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1 Introduction

Half a century ago, Bacry and Lévy-Leblond [1] asked what were the possible kinematics.
They provided an answer to this question by classifying kinematical Lie algebras in 3 + 1
dimensions subject to the assumptions of invariance under parity and time-reversal. They
also showed that the kinematical Lie algebras in their classification could be related by
contractions. Moreover they observed that each such Lie algebra acts transitively on some
(3 + 1)-dimensional spatially isotropic homogeneous spacetime and that the contractions
could be interpreted as geometric limits of the corresponding spacetimes. Physically, we
can understand these limits as approximations and this interpretation explains why these
particular spacetimes are relevant and continue to show up in different corners of physics.

Indeed, most of the spacetimes in their work are known to play a fundamental réle
in physics. For example, the de Sitter spacetime is important for cosmology, the anti de
Sitter spacetime currently drives much of our understanding of quantum gravity due to the
AdS/CFT correspondence [2], and, in the limit where the cosmological constant goes to
zero, Minkowski spacetime is fundamental in particle physics. Other important spacetimes
of this type include the galilean spacetime, which is the playing field for condensed mat-
ter systems, and the carrollian spacetime, whose relation to Bondi-Metzner-Sachs (BMS)
symmetries, as shown in [3], is leading to exciting progress in our understanding of infrared
physics in asymptotically flat spaces (for reviews see [4, 5]).!

Twenty years later, Bacry and Nuyts [18] dropped the “by no means compelling”
assumptions of parity and time-reversal invariance and hence classified all kinematical
Lie algebras in 3 + 1 dimensions, observing that once again each such Lie algebra acts
transitively on some (3 + 1)-dimensional homogeneous spacetime.

Strictly speaking, what was shown in [1, 18] is that every kinematical Lie algebra ¢
in their classification has a Lie subalgebra § spanned by the infinitesimal generators of
rotations and boosts. This suggests the existence of Lie groups H C X with Lie alge-
bras h C £ and hence of a homogeneous spacetime K/H. However the very existence of
the homogeneous spacetime and its precise relationship to the infinitesimal description in
terms of the Lie pair (£ bh) turns out to be subtle. Furthermore, as mentioned already
in [1, 18], a physically desirable property of a kinematical spacetime is that orbits of the
boost generators should be non-compact. To the best of our knowledge, a proof of this
fact did not exist for many of the spacetimes in [18]. With this in mind, and based on a
recent deformation-theoretic classification of kinematical Lie algebras [19-21], we revisited
this problem and in [6] classified and showed the existence of simply-connected spatially
isotropic homogeneous spacetimes in arbitrary dimension, making en passant a small cor-
rection to the (3 + 1)-dimensional classification in [18]. Another novel aspect of [6] was the
classification of aristotelian spacetimes, which lack boost symmetry. One way to interpret
this classification is as a generalisation of the classification of maximally symmetric rie-

We refer to, e.g., [6] for further motivation and a (non-exhaustive) list of further references. While this
work was under completion the interesting work [7] appeared which discusses similar aspects as this and
our earlier work. Recently, also further interesting works, which fall in the realm of the kinematical Lie
algebras and spacetimes, have appeared, see, e.g., [8-17].



mannian and lorentzian spacetimes when we drop the requirement that there should exist
an invariant metric.

Another way is to understand this work as a generalisation of the work of Bacry
and Lévy-Leblond [1] when the assumption of parity and time reversal invariance and
the restriction to 3 4+ 1 dimensions is dropped. Simultaneously imposing parity and time
reversal invariance? selects the symmetric spaces, leading to the omission of some inter-
esting spacetimes like, e.g., the non-reductive carrollian light cone LC and the torsional
galilean spacetimes.

Let us emphasise that in identifying specific Lie algebra generators as “translations”
or “boosts” one is actually implicitly referring to the homogeneous space. Indeed, the
Lie algebra itself does not provide this interpretation. For example, by inspecting table 1
one recognises that the Minkowski (M) and AdS carrollian (AdSC) spacetimes share the
same underlying Lie algebra. They are however different homogeneous spacetimes and the
precise relationship between the kinematical Lie algebras and their spacetimes was also
analysed in [6] and will be seen explicitly in the following analysis.

The methods employed in [6] are Lie algebraic and this means that in that paper
we concentrated on geometrical properties which could be probed infinitesimally, such as
determining the characteristic invariant structures (in low rank) that such a spacetime
might possess, leaving the investigation of the orbits of the boosts to the present paper.
Indeed, we will prove that the boosts do act with (generic) non-compact orbits in all
spacetimes with the unsurprising exceptions of the aristotelian spacetimes (which have no
boosts) and the riemannian symmetric spaces, where the “boosts” are actually rotations.?

To those ends we introduce exponential coordinates for each of the spacetimes in [6],
relative to which we write down the fundamental vector fields which generate the action
of the transitive Lie algebra. We also give explicit expressions for the invariant structure
(lorentzian, galilean, carrollian, aristotelian) that the spacetime may possess. In addition,
we determine the invariant connections which the homogeneous spacetimes admit (if any)
and determine their torsion and curvature. We also pay particularly close attention to the
orbits of the boost generators and in most cases show that the generic orbit is non-compact,
as one would expect to be the case for any reasonable spacetime.

Finally, using modified exponential coordinates, we determine the infinitesimal (con-
formal) symmetries of the galilean and carrollian structures of our spacetimes. They are
infinite-dimensional and reminiscent of BMS algebras. Many of the results already appear
in [3, 29]. Unobserved however was the close relation of the conformal symmetries of the
(anti) de Sitter carrollian structure, belonging to null surfaces of (anti) de Sitter spacetime,
and BMS symmetries. Section 10 can be read in large parts independently.

The paper is organised as follows. In section 2 we summarise the results of the clas-
sification in [6]. In tables 1 and 2 we list the simply-connected, spatially isotropic, homo-
geneous kinematical and aristotelian spacetimes, respectively. These are the spacetimes
whose geometry we study in this paper. Figures 1, 2, and 3 summarise the relationships

2This operation is o(H) = —H and ¢(P) = — P leaving the remaining generators unaltered.
3Since some of these spacetimes are well studied, there is necessarily some overlap with existing work, like
the original works [1, 18] or more recent works that also discuss homogeneous spacetimes, e.g., [7, 22—-28].



between these spacetimes. These relationships take the form of limits which, in many cases,
manifest themselves as contractions of the corresponding kinematical Lie algebras. Table 3
summarises some of the geometrical properties of the spacetimes in tables 1 and 2. The list
of spacetimes naturally breaks up into classes depending on which invariant structures (if
any) the spacetimes possess: lorentzian, riemannian, galilean, carrollian and aristotelian.
There are also exotic two-dimensional spacetimes with no discernible invariant structure.
In section 3 we briefly review the basic notions of the local geometry of homogeneous
spaces, tailored to the case at hand and compute the action of the rotations and boosts on
the spacetimes. In section 4 we discuss the space of invariant connections for the reduc-
tive homogeneous spacetimes in tables 1 and 2 and calculate their torsion and curvature,
paying particular attention to the existence of flat and/or torsion-free connections. In
section 5 we discuss the lorentzian and riemannian homogeneous spaces and their limits.
This leaves a few spacetimes which are not obviously obtained in this way and we discuss
them separately: the torsional galilean homogeneous spacetimes are discussed in section 6,
the carrollian light cone in section 7, the exotic two-dimensional spacetimes in section 8,
and the aristotelian spacetimes in section 9. In section 10 we determine the infinitesimal
(resp. conformal) symmetries of the galilean and carrollian spacetimes; namely, the vector
fields which preserve (resp. rescale) the corresponding galilean and carrollian structure .
The corresponding Lie algebras are typically infinite-dimensional and reminiscent of the
BMS algebras. Finally, in section 11 we offer some conclusions. The paper contains two
appendices: in appendix A we discuss the carrollian and galilean spacetimes in terms of
modified exponential coordinates, which are the most convenient coordinates in order to
discuss their symmetries, and in appendix B we record for convenience the Lie algebras of
conformal Killing vectors on low-dimensional maximally symmetric riemannian manifolds.

2 Homogeneous kinematical spacetimes

We use the notation of [6], which we now review. Recall that a simply-connected homo-
geneous kinematical spacetime is described infinitesimally by a Lie pair (¢,6). Here ¢ is
a kinematical Lie algebra with D-dimensional space isotropy: namely, a real W—
dimensional Lie algebra with generators Jg,, 1 < a < b < D, spanning a Lie subalgebra
isomorphic to so(D), B, and P,, for 1 < a < D, transforming as vectors of so(D) and H
transforming as a scalar. The Lie subalgebra b of £ contains so(D) and an so(D)-vector
representation, which is spanned by aB, + 8P,, 1 < a < D, for some non-zero «a, 3 € R.
We choose a basis for ¢ such that b is always spanned by J,; and B,. In this fashion, the
Lie brackets of £ uniquely specify the Lie pair (¢,0).

Let us make a notational remark: we will refer to the generators B, as (infinitesimal)
boosts, even though in some cases (e.g., the riemannian symmetric spaces) they act as rota-
tions. A substantial part of the work that went into this paper was devoted to determining
when the boosts really act like boosts and not, say, like rotations.

Notice that in writing down the Lie brackets of &, it is only necessary to list those
brackets which do not involve J,; since those involving J,; are common for all kinematical
Lie algebras and restate the fact that J,; span an so(D) subalgebra under which B, and



P, are vectors and H is a scalar. Explicitly, this reads

[ CLb7 5bc ad — 5achd - 5deac + 5ade07

ed] =
[ abs ] = 5bc 6acBba (2 1)
[ ab ] - 5bc a 5ach7 '
[ ab; ]

although we will use an abbreviated notation in which we do not write the so(D) indices
explicitly. We write J, B, P, and H for the generators and rewrite the kinematical Lie
brackets in (2.1) as

J,J]=J, [J,B|=B, [J,P]=P, and [J, H]=0. (2.2)

For D # 2, any other brackets can be reconstructed unambiguously from the abbreviated
expression since there is only one way to reintroduce indices in an so(D)-equivariant fashion.
For example,

[HB]=P — [H,B,| =P, and [B,P|=H+J = [Bgy, By = 0apH + Jyp-
(2.3)
In D = 3 we may also have brackets of the form

[PaP] =P — [Pcupb] = €qbeFe. (2.4)

Similarly, for D = 2, €4 is rotationally invariant and can appear in Lie brackets. So we
will write, e.g.,

[H,Bl]=B+P  for [H By =DBy+cwP (2.5)

If the Lie subalgebra h contains an ideal b of £, we say that the Lie pair (¢,6) is not
effective. For a kinematical Lie algebra £, such an ideal is necessarily the one spanned by the
boosts, which act trivially on the homogeneous spacetime. In such cases, we quotient by b
to arrive at an effective (by construction) Lie pair (a,t), where a = £/b is an aristotelian Lie
algebra and v = so(D) is the Lie subalgebra of rotations. The Lie pair (a,t) corresponds to
an aristotelian spacetime. Not all aristotelian spacetimes arise in this way, and this justifies
the separate classification of aristotelian Lie algebras and their corresponding spacetimes
in [6, Appendix A].

2.1 Classification

We now summarise the results of [6]. Table 1 lists the (isomorphism classes of) simply-
connected, spatially isotropic, homogeneous spacetimes. We shall refer to them as “simply-
connected homogeneous kinematical spacetimes” from now on. These are described by Lie
pairs (&, b), where ¢ is a kinematical Lie algebra with generators J, B, P, H and b is the
Lie subalgebra spanned by J, B. The first column is the label given in [6]. The second
column specifies the value of D, where the dimension of the spacetime is D+ 1. The middle
columns are the Lie brackets of £ in addition to the common kinematical Lie brackets in
equation (2.2). It is tacitly assumed that when D = 1, we set J = 0 whenever it appears.
The final column contains any relevant comments, including the name of the spacetime if
known. The table is divided by horizontal rules into five sections, from top to bottom:



Lorentzian. These are the homogeneous kinematical spacetimes admitting an invariant
lorentzian metric, which due to the dimension of the symmetry algebra must be
maximally symmetric:

e Minkowski spacetime (M),
e de Sitter spacetime (dS), and
e anti de Sitter spacetime (AdS).

Riemannian. These are the homogeneous kinematical “spacetimes” admitting an invari-

ant riemannian metric, which again must be maximally symmetric by dimension:
e cuclidean space (E),
e round sphere (5), and
e hyperbolic space (H).

Galilean. These are the homogeneous kinematical spacetimes admitting an invariant
galilean structure:

e galilean spacetime (G),

galilean de Sitter spacetime (dSG = dSG_),

torsional galilean de Sitter spacetime (dSG,, v € (—1,1]),

galilean anti de Sitter spacetime (AdSG = AdSGy), and

torsional galilean anti de Sitter spacetime (AdSG,, x > 0),

a two-parameter family (512, ) of three-dimensional galilean spacetimes inter-
polating between the torsional galilean (anti) de Sitter spacetimes.

Carrollian. These are the homogeneous kinematical spacetimes admitting an invariant
carrollian structure:

e carrollian spacetime (C),
e carrollian de Sitter spacetime (dSC),
e carrollian anti de Sitter spacetime (AdSC), and
e carrollian light cone (LC).
These spacetimes are identifiable as null hypersurfaces in homogeneous, lorentzian

kinematical spacetimes in one dimension higher: M for C and LC, AdS for AdSC

and dS for dSC. In particular, the image of the embedding LC C M is the future

light cone.?

Exotic. These are two-dimensional kinematical spacetimes without any discernible invari-
ant structures.

4Strictly speaking, it is the future light cone if D > 1 and its universal cover if D = 1, a fact that was
initially glossed over in [6].



Label | D ‘ Non-zero Lie brackets in addition to [J,J]=J, [J,B] =B, [J,P|=P Comments
S1 >1 [H,B]=-P [B.B|l=J [B,P|=H M

s2 >2 [H,B]=-P [H,P]=-B [B,B|=J |[B,P|=H [P,P]=—J | dS

s3 >1 [H,B]=-P [H,P|=B [B.B|=J |[B,P|=H [P,P]=J |AdS

sS4 >1 [H,B]=P [B.B|]= J [B,P|=H E

S5 >1 [H,B]=P [H,P|=-B [B.B|=-J [B,P|=H [P.P]=-J |5

S6 >1 [H,B]=P [H,P|=B [B,B]=-J [B,P|=H [P,P|=J |H

S7 >1 [H,B]=-P G

S8 >1 [H,B]=-P [H,P] = dSG = dSG,—_;
S9, >1 [H,B]=-P [H,P] = 'yB +(1+yP dSG,e(-1,1

S10 |>1 [HB]=-P [H,P]=B AdSG = AdSGy—o
Si, |>1 [HB]=-P [H,P] = (1+x%)B +2\P AdSGyso
S12,, | 2 [H.B]=-P [H,P)=(1++)P—xP+yB—xB ye[-1,1),x>0
S13 | >2 B.P|=H C

sS4 | >2 [H,P]=-B [B,P|=H [P,P]=—J | dSC

S15 | >2 [H,P]=B [B.P|=H [P,P]=J | AdSC

S16 |>1 [H,B|=B [H,P]= P B.P|=H+J LC

S17 1 [H.B|=-P B,P| = —H 2P

si8 1 [HB|=H [B,P] =

S19, | 1 [H.B]=(01+x)H B.P]=(1-x)P x>0

$20, | 1 [HB=-P [B,P] = (1+X )H — 2y P x>0

Table 1. Simply-connected homogeneous (D + 1)-dimensional kinematical spacetimes. The hor-
izontal rules separate the lorentzian, riemannian, galilean, carrollian and exotic spacetimes. For
further properties see table 3.

Since, in two dimensions, it is largely a matter of convention what one calls space

and time,” some of the spacetimes become accidentally pairwise isomorphic when D = 1:

namely, C 2 G, dS = AdS, dSC = AdSG and AdSC = dSG. In order to arrive at a
one-to-one correspondence between the rows of the table and the isomorphism class of
simply-connected homogeneous spacetimes, we write D > 2 for dS, C, dSC and AdSC.

Table 2 lists the isomorphism classes of simply-connected aristotelian spacetimes. Ho-
mogeneous aristotelian spacetimes are always reductive, and they admit simultaneously
invariant galilean and carrollian structures. We label them as A# as opposed to S#, for
mnemonic reasons:

e A21 is the static aristotelian spacetime (S),
e A22 is the torsional static aristotelian spacetime (TS),

e A23. are the Einstein static spacetime R x S for e = +1 and the hyperbolic version
R x HP for e = —1, and

e A24 is a three-dimensional static spacetime with underlying manifold the Heisenberg
Lie group.

2.2 Geometric limits

Many of the above spacetimes are connected by geometric limits, some of which manifest
themselves as contractions of the kinematical Lie algebras. Figure 1 illustrates these limits
for generic D > 3. For D < 2, the picture is modified in a way that will be explained below.

SWhile true when discussing the geometry of homogeneous spacetimes, there is of course a physical
distinction between space and time: time translations are generated by the hamiltonian, whose spectrum
one often requires to be bounded from below, whereas the spectrum of spatial translations is not subject
to such a requirement.



Label | D | Non-zero Lie brackets in addition to [J,J] = J and [J, P] = P | Comments
A21 >0 S

A22 >1| [H,P]=P TS

A23,, | >2 [P,P|=-J R x 8P
A23_; | >2 [P,P|=J R x HP
A24 2 [P,P|=H

Table 2. Simply-connected homogeneous (D + 1)-dimensional aristotelian spacetimes. For further
properties see table 3.

= Jorentzian
Lc _—" C M .
— e galilean
: carrollian
AdSG = AdSGq
Sds / o aristotelian

[ — AdSzeo

dSG1 = AdSGo

R x sP R x HP

Figure 1. Homogeneous spacetimes in dimension D + 1 > 4 and their limits.

There are several types of limits displayed in figure 1:

e flat limits in which the curvature of the canonical connection goes to zero: AdS — M,
dS — M, AdSC — C, dSC — C, AdSG — G and dSG — G;

e non-relativistic limits in which the speed of light goes to infinity (morally speaking):
M — G, AdS — AdSG and dS — dSG;

in this limit there is still the notion of relativity, it just differs from the standard
lorentzian one. Therefore, although it might be more appropriate to call it the
“galilean limit”, we will conform to the literature and call it the non-relativistic limit.

o ultra-relativistic limits in which the speed of light goes to zero (again, morally speak-
ing): M — C, AdS — AdSC and dS — dSC.

e limits to non-effective Lie pairs which, after quotienting by the ideal generated by
the boosts, result in an aristotelian spacetime: the dotted arrows LC — TS, C = S
and G — S;

e LC — C, which is a contraction of so(D + 1, 1);

e dSG, — G and AdSG, — G, which are contractions of the corresponding kinematical
Lie algebras;
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/ / = Jorentzian
e _— ¢ ¥ .
A o galilean
: carrollian
AdSG = AdSGo
ds o aristotelian
+—n
dsc
AdSG 5
X
4 S »
oO——p» 04
TS BN,

dSG

® dSG; = AdSGoo

dSGyer-1,1)

o o] o]
Rx 52 A24  RxH?

Figure 2. Three-dimensional homogeneous spacetimes and their limits.

e limits between aristotelian spacetimes TS — S, R x S — S and R x H? — S; and

e a limit lim,_,, AdSG, = dSG;, which is not due to a contraction of the kinematical
Lie algebras.

We can compose these limits like arrows in a commutative diagram, and therefore we do
not show all the possible limits. All these limits are explained in [6].

The situation in D < 2 is slightly different. As can be seen in tables 1 and 2, there are
two classes of spacetimes which are unique to D = 2: a two-parameter family of galilean
spacetimes (512, for v € [-1,1) and x > 0) and the aristotelian spacetime A24. We can
understand this latter spacetime as the group manifold of the three-dimensional Heisenberg
group. The former two-parameter family interpolates between the torsional galilean (anti)
de Sitter spacetimes. As shown in figure 2, the limit v — 1 of 512, , is AdSGy/,, so that if
we then take xy — 0, we arrive at dSG;. More generally, the limit x — 0 of S12 , is dSG,,
whereas the limit y — oo is independent of v and given by AdSG.

Table 1 shows that there are four classes of two-dimensional spacetimes unique to
D = 1. These spacetimes are affine but have no discernible structure. In [6] we describe
a number of limits involving these two-dimensional spacetimes. Figure 3 illustrates the
relationship between the two-dimensional spacetimes. This figure includes the riemannian
maximally symmetric spaces which are missing from figures 1 and 2.

