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ABSTRACT: We construct a d = 11 supergravity analogue of the open-closed string map
in the context of SL(5) Exceptional Field Theory (ExFT). The deformation parameter
tri-vector € generalizes the non-commutativity bi-vector parameter © of the open string.
When applied to solutions in d = 11, this map provides an economical way of performing
TsT deformations, and may be used to recover d = 10 Yang-Baxter deformations after
dimensional reduction. We present a generalization of the Classical Yang-Baxter Equation
(CYBE) for rank 3 objects, which emerges from d = 11 supergravity and the SL(5) ExFT.
This equation is shown to reduce to the d = 10 CYBE upon dimensional reduction.
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1 Introduction

We have witnessed swift progress in our understanding of integrable deformations of string
o-models over recent years, driven in no small part by the connection to dualities manifest
at the level of the string o-model. These “dualities” include bona fide symmetries, such as
Abelian T-duality [1, 2], but have also steadily grown to encompass esoteric counterparts,
notably non-Abelian [3] and Poisson-Lie T-duality [4], which are only symmetries at the
one-loop level. Nevertheless, it is truly remarkable that n-deformations [5, 6] — more
generally Yang-Baxter (YB) deformations [7-9] — and A-deformations [10, 11] can all be
absorbed into Poisson-Lie symmetric o-models, called £-models [12] (see also [13, 14]).

In addition to various guises related via T-duality, the o-model possesses another
equivalent description as a target space-time geometry or supergravity solution. In this
parallel setting, integrable deformations are O(d,d) transformations.! To the extent of
our knowledge, this connection was initially observed in [24] when multi-parameter Lunin-
Maldacena (TsT) transformations [25, 26|, the simplest examples in the YB class, were
recast as O(d, d) transformations with constant entries. In this reformulation, the O(d, d)
is specified by a (constant) bi-vector ©, but even in the absence of integrability, one has
the freedom to replace the bi-vector by an r-matrix solution to the Classical Yang-Baxter

'Non-Abelian T-duality can be expressed in terms of O(d, d) [15-19], thus bringing related developments
in this direction under a common umbrella [20-23].



Equation (CYBE) [27-29] and this guarantees the deformation is still a solution of su-
pergravity [30], more accurately generalized supergravity [31, 32].2 Curiously, the O(d, d)
transformation is nothing other than the open-closed string map of Seiberg & Witten [35]
from noncommutativity in string theory.

Once reformulated in terms of O(d, d), YB deformations were quickly embedded [36-38]
in Double Field Theory (DFT) [39-42], a setting where this symmetry is manifest. More-
over, the equations of motion of generalized supergravity were also recovered from DFT [43]
and Exceptional Field Theory (ExFT) [44]. Moving beyond toroidal backgrounds, DFT
was extended to encompass group manifolds [45, 46] with manifest Poisson-Lie T-duality
symmetry [15]. Ultimately, these developments paved the way for Poisson-Lie T-dualisable
o-models on curved spaces [47], thus completing a remarkable circle back to the £-models.

Throughout these developments one thing has been missing, namely a method to
perform deformations directly in M-theory, or d = 11 supergravity. Here, we begin to
address this concern. In essence, one is looking for a generalization of the open-closed
string map, but with the NSNS two-form B and corresponding bi-vector, ©® or equivalently
f in the notation of [48, 49], replaced with the three-form potential C' and tri-vector .
Despite difficulties defining noncommutativity for membranes [50-52], it turns out that the
required map or transformation already exists in the literature [53] as a frame change in
ExFT between geometric and non-geometric frames (see [48] for the d = 10 case), but its
possible application to integrable deformations had been overlooked. We note that Lunin-
Maldacena deformations of d = 11 supergravity have been, starting with the original [25],
studied in a number of papers [54-59], however, only recently has the tri-vector description
become clearer in the context of generalized geometry, more accurately exceptional Sasaki-
Einstein structure [60].

The point of this paper is that there is a simple transformation that does the job
without all this additional structure, and at least for ExFT with SL(5) symmetry group, it
is known [53]. More precisely, there is a frame change and, as we will explain, demanding
that the generalized metric is invariant under this operation, we arrive at the required
map. The next step is to specify the deforming tri-vector in the “non-geometric” frame,
and following the close analogy to YB deformations in d = 10 [61], we assume it is an
antisymmetric product of Killing vectors, or simply “tri-Killing”:

aoc 1 (0% a (&
Qabe — 5P PKSKBKE, (1.1)

where p®?7 is constant and totally antisymmetric and K, are Killing vectors of the back-
ground d = 4 internal space. Note that assuming a U(1) isometry with Killing vector 9,
we easily recover the bi-vector = 9, A ©, where p reduces to the r-matrix, p*®? = @8,
At this point, we just have to restrict p in a bid to ensure a solution to d = 11 supergravity
exists. Following the analogy to d = 10 further, while working with explicit examples,
we will see that the necessary conditions, at least in the SL(5) theory, are the vanishing
of R-flux and the tracelessness of @-flux. The former is an analogue of the CYBE for

2See [33] for an account of how these equations originally appeared in anomalous non-Abelian T-duality
transformations [34].



rank 3 matrices, while the latter is a d = 11 version of the unimodularity condition [62],
namely the constraint that distinguishes solutions of usual and generalized supergravity.
Ensuring both conditions hold, we recover examples in the Lunin-Maldacena class, which
as we explain in the appendix B, correspond to classic Ehlers-type [63] solution generating
transformations in d = 8.

