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ABSTRACT: Angularities are event shapes whose sensitivity to the splitting angle of a
collinear emission is controlled by a continuous parameter b, with —1 < b < oco. When
measured with respect to the thrust axis, this class of QCD observables includes thrust
(b =1) and jet broadening (b = 0), the former being insensitive to the recoil of soft against
collinear radiation, while the latter being maximally sensitive to it. Presently available
analytic results for angularity distributions with b # 0 can be applied only close to the
thrust limit since recoil effects have so far been neglected. As a first step to establish a
comprehensive theoretical framework based on Soft-Collinear Effective Theory valid for all
recoil-sensitive angularities, we compute for the first time angularity distributions at one-
loop order in oy for all values of b taking into account recoil effects. In the differential cross
section, these amount to novel sub-leading singular contributions and/or power corrections,
where the former are characterized by fractional powers of the angularity and contribute
appreciably close to the peak region, also for b 2 0.5. Our calculations are checked against
various limits known in the literature and agree with the numerical output of the EVENT2
generator.
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1 Introduction

Event shapes describe geometrical properties of the energy-momentum flow in QCD events
and probe strong interactions at various energy scales. They were among the first observ-
ables introduced to test QCD and have been used over the years for tuning parton showers
and non-perturbative components of Monte Carlo event generators as well as to gain in-
sight into hadronization effects in QCD (see e.g. [1] and references therein). Moreover, the
comparison between high-precision e*e™ collider data against fixed-order and resummed
event shape calculations has provided accurate determinations of the strong coupling g,
as in [2-6]. More recently, event shape studies have also been extended to applications at
hadron colliders (see e.g. [7, 8]), and more exclusive, non-global event shape and jet shape
measurements have acquired an important role in jet substructure studies (see e.g. [9-12]).

In this paper we focus on a specific class of global eTe™ event shapes, called angularities,
which are defined as [13]

1 _bln,

ieX

where Q is the center-of-mass energy.!

Here the sum runs over all final-state particles i,
with p,; and 7n; denoting transverse momentum and pseudo-rapidity, respectively, of the
i particle with respect to an appropriately chosen axis. In available data analyses [17]
this is identified with the thrust axis [18, 19], which is defined by the unit vector # that
maximises the ratio 3. |; - £/, |il-

For any given kinematic configuration, eq. (1.1) defines a one-parameter family of
infrared and collinear safe observables for any real number b in the interval —1 < b < oo.

In the most commonly used notation, the angularity exponent b is replaced by 1 —a [13-16]. However,
eq. (1.1) is more convenient for our study, where a key role is played by the jet broadening limit b — 0.



Angularities are a generalization of the classic QCD observables thrust and jet broadening,

which are given by the special cases?
1
Thrust : b=1, = — Z lpoile!ml (1.2)
Q 1eX
1
Broadening : b =0, TH = — Z |DLi - (1.3)
Q 1eX

The possibility to tune the parameter b exposes us to a wealth of information which is
not accessible when looking at a single event shape such as thrust or broadening. Indeed, a
continuous change in the angularity exponent leads to a smooth variation of the sensitivity
of 7, to the splitting angle of a collinear emission. Varying b affects the transverse size of the
jets that dominate each region of the 7,-distribution, changes the proportion of two-jet-like
and three-or-more-jet-like events in the peak region as well as non-perturbative corrections,
as discussed in detail in ref. [22].

For angularities with b 2> 1, the direction of the thrust axis is insensitive to recoil by
soft radiation, but as b — 0, this effect cannot be ignored [23]. One possibility to deal
with this is to choose a recoil-insensitive axis [24].> In this paper, instead, we stick to
the traditional thrust axis for the following reasons. First of all, the available analytic
expressions for angularity distributions with respect to the thrust axis (with the exception
of jet broadening) have been applied only for b 2 0.5 because of neglected recoil effects.
Here we derive novel complementary results valid also for b < 0.5, thereby opening up the
possibility of comparing against existing LEP data [17] to improve the extraction of the
strong coupling from angularities, by extending the work of ref. [22]. Secondly, we aim to
establish a novel general framework based on factorization for recoil-sensitive angularities
with respect to the thrust axis, and this paper is a first step in this direction. Here we
focus on fixed-order predictions derived in the framework of Soft-Collinear Effective Theory
(SCET) [27-31] for recoil-sensitive angularities, which allows us to illustrate interesting
features of the interplay between collinear radiation and soft radiation in shaping up the
Tp-distribution when we continuously vary b over its whole range. In a companion paper [32],
we will address the resummation of logarithmically enhanced terms and the validation of
the logarithmic structure of recoil-sensitive angularity cross sections at O(a?) as predicted
by a SCET factorization formula.

For 7 « 1, it is known that these angularity cross sections for b = 0.5 and b = 0
can be expressed in a factorized form in terms of a hard function multiplying convolutions
of jet functions with a soft function, each encoding physics at a single dynamical scale
(hard, collinear and soft, respectively), thereby facilitating the resummation of large log-
arithmic terms. Calculations of these angularity distributions with respect to the thrust
axis were carried out at NLL accuracy in refs. [13, 15, 33-35]. Recently these observables
have been analyzed up to NNLL including NNLO corrections [22] within SCET for the

2The conventional definition of total jet broadening [20, 21] amounts to 7o /2.

3We refer to [25, 26] for recent studies of angularity distributions with respect to the winner-take-all
axis up to next-to-next-to-leading logarithmic (NNLL) accuracy with next-to-leading fixed-order (NLO)
corrections.



purpose of a precision determination of as(my) from LEP data, thereby providing impor-
tant complementary information to similar analyses of event shapes like thrust [2, 4] and
C-parameter [36]. NNLL+NLO accuracy for angularities has also been reached using the
semi-numerical method ARES [37] in [26], while the NNLL resummation of jet broadening
in the SCET framework was achieved in [38].

By varying the angularity exponent b, the components of the momenta carried by the
soft degrees of freedom in SCET can either be suppressed or not, compared to the collinear
modes, as in the case of thrust and broadening, respectively. If one neglects masses of both
hadrons* and quarks, the soft and collinear modes, in the light-cone coordinates, satisfy
the condition

pTp ~pl, (1.4)
together with the additional constraint |p, | e~ ~ 7, imposed by the angularity measure-
ment. For the left (n-collinear) and right (n-collinear) hemispheres defined by the plane
orthogonal to £, this constraint amounts to

. . + _ er 2 4y Aitb o 1=b
Right hemisphere (p™ <p™): [pi[{ =) =®") 2 (P )2 ~mn,
p
(1.5)
. _ P2 1=b, _ . 14b
Left hemisphere (p™ >p7): |pL| <p+> =(pH 2 ()2 ~1n.
In our calculations, we will refer to the angularities measured on the right and left hemi-
sphere as 7 and 77, respectively. The event-wide angularity is obtained by summing over
the two hemispheres, 7, = 71, + 7R.
In the expressions above, the momentum p* is decomposed into light-cone compo-
nents as
N AN - - _
=" p  pl)=5p + 5P tp p=nep, pt=n0p, (1.6)
with n#* = (1,0,0,1), n* = (1,0,0,—1) and n - 7 = 2, where we have assumed that the
thrust axis is along the % axis (72 = #). If we define the power counting parameter A as

PRV (1.7)

then the momenta corresponding to collinear and soft radiation obeying egs. (1.4) and (1.5)
have the following parametric scaling in A,

P~ QO LN, ph~ QLA N, pt o~ QAT AT ALY (1.8)

For b = 1 (b = 0), namely in the thrust (broadening) case, ps has so-called ultrasoft
(soft) scaling. The relative momentum scalings determined by the angularity exponent b
controls the separation of the mass hyperbolae for soft and collinear modes, as illustrated
in Figure 1. For angularities with b < 0 (b > 0), the soft mode lies on a heavier (lighter)

5

mass hyperbola compared to the collinear modes.® For values of b near 0, the soft and

collinear modes have similar scalings and recoil effects are particularly important.

4Hadron masses will be relevant for calculating non-perturbative power corrections to the event-shape
distributions [39, 40], which is beyond the scope of this work.
5For simplicity, we will keep the name “soft” for both cases.
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Figure 1. Invariant mass-hyperbolae and momentum scaling of collinear (c,, c¢z) and soft (s)
degrees of freedom for angularities with different exponents b. The power counting parameter A is
defined as A\11° ~ 7.

If soft and collinear modes have relative scalings such that p? > p2, which happens for
b 2 1, then jet and soft sectors can be factorized on the basis of their invariant mass scales
using the SCET} framework, according to a thrust-like factorization theorem as in [15]. On
the other hand, when the soft and collinear modes have similar invariant masses, p? ~ pZ,
as is realized close to the jet broadening limit, the appropriate effective theory is SCETYyy,
which accounts for the recoil effects of soft against collinear radiation via convolutions in
the transverse momenta carried by jet and soft functions, and enables the resummation of
rapidity logarithms [34, 41] corresponding to rapidity divergences. Eq. (1.8) exhibits the
fact that there is a continuous scaling of modes connecting these two regimes.

The main content of this paper can be summarized as follows. Starting from a SCETq;
factorization formula that can be derived in full analogy with the one for jet broadening
in ref. [34], we derive analytic expressions for the angularity distributions at one-loop for
both positive and negative values of b and explicitly show their continuous behavior as
b — 0. We demonstrate that our cross section for b > 0 reduces to the known result from
thrust-like factorization as b approaches 1 augmented by recoil effects which we are able
to compute. In the differential angularity distributions with 0.5 < b < 1, recoil effects
amount to a sub-leading singular term and power corrections. The former is given by an
integrable fractional power of 7, whose numerical contribution at one-loop suggests that
its all-order resummation might play an important role in precision calculations. Our
analytic expressions for the angularity cross sections with b < 0 are the first derived within
a SCET-based approach.® For both positive and negative values of b, we show how to
recover the known results for the jet broadening distribution as well as the broadening jet
and soft functions as b — 0. Finally, we successfully compare our analytical expressions for
b < 0.5 against EVENT2 and find that including sub-leading terms from our calculations
can significantly improve the agreement with EVENT2 for the accessible range of values of 7.

For an analysis based on the ARES method, we refer to [26].



The authors of ref. [24] succeeded in defining a universal factorization framework for
angularities measured with respect to a recoil-insensitive axis, like the winner-take-all or
the broadening axis. This choice greatly simplifies the form of the factorization theorem
by avoiding transverse momentum convolutions. Rapidity logarithms are important only
for the special case of b = 0, while angularity cross sections for any other value of b get
factorized and resummed in SCETy. Such a comprehensive picture has been lacking so far
for recoil-sensitive angularities measured with respect to the thrust axis. In this paper we
make the first step to fill this gap and propose SCETy; factorization as a universal setup
to calculate angularity distributions over the whole range of exponents b. Our forthcoming
analysis of resummation [32] will provide important complementary information to validate
this approach.