2.3 Geometrical properties

In table 3 we summarise the basic properties of the homogeneous kinematical spacetimes
in table 1 and aristotelian spacetimes in table 2. The first column is our label in this paper,
the second column specifies the value of D, where the dimension of the spacetime is D + 1.
The columns labelled “R”, “S”, and “A” indicate whether or not the spacetime is reductive,
symmetric, or affine, respectively. A v indicates that it is. A (V') in the affine column
reflects the existence of an invariant connection (other than the canonical connection) with
vanishing torsion and curvature. The columns labelled “L”, “E”, “G”, and “C” indicate the



(A)dS

H
| ]

L X0

= riemannian /lorentzian
e galilean = carrollian
o aristotelian

exotic

dSG = AdSC AdSG = dSC

dSGy = AdSGoo

Figure 3. Two-dimensional homogeneous spacetimes and their limits.

kind of invariant structures the spacetime possesses: lorentzian, riemannian (“euclidean”),
galilean, and carrollian, respectively. Again a v indicates that the spacetime possesses that
structure. The columns “P”, “T”, and “PT” indicate whether the spacetime is invariant
under parity, time reversal or their combination, respectively, with v signalling that they
do. The column “B” summarises results of the current paper (to be found below) and
indicates whether the boosts act with non-compact orbits in a kinematical spacetime. The
columns “©” and “Q)” tell us, respectively, about the torsion and curvature of the canonical
invariant connection for the reductive spacetimes (that is, all but LC). A “3# 0” indicates
the presence of torsion, curvature, or both torsion and curvature. Its absence indicates
that the connection is torsion-free, flat, or both. The final column contains any relevant
comments, including, when known, the name of the spacetime.

The table is divided into six sections. The first four correspond to lorentzian, euclidean,
galilean and carrollian spacetimes. The fifth section contains two-dimensional spacetimes
with no invariant structure of these kinds. The sixth and last section contains the aris-
totelian spacetimes. Some of the spacetimes which exist for all D > 1 become accidentally
pairwise isomorphic in D = 1: namely, C & G, dS = AdS, dSC = AdSG and AdSC = dSG.
These accidental isomorphisms explain why we write D > 2 for carrollian, de Sitter, and
carrollian (anti) de Sitter. In this way no two rows are isomorphic, and hence every row in
the table specifies a unique simply-connected homogeneous spacetime, up to isomorphism.
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Label R S A L F G C|P T PT|B o Q Comments
S1 >1|v v v v v Vv v |V M

S2 >2|v v v v v v |V £0 | dS

S3 >1|v v v v Vv vV £0 | AdS

S4 >1|v v v v g 7 ¢ E

S5 >1|v v v v v v 40| S

S6 >1|v v v v v 7 £0 | H

S7 >1|v v v v v v v |V G

S8 >1|v v () v g 7 | £0 | dSG

S9.40 | >1 |V (V) v v VI#0 #0|dSG,, 0#£5¢€ (—1,1]
S9¢ >1| v (V) v v V| #£0 dSGg

S10 >1|v v v v Vv vV £0 | AdSG

S, [ >1|v 7 v V| #0 #0| AdSG,, x >0
S12,, | 2 |V v v VI#0 #£0|ye[-1,1),x>0
S13 >2|v v v vIiv v v v C

S14 >2 | v v iV v vV £0 | dSC

S15 >2|v v ViV v vV £0 | AdSC

S16 >1 (V)p=1 v | v v LC

S17 1 | v v v v |V

S18 1 | v v v v v

S19, 1 | v v v v v x>0

$20, 1 |v v v v |V x>0

A21 >0|v v v g 7 7 I I I 7 S

A22 >1|v V) | v v v V|V £0 TS

A23.1 | >2 | v v v VI v v v £0 | RxSP

A3, [ >2| v V vV Vv VY Vv vV 40| RxHP

A24 2 | v V) | v v v V|V £0

Table 3. Properties of simply-connected homogeneous spacetimes. This table describes if a D + 1
dimensional kinematical spacetime (table 1) or aristotelian spacetime (table 2) is reductive (R),
symmetric (S) or affine (A). A spacetime might exhibit a lorentzian (L), riemannian (E), galilean (G)
or carrollian (C) structure, and be invariant under parity (P), time reversal (T) or their combination
(PT). The boosts (B) may act with non-compact orbits. Furthermore the canonical connection of
a reductive spacetime might be have torsion (©) and/or curvature ().

3 Local geometry of homogeneous spacetimes

In this section, we review some basic properties of homogeneous spaces, tailored to the
cases of interest. We discuss exponential coordinates, the fundamental vector fields, the
group action, the action of rotations and boosts, the soldering form, and the vielbein. In
addition, we discuss the invariant connections on a reductive homogeneous space.

3.1 Exponential coordinates

Let M = X/H be a kinematical spacetime with associated Lie pair (¢,6) in which ¢ is
a kinematical Lie algebra and b is the Lie subalgebra spanned by the rotations J,; and
the boosts B,. The identification of M with the coset manifold K/H singles out a point
0 € M corresponding to the identity coset. We call it the origin of M. Any other point
in M would be equally valid as an “origin”, but that choice would induce an identification
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with a different coset manifold since the new origin typically has a different, but of course
conjugate, stabiliser subgroup.

The action of X on M is induced by left multiplication on K. If we let w : X — M =
K /H denote the canonical surjection, then for all g € K, we have that

g- (k) = @(gk). (3.1)

This is well defined because if w(k) = w(k’), then there is some h € H such that
k' = kh and by associativity of the group multiplication gk’ = g(kh) = (gk)h, so that
w(gk) = w(gk').

Now consider acting with g € K on the origin. If g € I, g - 0 = 0, so this suggests the
following. Let m = span{P,, H} denote a vector space complement of h in £ and define
exp, : m — M by

exp,(X) =exp(X) o for all X € m. (3.2)

This map defines a local diffeomorphism from a neighbourhood of 0 in m and a neighbour-
hood of 0 in M, and hence it defines exponential coordinates near o via o : RPH1 — M,
where o(t,x) = exp,(tH + x - P). This coordinate chart has an origin o € M, which is
the point with coordinates (¢, ) = (0,0). We may translate this coordinate chart from the
origin to any other point of M via the action of the group and in this way arrive at an expo-
nential coordinate atlas for M. It is not the only natural coordinate system associated with
a choice of basis for m. Indeed, it is often more convenient computationally to use modified
exponential coordinates via products of exponentials, say, o’ (t,x) = exp(tH) exp(x - P) - o.
For most of this work we have opted to use strict exponential coordinates in our calcula-
tions for uniformity and to ease comparison: the exception being the determination of the
symmetries, where modified exponential coordinates (as described in appendix A) allow
for a more uniform description.

There are some natural questions one can ask about the local diffeomorphism exp, :
m — M or, equivalently, the local diffeomorphism ¢ : RP+1 — M. One can ask how much
of M is covered by the image of exp,. We say that M is exponential if M = exp,(m) and
weakly exponential if M = exp,(m), where the bar denotes topological closure. Similarly,
we can ask about the domain of validity of exponential coordinates: namely, the subspace
of RP*! where o remains injective. In particular, if o is everywhere injective, does it follow
that o is also surjective? We know very little about these questions for general homogeneous
spaces, even in the reductive case. However, there are some general theorems for the case

of M a symmetric space.

Theorem 1 (Voglaire [30]). Let M = K/H be a connected symmetric space with symmetric
decomposition € = h @ m and define exp, : m — M. Then the following are equivalent:

1. exp, : m — M is injective
2. exp, :m — M is a global diffeomorphism

3. M is simply connected and for no X € m, does adx : £ — € have purely imaginary

etgenvalues.
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Since our homogeneous spaces are by assumption simply-connected, the last criterion
in the theorem is infinitesimal and, therefore, easily checked from the Lie algebra. This
result makes it a relatively simple task to inspect table 1 and determine for which of the
symmetric spaces the last criterion holds by studying the eigenvalues of ad iy and adp, on ¢.
Inspection of table 1 shows that M, E, H, G, dSG, C and AdSC satisfy criterion (3) above and
hence that the exponential coordinates define a diffeomorphism to RP*! for these spaces.
It also follows by inspection that dS, AdS, S, AdSG and dSC do not satisfy criterion (3)
above and hence the exponential coordinates do not give us a global chart. We will be able
to confirm this directly when we calculate the soldering form for these symmetric spaces.

Concerning the (weak) exponentiality of symmetric spaces, we will make use of the
following result.

Theorem 2 (Rozanov [31]). Let M = KX/H be a symmetric space with K connected. Then
1. If X is solvable, then M is weakly exponential.

2. M is weakly exponential if and only if M= JAC/GA{ 1s weakly exponential, where X =
K/ Rad(X) and similarly for H, where the radical Rad(X) is the mazimal connected
solvable normal subgroup of XK.

The Lie algebra of Rad(X) is the radical of the Lie algebra ¢, which is the maximal
solvable ideal, and can be calculated efficiently via the identification rad ¢ = [&, E]L, namely,
the radical is the perpendicular subspace (relative to the Killing form, which may be
degenerate) of the first derived ideal.

It will follow from Theorem 2 that AdSG is weakly exponential.

3.2 The group action and the fundamental vector fields

The action of the group X on M is induced by left multiplication on the group. Indeed,
we have a commuting square

% Ly %
wl lw Tgow =wo Ly, (3.3)
M5 M
where L, is the diffeomorphism of X given by left multiplication by g € X and 7, is the

diffeomorphism of M given by acting with g. In terms of exponential coordinates, we have
g-(t,z) = (¢, ') where

gexp(tH +x - P) = exp(t'H + «’ - P)h, (3.4)

for some h € H which typically depends on g, ¢, and x.
If g = exp(X) with X € h and if A = tH + x - P € m, the following identity will
be useful:
exp(X)exp(A) = exp (exp(adx)A) exp(X). (3.5)
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If M is reductive, so that [h, m] C m, which is the case for all but one of the kinematical
spacetimes, then adx A € m and, since m is a finite-dimensional vector space and hence
topologically complete, exp(adx)A € m as well. In this case, we may act on the origin
o € M, which is stabilised by H, to rewrite equation (3.5) as

exp(X)exp,(A) = exp, (exp(adx)A4), (3.6)
or, in terms of o,
exp(X)o(t,x) = o(exp(adx)(tH + = - P)) = o(t', x). (3.7)

This latter way of writing the equation shows the action of exp(X) on the exponential
coordinates (¢, x), namely

(t,x) — (t', ) where tH+x' - P:=exp(ady)(tH + x - P). (3.8)

As we will show below, the rotations act in the usual way: they leave t invariant and
rotate @, so we will normally concentrate on the action of the boosts and translations. This
requires calculating, for example,

exp(v*P,)o(t,z) = o(t', z')h. (3.9)

In some cases, e.g., the non-flat spacetimes, this calculation is not practical and instead we
may take v to be very small and work out ¢ and @’ to first order in v. This approximation
then gives the vector field £p, generating the infinitesimal action of F,. To be more concrete,
let X € ¢ and consider

exp(sX)o(t,x) = o(t',z')h (3.10)

for s small. Since for s =0, ¢ =t, ' = z, and h = 1, we may write (up to O(s?))
exp(sX)o(t,z) = o(t + s,z + sy) exp(Y (s)), (3.11)

for some Y (s) € h with Y (0) = 0, and where 7 and y do not depend on s. Equivalently,
exp(sX)o(t,x) exp(=Y(s)) = o(t + s7,x + sy), (3.12)

again up to terms in O(s?). We now differentiate this equation with respect to s at s = 0.
Since the equation holds up to O(s?), the differentiated equation is exact.
To calculate the derivative, we recall the expression for the differential of the exponen-
tial map (see, e.g., [32, § 1.2,Thm. 5])
d

45 PG| = exp(X(0)D(ad ) X'(0). (3.13)

where D is the Maclaurin series corresponding to the analytic function

_1—6_Z

D(z) = —

=1- %z +0(2%). (3.14)
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(We have abused notation slightly and written equations as if we were working in a matrix
group. This is only for clarity of exposition: the results are general.)
Let A =tH + « - P. Differentiating equation (3.12), we find

X exp(A) —exp(A)Y'(0) = exp(A)D(ads)(TH +y - P), (3.15)

and multiplying through by exp(—A) and using that D(z) is invertible as a power series
with inverse the Maclaurin series corresponding to the analytic function F'(z) = z/(1—e™?),
we find

G(adg)X — F(ad4)Y'(0) =7H +y - P, (3.16)

where we have introduced G(z) = e *F(z) = z/(e* —1). It is a useful observation that the
analytic functions F' and G satisfy the following relations:

F(z)=K()+~  and  G(z) = K(22) — (3.17)

z
5
for some analytic function K({) = 1 + %C + O(¢?). To see this, simply notice that
F(z) — G(z) = z and that the analytic function F'(z) + G(z) is invariant under z — —z.

Equation (3.16) can now be solved for 7 and y on a case by case basis. To do this, we
need to compute G(ady) and F(ad4) on Lie algebra elements. Often a pattern emerges
which allows us to write down the result. If this fails, one can bring ad4 into Jordan
normal form and then apply the usual techniques from operator calculus. A good check of
our calculations is that the linear map ¢ — 27 (M), sending X to the vector field

0 0

=7— +9y° 3.18
should be a Lie algebra anti-homomorphism: namely,
[Ex.&v] = —{xy)- (3.19)

We have an anti-homomorphism since the action of £ on M is induced from the vector
fields which generate left translations on X and these are right-invariant, hence obeying
the opposite Lie algebra.

3.3 The action of the rotations

In this section, we illustrate the preceding discussion for the case of rotations. Here,
of course, D > 2. We will see rotations act in the way we may naively expect on the
exponential coordinates: namely, ¢ is a scalar and z® is a vector.

The infinitesimal action of the rotational generators J,;, on the exponential coordinates
can be deduced from

[Jaba H] =0 and [Jaba Pc] = 6bcPa - 5ach‘ (320)
To be concrete, consider Ji2, which rotates P, and P, into each other:

[Jlg,Pl] = —P2 and [Jlg,Pg] = Pl, (3.21)
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but leaves H and Pj,---, Pp inert. We see that ad?jw P, = —P, for a = 1,2, so that
exponentiating,
exp(@ady,)(tH +x - P) = tH + x'(cos P, — sinP,)
+ 2%(cos OPy + sinOPy) + 23P3 + - - - 2P Pp
=tH + (' cos + 2% sin0) P,
+ (:U2 cos — zt sin @) P, + 3P+ -+ 2P Pp.

(3.22)

Restricting attention to the (x!,2?) plane, we see that the orbit of (x},z3) under the
one-parameter subgroup exp(6.Ji2) of rotations is

z(0 cosf sinf x}
(xQEHD - (— sinf cos 0> ' (l’%) ' (3:23)

Differentiating (x!(6), ! ()) with respect to 6 yields

da! dx?
d—a; = z? and d—xg = -z (3.24)
so that 9 9
) 1
€J12 =T ﬁ — X @ (325)
In the general case, and in the same way, we find
0 0
_ b a
§Jab =x Oza — X w, (326)
which can be checked to obey the opposite Lie algebra
(02 Eal = =06c€ 70 + O0dSae + Oac€ iy = OadSre = ~Elupdeal (3.27)

3.4 The action of the boosts

For a homogeneous space M = K/H of a kinematical Lie group X to admit a physical
interpretation as a genuine spacetime, one would seem to require that the boosts act
with non-compact orbits [1]. Otherwise, it would be more suitable to interpret them as
(additional) rotations. In other words, if (&, b) is the Lie pair describing the homogeneous
spacetime, with b the subalgebra spanned by the rotations and the boosts, then a desirable
geometrical property of M is that for all X = w®*B, € h the orbit of the one-parameter
subgroup Bx C H generated by X should be homeomorphic to the real line. Of course,
this requirement is strictly speaking never satisfied: the “origin” of M is fixed by H and,
in particular, by any one-parameter subgroup of H, so its orbit under any Bx consists
of just one point. Therefore the correct requirement is that the generic orbits be non-
compact. It is interesting to note that we impose no such requirements on the space and
time translations.

With the exception of the carrollian light cone LC, which will have to be studied
separately, the action of the boosts are uniform in each class of spacetimes: lorentzian,
riemannian, galilean and carrollian. (There are no boosts in aristotelian spacetimes.) We
can read the action of the boosts (infinitesimally) from the Lie brackets:
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e lorentzian:
[B,H] =P, [B,P|=H and [B,B] =J; (3.28)
e riemannian:
[B,H=-P, [B,Pl=H and [B,B]=-J, (3.29)
e galilean:
(B, H| = P; (3.30)
e (reductive) carrollian:
[B,P] = H; (3.31)
e and carrollian light cone (LC):
[B,H]=—-B and [B,P]=H+J. (3.32)

Below we will calculate the action of the boosts for all spacetimes except for the carrollian
light cone and the exotic two-dimensional spacetimes (S17, S18, S19, and S20,,) which will
be studied case by case.

In order to simplify the calculation, it is convenient to introduce two parameters ¢ and
¢ and write the infinitesimal action of the boosts as

1
[Bu H) = —Pu and  [Bo, ) = S0t (3.33)

Then (s,c™!) = (—1,1) for lorentzian, (s,c¢~!) = (1,1) for riemannian, (s,c~!) = (—1,0)
for galilean and (s,c™1) = (0, 1) for (reductive) carrollian spacetimes.

The action of the boosts on the exponential coordinates, as described in section 3.2, is
given by equation (3.8), which in this case becomes

tH+x - P — exp(ady.B)(tH + o - P). (3.34)

From equation (3.33), we see that

1
adyw.B H = —cw - P ady.B P = —Q'wH
) ) and ¢ 1 (3.35)
ady, g H = e H, ad?, g P = —C—ng(w - P),
so that in all cases ad>, g = —C%ng ady.p. This allows us to exponentiate ad,,.p easily:
sinh z coshz —1
exp(ady.B) =1+ ady.B — ad? g, (3.36)
where 22 = —c%ng, and hence
sinh z
exp(ady.g)tH = tcoshzH — gt w- P,
. (3.37)
1 sinh hz—1
exp(ady.B)x-P=x - P + 72s1n ‘2 -wH + 008722(33 -w)w - P.
c w
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Therefore, the orbit of (¢y, ) under exp(sw - B) is given by

1 sinh
t(s) = to cosh(sz) + —2Mwo - w,
e F (3.38)
1 sinh(sz) cosh(sz)
x(s) = xy — st W + 2 (xo - w)w,

0P w to be the component of zy perpendicular
to w. It follows from this expression that :BL(S) = :L'OL, so that the orbit lies in a plane

where we have introduced xg := xg —

spanned by w and the time direction.

Differentiating these expressions with respect to s, we arrive at the fundamental vector
field ¢p,. Indeed, differentiating (¢(s), x(s)) with respect to s at s = 0, we obtain the value
of &,.p at the point (tg, zg). Letting (to, o) vary we obtain that

1 ,0 0

a

= 2t .
$8, 27 Ot ° oz

(3.39)

In particular, notice that one of the virtues of the exponential coordinates, is that the
fundamental vector fields of the stabiliser h — that is, of the rotations and the boosts — are
linear and, in particular, they are complete. This will be useful in determining whether or
not the generic orbits of one-parameter subgroup of boosts are compact.

Let exp(sw - B), s € R, be a one-parameter subgroup consisting of boosts. Given
any p € M, its orbit under this subgroup is the image of the map ¢ : R — M, where
c(s) := exp(sw - B) - p. As we just saw, in the reductive examples (all but LC) the
fundamental vector field &,.p is linear in the exponential coordinates, and hence it is
complete. Therefore, its integral curves are one-dimensional connected submanifolds of
M and hence either homeomorphic to the real line (if non compact) or to the circle (if
compact). The compact case occurs if and only if the map c is periodic.

If the exponential coordinates define a global coordinate chart (which means, in par-
ticular, that the homogeneous space is diffeomorphic to RP+1), then it is only a matter
of solving a linear ODE to determine whether or not c¢ is periodic. In any case, we can
determine whether or not this is the case in the exponential coordinate chart centred at the
origin. For the special case of symmetric spaces, which are the spaces obtained via limits
from the riemannian and lorentzian maximally symmetric spaces, we may use Theorem 1,
which gives an infinitesimal criterion for when the exponential coordinates define a global
chart. Recalling the discussion in section 3.1, we again state that M, E, H, G, dSG, C, and
AdSC satisfy criterion (3) in Theorem 1 and hence that the exponential coordinates define
a diffeomorphism M = RP*!. Using exponential coordinates, we will see that the orbits of
boosts in E and H are compact, whereas the generic orbits of boosts in the other cases are
non-compact.

The remaining symmetric spacetimes dS, AdS, 5, AdSG, and dSC do not satisfy the
infinitesimal criterion (3) in Theorem 1, and hence the exponential coordinates are not
a global chart. It may nevertheless still be the case that the image of exp, covers the
homogeneous spacetime (or a dense subset). It turns out that S is exponential and AdSG is
weakly exponential. The result for S is classical, since the sphere is a compact riemannian
symmetric space, and the case of AdSG follows from Theorem 2. If D < 2, then the
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kinematical Lie group for AdSG is solvable and hence AdSG is weakly exponential, whereas
if D > 3, the radicals rad ¢ = span {B, P, H} and rad ) = span { B}. Therefore, ¢/ rad ¢ =
s0(D) = h/radh. Therefore, with X := K/Rad(X) and similarly for 3, K/ is trivially
weakly exponential and hence, by Theorem 2, so is K/H. We will see that boosts act with
compact orbits in S, but with non-compact orbits in AdSG.