The structure of this paper is as follows. Section 2 contains the basic review of the nec-
essary facts from the SL(5) ExFT. In the section 3 we derive the deformation prescription
and explain the roles played by the R and @Q-fluxes. Section 4 presents some examples, and
we conclude in section 5. In appendix A we derive conditions that follow from vanishing of
the R-flux and trace of the @-flux. In appendix B the connection between Lunin-Maldacena
(TsT) transformations [25] and Ehlers transformations in pure gravity [63] is explained.

2 Exceptional Field Theory: SL(5) group

In this section, we briefly explain the ExFT with SL(5) symmetry group which will be
used to illustrate our map. This theory corresponds to the dimensional reduction of d = 11
supergravity on a four-torus and has a good balance between high enough internal space
dimension, and simple enough form of generalized metric. The theory is formulated on
a (7 + 10)-dimensional space-time, split between 7 external directions with Lorentzian
signature,® where one recovers gauged supergravity, and 10 extended internal directions
parametrized by coordinates X™" transforming in the 10 of SL(5). The fundamental rep-
resentation of SL(5) is labelled by Latin indices from the middle of the alphabet, m,n, etc.

The coordinates can be divided into normal, “geometric” coordinates z* = X°® and
dual, “non-geometric” coordinates yqp = €qpeaX?, where a,b,--- = 1,...,4. To keep the
total number of space-time dimensions at eleven, and also for consistency of generalized
diffeomorphism transformations, one needs to impose a section constraint [65]. Various
solutions of this constraint lead to d = 11, Type IIA, Type IIB, d = 7 ungauged or gauged
supergravities (see [66] and [67] for further details). In what follows we will always assume
the geometric solution of the section constraint, so all fields depend only on the geometric
coordinates X°%,

The field content of the theory encodes the field content of d = 11 supergravity in the
7+ 4 split and consists of the external metric g,,, where Greek letters from the middle
of the alphabet are used, p,v = 1,...,7; 10 vectors A, playing the role of a gauge
connection, five two-forms B, and the generalized metric M,,,, which is an element
of the coset SL(5)/SO(5) x R*. The full action for the theory, invariant under external
diffeomorphisms, internal generalized diffeomorphisms, and all gauge transformations has
been constructed in [66]. However, in what follows we will be working exclusively in the
truncated version of the SL(5) ExFT [53], completely ignoring the tensor fields. At the
level of supergravity this implies that we are only allowed to consider initial backgrounds
without off-diagonal blocks in the metric in the 11 = 7 + 4 split. The equations of motion

3Using time-like U-dualities one can construct external spaces of Euclidean signature, while the time
direction is in the internal space [64], more on this below.



for the internal space fields gup, Cape are the usual supergravity ones, and are encoded in
the dynamics of the generalized metric M.

Thus, we will focus on the generalized metric, which treats the metric g, of the four-
dimensional internal space and the components of the three-form field Cg. on an equal
footing.* It will be convenient to introduce the dual vector on the internal space

11

Ve = — ey 4 (2.1)
319 ’
where € is an absolutely antisymmetric symbol and €'?* = 1. The generalized metric
may be expressed as [70]
‘71/2gab Va

lg
an = g7|71/14 (22)

Vo Egl'P1£V?)

Note that V2 = g,,V*V? and the overall factor in the generalized metric represents the
determinant of the seven-dimensional external metric, g7 = det g,,,, which is required in
order to make M,,,, transform as a generalized tensor [53]. Alternatively, this can be seen
from the fact that the external metric g, transforms as a scalar with non-zero weight under
generalized diffeomorphism [66]. We refer to this representation of M,,, as “C-frame”.

The upper signs (plus) in the generalized metric above correspond to the case where
the internal space metric g, is of Euclidean signature, while the external space has one
time direction. The lower signs (minus) are to be used in the opposite case, which has been
worked out in detail in [64]. In this case the extended space includes a four dimensional
space-time of Lorentzian signature, the U-duality group is still SL(5) and the information
about the signature is contained in the local duality group. The latter is SO(3,2) and the
generalized metric M,,,, € SL(5)/SO(3,2).

In principle the only information one has about the generalized metric in ExF'T is that
it is an element of the coset space SL(5)/SO(5) x RT, and hence the matrix (2.2) presents
only a particular choice of parametrization of a coset element. The theory is equally
consistent for any other chosen parametrization of the coset space, and alternatively we
can choose to write it in the Q-frame:

G|V Gy =W W) W,

M = |G|~/ : 2.3
G| W LG (2.3)

where we have defined

1
W, = gmeabcdﬁb“l (2.4)

and Gy is the four-dimensional metric in the new Q-frame. The plus and minus signs
depend on the signature as before, and G7 = det G, is the external metric determinant.
One is free to substitute the generalized metric of the Q-frame into the action of ExFT
and obtain a reformulation of (a sector of) d = 11 supergravity in terms of the new

“Here we use the parametrization of [53], an alternative parametrization can be found in [68] A general
approach to deriving generalized metrics from the E11 decomposition has been described in [69].



fundamental fields Gygp, Q%% instead of gap, Cape. This is an eleven-dimensional analogue
of S-supergravity of Andriot et al. [71, 72|, which provides the natural language for the
description of non-geometric backgrounds of M-theory.

Now the key point is that, we can move between frames by simply equating the gen-
eralized metric,

‘_1/2 |G|_1/2(GabiWaWb) Wa

Wi, +|GIV2|
(2.5)
As we will explain in the following section, this identification serves as the basis of a map

Gab Va

lg
an:|g7|71/14 :|G7|71/14

Vo £lgl"?(1£Vv?)

that allows to relate the two metrics, three-form potential and tri-vector. This is the d = 11
analogue of the open-closed string map, but instead of a bi-vector, the deformation will
now be specified by a tri-vector.

