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1 Introduction

Increasing evidence shows that quantum entanglement plays an important role in the holo-
graphic descriptions of gravity [1-11]. In quantum entanglement, there is a key quantity,
the entanglement entropy (EE), which measures how much a subsystem entangles with its
complement for a pure state. According to the Ryu-Takayanagi (RT) formula [12, 13] for
static cases, the entanglement entropy which characterizes quantum entanglement between
a given spatial region A and its complement in the boundary conformal field theory (CFT),
is given by

area(my)

S(4) = =5 (1.1)

where m 4 is a minimal surface in the bulk homologous to A. For time-dependent cases,
we just replace the minimal surface at a constant time with a spacetime codimension-two
extremal surface homologous to A (in what follows we will focus on the static case). As
a consequence, the RT formula provides direct evidence of the potential relations between
entanglement and holography. It hence attracts a lot of attention in the past few years.
However, there are several conceptual puzzles surrounding the RT formula. The “bit
thread” formulation firstly proposed by Freedman and Headrick, provides a way to clarify



these puzzles [8] (see further studies in [14-18]'). The “bit thread” formulation demon-
strates that the geometric extremization problem can be interpreted as a flow extremization
problem. By using the Riemannian version of the max flow-min cut (MFMC) theorem, the
maximum flux out of a boundary region A, optimized over all divergenceless norm-bounded
vector fields in the bulk, is exactly the area of m 4. By rewriting the RT formula in terms
of flows, the entanglement entropy of a boundary region can be given by the maximum
flux out of it of any flow.

On the other hand, the entanglement of purification (EoP) firstly introduced in [20], a
quantity that measures classical correlations and quantum entanglement for mixed states in
quantum information theory, has been conjectured in [21, 22]. Specifically, the conjecture
claims that the EoP is dual to the area of the minimal cross section of the entanglement
wedge [23-25] holographically. Further studies could be seen in [26-51]. For two non-
overlapping subregions A and B on the conformal boundary, the conjecture says that
area(oiy)

Ep(A:B)= Gy

(1.2)
where 021}3? is the minimal cross section on the entanglement wedge dual to pap.

It has been shown that the EoP also admits a bit-thread interpretation in [17, 49]. By
contrast, we use the surface-state correspondence [4, 5] to give a “bit thread” formulation
for the EoP by using a generalization of Riemannian MFMC theorem [14]. Following the
surface-state correspondence, we restrict the bulk region to the entanglement wedge, then
we define a divergenceless norm-bounded vector field on the entanglement wedge. The EoP
is suggested to be given by the maximum flux of any flows through the neck of its entangle-
ment wedge, or the maximum number of threads connecting two boundary regions through
its entanglement wedge. Then the conjecture of holographic entanglement of purification
(HEoP) is guaranteed by the generalization of Riemannian MFMC theorem. Moreover,
recalling that there is a quantity, the quantum advantage of dense code (QAoDC) [52],
which reflects the increase in the rate of classical information transmission through quan-
tum channel due to shared entanglement. It turns out that the QAoDC also admits a flow
interpretation. As a byproduct, a list of proofs of some basic properties of EoP is achieved.
The monogamy relation of QAoDC with the EoP [52] for any tripartite states is proved in
terms of flows as well. In addition, we also derive a new lower bound for S(AB) which is
tighter than the one given by the Araki-Lieb inequality.

This paper is organized as follows: in section2, we give a brief review of the bit threads
proposed in [8, 15] and the conjecture of Ep = Eyw [21, 22]. In section 3.1, we first
give an intuitive understanding of the purification process with the help of the surface-
state correspondence [4, 5, 42, 43]. Then in section 3.2, we briefly review the generalized
Riemannian MFMC theorem [14]. In section 3.3, we interpret the EoP as the maximum
flux of any flows flowing through the entanglement wedge and some important results are
claimed there. A concluding remark is given in the last section.

! Alternatively, in [19] the authors interpret the RT surface as special Lagrangian cycles calibrated by
the real part of the holomorphic one-form of a spacelike hypersurface.



2 Review

2.1 A brief review of bit threads
2.1.1 Flows

The bit threads were first introduced in [8], which is a set of integral curves of a diver-
genceless norm-bounded vector field v chosen so that their transverse density equals |v] .
The entanglement entropy of a boundary region is given by the maximum flux out of it, or
equivalently the maximum number of bit threads that emanate from it.