Among the symmetric spaces in table 1, this leaves dS, AdS, and dSC. We treat those
cases using the same technique, which will also work for the non-symmetric LC. Let M
be a simply-connected homogeneous spacetime and ¢ : M — M a covering map which
is equivariant under the action of (the universal covering group of) X. By equivariance,
g(exp(sw - B) - 0) = exp(sw - B) - q(0), so the orbit of 0o € M under the boost is sent by ¢
to the orbit of g(o) € M. Since q is continuous it sends compact sets to compact sets, so if
the orbit of g(0) € M is not compact then neither is the orbit of o € M. For M one of dS,
AdS, dSC, or LC, there is some covering ¢ : M — M such that we can equivariantly embed
M as a hypersurface in some pseudo-euclidean space where K acts linearly. It is a simple
matter to work out the nature of the orbits of the boosts in the ambient pseudo-euclidean
space (and hence on M), with the caveat that what is a boost in M need not be a boost
in the ambient space. Having shown that the boost orbit is non-compact on M we deduce
that the orbit is non-compact on M. We will show in this way that the generic boost orbits
are non-compact for dS, AdS, dSC, and LC.

Finally, this still leaves the torsional galilean spacetimes dSG,, AdSG, and S12 .,
which require a different argument to be explained when we discuss these spacetimes in
section 6.5.

3.5 Invariant connections

There is only one non-reductive homogeneous spacetime in table 1 and 2, namely LC, and
its invariant connections were already determined in [6]. There it is shown the light cone for
D > 2 admits no invariant connections, whereas for D = 1 there is a three-parameter family
of invariant connections and a unique torsion-free, flat connection. We will, therefore,
restrict ourselves to the remaining reductive homogeneous spaces in this section.

Let (£ h) be a Lie pair associated to a reductive homogeneous space. We assume that
(€, h) is effective so that h does not contain any non-zero ideals of &. We let ¢ = hdm
denote a reductive split, where [h, m] C m. This split makes m into an h-module relative
to the linear isotropy representation A : h — gl(m), where

AxY = [X,Y] forall X € hand Y € m. (3.40)

As shown in [33], one can uniquely characterise the invariant affine connections on
(¢,) by their Nomizu map o : m X m — m, an h-equivariant bilinear map; that is, such
that for all X € h and Y, Z € m,

X, (Y, Z)] = a([X,Y], Z) + (Y, | X, Z)). (3.41)

The torsion and curvature of an invariant affine connection with Nomizu map « are given,
respectively, by the following expressions for all X,Y,Z € m,

@(va) = Ck(X,Y) - O‘(KX) - [XvY]mv

(3.42)
QX,YV)Z =X, oY, 2)) — Y, (X, Z)) — a([X,Y]m, Z) — [[X, Y]y, Z],
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where [X,Y] = [X, Y]y + [X, Y]n is the decomposition of [X,Y] € £ = h @ m. In particular,
for the canonical invariant connection with zero Nomizu map, we have

O(X,Y)=~[X,Y]n and QX,Y)Z=-\xy),Z- (3.43)

For kinematical homogeneous spacetimes, we can determine the possible Nomizu maps
in a rather uniform way. Rotational invariance determines the form of the Nomizu map up
to a few parameters and then we need only study the action of the boosts. From table 1
it is clear that the action of the boosts is common to all spacetimes within a given class:
lorentzian, riemannian, galilean, and carrollian; although the curvature and torsion of the
invariant connections of course do depend on the spacetime in question.

3.6 The soldering form and the canonical connection

Recall that on the Lie group X there is a left-invariant ¢-valued one-form 9: the (left-
invariant) Maurer-Cartan one-form. It obeys the structure equation

do = —%w, 9, (3.44)

where the notation hides the wedge product in the right-hand side. Using exponential
coordinates, we can pull back ¥ to a neighbourhood of the origin on M. The following
formula, which follows from equation (3.13), shows how to calculate it:

o9 = D(ad4)(dtH + dx - P), (3.45)

where, as before, A = tH + - P and D is the Maclaurin series corresponding to the
analytic function in (3.14).

The pull-back ¢*¥ is a one-form defined near the origin on M with values in the Lie
algebra £. Let m be a vector space complement to b in £ so that as a vector space €t = hdm.
This split allows us to write

cV=0+w, (3.46)

where 6 is m-valued and and w is h-valued. If the Lie pair (¢, ) is reductive and m is chosen
to be an h-submodule of £, then w is the one-form corresponding to the canonical invariant
connection on M. The soldering form is then given by 6.

The torsion and curvature of w are easy to calculate using the fact that 1 obeys the
Maurer-Cartan structure equation (3.44).% Indeed, the torsion two-form © is given by

1
O =df + [w,0] = —5[9,9]111 (3.47)
and the curvature two-form €2 by
1 1
Q:dw+§[w,w] = —5[9,9];), (3.48)

which agree with the expressions in equation (3.43).

SLet us emphasise that in this work, curvature always refer to the curvature of an invariant affine
connection and hence should not be confused with the curvature of the associated Cartan connection,
which is always flat for the homogeneous spaces (also called Klein geometries in that context).
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In the non-reductive case w does not define a connection, but we may still project the
locally defined ¢-valued one-form o*¥ to £/h. The resulting local one-form 6 with values in
£/ is a soldering form which defines an isomorphism 7,M — €/ for every p € M near the
origin. Wherever 6 is invertible, the exponential coordinates define an immersion, which
may however fail to be an embedding or indeed even injective. In practice, it is not easy
to determine injectivity, but it is easy to determine where 6 is invertible by calculating the
top exterior power of § and checking that it is non-zero. Provided that 6 is invertible, the
inverse isomorphism is the vielbein E, where E(p) : £/h — T, M for every p € M near the
origin. The vielbein allows us to transport tensors on £/h to tensor fields on M and, as we
now recall, it takes H-invariant tensors on €/h to K-invariant tensor fields on M.

3.7 Invariant tensors

It is well-known that K-invariant tensor fields on M = K /H are in one-to-one correspon-
dence with H-invariant tensors on ¢/h and if H is connected, with h-invariant tensors on £/5.
We may assume that I is indeed connected, passing to the universal cover of M, if neces-
sary. In practice, given an (7, s)-tensor 7' on £/ — that is, an element of (£/h)®"®((€/h)*)®*
— we can turn it into an (r, s)-tensor field .7 on M by contracting with soldering forms
and vielbeins as appropriate to arrive, for every p € M, to 7 (p) € (T,M)*" ® (T;M)@’s.
Moreover, if T is H-invariant, .7 is K-invariant.

Our choice of basis for £ is such that J and B span h and therefore P := P mod b
and H := H mod b span £/h. In the reductive case, € = h & m and m = £/h as h-modules.
We will let n and 7 denote the canonical dual basis for (¢/h)*.

Invariant non-degenerate metrics are in one-to-one correspondence with h-invariant
non-degenerate symmetric bilinear forms on €/h and characterise, depending on their sig-
nature, lorentzian or riemannian spacetimes. On the other hand, invariant galilean struc-
tures’ consist of a pair (7,h), where 7 € (¢/h)* and h € S%(£/h) are h-invariant, h has
co-rank 1 and h(7,—) = 0, if we think of h as a symmetric bilinear form on (¢/h)*. On
M, T gives rise to an invariant clock one-form and h to an invariant spatial metric on
one-forms. Carrollian structures are dual to galilean structures and consist of a pair (k, b),
where k € £/h defines an invariant vector field and b € S%(£/h)* is an invariant symmetric
bilinear form of co-rank 1 and such that b(x, —) = 0. Homogeneous aristotelian spacetimes
admit an invariant galilean structure and an invariant carrollian structure simultaneously.

Invariance under h implies, in particular, invariance under the rotational subalgebra,
which is non-trivial for D > 2. Assuming that D > 2 for now, it is easy to write down the
possible rotationally invariant tensors and therefore we need only check invariance under
B. The action of B is induced by duality from the action on £/h which is given by

)\Ba (H) = [BQ,H] and >\Ba (Fb) = [Ba,Pb], (349)

with the brackets being those of €. In practice, we can determine this from the explicit
expression of the Lie brackets by computing the brackets in £ and simply dropping any B
or J from the right-hand side. The only possible invariants in €/h are proportional to H,

"We will not distinguish notationally the H-invariant tensor from the X-invariant tensor field.
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which is invariant provided that [B, H] = 0 mod h. Dually, the only possible invariants in
(¢/h)* are proportional to 1, which is invariant provided that there is no X € ¢ such that
H appears in [B, X]. Omitting the tensor product symbol, the only rotational invariants
in S%(¢/h) are linear combinations of H? and P? := §*P,P,, whereas in S?(¢/h)* are n?
and 72 = §monl.

In D = 1 there are no rotations, so we need only concern ourselves with the action
of B. Possible invariants in ¢/h are linear combinations of H and P, whereas in (£/h)*
they are linear combinations of 1 and 7. Similarly in the space of symmetric tensors, we
can have now linear combinations of H2, HP, and P? in S?(¢/h) and of n?, nr, and 72 in
S%(e/h)*. These are again easy to determine from the Lie bracket.

4 Invariant connections, curvature, and torsion for reductive spacetimes

In this section we determine the invariant affine connections for the reductive spacetimes
in tables 1 and 2. This is equivalent to determining the space of Nomizu maps which, as
explained above, can be done uniformly, a class at a time. We also calculate the curvature
and torsion of the invariant connections.

For reductive homogeneous spaces there always exists, besides the canonical connection
with vanishing Nomizu map, another interesting connection. It is given by the torsion-free
connection defined® by a(X,Y) = [X,Y]n. The canonical and the natural torsion-free
connections have the same geodesics and, as one can easily observe below, the connections
coincide for symmetric spaces.

For any spacetime the Nomizu maps needs to be rotationally invariant which gives us

a(H,H)—{“H D>1 VP, D>2
uH+py/'P D=1 a(H,Py) =S vP,+VepP, D=
CdabH D>3 VP"‘V/.H D=1
a(Pa, Pb) _ CoupH + CleabcPc D=3 P, D>2
CoapH +('eqpH D =2 (P, H) = { EP, + EeqpPy, D =2
CH+ (P D=1 EP+¢'H D=1,
(4.1)

for some real parameters pu, p', v, v/, (, (', €, €. Now we simply impose invariance under B,.

4.1 Nomizu maps for lorentzian spacetimes

The lorentzian spacetimes in table 1 all share the same action of the boosts:
/\BaH = Pa and ABan = 5abH- (4.2)

We will impose invariance explicitly in this case to illustrate the calculation and only state
the results in all other cases.

81t is the unique Nomizu map with a(X,X) =0for all X € m and vanishing torsion and called “canonical
affine connection of the first kind” in [33].
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411 D>4
We calculate (remember (3.41))
(AB.@)(Pa, Py) = COapPe — V0acPy — £0pePas (4.3)
whose vanishing requires ( = v = £ = 0, as can be seen by considering a = b # ¢, a = ¢ # b,
and b = ¢ # ¢ in turn. Finally,
(\p, ) (H, H) = uP., (4.4)

whose vanishing imposes ¢ = 0 and hence the only invariant Nomizu map is the zero map.

4.1.2 D=3

The only change here is an additional term (’egpc P, in a(Py, Py). This results in
()\BCOC)(PCH Pb) = C(sabpc + CleabcH — Voac Py — g(sbcpaa (45)

whose vanishing again requires ( = ¢/ = v = £ = 0. Hence continuing as in D > 4, we find
that the only invariant Nomizu map is the zero map.

4.1.3 D=2

The 2+ 1 dimensional case differs with respect to its higher dimensional counterparts. We
start by calculating

(AB,@)(Pay Py) = COapPe + C'eap P — 8ac(VPy + V' epaPy) — 0pe(EPa + & €aalPu)- (4.6)

Considering a = b # ¢ requires that ( = 0. Next we set a = ¢ # b, which leads us to v =0
and ¢’ = —v/. Similarly, b = ¢ # a imposes £ = 0 and ¢’ = ¢’ and leaves us, for now, with
t=("=¢ = —v. We need to check if the remaining components of the Nomizu map are
also invariant, e.g.,

()‘Bca>(H7 H) = puke (4.7)

vanishes if and only if 4 = 0, while a(P,, H) and «(H, P,) are invariant without further ado.
In summary, we get a one-parameter family of Nomizu maps, parametrised by t € R,

Oé(Pa, Pb) = teabH a(H, Pa) = —tGabe CM(PQ, H) = tﬁabpb . (48)

It can be written in a more compact way using lorentzian 2 4+ 1 dimensional tensors,
a(Py, P)) = teu,m” Py.

414 D=1

Here we notice that A\p is the identity on m, hence minus the identity on m*. Therefore,
by parity, there are no zero eigenvalues in m* ® m* ® m and hence no invariants but the
zero Nomizu map.

In summary, lorentzian homogeneous spacetimes have, with the exception D = 2, of
a unique invariant connection given by the canonical connection. As we will see in the
next sections, there is more freedom for galilean and carrollian spacetimes. However since
we start with an unique (vanishing) Nomizu map, only this vanishing case arises also as
a limit. The additional invariant non-relativistic and ultra-relativistic connections can be
seen as an intrinsic property that does not originate from the relativistic spacetimes.
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4.2 Nomizu maps for riemannian spacetimes

The situation here is very similar to the lorentzian case. Now the boosts act as
)\BaH = —Pa and )\Ban = 5abH- (49)

The results are as in the lorentzian case: the only invariant connection is the canonical
connection, except in D = 2 where there is a one-parameter family.

4.3 Nomizu maps for galilean spacetimes

On a galilean spacetime, the boosts act as
A, H =P, (4.10)

and the P, are invariant. This results in the following invariant Nomizu maps:

H D>1 P, D #£2
a(H,H) = (v+6) a(H, P,) = ) .
w+&H+ WP D=1 vP, +vVepP, D=2
P, D #£2
a(Py, Py) =0 a(P,,H) = ¢ 7
fpa — l/leabe D = 2.
(4.11)

We will now analyse the curvature and torsion for these Nomizu maps for each galilean
spacetime.

4.3.1 Galilean spacetime (G)

For D > 3, the torsion and curvature of the resulting connection have the following non-zero
components:

O(H,P,)=(v—-&P, and Q(H,P,)H = —£°P,. (4.12)

There is a unique torsion-free, flat invariant connection corresponding to the canonical
connection with v = & = 0.

For D = 2, the torsion and curvature are given by the following non-zero components:
O(H,P,) = (v—8)Py+20 e P,  and  Q(H,P)H = (V> €3 Py + 2V ey Py, (4.13)

so that again the canonical connection is the unique torsion-free, flat invariant connection.

Finally, for D = 1, torsion and curvature are given by
O(H,P)=v—-&P and Q(H,P)H = —¢*P. (4.14)

Since neither depend on ', we now have a one-parameter family of torsion-free, flat in-
variant connections, defined by the Nomizu map

o(H,H) = y/'P. (4.15)
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4.3.2 Galilean de Sitter spacetime (dSG)

Let D > 3. The torsion and curvature, given by equation (3.42), have the following non-
vanishing components:

O(H,P)=wv—-&P, and Q(H,P,)H = (1—¢*)P,. (4.16)

Therefore, there are two torsion-free, flat invariant connections corresponding to v = £ =
+1. The Nomizu maps for these two connections are

o(H,H) =2H o(H, H) = —2H
o(H,P)=P, and «(H,P)=-P, (4.17)
a(P,, H) = P, a(P,, H) = —P,.

In D = 2, the vector space of Nomizu maps is three-dimensional and the non-vanishing
curvature and torsion components in this dimension are

O(H,P) = (v—&P,+2VeP, and  Q(H,P)H = (V* — 2+ 1)P, 4 26V e, P,
(4.18)
Again, there are two torsion-free, flat invariant connection corresponding to v = £ = +£1.
Finally, let D = 1. The non-vanishing torsion and curvature components are

O(H,P)=wv—-&P and Q(H,P)H = (1-&%)P. (4.19)

The torsion-free, flat connections are once again given by v = £ = £1, but now there is a
free parameter p'.

4.3.3 Galilean anti de Sitter spacetime (AdSG)

The torsion and curvature have have the following non-zero components:

v—E&)P, D #2
O(H,P,) = (v=6F 7 (4.20)
(I/ — f)Pa + 21//6abe D=2
and
—(14+&)P, D #2
Q(H,P,)H = 1+ F 7 (4.21)
—(14+ & - V)P, + 28/ eqP, D =2.
There are torsion-free connections, but none are flat.
4.3.4 Torsional galilean de Sitter spacetime (dSG~—1)
Let D > 3. The torsion has the following non-zero components
O(H,P,) =(v—§—2)F,, (4.22)
whereas the only non-zero component of the curvature is
Q(H,P,)H = —(14¢&)?P,. (4.23)
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Therefore, there exists a unique invariant connection with zero torsion and curvature cor-
responding to v =1 and £ = —1:

o(H,P,) =P, and a(P,,H) = —P,. (4.24)
If D = 2, we have an additional parameter in our family of invariant affine connections:
a(H,H) = (v+&H, o(H,P,) =vP,+VepPy, and (P, H)=EP,—VewPy. (4.25)
The only non-zero component of the torsion is
O(H,P,) = (v—£—2)Py + 2V e Py, (4.26)
and the only non-zero component of the curvature is
Q(H, P)H = (/)2 — (14 €2 Py + 2/ (1 + E)ea Py (4.27)
We see that there is a unique torsion-free, flat invariant connection with Nomizu map
o(H,P,) =P, and a(P,,H) = —P,. (4.28)
Finally, in D = 1 we have a three-parameter family of Nomizu maps:
o(H,H) = (v+&H + /P, a(H,P) =vP, and a(P,H) =¢P. (4.29)

The torsion is given by
©(H,P)=(v—§—2)P, (4.30)

and the curvature by
Q(H,P)H = —(1+¢)*P. (4.31)

Imposing zero torsion and zero curvature still leaves a one-parameter family of invariant
connections with Nomizu map

a(H,H) = u'P, a(H,P) =P, and a(P,H)=—-P. (4.32)

4.3.5 Torsional galilean de Sitter spacetime (dSG,1)

For D > 3, the torsion is given by
O(H, P) = (v — & — (147))Py (4.33)

and the curvature by
Q(H, P H = — (€ +1)(€ +7)Pa. (4.34)

Therefore, there are precisely two torsion-free, flat invariant connections, with No-
mizu maps

a(H H)=(y—-1)H o(H,H)y=(1—-~H
o(H, P,) = P, and o(H,P,) = P, (4.35)
a(P,,H) = —P, o(P,,H) = —P,.
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If D = 2, then there is a three-parameter family of invariant connections with torsion
and curvature that have the following non-zero components:

G(H’Pa):(V_g_(1+7))Pa+2V/€abe (436)
Q(H, P)H = (V= (6 + 1) (£ + 7)) Pa + V(26 + 1+ Y)ear P '

There are precisely two torsion-free, flat invariant connections, whose Nomizu maps are
identical to those for D > 3 in equation (4.35).
In D =1, the torsion and curvature have the following non-zero components:

OH,P)=(v—€¢—(1+~)P and Q(H,P)H =—(£+1)(€E +7)P. (4.37)

There are two one-parameter families of torsion-free, flat invariant connections. They have
Nomizu maps

a(H,H)=(y—1)H + u'P a(H,H) = (1—~)H +u'P
a(H,P) =~P and a(H,P)=P (4.38)
a(P,H)=—-P a(P,H) = —~P.

4.3.6 Torsional galilean anti de Sitter spacetime (AdSG,)
The torsion and curvature of the connection corresponding to this Nomizu map in D > 3
are given by the following non-zero components:

OH,P)=w—€¢—2)P, and  Q(H,P,)H = —(1+ (£+ x)?)P.. (4.39)

Therefore, we see that there are no flat invariant connections; although there is a one-
parameter family of torsion-free invariant connections.
For D = 2, we have a three-parameter family of invariant connections for which the
torsion and curvature are given by the following non-zero components:
O(H,P,) =(v—&—2X)Py + 2V ey Py
and  Q(H,P)H = (V') = (€ +x)* — 1) Py + 20/ (€ + X)ean Dy (4.40)
Again, there are no flat invariant connections, but there is a two-parameter family of

torsion-free invariant connections.
Let D = 1. We calculate the torsion and curvature to be

OH,P)=v—£(—-2Y)P and Q(H,P)H =—(1+(£+x))P, (4.41)
respectively. As in higher dimensions, we thus find there to be no flat invariant connections.
There is, however, a two-parameter family of torsion-free invariant connections.

4.3.7 Spacetime S12, ,

Since this spacetime is particular to D = 2 and reductive, we need only consider the D = 2
case of (4.11) and we may use equation (3.42) to obtain the following torsion and curvature

OH,P)=w—€,—(1+79)Pu+ 2V +x)ewPy
QH,P)H =0V +x)— E+D(E+7)Pa+ 2VE+ L+ + (14 E)x)eanDe.
(4.42)
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For the torsion to vanish we need v/ = —x/2 and v — & = 1+ ~. If, in addition, the
curvature were to vanish we would find

0=2/¢ + (147 +(1+E)x = —%(’y “ Dy (4.43)

Hence torsion-free, flat invariant connections require either v = 1 or y = 0. Both of these
values lie outside the range of their corresponding parameter. From the vanishing of the P,
term in the curvature, we see that x = 0 is necessary, which agrees with the previous results:
torsional galilean de Sitter spacetimes (dSG,) admit torsion-free, flat invariant connections,
but torsional galilean anti de Sitter spacetimes (AdSG,) do not (unless xy = 0).