In d = 10, it was noted that non-geometric fluxes, namely @) and R-flux played a
special role. The vanishing of the trace of the former is related to the unimodularity
condition [62], which determines whether the deformed geometry is a solution to usual
supergravity, or the generalized supergravity. In d = 10, the vanishing of R-flux reproduces
the homogeneous CYBE, so we can expect both of them to play a special role here for
deformations in d = 11. In the context of the SL(5) ExFT, the @ and R-flux are encoded
in the generalized torsion of the theory, alongside with the four-form flux sourced by the M5
brane, and other geometric and non-geometric quantities. The generalized torsion belongs
to the representation 10 + 15 + 40 of SL(5), which upon solving the section constraint
decomposes into a set of irreps of GL(4) € SL(5) [53]. Among them one finds 62 + 102,
corresponding to the Q-flux Q,%¢, as well as 47, which is the R-flux R**“  where the
subscript denotes weight with respect to the R subgroup of GL(4).

In terms of the tri-vector, the () and R-fluxes can be written as

Robede — qaflby qede] (2.6a)
Qade _ VQQde, (26b)

where V, is the covariant derivative consistent with the original internal metric G,. Note
that the expressions are given in the Q-frame and upon dimensional reduction, they will re-
cover expressions in the S-frame of DFT. In the section 4 we will discuss examples allowing
us to tease apart the role of Q-flux and R-flux in the SL(5) theory. It is evident that the
generalized metrics in different frames are apparently equal to each other as 5 x 5 matrices,
while the fields, for example the four-dimensional metric, are different. The interpretation
of the field Q% as a fundamental field of the eleven-dimensional theory implies that one
has the tri-vector field instead of the three-form field Cyp.. The latter couples magneti-
cally to the M5-brane, while the former interacts magnetically with the 53-brane. Viewing
Q¢ as a fundamental field provides a geometric way of writing down non-geometric back-
grounds [72-74]. This is the same picture as one observes in [-supergravity, where the
bi-vector field 3 € A2T'M provides the gauge potential for the 53-brane [75].

An important point in this work is that we adopt an alternative interpretation of
the tri-vector field Q. Rather than being a dynamical fundamental field, we view it



generalized Yang-Baxter deformation

frame change

G,ul/a Gop ——— Guy, Gab» Qabe 9uvy Yab, Cabe
(C- or Q-frame) (Q-frame) (C-frame)
Solution of Solution of the same upon the Solution of

d=11 EOMs Y ExFT EOMs section constraint d=11 EOMs

constraints on Qab¢

Figure 1. The relationship between a background (G ., Gqs) and its deformation (g, gab, Cabe)-
Starting with a background with Cy. = 0 one switches to the Q-frame and simply turns on Q@b
(red arrow). Switching to the C-frame one obtains a deformed background (green arrow).

as a parameter encoding a deformation of the pure gravity background with the metric
(Guv, Gap). This idea is a straightforward generalization of the approach developed in [49],
based on earlier work [27-29], where the S-field of DFT was understood as a deformation
parameter. This can be viewed as a further continuation of the logic of the CYBE/gravity
correspondence [76, 77].

3 Tri-vector deformation

As explained, we will be exploiting the uniqueness of the SL(5) generalized metric and this
will allow us to produce a deformed background from the original data. Upon reduction to
d =10 and DF'T, this rewriting is equivalent to the open-closed string map. For simplicity,
we consider original solutions (G, Gqp) with no three-form on the internal space. After
turning on the deformation 2 these can be understood as the Q-frame backgrounds and
transition to the C-frame will deform both seven dimensional and internal metrics. Once
we have read off the deformed solution (g, gap, Cabe), We will use the equations of motion
of d = 11 supergravity to confirm the role of R-flux and @Q-flux. Figure 1 schematically
summarizes the idea and reader may take note that the transformation provides simple,
closed expressions for the transformed fields.

Let us now unravel the information in (2.5), so that we can directly present the trans-
formation in terms of the fundamental fields: the original metric (G, Gap), split across
external and internal spaces, the deforming tri-vector 2% with legs only along the internal
space. Consequently, the deformed metric (g, gap) is again split and the three-form Cyp.
has legs only along the internal space. This transformation has appeared earlier in [53] in
the context of the non-geometric flux interpretation for Q.

Equating determinants in both frames we obtain the transformation law for the deter-
minant of the external metric,

gr =K 3Gy, (3.1)



where we have denoted g/G = K 5/3  Equivalently, noting that the external metrics in C
or 2 frames can only differ by a conformal factor, we learn that

Juv = Kﬁl/gGuu- (3.2)

One can then eliminate external metrics in (2.5), which boils down to the relations

Gab = K2/3 (Gab + WaWb) ’ (33&)
V, = K~Y5w,, (3.3b)
K=0+v)"'=(1+w?) " (3.3¢)

In the second equality of (3.3c) we used (3.3a) and the algebraic identity
det (5}; + WaWb> =1+ W,We. (3.4)

Understanding K as a function of the deformation parameter W, the other two equations
in (3.3) express the deformed fields in terms of the original metric G4, and W,. Extracting
the three-form and the tri-vector from the dual quantities gives a simple relation:

Cabc = KQabc' (35)

Note that Qg = Gaa/be/GCCIQa/b’CI.