The plan of the paper is as follows. In section 2 we present a broadening-like factoriza-
tion theorem for generic angularities with respect to the thrust axis, define the relevant jet
and soft functions and compare our theoretical framework based on SCET; against thrust-
like factorization. In sections 3 and 4 we calculate bare angularity jet and soft functions to
one-loop order in ay, for arbitrary values of b, discuss the origin and nature of divergences
and how these cancel in the cross section. In sections 3.3 and 4.3, it is shown how these
functions reduce to the known broadening jet and soft functions in the limits b — 0%,
Section 5 is devoted to the calculation of the one-loop hemisphere double-differential and
single-differential angularity cross sections and to an analysis of the small-7 small-b limit,
which requires special care and is shown to smoothly connect with the jet broadening limit.
In section 5, we also derive the thrust limit (b — 1) of our expressions and provide a com-
parison with the thrust-like factorization results from ref. [15] for b > 1. There we will
show the additional contributions (sub-leading singular terms and power corrections) that
our SCET7; approach allows us to work out. The most technical details of our calculations
are left to the appendices. The comparison of our results against EVENT2 is the subject of

section 6. We present our conclusions in section 7.

2 Factorization theorems for angularities with respect to the thrust axis

The focus of our analysis is on the effects of recoil of soft against collinear radiation in
angularity distributions with respect to the thrust axis, for the whole range of angularity
exponents. Jet broadening is the prototype of a recoil-sensitive angularity and its fac-
torization theorem accounts for these effects. Starting from the generalization of the jet
broadening factorization theorem to the case of angularity exponents away from b = 0, we
will calculate recoil effects and show how (and by how much) they get suppressed if one
approaches the thrust limit (b = 1) or takes b > 1. Furthermore, using this approach we
will explore also the regime of negative values of b.

The factorization theorem for jet broadening was thoroughly discussed in refs. [34, 42].
In the following, we will use the notation of ref. [34], where the factorization formula
was obtained using the SCETy; formalism. For angularities away from b = 0, one can
repeat the same derivation with two modifications. First, the definition of the observable
obviously changes. Secondly, the scaling of the gluon fields in the soft Wilson line becomes



Ay ~ QAT NIH NIHD) - When b is close to zero, soft gluons throw collinear quarks off-
shell and get encoded into a soft Wilson line Sy, 5 [30], as in the case of jet broadening.
When b > 1, the gluons approach ultrasoft scaling and decouple from collinear quarks
via a field redefinition yielding an ultrasoft Wilson line Y}, » [30], as in the case of thrust
factorization. In either case, (ultra)soft gluons decouple from collinear quarks/antiquarks
to give (ultra)soft Wilson line factors, thereby leading to a factorization theorem of the
same form, up to transverse-momentum dependence accounting for recoil of soft against
collinear modes. In this paper, we will denote by S, » both of these Wilson lines in the
fundamental representation entering the definition of the soft function.

Following and adapting the derivation in ref. [34], the broadening-like factorization the-
orem for the double-differential hemisphere angularity distribution with generic exponent
b, is given by

i do
oo drrdTr

—H(Qin) [ A dr drs o = 7 = ) 8 — 70— 77) [ a2
T (T D25 1,/ Q) T (T, k25 1,/ Q) S(78, 72, 52 ke 5, 1)

where the contributions to the hemisphere angularities from soft and collinear sectors are
denoted by 7,7, 75, 7, and 7, respectively. The definitions of the jet and the soft functions
are more general than for the jet broadening case in ref. [34] since the scaling of kinematical
quantities, the fields and the measurement operator are all b-dependent. For notational
convenience, this dependence is not written explicitly. The bare angularity jet function for
a jet in the n-hemisphere, in d space-time dimensions (with d = 4 — 2¢) is
T2y = F ot AP 6 — 20502 (5, — Py
2 #%) = St {053 (0)3(Q = - P) 8(r = £a)0 2 = PLTA(O)), (22)

where the operator 7; measures the angularity on the final-state n-collinear jet. P denotes
the label momentum operator [29, 30] and Yy, is the collinear quark field [29, 30].” The
jet function for the n-hemisphere is simply obtained through the replacement n — 7
in eq. (2.2).

The bare angularity soft function, S(75, 75, p2, Ef) in eq. (2.1) is given by the following
matrix element of Wilson lines S, 5,

w22 () e (k2
N.T2(1 —¢)
52Ky +P,1) 8(r5 — 72) S1(0) Sa(0)[0), (2.3)

Sy, b1, kD) = ) (0 S5(0) S (0) 8372 (51 + Pot) 87y — 72)

which is also a generalization of the broadening soft function in [34] in the sense that
the soft Wilson line is now obeying the scaling suitable for a generic angularity, with
Ay ~ QAT NIFE AIFD) rather than Ay ~ Q(A, A\, \) specific to broadening. Here, P,, |
and P, | are the operators that measure the net transverse momentum of all the particles

"Since the angularity distribution is gauge invariant, we can always choose a non-singular gauge to carry
out our calculations, thereby avoiding the inclusion of T-Wilson lines [43] in the definition of SCET matrix
elements.



within a hemisphere [34]. The crucial point is that, whether the gluon field scaling in a
Wilson line is more soft- or ultrasoft-like, the transverse momentum convolutions between
jet and soft sectors will be kept. This allows us to include the effects of recoil at any
intermediate stage of the calculation.

The hard function H(Q;p) in eq. (2.1) instead, is identical to the cases of thrust
and broadening. It encodes virtual corrections in the ¢ production at the hard scale
@, and is given by the squared Wilson coefficient of the matching of QCD onto SCET
currents [44, 45]. Up to order as,

2 2 2 2
H(Q;p) = 1+as(i)ap (—12—1 n%— 236 —4+717;—;ln252—21ng2> , (2.4)
where we have explicitly included the ultraviolet (UV) divergences of the bare hard function
calculated using dimensional regularization.

Hard, jet and soft functions depend upon the UV renormalization scale p according to
the familiar py-renormalization group equations (RGEs). In addition to u, the jet and the
soft functions also depend upon the renormalization scale v tied to rapidity divergences. In
eq. (2.1), both p- and v-scale dependences cancel out among the individual functions order
by order in perturbation theory, up to a residual u-dependence at higher orders in a;. The
study of the renormalization group evolution of SCET; angularity jet and soft functions
is beyond the scope of this paper and will be the subject of a future publication [32].

We now discuss how the thrust-like factorization theorem in [15] follows from eq. (2.1).
From the definition of the jet function we note that the transverse momenta p;, and k 1
involved in the convolutions have the scaling of label momenta, and are thus expected to be
of order \. In the case of thrust (b = 1), the operators P,,; and P, in the soft function of
eq. (2.3), measure the transverse momentum of ultrasoft modes, which scales like A2. This
is the scaling of residual momenta, which is suppressed compared to p| and k 1. Dropping
correspondingly the operators P,,; and P,; in the d-functions of eq. (2.3), one can factor
5229 (531152729 (k) out of the soft function and perform the 52 and k2 integrals in the
factorization theorem. This reduces the jet and the soft functions of egs. (2.2) and (2.3),
respectively, to

(2m)3—% it _ A A\ 5(2-26) (D o
J(mn) = Ttr<0|§Xn(O)5(Q —n-P) (1 — 74)0 (PL)xn(0)[0),
S(ry. 1) = ]\1,0 (0] S5 (0) S, (0) 6(rs — 74)3(r5 — #2) S1(0) 87 (0)[0) , (2.5)

which are the well-known jet and soft functions for thrust. The presence of §(2~2¢) (75 1) in
the thrust jet function ensures that the total transverse momentum of the particles in each
hemisphere is zero. The factorization formula for the double-differential hemisphere thrust
distribution in the dijet limit is well-known,

i do
oo drrdTr

= H(Q; ,u)/dTn drpdr, drs 6(tp — T — 75) 0 (T — TR — T5)

X T (tn; 1) T (s 1) S(7p0, Tas 1) (2.6)



see e.g. [2, 46] for a derivation using the SCET formalism. If recoil effects are negligible,
one can repeat the argument (adapting momentum scalings, measurement functions as
well as the definitions of jet and soft functions) to derive a thrust-like factorization formula
for double-differential angularity cross sections [13], which looks exactly like eq. (2.6) (see
ref. [15]) in the same way eq. (2.1) looks like the factorization formula for jet broadening.

In section 5 we will show that when b > 0, the angularity distributions derived from the
general, broadening-like factorization theorem contain all the singular terms from thrust-
like factorization obtained in [15] together with suppressed singular terms and power cor-
rections. In particular, we will show that at one-loop, the single-differential angularity
cross section for strictly positive (and not vanishingly small) values of b, obtained from
eq. (2.1), has the form

(+)70(es) _
[1 do ] _ as(w) Cr {A(+)(b) 5(r)— 3 [1] . |:h17':| 4 In(l-1) },
og dr SCETy I+b|7), 1+b 7 |,

where o( is the Born cross section, whose expression can be found e.g. in appendix A of
ref. [4], AH)(b) is b-dependent constant given in eq. (5.14) and r is the solution of the

equation
r b
(e (2:8)

The first three terms in eq. (2.7) agree with the one-loop singular result from thrust-like
factorization [15], while the last term gives the recoil effects due to SCET]; factorization
theorem. Formally, this term, which we will refer to as recoil correction henceforth, is an
integrable singularity for 0 < b < 1, but of significant numerical size, as will be shown in
section 6. Interestingly, the recoil correction reduces to a power correction in the thrust
limit (b — 1) and becomes singular in the broadening limit (b — 0), thus smoothly con-
necting the singular thrust and broadening cross-section formulas at one loop. This will be
shown in section 5. In the small-7 limit, the recoil correction can be expanded in powers
of 70 as
[1/6]-1
= Z % -+ power corrections. (2.9)

n=1

In(1—r)

T

Here the symbol [x] denotes the ceiling function, making ([1/b] — 1) the greatest integer
strictly smaller than 1/b. The summation, with coefficients ¢,, dependent only on b, provides
singular contributions for 0 < b < 1. The singularity 1/717 is less severe than 1/7 but
more severe than In7, and thus we refer to it as a sub-leading singularity. Since this is
integrable, it does not require a plus prescription. The appearance of fractional powers in
the one-loop cross section is unique to angularities and is due to the recoil effects. While
it is customary in the effective field theory approach to drop power corrections and keep
only terms that are homogenous in power counting, here we cannot drop the recoil effect
as a power correction, since it is produced by the leading-power SCET; Lagrangian and is
an artefact of the inhomogenous scaling of recoiling transverse momenta of the jet and soft
functions. Indeed, the net transverse momentum of the jet function is equal and opposite



to the net transverse momentum of the soft function, making its scaling ambiguous for an
arbitrary b: one can choose it to scale like A or A, When b ~ 1, a multipole expansion
in powers of pi reduces the factorization theorem to that of thrust-like angularities and
consistently reduces the recoil correction to power correction which is numerically small.
For small b the ambiguity is inherent in the problem and leads to inhomogeneity in the
power counting. The recoil correction is numerically significant compared to the singular
terms, it reduces to a singular term in small-b limit and modulates smoothly between the
thrust and broadening limits. Thus one should consider this term as a leading correction
due to recoil.

We stress that for 0.5 < b < 1, our one-loop angularity distribution contains one new
(sub-leading) singular contribution compared to the thrust-like computation that scales
like 717°. Since this contribution diverges for 7 — 0 and is numerically sizable, this term
will require a resummation to all orders in perturbation theory, which will be discussed
in [32].