4.4 Nomizu maps for carrollian spacetimes

On a carrollian spacetime, the boosts act as
AB, Py = dapH, (4.44)
and H is invariant. This results in the following invariant Nomizu maps:
a(H,H)=0
CoupH D >3

a(Py, Py) =% COupH + CeqyH D =2
CH+ (W +¢&)P D=1

0 D>2

O‘(H,Pa):{ 'H D=1
1% =

(4.45)
0 D>2

o) = {ﬁ’H D=1

4.4.1 Carrollian spacetimes (C)

For D > 3, the corresponding invariant connections are flat and torsion-free for all val-
ues of (.
Letting D = 2, we find the following non-vanishing torsion component

O(P,, P) = 2¢eqpH. (4.46)

We, therefore, have the same torsion-free, flat invariant connections that were found in
higher dimensions.
For D =1, the torsion and curvature are easily calculated to be

O(H,P)=(/—-¢)H  Q(H,P)P=(V)’H. (4.47)

We thus find a one-parameter family of torsion-free, flat invariant connections, as in higher
dimensions:

a(P, P) = CH. (4.48)

4.4.2 (Anti) de Sitter carrollian spacetimes (dSC and AdSC)

We will treat these two spacetimes together by introducing s = +1. Carrollian de Sitter
spacetime (dSC) corresponds to » = 1 and carrollian anti de Sitter spacetime (AdSC) to

»w=—1.
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If D > 3, the torsion vanishes and the curvature has the following non-zero components:
Q(H, Pa)Pb = %6abH and Q(Pa, Pb)Pc = %((Sbcpa - 611ch)7 (449)

which is never flat. Both of these results are independent of the Nomizu map.
If D = 2, the non-zero components of the torsion and curvature are given by
O(Pu, Py) = 2(ean H,
QO(H, P,) Py = €dqpH, and, (4.50)
Q(Py, Py)P. = €(0pcPa — dacFp)-

It is torsion-free if ¢’ = 0, but it is never flat.
Finally, if D = 1, then the non-zero components of the torsion and curvature are

O(H,P)= (/" -¢)H
Q(H,P)P = (»+v*H,
which is never flat if s = 1 (dSC = AdSG), but if s = —1 (AdSC = dSG) then we can take

V' = ¢ = £1, to yield two one-parameter families of torsion-free, flat connections with

(4.51)

Nomizu maps:

o(H,P)=H a(H,P)=—H
o(P,H) = H and  o(P,H)=-H (4.52)
a(P,P) = CH + 2P a(P,P) = CH — 2P.

4.4.3 Carrollian light cone (LC)

As show in [6], this homogeneous spacetime does not admit any invariant connections for
D > 2. For D =1, there is a three-parameter family of invariant connections and a unique
torsion-free, flat invariant connection.

4.5 Nomizu maps for exotic two-dimensional spacetimes

In the bottom section of table 1 there are exotic two-dimensional reductive spacetimes
with no discernible structure, and we must study their Nomizu maps separately. We can
distinguish the four types of spacetime by the action of A on the two-dimensional space
m spanned by P and H.

In the case of spacetime S17, Ap is not diagonalisable. Therefore, one needs to study
the linear system defined by Apa = 0. Having done so, one deduces that the only invariant
Nomizu map is the zero map.

For all the remaining spacetimes, Ap acts semi-simply: diagonally over R for spacetimes
S18 and S19, and diagonally over C for spacetime S20,. In spacetime S18, Ap is minus
the identity on m, hence the identity on m*. By parity, there are no zero eigenvalues in
m* ® m* ® m, and hence the only invariant Nomizu map is the zero map.

In spacetime S19,, Ap acts diagonally on m with eigenvalues 1 —x and —1 —x. Letting
Vi, denote the one-dimensional module of B with weight h, we see that as a B-module,
m=Vi_, &V, sothat m*=V_q,, & Viy,. Therefore,

m*@m* = Vo, _o®Voy42®2Vs, and m*@m*@m =3V, 41133V, _1®Vii30V, 3. (4.53)
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Therefore, for generic x > 0, there are no invariant Nomizu maps other than the zero map.
But, for xy = 1 there are three invariants:

a(H,P)=VH, a(P,H)=¢H, and a(P,P) =P, (4.54)
and for xy = 3 there is one invariant:
a(P,P) = (CH. (4.55)

In the limit xy — oo, spacetime S19, tends to spacetime S18. Since there are no non-zero
invariant Nomizu maps for generic x, we expect the same is true in the limit, which agrees
with our previous findings.

Finally, in spacetime S20,, Ap is semi-simple with complex eigenvalues, hence diago-
nalisable in the complexification m¢ of m. If now V}, denotes the compler one-dimensional
B-module with weight h, we have that as B-modules

meg = V,XJFZ‘ D fofi and hence mE = x—i @ VX+i' (456)

The imaginary parts of the weights of m¢ and m§ are +i, so (by parity) there cannot be
any real weights in mg ® mg ® me and, in particular, no zero weights. Had there been a
zero weight in m* ® m* ® m, this would have resulted in a zero weight in mg ® mg ® me
upon complexification. Therefore there are no zero weights in m* ® m* ® m and hence the
only invariant Nomizu map is the zero map.

4.6 Nomizu maps for aristotelian spacetimes

In this section, we study the geometrical properties of the aristotelian spacetimes of table 2.
They are all reductive, so there is a canonical invariant connection, and any other invariant
connection is determined uniquely by its Nomizu map. The Nomizu maps a: m xm — m
are only subject to equivariance under rotations and are given by (4.1). They depend only
on the dimension D and not on the precise aristotelian spacetime; although, of course, the
precise expression for the torsion and curvature tensors does depend on the spacetime. We
will calculate the torsion and curvature for each spacetime below.

4.6.1 Static spacetime (S)

For D > 4, the torsion and curvature of the most general invariant connection has the
following non-zero components:

(4.57)

There are three classes of torsion-free, flat invariant connections in addition to the
canonical connection:
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l.{(=0and pu=v=¢§ #0,
2.v=¢(=(=0and p #0, and
3. u=v=~&¢=0and ¢ #O0.

For D = 3, the torsion and curvature have the following non-zero components:

O(H, Py) = (v = §) Fa,
b)

@(Pzza Py) = 2C/6abcpc>
Q(H,P,)H =&(v — )Py, (4.58)
Q(H, a)Pb = ( — I/)éabH,
Q(Pm Pb)H = 25( €apcPe,  and
Q(Pa7 Pb)PC = (C€ 4/2)(5&: a 5acpb) + QCC/fabCH

The torsion-free condition implies that ¢’ = 0. With this value of ’, the above components
reduce to those in the case D > 4. We, therefore, end up with the same torsion-free, flat

invariant connections.
In D = 2, the torsion and curvature have components

O(H,Py) = (v— &P+ (V' = e P,

O(Pa, Py) = 2¢"eapH,
Q(H, P)H = (§(v — ) v )Pa+(€V'+(V—M)§')€abe, (4.59)
Q(H, P,)Py = ((¢( — C'V)oap + (V' + (1 — V)¢ )ew) H,
Q(Py, Py)H = 2(5( ¢ C)€abH and

Q(Py, Py)Pe = (C§+ <3 )(ObePa — dachy) + (Cfl - Clg)eabpo
Here we find a one-parameter family of torsion-free, flat invariant connections given by

Ot(Pa, Pb) = (oapH. (4'60)

Finally, in D = 1, the torsion and curvature have the following non-vanishing:

components

OH,P)= (/- &)H + (v - &P,
Q(H, P)H = (&' = () H + (§(v — p) + p'(§ = ()P, and (4.61)

Q(H, P)P = (Cu+ /(¢ = &) H + (¢ = V'E)P.
Imposing torsion-free and flatness conditions, the following classes of invariant connec-
tions are found
l.u=v=¢=py' =0,and v =¢ =,
2.v=¢(=(=0,and V' =¢ =,

3. u’:y’:f’:(:O,andu:V:f,
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4. v=¢(=(=0,and VvV =¢,
5. (=(¢"=0,andv=¢ vV =¢,
6. v=E=p' =0,and v = ¢, and,
T u=v=E&=u=1vV=¢=0.
Since the remaining aristotelian spacetimes, all have the same Nomizu maps as this

static case, all of them will have the above torsion and curvature components as a base,
with a few additional terms included due to the additional non-vanishing brackets of the

specific spacetime.

4.6.2 Torsional static spacetime (TS)
For D > 4, the torsion and curvature are given by
O(H, P) = (v — £~ 1)P,,
QH, Pa)H = (v — p— 1) P,
Q(H,P,)Py=((p—v—1)dpH, and
Q(Py, Py)Pe = C€(0bePa — GacPs)-

As in the static case, we again find three classes of torsion-free, flat invariant

(4.62)

connection:
1. £=(=0,and v =1,
2. p=&¢=v—1,and ¢ =0, and,
3. £=0,v=1,and u=2.

Letting D = 3, we get the following non-vanishing torsion and curvature components:
O(H,P,) = (v —&—1)F,,
@(Pa, Pb) = 2</6abcpc>
Q(H, Po)H = §(v — p— 1) F,
Q(H, P.)Py = ((p — v — 1)0ap H — (eape P,
Q(Pu, P)H = 2¢("eqpcPe,  and
QPa, By)Pe = (¢€ = ¢")(0bcPa — SacBy) + 2¢C €anc H
Imposing the torsion-free condition makes ¢’ vanish such that we get the same three

classes of torsion-free, flat invariant connections as in the D > 4 case.
In D = 2, the torsion and curvature are given by

OH, P) = (v =& —1)Pa+ (V' = &ear D,

O(Fa, ) = 2(ear H,
QH, P)H = (§(v—p—1) =V )P+ (§(v—p— 1) + & )eas P,
Q(H7 Po)Py= (C((n—v—1) =)o H + (('( — v = 1) + V' Qear H,
JH =2(6¢" = €'Q)eapH, and
Q(Pa, Po)Pe = (C§ + ('€ (b P — dacPy) + (¢ = (§)eap P

(4.63)

/‘\

(4.64)
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Here we find a unique torsion-free, flat invariant connection with
o(H,H) =2H «(H,P,) = 2P, and a(P,,H) = P,. (4.65)
Finally, let D = 1. The components of the torsion and curvature are

OH,P) =/ —&\H+ (v —§&—1)P,
QH,P)H = (& = (' =) H + (v —p—1) + ¢/ (€ — (') P, and (4.66)
QH, P)P = (C(n—v) + /(" = &) H + (Cp' = VE=()P.

We find the following classes of torsion-free, flat invariant connections
1. é=(=v=¢==0,and v =1,
2.6=0, p=v=1,and vV =& = = /¢,
3.(=0,p=¢(=v—1,and /' =V =¢ =" =0, and,
4. /=0, p=£6=1, v=2, andy’:f/:—g’:\/g, for when ¢ <0.
4.6.3 Aristotelian spacetime A23,
In D > 4, the torsion and curvature are given by

O(H, Fy) = (v = §) P,
Q(H, Po)H =¢&(v — p)Fa,
Q(H, Po)Py = (1 — v)dapH, and
Q(Pa, Po) P = (C§ + €)(0pePa — bacPs)-

(4.67)

Imposing flatness, we find that this requires ¢ to vanish; therefore, since ¢ = £1, we
find no torsion-free, flat invariant connections.
Let D = 3. The non-vanishing torsion and curvature components are

(4.68)

)
Q(Paa Pb)H = 2&( €abeFe, and
Q(Paa Pb)Pc (C§ +e— CIQ)((SbcPa - 5(1ch) + 2€C/6abcH

As in the static and torsional static cases, imposing the torsion-free condition sets
¢’ = 0. This means we get the same torsion-free, flat invariant connections in this case as
in D > 4. Therefore, there are no torsion-free, flat invariant connections in this dimension.
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In D = 2, the torsion and curvature become

Q(H, Po)H = (§(v — p) = EV )Py 4 (€' (v — p) + & )ean B,

Q(H, P.)Py = (((p —v) = V()0 H + (¢'(1 — v) + V' ()ear H,
(Pay P)H = 2(£¢" = €'Q)eapH,  and

Q(Pa, Py)Pe = (C6 + ('€ + €)(0pePa — dacPy) + (€ = ('E)€ap Pe-

(4.69)

2
N

Once again, we find no torsion-free, flat invariant connections for this spacetime.

4.6.4 Aristotelian spacetime A24

The non-vanishing torsion and curvature components are

(
(
Q(H, Po)H = (§(v — p) = EV)Po+ (' (v — p) + &V )ear B, (4.70)
Q(H, P.)Py = (¢(1n —v) = V("o H + (('(1 —v) + V' (earH,
Q(Py, B)H = (2(&¢’ = €'¢) — p)eapH, and
Q(Py, Py)Pe = (CE + ' + V') (0pePa — 0acPs) + (€' = ('€ — v)ean P

We find a unique torsion-free, flat invariant connection. The corresponding non-vanishing
Nomizu maps are
9

1
a(Py, Py) = ZéabH + §€abH- (4.71)

5 Pseudo-riemannian spacetimes and their limits

Let us introduce parameters » = 0,41, ¢ = 0,£1, and ¢, and consider the following Lie
brackets in addition to (2.2):

1

[H,B] =P, [H,P] = —xB, [B,P] = 5 H, (5.1)
c
S x
(B, B] = —C—QJ, and [P, P]= —;J. (5.2)
The parameter ¢ corresponds to the signature: ¢ = 1 for riemannian, ¢ = —1 for lorentzian

and ¢ = 0 for carrollian. The parameter s corresponds to the curvature, so s = 1,0, —1
for positive, zero and negative curvature, respectively.” The limit ¢ — oo corresponds

9This has to be taken with a grain of salt. Indeed, it follows from table 4 that the correspondence between
» and the sign of the curvature is a little fictitious in the galilean setting, at least: if we interpret them as
limits of lorentzian spacetimes, then dSG has “positive” curvature and AdSG has “negative” curvature, but
if we interpret them as limits of riemannian spaces, then it’s the other way around. This means that these
spacetimes are characterised by the product ¢sc (for G the sign is irrelevant). Concerning the carrollian
spacetimes it is useful to realise that subalgebra spanned by J and P is isomorphic to so(D+1) and so(D, 1)
for dSC and AdSC, respectively (see also section 10.2). Compared to the limits of section 5 in [6] we change
727700 — ¢ and &277“ — 2.
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S » ¢ ' | Spacetime
~1 0 1 | Minkowski (M)
-1 1 1 | de Sitter (dS)
-1 =1 1 | antide Sitter (AdS)
1 0 1 | euclidean (E)
1 1 1 | sphere (5)
1 =1 1 | hyperbolic (H)
F1 0 0 | galilean (G)
F1 +1 0 | galilean de Sitter (dSG)
F1 F1 0 | galilean anti de Sitter (AdSG)
0 1 | carrollian (C)
1 1 | carrollian de Sitter (dSC)
—1 1 | carrollian anti de Sitter (AdSC)

Table 4. Symmetric spacetimes.

to the non-relativistic limit. In the computations below we will work with unspecified
values of ¢, s, c and only at the end will we set them to appropriate values to recover the
results for particular spacetimes. Some of the expressions will have (removable) singularities
whenever ¢ or ¢ vanish, so will have to think of those cases as limits: the ultra-relativistic
limit ¢ — 0 and the flat limit s — 0. Table 4 shows the spacetimes associated to different
values of these parameters. They can be characterised as those homogeneous kinematical
spacetimes which are symmetric, so the canonical invariant connection is torsion-free. The
table divides into four sections separated by horizontal rules corresponding, from top to
bottom, to lorentzian, euclidean, galilean and carrollian symmetric spacetimes.

5.1 Invariant structures

We will determine the form of the invariant tensors of small rank. If £ = h & m is a reduc-
tive split then, as explained in section 3.7, invariant tensor fields on a simply-connected
homogeneous space M = K /H are in bijective correspondence with H-invariant tensors on
m, and since H is connected, these are in bijective correspondence with h-invariant tensors
on m.

The action of h on m is the linear isotropy representation, which is the restriction to b
of the adjoint action:

Jp-H=0 B, -H = —cF,

and

1 (5.3)
Jab - Pe = 0pe Py — dac Py B, P, = CﬁdabH'

With respect to the canonical dual basis 7, 7, for m*, the dual linear isotropy representation

is the restriction of the coadjoint action:
1
Jap =10 and Ba'n:_?ﬂ'a

(5.4)
Jab'ﬂ'cz—égﬂ'b‘f’égﬂ'a Ba'ﬁb:§(52n~

It follows that H is invariant in the o — 0 limit, whereas 7 is invariant in the ¢ — oo limit.
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Concerning the rotationally invariant tensors of second rank, let us observe that
1
a1 H? + /1 P?  is invariant <= ocaj = — B (5.5)
c

and 1
aon? + for?  is invariant <= —ag = ofs. (5.6)
c

It is interesting to note that the sign s of the curvature has played no role thus far.
We shall now specialise to the different classes of spacetimes and determine whether
and how the structures are induced in the limit.

5.1.1 Lorentzian and riemannian case

It is clear that for the (pseudo-)riemannian case, where ¢ # 0 # C%, only the metric and its
co-metric are invariant. Keeping in mind that we wish the limit in which the parameters
¢ and c tend to zero to exist, we set a; = C% and 81 = ¢ and similarly for the co-metric,

which leads to the invariants
1 1
c—2H2 + ¢P? and o’ + ?71'2 . (5.7)

For negative (positive) ¢ this is the invariant lorentzian (riemannian) structure. The metric
and the co-metric are not per se the inverse of each other, although using definite values
for the limiting parameters they can be made to be.

5.1.2 Non- and ultra-relativistic limits

Let us now investigate the limits. Taking the non-relativistic limit (¢ — oo) of the metrics
leads to the invariants
¢P? and ¢, (5.8)

which can be interpreted as the invariants that properly arise from the lorentzian structure.
However, as (5.3) shows also 7 itself is an invariant in this limit. This does not follow
from the contractions, but can be anticipated from the metrics. We could now take the
ultra-relativistic limit (¢ — 0) of (5.8) leading to no invariant tensor. Of course, this
spacetime has the invariants H, P2 7, 72, but none of these arise from the limit of the
original lorentzian and riemannian metrics. For the ultra-relativistic limit, we may apply
the same logic.

Concluding, we have the galilean structure 7, ¢P? and the carrollian structure H, C%71'2,

where we have left the contraction parameters for the invariants that arise from a limit.

5.2 Action of the boosts

The actions of the boosts for all the lorentzian, riemannian, galilean, and reductive carrol-
lian spacetimes were determined in section 3.4, where we arrived at equation (3.38) for the
orbit of (tg,x¢) under the one-parameter family of boosts generated by w - B, which we
rewrite here as follows:

1 sinh
t(s) = tocosh(sz) + —2Mmo cw
sinhéz) ) (zo - w) (5:9)
x(s) = g — gtofw + cosh(sz)(sz,
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— 20w and 2 C%gw? Notice that the orbits of (0, xo) with zp-w = 0

where xg = xg
are point-like. To understand the nature of the other (generic) orbits, we choose values for
the parameters. Notice that in our coset parametrisation the boosts do not depend on ,

but only on ¢ and c. Therefore, we shall be able to treat each class of spacetime uniformly.

5.2.1 Lorentzian boosts

1

2
Here we take ¢ = —1 and keep ¢~ " non-zero. Then 22 = lg—Q, SO

the boosts are

1 sinh(
t(s) = to cosh (s‘wD CQSm ‘i; Al xo -

x(s) = zg + Osmh’i} al w + cosh <s’1:’>w(;1]2w)w

(5.10)

L .

Let = ¢ + yw, where £ - w = 0. Then z*(s) = 7 for all s and the orbit takes place

in the (¢,y) plane. Letting |w| =1 and ¢ = 1, we find
t(s) = to cosh(s) + sinh(s)yo and y(s) = tosinh(s) + cosh(s)yo, (5.11)

which is either a point (if typ = yg = 0), a straight line (if ¢¢ = +yo # 0), or a hyperbola
(otherwise). The nature of the orbits in the exponential coordinates is clear, but only in
the case of Minkowski spacetime do the exponential coordinates provide a global chart and
hence only in that case can we deduce from this calculation that the generic orbits are not
compact. For (anti) de Sitter spacetime, we must argue in a different way.