Now, this has been more or less a mechanical exercise. We still need to specify the
tri-vector, and in principle one should require that both (G, Gq) and the deformed
background (g, gab, Cabe) are solutions to d = 11 supergravity. This would produce the
most general constraints on the deformation parameter Q% see figure 1. Leaving that for
a separate study, here we will instead use a specific ansatz for the tri-vector, assuming that
it is an antisymmetric product of Killing vectors (1.1):

aoc 1 (0% a (&
Qabe — 5P PTKSKHKS. (3.6)

Here the constant coefficients p*#7 are, following the analogy to d = 10, at least required to
satisfy the vanishing of R-flux (2.6a). We derive this condition in appendix A (cf. (A.8)):

6pa6[7p55‘<|fa4’7] + phéepn]aé“facﬁ =0, (3.7)

where f,37 are the structure constants, defined in the usual way [K., Kg| = fos"K,.
Greek letters from the beginning of the alphabet are used for the isometry algebra indices.
The vanishing of the trace of @Q-flux (2.6b), upon assuming the tri-Killing ansatz for Q¢
gives (see appendix A)

P00 o2 = 0. (3.8)

Following the analogy with d = 10, one could expect (3.7) to constrain the tri-vector
in such a way, that the deformed background is a solution to supergravity. In this sense
this equation may be viewed as a generalization of the CYBE. However, unlike the d = 10
case, in the context of SL(5) ExFT the R-flux condition is a necessary consequence of the



Tr @ = 0 condition (cf. appendix A). This comes about because our tri-vector is restricted
to a four-dimensional internal space. Moreover, at the level of deformed d = 11 geometry,
the supergravity field equations require both (3.7) and (3.8). This has been checked on
numerous examples, some of which appear in the next section. It is an open question if one
can disentangle vanishing R-flux and tracelessness of @-flux conditions for larger U-duality
groups. We hope to return to this problem in future.

Continuing the d = 10 analogy, the characteristic vector field I of generalized super-
gravity is precisely given by Tr ). Thus vanishing of the trace of @) restricts the deformation
to be a solution to usual (and not generalized) supergravity. It is not known if any mean-
ingful generalized supergravity can be defined in d = 11, hence it is natural to expect Tr Q)
to vanish for all d = 11 deformations. This ultimately restricts us to examples in the
Lunin-Maldacena class. As explained in [25], there is a d = 8 description underlying the
transformations in d = 11 (see also comments in appendix B), which implicitly assumes a
reduction on a three-torus. In effect, this means that there is a U(1) Killing direction 0,
along the M-theory circle. With the factorization Q = 9, A © or p**# = 28 it is easy to
recover the d = 10 YB deformations. The second term in the d = 11 R-flux condition (3.7)
vanishes identically using f.o? = 0, and the first term reproduces the CYBE for r®?. The
d = 11 TrQ = 0 condition (3.8) leads to a nontrivial relation: 7%/ f,37 = 0, where the
indices «, 8,7 do not include z. That is, vanishing of the Tr @ flux in d = 11 yields the
unimodularity condition [62] in d = 10.

Keeping in mind this discussion of the constraints on the tri-vector, we can summarize
the deformation procedure in the following steps.

e Start with a solution where the metric is split into d = 7 and d = 4 blocks given by
(G, Gap) and choose a tri-vector field Q4% of the form (1.1);

e The deformed external metric is g,, = K~'/3G,, (3.2) and the deformed internal
metric is gop = K2/ (Gap = WoWs) (3.3a), where the auxiliary one-form W =4 (2.4)
and K = (1+ W, W)™

e Finally, the three-form generated through the deformation is simply Cyp. = KQgpe.

Recall that the upper (lower) signs correspond to the Euclidean (Lorentzian) signature of
the internal metric. Note that as demonstrated by the AdSs x S7 example of section 4.2,
the initial space-time with metric G, is in fact allowed to be accompanied by a nonzero
four-form flux F', as long as it has legs in the external space only. In that case the original
flux contributes to the deformation alongside Cyp. = KQupe:

F=dC+ (1-Qax%)F. (3.9)

The last term is needed for consistency of the deformed solution, and can be understood
in the d = 11 TsT setup [25, 57]. After reducing along z to ITA theory, one performs a
d = 10 TsT deformation w.r.t. the remaining two generators of €). As one passes through
type IIB stage, a self-dual completion of the RR 5-form must be added for consistency.
This gives rise to the last term in (3.9).



4 Examples

For space-times possessing at least three commuting isometries K7, K, K3, (3.7) and (3.8)
are automatically satisfied by the deformations with a tri-vector  ~ K1 A Ko A K3. These
are equivalent to d = 11 TsT deformations. Below we will demonstrate this in two basic
examples of flat space and the Lunin-Maldacena deformation of AdS;x S7. We will conclude
this section with an example of a non-abelian deformation. We remind the reader again for
reasons presented earlier that all deformations in d = 11 are restricted to the TsT class.

4.1 TsT in flat space

As a preliminary sanity check of our deformation prescription, we consider space-times
with a three-torus factor and without four-form flux:

ds? = ds*(My) + G.,dz? + §;j da'da? (4.1)

where My is some Ricci-flat pseudo-Riemannian manifold. The coordinates 2% = (z, %) for
i = 1,2,3 parametrize the internal space of the SL(5) ExFT. With an elementary choice
of the deformation tri-vector

Q=70 N0 A0y = W =~G/2dz, (4.2)
the deformed internal metric is given by
A5ty = K2 (Gapda®da® + W2) = K% [5,;da’da’ + Goadz? + 42Gnds?]
o (4.3)
= K13G,.d2% + K36, da'da’,

where K = (1 +~?)~! is constant. Recalling the deformation law of the external met-
ric (3.2), the complete d = 11 deformed background can be written as

sy = K3 [ds*(My) + G..d2?] 4+ K?/%6;; da’dad (4.4)

There is no four-form flux after the deformation, because the emergent three-form poten-
tial (3.5) is constant,

C=—"da' Ada? Ada?. (4.5)
1442
Thus the deformation is simply a blockwise rescaling of the metric by constants K —1/3,
K?/3 which of course agrees with the one-parameter deformation according to the TsT
prescription [25, 57, 78]. Admittedly, this was a completely trivial exercise, so let us move
onto a more meaty example.

