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1 Introduction

Since eleven-dimensional supergravity [1] is the low-energy limit of M-theory, worldline
methods for computing D = 11 supergravity amplitudes may lead to new insights into
M-theory. Worldline methods using the D = 11 superparticle in light-cone gauge were
developed in [2], but a super-Poincaré covariant description of the D = 11 superparticle
using pure spinors could be more powerful for making cancellations manifest and simplifying
amplitude computations.

Pure spinors were introduced in D = 10 and D = 11 supersymmetric field theories
in [3, 4] and [5], and were introduced in the context of superstring theory in [6] as extra dy-
namical variables on the worldsheet. These extra variables allowed super-Poincaré covariant
quantization using a simple BRST operator and simplified the computation of multiloop
scattering amplitudes as compared to the other superstring formalisms. Pure spinors have
also been used for worldline field theory computations in quantum field theories [7, 8] where
the ultraviolet behavior of the 4-point amplitude for ten-dimensional super Yang-Mills and
Type II supergravity up to 5-loops was studied using power counting arguments.

The eleven-dimensional analogs of pure spinors that are discussed here for the super-
particle were introduced in [9] and used by [10] to set up a framework for computing N-point
correlation functions at tree and loop level using a worldline field theory framework. Some
higher-loop computations using the non-minimal D = 11 pure spinor formalism of [11] have
been performed in [12, 13].

In this paper we provide evidence that contradicts some of the assumptions made
in [10]. We construct the ghost number one vertex operator as a perturbation of the BRST
operator. This will be BRST invariant only when the D = 11 supergravity equations of
motion are imposed. This vertex operator takes the form

UWY = Xho P, — hoPds + Quapy N (1.1)



where ho®, ho?, Qua come from small perturbations of the eleven-dimensional vielbeins
and the structure equations of linearized D = 11 supergravity. They satisfy equations of
motion and gauge freedoms arising from the D = 11 supergravity dynamical constraints.
These determine their full f-expansions as explained in [14] and these are required in
correlation function prescriptions involving U™,

The eleven-dimensional pure spinor prescription for computing tree-level N-point cor-
relation functions given in [10] requires the existence of a ghost number zero vertex operator
satisfying the standard descent relation

{Q. vy = [H,UY)] (1.2)

where H = P? is the particle Hamiltonian. In this paper we will show that eq. (1.2) is
incompatible with linearized D = 11 supergravity and discuss some possible ways to fix
this problem without going into details. Our investigations were motivated by an attempt
to extend the 11-dimensional pure-spinor superparticle to an 11-dimensional pure-spinor
ambitwistor-string following [15, 16], but the incompatibility of (1.2) appears to be an
obstruction.

The paper is organized as follows. In section 2 we review the D = 11 pure spinor
superparticle. In section 3 we construct the ghost number one vertex operator by requiring
that the pure spinor BRST operator be nilpotent at first order as an on-shell geometric
deformation of the BRST charge. In section 4, we show the inconsistency between the de-
scent equation (1.2) relating ghost number one and zero vertex operators and the structure
equations of D = 11 supergravity. Finally, we give a self-contained review of the superspace
formulation of D = 11 supergravity in appendix A.

2 D = 11 pure spinor superparticle

The eleven-dimensional pure spinor superparticle action in a flat background is given by [9,
17]

S = / dr [PmaTXm + PuO0" + wad A — %Pum . (2.1)

We will use lowercase letters from the beginning/middle of the Greek alphabet to denote
SO(10, 1) tangent/curved-space spinor indices and we will let lowercase letters from the
beginning/midle of the Latin alphabet denote SO(10,1) tangent/curved-space vector in-
dices. The superspace fermionic coordinate 6* is an SO(10,1) Majorana spinor and p,
is its respective canonical conjugate momentum, and P, is the momentum for X™. The
variable A\® is a D = 11 pure spinor variable! satisfying AI'?A = 0, and w, is its conju-
gate momentum which is defined up to the gauge transformation dw, = (I'*\)47m,, for an
arbitrary gauge parameter r,,,. The SO(10,1) gamma matrices denoted by I'* satisfy the
Clifford algebra (I'*),5(I'%)%7 + (I'%),5(I'%)%7 = 21267, In D = 11 dimensions there exist
an antisymmetric spinor metric Cpg (and its inverse (C~1)*) which allows us to lower
(and raise) spinor indices.