To explain this, we consider a manifold M with boundary OM. Let A be a subregion
of M. Let’s define a flow from region A to its complement A := dM\ A, which is a vector
field v, 5 on M that is divergenceless and is norm bounded everywhere by 1/4Gy:

1

The flux of flow v, 5 through a boundary region A is given by [ A VAL

/AUAA ::/A\/Eﬁ-vAA, (2.2)

where h is the determinant of the induced metric h;; on A and 7 is the (inward-pointing)
unit normal vector. The entanglement entropy between A and A is given as the flux of a
max flow through A:
S(A) = max/ VAJ - (2.3)
VaA JA
Equivalence between (2.3) and the RT formula (1.1) is guaranteed by the MFMC of Rie-

mannian version [8]:

area(m) (2.4)

max | v,; = min ———= .
VAA JA Ad m~A 4G N

The left-hand side is a maximum of the flux over all flows v, 7, while the right-hand
side takes a minimum of the area over all surfaces m homologous to A (denoted as m ~
A). One of the best features of this flow interpretation of the holographic entanglement
entropy is that, unlike the minimal surface jumping under continuous deformations of
region A [53-56], the threads do not jump. In [8], it shows that the subadditivity and
strong subadditivity inequalities can be proved by making use of the formula (2.3).

2.1.2 Threads

In [15], the notion of bit threads was generalized by dropping the oriented and locally
parallel conditions. As a consequence, the notion of transverse density is replaced by
density, defined at a given point on a manifold M as the total length of the threads in
a ball of radius R centered on that point divided by the volume of the ball, where R

%(d_l) and much smaller than the

is chosen to be much larger than the Planck scale G
curvature scale of M. Threads are unoriented and can even intersect with others, as long
as the thread density is bounded above by 1/4Gy. Given a flow v, we can choose threads

as a set of integral curves whose density equals |v| everywhere. In the classical or large-N



limit Gnx — 0, the density of threads is large on the scale of M and we can neglect the
discretization error between the continuous flow v and the discrete set of threads.

For region A and its complement A on the boundary of manifold M. Define a vector
field v 4 5, we can construct a thread configuration by choosing a set of integral curves with
density |v,4]. The number of threads N,z connecting A to A is at least as large as the
flux of vy 5 on A:

Generally, this inequality does not saturate as some of the integral curves may go from A
to A which have negative contributions to the flux but positive ones to N4 4.

Consider a slab R around m, where R is much larger than the Planck length and
much smaller than the curvature radius of M. The volume of this slab is R - area(m), the
total length of the threads within the slab should be bounded above by R - area(m)/4Gy.
Moreover, any thread connecting A to A must have a length within the slab at least R.

Therefore, we have
area(m)
Ny < ——~ . 2.6
an < (2.6

Particularly, for the minimal surface m 4, we have

area(m4)
Ny < ——22 =§(A). 2.7
aas A () 1)
Combining formulas (2.5) and (2.7), equality holds
A

where 04 5 denotes a max flow. Thus, S(A) is equal to the maximum number of threads
connecting A to A over all allowed configurations:

S(A) =max N,z = NJT (2.9)

Each thread connects an EPR pair living on the boundary. In the language of entanglement
distillation, the entanglement between A and A is distilled into a number of EPR pairs
equal to S(A). Thus the maximal number of threads connecting A to A can be interpreted
as the maximal number of EPR pairs that could be distilled out by means of the local
operations and classical communication (LOCC) asymptotically.

2.1.3 Multiflow

The multiflow or multicommodity is the terminology in network context [57, 58]. It is a
collection of flows that are compatible with each other, so they can simultaneously exist
on the same geometry. In [15], the multiflow has been defined in the Riemannian setting
to prove the monogamy of mutual information (MMI). Taking a Riemannian manifold M
with boundary OM. Let Aj,..., A, be non-overlapping regions of OM. A multiflow is a



set of vector fields v;; on M satisfying the following conditions:

Vij = —Uy4, (2.10)
n-vy; = 0on A, (k #1,7), (2.11)
Vv =0, (2.12)
- 1

> il < T (2.13)

1<j
There are n(n — 1)/2 independent vector fields for the given condition (2.10). Given
condition (2.11), v;; is nonvanishing on A; and Aj;, by (2.12), their flux satisfy

/ Vij = —/ Vij - (2.14)
A Aj

J
Define a vector field .
v =) vij - (2.15)
j#i
The flux of flow v;; should be bounded above by the entropy of A;:

/ v < S(A) . (2.16)

The inequality will saturate for a max flow v;;. Given v;; (i < j), we can choose a set of
threads with density |v;;|. From (2.5), the number of threads connect A; to A; is at least
the flux of v;;:

NAZ.AJ. 2/ 'Uij . (217)
A;
Summing (2.17) over j # i for fixed i, we have
n
ZNAiAj :NAiAi Z/ v - (2.18)
j#i A