4.2 Lunin-Maldacena deformation of AdSy x S”

Let us perform one more consistency check by recovering the supersymmetry preserving
deformation of Lunin and Maldacena [25]. This example is non-trivial in the sense that
the R-symmetry U(1), generated by 0y, which allows one to preserve N’ = 2 in three
dimensions, cannot be touched by the deformation. We are aided by the fact that the



corresponding tri-vector has already been identified in [60], so here we will now show how
it arises from our prescription. By choosing different combinations of the U(1)’s, it is
possible to find more non-supersymmetric deformations by the same procedure.

To get started, we recall that the original geometry may be expressed as

1 3
ds® = 7ds*(AdS) + B2, Fi= 57z voladss (4.6)

where using the notation s, = sin«, etc., we can represent the unit metric on the seven-
sphere as

dQ%n = d0? + sj(da® + 55, dB%) + 5 dei + sj [c2 s + s2 (chde3 + s5ded)] . (4.7)

Now, the four-dimensional submanifold that will play a role of the internal space of the
ExFT is simply spanned by the Cartan generators U(1)* C SO(8):

Gapdztdzb = R {cg d¢? + s [ci d¢3 + s2 (c% d¢3 + 8% d(b?l)] I8 VG = Ricysicasicsss.

(4.8)
However, some care is required to separate the R-symmetry direction 1 from the other
directions [25]:

Y= %(le + o2+ P33+ d4), Q1= i(3¢4 — @1 — P2 — ¢3),

1 ! (4.9)
P2 = §(¢3 +¢s—d1— P2), @3 = 1(3¢1 — @2 — ¢3 — @4).

Setting aside the R-symmetry, we are left with the three directions to construct the
tri-vector

Q= =70, N0y NDp; = (0, Ny NOgsy — O, NOg, NOig, 40y Ny Ny, — Dy NOp3 N g, )
(4.10)
which coincides with the tri-vector reported in [60]. At this stage we can be confident that
everything is going to work out and, up to coordinates, we are guaranteed to recover the
Lunin-Maldacena geometry with A/ = 2 supersymmetry. Nevertheless, let us proceed with
the details.
The dual one-form W = —4v+/G dv gives the deformation factor:

K1 =14+G®W,W, =1+ ~*R5s5s2 [c5e2 + szc%s% (c5+spc2)] (4.11)

which again agrees with [25]. With these values the prescription for the deformed metric
leads to:

&ty = ZK 1/3ds2(AdSy) + R2K /3 [d6? + s3(da® + s2 df?)]

(4.12)
+ R2K*3 {c} Ao + s [c2 dg3 + s2 (ch o] + s3deF)] + 167°G dy?] .
In order to construct the deformed four-form flux we compute
C = yROK [(d¢1 A ddo A ds) cisgc? ch — (depy A gy A ds) chsges?s? (4.13)

+(depy A deps A dey) casgst e 0585 (Ao A dpz A deg) s5c2 40%5%} .

~10 -



The complete four-form after the deformation also receives contributions from the original
flux (3.9)

F=dC + %VolAds4 + 24y R%shcpsi caspes (A0 Ada AdB A dy). (4.14)

Up to a choice of notation, this is the Lunin-Maldacena deformation. It is worth stressing
again that it can be easily generalized to more elaborate deformations, where no super-
symmetry is preserved.

4.3 A non-abelian deformation

Finally, let us consider an example of a non-abelian deformation with a single U(1), which
in our set-up implies there is a d = 10 description. As explained earlier, the corresponding
tri-vector can be put in the form Q@ = 9, A ©, where the bi-vector © is non-abelian (it
corresponds to a non-abelian r-matrix), whereas z is some coordinate, for all extensive
purposes the M-theory circle, such that the shifts 0, commute with any of the generators
of ©. As discussed (cf. discussions below (3.8)) the d = 11 Tr @ = 0 yields vanishing of
trace of @Q-flux in d = 10 and vanishing of R-flux in d = 11 yields CYBE for the d = 10
deformations.

This time we will consider a deformation in the Lorentzian subspace of the d = 11
background. This will be required to obtain non-trivial solutions after dimensional reduc-
tion along z, and will serve as a demonstration of the workings of the prescription in the
Lorentzian case. We start with a solution to d = 11 supergravity of a form

ds%ll) = ngpdatda® + ds?(My), (4.15)

where M7 is some Ricci-flat Riemannian manifold and 2¢ = (2%, 2) for i = 0, 1,2 parametrize
the internal space of the SL(5) ExFT. Using the Poincaré generators of (14 2)-dimensional
Minkowski subspace, consider {2 = © A0, with the following ©, parametrized by a constant
vector ¢ = (o, 3,7):
0= 7 Mij /\Pj

=« (M01 /\P1+M02/\P2)+,3 (M01 /\P0+M12/\P2)+’}/ (MOQ/\Po—Mlg/\Pl) (4.16)