Note that we do not require AT'*?A = 0 which would also be imposed by Cartan’s definition of purity.



The BRST operator associated to this theory is defined to be
Q =\, (2.2)

where d, = po — %(I‘aﬁ)aPa are the fermionic constraints of the D = 11 Brink-Schwarz-
like superparticle. The nilpotency of this operator follows immediately from the pureness
of A\, and thus physical states can be defined as elements of its cohomology. As shown
in [9], this BRST cohomology turns out to describe linearized D = 11 supergravity in its
Batalin-Vilkovisky formulation. The D = 11 supergravity physical fields are found in the
ghost number three sector of the cohomology. To see this, one can write the most general
ghost number three superfield

UG = XNNC 5 (1, 0) (2.3)
The physical state conditions will constrain the functional form of Cyg5 to be
Caps = (7°0)a(7°0)3(v°0)5Cabe(x) + (¥0)a(1"0) 5 (7c0)5hab (%)
+(1°0)al(7°0)8(7*0)5 (07ea)e — (1edb) 5(10)s(vab) x5 () + ... (2.4)

where the fields Cupe(x), hap(x), xj satisfy the linearized D = 11 supergravity equations
of motion and gauge invariances

aC[ach(zb - 28(ahb)c] - 8aabhcc = 07 6hab - a(bAc)
ada[acvbcd] =0, 0Cabe = a[aAbc}
(’yabc)aﬁabX§ =0, 6Xa = aaAﬁ (25)

where A,, Ape, A“ are arbitrary gauge parameters.

The other BV fields of linearized D = 11 supergravity are placed into different ghost
sectors up to ghost number 7.

Following D = 10 dimensions [7, 8], one can attempt to define a pure spinor measure
from the eleven-dimensional scalar top cohomology, namely (A\76°) = 1 in order to give a
consistent prescription for computing N-point correlation functions. This measure is easily
shown to be BRST-invariant and supersymmetric and has already been successfully used
to get the kinetic terms of the D = 11 supergravity action from a second-quantized point
of view [9]. Using this one can then propose that the N-point amplitude should be given
by a correlation function of the form [10]

A = P )0 ) [ a0 [aP o) (20

In this expression U®) is the ghost number three vertex operator described above, UM is
a ghost number one vertex operator and V() is a vertex operator of ghost number zero.
Although it is possible to write an alternative prescription involving the ghost number four
vertex operator containing the antifields of the D = 11 supergravity physical fields, the
existence of V(9 clearly plays a crucial role for the computation of the N-point correlation
functions beyond N = 3 in this framework.

Having established the importance of the ghost number one and zero vertex operators,
we now discuss their construction.



3 Ghost number one vertex operator

The ghost number one vertex operator will be constructed from a small perturbation of
the pure spinor BRST operator whose nilpotency will follow from the D = 11 linearized
supergravity equations of motion and the pure spinor constraint. We give a detailed review
of the superspace formulation of D = 11 supergravity in appendix A.? Let us write the
eleven-dimensional vielbeins in their linearized form

EA = B + b = (D2 + h%Dab + h®gd6”, do™ + h*3d6° + ¢ Da?) (3.1)

where 1 1
Dz’ = daz + 5(9de9) . Dy=08,— i(rce)aac (3.2)
These give dually to first order
Do = Do — ho’Dg — 10000, Du = 04 — V& Do — ho'0y (3.3)

On the other hand, using eq. (A.2) one can show that at linear order
[Dc, Dp} = Tep™Da — 2Qcpy*Da (3.4)

where [,-} is the graded (anti)commutator. Using the D = 11 supergravity con-
straints (A.12), one then finds that

{Do,Ds} = (I')apDy — 2Q(a6;DV (3.5)
Thus if one defines the BRST operator to be
= o B o, .

then its nilpotency property immediately follows from the e.o.m (A.23)

0
{Q.Q} = X"NN Rag9) 5= =0 (3.7)

After converting (3.6) into a worldline vector with ghost number 1 by replacing oper-
ators by corresponding worldline fields, one concludes that

Q=Qo+UWY +..., Qy=2\*, (3.8)

where
UM =2 (ha"Py — hoPdg + Q5" N, (3.9)

and ... means higher order terms. Thus {Q,Q} = 0 yields directly
{Qo. UM} =0 (3.10)

as desired.