Let dS denote the quotient of dS which embeds as a quadric hypersurface in Minkowski
spacetime. The covering map dS — dS relates the orbits of the boosts on dS and in the
quotient dS and since continuous maps send compact sets to compact sets, it is enough to
show the non-compactness of the orbits in dS. The embedding dS ¢ RP*1! is given by
the quadric

.’L'%++x%)+x2p+1 _$2D+2 :R27 (512)

which is acted on transitively by SO(D + 1,1). The stabiliser Lie algebra of the point
(0,---,0,R,0) is spanned by the so(D + 1,1) generators J,; and J, pi2, so that B, =
Ja,D+2, which is a boost in RP+L1 We have just shown that boosts in Minkowski spacetime
have non-compact orbits; therefore, this is the case in dS and hence also in dS.

Similarly, let AdS denote the quotient of AdS which embeds in RP+? as the quadric

ZE%+“'+$%—$%+1_ZE%+2:_R2- (513)

The Lie algebra so(D,2) acts transitively on this quadric and the stabiliser Lie algebra
at the point (0,---,0,0, R) is spanned by the so(D, 2) generators Jg, and J, p4+1, so that
B, = Ja,p+1 which is a “boost” in RP2. The calculation of the orbit, in this case, is formally
identical to the one for Minkowski spacetime (in fact, it takes place in the lorentzian plane
with coordinates (z4,zpy2)) and we see that they are non-compact, so the same holds in
AdS and thus also in AdS.
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5.2.2 Euclidean “boosts”

1

Here we take ¢ = 1 and keep ¢! non-zero. Then z? = —f—;, SOz =1 |% ‘, and the orbits of

the boosts are

1 si w
t(s) = to cos (s’lgD + fwwo.w

2 w
¢ H
©) (20-w)
c

w?

(5.14)

sin(s‘%‘)
%]

As before, letting = ' + yw, and choosing |w| = 1 and ¢ = 1, we find that the

w + cos <5

orbit is such that x* is constant and (¢,%) evolve as
t(s) = tocos(s) + sin(s)yo and y(s) = —tosin(s) + cos(s)yo, (5.15)

which is either a point (if ty) = yo = 0) or a circle (otherwise) and in any case compact.
This suffices for E and H since the exponential coordinates give a global chart. For S it is
clear that the boosts act with compact orbits because the kinematical Lie group SO(D +2)
is itself compact, therefore, so are the one-parameter subgroups.

5.2.3 Galilean boosts

Here we take the limit ¢ — oo and, for definiteness, ¢ = —1. The orbits of the boosts are
then the limit ¢ — oo of equation (5.10):

t(s) = t()

(5.16)
x(s) = xo + stow.

Here the orbits of (0, o) are point-like. The generic orbit (¢y # 0) is not periodic and
hence not compact. This suffices for G and dSG, since the exponential coordinates define
a global chart. For AdSG we need to argue differently and this is done in section 5.10.

5.2.4 Carrollian boosts

1

Here we keep ¢~ non-zero, but take the limit ¢ — 0 in equation (3.38):

H(s) = to + s~
S) = S—FIp W
0™ (5.17)

x(s) = xp.

Here the orbits (g, ) with o -w = 0 are point-like, but the other orbits are not periodic,
hence not compact. This settles it for AdSC, since the exponential coordinates give a global
chart. For the other carrollian spacetimes we can argue in a different way.

As shown in [34], a carrollian spacetime admits an embedding as a null hypersurface in
a lorentzian spacetime. For the homogeneous examples in this paper, this was done in [6]
following the embeddings of the carrollian spacetimes C and LC as null hypersurfaces of
Minkowski spacetime described already in [34].

As explained in section 3.4, for dSC it is enough to work with the discrete quotient dSC,
which embeds as a null hypersurface in the hyperboloid model dS of de Sitter spacetime,
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which itself is a quadric hypersurface in Minkowski spacetime. In [6] we showed that the
boosts in dSC can be interpreted as null rotations in the (higher-dimensional) pseudo-
orthogonal Lie group and the orbits of null rotations are never compact. This is done in
detail in section 7.1 for LC.

5.3 Fundamental vector fields

The fundamental vector fields for rotations and boosts are linear in exponential coordinates
and given by equations (3.26) and (3.39), respectively. To determine the fundamental vector
fields for the translations we must work harder.

Now let A =tH + « - P. Then we have that

adgs H = »x - B adiH:%gtm-P—%xQH
c
1 2B — Xty — ct?B. — Ln .
ady By = ctP, — —woH ady Ba = 5cta”Jay — 6t"Ba CQ Tox - B
o and 1
ads P, = —2Jabxb — ntB, ad2 P, = —%<Cx + §t2>P + xaa: P —l— ta:aH
c
”
adg Jop = 2o Py — 2Py ad% Jup = —set(vaBp — 2pBa) + 57 (@adbe = azbJac),
(5.18)
so that in general we have
1
ad® = —%(2332 + gt2> ady . (5.19)
c
Letting x4+ denote the two complex square roots of —%(C%xQ +6t?), with o = —z,, we

can rewrite this equation as ad® = z2 < adg.
Now, if f(z) is analytic in z and admits a power series expansion f(z) =
>0y cn2", then

1 o 1 o
f(ada) = f(0) + - Z C2k+1l'?~_k+1 ady —|—:U—2 Z cora? Fad? . (5.20)
* k=0 + k=1

Observing that

o

S o103t = S(f(oy)—f(_)) and ZC%M_f (Flas)+f(z)=2£(0)), (5.21)

2
k=0

we arrive finally at

flada) = £(0) + 21+(f(90+) — f))ada+o o (fl@y) + fla) = 2f(0) adh . (5.22)
T3
Introducing the shorthand notation:
=S+ @) ad = () - fe), (G2))
+
equation (5.22) becomes
Flada) = F(0) + fada-+—y (FF — £(0) ad (524)
+
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It follows from the above equation and equation (5.18), that for f(z) analytic in z,
flada)H =f(0)H + f~»x - B

1
+ ozt ) (st P - Sa?H)
F(ada) By = F(0) B+ f~(5tPa — o)
1

+ 2 V1 Ve b
+ E(f — f(0)) (—%ct Ba = S%a®- B+ SctJapr ) (5.25)

F(ada) Py = [+ Py + f~(—5tB + Jabx)+é(f+—f(0));xa(tH+m-P)

f(adA)Jab :f(O)Jab + f_(CCan - bea)

+ :ELQ(]H_ - f(O))% < (:EaBb —xpB, ) Cl (l‘anc beac)> .
T

Let us calculate £ = T% + y° agav where by equation (3.16)
TH+y-P=Gada)H — F(ada)8 - B, (5.26)

for some 8. From equation (5.25), we have

1
TH+y-P:H—|—G%a:-B+2(G+—1)<%§tw~P—};w2H>
x4 c

—<B-B—|—F (stB- P — 1x BH) (5.27)

1

+ —(F* - 1)( xt?’B- B — m Bx - B +- gtJabﬁa b))

x
+

By so(D)-covariance, 3 has to be proportional to «, since that is the only other vector

appearing in the B terms, which means that the J,; term above vanishes. This leaves

terms in B, H, and P, which allow us to solve for 8, 7, and vy, respectively. The B terms

cancel if and only if

8= G—%m (5.28)

which we can reinsert into the equation to solve for 7 and y. Doing so we find

tho, —1 tho, —1
721_<fw;+> Za and y:<)%t (5.29)

z? zi
so that
{o = gt + (SC+ COT;JF — 1> » (gta:aaia - i 2;) (5.30)
To calculate &,.p = T% + @ 82a7 equation (3.16) says we must solve

TH +y-P=G(ads)v- P — F(ady) <,8 - B+ ;leJab) , (5.31)
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for A%, 3, 7, and y from the components along J,;, B, H, and P, respectively. The details
of the calculation are not particularly illuminating. Let us simply remark that we find

AP = hy (v — 0P2®) + ho(B%b — BPz?) (5.32)
for Gz _%(F%_l)c%gt
hl = ¢ P and hg = + = s (533)
1—%(F+—1)C—25L‘2 1—%(F+—1)C—2x2
and
so that . )
t
A\ = 7%7%111 (@4/ )(vaxb —vlz9). (5.35)
C Ty

Re-inserting these expressions into the equation we solve for 7 and y, resulting in

rycothzry —1 5

_ it 5.36
T 2 atT v (5.36)
and i )
y* = x4 coth(zy )v® + %%m ~vz®. (5.37)
s c

Finally, we have that
_ xycothaxy —1 < 0 b 0

£p, = i Za (5 (5.38)

z2 ot Oxb

> +x+cothx+a —.
x

Let us summarise all the fundamental vector fields and remember that z, =

\/—%(6%1‘2 + ¢t?2)

0 0
_ b a7
Sy = ozt " b
13 —lxag— t 0
Ba = 3% 51 T “oge (5.39)
o 3 5L'+C0th33+—1 a 3 1 28 .
fH—m+<x1>”Gmaﬂ 27 5
rycothry —1 5 0 p O
§Pa — T§$a <tat + x w —|—x+ COth.l’.,.axa.

We can now calculate the Lie brackets of the vector fields which indeed shows the anti-
homomorphism with respect to (5.1)

[u,¢B] = —<€p, [€n,Ep] = »¢B, €B,¢pP] = —%251{,
m.gBl= 6, and  [pgpl = SE (5.40)

Let us emphasise that taking the limit of the vector fields and then calculating their Lie
bracket leads to the same result as just taking just the limit of the Lie brackets, i.e., these
operations commute.
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5.4 Soldering form and connection one-form

The soldering form and the connection one-form are the two components of the pull-
back of the left-invariant Maurer-Cartan form on K. We will calculate it first for all the
(pseudo-)riemannian cases and then take the flat, non-relativistic and ultra-relativistic
limit. As we will see, the exponential coordinates are well adapted for that purpose, and
the limits can then be systematically studied. That the limits are well defined follows from
our construction since the quantities we calculate are a power series of the contraction

L 3¢, 7 in the € — 0 limit and not of their inverse. Let us however stress

parameters, € = ¢~
that for some quantities like, e.g., the galilean structure, modified exponential coordinates
are more economical, see appendix A.

For the non-flat (pseudo-)riemannian geometries our exponential coordinates are, ex-
cept for the hyperbolic case, neither globally valid nor are quantities like the curvature
very compact. Since coordinate systems for these cases are well studied, we will focus in
the following mainly on the remaining cases. It is useful to derive the soldering form, the
invariant connection and the vielbein in full generality since we take the limit and use them
to calculate the remaining quantities of interest.

We start by calculating the Maurer-Cartan form via equation (3.45) for which we again

use equation (5.25). We find that

1
0 +w=dtH + D sdtx - B+ — (D" — 1) <%§tdtm -P— %2z2dtH>
x5 c

+ D dx- P+ D™ < — uwtdx - B + J';clxafz:bJab)
c

1
+ (D" -2z de(tH + = - P), (5.41)
e c
which, using that
D-— 1—co2shx+7 D+:sinhx+ and hence %(DJr_l):sinhmg—:ch’
x3 T4 Ty T
(5.42)

gives the following expressions:

sinhz

0 =dtH + de - P

Lt
sinhxy — x4

1
i’ » <§tdtaz P+ S(te-deH — 2°dtH + - dex - P)> (5.43)

i @
1 — cosh 1
w :%% <dtw B —tdx - B — Qx“dbeab> :
3 ¢

We can also evaluate the vielbein £ = Eyn + Ep - w which leads us to

2 0 0
Eyg = ;g_ [(—at2 - %mr csch x+> o +o(—1+xycschaxy) tm“axa} (5.44)
»x® 0 b 0
Ep, = ﬂ (=14 x4 cschxy) (té’t +x 8a:b> + x4 cschay R (5.45)
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5.5 Flat limit, Minkowski (IM) and euclidean spacetime (E)

In the flat limit s — 0 the soldering form and connection one-form are given by
0 =dtH +dx - P and w=0, (5.46)

respectively, where (¢, ) are global coordinates. The vielbein is given by

0
E—an—l-a—wm' (5.47)
and the fundamental vector fields, taking the limit of (5.39), by
1 ,0 0 0 0
= TG Tlge ST awd fn=go (5.48)

Using the soldering form and the vielbein we can now write the metric and co-metric, given
in equation (5.7), in coordinates

190 0 ] 1
1009  osi b o b 4
2o 2 T 55 % o (5.49)

1
gzadt2+c—2dm'dm g=

Since the connection one-form vanishes the torsion and curvature evaluate to

Q=0 0 =0. (5.50)
We can now set o and ¢ to definite values to obtain the Minkowski spacetime (o = —1,
¢ = 1), Euclidean space (¢ = —1, ¢ = 1), galilean spacetime (¢ = 1, ¢! = 0), and

carrollian spacetime (o = 0, ¢ = 1). This is obvious enough for the first two cases so that
we go straight to the galilean spacetime.

5.6 Galilean spacetime (G)

For galilean spacetimes we have the fundamental vector fields

0 0 0

o =G & = Gy (55

&, =t

and the invariant galilean structure which is characterised by the clock one-form 7 = dt

and the spatial metric on one-forms h = 6% aga ® %.

5.7 Carrollian spacetime (C)

The fundamental vector fields for the carrollian spacetime are

0 0 0

€Ba = xaa §H = a fPa = %, (552)

and the invariant carrollian structure is given by k = % and b = d,pdz®da?.
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5.8 Non-relativistic limit

In the non-relativistic limit ¢ — oo we get x4 = v/ —t? and the soldering form and
connection one-form are given by

inh inhz, —
0=dtH + " dg. P+ T T it P
Ty Ty
1 — coshz ’ (5.53)
W=~ (dtx - B — tdz - B)
X
+

We take the non-relativistic limit of the vielbein and obtain

9 © 9
=5 + (1 —xycschay) + Oz (5.54)

‘EH
X X
al'a

We can now calculate the invariant galilean structure which is given by the clock one-form
and the spatial co-metric (h = ¢P?):

T =n(0) = odt h = x% csch? a:+6“b£L ® (‘fcb' (5.55)
The fundamental vector fields are given by
= —t
$Be " B
0 xycothxy —1 0
=+ 5" ) scta® :
§u ET < =) ) sctat o2 (5.56)
¢p, = rycothry —.
ox?
5.9 Galilean de Sitter spacetime (dSG)
We start be setting 0 = —1 and » = 1 so that x4 =t and see that
— sinh inh
szt<H—|—tS;1(t):c-P> +Smt(t)da:-P
. Lt (5.57)
w:ﬂ(dm-B—tdm-B).
$2

The soldering form is invertible for all (¢, ), since sinh(¢)/t # 0 for all ¢ € R. From the
above soldering form, it is easily seen that the torsion two-form vanishes and the curvature
two-form is given by

1
Q= 7 sinh(t) Bg(dt A dx®). (5.58)
The vielbein is given by
0 z* 0 d
En=2 4+ (1—tescht) X Ep, = tescht——. .
H= 5 + (1 —tescht) T B and p, = tcsc taxa (5.59)



We can thus find the invariant galilean structure: the clock one-form is given by 7 = n(0) =
dt and the spatial metric is given by

0 0
42 2 4 cab
h = t* csch” td pn ® Db (5.60)
Finally, the fundamental vector fields are
0
=t 5.61
S (5.61)
0 1 0 0
§H = a + <t - COth(t)) T G (562)
0
= tcoth(t)—. .
¢p, coth( >d:z:a (5.63)
5.10 Galilean anti de Sitter spacetime (AdSG)
For ¢ = —1 and » = 1 the soldering form and connection one-form for the canonical
invariant connection are
0 = dt <H+t_tzlntaz-P> T
. . (5.64)
w=-""""(42. B tdz - B).
$2

Because of the zero of sin(t)/t at t = £, the soldering form is an isomorphism for all x
and for t € (—m, ), so that the exponential coordinates are invalid outside of that region.
Let tg € (—m,m) and g € RP. The orbit of the point (g, o) under the one-parameter
subgroup of boosts generated by w - B is

t(s) =to and x(s) = xg + stow. (5.65)

The orbits are point-like for g = 0 and straight lines for ¢y # 0. These orbits remain inside
the domain of validity of the exponential coordinates. The generic orbits are, therefore,
non-compact.

The torsion two-form again vanishes and the curvature form is

1
Q= n sint B, (dt A dz®). (5.66)
The vielbein is given by
0 t x* 0 t 0
Ey=— 1—— ) — d Ep = —— 5.67
Y +< sint) t Ozo o Fa ™ Sint 0z’ (5:67)
so that the invariant galilean structure has a clock one-form 7 = n() = dt and a spa-
tial metric )
t 0 0
h={—1] 0% —. 5.68
(sint) 020 © 0 (568)
The fundamental vector fields for galilean AdS are
0
=1
=2 ox?
&p, =tcot ti 5.69
Fa ™ O0x? (5.69)
0 1 0
==+ (= —cott)a®
" 8t+(t «© >$8x“
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5.11 Ultra-relativistic limit
In the ultra-relativistic limit ¢ — 0 to the carrollian (anti) de Sitter spacetimes we get

Ty = 4 /—C%a:Q and the soldering form and invariant connection are

o sinhz

(tH +x - P)

inh d
(dtH+daz-P)+<1—Sm x*) Toox

2

$h+ X T X (5.70)
coshxy —
=——0F— <dtac B —tdx-B - 2Jabxadxb) :
x c
The vielbein in the ultra-relativistic limit has the following form
0
Eyg=ux4 cschamra
a (5.71)

x 0 p O 0
Ep, = 2 (1 —z4cschay) <t8t +z W’) + Ty cschmr%.

The ultra-relativistic limit leads to carrollian structure consisting of k = Eg and the
spatial metric b = 6%71'2 given by

po L(smhee' g Ly (siohee)) (@odz)? (5.72)
c? Ty c? T x2

The fundamental vector fields are

1,0
B, = 27 5
0
£n = x4 coth Thop (5.73)

a

. o, 0 P
épa = (1 — Ty COthCC+) (tat +x 8$b> +SU+ COthﬂf_A,_@.

T2
5.12 (Anti) de Sitter carrollian spacetimes (dSC and AdSC)

We will treat these two spacetimes together, such that s = 1 corresponds to carrollian
de Sitter (dSC) and » = —1 to carrollian anti de Sitter (AdSC) spacetimes. Furthermore
we set ¢ = 1.

We find that the soldering form is given by

sin |z |

o) = =g (@H +dz - P) + (l - Smw'f') mgf%“w - P)
' ‘ (5.74)
B h h -d
go=0 = ST gy e py (1SRl 2 5 (LH+ @ P).
x| || x
sin || sinh ||

These soldering forms are invertible whenever the functions (for ¢ = 1) or

||
(for s = —1) are invertible. The latter function is invertible for all &, whereas the former

function is invertible in the open ball |z| < 7.
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The connection one-form is given by

_ -1
w=D = Cosg(dtw - B —tdx - B + daz®z"J )
(=—1) _ cosh|z[—1 a b (5.75)
w = O (dtx - B —tda - B + da"a" ).
x

The canonical connection is torsion-free, since (A)dSC is symmetric, but it is not flat.
The curvature is given by

: 2 : ;
QU=1) _ (sm ]ac|) G A de . B S0 || (sm lz| 1) x - dt/\dm "

x| || || T -

(sm |w|)2 Japdz® A da?

28m \:13| (sm | _ ) ¥ Jpe — ta By )dx® A da®
ac a b

2 . : (5.76)
Ql=1) _ (smh |az> dtAdz- B+ sinh |x| (smh x| 1) x - Bdt/\dw .
Ed || x| T-x
h 2
(Sm |33) Jupdz® A dzb
Ed
2sinh inh
_ 2sin i <s1n d — 1) (a:cbeac — tbia)d:Ca A da®.
|| ||
Using the soldering form, we find the vielbein E to have components
(3=1)
E
0 = Jafesclal
and Eg’:l) _— (1 — || csc|z|) tg + a0 b 9 + |x| esc || — 0 :
a x? ot b 0x®
5 (5.77)
Eg,{zfl) = |w|csch|m\a
and Egz_l) = % (1 — || csch |z|) <t§t + xbaib) + ||
The invariant carrollian structure is given by x = Epy and the spatial metric
. 2 . 2
pi=1) _ (80 || dzdw (1 (™ || (x - dx)?
Ed Ed a?
(5.78)

yo=—1) _ (sinh |z] Qdm'dx+ | (sinh |z 2\ (x - dx)?
|z |z a2

Finally, the fundamental vector field of our ultra-relativistic algebras are

0

§p, = E

7 = lal cot 2] 5
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5(%:_1)

P = |:B\coth|m|—

(3=1) x? 0 0
&p, —2(1 — || cot |x|) (tat + 2 9ab b> + ||
(e=—1) _ 2% 0 0 0
p, —2(1 || coth |x|) (tat + b E b> + |z| coth|w\—a$a. (5.79)

6 Torsional galilean spacetimes

Unlike the galilean symmetric spacetimes discussed in section 5, some galilean spacetimes
do not arise as limits from the (pseudo-)riemannian spacetimes: namely, the torsional
galilean de Sitter (dSG,) and anti de Sitter (AdSG, ) spacetimes and spacetime S12- .,
which are the subject of this section. Galilean spacetimes can be seen as null reductions
of lorentzian spacetimes one dimension higher and it would be interesting to exhibit these
galilean spacetimes as null reductions. We hope to return to this question in the future.