Similarly, for the case of strictly negative (and not vanishingly small) values of b, we
will show that the one-loop single-differential angularity cross section has the form

e e e Il e
(2.10)

where the b-dependent constant A(~)(b) is given in eq. (5.30) of section 5 and s is given by
the solution of the equation

s _b
B (2.11)
(1 —s)m+0
b
In the small-7 limit, the last term of eq. (2.10) can be expanded in powers of 7~ T+0 as
[/p[1-2 .
In(1 —
In(1 - s) = Z ‘n — + power corrections, (2.12)
T il

where ([1/]b|] —2) gives the greatest integer strictly smaller than 1/]b] — 1. This result for
angularity exponents b < 0 (or a > 1) is similar in structure to eq. (2.7), where the terms
in the summation are sub-leading integrable singularities for —1/2 < b < 0. Although
the sub-leading terms are power-suppressed in comparison to the leading singular terms,
they cannot be expanded away as these terms are produced by the leading-order SCET;
Lagrangian and capture important recoil contributions. Moreover, the In(1 — s)/7 term
becomes a leading singularity in & — 0 limit and reproduces the well-known result of the
singular broadening cross-section at one loop. Along with eq. (2.7), this makes the singular
angularity cross section continuous at b = 0. The numerical significance of the sub-leading
singular terms relative to the singular contributions is studied in section 6, where we
show that the sub-leading singular terms progressively become a leading contribution as
b increases from —1/2 to 0. Note that for —1 < b < —1/2, all terms in the summation
contribute as power corrections. In section 5 we will derive both eq. (2.7) and eq. (2.10)
and will demonstrate the smoothness of the cross section at b = 0. The importance of the
resummation of sub-leading singular terms will be addressed in a future publication [32].



3 Angularity jet function at one loop

In this section, we present our results for the angularity jet function to one-loop order in
a5 using the definition given in eq. (2.2), which includes the recoil effects. We cover both
cases of positive-b and negative-b angularities for b > —1. This calculation is unique in
many ways. Unlike the calculation of thrust and broadening jet functions the zero-bin
contributions are non-vanishing here. There is an interesting interplay of zero-bin and
rapidity divergences, due to which the jet function for positive b has an overall rapidity
divergence while for negative b, the rapidity divergences cancel between the unsubtracted
and zero-bin contributions to the jet function. We stress that these rapidity divergences are
not regulated by the angularity exponent b. Moreover, the presence of rapidity divergences
and rapidity logarithms in the one-loop jet function makes the calculation for an arbitrary

angularity exponent b highly non-trivial.

3.1 Angularity jet function at one-loop for b > 0

Using the definition of the bare quark jet function given in eq. (2.2), the tree-level jet
function corresponding to the quark jet in the right hemisphere (R) is given by

o \L+b
TO (g, 5?%) = 5<TR = <%‘) ) . (3.1)

The other jet function corresponding to the left hemisphere (L) is obtained through the
replacements 7 — 77, and ﬁf — Ef

We compute the one-loop jet function only for the case p, = 0 since this suffices for
the computation of the cross section both at one-loop and up to NLL accuracy.® Indeed,
the convolution of the one-loop jet function with the tree-level soft function, which is
proportional to 6(p%) 5(EE) (see eq. (4.1)), sets the net transverse momentum of the jet
equal to zero. The results for the NLL resummed angularity distributions from broadening-
like factorization will be presented in [32].

The relevant one-loop diagrams are those shown in figure 2, together with mirror
images for graphs (b), (c) and (d). The diagrams in figure 2 are similar to the case of
thrust, broadening or other similar di-jet observables, however the results computed below
cannot be obtained from any of these known calculations because of non-trivial zero-bin
and rapidity divergences due to the dependence on the exponent b.

We use the n-regulator as proposed in [34, 41] for regulating rapidity divergences and
dimensional regularization for both UV and infrared (IR) divergences. Calculations in the
following are performed in Feynman gauge. However, the results we obtained are valid for
any choice of covariant gauge owing to collinear gauge invariance of the jet function [34].
Virtual correction diagrams (c) and (d) are given by scaleless integrals and hence vanish
in pure dimensional regularization. Diagram (e) is zero in Feynman gauge. The bare
one-loop jet function is thus given as the sum of the contributions from diagrams (a) and

8Beyond this order, one would require the one-loop jet function with full 7, dependence, which is beyond
the scope of this work.
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©

(d)

Figure 2. Diagrams contributing to the angularity jet function at one-loop order. Here, p* is the
quark momentum and [* is the gluon momentum. The mirror image graphs for (b), (c) and (d) are
not shown here. Diagram (d) denotes the quark wave-function renormalization contribution.

(b) together with corresponding zero-bin subtractions [47], which remove double counting
between jet and soft regions.

Diagram (a) does not require any rapidity regulator. The zero-bin contribution for this
graph is given by a scaleless integral and thus vanishes in pure dimensional regularization.
We refer to appendix B.1 for details of our calculation. The bare jet diagram (a) is given by

€ 1

) _os(w)Cr e rpy2 1 1—6/ oN=b by

TN (R, 0) = =25 F(1_6>(Q) T 1, e 62
R

where z = 17 /Q is the light-cone momentum fraction of the radiated gluon. The factor
1/7'%8 should be interpreted as a plus distribution with infinity boundary, satisfying the

o0 o0
condition / dr [1 /TH_B} = 0. The definition of this distribution and related useful
0 +

identities are collected in appendix A.1. We expand the result in eq. (3.2) in powers of €
to identify divergent and finite parts,
as(n)Cr [_i 1 1 [ 1 ]

(1) _ Ss\H)E -
Ja R, 0) = T 466(TR)+2(1+b)m TR/M

+iq6(TR) + 0(6):| . (3.3)
+

where

o= ey (i (7)), @

and m = (u/Q)'°. Here [1/7], denotes the plus distribution with boundary at 7 = +1,
see appendix A.l.

For the jet diagram (b), we include a factor of 2 to account for its mirror image. More-
over, as we are going to show, diagram (b) also yields a non-vanishing zero-bin subtraction.
The result of the unsubtracted jet diagram (b) is

(1) 2 ay(p)Cp eEw? IALAVR: ! b —bp2e ()
Fomsun (7 0) = T3 =0 r(1—6)<Q> (Q) JEre | dell=a) eI s,
R

(3.5)
where v is the rapidity renormalization scale and w is a bookkeeping parameter to keep
track of the rapidity divergences.? Details of the calculation are presented in appendix B.2.1.

w=1+ O(n) and will be important for obtaining the renormalization group equations.
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Here again, we expand the integrand in the regulators 7 and e before evaluating the
integral, as in the case of jet diagram (a). We stress that the full e-dependence must be
retained in the term containing the rapidity divergence as discussed in ref. [34] and the
proper order in taking the limits must be n — 0, then ¢ — 0 with n/e™ — 0 for all n > 0.
The unsubtracted result for the jet diagram (b) exhibits a singularity at x — 0 which is
regulated by 7. However, a careful examination of the integral shows that 7 is required to
regulate the divergence at * — 0 only when b < 0. Hence, the n-regulator can be safely
dropped for positive-b angularities, as the x — 0 limit in this case is already regulated by
€. Thus for b > 0, we get

4ﬁc&[1+b 1 11[ 1 ]+ 2 1FMn#mq+

Jb unsub(TR’ 0) = 5(TR) + c 5(7—3)

2be? bem|tr/m|, b(1+b)m | 7r/m
(1-2) vy
1—2Fb7711[731/m]+1j—65(TR)/0 de 1x ln<1+(1_$)>
ST L e 2P (o) + O )| (3.6)

with, m = (u/Q)'*? as before. The zero-bin contribution j ) for this graph is obtained
by taking the gluon momentum to scale as [# ~ QAP )\Hb , A1) For the explicit
calculation we refer to appendix B.3. We obtain

. . . F(")F _2e _
e ) ()

Q
which upon expansion in n and then in € unveils the rapidity divergence,

j(1+)(TR, 0) = s(M)CF[ (2w266’”‘3 €)<u)2f[ 1 r_’; 1+b 5(rm) 11 [1]

Q

" D,
jbo (TR,O) , (3.7)

T n(1+b)T(1—e)\Q 7_1+12fb L 2bé? bem |Tr/m
R
1, v 2 1 [In(tg/m) 2 v 1 1
~CmZs - mY ==
) (TR)+b(1+b)m[ tafm | 116 Q m|taim),
™ 0 +2b+9

The total contribution of diagram (b) including the zero-bin subtraction for b > 0 is then
1+ 1+
T 71, 0) = Ty (7:0) = Ty (7, 0)

_ as(u)Cr 2w? e1E pNe[ 1 11w 1
i [_ n(1+b)T(1—e) (@) [ 1+12+eb]:r€ lna(;(TR)'f'E(S(TR)
R

2 v 1 1 2 1[ 1 )
S P - .
1+5b nQ m[TR/mL_ 1+bm[TR/m} iy, 0(tr) + O(n,€)|, (3.9)
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where

1 b 2
) 2 (1—2x) x 20 o
b=y, W U 140 3b(1+0) (3.10)

It is interesting to note that the zero-bin plays an important role in this calculation. In the
case of the broadening jet function in ref. [34], the rapidity divergence emerged from the
unsubtracted equivalent of diagram (b) and the zero-bin vanished, using the same regulators
and gauge as done here. Instead, for positive-b angularities the rapidity divergence emerges
from the zero-bin subtraction, which is non-vanishing.

Adding the results for diagram (a) and (b), we get the bare one-loop right-hemisphere
jet function for positive-b angularities,

(1+) _as(/J')CF _ 2’[1)2667]5 n 2¢ ; Ool K i
T (1R,0)= T [ n(l+b)T(1—¢) (Q) 7_1+12Teb :' c th d(TR) + 465(7'3)
R
2 w1 1] 3 171 o
1+5Q m[TR/m]+ 2(1+b)m[m/m]j(1a i) 0(mr) + O, €)

(3.11)

The bare one-loop left-hemisphere jet function has the same form but with 7z replaced
by 7. We stress that both the angularity jet function and the soft function, as we are
going to show, contain factors of 1/b which make them singular as b — 0. The situation
here is similar to what happens in the formalism of ref. [24] for angularities measured with
respect to a recoil-insensitive axis. Their jet and soft functions still yielded a well-defined
resummed cross section for small b due to the decreasing range of integration in the RG
evolution [24]. The same feature will emerge in our case [32].