2The linearized description of it can be readily obtained by dropping out interacting terms in the equa-
tions of motion displayed in this appendix.



The e.o.m satisfied by the superfields in (3.9) can be easily found by plugging (3.3)
into (3.4). From the relation {D,, Dg}, one gets

2D (ohp) + 2h(° (1) 3y5 — " (I%)ag = 0 (3.11)
2D(ahﬁ)5 - 29(0@5 — (Tap%a’ = 0 (3.12)

From the relation {D,, D,} one finds

Baha® — Dathe” + Tuo® — 200" = 0 (3.13)
Baha® — Daha® + he? (T%) g0 = 0 (3.14)

From the relation {D,, Dy} one obtains

6awba - 6b¢aa + Taba =0 (315)
Oahp® — Opha’ — 2Qpy° = 0 (3.16)

Moreover, the linearized supercurvature components can be written in terms of the super
spin-conection using eq. (A.4)

Rape” = 2D, 0p)." (3.17)
Raabc = aarobc - Donabc (3.18)
Rabcd = 2a[aQb}cd (319)
As a consistency check, one can verify that {QO,U(U} = 0 as a consequence of the

c.om (3.11), (3.12), (3.17).

4 Ghost number zero vertex operator

In order for a consistent standard equation to be satisfied, a ghost number zero vertex
operator should exist and satisfy the relation

{Qo, VY = pro,u™ (4.1)

where UM is the ghost number one vertex operator discussed above. To solve eq. (4.1), let
us write first the most general ghost number zero vertex operator which is gauge invariant
under the pure spinor constraint

VO = pepbG,, + PUdg¥P + PEN* W, + doadsP + do NT® + NP NR 4y ca (4.2)



One can now compute the e.o.m that the superfields in (4.2) should satisfy such that (4.1)
holds. After some algebraic manipulations one finds that

X PP [ DoGaty = W, (T )as — Oahas] = 0 (4.3)

A% P [—Datpg - %WabC(rbc)ﬁa — 2(T0)ar 7P + 8aha5- =0 (4.4)
A PeNe [Dawabc — (Ta)asTo” — aaﬂabc: =0 (4.5)

wdad, PP+ TP <0 (o)

A dy N [Dﬂ;b‘”‘ + %(rcd)“ﬁncdab + ;(rcd)aﬁnabcd_ =0 (4.7)
)\QN“bNCdDaRabc_d =0 (4.8)

The first equation can be automatically solved if one identifies G, = hqp, TG = 95 as can
be seen from (3.14). Replacing this into (4.4) one gets

1
AP [—Dawgf — §WabC(rbc)ﬁa —2(T0)ay PP + 9,ha°| =0 (4.9)

After taking a look at eq. (3.13), one concludes that this equation becomes an identity
if one identifies Wype = Qupes —2(Fa)m7375 = T,.°. However this solution for P*# is
inconsistent as will be shown now. If this identification were true, it would imply that

5
pab — f@(rabcd)aﬁﬂabcd (4.10)

If one now tries to recover Ts,” by multiplying eq. (4.10) by —2(I'y)sa, one finds that

5 1
— 2([y)sa P = 31 (1) 58 Hyege + Z(rabcde)gﬂHbcde (4.11)

which is clearly an inconsistency because of the eleven-dimensional structure of maximal
supergravity (see eq. (A.21)).