On the other hand, (2.7) implies that the total number of threads emerging out of A; is
bounded above by S(A4;):

n
> Naa, =Nz < S(4) . (2.19)
J#
Therefore, both inequalities (2.18) and (2.19) saturate for a max flow denoted as v;; with
fixed i: "
> Naa; =Nz, = / b7 = S(A4;) . (2.20)
J#i Ai
Furthermore, the inequality (2.17) must be individually saturated for fixed i:

NAiAj :/ 'Uij . (221)

The above discussion focuses only on the case for a fixed i. Actually, it was proved in [15]
that there is a max multiflow {v;;} saturating all n bounds in (2.16) simultaneously. This
immediately gives us proof of MMI in terms of a max multiflow.



Figure 1. Sketch of HEoP. A, B are two non-overlapping regions on the boundary dM. The

entanglement wedge 74p is the region surrounded by A, B, A} ; and B, and o’{3 denotes the

minimal cross section on rapg.

2.2 A brief review of holographic entanglement of purification (HEoP)

The entanglement of purification Ep firstly introduced in [20], as a measure of bipartite
correlations in a mixed state, is defined as follows. Let psap be a density matrix on a
bipartite system H4 ® Hp. Let ) € Haa ® Hpp be a purification of pap, so that
Trap [¥) (U] = pap. Ep of pap is then given by

Ep(A:B) = wr}r}‘i/%/ Saar, (2.22)
where 544/ is the von Neumann entropy of the reduced density matrix obtained by tracing
out the BB’ part of |¢)(¢)|, and we minimize the entropy over all ¢ and all ways of
partitioning the purification into A’B’. For pure states pap, the quantity E,, is reduced to
entanglement entropy between A and B, which is S(A) ( S(A) = S(B) for pure states).
More properties of EoP can be found in [59].

In [21, 22], it has conjectured that the entanglement of purification Ep is dual to the
entanglement wedge cross section Eyy, as Ep = Eyy, in the sense that it obeys a same set
of inequalities as Ep does.

To define the entanglement wedge cross section, we consider a static classical dual
gravity and take a canonical time slice M with conformal boundary 0M. A and B are
two non-overlapping subsystems on the boundary dM. The entanglement wedge rap is
the bulk region surrounded by A, B and m(AB), where m(AB) is the minimal surface
homologous to AU B. The entanglement wedge cross section Ey is then given by

area(oap)

Ew(A: B) :min{ 10x

;04 C rap splits A and B} , (2.23)

which is proportional to the area of the minimal cross section afgl. The cross section splits

rAp into two regions. One is bounded by A but not B, and the other by B but not A. Let

ma, mp and map denote extremal surfaces respectively, then Jﬁ‘g splits rap = 7"1(4‘2 U TEEB)
(here U denotes disjoint union) and map = A, U By, With 87"1(4’2 =AUA; UolE

and 87"&@ =BUB ;U o (figure 1).



3 Bit threads and holographic entanglement of purification

3.1 Holographic entanglement of purification from surface-state correspon-
dence

To have an intuitive understanding of the purification process in holography, a recent pro-
posed surface-state correspondence [4, 5] is helpful. This is a conjectured duality between
codimension-two space-like surfaces in gravitational theories and quantum states in dual
Hilbert spaces. For a given surface with fixed boundaries, one can make a smooth defor-
mation. In order to preserve the convexity, the deformation must be terminated when the
deformed surface becomes extremal.

As an example, let us consider a mixed bipartite state pap on Hilbert space Hap =
Ha ® Hp, which is dual to two disconnected open convex surfaces, ¥4 and Y. To
perform purification, it is useful to introduce an auxiliary system R, which is dual to an
open convex surface X i sharing the same boundaries with > 4 and ¥ 5. We can then purify
the mixed state pap to a pure state |¥)spgr, which is dual to a closed convex surface
Y agr. For simplicity, we focus on the case where the X spg is topologically trivial. From
the definition (2.22), we know that the purification of a given state p4p is not unique.
Actually, there are infinite ways. Each of them can be obtained by performing a suitable
unitary transformation on the initial auxiliary system R.