6.1 Torsional galilean de Sitter spacetime (dSG,1)

The additional brackets not involving J for dSG, are [H,B| = —P and [H,P| = vB +
(14+~)P, where v € (—1,1).

6.1.1 Fundamental vector fields

We start by determining the expressions for the fundamental vector fields g, , &p,, and &g
relative to the exponential coordinates. The boosts are galilean and hence act in the usual
way, with fundamental vector field

0
=t . 6.1
A (6.1)
To determine the other fundamental vector fields we must work harder. The matrix ad 4
in this basis is given by
0
ady = ¢ T, (6.2)
1147

which is diagonalisable (since 7 # 1) with eigenvalues 1 and +, so that ad4 = SAS~!, with

N and 5= {71). (6.3)
0ty 11

Therefore if f(z) is analytic,

flada) = S (f(t) 0 )> s, (6.4)

0 flyt
so that
fOt) =2f@) 5, fO01) ~ f(1)
fdgB == B T P (6.5)
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On the other hand, ady H = —yx- B — (1 + )z - P, so if f(z) =1+ zf(2), then

flada)H = H —yf(ada)x- B — (14 ~)f(ada)x - P

=l¥+117(mﬂw)—fﬁﬁw-34-1iy(ﬁﬂdw—fﬁﬁw-P,

(6.6)

where f(t) = (f(t) —1)/t. With these expressions we can now use equation (3.16) to solve
for the fundamental vector fields.
Put X =v- P and Y'(0) = 8- B in equation (3.16) to obtain that 7 = 0 and

yP = — [ (GOt —1Gt) v B+ (1Gt) — G(t) v P
K 1 (6.7)
— 1 [(P(2) = 7F()) 8- B+ (F() ~ Ft) 8- P).

This requires

__ GOt -G
SR TR0k o

and hence, substituting back into the equation for y and simplifying, we obtain

_ (v —1)e’
so that
(y—1)et\ 0
=t(—-1 . 1
fPa ( + et — et Oxa (6 O)
Finally, let X = H and Y/(0) = 3 - B in equation (3.16) to obtain that 7 = 1 and
v 1 2
y-P=1——0h(yt) = h() @ B+ —— (v’h(yt) = h(t)) & - P
- L=~
1 1 (6.11)
- ﬁ(F(%) —F({)B8-B - ﬁ(F(Vt) —F(t)B8- P,
where h(t) = (G(t) — 1)/t. This requires
Yh(7t) — h(?)
8= x 6.12
TFGH) . P (042
so that
1 (1—7)e
This means that
0 1 (I—7)ey , 0
5H_ai5+(1+t+€7t—€t e (6.14)

We can easily check that [{n,&p,] = ¢{p, and [{u,&p,] = =€, — (1 +7)Ep,.
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6.1.2 Soldering form and canonical connection

This homogeneous spacetime is reductive, so we have not just a soldering form, but also a
canonical invariant connection, which can be determined via equation (3.45):

04+ w = D(ady)(dtH + dx - P)
_ Y (wD(vt) - D) )& B+ — (42D (1) — D)) -
= dt(H—i— . 7(7D(’yt) D(t))w B + . 7(7 D(~t) — D(t))x - P (6.15)
1
+ %(D(vt) = D(t)dw - B+ —(D(1) = D(B))dz - P,

where now D(z) = (D(z) — 1)/z. Substituting D(z) = (1 — e #)/z, we find that the
soldering form is given by
e—t _ Lt

A =4) (dtx — tdz) - P, (6.16)

1
9:dt<H+tw-P) +
from where it follows that 6 is invertible for all (¢, ). The canonical invariant connection
is given by

1 ’76_t —e

The torsion and curvature of the canonical invariant connection are easily determined from
equations (3.47) and (3.48), respectively:

1 -t _ =t -t __ =t
0= (-0 = girde-P and Q= ()" " gindx-B. (6.18)
11— t 11— t

This spacetime admits an invariant galilean structure with clock form 7 = n(0) = dt
and spatial metric on one-forms h = 6 Ep, ® Ep,, where E is the vielbein obtained by
inverting the soldering form:

e 1 v—1 0 O _t(y-1) 0
EH‘*(z:‘w)%w and B, = o g (019)

Therefore, the spatial metric of the galilean structure is given by

h/:

Bl-12 L, 0 0

5 . 6.20
(e7t —et)2" Oz © dzb (6:20)
6.2 Torsional galilean de Sitter spacetime (dSG,—=1)

This is dSGy, which is the v — 1 limit of the previous example. Some of the expressions in
the previous section have removable singularities at v = 1, so it seems that treating that
case in a separate section leads to a more transparent exposition.

The additional brackets not involving J are now [H,B] = —P and [H, P] = 2P + B.
We start by determining the expressions for the fundamental vector fields g, , {p,, and &g
relative to the exponential coordinates (¢, x), where o(t,x) = exp(tH + x - P).
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6.2.1 Fundamental vector fields

The bracket [H,B] = —P shows that B acts as a galilean boost. We can, therefore,
immediately write down

d
oz’
To find the other fundamental vector fields requires solving equation (3.16) with A =
tH 4+« - P and Y'(0) = B - B (for this Lie algebra) for X = P, and X = H. To apply
equation (3.16) we must first determine how to act with f(ada) on the generators, where

§p, =1

(6.21)

f(2) is analytic in z.
We start from

adyH=-x-B—-2x-P
adg P =2tP +tB (6.22)
ady B = —tP.

It follows from the last two expressions that

ada (B P) - (B P) (_”t Qtt) , (6.23)

01
M = (_1 2) (6.24)

is not diagonalisable, but may be brought to Jordan normal form M = SJS~!, where

J= (1 0) and S=8"1= (1 _1> . (6.25)
11 0—1

It follows that for f(z) analytic in z,

where the matrix

f(ady) (B P) (B P) SF(t])S. (6.26)

If f(z) =31 ycn2",
= 10 f@ o
FD) =S ept” = . 6.27
=2t () = \ero s (027
Performing the matrix multiplication, we arrive at

flada)B = (f(t) —tf'(t)) B —tf'(t)) P

Fada)P = tf' (t)B + (f(t) + tf'(t))P. (6.28)

Similarly,

flada)H = f(0)H —2x - f(ada)P — x - f(ada)B, (6.29)
where f(z) = (f(2) - f(0))/z.
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We are now ready to apply equation (3.16). Let X = v - P. Then equation (3.16)
becomes

TH+vy-P=G(ady)v-P — F(ady)3- B
= (G(t) +tG'(t))v- P +tG'(t)v- B — (F(t) —tF'(t))B3- B+ tF'(t)3 - P,

(6.30)
from where we find that 7 = 0,
Gt
A= Ft) —tF'(t)"
F(t)G Ft)G'(t) — F'(t)G
and hence y = (WG +;§(t)(t) tfgzt) ®) (t))'v =(1—t)v, (6.31)
so that 5
¢p=(1=t)5 2, (6.32)
which is indeed the limit v — 1 of equation (6.10).
Now let X = H, so that equation (3.16) becomes
TH+y-P=G(ada)H — 3-F(ads)B
— H —2x-G(adq)P —x-G(ady)B — 3 F(ad4)B (6.33)
=H— (G(t)+tG'(t))xz-B— (F(t) —tF'(t))3- B '
— (2G(t) + tG'(t))x - P+ tF'(t)3 - P,
from where 7 =1,
~ G +tG'(t) _HF'(WG() - F()G' (1) - 2F)G(t)
B = = F() F(t)w and hence y = Fll) — tF' (1) T=x
(6.34)
In summary,
0 . 0
§n = 5 T g (6.35)

which is indeed the v — 1 limit of equation (6.14).

6.2.2 Soldering form and canonical connection

To calculate the soldering form and the connection one-form for the canonical invariant
connection, we apply equation (3.45):

0" = D(ada)(dtH + dx - P)
=dt (H —2z-D(ady)P —x - ﬁ(adA)B) +dx - D(ada)P
- - _ _ (6.36)
=dt (H — (D(t) +tD'(t))x - B — (2D(t) + tD'(t))zx - P)

+ (D(t) +tD'(t))dx - P +tD'(t)dz - B.
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Performing the calculation,

1—e?

0:dt<H+ m.P>+e—td:n.P

(6.37)

1/1—et
w:t( ¢ —e_t>(ac-Bdt—tdac-B),

which are equations (6.16) and (6.17) in the limit v — 1. Notice that 6 is an isomorphism
for all (¢, ).

The torsion and curvature two-forms for the canonical invariant connection are given by
O=2'dtANdx-P and Q= —e'dtNdx-B. (6.38)

The vielbein E has components

a9 1-€ ,

— 4 ", 9 ¢t 0
ot t Oxa

and Ep, = (6.39)

., — € 83}“'

Eny

The invariant galilean structure has clock form 7 = 7(#) = dt and inverse spatial metric

O o2, (6.40)

__ sab __ _2tgab
h = 6 Epa®pr—€ ¢ Dy Db’

6.3 Torsional galilean anti de Sitter spacetime (AdSG,)
Here [H, B] = —P and [H, P] = (1 + x*)B + 2xP.

6.3.1 Fundamental vector fields

Since B acts via galilean boosts we can immediately write down

0
oxe’

€, =1 (6.41)

To calculate the other fundamental vector fields we employ equation (3.16). The adjoint
action of A =tH + x - P is given by

adyH=—-1+x)x-B—-2xx-P
ady B = —tP (6.42)
adg P = t(1 4+ x*)B + 2txP.

In matrix form,

ad (B P) - (B P) ( 0 +X2)t> . (6.43)

—t 2ty

We notice that this matrix is diagonalisable:

2 . s o
( 0 (+x )> =SAS™!, where §:= (X+Z X Z) and A := (X vy ) .
-1 2x 1 1 0 x+1
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So if f(z) is analytic in z,
F(ada) (B P) - (B P) SF(tA)S™L, (6.45)

or letting t4 := t(x £ 1),

Flada)B = L(f(t1) ~ (t))(P+ XB) + S (f(t:) + f(t)B o
Flada)P =~ L(7(t4) ~ FE )P + (14 X)) B) + L (1) + f(t )P,
Similarly,

Fada)H = FOH + - (f(ads) ~ £(0) ads H

= f(O)H — (1 +x*)z - f(ada)B — 2xz - f(ada)P,

(6.47)

where f(z) := (f(z) — f(0))/z. With these formulae we can now use equation (3.16) to
find out the expressions for the fundamental vector fields £y and {p,. Putting X =v - P
and Y'(0) = B - B in equation (3.16) we arrive at

—i(1+)(G(ts) — G(E)
F(t) + F(_) + ix(F(ty) — F(i))

8= (6.48)

and hence

&p, = t(cott — x) e (6.49)

Similarly, putting X = H and Y’(0) = 8- B in equation (3.16) we find

_ix(G(ty) = G(t)) — (G(t2) + G(t-))
o= F(ty)+ F(to) +iix(F(ty) — F(t-)) T (6.50)

and hence

0 1 0
==+ (-+x- o = 51
$H 8t+(t+x cott)xaxa (6.51)

We check that [€g,&p,] = &p, and [€x,Ep,] = —(1+x?)€éB, — 2XEp,, as expected. Another
check is that taking xy — 0, we recover the fundamental vector fields for galilean anti
de Sitter spacetime given by equation (5.69).

6.3.2 Soldering form and canonical connection

Let us now use equation (3.45) to calculate the soldering form 6 and the connection one-
form w for the canonical invariant connection:

0+ w = D(ady)(dtH + dx - P)

~ ~ 6.52
= dt (H (1 4+ ¥z D(ada)B — 2xz - D(adA)P) +dx - D(ada)P, (6.52)
where D(z) = (D(z) — 1)/z. Evaluating these expressions, we find
t—eX'sint 1
0= dt (H + (etQSm)a: : P) + eV sintda - P (6.53)
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and
1 —e X! (cost + xsint)
w= 2

(dtx - B — tdx - B). (6.54)

Again, the zeros of % at t = £ invalidate the exponential coordinates for ¢t & (—m, ).
The torsion and curvature of the canonical invariant connection are easily calculated
to be

2
0= —Txe_xt sintdt A dx - P
6.55)
1 2 (
Q= —(—:X)ext sintdt A dx - B.

As x — 0, the torsion vanishes and the curvature agrees with that of the galilean anti
de Sitter spacetime (S10) in equation (5.66).
The vielbein E has components

(6.56)

whose x — 0 limit agrees with equation (5.67). The invariant galilean structure has clock
form 7 = n(0) = dt and inverse spatial metric

0 0
h = t?e2X! csc? téab% ® b (6.57)

which again agrees with equation (5.68) in the limit y — 0.

6.4 Spacetime S12, ,

There is a two-parameter family of spacetimes which is unique to D = 2. Here the addi-
tional brackets are [H, B] = —P, and [H, P] = (1 +~)P — xP + vB — xB. To make the
following calculations easier we may complexify the algebra by defining P = P; + iP5 and
B = B; + iB3 such that the brackets become [H,B] = —P, [H,P] = (1 + z)P + 2B, where
z =y+1ix . We start by determining the expressions for the fundamental vector fields ¢p,,
&p,, and &p.

6.4.1 Fundamental vector fields

Since B acts via galilean boosts we can immediately write down

0

gBa = taxa'

(6.58)

To calculate the other fundamental vector fields we employ equation (3.16). The adjoint
action of A =tH + « - P on a basis (B, P) is given by

0 z
dy=t . 6.59
ada <—1 1+2) (6.59)
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Notice that this matrix is diagonalisable:

< 0 4 ) —_ SAS_I, Where S = (Z 1) and A = (1 0) . (660)
114z 11 vz

So if f(¢) is an analytic function of ,

f(ada) ([B [P) - ([B IP) SF(tA)S™L, (6.61)
such that
Fad)B = (zti - jf(t) Bad (zi)_—zf(t) P o
Fad)P = z(f(ti - f(zt))[B N f(t>1—_z£(zt)up. '
Let f(¢):= (f(¢) — f(0))/¢. Then we may write, using the notation z = z! + iz?,
ady H — —2 Re (fad P)
¢ (6.63)

f(ada)H = H —Re (?f(adA)(z[B +(1+ z)[P)) .
Similarly, let v, 3, and y now be complex numbers. Setting X = Re(vP) and Y’'(0) =
Re(BB) we obtain 7 = 0 and
1

—Z

Re(yP) = Re <v1 (2(G(t) — G(2t))B+ (G(t) — 2G(2t))P)

(6.64)

_ﬂzfl

((zF(t) — F(2t))B + (F(t) — F(zt))lP)) .

This requires
5 260 —GO)
© 2F(t) — F(zt)
Substituting back into the equation we find

el(=14+~ —iy) .
y =t (—1 + ey ) v =: (a+1ib)v, (6.66)

(6.65)

where we have introduced a and b as the real and imaginary parts of the expression mul-
tiplying v. In full glory,

t((y = 1) cos(ty) + (1 + ) cosh(t(y — 1)) — xsin(tx) + (y — 1) sinh(¢(1 — 7))

a =
2(cos(tx) — cosh(t(y —1))) 667
 _ tccos(tx) + (1 = y)sin(tx) — ' y) .
- 2(cos(tx) — cosh(t(y —1))) ’
so that y* = av® — beapv? and hence
0
Ep, = am ot beabw. (6.68)
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Now letting X = H and Y’(0) = Re(3B), we obtain 7 = 1 and

Re(¥P) = — Re(zG(ad4)((1 + 2)P + 2B) — Re(BF (ad4)B)

— _Re (x(ll_*;) <z<é(t) — G(2t))B+ (G(t) — zé(zt))rP))
_Re ( f_zz (G(et) - 2G0)B + (G(at) - é(t))ﬂD)) (6.69)
_Re (1 ? — ((F(at) = 2F(8))B + (F(t) — F(t))[P)) .
We solve for 8 to find . )
= 2(2G(zt) — G(t))f_ (6.70)

F(zt) — zF(t) ’
Substituting this back in to the equation, we find

_ 1 (=1+vy—ix)e\ :
y = (1 tot o — G % =: (¢ + id)z, (6.71)

where ¢, d are the real and imaginary parts of the expression multiplying x. Expanding

we find
. e (1 4+t) + e (1 + ty) — !+ (2 4+ (1 + ) cos(tx) + tx sin(ty))
= t (€2t 4 e2t7 — 9et(1+7) cos(tx)) (6 72)
-~ e (xeos(tx) + (1= ) sin(tx)) '
- t (€2t + ety — 2¢t(14+7) cos(tx)) ’
so that y* = cx® — degpx? and hence
d 0 0 0 0
€y = P +cx e + degpx Dgb (6.73)

One can check that [§u,8p,] = §p, i) and [§u,EB,] = §B,,H]-

6.4.2 Soldering form and canonical connection

We can now use equation (3.45) in order to calculate the soldering form 6 and the connection
one-form w for the canonical invariant connection:

0+ w = D(ady)(dtH + dx - P)

- (6.74)
— dtH — dt Re (iD(adA)(z[B F( z)[P)) + Re (dzD(ad 4 )P),
where D(¢) = (D(¢ ) — 1)/¢. Evaluating these expressions we find
B dat _ tdz —zdt , _, 4,
and y p . .
Zdt — tdz e~ —ze”
= —— |1+ — | B ). .
w = Re ( 2 ( + o ) > (6.76)
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It is not immediately obvious from the expression for § whether it fails to be an isomor-
phism. Because 0,{1 = 1, the soldering form is invertible provided that the determinant
of 65 “ does not vanish. Unpacking the complex notation, we find that the determinant is

given by
—20(7+1) (267 4 2t _ 9pt(y+1) ¢
e (62 e : e 2 cos(tx)) (6.77)
2 ((v =1 +x%)
This is nowhere zero for v € [-1,1). But if v = 1, then it becomes
2e72 (1 — cos(t
€ ( COS( X)) (678)

+2 X2 ’

which vanishes whenever txy = 27k, k = £1,42,---. Therefore, for y > 0 and v € [-1,1),
the soldering form is invertible everywhere, whereas if v+ = 1 then it is invertible for
t e (—27”, 27”) and for all £ € R%2. For y = 0, the soldering form is invertible everywhere.
This agrees with dSG, and AdSGy/,, which are the x — 0 and v — 1 limits of 512, ,,
respectively.”

The torsion and curvature of the canonical invariant connection are calculated to be

O = — Re <t(1;;1) (=t — e7t) dt A dzz[P) o
Q=—Re <t(z_1) (et —e ™) dt A dzle) :

Using the soldering form we can read-off the vielbein and deduce the invariant galilean
structure. The clock one-form is 7 = n(f) = dt and the inverse spatial metric

- -0t V2w @ 0
h= <Re <et —)) "5 ® s (6.80)

6.5 The action of the boosts

In this section we show that the generic orbits of boosts are not compact in the torsional
galilean spacetimes discussed above. This requires a different argument to the ones we
used for the symmetric spaces.

Let M be one of the torsional galilean spacetimes discussed in this section; that is,
dSG,, AdSG, or 512, ,, for the relevant ranges of their parameters. The following discussion
applies verbatim to the torsional galilean (anti) de Sitter, whereas for S12, , the exposition
is more cumbersome; although, as we will see, the result still holds.

Our default description of M is as a simply-connected kinematical homogeneous space-
time K/H, where X is a simply-connected kinematical Lie group and H is the connected
subgroup generated by the boots and rotations. Our first observation is that we may dis-
pense with the rotations and also describe M as 8/B, where § is the simply-connected
solvable Lie group generated by the boosts and spatio-temporal translations and B is the

0One might ask why in AdSG,/, the range of ¢t does not involve x but here it does. It has to do with
the complex change of basis which gives the isomorphism S12; , = AdSGy/y.
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connected abelian subgroup generated by the boosts. The Lie algebra s of 8 is spanned by
H, B,, P, and the Lie algebra b of B is spanned by B, with non-zero brackets

[H,B,) = —P, and [H,P,)] = aB, + P, (6.81)

for some real numbers «, 5 depending on the parameters -, x. We may identify s with the
Lie subalgebra of gl(2D + 1,R) given by

0 taly
s=<{ | —t1tp1 = ||(t,x,y) € RZPHL L (6.82)
0 0 0

where 1 is the D x D identity matrix and b with the Lie subalgebra
b=<|000||lyeRP}. (6.83)

The Lie algebras b C s C gl(2D + 1,R) are the Lie algebras of the subgroups B C 8§ C
GL(2D + 1,R) given by

a(t)L b(t)1 y 10y
8= |c®)1 dt)1 x ||(t,x,y) € R?PT! and B=<{|010]|lyeRP},
0 0 1 001
(6.84)
for some functions a(t), b(t), c(t), d(t) which are given explicitly by
a(t) b(t)| 1 vet — ety (et — ef) (6.85)
ct)dt)) -1\ e —et qetr —et '
for dSG,, with v € (—1,1),
a(t) b(t) el(1—t) et
= 6.86
<c(t) d(t) —elt  el(1+1) (6:86)
for dSGy, and
a(t) b(t)\  [eX(cost—xsint) eX(1+ x?)sint (6.87)
c(t) d(t)] —elXsint eX(cost + y sint) '

for AdSG, with y > 0. The homogeneous space M = 8/B, if not simply connected, is
nevertheless a discrete quotient of the simply-connected M and, as argued at the end of
section 3.4, it is enough to show that the orbits of boosts in M are generically non-compact
to deduce that the same holds for M.