3.2 Angularity jet function at one-loop for b < 0

The tree-level jet function remains the same as given in eq. (3.1) for negative-b angularities.
At one loop, the result for the jet diagram (a) also remains unchanged and the integral in
eq. (3.4) is non-singular for both positive and negative-b values. Hence, the same expres-
sions as egs. (3.3) and (3.4) hold for all b > —1 angularities. However, as noted earlier,
the unsubtracted jet integral for diagram (b) given in eq. (3.5) exhibits a singularity as
x — 0 and the n-regulator is essential to deal with this limit when b < 0. The result for
the unsubtracted jet diagram (b) upon expansion in 1 and €, for —1 < b < 0 is given by

_ as(p) C 2 w? eVE 2e 1 1. v 1
jb(,luniub(TR7O>: () F[—n( - (ﬁ) [2] +—-In> 5(TR)+E5(TR)

™ 1+b6)I(1—¢) \Q Sty € Q
R
2 v 1[ 1 2 1] 1 2b 72 b
B m[m/mk 1+bm[m/m]j 145207 ~ 555 0R)
2 L 1- —b
—Mé(m)/odx( xx) 1n(1+(1%) )+0(n,e)]. (3.12)
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The intermediate steps of the calculation can be found in appendix B.2.2. The zero-bin
diagram flips sign for negative-b (see appendix B.3) leading to

n _ 2 _ 7
T (7. 0) = 2 as(p)Cp  e" (Z) ( ) F(b)r( 1+5 b)
(b,0) ’ 1+b ™ FI—E Q 1+12J:b b]:\(_%)
+
o) Cr[ 2w e”E (ﬁ)% < 1+b 5(R) 1L1[ 1
B T n(1+b)'(1—e) \Q 1+12fb n “2pe VW T e TR/M] |
1 v 2 1 ln(TR/m) 2 v 1 1
1Y §(rg) — - - mZ ==
+6nQ (7) b(1+b)m[ Tr/m |, 140 an TR/M]
72 b2 +2b+9
The total contribution of diagram (b) for angularities with b < 0 is then
(1-) as(p)Cp [1+D 11 1 2 1 [In(rr/m)
Ty 0) = T [Qb 2 0(7R) = bem TR/M | | - eé(TR) b(1+b)m | Tr/m |
2 1] 1 7 14b (=)
b [TR/m] : 21 T(S(TR) — i, ' O(TR) + O(E):| , (3.14)

where

1 =b 2 2
(=) 2 (1—2x) x 2b T b +1
== (1 - . 1
b=y ), W Ut T, 150 730+ \ b (3:.15)

Adding the contributions of diagrams (a) and (b), we obtain the bare jet function for b < 0,

- as(p)Cr [14D 11 1 3 2 1 [In(rgr/m)
TN 0) = % [25 20(mR) ~ 5o [m/m]j 2 °0R) + b(l—i—b)m[ TRI;m :|+
3 1 1 m21+b O
2(1+b>m[TR/m] 24 b 6(Tr) + (ia — iy *) 6(7R) +(9(77,e)].
(3.16)

It is interesting to note that the zero-bin graph exhibits a rapidity divergence for both
positive-b and negative-b integrals. It is only the unsubtracted jet function graph (b)
that does not contain any rapidity divergence for positive-b angularities. The negative-b
angularity jet function has no net rapidity divergence as both the unsubtracted jet diagram
and its zero-bin contain rapidity divergences which cancel in the sum. In addition, it
contains e-divergences proportional to 1/b which cancel against the soft function divergence

(see eq. (4.13) below), as expected since the hard function is universal for any angularity.

3.3 Jet broadening limit of the one-loop jet function

We will now show that we are able to reproduce the jet broadening (b = 0) jet function
from our previous results. This provides a cross-check on our calculation. However, it is
important to stress that one cannot retrieve the jet broadening limit from the angularity
jet function after expanding in n and ¢, as the limits 7, ¢ — 0 do not commute with b — 0.
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The unexpanded result of eq. (3.2) for the jet graph (a) in the limit b — 0% reduces to

€ oo 1
. (1) as(u)Crp  e® 12 2 1 o 2e
lim 7 (75,0) ( ) e +(1 ) [ dea

™ 'l—e)\Q
Qg eVE 2e *°
— (573% Fieg (if) [7};4 . (1—e). (3.17)

The jet diagram (b) of eq. (3.5) including the zero-bin subtraction (see eq. (B.9)), in the
limit b — 0%, gives

: 1)
Jim, J,7 (7, 0)

o as(w)Cp eEw? N2 v 1 OO/I 26(1—:13)_/°o 1o
s T s LT flton 1

+
_5 O[s(/jT)CF FeZE_w:) (265)26<g>n L};_%] :O [ 71] 1 O(ﬁ)} ‘ (3.18)

Adding the contributions in eqs. (3.17) and (3.18), we get the one-loop jet function in the
limit b — 0,

lim 7 (7, 0) = QS%ZCF r(iw_E 5) (26)2 [T}:“e]:o {(1 o 4w2<%)n (_ 71] _ (3),.]1;)

which agrees with the broadening jet function given in eq. (6.38) of ref. [34].

4 Angularity soft function at one loop

In this section, we present our calculation of the bare angularity soft function to one loop,
based on the definition given in eq. (2.3). The one-loop soft function for angularities is
a generalization of the one-loop soft function for the jet broadening case. However, the
presence of the exponent b, not only makes the calculation significantly more difficult than
in the case of jet broadening, but also the choice of distribution variables becomes highly
non-trivial, due to the presence of coupled distributions. As in the case of the jet function
and consistent with it, we find a net rapidity divergence for the soft function when b > 0,
while no net rapidity divergence is present when b < 0. We provide novel one-loop results
of the soft function for both the positive and the negative value of the angularity exponent.

4.1 Soft function calculation for b > 0

According to eq. (2.3), the tree-level soft function is simply given by
SOz, mr, 5. kT) = (1) 6(rr) 6(5) 6(K?). (4.1)

The relevant Feynman diagrams for the one-loop computation are shown in figure 3. As
in the case of the jet function, we will use the n-regulator for rapidity divergences and
dimensional regularization for both UV and IR divergences. Due to our choice of gauge,
a non-zero contribution arises only when a gluon is exchanged between n-collinear and
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Figure 3. Diagrams contributing to the angularity soft function at one-loop order. Diagrams (a)
and (b) give identical contribution due to symmetry.

n-collinear Wilson lines. Virtual correction diagrams (c) and (d) are given by scaleless
integrals and therefore vanish due to our choice of regulators. Since (a) and (b) give
identical contributions, we only need to compute one diagram at this order. The details of
this calculation are presented in appendix C. The bare one-loop soft function for all b > —1
is given by

- 2€ eVE ~ N 1/b
SO (7, 7, 77, F7) = LU e unwm&(m)a(kf)@((’m) _1>

m  T(1—¢) QTR
+1 1- <C|>2j}|?>2/b)i77 TL < T,
29\ —1—e—ntl L R
x (pF) - +{~ ! } (4.2)
* QTR)I_n/b kJ2_ <_>pJ2_

, 1/b 2/bj—n
The term 6 ( (%) - 1) 1- (%—ﬁf) ’ in this equation couples the variables 75 (77) and
D l(/; 1). In order to avoid dealing with coupled distributions in 7z and p, (77 and k 1),
which are difficult to interpret, we perform a change of variables. Noting that the coupled
Heaviside step function is equivalent to 0(|p’| | — Q 7r) for b > 0, we introduce the variables

_Qm

oy, = vp=2E, (4.3)

ki’ PL

where p, = |p)| and k| = |E 1]. Accordingly, for positive-b angularities,

|

= Oés(,u) CF e ) 2(5)77 5(UL) 5(];;?_) 9(1 — UR) (1 — U?{/b)_n

dUR

drp

- oy dv
S(1+) (TL7 TRvaz_a ka_) = 8(1+) (UL’ UR’pJQ-’ kf) |: .

drp

™ TI(l-e v L bv}{"/b
1 1 doy, || dvg VL, <> VR
X 559 odrerd Ther @ - || + 79 -9 ) (44)
H (pf/ﬂ2)++2 d7r, ||dTr ki < pT
where
dop) Q@ |dvr| @ (4.5)
drr, ki’ drp pL’ '
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which enter the Jacobian factor. Keeping track of Jacobian factors is necessary since the
soft function is a distribution and its arguments represent the variables of the integration
measure. Thanks to eq. (4.3), the expansions in 7 and € give rise to decoupled distributions
in vg and P} (vg and k 1). The distribution in vg, upon expansion in 7 leads to

o[ (] vt

i VR UR UR
(4.6)

n

In"
where we follow the standard convention for plus distributions, i.e. / dm[ 1 +a} =0 =

1 In™(1 — ¢
/dx [M} . To fix the coefficient a of the d(vgr) term, we integrate the above
0 x +

equation over v from O to 1, which leads to

V(l-v@}{(lﬁ/})f”) ]C’: zd(m) N [W}j (éb(g(vR) ll)[WL
_ [9“ - “R>:;(1 - “zze/b)] +) +OR). (4.7)

The expansion in the regulators for the one-loop bare soft function thus gives

S wrom, L, RE) = (JCF{J?(?;; o i e R

+5<UR>a<ﬁi>(12 11HV>_5 { n(p? /u)Lil o st 1[ . ]Du

57 [ 11? I T/ n?
i) 3l

- v, <> ’UR
)8(59) + O >} swyo@+{ 1500
The n-divergence in this equation is written with full e-dependence in terms of a plus

]DH i
2
+ ko Bl

(4.8)

distribution with infinity boundary. The plus distributions over a vector domain of the
1

272

the jet broadening case [34] as the integration measure is two-dimensional. They satisfy

d*pL .4
1) = 4.
/DH (27T)2 ‘Cn(/%pJ_) 07 ( 9)

, 1 , Pe . .
type Eg(,u,pj_) = |:(]512_/,U2)1+5 1n”(pi/u2)]+ used in this equation, appear also in

the condition

where D,, denotes a disc of radius p around the origin in the p’; -space. For further details
on these distributions we refer to appendix A.2.

4.2 Soft function calculation for b < 0

The results for the tree-level and the one-loop soft function given in egs. (4.1) and (4.2)
remain the same for negative-b angularities as well. However, for b < 0, the Heaviside
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f-function constraint is now equivalent to 6(Q 7r — |p'L|), which leads to the new set of
variables

2 2
_ Kk up = by
- 2 - 2
QQTL QQTR

ug (4.10)

to be used in eq. (4.2) in order to obtain decoupled distributions. This yields

dug
dk?

d’LLR

dpi

] (4.11)

Sy, R, 52, k2) = SO (1, 7R, ur, uR) [

(1) O €75 2 :
__as(wCr w2V"Q5(TL)5(UL)(QTR)71+2m

m  T'(l—e)
xe(l—uR)(l—uz_%l/b)n[ ]_|-{TL<—>TR}7
UL <> UR

1 2 2b
b uR+e+n/ +n/

du R
d])2l

duL
dk?

where

1

:ﬁ’
QTL

1

duy,

dug
— SUR
dk?

dpi

The numerator term (1 — u;%l/ b)_", like before, does not contribute any singular nor finite

term. Moreover, in the present case, all distributions in both 77 g and ur r are already
regulated by e. Thus no rapidity divergence is contained in eq. (4.11). Upon expansion of
this equation we obtain

SO (7, TRy ur, ug) = as(w) Cr 0(1r) 0(ur) {—2;625(73)5(1@)4— 2%6 [H(IU—RuR)] J:S(TR)
1 Q 1 2 Q[ In(Q1r/n) 1 [0(1 —ur) Inug
pedtun)? o | = ot (BT - g [ st
1[0(1—uRr)] Q 1 2 T < TR
_b[ o :|+LL|:QTR/,U:|Imé(TR)é(uR)+O(n76)}+{ULHUR}. (4.13)

The absence of rapidity divergences in the soft function is consistent with the fact that the
jet function for b < 0 in eq. (3.16) is also free of rapidity divergences.