Holographically, we can make a smooth unitary deformation on initial Xz to pull it
into the bulk, preserving the convexity of the region surrounded by ¥ 4pr. This deforma-
tion must terminate when it becomes an extremal surface mapg, such that the convexity
can be preserved. Note that the deformation of ¥ r with fixed boundaries acts non-trivially
only on the quantum entanglement inside ¥ g, without nontrivial action on the entangle-
ment between YXp and X 4p. In other words, the unitary operation does not change the
entanglement between Y.p and X 4p. As we pull X into the bulk, the inner entanglement
is decreasing, and finally vanishes when it reaches the extremal surface map. It gives us a
special purification when the auxiliary surface ¥ reaches the extremal surface map. We
use R’ to denote the axillary system at this stage. Due to the vanishing entanglement in
R', the auxiliary R’ is maximally entangled with pap, thus Indim(R') = S(AB). It has
the minimal possible Hilbert space dimension to purify pap. In other words, all degrees of
freedom of R’ are entangled with AB and there are no more remanent degrees of freedom
inside it. In this sense, we say this is a minimal entanglement purification |¥)pp with
minimal Hilbert dimension [42, 43]. In a word, the holographic minimal entanglement
purification of pap is dual to a closed convex surface, which is a boundary of a boundary
geometric density matrix pap, as proposed in [42, 43]. To get holographic entanglement
entropy of purification, let us divide R’ into two parts, A’ U B’. Then an optimal purifica-
tion |¥) 4 AL BB, Can be achieved by minimizing S(AA’) over all divisions and choosing
an optimal division R' = A’ _..UB’ ... It turns out that the RT surface of AA’ . is exactly

opti opti- opti

the o3 on rap. Therefore, the minimal entropy S (AA[,;), as the maximal flux of any

flow from AA] ; to BB, is bounded above by the area of o’{3". In this way, Ep(A : B)

can be obtained.
Assuming the surface-state correspondence, the minimal entanglement purification is a
pure state living on the boundary of entanglement wedge r 45, as we have already pulled the



C

vap on M

Figure 2. Sketch of vector field v4p on Riemannian manifold M. A, B are the regions on the
boundary M, and C = AB := OM\(AB) is the complement of AB(= AU B). The flow vap is
only non-vanishing on A and B. Therefore, the flux of any flow from A to B is bounded above by
the area of the minimal cross section, the red dashed line as shown in the figure.

initial boundary onto the boundary of the entanglement wedge by performing a unitary
transformation on auxiliary R. In asymptotic case, we have Ep = EZ = Ero,. The
definitions of these quantities could be found in [20], and ELo, is roughly equal to the
number of EPR pairs needed to create the state pap by means of LOCC. Also, it has been
proposed in [17] that Ep could be related to the maximal number of EPR pairs which
can be distilled from pap using only LOCC. Recalling the interpretation of the threads
that each thread connects an EPR pair on the boundary, it is natural to consider the flux
of a max flow from A to B or the maximum number of threads connecting A to B on
the geometry of 745, whose value is bounded above by the area of o'J#f'. Combining the
assumption of Fp = Eyy, a “bit-thread” interpretation of entanglement of purification can
be achieved.

3.2 Generalization of Riemannian max flow-min cut (MFMC) theorem

To find the flow interpretations of EoP, we need to introduce a generalization of Riemannian
MFMC theorem [14]. Let’s take an arbitrary Riemannian manifold M with boundary 0M.
A and B are any two non-overlapping subregions of 9M. The complement of AB(= AUB)
is C = AB := OM\(AB) as shown in figure 2. Then we could define a divergenceless
norm-bounded vector field v4p on M, satisfying

V‘UAB:0,\UABISL,TAL-UAB:()onC, (3.1)
4G N

where we have imposed a Neumann boundary condition of the flow v4p on boundary region

C. In this way, we restrict the flow vap in the bulk region M, flowing between region A

and B. It means that any thread emanating from the region A must end on the region B.

Obviously, the flux of the maximizing flow A — B should be bounded above by the area

of the neck, the minimal cross section UTE? separating A and B on M:

. area(oap
max / vAp < min 4C(¥)’ (3.2)
VAB* o ~
v plo=0 A rel éqBOn oM N



Purify

C

Initial purification of pap Minimal purification of pap

Figure 3. Left: a pure state |U)apc as the initial purification state of pap that lies on the
conformal boundary. Right: the minimal entanglement purification of pag, |¥)apc lying on the
boundary of the entanglement wedge r4p5. To compute Ep(A : B), we will restrict the bulk region
to the entanglement wedge r4p.

where o 4p is homologous to A relative to C. The generalized Riemannian MFMC theo-
rem [14] says that the flux of maximizing flow v4p will equal to the area of the minimal

cross section Uf}fjgnz
. area(oap
max vAp = min area(0) (3.3)
. vAB: A oap~ A 4GN
v pAplo=0 rel C on OM

3.3 Bit threads and holographic entanglement of purification

Taking the Riemannian manifold M as a time slice of a static bulk spacetime. A and B are
two non-overlapping subregions of conformal boundary dM, and C is the complement of
AB. As discussed before, we will follow the surface-state correspondence. By performing
a unitary transformation on the initial purification state |¥)spc, we will finally get a
minimal entanglement purification |¥) 4pcr of pap that calculates the EoP, as sketched in
figure 3.