= (B —azt) Qg AOy + (v2® — ax?) g ADo + (v — Ba?) Dy A Da.
The CYBE for this © indicates that a valid deformation in d = 10 exists whenever 7 is

null: o? — 32 —~2 = 0. The fact that a corresponding solution exists was explicitly checked
in [79]. Using the auxiliary functions

W = (ya! — Bz?)da® — (y2° — ax?)dz! + (B2° — ax')da?,
K= [1 + (7961 — ,Bx2)2 — (’yazo — am2)2 — (ﬂa:o — axl)Q]—l ’ (4.17)
the deformed background is given by:
d§%11) = K?/3 (i dz'da? +dz* — W2 + K345 (M),

C=K|[- (Bz° —axt)d2® Ada! — (v2® —ax?) dz® Ada? 4 (ya' — Bx?) dat /\dx2] Ndz.
(4.18)

- 11 -



Checking the Einstein equations demonstrates that this background is not a solution unless
a = 8 =+ = 0. This constraint, which trivializes the deformation, is in fact the TrQ =0
condition (3.8).

We have deliberately picked a tri-vector containing a bi-vector that we know cor-
responds to a valid deformation in d = 10 and the resulting geometry is a solution to
generalized supergravity. As a result, Q-flux in d = 10 has to pick up a trace to support
the solution. This example is essentially testing whether there is the same freedom in
d =11 and we learn that there is not, since « = 8 =~ = 0 is telling us that TrQ = 0 and
this kills the deformation.

That being said, one can naively® dimensionally reduce the corresponding geometry,
which will give a solution in generalized d = 10 supergravity. Using the standard reduction
ansatz (B.12), we arrive at a d = 10 background

d&tyg) = K [myj da’da? — W?] +ds*(My), €’ =K,
b B (300 ) a9\ dat— (30— aa) s A 0 ) ]
(4.19)

This is a solution to generalized supergravity with the vector field
1=V -0= 2(0(80 + 601 + ’782), (4.20)

as soon as the YB equation for © holds, a? — 82 — 42 = 0. We observe that this condition
coincides with the R-flux vanishing constraint (3.7), whereas the Tr(@ = 0 constraint
implies that « = g = v = 0. Although the deformed background is not a solution to
d = 11 supergravity, it produces a family of solutions to d = 10 generalized supergravity
after dimensional reduction.

5 Discussion

In this paper we have developed a prescription for deformations of d = 11 supergravity,
which is a spin-off of the existing literature on SL(5) ExFT. This demonstrates that ExFT
correctly reproduces the known TsT deformations in d = 11. Along the way we have
derived algebraic constraints for the rank three deformation tensor, (3.7) and (3.8), which
presumably are related to higher dimensional analogues of the CYBE.

The main limitation of our work is that so far we have only studied deformations
that involve a U(1) direction. In any space-time with a U(1)? isometry, for a deformation
determined by three commuting Killing vectors one can go to adapted coordinates where
these vectors generate shifts, and the whole transformation is then always a TsT. This
is in line with the YB deformations in d = 10, where abelian r-matrices are equivalent
to the usual TsT. Thus in the U(1)® case our work provides a simple and concise way
of performing TsT deformations in d = 11, or in d = 10 after reducing along one of the

5The dimensional reduction is “naive” in the sense that upstairs in d = 11, there is no solution, but using
the usual reduction ansatz, one recovers field content that can be completed to a solution of generalized
supergravity.
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isometry directions. One has to use a simple prescription (3.3), which hinges on knowing
a single piece of data, namely a one-form W constructed from the Killing vectors of the
original solution.

When there is only one commuting isometry, the deformation tri-vector has the form
Q = 0, AN O, and we are able to incorporate the solutions to the d = 10 generalized
supergravity into this prescription, as shown by the last example. We saw that the d = 11
background obtained in the section 4.3 did not satisfy the supergravity field equations.
This is in line with the bi-vector © being non-abelian, and as such not leading to a TsT
deformation in d = 10. Nevertheless, by dimensional reduction one arrives at the YB
deformed solution in d = 10, with the r-matrix proportional to ©. The algebraic condition
of R =0 that comes from the SL(5) ExFT was shown to reduce to the CYBE for ©.

Such deformations, which in general have non-zero trace of the Q-flux, in 10 dimensions
fall into the class of generalized supergravity backgrounds, characterized by an extra vector
field I = V - ©. This theory can be embedded into the ExFT [43, 44, 80]. There is no
known analogue of generalized supergravity in d = 11 so far, and the analysis here may
give a hint how to construct it, if possible.

The last example also demonstrates that the Tr () = 0 condition implies the R = 0
condition, which agrees with the proof given in the appendix A. This relationship between
Tr @ and R-flux conditions has been observed in an assortment of other sample deforma-
tions that we have checked. It has always been the case that the Q-traceless condition
either coincides with, or provides a solution to the R = 0 condition.

A natural question arises: whether any non-trivial deformations exist that are intrinsi-
cally eleven-dimensional? In other words, solutions that are not merely a TsT or an uplift
of the non-abelian YB deformations from d = 10. In answering this we are restricted by
the two main assumptions used in this article: simple isometry algebras of a sphere or a
flat space, and the SL(5) ExFT. The latter has four-dimensional internal space, and hence
is only capable of accommodating the isometries that are acting within a four-dimensional
submanifold. This excludes e.g. conformal algebras in dimension higher than four, and we
are left with the symmetry groups of a sphere, flat space, and AdSy.