Let us denote by g(t,z,y) € 8 the generic group element

a(t)L b(t)L y
gt,z,y)= | ct)1 dt)L = | €8, (6.88)
0 0 1
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so that the generic boost is given by

10y
g(0,0,y) =010 €B. (6.89)
001

Parenthetically, let us remark that while it might be tempting to identify M with the
submanifold of § consisting of matrices of the form g(¢, «,0), this would not be correct. For
this to hold true, it would have to be the case that given g(¢, x,y), there is some g(0, 0, w)
such that g(¢,z,y)g(0,0,w) = g(t',2’,0) for some ¢', x’. As we now show, this is only ever
the case provided that a(t) # 0. Indeed,

g(t,z,y)g(0,0,w) = g(t, c(t)w + x,a(t)w + y), (6.90)

and hence this is of the form g(¢,2’,0) if and only if we can solve a(t)w + y = 0 for w.

Clearly this cannot be done if a(t) = 0, which may happen for dSG,g(o,1) at ¢t = lf;f £ and

for AdSGy~¢ at cost = +—=X

\V1+x2 ’

The action of the boosts on M is induced by left multiplication on §:

9(0,0,v)g(t,z,y) = g(t,x,y +v) (6.91)

which simply becomes a translation y — y + v in RP. This is non-compact in 8, but we
need to show that it is non-compact in M.
The right action of B is given by

g(t,z,9)g(0,0,w) = g(t,z + c(t)w, y + a(t)w), (6.92)

which is again a translation (x,y) — (z+c(t)w,y+a(t)w) in R2P. The quotient R?P /B is
the quotient vector space R2P /B, where B C R2P is the image of the linear map RP — R2P
sending w — (c(t)w, a(t)w). Notice that (a(t),c(t)) # (0,0) for all ¢, since the matrices in
8 are invertible, hence B = R” and hence the quotient vector space R2P /B = RP. By the
Heine-Borel theorem, it suffices to show that the orbit is unbounded to conclude that it is
not compact. Let [(x,y)] € R?” /B denote the equivalence class modulo B of (z,y) € R2P.
The distance d between [(x, y)] and the boosted [(x, y +v)] is the minimum of the distance
between (x,y) and any point on the coset [(x,y + v)]; that is,

d = min (@ + c(t)w,y + v + a(t)w) — (@,)]| = min |(c(t)w, v+ a(w)].  (6.93)

Completing the square, we find

2 2
2_ (2, 2 2
|(cw, v + aw)||” = (a® + ¢°) ||w + Pk + m”v” , (6.94)
whose minimum occurs when w = —ﬁfv, resulting in
[e(®)]
d= THUH (6.95)
a(t)? + c(t)
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As we rescale v — sv, this is unbounded provided that c(t) # 0. From equa-
tions (6.85), (6.86) and (6.87), we see that for dSG,¢(_1,1}, ¢(t) = 0 if and only if t = 0,
whereas for AdSGy~q, ¢(t) = 0 if and only if t = nx for n € Z, and hence, in summary, the
generic orbits are non compact.

Let us remark that for AdSG, -, if ¢ = n7 for n # 0 then the exponential coordinate
system breaks down, so that we should restrict to ¢t € (—m, 7). Indeed, using the explicit
matrix representation, one can determine when the exponential coordinates on M stop
being injective; that is, when there are (¢,«) and (¢',z’) such that exp(tH + = - P) =
exp(t H + x' - P)B for some B € B. In dSG,c(—1,1) this only happens when ¢ = ¢’ and
x =&/, but in AdSG, ¢ it happens whenever ¢t = t' = n (n # 0) and, if so, for all =, @'.

It now remains to look at the case of spacetime S12, . This case is very similar to
dSG, in D =1 except for two important changes: we work over the complex numbers and
~v is replaced by z = v + ix. This means that the (real) subalgebras b C s C gl(3,C) are
given by

00y 0 tz y
b= 000 yeC and s= —tt(l+2) x teRxyeC,, (6.96)
000 0 0 0

whereas the (real) subgroups B C § C GL(3,C) are given by

t_ 2t zt _ t
| froy = =
B = 010 yeC and 8§ = e€—e” zel—e teR,zyeC

z—1 z—1

001 0 1

-}

(6.97)
Let g(t,%,y) denote the typical element (shown above) in § and let g(0,0,y) denote the
typical element of B. Then we have

9(07 0, V)g(t7 %, Y) = g(t7 %, y+v) and g(t, %, y)g(O, 0, B) = g(t, x—l—a(t)ﬂ, y_FC(t)/B)? (6'98)

where t 2t t 2t
ze —e e —e

Hence the left and right action of the boosts takes place in C?: under the left action
(%,y) = (2,5 + v), whereas under the right action (x,y) — (x+ ¢(t)3,y + a(t)3).

Now C? is equivalent to R* as a metric space and hence the Heine-Borel theorem applies
and all we need to show is that the generic orbits are not bounded. The squared distance
(in the quotient §/B) between a point [g(t, %, y)] and its boost [g(t, %, y+v)] with parameter
v is

mﬂin (2 + c(t)B,y + v +a(t)B) — (z,y)|* = mﬁin I(c(t)B,v + a(t)B)|?
= mﬁin (le®)?181 + v+ a(t)8]*) . (6.100)

We complete the square and write this as

2 2 2|42
+ |v? <1 _lal >) _ M g a0n)

CaP+1e) ) Jal e

avy
|al? + |cf?

min <(a|2 +1c?) B+
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where we have used that a(t) and ¢(t) cannot both be zero because g(t, %, y) is invertible for
all t. This grows without bound with v provided that ¢(t) # 0. Since z # 1, equation (6.99)
says that ¢(t) = 0 for those ¢ satisfying

zt t (z—1)t

ef=e = e =1 <= (z—1)t=2min 3IneZ. (6.102)

But 2z — 1= (y—1) + 4 and 7 # 1, so that this can only be true for n = 0 and hence
t = 0. Hence the generic orbit (¢ # 0) is unbounded and hence not compact. Here too one
can show that the exponential coordinate system is everywhere valid, by working explicitly
with the matrices and checking that the equation exp(tH + « - P) = exp(tH + 2’ - P)B
for some B € B has the unique solution ¢t = ¢ and & = =’ (and hence B = 1).

7 Carrollian light cone (LC)

The carrollian light cone LC is a hypersurface in Minkowski spacetime, identifiable with
the future light cone. It does not arise as a limit and has additional brackets [H, B] = B,
[H,P] = —P and [B,P] = H + J, which shows that it is a non-reductive homogeneous
spacetime.

7.1 Action of the boosts

Although it might be tempting to use that the boosts in Minkowski spacetime act with
generic non-compact orbits to deduce the same about the boosts in LC, one has to be
careful because what we call boosts in LC might not be interpretable as boosts in the
ambient Minkowski spacetime. Indeed, as we will now see, boosts in LC are actually null
rotations in the ambient Minkowski spacetime.

We first exhibit the isomorphism between the LC Lie algebra and so(D + 1,1). In the
LC Lie algebra, the boosts and translations obey the following brackets:

|H,B]=B, |[HP)=-P, and |[BP=H+J. (7.1)

If we let L,, be the standard generators of so(D + 1,1) with p = (0,a,b), a = 1,..., D,
and with Lie brackets

[L,uua Lpa] = TIVpLuU - nule/U - nuaLup + nuaLupa (72)
where 74, = dap, Moo = —1, and 1y, = 1, then the correspondence is:

1 1
V2 V2

We see that, as advertised, the boosts B, are indeed null rotations.

Jab = Lap, Ba = (Loa + Lay),  Pa (Loa — Lay), and H = —Lg. (7.3)

The boosts act linearly on the ambient coordinates X* in Minkowski spacetime, with
fundamental vector fields

S N R Y Ry
CBG_\/i(XaXa X T X XaXa>. (7.4)
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Consider a linear combination B = w®B, and let T := X°, X := w?X?, and Y := X, so

that in terms of these coordinates and dropping the factor of %,

0 0 0 0

This allows us to examine the orbit of this vector field while focussing on the three-
dimensional space with coordinates T, X,Y. The vector field is linear, so there is a matrix
A such that

2 0 —10
oT
CB:(TXY>A o = a=|-101]. (7.6)
2 0 —10
oY

The matrix A obeys A% = 0, so its exponential is

1+ %52 —S —%32
exp(sA) = -s 1 s (7.7)

1.2 1.2
38 s 38

and hence the orbit of (T, Xo, Yo, ...) is given by

1 1
T(s)=(1+ 5sQ)To —sXo — 5321/0

X(s) = —sTy+ Xo + sYp (7.8)
1 1
Y(s) = 552T0 —sXo+ <1 — 232>Yo,

with all other coordinates inert, which is clearly non-compact in the Minkowski spacetime.
But of course, this orbit lies on the future light cone (indeed, notice that —7(s)? + X (s)? +
Y (s)? = =T3¢ + X2 + Y#), which is a submanifold, and hence the orbit is also non-compact
on LC, provided with the subspace topology.

7.2 Fundamental vector fields

Let A =tH +«- P and let us calculate the action of ad 4 on the generators, this time with
the indices written explicitly:

adg B, = tBy — 2 H — 2" Jy

adyg P, = —tP,

adqg H = z2°P,

ady Jy = 2°P, — 2°P,.

(7.9)

In order to compute the fundamental vector fields using equation (3.16) and the soldering
form using equation (3.45), we need to calculate the action of certain universal power series
on ad4 on the generators. To this end, let us derive formulae for the action of f(adya),
for f(z) an analytic function of z, on the generators. We will do this by first calculating
powers of ad4 on generators. It is clear, first of all, that on P,

f(ada)P = f(—t)P. (7.10)
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On H and J we just need to treat the constant term separately:

f(ada)H = FO)H — ~ (f(~t) - f(0) - P

L (7.11)

Flada)Jap = f(0)Jap — 5 (f(=1) = £(0)) (2B — 2" Pa).

On B it is a little bit more complicated. Notice first of all that whereas
ad B, = tady B, — 22%2°P, + 22 P,, (7.12)

ad?g B, = t?ads B,. Therefore, by induction, for all n > 1,

t"~lady B dd
ad’y B, = aca Za "o (7.13)
t"lady B, +t"2(2?P, — 22%¢ - P) n even,

and therefore

F(ad)Ba = F()Ba — 1 () ~ FO) " H + 2" )
+ 5 (U0 + 10 - 10 )P, -2t P (1)

Using these formulae, we can now apply equation (3.16) in order to determine the expression
of the fundamental vector fields in terms of exponential coordinates.
Let us take X = v - P in equation (3.16). We must take Y’(0) = 0 here and find that
t
y-P=Gadp)v- P=G(-t)hv- P = y=——v (7.15)

1—et™’

resulting in

t 0
S 1
&p, 1— e toz (7.16)
Taking X = H in equation (3.16), we again must take Y’(0) = 0. Doing so, we arrive
at
1
TH—&-y-P:G(adA)H:H—E(G(—t) —-x-P
— 7=1 and Lot (7.17)
T= an =(-—-1- T
Y n ot _ )
resulting in
0 1 1 0
= — - —1—-—— | 2° . 7.18
2 8t+(t et—1>$8:ca (7.18)

One checks already that [{g,&p,] = &p,, as expected.
Finally, put X = v - B in equation (3.16) and hence now Y’(0) = 8- B + 3A%J,.
Substituting this in equation (3.16) and requiring that the h-terms vanish, we find

_1—6*"/

B=—~v=clv and Aab (v — vPx?). (7.19)
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Comparing the H terms, we see that

1— —t

= : v, (7.20)

whereas the P terms give

1—et 1—t—et
y= 2: v + Tew vz, (7.21)
resulting in
l—et ,0 1—et, 0 l—t—et ,, 0

= — —. 7.22
$. i T o Ve T T o (7.22)
One checks that, as expected, [{q,&p,| = —¢B, and that [¢p,,¢p,] = —0awén — £J,,, Where

_ b 0 a O
§1uy = T 55a — 2% 55

7.3 Soldering form and canonical connection

The soldering form can be calculated from equation (3.45) and projecting the result to €/b:

0 = D(ad)(dtH + dz - P) = dt <H - D(_?_lw -P) + D(—t)dx - P

14+¢t—et et —1 (7'23)
T:&Pdt—l— n dx - P.

= dtH +

It follows from the expression of 6 that it is invertible for all (¢,x), since ett_l # 0 for all

t € R. Its inverse, the vielbein F, has components

0 1 1 0 t 0
B — — R d Es = . 7.24
= 8t+<t et—l)xaxa o Pa et — 10z (724)
The invariant carrollian structure is given by x = FE7 and spatial metric b = 72(0,0),
given by
1 t— t\2 t_ 1 2 t_ (1 t — t
b= W#dﬂ T G MG )(t3+ Ve dzdr.  (7.25)

8 Exotic two-dimensional spacetimes

In this section, we discuss the two-dimensional homogeneous spacetimes in table 1. These
spacetimes can be treated together. They are reductive, symmetric and even affine, but
have no invariant metrics, galilean or carrollian structures. Relative to exponential coor-
dinates (t,z), where o(t,x) = exp(tH + xP), the soldering form is

0 = dtH + dzP, (8.1)

and the invariant connection w = 0. The vielbein are

0 and Ep = 2 (8.2)

EH:@ ox
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The exponential coordinates are affine, so that

0 0

§n = En and  &p = Fre (8.3)

The only distinguishing feature is the action of the boosts. We will see that in all cases
the fundamental vector field &g is linear in the affine coordinates, so we will be able to
determine the orbits simply by exponentiating the corresponding matrix. Indeed, we will

see that
ab) (2 ) d
— ot —
93] (t x) (C d) ((%) (at + ca:)—at + (bt + dx)—ax, (8.4)

and hence the orbit of the boost through (¢, z¢) is given by

<;((Z))> = exp(sA) <;(;> for A= (ch Z) . (8.5)

As we saw in section 4.5, in all cases but S19,, the only invariant connection is the
canonical connection.

8.1 Spacetime S17
Here [B,H] = P and [B,P] = —H — 2P, so that

&g = —xﬁ — (2z _t>§x'

From equation (8.4), we see that the matrix A in equation (8.5) is given by

A= (_01 _12> = exp(sd) =¢e° (1;:3 ) i s) . (8.7)

The vector field is complete, and the orbits are homeomorphic to the real line, except for
the critical point at the origin which is its own orbit.

8.2 Spacetime S18
Here [B,H| = —H and [B, P] = —P, so that

0 0

From equation (8.4), we see that the matrix A in equation (8.5) is given by

A= <_01 _01> = exp(sd) =e° ((1) (1)> . (8.9)

Again, the vector field is complete, and the orbits are homeomorphic to the real line, except
for the critical point at the origin which is its own orbit.
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8.3 Spacetime S19,
Here [B,H] = —(1+ x)H and [B, P] = (1 — x)P, so that
0 0
=—(1 t— 1-— —. 8.10
&g = —(1+x)t5 + (1 - X2y (8.10)
From equation (8.4), we see that the matrix A in equation (8.5) is given by

[-1+x) O e 0
A= ( 0 Iy = exp(sd) = 0 -0 | (8.11)

Here x > 0. The vector field is complete, and for xy # 1 the orbits are homeomorphic to
the real line, except for the critical point at the origin which is its own orbit. For y = 1,
every point on the z-axis (¢t = 0) is its own orbit, but the other orbits are non-compact.

If x = 1, we have a three-parameter family of invariant connections characterised by
the Nomizu map in equation (4.54). The torsion and curvature have components

O(H,P)=("-¢)H and Q(H,P)P=V( - ¢)H. (8.12)

Therefore, there is a two-parameter family of torsion-free invariant connections and two
one-parameter families of torsion-free, flat connections:

a(H,P)=vH
a(P,P) = ('P and  «(P,H)=vH (8.13)
a(P,P)=1V'P.

If x = 3, we have a one-parameter family of invariant connections, which are flat and
torsion-free, with Nomizu map given by equation (4.55).

8.4 Spacetime S20,
Here [B, H] = P and [B, P] = —(1 + x?)H — 2xP, so that

= —(1+X2)x§t—|—(t—2xx) 4 (8.14)

% .

From equation (8.4), we see that the matrix A in equation (8.5) is given by

1 . .
A:< ( 0 ) . exp(sA):e_X5<COSS+XSlnS sin s > (8.15)

1+x?%) —2x —(1—|—X2)sins coss — xsins

The vector field is complete, and for y > 0 the orbits are homeomorphic to the real line,
except for the critical point at the origin which is its own orbit. For y = 0, the orbits are
circles, as expected since, as seen in figure 3, S20,—o = [, the euclidean space.

9 Aristotelian spacetimes

In this section we introduce coordinates for the aristotelian spacetimes of table 2 and study
their geometric properties.
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9.1 Static spacetime (S)

This is an affine space and the exponential coordinates (t,x) are affine, so that

0 0
=5 and ép, = D"

971 (9.1)

Similarly, the soldering form is § = dtH + dx - P, the canonical invariant connection
vanishes, and so does the torsion. The vielbein is

Eg =¢&p and Ep, =&p,. (9.2)
9.2 Torsional static spacetime (TS)
Here [H, P] = P.

9.2.1 Fundamental vector fields

Letting A =tH +x - P, we find ady H = —x - P and adg P = tP. Therefore, for any
analytic function f, we conclude that

fad)P =P  and  fada)H = fO)H - (f() - [O)e P (93)

Applying this to equation (3.16), we find

AN £ SR S G
H= ¢ t et—1 x@x“

94
) .
Pa = 1 et 9ga”
which one can check obey [£7,&p,] = —&p,, as expected.

9.2.2 Soldering form and canonical connection

Applying the same formula to equation (3.45), we find that the canonical invariant con-
nection one-form vanishes in this basis and that the soldering form is given by

1 1 et 1 et
9:dt<H+t<1— : ):c'P)jL te da - P, (9.5)

so that the corresponding vielbein is

o (1 1 . 0 t 9
EH_&S+(t_1—et>x893‘1 ad B =g 09

1—e~t
t

Although the canonical connection is flat, its torsion 2-form does not vanish:

It is clear from the fact that the function is never zero that 6 is invertible for all (¢, ).

e t—1

0= dt A dx - P. (9.7)
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9.3 Aristotelian spacetime A23.
Here [Py, Py] = —&Jap, where D > 2.

9.3.1 Fundamental vector fields
Let A=tH +« - P. Then adg H =0 and ad4 P, = —ex%J,;. Continuing, we find

ad} P, = ex’x - P — e2®P, and ad P, = (—ez?) ady P (9.8)
Therefore, an induction argument shows that
ad’y Py, = (—ex?)ad’y 2 P, Vn > 3. (9.9)

If f(z) is analytic in z, then f(ada)H = f(0)H and

1 1 2z P
Fada)Py = 5 (Flas) + ) Po— 5 (Flas) + o) —2£(0) =2
g (Flas) = fla=)) 2", (9.10)
T+
where
B gyl tlx| e=-1
Ty =&+ cx? = {iz‘:ﬂ . (9.11)

Similarly, ad g Jop = %Py — zPP,, so that

f(adA)Jab f(O)J + L

2
€
3 (Fs
where 7(2) = ((2) — £(0))/>
Inserting these formulae in equation (3.16) with X = H and Y’(0) = 0, we see that

9
ot
If instead X = v- P and Y'(0) = 2A%J,;, we see first of all that 7 = 0 and that demanding
that the J,;, terms cancel,

(f( N J@-)) @ Py —a'Po)
) )) 262 T — 20 Jua), (9.12)

§n = (9.13)

ab _ —¢ (G(xJF) — G(x*)) xavb o mbva
M= Ty (F(zy) —I—F(:n,))( ), (9.14)

and reinserting into equation (3.16), we find that

(Gzy) = Glz-)) (F(ay —F(ﬂf—))> a
F

a

y:

(G(:c+) +G(z) —

N =

| =

<G(w+) +Gx_)—2—
From this we read off the expression for &p,:

¢y, = Plat)Gla )+ Flz)Glay) 0, (1_F(m+)G(x)+F(w)G(x+>> 2’ 0
Fa ™ F(zy)+ F(z) D
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which simplifies to

d agh 9
o=t = |m]cot|w!—+(1—|x|cot|x!)xf e
Oz (9.17)
(e=—1) b 9 '
{p. |x]coth\ac[—+(1— || coth |x|)——

22 Ozt
9.3.2 Soldering form and canonical connection

The soldering form and connection one-form for the canonical connection are obtained from
equation (3.45), which says that

0 +w = dtH + dz"D(ad4) P,

1
1 - dx € a b
- i(D(x_,_)D(x_) -2) 2 T P - E(D(x-i-) = D(x_))z"da" Ja,
whence
0C=1) — atH + Sin|w|daz-P+ {— sin || w~d:cw.P
k4 || a?
inh [z inh [z p (9.19)
0=V =gt + gy py (1- ST 2T p
|| |z x?
and
1_
wE=h = 7(:(2)8 i 2daz Ty,
v (9.20)
_ 1 — cosh
we=n = Lmcoshizl g,
x
It follows that if ¢ = —1 the soldering form is invertible for all (¢, ), whereas if ¢ = 1 then

it is invertible for all ¢ but inside the open ball || < 7.
The torsion of the canonical connection vanishes, since [0, 6]y, = 0. The curvature is
given by

Ole=1) _ 1 sin? |w]d @Azt T+ sin |z | (1 B sin|as\>
2 a? |z |z

2 . . b_.c
Q=-1) _ 1 sinh ]:E|d “ A dit Ty _ sinh |z| <1_ smh|:1:]) 'z

2 2P ] ]

c
ab

2
(9.21)

c
ab-

9.4 Aristotelian spacetime A24
Here D =2 and [P,, Py)] = e H.

9.4.1 Fundamental vector fields

Letting A = tH+x- P, we have that ad4 H = 0 and ad4 P, = —eg2"H, whence ad124 P,=0.
So if f(z) is analytic in z,

flada)H = FO)H  and  f(ada)Py = F(0)Pa— f'(O)ewsa®H.  (9.22)
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Since G(z) =1 — 1z + O(2?), from equation (3.16) we see that

0 0 1 p O
-2 = — —. 2
Sm=5, and  Lp=o 0+ ot o (9.23)
One checks that [£p,,{p,] = —€wéH, as expected.