Now let us define a vector field v4p on r4p, satisfying

V-vap =0, (3.4)
1

|UAB’ § @, (35)

VAB = —UBA, (3.6)

ﬁ‘UAB = 0 on map . (37)

We can set the direction of vap as a flow from A to B (A — B), which means the flux
fA vap of vap out of A (inward-pointing on A) is non-negative:

/UAB ::/\/ﬁﬁ-vABEO, (3.8)
A A

where h is the determinant of the induced metric on A and 7 is chosen to be a (inward-
pointing) unit normal vector. Given condition (3.7) and the fact that v4p is non-vanishing



I __min

10AB
= T
A | B
|

C’
ﬁAB Oon rap

Figure 4. A sketch of a vector field v4p on rap, which is defined as a flow from A to B, whose

min

flux is bounded above by the area of the neck o%j'. There is a max flow v4p among all allowed
flows v4p. Meanwhile, the flux achieves its maximum value Ep(A : B).

on A and B, combining (3.4) and (3.6), we get

/UABZ—/UABZ/UBAZO. (3.9)
A B B

The flow is restrained inside the entanglement wedge r 4 by imposing the Neumann bound-
ary condition (no-flux condition) on the surface map where C’ is living on. Use the gen-
eralized Riemannian MFMC theorem introduced in previous section, we have

max / vAB = min area(0) =FEw(A:B). (3.10)
) VAB® A oAB~A 4GN
""UAB‘mAB:O rel mpp on Oryup

where 045, a cross section separating A and B on r4p, is homologous to A (or B) relative
to C’. In this way, we show that the EoP is given by the maximum flux of any flow vap
from A to B inside the entanglement wedge r45. Thus Ep(A : B) can be written as

Ep(A:B)=  max / VAB - (3.11)
R UABZ A
”'”AB‘mAB:O
So the formula (3.11) is equivalent to Ep = Eyy, guaranteed by the generalized Rie-
mannian MFMC theorem as shown in formula (3.10). We choose a set of threads with
density |vapg]| for the vector field vgp. From (2.17), the number of threads connecting A

to B is at least the flux of vap:

Nap > / VAB - (3.12)
A
However, the number of threads connecting A and B is bounded above by the area of afgl:
Nugp < angw = Ew(A: B) = Ep(A: B) . (3.13)
N

Thus for a max flow A — B, denoted as ¥4p, the following equality holds

maXNAB = / T}AB = EP(A . B) . (314)
A

~10 -



This implies that Ep(A : B) is equal to the maximal number of threads connecting A to
B over all allowed thread configurations on 7p:

Ep(A: B) = max Nag = NJ&~. (3.15)

Actually, N3J'5* can be interpreted as the maximal number of EPR pairs which can be
distilled from pap by using only LOCC as interpreted in [17].

3.3.1 Mixed bipartite state

In this subsection, as a warmup, we focus on a simple case: the mixed bipartite state pap.
To compute the EoP of a given mixed bipartite state p4p in terms of flows, we need firstly
find the minimal purification. As shown in [43], the holographic minimal entanglement
purification is the state living on the boundary of entanglement wedge r4p. Following the
surface-state correspondence, we define a vector field on the geometric bulk of entanglement
wedge r4p. In (3.11) we have shown that Ep(A : B) is given by the maximum flux of any
flow A — B within the bulk of r45. The minimal surface homologous to A (or B) relative
to O’ is by definition the U%? on 74, which is not equal to m4 in general.?

Noting that S(A) is given by the total maximum flux out of A, we suppose that
Ep(A : B) is given by the part of maximum flux A — B. The rest flux A — C’, as we
will show in the following, can be interpreted as the QAoDC [52]. Choosing a flow 4(p ¢
that simultaneously maximizes the flux A — A and the flux A — B, a vector field v4p ¢
on rap, satisfying

- N 1 -
Vo =0, 0a,0n| < Gy PAEe) = ~UB.ona - (3.16)