The only tri-vector possible within the Poincaré algebra that is completely non-abelian
is cubic in momentum generators. For instance one could consider

Q = a(Mig AMiz AMig+ Mz A Moz A Msy)+ 5(Mia AMis A Mszg+ Mg AMis A Mas), (5.1)

where none of the generators appearing in any of the terms commutes with the other two.
The specific directions here are chosen so as to make the R-flux condition as simple as
possible: o = 32 (under the assumption that z! is timelike). However, the corresponding
d = 11 deformed geometry is not a solution, unless Tr ) = 0, which imposes a = 0 = S.
We have observed a similar situation in the non-abelian deformations using the generators
of the conformal algebra of AdS4 and suppose that it may be generic.

One possible way out might be to study other ExFT’s. For instance, the FEr; theory
has a seven-dimensional internal space, which is large enough to study deformations based
on the conformal algebra of any AdS solution in d = 11 supergravity [81]. The algebraic
argument that Tr @ = 0 implies R = 0 fails in higher dimensions (cf. appendix A), which
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hints that perhaps one will have more freedom in the deformed geometries as well. We
leave this to future work.

It is still an open issue to check if a “generalized d = 11 supergravity” is possible,
where Tr @ = 0 is relaxed. Kappa-symmetry of the superstring permits a generalization of
d = 10 supergravity, however it seems that the kappa-symmetry of the supermembrane [82]
does not allow for an extension of d = 11 supergravity to a similar generalized d = 11
supergravity [32]. It is interesting to see if examples can be constructed with Tr(Q) # 0.
We saw that this was not possible within the SL(5) theory, but it may be possible for
larger U-duality groups. As reviewed in the introduction, in the string theory case the
YB deformation narrative admits at least three complementary descriptions: in terms of
integrability of the deformed o-model, generation of non-trivial solutions to (generalized)
supergravity using a simple construction based on solutions to the CYBE, and the non-
commutativity of the dual super-Yang-Mills theory in the AdS5 x S° examples. In the non-
commutative description, the CYBE was shown to be related to the Jacobi identity of the
non-commutative algebra associated with the open string endpoint position operators [27—
29]. One can speculate that in the d = 11 case open strings can be replaced with open
M2-branes. In that case it is expected that instead of the usual commutators one will
have to deal with the three-algebras [83, 84], where the Jacobi identity is replaced with the
Fundamental (or Filippov) Identity (FI) [85]. If, inspired by the d = 10 string theory case,
we identify Q¢(X) = [X?, X X¢], where the bracket is a 3-bracket, one can check that the
FI does not match precisely the R = 0 condition in the SL(5) theory. Nonetheless, one may
show that if we contract four indices of the FI with totally antisymmetric symbol €*°% the FI
reduces to R = 0. Exploring the physical meaning of the generalized CYBE equation (3.7)
and the 3-algebras is an interesting problem that deserves further investigation.
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A R- and Q-flux

In this section we derive the algebraic equations (3.7) and (3.8) from the vanishing R-flux
condition and tracelessness of the Q-flux.

Note that in order to obtain a solution after the deformation one must impose the
dynamical equations for Q%¢ that follow from the ExFT. In case of -supergravity the
equations of motion were shown to follow from vanishing of R-flux and tracelessness of Q-
flux [49]. Moreover, these two were independent equations, which reflects the freedom to
replace usual supergravity with generalized supergravity. As we will demonstrate now, in
the SL(5) ExFT they are not independent. It is still an open question whether the equations
of motion of a generic ExFT require both tracelessness of @ and vanishing of R-flux.

We begin with the condition R**®@ = (. Greek letters from the beginning of the
alphabet are used for the isometry algebra indices. Substituting the tri-Killing ansatz (1.1)
into the R-flux (2.6a) one obtains

Ra,bcde _ 3poz,37p56CKaaKﬁgK [bK(;CKEdV KCe] = 3paﬁ’Y 56CKga[bcdv KCE]

= PRIV K KIS K KN 0K,

(A.1)
where the antisymmetrization in the four indices [bede] was decomposed in four terms in
the second line, and for the sake of brevity we introduced the notation

Kde = Ko"Kg" K"K K. (A.2)

In order to obtain the structure constants f,3” of the Killing vector algebra, antisym-
metrization in [@¢] must be organized. For the product pB7 p9€C this is equivalent to
antisymmetrization of the two pair of indices Sy and de. Let us organize this symmetry
in the expression (A.1) and with that goal in mind we start with the following identical
transformations of the first term in brackets above

3 3
paB'y deC [Kga[de] Kg[ade]} ngCe + 4pa5’y aegKg[abcd] ngCe

1 afyde afyde opyde
= 50 P IIL — I (K2 — KA + (K, — Ko | VK

+ o R e e

= (o€ — i) st K 4 IR VoI 3 K, K
= K 4 R 1 &9

Upon insertion back to (A.1), the first term above gains antisymmetrization in [ebcd], which
is equivalent to antisymmetrization in [yde]. The second term in the last line above is
more subtle and can be rewritten as follows
3 Se¢ 1.-9labed] 5 Se [gabcd] 2 Se [abed]g
4pa67 CK@BW& \ K§ - 4 aﬁ’y CKaﬁ'yée v K ‘- 4 OKB’Y CKaB'y(SE ngCe

(A.4)

1 bed)e
=— 0" K Kedef e
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The term with [gabed] vanishes because the internal indices a,b, ... for SL(5) theory run
from 1 to 4 only. Hence, altogether for the R-flux in (A.1) we obtain

3

bede
R%
2

bed
pobplCl g i Ecgebed  ples pBlec g o peelbede] (A.5)

Note that the two antisymmetrizations in the last term above can be reduced to a single
antisymmetrization in the lower indices of K plus an additional term:

e bed : se bede] 1 e
— plaB 5] CfECan/[B;S;} _ _Zpaﬂvp CfeCnKLaﬁs(sf]] i Zp[a,é’vp ] CfoEcbeden (A.6)