4.3 Jet broadening limit of the one-loop soft function

A non-trivial cross-check on our calculation is provided by the fact that we can reproduce
the jet broadening soft function by taking the limit b — 0. We will treat the cases b > 0 and
b < 0 separately after making the suitable change of variable to vy, g and ur, gr, respectively,
and before making expansion in 7 and e.
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4.3.1 Limit b —» 0"

Since the functional dependence on b is contained only through the redefined variable vg
in eq. (4.4), taking the limit b — 07 gives

2/b
g QA —vR) (=g )77 1 fdve| oo L epie 1| dvr
b—0t va n/b vRr|dTR b—0+ 2b vRr|dTR
_, 0(In(vR)) |dvr
N VR dTR
5(02 72 2 2
92 MR = PT) | TR | (4.14)
n drr

In the first line of this equation, we have used the fact that vi{ "<« 1and In(v}) < 0 for

2
0 <wvr <1asb— 0. Here the factor 3%? = 2 is the Jacobian required for the variable

change. The second line of eq. (4.14) follows from

1 |z
=lim —e € 4.1
O(z) =lim o—e7c, (4.15)

while in the final step we have used the identity

5(In(vh)) = (5(“}*77_1) , (4.16)

which when combined with the Jacobian gives a distribution in terms of 7z and p;. Sub-
stituting the result of eq. (4.14) in the limit b — 0% into eq. (4.4), we get

2a,(pn) Cp w?eVE 2¢/ v \1 - 1
lim S(lﬂ(TL,TRpr_,kJ_) ( ) F <ﬁ> <§> (5(7’[1)(5( E)W

b—0+ T nl'(1—¢e)\Q
_ TL <7 TR
5(Q%*r3 —p? +{ﬁ . } 417

After expanding in 77 and e, this gives

Qs 2 w2eVE 2[ 1 ] 1 1
lim SO (rp, 7,52, k2) = %) CF{ T (ﬁ) { 1+26] +5(TR)< - 111:)
T

b—0+ 7r nI'(l—e)\Q » 2¢? €
vQ 2Q [pIn(Qrr/p)| 72
Sl ] 2] 2
8(Q*h —p1) + { ]:L R } (4.18)
1 L

which agrees with the one-loop soft function for jet broadening in eq. (6.45) of ref. [34].
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4.3.2 Limit b — 0~

The b — 0~ limit can be obtained in an analogous way by writing the distribution in ug
appearing in eq. (4.11) as

—1/by—
lim 0(1—'LLR) (1—UR /) N 1 dUR _ im 1 €7|1n(u7_3/2)|/‘b‘ 1 dUR
b0~ (—b)u?? (ug)' etz | dp? jb|—0+ 21D (ug)ttets |dpt
-1
_ o 0ur—1) d“f , (4.19)
n dpJ_

which leads to the same result as in egs. (4.17) and (4.18).

5 One-loop angularity distributions from broadening-like factorization

In this section we will present our one-loop results for the angularity cross sections at
arbitrary values of b, which we obtain using the jet and soft functions calculated above.
We will provide results for positive-b and negative-b angularities separately. We will show
that our analytic results correctly reproduce the known one-loop results for thrust, jet
broadening and large-b angularities. As claimed earlier in section 2, we will show that,
compared to thrust-like analyses of angularity distributions with 0.5 < b < 1, our results
based on broadening-like factorization contain an extra sub-leading singular correction of
the type shown in eq. (2.7). Our treatment of the small-b case shows explicitly that our
results for the cross section are continuous in the limit b — 0. In addition, we will derive the
first analytic results for the recoil-sensitive angularity cross sections for negative values of b.

5.1 Omne-loop cross section for b > 0

We now calculate the separate contributions to the cross section from the one-loop jet
function and the one-loop soft function, which we denote by jet;4 and softi,, respectively.
To obtain jet;y, we perform a convolution of the one-loop jet function in eq. (3.11) with
the tree-level soft function in eq. (4.1) and the tree-level hard function HO(Q;pu) = 1,
according to the factorization theorem in eq. (2.1). Including the contribution from both
right and left hemispheres, we have

ety _ () Or 5(TL)<—77( 2w (“)26[ - ]Oo+1 02 §(r) + — d(r&)

o0 T 1+0)T(1—¢)\Q San = NI Q de
R
IETPRY SEUN B SRR Y AU s
1+b IHQ m [TR/m]+ 2(1+b)m LR/m}j o (b)é(TR)> AT & TR}

(5.1)

where oy denotes the Born cross section and

By s (0 2 |[1+8b 7r2_/1 1—z+2%/2 r
Ty (b) =i — 1y, =110l 8 +6b deix In 1+<1—x>
2 [1+8b 2 72 ! T r VP
1| 8 +12bl2b/0d$<21>1n<1+<1—x)>' (52)
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The integral in the second line is finite as b — 0 and will be treated numerically. The
singularity due to 1/x in the integrand in the first line of eq. (5.2) is regulated when b > 0.

1 1 x VW 2 w2
de = In(1 =T Ty .
/0 T n< +<1—g;)> 126 T 12" (53)

to obtain the expression given in the second line. The last equation can be easily checked

Here we have used

numerically.
Similarly, soft;; is obtained by doing a convolution of the one-loop soft function in
eq. (4.8) with the hard and the jet functions at tree level, leading to

softi1  au(p) Cp 2w? s pN2e[ 1] 1 1. v
- 3 (¢ (5) |z |+ 5adtm— (o dm)

o0 T 1+b6)T(1—¢)\Q Ay 2e
R
2 In(rr/m) v 1 1 w2
- 2In— - =90 1)
(1+b)2m{ TR/M :— n,u (1+b)m[Tr/m]|, 24 () + 1.7 (7r)
+{7L < TR}, (5.4)
where
1/(1+b)
2 [97r pL pr\'th Q 1] 1 pL/Q
) (rp :/ dpJ_9<7—TR+(7) )77 . (5.5
S()bo Q Q pLplpL/i] 7p7¢1+b+()
TR 0
Writing the integral in the last equation in terms of dimensionless quantities, p and 7, with
pL\tt
p= <7> , 5.6
0 (5.6)
we get
1
2 " 1 +b
) = o [ aesd | M2 (5.7
b(1+0) Jorp  pp pe | |[TRTP|
Here r in the lower limit of integration, r 7g, is obtained by solving the constraint equation
r
— 5.8
(1= ry+ ) (5.8)

which stems from the Heaviside #-function in eq. (5.5) and makes one of the plus prescrip-
tions superfluous. The details of the calculation of the integral 1t (tr) can be found in
appendix D.1. Our final result amounts to

2 _
1) () = — 2b |:11’1TR:| ™ 2 In(1 'r).

110 - L

3611 D) (5:9)

TR
Note that in the small-7z limit we have r ~ T%, which implies that the last term is
less singular compared to 1/7z and thus does not require a plus prescription, unless b is
vanishingly small. Since b regulates the small-7x limit in the last term, for vanishingly
small b the last term needs to be expressed as a distribution as shown in appendix E.1.2.
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Finally, according to eq. (2.4), the remaining contribution to the one-loop normalized
cross section due to the one-loop hard function is

hard;  as(p) Cr <_ 1 2 u 3 ,u L7T2

-—- n————21n2ﬁ—3ln——4+
oo 2

e € Q 2e Q Q 12 )5(7-[/) 5(7—3) +{TL<_>TR} .

(5.10)
Adding the terms jeti, soft;; and hard;, we obtain the O(as) contribution to the double-
differential angularity cross section in SCETy;,

1 d25(H) 19(a) as(p) Cp 2 2 )
- = — 24— A1
i, ™ (2 gy A7) )

3 1 2 InTp 2 In(l-r)
2(1+b)[m]+<1+b>[TRL1+b | mom).

Notice that the rapidity divergences, identified by 1/n factors, as well as the v-dependence
cancel out in the sum of the jet and soft contributions, as expected. The e-divergent
structure in the sum of jet;4 and soft,4 is proportional to d(71) d(7r) and cancels exactly
against the e divergences of the hard;-term, leaving the cross section independent of the
choice of regulators and scales, up to a residual dependence on u through the renormalized
coupling as(p).

Eq. (5.11) serves as the master formula for positive-b angularities and, as we are going
to show in the following two subsections, it yields the known expressions for broadening,
thrust and large-b angularities in suitable limits.

5.1.1 Small-7 limit

When b is away from 0, the general solution of eq. (5.8) in the small-7 limit can be found
as detailed in appendix E.1.1. The double-differential O(a;) cross section in the small-7
limit is then given as

1 d2g(H) 100s) (n) Cr 2 2 ) 3 1
— =S5 ) oy = b)) — —
[UO dTLdTRLCETH - (TL)[ (TR)< T 3y T )> 2(1-+b) [TRL
2 Tmrg] 2 T, (o) + ;
_ — _ T I'T 1011
6| x|, 140 2 T}{”b TI, <> TR} + power corrections,

(5.12)

with jo(+) (b) asin eq. (5.2) and ¢,, depending only on b. The first few coefficients appearing
in the last equation are given by

1 1

c==1 c=g(l+2b), 63:—6(2+9l)—|—9b2), (5.13)
1 1

ca =153+ 22b+48b% + 32b%), 5= — o4+ 250 + 8750 + 1250 6% + 625b1), ... .

The result in eq. (5.12) has the structure presented in section 2. For any given (positive)
value of b, there exists an integer N = [1/b] — 1, up to which terms under the summation
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contribute as sub-leading singularities. For n > NN, the recoil effects accounted for by
SCETy factorization amount only to power corrections. The other terms agree with the
SCET} factorization result.

As discussed earlier in section 2, although the jet function in section 3 and the soft
function in section 4 are homogenous in the power counting, the cross section in eq. (5.12)
obtained after the transverse momentum convolution contains sub-leading terms that are
not, since the transverse momenta scale differently in the jet and the soft sectors. While
the new terms are formally sub-leading, their numerical effects can be significant though.
Table 1 of section 6 shows the numerical size of these sub-leading singular contributions
relative to the leading singular ones, for several values of b.

Using the result in eq. (5.12), we obtain the singular contribution to the one-loop
single-differential angularity cross section for b > 0, by integrating over the hemisphere
angularities subject to the constraint 7 = 77, + 7g,

1 A9 _acr 3 1] 4 hﬂ 4 ”%1 n
oo dr | T (1+0b) |7 1—|—b N 1+b = 7= nb

sing. =1

s 7 +7ﬁb2+3b—2 4
2(14+b) 6b 140 1+b

Here the first two terms as well as the coefficient of §(7)-piece agree with the O(a)-singular

cross section obtained from SCET] thrust-like factorization in ref. [15]. The terms in the
summation are singular only when 0 < b < 1. When b > 1, recoil effects amount to
regular terms, which can be dropped to obtain the result in [15]. By taking the limit
b — 1 in eq. (5.14) and neglecting power corrections, we obtain the O(ay)-singular thrust

distribution
L4 a1 ) ey e |
- ar ing. — T 2 6 2 T + T + ’ .

which agrees with the known result in the literature (see e.g. eq. (36.8) of [48]).

5.1.2 Small-b and the jet broadening limit

In the last term of the master formula in eq. (5.11), the limit 7 — 0 is regulated by the
angularity exponent b, implying that the small-b limit requires special care. While b and 7
can be small, 7° need not be small. Thus in this case we need an expansion of 7 in small b
while treating 7% ~ 1. This is worked out in appendix E.1.2. Using the result in eq. (E4),
we get, for the last term of eq. (5.11),

_ 2
111(17“):(_7T +h172_91n 2)5( ) — ln2[1] b{lnTR]—i—b]nQ[l}—{—O(b%.
TR 126 2 TR 20l r ], 2 TR] 4
(5.16)
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The double-differential O(ay) cross section, in this limit, up to order b? is thus given as

1 %) 19 o
[ a :Mg(n) (5.17)
oo drr, dTgr SCET ™

2
x 8(R) —W—+5i—2—1 22—7T—b+3b1 224757 ()
6b 6
_3[1}—2[IHTR]+21n2[1}—1—()(3[1}4—3[11”—5,}—31112[1] >]
2Rl L TR 1y TRl. \2Ll7R]4 TR 14 T+
+ OV +{rL <R}

The jet convolution factor JO(JF) (see eq. (5.2)), in the small-b limit, amounts to

2 2
jo(”(b):l 7T—+1+§1 2—b(3ln2—3)+0(b2)- (5.18)

6b 6 4 2 2

It is clear from egs. (5.17) and (5.18) that the 1/b singularities cancel, yielding a smooth
behavior for the cross section for vanishingly small positive values of b. To order b?, we have

1 d2o(H) 19(as) .
[ % ] = 2 ) (5.19)
oo drr, dTr SCETY T
7 w3 72 3In2 3 3In?2
_ = 21n2—1n%2 = 2
x[5(7)< Tt n? —i—b( 5 T3t >>

6
sl Gl
2|\Tr] TR |4 TR] 2|\Tr] TR |, TR]
+ O(b2)+{TL<—)TR} .