To show the existence of such a flow, we begin with a maximal flow out of A. As

(Appti Y o) ~ A, this flow is also a maximal flow through (A
as af{‘g‘ C (A

tpti U 0. Moreover,
gpti U afg‘), by using nesting property we are allowed to choose a flow that
simultaneously maximizes the flux though oj'5. Thus there exists a flow simultaneously
maximizes the flux though oJ# and through A. Note that the region A is large enough
to source enough flow to saturate on oJi'. A flow that simultaneously maximizes the
flux A — A and the flux A — B is available. Alternatively, we could begin with a flow

configuration 45 (In figure 4) to construct such a flow we want. Note that flow 045
which saturates on minimal cross section Ujlgl, will not simultaneously saturate on m4 in
general. It is not a maximal flow out of A in general. Then it’s always feasible to continue
to augment the flow out of A by adding an extra flow v4¢r (it can only flow into C’, more
:)pti’ as Ufg‘ is already saturated), until we find the flow that saturates on m4,

denoted U4 cry. Thus, a flow simultaneously maximizes the flux though A and through

precisely A

2However, when AB is a pure system, the entanglement wedge rap is just the whole bulk M, thus
VAB = V44, and the minimal surface separating A and B in the entanglement wedge is exactly ma(or mp).
In this case we have Ep(A: B) = S(A) = S(B). But if A and B are enough small and also far away from
each other, the entanglement wedge will be disconnected. In this case, the flow vap vanishes subject to
the Neumann boundary condition on map, which means that there are no threads connecting A with B,
therefore Ep(A: B) = Ew(A: B) =0.

- 11 -



man
AB

VA(B,CT UB(A,C)

Figure 5. Left: the vector field v4(p,cr), a flow that simultaneously maximizes the flux A — A

min

(bounded above by the area of m,4) and the flux A — B (bounded above by the area of o73).
It allows us to compute S(A) and Ep(A : B) simultaneously. Right: similarly, the vector field
Up(a,c), a flow that simultaneously maximizes the flux B — B (bounded above by the area of mp)
and the flux B — A (bounded above by the area of o'§i1'). So we can compute S(B) and Ep(A : B)
simultaneously.

aglg‘, could be directly constructed in this way. Similarly for flow g4 cry. Finally, we
would like to attribute the existence of such flow to the so-called “nesting” property, as
this is a flow simultaneously maximizing the flux into region A and region B where B C A.
However, we stress that it is different from the usual nesting property of flows, in that
the part of flux through B is saturating on minimal cross section 021}31? rather than on its
extremal surface mpg, as shown in figure 5.

Then it allows us to calculate the EE and EoP simultaneously. For pure tripartite state,

S(A) :/17A(B,C')
A

= /BC’ U(B,cHA

:/ﬁ(B,C’)A+/ U(B,cnA
B c’
= EP(A . B) —{—/C, ID(B,C’)A? (317)

where we have used the relation (3.9) to exchange the integral surface for the second
equality. This vector field represents a max flow out of region A, whose flux through A is
equal S(A). Simultaneously the flux flowing from A into B achieves its maximum that is
equal to Ep(A: B).
Recalling the definition of the QAoDC in [52]:
A(B > 4) = S(4) = inf S[(Ia © Ap)pas] = sup T'(B)A), (3.18)
B

where we take the infimum or supremum over all the trace preserving completely posi-
tive (TPCP) maps Ap acting on part B, and I'(B)A) = S(A) — S(AB) is the coherent
information of p4p. In information theory, the quantum dense coding is a quantum com-
munication protocol where one sends classical information beyond the classical capacity
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of the quantum channel with the help of a quantum state shared between two distant ob-
servers through a noiseless quantum channel. The QAoDC reflects the increase in the rate
of classical information transmission due to shared entanglement.

It was proved in [52] that the QAoDC is non-negative, and it was shown that the
QAoDC obeys a monogamy relation with the entanglement of purification for any tripartite
state papc, i.e., S(A) > Ep(A: B)+ A(C > A), which saturates for pure tripartite states.
Thus for pure state |¥) 4pcr,we have

S(A) = Ep(A: B)+ A(C' > A). (3.19)

Comparing with (3.17), we can write the QAoDC as
A(C, > A) = / ’LN)(B’C/)A >0. (320)
C/

We can interpret the QAoDC as the minimal flux A — C’,3 or a minimal number of threads
A — (', as we have maximized the flux A — B (where the total flux A — BC’ reaches
its maximum and is a fixed value S(A)). As mentioned before, the QAoDC may relate to
the minimal EPR pairs that can be distilled from p4¢r using only LOCC. Its non-negative
property means that the EoP is bounded above by the EE. For pure tripartite state:

Ep(C': A) = A(C! > A) = / BB — / Bmona >0, (3.21)

the difference between the maximum and the minimum of the flux A — C’ implies that it
is non-negative (the total flux from A into BC’ is fixed). Combining with (3.19), it gives
us the polygamous property of EoP for a pure tripartite state that S(A) = Ep(A : BC'):

