| makes the whole φ-dependence

go away, leaving only

∇µJµH5 =
1

8
R2
GB . (B.18)

C Requirements on DHOST theories

As remarked in section 4, the requirements of a ghost-free decoupling limit around flat

spacetime and of the presence of the Einstein-Hilbert term define two different classes: one

is generated by Horndeski Lagrangians by a conformal plus disformal transformation, while

the other would appear more difficult to explore. Here we will show that despite admitting

the presence of both quadratic and cubic DHOST operators, this second class never admits

a standard Einstein-Hilbert term, making it impossible to recover General Relativity in the

limit in which X → 0.

The proof makes use of the result of [16], i.e. that every quadratic DHOST theory

admitting a healthy decoupling limit is connected to the quartic Horndeski Lagrangians

via an invertible conformal plus disformal transformation of the form (4.3). Thus one can

start by examining the condition of compatibility of the cubic part with the quadratic one,
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when this last is chosen to be the quartic Horndeski:11

0 = −4
G2

4X

G4
+ 4

G4X

X
− G4

X2
= −G4

(
2
G4X

G4
− 1

X

)2

. (C.1)

This means that either G4 ≡ 0 or G4 ∝
√
X. Both these solutions correspond to theories

which contain no Einstein-Hilbert term.

If we do not restrict to quartic Horndeski, the quadratic-cubic compatibility conditions

become more involved. However, knowing that all the quadratic DHOST theories that we

are scanning can be obtained by a conformal plus disformal transformation of a quartic

Horndeski theory, we can simply inspect how the transformation (4.3) will change a function

G4 that solves eq. (C.1):

Ḡ4

√
Ω(Ω +XΓ)1/2 = G4 ∝

√
X . (C.2)

This means that as long as we require Ω(0) = 1 and Γ(X) to be smooth in X = 0,

the function Ḡ4 will not contain a constant term, therefore making impossible to retrieve

General Relativity when X = 0.

Open Access. This article is distributed under the terms of the Creative Commons

Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in

any medium, provided the original author(s) and source are credited.
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