Taking the b — 07 limit of the last equation gives

1 420079 o (u)Cr 7 [ M
— S Unl 4+ _3mE —92om2l 2
|:0'0 dTLdTRng T {5(TR>5(TL)< 2 + 2 3 nQ . Q) (5.20)

(55 on) 3 el e - e ) o}

which agrees with the double-differential jet broadening distribution obtained in [34].

5.2 One-loop cross section for b < 0

To obtain the contribution from the one-loop jet function to the cross section for negative-b
(jeti—), we convolve our result in eq. (3.16) with the tree-level soft function of eq. (4.1)
and the tree-level hard function H®(Q;p) = 1,

e _ 200 ) (L L L[]8 A

o 2be bem|tp/m|, 2(1+b)m|[Tr/m]
2 1[ln(rg/m)] w*1+b
+b(1—|—b)m[ TR/ ]—2455( )+ Ty () (R)>+{TL<—>TR}, (5.21)
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Oy =i ) 2 | 166 w1y -t a?)2 Ty
Ty (b)) =g Ty T 140 ) 6( b ) Odm T 1n1+<1—l’)
2 |[1+6b 7% n? e r \b
=13 8_m_mb_/odx<2_1>ln(l+<l—x>) (5:22)

The integral in the first line of eq. (5.22) has the same form as that given in eq. (5.2) but

with b replaced by —b. The result of eq. (5.3) holds also in the case of negative b, which

we have used to obtain the second line of eq. (5.22). Here again the integral in the second
line of the last equation is regular in b and can be computed numerically for a given b.

The contribution to soft;_ is derived by taking the convolution of the one-loop soft

function of eq. (4.13) with the hard and the jet functions at tree level,
2
oft _ 0 Cr g, <_2;2 d(r) + 1Q[ 1 } ¥ [IH(QTR/M)] + 55300R)
€ be p [ QTrR/1 QTr/1

n 24b
+ Ig_)(TR)> +{TL > TR} . (5.23)

+op

00 s

It is interesting to note that the b-dependent e-divergences in soft;_ cancel exactly against
jet1—, while the b-independent e-divergences (contained only in jet;_) cancel against hard;
of eq. (5.10). The integral L(;)(TR) in soft;_ is defined as
_ 2 R 1 1 (75)2 QI 1
10 (7g) = —/ dr - [ n s . (5.24)
B b(l + b) STR " (TTSL)Q (TR — Tns)lifll: (TR — Tg)li-ﬁ-b + 1% QTﬁ/N +

where s in the lower limit of integration, s 7r, satisfies the constraint equation

b

s (5.25)

(1— s)l%b
We evaluate the integral in eq. (5.24) in a similar manner as discussed for the positive-b

case. The details of this calculation are presented in appendix D.2. The final result is
given by

2 _
1) (rp) = 2b [IHTR v 2 In(l-—ys)

(1+0)? TR]j3b(1+b)5(TR)_(1+b)2 -

Interestingly, this result is similar in structure to eq. (5.9) for positive-b, with the last term

(5.26)

yielding sub-leading integrable singularities and/or power corrections, depending on the
value of b.

Adding the contribution of jet;_ and soft;_ to hard; given in eq. (5.10), the double-
differential O(a;) cross section for negative-b in SCETy amounts to

25(=) 70(as)
[1 o ] (5.27)
og drr, dTgr SCETy
_as(p) Cr 2 2 (=) 3 1
==L ) [5(73) (‘ 2 s T O) o | .
2 InTp 2 In(1-ys)
_(1—|—b)2[ - L: FERi— ]+{TL<—>TR}a
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where Jo(f) is given in eq. (5.22). The last equation represents the master formula for
our analysis for —1 < b < 0 angularity distributions. This novel result of ours compares
successfully against the numerical output of EVENT2, as shown in section 6.

5.2.1 Small-7 limit

For b not close to 0, the solution of eq. (5.25) in the small-7 limit can be expanded in powers
_b

of T, -~ 7% as exploited in appendix E.2.1. The double-differential O(c) cross section in the
small-7 hmit is then given as

1 (=) 79(as)
[ do } (5.28)
oo drpdtr SCETY;
as(p) Cr 2 2 (=) 3 1
— S A 9 0 _ L
- 5(tr) [6( )( + + 3517 D) +J, ’(b) 200 |l
(/-2

2 In7p 2
e [ - ]Jr e Z 1+1+b:| +{7L <> TR} + power corrections,

where ¢, depend only on the value of b. The first few coefficients are

, / 1—b / 2—5b+2b?

=1 - = 5.29
Cq 5 Co 2(1+b>7 C3 6(1+b)2 ) ( )
;3—13b+13b* —30b° 24— 154b+ 2696 — 154b° + 24 b
€= 12(1+0)? % 120(1 + )4 e

The summation is truncated up to the greatest integer which is strictly less than 1/]b] — 1
and includes sub-leading singular terms for b > —0.5. For b < —0.5, only power corrections
remain. Using this result, the O(as) singular contribution to the single-differential cross
section for negative-b is

1 o9 awer [ 3 1 4 [ir 1 (z} ¢
oo AT Jgue T 1+ (1+b) (1+b — Tbb

+5(7)[— 27(;L+2:)+772(232) - 1ib/01dx <;—1> In <1+(1fx)_b>”. (5.30)

It is worth to stress that the coefficients of the [In7/7]4 and 0(7) terms in the equation

above differ from the corresponding ones in the positive-b case (see eq. (5.14)) while the
coefficient of [1/7]4 remains the same.

5.2.2 Small-b and the jet broadening limit

As in the case of positive-b angularities, the last term of our master formula in eq. (5.27),
needs to be treated with special care when b and 7 are both small. This case is analysed
in appendix E.2.2. Using eq. (E.12), we get for the last term of eq. (5.27),

In(1-s) w2 7?2 %2 b
= (gt %2
- (12b+ + 5 + —In d(7R)

—1n2[1]+b[lnm] - bln2[1} + 0. (5.31)
TR]L 2 TR |4 2 TRy
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For the double-differential cross section for negative, small b, we obtain to order b?

25(-) 10(a)
B A (5:32)
oo drr, dTr SCETyy T
2 7 m™2b 3b _
4 —2-—In?24+ — 4+ ""1n?2 (=)
X [6(73)(6b+12 n“2+ 5 + 5 0 +J, (b)
2|\Tr] TR |, TR, 2|\Tr] TR |4 TR,

+ OV +{rL < TR},

where jet convolution integral jo(f) in eq. (5.22), up to order b?, is

72 g2

Oy =T T L 3 (2T S b2
Ty ' (b) ot T a2t -5 g +Ob7). (5.33)
As in the positive-b case, both jet and soft terms contain 1/b singularities which cancel out

in the cross section, leading to

1 d20(0) 19 o
oo drr, dTr SCETyy T
7 w2 3In2 3 72 3In2 3In?2
— 12 _1p29 S
x[é(m)( it T2 —i—b<2 3 5 T ))

Sl GRS ]
2|TrR] TR |4 TR] 4 2|TrR] TR |, TR] 4
+OV*)+{rL 7R}

Taking the b — 0~ limit of this result gives

™

()10
[1 a2 Lng. o (W)Cr {5<TR) 5(r2) <— 1T sl - ng) (5.35)

el (55 on ) el e - e )+ e}

which agrees with the double-differential jet broadening distribution obtained in [34].

oo drdTr

Since its left and the right limits (b — 0%) are the same, our cross section is a continuous
function of the angularity parameter at b = 0. However, it is interesting to note that the
soft and the jet functions independently, upon expansion in the regulators, are not smooth
functions of b at b = 0, as in the case of angularities measured with respect to a recoil-
insensitive axis [24].

6 Numerical analysis and comparison against Event2

We compare both the broadening-like and the thrust-like normalized single-differential
angularity distributions against numerical output from the EVENT2 generator [49], for six
different angularity exponents. In particular, for b = {2,1,0.2}, we used 10'? events from
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Figure 4. Normalized one-loop angularity cross sections from EVENT2 against our analytic

one-loop results based on broadening-like factorization for a variety of exponents.
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Figure 5. Differences between EVENT2 and our one-loop results from SCETy; factorization for
do/dlog;, 7 in the cases of b = 0 (jet broadening) and b = —0.2.

the runs in [25] with ny = 5, an infrared cutoff p = 1010 and, in addition, we generated
10 events with values of p as low as 1078 for b = {0.5,0,—0.2}.1°

Figure 4 shows the normalized do/dlog;,7 distribution from EVENT2 against our
analytic one-loop expressions from eq. (5.11) and eq. (5.27), which include both sub-leading
singular terms and power corrections due to recoil. Here we use our untruncated results
since our power corrections can be large and can significantly contribute to the agreement
with EVENT2.

We found agreement within numerical uncertainties between EVENT2 and broadening-
like SCETy factorization for sufficiently small values of 7 for all values of b we tested. As an
example, the differences between the EVENT2 output and our expressions for do/dlogo 7
for b = 0 (jet broadening case) and b = —0.2 are shown in Figure 5 for ranges of 7 where
no visible cutoff effects are present. The comparison is successful also for the differential
cross section do/dr = 1/(log;o7) do/dlog,y 7, as illustrated in Figure 6 again for b = 0
and b= —0.2.

10The parameter p is defined by the fact that EVENT2 regulates infrared divergences by cutting on the
invariant mass of pairs of partons, (p; + p;)* > p Q2.
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Figure 6. Differences between EVENT2 and our one-loop predictions from SCETy; factorization
for do/dr for b =0 and b = —0.2. The insets magnify the region of larger values of 7.
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Figure 7. Differences between EVENT2 and thrust-like (SCET; )/broadening-like (SCET}1) one-
loop results for do/dlog,y 7 (left panel) and do/dr (right panel) for b = 0.5.

For b > 0.5, we found agreement within error bars between EVENT2 and both thrust-
like and broadening-like factorization for sufficiently small values of 7.!! Figure 7 illustrates
the case of b = 0.5, both for do/dlog;, 7 and do/dr. As shown in these plots, the extra
terms provided by the SCETy; factorization theorem clearly improve the agreement with
EVENT2 in the region of intermediate values of 7.

The relative size of the sum of the sub-leading singular terms compared to the leading
singular contribution is shown table 1. Since these contributions turn out to be non-
negligible in the peak region also for 0.5 < b < 1, it is possible that the resummation of
these terms plays an important role in precision calculations and extractions of the strong
coupling. This will be addressed in a future publication [32].

7 Conclusions

In this paper, we have started to investigate how a theoretical framework based on SCET;
factorization allows us to compute angularity distributions measured with respect to the
thrust axis for any value of the exponent b. Working out the analytic expressions of these

1The consistency between EVENT2 and thrust-like factorization up to NNLO for b > 0.5 has been recently
discussed and exploited in [22].