Ep(A:BC") = S(A) = Ep(A: B)+ A(C' > A) < Ep(A: B)+ Ep(A:C") . (3.22)

For pure tripartite state, we also have S(A) = A(BC’ > A). This can be used to show
that the QAoDC obeys a monogamy relation:

A(BC' > A) = S(A) = Ep(A: B)+ A(C' > A) > A(B> A)+ A(C' > A) . (3.23)

Furthermore, using (3.20), we can derive a new lower bound for S(AB) in terms of QAoDC:

A(C'> A)+A(C' > B) = /C/ U(B,cA -I-/C/ Va,cnB

- 17 / —|—/ 17 /
/AB A(B,C") o B(A,C")

:/ VAB,c") T UB(A,CY)
AB

< S(AB) . (3.24)

*More specifically, note that the minimal cross section oi5 divided C’ into A,; and B,;. When we
take a flow U 4(p, ¢y, its fluxes or equivalently threads through the o have achieved the maximum. So the
other threads emerging out of A can only end on Aj,;, which represent the entanglement between A and
Afpti while we interpret it as the QAoDC. As a consequence, we may write A(C’ > A) more precisely as

A(Alpy > A). But in this context, the symbol A(C’ > A) is enough. We do not need to differentiate them.

~13 -



where the relation (3.9) is used. We explain that only the flow between AB and C’ has
non-vanishing contribution to the integral on AB, while the flow between A and B does
not have. However, the flux of any flow between BA and C’ is bounded by the area of the
minimal surface that separates AB and C’, which is exactly the extremal surface map for
the geometry rap. So its flux can not exceed S(AB). Note that

S(B) = Ep(B: A)+A(C' > B) . (3.25)
Subtracting (3.25) from (3.19), we get
S(A)—S(B)=A(C" > A)— A(C' > B). (3.26)

Comparing (3.24) with (3.26), it’s easy to show that the new lower bound derived in (3.24) is
tighter than the lower bound given by the Araki-Lieb inequality, S(AB) > |S(A) — S(B)|.
These two lower bounds will not be equivalent unless at least one of A(C’ > A) and
A(C" > B) vanishes.

In addition, combining (3.19), (3.24) and (3.25), we can show that EoP is bounded
below by half the mutual information which is defined as I(A : B) = S(A) + S(B) —
S(AB), thus

I(A: B)

Ep(A:B) > ——— . (3.27)

3.3.2 Mixed tripartite state

Now we turn to the mixed tripartite state. For a mixed tripartite state papc with an
entanglement wedge r4pc, we consider the minimal entanglement purification |¥) opcpr,
a pure state defined on the boundary 0rapc = AU BUC Umapc. According to the
“nesting” property, as discussed before, we can choose a flow that maximizes the flux
A — A and the flux A — BC on r4pc, a vector field UA(Bc,pr) defined on 74 pc, satistying

- - 1 -
V- 0ae,py =0,[04B0,0n| < 1Gy ' ABeD) = TU(BC.DHA - (3.28)

We have

EP(A : BC) = / ﬁ(BC’,D’)A
BC

= / 17(BC,D')A+/ U(BC,p)A
B c

< Ep(B:AC)+ Ep(C : AB), (3.29)

where the formula (3.11) is used. For region B (as well as for region C) in the wedge rapc,
the part flux A — B is bounded by the area of minimal cross section agézc) separating B
and AC. Thus, from (3.10) and (3.11), the flux of any flow A — B (or C) cannot exceed
Ep(B: AC) (or Ep(C : AB)). In this way, we get inequality (3.29) for EoP in terms of

flows, which was already derived in [42] in a different way.
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VA(BC,D') UA(C,B,D")

Figure 6. Left: the vector field U4(pc,p), a flow that simultaneously maximizes the flux A — A
(bounded above by the area of my4) and the flux A — BC' (bounded above by the area of og‘(iréc)).
It allows us to compute S(A) and Ep(A : BC) simultaneously. Right: the vector field ¥4(¢,5,p/), 2
flow that simultaneously maximizes the flux A — A (bounded above by the area of m4), the flux
A — BC (bounded above by the area of afé%c)) and the flux A — C (bounded above by the area

of o). So we can compute S(A), Ep(A: BC) and Ep(A : C) simultaneously.