The first term is again zero for SL(5) theory and after relabelling the indices we obtain the

final form for the R-flux:
Ra,bcde _

(6 o8l BelCl g 1y phde ke g <’8> Kghee (A7)

N

Hence, R-flux vanishes if
60 poell p 1 phdepglacy B — g, (A.8)

The condition for the @-flux to be traceless naturally comes from counting of non-
vanishing components of mixed symmetry potentials interacting with exotic branes [86]
and hence can be imposed independently. Using the @-flux definition (2.6b), we have:

9 1
Qaabc _ gpaﬁvKaaKﬁ[bvaK’yc] — 5pa57fa,86K6 [bK'YC}’ (Ag)

where we have used the fact that K is Killing, i.e. V,K,* = 0. Vanishing of Qq%¢ thus
implies
pP0 f,5% = 0. (A.10)
Finally, observe a subtle point specific to the SL(5) and O(3,3) theories, specifically,
Q. = 0 implies R*Pd¢ = (. Indeed, substitute Q%°¢ = —e®d}¥7; into the trace part of
the Q-flux
Q™ = Vo Qe = —eabedyy W, = 0. (A.11)

For the R-flux the same gives

€pede RV = 311, v W, (A.12)

which is obviously zero upon imposing Q,*¢ = 0. For fluxes of the O(3,3) theory one ends
up with the same conclusions. The reason for such behaviour is that the dimensions of the
internal space is too small.

B Understanding TsT as an Ehlers transformation

In this appendix we explain the connection between Lunin-Maldacena (TsT) transforma-
tions [25] and Ehlers transformations in pure gravity [63], namely both are described by
SL(2,R) transformations in a lower-dimensional effective description. This bypasses any
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need to explain T-duality. Finally, we will relate this to the transformations of d = 11
supergravity that are the focus of this paper.

We start by recalling Ehlers transformations in pure gravity. Given a vacuum solution
to the Einstein equations, i.e. R, = 0, with an isometry direction, Ehlers transformations
generate new solutions from the old. Let us assume there is a Killing vector 0; with the

metric

ds? = —V(dt + A) @ (dt + A) + V1 yda’ © da?, (B.1)

where V(z?) is a scalar and A = A;dz’ is a one-form connection. The scalar factors have
been specially chosen so that we arrive in Einstein frame after dimensional reduction. We
have adopted the time direction for the isometry, but the arguments do not depend on the
signature or the dimensionality. However, for concreteness we will assume the space-time
is four-dimensional.

From the R = 0 component of the Einstein equation, we get

d(V2 3 F) =0, (B.2)

where F' = dA and Hodge duality is taken with respect to the metric «;;. Locally, we can
now define an additional scalar,
Vi F = dw. (B.3)

Replacing F' with its Hodge dual throughout, one arrives at the three-dimensional
Lagrangian:

19;Vo'V + d;wo w) . (B.4)

£=vr <R T2 V2
Our target space of the sigma-model is a hyperbolic space, so any transformation of the
scalars (V,w) that leaves the Lagrangian invariant is a symmetry of the equations of motion.
Therefore, we can redefine

T=w+1V, (B.5)
so that the metric on the H? becomes
dr ® d7
ds? = ————. B.
iy Im(7)?2 (B.6)

The metric is invariant under the SL(2,R) transformation

b
T—w’zgid, ad—bc=1, a,bcdcR. (B.7)

Ostensibly, there are three parameters, but only one of them is physical as rescalings of
the Killing vector and gauge transformations of the scalar potential remove two of these.

Now, let us turn our attention to TsT [25], which we will discuss initially in d = 10.
The transformation assumes U(1)? symmetry, so we have a torus. Neglecting one-forms,
which will play no role, one starts by entertaining space-times of the form,

ds?y = es?2=C1=C2)n 4ot @ da¥ + 2C1dy} + 2C2d},

(B.8)
B = hdg1 A deo,
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where the scalars Cj, h and ® are assumed just to depend on the lower-dimensional co-
ordinates z#. We will see that it reduces to an SL(2,R) transformation as in the Ehlers
case. Again, one dimensionally reduces, but this time on a torus. The lower-dimensional
effective Lagrangian becomes:

L= ﬁ(R — %%(QCI) —C1 —C2)0"(2® - C — Cy) — %8,,(01 — C9)0"(Cy — Cy) o
— %8”(01 + Cp)0" (C1 + Cy) — ;8uh6“he_2(cl+02)>. .

We can now introduce a complex coordinate
T =h+ i1t (B.10)

observing that h is simply the two-form on the torus and e“1 €2 is the volume of the torus.
The TsT transformation is an SL(2,R) transformation of the form,

T = (B.11)

T+ 1’
where v is a constant. It is worth taking note that the combinations 2& — C; — Cy and
C1—C4 do not play any role in the transformation. As a result we see that the combination
e~2®, /=g is invariant, in line with our expectations for a transformation based on T-duality.
Now, it is easy to make the connection to the deformations of d = 11 supergravity dis-

cussed in this paper. Assuming the following ansatz upstairs for the metric and three-form,
ds? = e_%bdsfo + e%(bdz2, C=BAdz (B.12)

where the ten-dimensional metric and field B are defined in (B.8), one can dimensionally
reduce on a three-torus to the same eight-dimensional theory (B.9). Thus, the transfor-
mations in this paper are also SL(2,R) transformations that are close cousins of Ehlers
transformations.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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