~ 99 —



N = max(n) | % correction for 7, = 0.05 | % correction for 7, = 0.1

0 0 0

0.8 1 4 10
0.5 1 10 20
0.25 3 17 30
0 00 31 45
-0.2 3 16 27
-0.3 2 8 14
-0.5 0 0 0

Table 1. Relative size of the sum of the sub-leading singular terms compared to the leading singular
contribution in the peak region for the 7, distribution, for various values of b, see eq. (5.12) and
eq. (5.28). For a given b, N denotes the maximum value of the summation index n up to which the
sub-leading terms are singular.

cross sections is a rich and complex problem due to the presence of two kinematic scales
(Q7 and transverse momentum), two types of divergences and renormalization scales, and
a continuous dependence of the mode scalings on b, which interpolates between different
regimes. As a first step, we have focused on fixed-order calculations, and determined
origin and nature of the various divergent structures appearing in the bare angularity jet
and soft functions for arbitrary b, which get cancelled in the computation of the cross
section. We have produced novel one-loop results for the range b < 1, which open up the
possibility to use our formalism to extend present analyses of high-precision LEP data.
We have computed and numerically quantified previously unknown recoil effects in the
perturbative part of the spectrum for all values of b and showed how the known limits of
thrust and broadening are reproduced in our framework. All our one-loop distributions
are found to be in agreement with EVENT2 and our SCET}y formalism is shown to capture
important sub-leading effects that clearly improve the agreement with EVENT2 in the
region of intermediate values of 7.

Depending on the value of b, recoil effects amount to sub-leading singular terms and/or
power corrections in the differential angularity distributions. These singular terms are
integrable fractional powers of 7, and their contribution at fixed-order turns out to be
non-negligible even for b > 0.5. It will thus be interesting to assess how the resummation
of these terms is going to affect precision calculations and the extraction of the strong
coupling from data.
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A Plus distributions and their identities

Here we collect definitions and properties of plus distributions relevant for our calculations.

A.1 Plus distributions over scalar domains

The standard plus distribution with boundary at x = x for a function f(z) which is less
singular than 1/z% as x — 0, is defined as

[0(2) f(2))57 = lim[0(z —€) f(z) + d(z — €) Fz,20)], (A1)
with .
F(x,z9) = / dz’ f(2'). (A.2)

In addition, the distribution satisfies the boundary condition

[ aslota) s o, (A.3)

Plus distributions with two different boundaries can be related to each other. For bound-

aries x = g and x = +1,

1
bla) S@I = [0(2) f(@)) +8(a) [ ao’ 72", (A1)
o
In particular, we define the distributions relevant for this work as
0(x) o
By — n
L) (x;x0) = |:$1+B In :E:|+ , (A.5)
so that,
By pBy— | 9@)
L =) = |55
L2(x;1) = Ly(x) = {H(Q:) In" m] . (A.6)
z +

Note that from the definition above, £° = Ly. The identity in eq. (A.4) for £° and Ef
then gives

8z 00) = —; 5(z) + L9(z) — 8 La(z) + O(B?) | (A7)

£](2:50) = = 35 8(0) + La(a) — B Lale) + O(F?) (A8)

Another useful property is the rescaling identity (for ¢ > 0) for the two special cases above,
£8=9(2/¢) = 2 [i(fg] - £0%) — In¢o(x) (A.9)

Ly=1(z/C) = i [W} +: Li(x) —In¢ L£O(z) + %1112( d(z). (A.10)
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A.2 Plus distributions over vector domains

For the class of vector distributions of the type [34]

I | 1 N
LO(pu,pL) = 212 [(ﬁi/ug)lw In"(p7 /p )L ; (A.11)

used in eq. (4.8), we define two limiting cases:

D

B - _ B N _ 1 1 ®
£ = L07) = s | | (A1)

, q 1 [In"(p /MQ)] g
Lo (1, p1) = Lo(p,p1) = { L : A13
(1, 71) (1, 71) i | . (A.13)

Here D,, denotes a disc of radius p about the origin in the p’| -space. The plus distribution
Eg(,u, P ) over a vector function is then defined as

42y, s 1 [d*F2p, 1 W"(pi/p?)  ¢(0)
D D = l —_— —_— D — BE ’ s
/ @) 9(F1) Ly (s 1) = lim o / e 9(p1L) P22 (p? fp2) 8 2m [f5 1]
(A.14)

where, g(p' ) is a suitably chosen test function that has no singularities at the origin. The
boundary term, B, defined as

BllLEin = - / ol e L) (A.15)
€ ? - —* ) *
n ot D, (277)2+2e M2+26 (qf/u2)1+ﬁ

is such that the condition

[0 e =0 (A16)
p, (2m)

is satisfied. The explicit expression for the boundary term, in dimensional regularization,
for the distributions £° and £,,, is given as

1
B. 1 —
B€[£ 7”] (477)1+6 F(]. + E) (6 _ B) Y (A17)
o (=) +n)
BE [[’nv H] - (47T)1+6 F(]. + E) €1+n : (Alg)
For completeness, we also mention the rescaling identities (p > 0),
P (omor) = 77 ( *) L) (A.19)
pPU,PL ) =P HyP1 QB 5 .
n lnn+1(p2)

n m 2 = _ (2) -

(p,u pJ.) nCm In™ (10 )En—m (MapJ_) 2(n + 1) 4 (pJ_) ) (A2O)

with ,Cp, =T(1+n)/[I'(1 +m)[(1 +n —m)].
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B Evaluation of the one-loop jet function

In this appendix, we present the details of the calculation for the jet function diagrams
and the relevant zero-bin subtractions for all b > —1 angularities.

B.1 Jet diagram (a)

Since the jet diagram (a) in Figure 2 contains no rapidity divergence, the n-regulator can
be dropped. The diagram in Feynman gauge is then given as

T (7R, 0)
eVE 2\¢ - 3—2¢ d d
:< 4: ) 2 jifc /(2:)51 5(l2)9(lo)/(23)§1 5(p?) (") 6(p+1"— Q)
52T, 4 7)) 6(73 - W(f)‘é_ M(f)é> . [Zz (ET -

Q Q (I +p)?
oy AU+
X us(p) ts(p) (—gpuw) (ig 7" T?) (g +p?2)}
_ :;;?ewﬁ/wmﬂ )/Mpmﬂmww@-u—@&dmﬁ+mj
Bl ptNg J e T U+ p) (/ +p)
Xé@% 2 ) Q<l>>“{a+m'yp a+m]
_a()Cr e rpye 1 1—c f! e
_ ol Fu_@(@)ﬁ?ﬁb1+hAde@—x)b+x% . (B.1)

Here x = 17 /@ is the light-cone momentum fraction of the emitted gluon. The trace in
the second line of the integral simplifies as follows
h (I +p) (/+p) ] [T/L ]
t A 2 — - -
8 e P ) = @ PP e
P (e bt
=@ i <222
+

p
S SE——
(I +ptp

and the final result is obtained by performing the delta function integrals. The analytical

= —2(1—¢) (B.2)

expression of the integral in the last line of eq. (B.1) is not known. However, the divergence
structure of interest can be obtained by expanding the result of eq. (B.1) in powers of e.
The result, upon expansion, is given as

as(1)Cr

™

ja(l) (TR) O) =

[_15(TR)+ ! LO(W)HJ(TRHO(Q], (B.3)

4e m

where

o=y -, (i () o

and m = (u/Q)'?, is a scale factor. The same result holds for negative-b angularities
as well.
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B.2 Jet diagram (b)

The jet diagram (b), in general, contains rapidity divergences for both the unsubtracted
jet integral and its corresponding zero-bin contribution. However, as discussed in the text,
the net result of the jet diagram (b), i.e. Jb unsub — Jb,0, contains no rapidity divergence for
—1 < b < 0. Here we will present the calculation of the unsubtracted diagram separately
for positive-b and negative-b cases. The zero-bin contribution is evaluated in appendix B.3.

B.2.1 Positive-b angularities

The Feynman integral for the unsubtracted jet diagram (b) and its mirror image, is given as

TN (75 0)

unsub
eVE 2)\¢ T 3—2¢ d d
_2< 475 ) : J)Vc /(23)5_1 5(1%)0(1°) /(22)5_1 5(p?)0(p°) d(p~+1"— Q)

" 5<TR - @f)g‘ @@)g) § L+ P {Z D) gy
X us(p) us(p) (QMV)W]

2 a@)Cr ol vy 1 / e (1= 2) 4 2 LD

146 © T(1l—-¢ \Q/ \Q T+123fb 1+
R
2¢
2 as(u)Crp eBw? rpuN\2e v\ 1 /1 z \b\1+ (1 —2)
- o) \o dz {1 . (B.
1+b Q I'(1—¢) (Q) (Q) Tl+124:b 0 ! +<1—ZL‘> R AR (B.5)
R

2¢
For positive-b angularities, the factor ((1 — 2)7% + 27°)7+ yields a singular contribution
as x — 0, which we have factored out in the final step of eq. (B.5). This implies that for

2e¢b
158 as 2 — 0 is

already taken care of by the e-regulator. Dropping the n-regulator, we expand the result

b > 0 the n-regulator is not required since the divergence due to 1/z

for the unsubtracted jet diagram (b), for positive-b values, in powers of €. The result, upon
expansion, is given as

s Cr|l1+0 1 1 2
T, ) = L )+ Lot = o 2() 4 gy (7))

T 2be? be m b(1+b) m

2 (7R 2 Lo (1—2) x \b 20
1—|—b£ (R) 1+65(TR)/0 de x In (1+ <1—x> )+m5(TR)
w2 1+b

This expression contains b-dependent e-divergences which will cancel upon taking the ap-
propriate zero-bin contribution into account.
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B.2.2 Negative-b angularities

As the test function, ((1 —z)7? + a:_b)l%, is well defined for b < 0, we rewrite the second
line in eq. (B.5) for negative-b angularities as

- _ 2 as(WCr Pw? cpyeovyn 1 / 1 r N\
jb,unsub(TR,O) = 1+0b . F(l—E) <Q> <Q) 7_1+127+6b ; dz 1+(1_x)
R
2eb

(1—x) T
ST

to obtain the same form for the integral as in the positive-b case.

The result of the unsubtracted jet diagram (b), now requires the explicit use of the
n-regulator to regularize the divergence as z — 0. We expand the integrand in eq. (B.7)
in 7 and € (n < €) and perform the integral to obtain

C 2 eEw? 2 | 2 1 1
T (7, 0) = 2 F{ = e )(ﬁ) £1+b(m;oo)+f5(m)+21n%5(m)

T 1+0)T(1—e) \Q
T, 71'2 T,
_ibﬁ (—R) + 12+bb5( ) — (be) 5(R) — ml @E (—R)
_1—2H) (TR)/Oldx (1;5‘”) 1n<1+<1fx)b)+(9(17,6)}, (B.8)

where the full e-dependence has been retained in the 1/n-term according to the rapidity
renormalization prescription [34].
B.3 Zero-bin contribution

The zero-bin subtraction to the jet diagram (b) can be evaluated by taking the gluon
momentum to scale as I# ~ QX X+ X+b) - This results to

eVE 2 T 3—2¢ d d
a5 0) = 2( 2 ) R [y 00) [ 067 067) - @)

(
=G P G ) s [ P e
<)1) (-9 T
205()Crp  €7E 5 ruNT 2 1 1 o0 (1+g;—b)12TEb

T Ta-oF (@) (é) 1+b7_1+12+€b/0 dr — T —

R
205(n)Cp  €E )w2 (1/)77 (u)Qe 1 1 F(%)F(_%ﬁb — 1)

Q) 1+b 1+1+b br(—25)

(B.9)

which holds for all b > —1. It is worth mentioning that the integral in the second line of
the equation changes sign for negative-b angularities and hence we write the outcome as

— 35 —



given in eq. (B.9). The final result, upon expansion in the regulators n < € yields

s 2 w2 e€VE 2¢ o2
T o, 0) = 2O CFsgn<b>[ e (A) £ (rmio)

s 1+b0)T'(1—¢€) \Q
1+0 o(TR 1. v 2 TR
+ a0 -5 2 (Gh) — g )+ g 4 ()
2 o(TR ™ b 4+2b+9
o L) - 24b1+b5<TR>+0<n,e>]. (B.10)

We stress that the zero-bin integral contains an 7n-divergence for all angularities. It is only
the unsubtracted jet diagram (b) which does not require a rapidity regulator for b > 0
angularities.