Further evidence that D = 11 supergravity is inconsistent with eqgs. (4.3)-(4.8) can be
found when trying to solve eq. (4.6). To see this, let us identify 7,,* with one the D = 11
supergravity fields. Using dimensional analysis arguments one concludes that the most
general expression for T,,* should have the form

Tar™ = Tup® + a1(Tlage) 5T + a2(Tapea)*sTea’ (4.12)

where aj, ag are numerical constants to be determined. Using eq. (A.36), one can relate
the last two terms on the right hand side of (4.12) to the first one, since (F[a|c|)a5Tb]C‘S =
Top® and (Tapeq)®sTea® = 2T, This implies that T = by Ty® where by is a constant
normalization factor. After plugging this and eq. (4.10) into (4.6) one demonstrates that

5
A\dgd., —%(Fdee)fBVDaHbcde + 01 (T TP | =0 (4.13)



Since this equation is antisymmetric in (f3,7), it should be true for the all antisymmetric
gamma matrix projections of it, namely Cjg,, (Df9h) By (T f9h) gy~ In particular, the 3-form
projection requires

(ngh)ﬁv(rab)a’yTabﬁ =0 (4'14)

However, the use of eq. (A.36) allows one to show that

(ngh),é"y(l—‘ab)a’yTab/B = 24(F[h)04,3ng}/B (4.15)

which is non-zero and thus inconsistent with (4.6). Thus it is not possible to obtain a ghost
number zero vertex operator from the D = 11 supergravity fields that satisfy the standard
descent equation (4.1).

5 Discussion

In this paper we have constructed a ghost number one vertex operator involving more terms
in its definition compared to that presented in [10]. In principle, there is no physical reason
to ignore them in the 3-point function computations, so it would be interesting to see how
they affect the results found in [10]. Moreover, an explicit relation between U1 and U®)
would be important to understand the structures underlying the eleven-dimensional pure
spinor framework, for example to prove permutation invariance of the correlator. A first
step in this direction was provided in [18] where it was shown that

A,U®) = (AL, M) @ + Q(Z,) (5.1)

where ®® = \*h,b and =, is a ghost number two operator. It should be emphasized that
this superfield ®° has been successfully used to study D = 11 supergravity from a second-
quantized perspective [11, 12, 18]. In particular, note that @’ is contained in UW) after
contraction with the momentum B

On the other hand, we have shown that it is not possible to write a ghost number
zero vertex operator made out of the D = 11 supergravity superfields satisfying a standard
descent equation. One possible resolution is to extend the present framework to its non-
minimal version by introducing the standard non-minimal pure spinor variables. In this
setting, a ghost number zero vertex operator can be defined using the relation

{b, U}y =V (5.2)

where b was found in [12] and simplified in [19] where it was shown that b is nilpotent
up to BRST-exact terms. Since b satisfies {Q,b} = H, V() satisfies the standard descent
equation

Q. VO] =[H,UY)] (5.3)

Unlike the ten-dimensional case [§], V(©) cannot be split into a function depending only on
minimal variables plus a BRST-exact term as follows from our result in section 4. This im-
plies that V() will be a complicated function depending on minimal and non-minimal vari-
ables. It would be interesting to determine whether the non-minimal sector decouples from
the theory perhaps with the use of some appropriate measure in the correlation functions.



Another approach is to impose additional constraints on the eleven-dimensional pure
spinor in such a way that more terms in the ghost number zero vertex operator are allowed.
For example, one could impose the full Cartan purity condition A\T®\ = 0 as was considered
in [5, 20], and it would be interesting to see if there is some relation of this constraint with
the present work.
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A Review of superspace formulation of D = 11 supergravity

In this appendix we will review the original superspace formulation of D = 11 supergravity
given in [21]. This turns out to be useful to fix conventions and get consistently the
equations of motion for the dynamical superfields, which in turn play a crucial role when
constructing the ghost number one and zero vertex operators of sections 3 and 4. Let us
start by fixing notation. Latin capital letters from the beginning/middle of the alphabet
will be used to represent tangent/coordinate superspace indices. The vielbein and spin-
connection will be defined to be 1-forms on superspace as follows

EA=dZMEyA, Qa8 = dZMQu 4" (A1)

where dZM = (dX™,df"). The existence of Q47 allows one to introduce a super covariant

Bj.