As a second application, let us take a flow 04 ppr) that simultaneously maximizes
the flux A — A and the flux A — C. We can get the monotonic property that EoP never
increases upon discarding a subsystem for mixed tripartite state:

EP(A : BC) - EP(A . C) = / f}(BC,D/)A — / 6(C,BD’)A
BC C

—/ 5(BC,D/)A—/ 'D(C,BD’)A‘i‘/ U(C,BD")A

BC BC B

2/ fJ(BC,D/)A—/ fJ(C,B,D')A+/ U(c,BD")A
BC BC B

= EP(A : BC) — EP(A : BC) +/ 77(C,BD’)A
B

- /Bﬁ(C’BDI)A Z 0 . (330)

Where we invoke the “nesting” property again. Among all the flow ¥(¢ ppr)4, there always
is a flow 9(¢ p,pry4 that simultaneously maximizes the flow A -+ A, A — BC and A — C,
whose integral on BC' reaches the maximum FEp(A : BC'). To find such a flow, we could
begin with a vector field 04(pc,py which is permitted as discussed above. It maximizes
the flux A — A and the flux A — BC simultaneously. Then we maximize the part of flux

min min

through o’{#? first. Note that the maximal flow A — BC' through o ABO) has enough flux

to saturate on affg). Among all the flows ©4(pc,pr), we are able to find a special flow that

simultaneously saturates on ag‘gl, denoted U4 B,py- Such a flow that simultaneously
maximizes the flux A — A, the flux A — BC and the flux A — C is available. As

C C (BC) C A, we would like to call it “nesting” twice. However, differing from the usual
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nesting property, here the flux through region BC' and C are saturating on af(i%c) and
Uglgl respectively, not on the extremal surface mpc and m¢o. As showed in figure 6.
For pure quadripartite state, we have S(A) = Ep(A : BC)+ A(D' > A) = Ep(A :

B) +A(CD' > A), thus
A(CD' > A)—A(D' > A)=FEp(A: BC)—Ep(A:B)>0. (3.31)

By using the monotonic properties of EoP and QAoDC, we can immediately get the
monogamy relation of QAoDC with the EoP for mixed tripartite state papc:

S(A) = Ep(A: B) + A(CD' > A) > Ep(A: B) + A(C > A) . (3.32)

Here we prove the monogamy relation of QAoDC with the EoP for tripartite states in
terms of flows.

4 Conclusion

In this paper, we show that entanglement of purification has a “bit thread” interpretation,
with the help of recent proposed surface-state correspondence and conjecture of Ep = Eyy.

We propose that the EoP is given by the maximum flux of two given regions on
their entanglement wedge. By using the “nesting” property, we can choose a flow on the
entanglement wedge, which allows us to compute EE and EoP simultaneously. We give a
flow interpretation for the QAoDC that is proved to have a monogamy relation with the
EoP for any tripartite states. We study some inequalities relations about EE, EoP and
QAoDC in terms of flows. We show that some known properties of EoP and QAoDC can
be proved in terms of flows. We also derive some new properties for them. In this picture,
the monogamy relation of QAoDC with the EoP for tripartite states can be easily obtained.
Moreover, we derive a new lower bound for S(AB). This is a tighter bound than the one
given by the Araki-Lieb inequality.

In the present paper, we only consider the mixed bipartite and tripartite state cases.
For the case with BTZ black hole, according to the surface/state correspondence, the whole
conformal boundary is dual to a mixed state. However, if we include the black hole horizon,
the total system is still a pure system. Therefore, it still admits a flow representation of
Ep(A : B), as long as we suppose that the horizon is a part of the auxiliary system C’
needed to purify the boundary subsystem AB. As shown before, Ep(A : B) is given by
the maximum value of flux or the maximum number of threads from A to B (or B to A
equivalently), through the geometric bulk dual of p4p, and these threads connecting A to
B can not end on the horizon as shown in figure 7.

In this paper, we suggest that the QAoDC potentially has a holographic interpretation,
but its information-theoretic meaning in the context of holography is still far from being
understood. Hopefully, it may also admit a flow representation of holographic conditional
or multipartite entanglement of purification. As the thread picture provides us a simple
way to relate the information-theoretic quantities with the holographic objects, it may help
us prove some nontrivial properties of these holographic objects and give some inspirations
about the relations between quantum information and holography.
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VA(B,CT UB(A,cr)

Figure 7. The vector field v4(p ¢y, a flow that simultaneously maximizes the flux A — A (bounded
above by the area of m,4) and the flux A — B (bounded above by the area of o}i%'). The threads

min

connecting A to B must cross the surface o'}}}, and can not end on surface C’ (including the
horizon). Similarly for the vector field 95(4,cry. Where we suppose that the horizon is a part
of the auxiliary system C’ needed to purify system AB, and |¥)4pc is a minimal entanglement
purification of p4p.
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