C Evaluation of the one-loop soft function

Here we present the calculation of the soft function diagrams for all angularities (b > —1).
The one-loop contribution to the soft function due to diagrams (a) and (b) of Figure 3,
which give the same result due to symmetry, amounts to

S(l) (TLa TR, ﬁi? Ef)

e'YEMZ € 7_‘_2726]%’126 ﬁI2e ) d I ) . \ ,
=2 g S5(12) 0(1) |23 79 0(1%) 8
( 4 ) N.T2(1 —¢) vrw /(2 )d— (%) 6(") 207 (1%)6(rr)

5<TR%|(§)17)52 2(7 = 1) 622 (F L) + 0(— z3)5<L|ZQL’<H>Z>
3(r) 82724~ ) () o P TR Y )

pol
~ 205(W)CF ey 2 P N2 02 /d 2\ 0/10\9 13—
=———¢"p 7“1_6)1/ wd(kT)d(rr) [d 6(17) 0(17)|21°]

3y 5 (g 1L (U ooz gy freomm L1 L
{9(1)5(TR o () )P =m0

) Cr T s s )9<<@)1/ﬁ 1)

7 T(1—¢) QTr
=) e
n+l T, T,
X (pi)—l—e—WQ QP:R /b + { E% o ﬁ? } . (Cl)
}b‘ ( 71| )

As noted in the text, this expression contains coupled distribution in the variables 7 and
p1 (or 77 and k) which we decouple by making appropriate change of variables as shown
in egs. (4.3) and (4.10), respectively.

D Evaluation of the soft convolution integral

In this appendix, we calculate the soft convolution integrals Ing)(TR) and I‘(;)(TR) entering
the cross sections for positive and negative values of b, respectively.
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D.1 Soft convolution integral 1t (TR)

The integral Ig+) (Tr) as defined in eq. (5.5), is given by

7—11’{/(1+b)
109 (rp) = Z/OQ dpy. 0(% — TR+ (%>1+b)£ ; [pj/uLLR pL(f)””L' (D.1)
Q

First of all, we perform a change of variables as

DLy implying  d W d D.2
— = = —— pl+ . .
(Q) p  implying dpy = pT dp (D.2)
Writing the integral in terms of dimensionless quantities p and 7 gives
1
2 " 1 1Q | p/Q pIeo
1) (r :/ dpB(p+ pT — rp) 1 9
= (78) ba+0) Sy ¥ o+ Sy pi ), |TR=P],

_ 2 " e L By pree
_b(1+b)/0d'09(’0+p TR)p([plib] (1+b)anp 5(p)>[

1

2 i 1 1] 1 pTHD
— doB(p+ p1H6 — 7p)= . D.3
b(1+b>/o POty R)p[plibL[m—pL 03

In the second line of the above equation, the §(p) term does not contribute. Using the
following identities for the plus distributions appearing above,

1 _ 1
pre priv 21
=— Inpd(p — T+b D4
[T—P_+ 1—|—bnp (p=7)+p [T—p]Jr’ (D-4)
1 -
pT [ 1 1
P Lpt+o 4 Pl
1 -
T+ ] 1 1
sl 1] ) o
P pirel+ P14
Eq. (D.3) can be rewritten in the form
2 TR 1 1 1
1) _/ dpb T — TR)—
TR = gy, POl e — TR .

140

~ 5 15 [hlr;RL +/ o BL = pL) - B

Here the lower limit of integration corresponding to the Heaviside #-function is determined

(- Erymeito-ruos 1] )
x| — n -7 +
ol —Tr) +p e

by the solution of the equation

W = (D.8)
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Eq. (D.7) has the familiar form of a convolution of two plus distributions except for the fact
that the lower limit is now regulated by r 7g. This lower cut-off regulates the singularity
due to 1/p as p — 0, thereby allowing us to drop the first plus prescription in the last line
of eq. (D.7). The other singular limit for p — 75 can be regulated explicitly by raising the
second term in the convolution to the power of 1 + . The final result, which is obtained
by extracting the a’-terms of this regulated integral, gives

B 2b In7g 2 2 In(1-r)
Ig+)(TR)—_(1+b)2|: - :|+_Sb(1+b)5(TR>_1+b’TR (DQ)

D.2 Soft convolution integral Ig_)(TR)

The integral I‘(;)(TR) as defined in eq. (5.24), is given by

(7)°

00 =i o i o) L,

(oo [l [ e

Here again the lower limit of integration is given by the solution of a transcendental equa-

tion,

(1—s)T+0

Eq. (D.10) has the form of a convolution of plus distributions but with a modified lower
limit. This convolution integral can be calculated in a similar way as outlined for the
positive-b case, leading to

_ ~2b [In7T 2 2 In(l-ys)
L7(rm) = (1+b)2[ TR]+ R R (N Ea— (D-12)

E Expansion of the constraint equations in various limits

Here we discuss the appropriate expansions for the constraint egs. (D.8) and (D.11) in
various limits.

E.1 Solution to the constraint equation in r (b > 0)

We start with positive values of the angularity exponent, and treat separately the case of
vanishingly small b.

E.1.1 Small-7 expansion for r

In the small-7 limit, the lowest-order solution to eq. (D.8) goes like le%. The general solution

can then be written as a series in le%,

r= aN’%+a27%{b+a37%b+a47'%b+a57%b+ RN (El)
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where

302 5b 83 13b
a1 =1, a2:—(1+b), a3:7+7+1, a4:—7—6b2—T—1
1256% 17503 35502 T7h
= — 41, ... E.2
= T T T th (E.2)

The In(1 —7)/7g term in eq. (5.9) is well-defined for r ~ 7% and does not require any plus
prescription since a finite value of b regulates the limit 7 — 0. Eq. (5.9), in this limit, can
then be written as

1) () = — 20 [Intp| 72 5r) — 2 In(l—arrh — asr2b —agrdb +...)
s <1+b)2 TR |4 3b(1+0b) 1+0b h
20 InTgr w2 2 0 Cn
- - 0(Tr) = E.3
<1+b)2[ R L 3b(1+b) (7x) 1+bn§:17.]{z—nb’ (E.3)

with coefficients ¢, given in eq. (5.13). The last term accounts for sub-leading singular
contributions and/or power corrections depending on the value of b.
E.1.2 Small-b expansion for r

Any truncation of the power series expansion in eq. (E.1) ceases to provide the correct
solution to eq. (D.8) when 7 and b are both close to zero such that 7% ~ 1. In this case,
the general solution can instead be represented as an expansion in powers of b,

r=ro+bri+bro+..., (E4)

where the leading-order solution rg is determined by

70

— =75, (E.5)

Using the last equation and the power series expansion in eq. (E.4), the coefficients 71, ra,
. can be obtained from eq. (D.8) as

ro — 5 = _7'1% In(1+7%)
1475 (1+75)?2
T%((T% —1DIn(1+17%) - 27’%) In(1+7%) E6)
ro = — .
? 2 (1+ 74)3

Note that the leading-order solution rg in this case has a well-defined limit, i.e. as b becomes
vanishingly small, ry converges to 1/2 as expected.

Finally, to obtain the small-b limit of the soft convolution integral of eq. (5.9), we need
to take the small-b limit of In(1 — r)/7r. Since b regulates small-rg limit, In(1 — r)/7r
becomes a distribution in 7. We get,

In(1—-r) 72 %2 bIln?2 1 b[lnTg] bln2[ 1 9
(E.7)
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This finally gives

> m wb 3b
Ig+)(TR):6(TR)<_€7;)+7;—7T6 —1n22+21n22) (E.8)
—|—21n2[1}—3b1n2[1]—b[lnTR] +0?).
TRI+ TRI+ L TR 14

E.2 Solution to the constraint equation in s (b < 0)

Analogously, we now treat the case of negative angularity exponents.

E.2.1 Small-7 expansion for s
In the small-7 limit, eq. (D.11) admits a solution of the form

b 2b 3b 4b 5b

! T I ! T T ’ — T ’ — T ’
S = alTR1+b + a27R1+b + (]/37—R1+b + a4TR1+b + a57R1+b + ey (Eg)

where the first few coefficients a;l are given by

Sl gL b=2 s B —db+3
P77 27 14 BT 21402 YT 3(1+0)3
/ 603 —37b% +58b — 24
- _ E.1
% 24(1 + b)* ’ (E-10)

The last term in eq. (D.12) is well-defined in this limit and does not require any plus
prescription, as earlier. The soft convolution integral in eq. (D.12) can be written as

b 2b
2 In(1—d\mp ™ —anry 70 + ...
10 (7p) = 2b_|In7n T 5(rg) - 2 ( . 2R )
TR R
(1+0)? 4+ 3b(1+0) (1+ b)2
2b lnTR 7T2 9 [oe} C/
- 0(Tr) = - E.11
(1+b)2[ - L+ o1+ 0)° <1+b)2271+fﬁ (E.11)
n— R

with coefficients c;l given in eq. (5.29). Notice that for a given negative value of b, only
the terms with N = max(n) < [1/|b]] — 1 in the summation are singular. Thus for
—1 < b < —0.5, the extra terms amount only to power corrections and there is no sub-
leading singular contribution from recoil.

E.2.2 Small-b expansion for s

The solution in eq. (E.9) cannot be applied when b and 7 are both vanishingly small. In this
limit, a general solution to the constraint equation can be written, similar to eq. (E.4), as

s=s0+bsg +bisa+..., (E.12)

with the leading-order solution sy determined by

SO b
= . E.1l
1-— S0 TR ( 3)
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The first few coefficients of the series expansion in eq. (E.12) are

b
TR Tr I <1+1:*b)
S0 = b 1= by ?
1475, (1+7157)
it (555) (2 - ot - v () )
Sp = f — r o (E.14)
2(1475")3

Upon expansion in b, the term In(1 — s)/7r in the soft convolution integral becomes a
distribution in 7, as follows

In(1 —s) w2 7 In?2 b, 1] b[ln7r] b 1 9
TS (T 2 2029 () —In2 | — |42 S MY el BTG
- (12b+12+ g Tgi2)ote)—n2| - ol L2 S &

+ +
(E.15)
which leads to the following result in the small-7 and small-b limit,
_ 2 7w 7?b 3b
I )(TR)=5(TR)<6b—6+6—1n22+21n22> (E.16)
1 1 |
+ 21112{} - 3bln2[] + b[ HTR] +O®0?).
TR + TR + TR +
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