derivative which will act on an arbitrary tensor Fyu, . 4,, ~Bn in the form

DFa,.n, P P = dF . a, PP — QA O Fc o, PP — 4 Faa, e+ L
(A.2)
where d is the standard exterior derivative. Next one introduces the 2-form supertorsion

as the covariant derivative of the 1-form supervielbein
1

TA = 5EAEBTBAC = DEA

= dE* + EPQp! (A.3)

and the 2-form supercurvature as the covariant derivative of the 1-form super spin-
connection

1
R4P = iEcEDRDqAB = DO, "
= dQAB + QACQCB (A.4)



As usual, we will constrain the super spin-connection components to satisfy

1

Qaﬂ:Z

(an)aﬂﬂmn (A5)

and all the other components to vanish. This choice automatically implies that

1
RDC@ﬂ = Z(an)aﬂRDC,mn (Aﬁ)

Using (A.2), (A.3), (A.4) one easily finds the so-called Bianchi identities
DT = EPRg?, DR P =0 (A7)
which in component notation read

Rippcy = VisTpey® = Tipp" Tipiey* = 0 (A.8)
VirRpeya® + Tirp" Ripicy.a” = 0 (A.9)

where [-,-} is a graded antisymmetrization.
Furthermore, a 4-form superfield can be also introduced

1

H4!

EPECEBEAH spcp (A.10)

which will be required to satisfy dH = 0. This condition gives rise to a new identity, which
in component notation takes the form

VirH apepy + 2T1ra” Hippepy = 0 (A.11)

In order to put the theory on-shell we will impose the standard conventional and
dynamical constraints, namely

Haabc = Haﬁ&a = Haﬁ& = abc = Ta,b’(s = Taac =0
Taﬁa = (Fa)aﬁa Ha,@ab = (Fab)aﬁ (A12)
In this way, the only dynamical superfields of D = 11 supergravity are Hgpeq, Tua”, Tap®.

To see how this works one should solve the identities (A.8), (A.9), (A.11) by plugging (A.12)
into them. For instance, from eq. (A.11) one gets

(aB6ya) : 3T (ap" HyAlsy)a = 0
= 3(T") (ap(Lab)sy) = 0 (A.13)

(aBcde) : 2(Tos” Hacde — 6T (o Hiaig)de) + 3Tica” Hiaap))) = 0
— (1) apHacde — 6T(afe’ (Tae))g)s = 0 (A.14)

(abcde) : VaHpcde + 2(3T[bc'8H\Ba\de]) =0
= VaHpede + 6(T(ge)asThg” =0 (A.15)
(abcde) : ViaHpege) = 0 (A.16)



The first equation is just a consistency check. The second equation (A.14) tells us that

Hapea = %(Far[de)aaﬂa|c]5
= gna[d(Fe)aaﬂa|c]5 + %(Fa[de)a5T|a\c]5 (A.17)
which implies that (I'y)%sT,° = 0 and
Haped = E(Fa[de)a(STM\c]é (A.18)

16

This implies that The® can be written in terms of Hgpeg. Using symmetry arguments one
finds that
Taa(s = C3(Fde)a6Habcd + C5(Fabcde)a§Hdee (Alg)

The use of eq. (A.14) tells us that

1. a
E(F )Oé,BHacde = C3(begr[de)(aﬁ)Hc}bfg + 05(F[c|abfg\rde])(a,3)H big (AQO)
= _603(Fg)aﬁHcdeg + C3(F[de‘bfg|)aBHc]bfg — 8¢s (F[de‘bfm)aBHc]bfg

which leads us to conclude that c3 = % and ¢5 = ¢ = ﬁ. Thus one can write
5 _ L | pbedy s 1 5 prbede
Taa = % (F )a Habcd + g(rabcde)a H (AQl)

Moreover, Hgpeq and Ty, are related to each other via eq. (A.15)
VaHyege = —6(Tge)asTig” (A.22)

Next, one can use the Bianchi identity (A.8) together with eq. (A.6) to find

1

(B0)(7) E(Fab)(ﬁ’yRaﬁ),ab + (T)apTs)a” = (A.23)

(acB)(7) : (T") (5" Riajaybe — 4V (Tgpa” — 2(I)asTha” = 0 (A.24)

(Oéﬂb) (C) : R(aﬂ)bc + Q(FC)W(ﬁTa)bv =0 (A25)

1
(aba)(B) Z(rcd)aﬂﬂab,cd + 2V, Tla)” = VaTw” — 200 Tigpy” = 0 (A.26)
1

(awab)(c) : Rojap)” — §(I‘C)M,4Tab“Y =0 (A.27)

(abe)(a) - V[aTbc]a + T[ab’yThMa =0 (A.28)

(abe)(d) : Ripq®=0 (A.29)

The eqgs. (A.23), (A.25) imply that

1 a € a

5T ") 6" (Ca)esTap’ + (T pTs)a" =0 (A.30)

~10 -



After replacing (A.21) in (A.30), one gets

1
16
1

—(T) (0T )57 — g(Ta)(aﬁ(Fa(”def)a)7 =0 (A.31)

3 e
Hcdef 7(F d)(éry(ref)aﬂ) +

5 (Tap) (57 (T ) )

which is an identity as can be shown by multiplying on both sides of (A.31) by (I'“)?,
(Fab)aﬁ’ (Fabcde)ab’_B

Using eqs. (A.24), (A.27) one gets a set of constraints on Tp,*. Let us see how this
works. The use of eq. (A.27) allows us to write

1
(T7)57 Ruape = —(T)57 (Co)asTas” + 5 (T%)3” (Ca)asThe’ (432)

Plugging this expression into eq. (A.24) ones arrives at the relation

1
— (%) 8" (Te)aysTas’ + §(Fbc)(,3’y(Fa)a)6Tbcé — 4V (o Tp)o" = 20%)apTha” = (A.33)

Moreover, from eqgs. (A.21), (A.15) one finds

1

1
Vialpa' =5 [(Fbc‘]l)(57(F[cd)a)(sTab}‘S + 8(Fadee)(ﬁW(Fde)a)éTbcé] (A.34)

Thus eq. (A.33) becomes

1
_(Fbc)(ﬁ’y(rc)a)dTabé + i(rbc)(ﬁ’y(ra)a)éTbcé - Q(Fb)aﬁTbav

2 1
+§ [(Fde)(ﬁw(F[cd)a)éTab]é + 8(Fadee)(ﬁv(Fde)a)éTbcé] =0 (A35)

After multiplying on both sides by (I'®)®#, (I'e)2#  ([@bede)aB one arrives at
(T o5The” = (T%)0pTw” = (T%)apTus” =0 (A.36)
Using this result and eq. (A.15) one learns that
(T ) Toa” = ~TTapr, T = 35(P) Vs Hone (A.37)
Plugging this back into eq. (A.15), one finds that
VaHaped = %(F[chef)a6v5Hab]ef (A.38)

On the other hand, after multiplying by (FCd)ﬁo‘ and 7°® on both sides of eq. (A.26)
one obtains

1 a 1o a
Ry = gvaTac - g(r b)ﬁ Ta[a6T\6|b]5 (A,39)

3The GAMMA package [22] turns out to be useful for this type of computations.

- 11 -



The first term vanishes as a consequence of egs. (A.25), (A.21). The second term in (A.39)
takes the simple form

2 1
(Fcb)ﬁaTa a(sTJ b A== adechdef - 777acHdengdefg (A40)
[a +10]) 3 18
Thus, the graviton e.o.m is given by
1 1
Rac = _ﬁHadechdef + mﬂacHdengdefg (A41)

Finally, one can obtain the e.o.m for the 4-form field strength by multiplying on both sides
of eq. (A.26) by (I'¢)s® and using (A.37) to get

1

1 g
@(Fc)ﬁa(Fde)Bévavdﬂabde — ———€abedefghije HOTIHIF = ( (A.42)

1296

So after antisymmetrizing in (a, b, ¢) one concludes that

vdj{dabc eabcdefghijk:I{defg}IhijlC =0 (A43)

n 1
1192

where the identity (I'")?*V o Hyeqe = —2(I'.)P5(D/9)YV Hyep, Was used.
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