9.4.2 Soldering form and canonical connection

Since D(z) = 1— 124 O(2?), equation (3.45) says that the connection one-form w = 0 and
the soldering form is given by

1
0 = (dt + §6abd$al‘b)H +dx - P, (9.24)

which is clearly everywhere invertible. The torsion of the canonical connection is given by

1
0= f§eabd:z“ Adz"H. (9.25)
The vielbein is given by
0 0 1 0
Eg = - d Ep, = — e’ 9.26
H 8t an Pa 81‘& 2 Eab‘r 8t ( )

10 Symmetries of the spacetime structure

In this section we investigate the (conformal) symmetries of the carrollian and galilean
spacetimes and their respective invariant structures. A carrollian structure (&, b) consists
of a spatial metric b and a so-called carrollian vector field x, whereas a galilean structure
(1, h) consists of a spatial co-metric h and a clock-one form 7. Let us remark that some
authors would add the invariant connection as part of the structure, but we will not do so
in the following. This means that, in the terminology of [29], we treat the “weak” rather
than the “strong” structures.

The calculations in this section are motivated by the intriguing connection between
conformally carrollian symmetries [3, 29] and the symmetries of asymptotic flat space-
times [35, 36] in 3 + 1 dimensions. This connection is given by an isomorphism between
the Lie algebra of infinitesimal conformal transformations of a carrollian structure [3] and
the Lie algebra of the Bondi-Metzner-Sachs (BMS) group [35, 36].

Similarly, the infinitesimal conformal symmetries of the galilean and carrollian struc-
tures of the homogeneous kinematical spacetimes will turn out to be infinite-dimensional
and one might hope this has interesting consequences. It should be mentioned that were one
to add the invariant connection as part of the data of the homogeneous carrollian or galilean
structure, the symmetry algebra would be typically cut down to the (finite-dimensional)
transitive kinematical Lie algebra.

Let (M, 7, h) be a galilean spacetime. We say that a vector field £ € 2 (M) is a galilean
Killing vector field if it generates a symmetry of the galilean structure:

LgT =0 and Lgh = 0, (10.1)
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whereas we say that it is a galilean conformal Killing vector field at level N € N if it
generates a conformal symmetry (at level N) of the galilean structure:

A
LeT = N7 and Leh = Ah, (10.2)
for some A € C°°(M). Similarly, if (M, k,b) is a carrollian spacetime, we say that £ €
2 (M) is a carrollian Killing vector field if it generates a symmetry of the carrollian
structure:
Lgli =0 and Lgb = O, (103)

whereas we say that it is a carrollian conformal Killing vector field at level N € N if it
generates a conformal symmetry (at level N) of the carrollian structure:

Lek = —%/{ and Leb = Nb, (10.4)

for some A € C°°(M). These definitions agree (modulo notation) with the ones in [37]
and [3, 29]. The set of galilean/carrollian Killing vector fields close under the Lie bracket
of vector fields to give rise to Lie algebras. The same is true for the set of galilean/carrollian
conformal Killing vector fields of a given fixed level N. In this section we will determine
the structure of these Lie algebras for the homogeneous carrollian and galilean spacetimes.
The calculations in this section are easier to perform if we change coordinates from

the exponential coordinates o : RP* — M, with o(t,x) = exp(tH + x - P) - o, that
we have been using until now to modified exponential coordinates o’ : RPH1 — M, with
o'(t,x) = exp(tH) exp(x- P)-o. Appendix A discusses these coordinates further. In many
of the calculations we require knowledge of the Lie algebra of conformal Killing vector
fields on the simply-connected riemannian symmetric spaces E, S and H. In appendix B

we collect a few standard results in low dimension.

10.1 Symmetries of the carrollian structure (C)

We start by determining the carrollian Killing vector fields for the (flat) carrollian spacetime
C (as has already been done in, e.g., [3]). Since H and P commute in this spacetime, the
exponential and modified exponential coordinates agree. The invariant carrollian structure

on the spacetime parametrised by (¢,2%) € RPH! with a = 1,..., D, is given by x = %
and b = dgpdx®dxl. Let & = 50% + &@ 8‘; be a carrollian Killing vector field of (k,b), so

that it satisfies equation (10.3). Then, Lerx = [£, 5] = 0 says that T := £ and £ are
t-independent. The condition £¢b = 0, says that

! 0
0= Leb=2(Ledax®)daz® = 2d(Lea®)da® = 2dE"da® = 28

This says that £%(x) 8‘; is a Killing vector field of euclidean space. In summary, the most

general carrollian Killing vector field of (k,b) is given by

- T(a:)aat Fey (10.6)
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for some X € e, the euclidean Lie algebra of E”, and some “supertranslations” T €
C>=(EP). As a vector space, then, the Lie algebra a of carrollian Killing vector fields is
given by C®(EP) @ ¢, but as a Lie algebra it is a semidirect product

a¢ =~ e x C°(EP), (10.7)

where the action of ¢ on C*°(EP) is via the Lie derivative. In other words, we have a split
exact sequence

0 —— C>®(EP) a¢ ¢ 0. (10.8)

The carrollian algebra is embedded here by considering the subalgebra of C*°(EP) consist-
ing of polynomial functions of degree at most 1: with the constant function 1 corresponding
to H and the linear function x® corresponding to B,. When we identify J,; and P, in ¢ in
the obvious way we recover (5.52).

Let us now determine the carrollian conformal Killing vector fields. Let £ = 50% +

£ 6ia satisfy equation (10.4) where (k,b) is again the invariant carrollian structure on C:

K= % and b = §,dx*dzb. The condition Lek = —%H imposes
S &0
The condition £¢b = Ab says that
aEr ogb
= Aap, 10.1
Oxb + Ox° b (10.10)

so that &* 63a is a conformal Killing vector of EP. Since £? is independent of time, so is

A= %gﬁa, which we can now use to solve for £ in (10.9):

2% e

&0 :T(a:)—i—ﬁ%, (10.11)

for some “supertranslations” "€ C*°(EP). The carrollian conformal symmetries vary with
respect to the space dimension D.

Let D > 3. Thus we see that, as a vector space, the Lie algebra ¢© of carrollian
conformal Killing vector fields of C is isomorphic to so(D+1, 1)®C>(EP), where so(D+1,1)
is the Lie algebra of conformal Killing vectors on E? which we denote by &x. In summary
we have the vector field

0

£ = Ex+ o divex o +T(x) o

(10.12)

for X € so(D +1,1) and T € C®°(EP), and div¢ = a =. The vector space isomorphism is
then given by

2t 0 6
As Lie algebras, ¢© is a semidirect product. Indeed,
0 0 0
- _ = T 10.14
Ex + 5 ND divEx 5, 84 <§X( ) ND divéx ) 50 (10.14)
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so that T" does not actually transform as a function but as a section of .Z ~ where Z is the
density line bundle, normalised so that the spatial metric b is a section of S?T*M ® £2.

It may help to spell this out. A conformal metric is a section of S?T*M @ £? and a
conformal Killing vector field is one which preserves the conformal metric. Now if ( is a
conformal Killing vector field for (M, g), then

2 2
Leg = Bdiv(g = (LC—DdiVC>g:O. (10.15)

If we interpret this as the invariance of g under the action of ¢ on sections of S2T*M ® .£?,
we see that the action of {x on T', which is given in equation (10.14) by

2

says that T is a section of .Z %, as claimed. In particular, if N = 2, T has conformal weight
1 in agreement with [5].
In summary, for D > 3, ¢© is isomorphic to a split extension

0 —— D(L¥) — Gy — s0(D+1,1) —— 0, (10.17)

a result first derived in [3]. We notice that comparing to the Lie algebra of carrollian Killing
vector fields in equation (10.8), all that has happened is that the Lie algebra ¢ of euclidean
isometries gets enhanced to the Lie algebra so(D+1, 1) of euclidean conformal symmetries,
under which the “supertranslations” transform not as functions, but as sections of a (trivial)
line bundle with conformal weight 2/N (in conventions where the metric scales with weight
2). We did not see this when we calculated the carrollian Killing vector fields because the
Lie algebra ¢ does not contain the generator of dilatations and cannot tell the weight.

Now let D = 2. In this case, as reviewed in appendix B, the Lie algebra of conformal
Killing vector fields on E? is enhanced to the Lie algebra ¢(C) of entire functions on the
complex plane with the wronskian Lie bracket: [f,g] = f0g — gdf. Hence for D = 2, ¢© is
isomorphic to a split extension

0 — T(ZLV) — &, —— 6(C) —— 0. (10.18)
The vector field is given explicitly by

§—§f+]i[divffgt+T(z)§t where sz(z)@—i—%g. (10.19)

Finally, if D = 1, every vector field on E' is conformal Killing and hence now ¢© is

isomorphic to

0 — I(ZLY) — §_, —— C®(R) —— 0, (10.20)
where the vector field is given by
B o 2t, .0 0

The last two results were already obtained in section IV of [29], to which we refer for
further information.
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10.2 Symmetries of the (anti) de Sitter carrollian structure (dSC and AdSC)

We now investigate the symmetries of the (anti) de Sitter carrollian spacetimes (dSC and
AdSC) with their carrollian structure. They can be embedded as null surfaces of the
(anti) de Sitter spacetime. Unlike the carrollian space C, the invariant connection on these
spacetimes is not flat. The carrollian structure becomes much more transparent if we work
in modified exponential coordinates, as described in appendix A. In order to be able to
treat both cases at once, let us introduce the functions

cosh(r) for AdSC S = C'(r) and G(r) = C(r)’ (10.22)

Cr) = {cos(r) for dSC S(r)

with the understanding that r € (0, 5) for dSC and r > 0 for AdSC. In those coordinates,
the invariant carrollian structures are given by

0

k=C(r) 5

and b=dr®+ S(r)?ggp-1. (10.23)
The metric b defines the round metric on the sphere S for dSC and the hyperbolic metric
on HP for AdSC. Although the coordinates only cover a hemisphere of 5P, we proved in [6,
§ 4.2.5] that dSC is diffeomorphic to R x SP for D > 2 and to R? for D = 1.

Now let & = 50% + & aia be a carrollian Killing vector field, so that L¢x = 0 and
Leb = 0. We calculate

B 4 [ (00 G(r)\ 0 08" 0\ 2
€, k] =—-C(r) <(8t+m§ . > a-& o &U“) =0, (10.24)
which is solved by
& =¢%x) and €0 = T(x)—tx - £G£T), (10.25)

for some ¢ independent “supertranslations” T'(x) and where we have introduced the short-
hand notation @ - & = J,,x%€?. Therefore,

¢ = (T(m) - fo)tm : 5) gt + &) aia‘ (10.26)

Now we impose £¢b = 0. We observe that this does not constrain the % component of &,

so it is only a condition on £%(x) E)iﬂ' But in the submanifolds of constant ¢, b defines a

metric and £¢b = 0 says that £%(x) 8‘; is a Killing vector. Therefore, we have

G 0 0 so(D +1), fordSC
= <T(a:) _ G0y, 5X> 2 b (@) for X e (D+1), for (10.27)
ot Ox so(D,1), for AdSC.
In summary, the Lie algebra of carrollian Killing vector fields is isomorphic to
aSC 50D+ 1) x C®°(SP) and  aA¥5C = 50(D, 1) x C®(HD), (10.28)
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where the action of so on C*° is given by

G(r)

[X.T) = &xT + = = &4T. (10.29)

If we define T — T := —C/(r)T then it follows that
X.7] = &xT, (10.30)

so the action of s0 on C'*° is just a “dressed” version of the standard action of vector fields
on functions.!' In this way, we may identify the finite-dimensional transitive kinematical
Lie algebras as the subalgebras

s0(D+1)x CX(S”)  and  so(D,1) x CZ(HP), (10.31)

respectively, where C'2 denotes the functions T'(x) which are polynomial of degree < 1
in . Comparing with table 1, one can see that the so factors are the span of J and P,
whereas C’%OI are spanned by H and B, which do indeed commute.

Let us now consider the carrollian conformal Killing vector fields. Let £ = 50% +& aia
satisfy equation (10.4). The condition L¢k = [€, k] = — & is satisfied provided that
aga 9  G(r)
=0 d A=N| = . 10.32
ot o < o T s (10:32)

where x - £ := 2%¢®. The condition L£¢b = A\b says that £° 820‘ is a conformal Killing vector
field of the metric b with A = %vaga, with V the Levi-Civita connection for b, which is
the round metric on S” for dSC, and the metric on hyperbolic space HP for AdSC.

Let D > 3. Both S” and H” are conformally flat, so their Lie algebras of confor-
mal Killing vector fields are isomorphic, and indeed isomorphic to that of EP: namely,
so(D+1,1).

Solving for £° we find

O =T(x) +t <N2D dive — Gir)m - 5) , (10.33)

where div ¢ := V,£% and where T is a smooth function on S” or H” depending on whether
we are in dSC or AdSC, respectively. As vector spaces, the Lie algebras ¢3¢ (resp. ¢A95€)
of conformal symmetries of dSC (resp. AdSC) are isomorphic to C*°(SP) @ so(D + 1,1)

(resp. C*®(HP) @ s0(D + 1,1)), with the isomorphism given by

2 G(r) 0 0
for X € so(D +1,1) and T a smooth function in the relevant space.
As Lie algebras, ¢95€ and ¢A95C are again semidirect products. Indeed, if X € so(D +

1,1) and f € C*°, then we find

G(r 2 .
(X, T] = ¢x(T) + Glr),,. ExT — —— divéxT. (10.35)
r ND
1 Alternatively, we may view this “dressing” as a change of coordinates to a new rescaled time ¢’ = —tg(r).
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If we again define T +— T = —C(r)T, then
. 2
(X, T] = ex(T) — —— divexT, (10.36)

so that 7 is a section of the line bundle £ ¥. In summary, just as in the case of the flat

carrollian spacetime C, we find that the Lie algebras ¢95¢ and ¢A95C are split extensions
2 (A)dSC
0 — I(Z%) —— cpsy ——rso(D+1,1) —— 0, (10.37)

where .Z is the density bundle on S” or HP for dSC or AdSC, respectively. So again we
see that in going from the Lie algebras of symmetries to the Lie algebras of conformal
symmetries, all that happens is that the isometries enhance to conformal symmetries and
what earlier were thought (after the “dressing”) to be functions are actually sections of .Z ¥

Now let D = 2. Here the situation differs. As reviewed in appendix B, the case of dSC
is just as for D > 3, whereas for AdSC, the Lie algebra of conformal Killing vector fields
on H? is enhanced to ¢(H), the holomorphic functions on the upper half-plane with the
wronskian Lie bracket [f, g] = f0g — g0 f. Therefore we have

00— T(LV) — d5C, — 5 50(3,1) —— 0, (10.38)

but
00— T(LV) — M G(H) —— 0. (10.39)
For D =1 again every vector field is conformal Killing and their Lie algebra is isomor-

phic to the Lie algebra of smooth functions on the real line or the circle with the wronskian
Lie bracket:

0 —— [(Z7V) cdSC, C>®(SY) —— 0, (10.40)

but

2

0 —— D(ZLN) —— A — 5 O®(R) —— 0. (10.41)

Let us restrict the discussion to N = 2. Then the conformal symmetries of the dS
carrollian structure are (at least in 3+1 dimension) isomorphic to the BMS symmetries [35,
36] (for a definition of the BMS algebra in higher dimension see, e.g., [38]). This could
have been anticipated since the dS carrollian structure is, up to a rescaling of time, the
same as in [3]. It should however not be forgotten that dSC is a null surface in de Sitter
spacetime and has nowhere vanishing curvature. For D = 2, if we allow for conformal
Killing vector fields on the sphere which are not everywhere smooth, then we may extend
s[(2,C) to “superrotations” [39, 40] (see also [41]). For D = 1, the superrotations are
built in from the start, which again is in agreement with the BMS group for 2 + 1 “bulk”
dimensions [38, 42].

Let us also observe that we find for the AdS carrollian spacetime in D = 2, a null surface
of AdS in 3+ 1 dimensions, an infinite dimensional enhancement with “superrotations”, in
addition to the supertranslations.
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10.3 Symmetries of the carrollian light cone (LC)

These were already determined in [3], but we present it here for completeness. To determine
the symmetries of the carrollian structure of LC, it is convenient to change coordinates.
Let D > 2. As shown in [3, 6], LC can be embedded as the future light cone in (D +2)-

MD+2

dimensional Minkowski spacetime in such a way that the carrollian structure is the

one induced by the Minkowski metric on that null hypersurface. We may parametrise the
future light cone in MP+2 by & € RP+1\ {0} and the map i : RP*+1\ {0} — MP+2 is given
by i(x) = (r,x), where r = ||z|| > 0. The carrollian structure (x,b) is given by xk = r%
and b = i*g, where g is the Minkowski metric:

9 = MudX*dX" = —(dX°)* + ) (dX")?, (10.42)

where the X# are the affine coordinates on MP*+2. On the future light cone, X° = r and
X% = z*. Therefore, we see that

b=i*g=—dr’ + (dr® 4+ r%gsp) = r’gsp. (10.43)

In terms of the coordinates x, we have that k = z® 82(1 and

a..b
b= <5ab - > da®da®. (10.44)
T

Now let £ = & aga be a symmetry of the carrollian structure (x,b). Then Lek =
(£, k] =0 and L¢b = 0. We find it more convenient to write

;0
§=¢ o T ¢, (10.45)

where ¢" € C®°(RP*+1\ {0}) and ( is a possibly r-dependent vector field tangent to the
spheres of constant r; that is, (r = 0. The condition [k, ] = 0 results in

i _ [, 9 .9 _ (.08 L\ O 0¢

This implies that " = 7F, where F' € C*°(SP), so that %—]: =0, and ( is independent of r.
The condition £¢b = 0 results in

0= Le(r?gsp) = 2r?Fggp + r?Legsp, (10.47)

so that ( is a conformal Killing vector on S and F = —% div ¢, where div ( is the intrinsic

divergence of ¢ on the sphere relative to the round metric, but which agrees with agz in
this case. Therefore, the symmetry algebra of the carrollian structure on LC is isomorphic
to so(D+1,1), even for D = 2 as shown in appendix B, which is the transitive kinematical
Lie algebra. It is an intriguing result that among the homogeneous carrollian spacetimes,
it is precisely the non-reductive one whose symmetry algebra is finite-dimensional.
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For D = 1, LC is the universal cover of the future light cone in three-dimensional
Minkowski spacetime. One can model LC as the submanifold of R? with points

LC = {(rcosf,rsinf,0) | r >0, 0 € R}, (10.48)

with the covering map from LC to the future light cone in M? given by (rcos@,rsin6,6) —
(r,rcos@,rsinf). Notice that the non-contractible circles of constant r in the light cone
lift to contractible helices in LC. The transitive kinematical Lie algebra is isomorphic to
s[(2,R) and is spanned by the vector fields

860, cosGaae +rsin9§r and Sinﬁaae —rcos@aar. (10.49)
Since they are periodic in 8 with period 27, they descend to tangent vector fields to the
future light cone. The carrollian structure is given by x = r% and b = r2d#?, except that 0
is not angular in LC. It is straightforward to work out the Lie algebra of carrollian Killing
vector fields and obtain that it is isomorphic to C*°(Ry) with the wronskian Lie bracket.
Indeed, if f € C*°(Ry), the corresponding vector field is

£ = f(@)aae - ’(9)7*; (10.50)

and the Lie bracket is given by

[€r.&] =&  with  h=fd —fg. (10.51)

For the (non-simply connected) future light cone, we must consider periodic functions,
so that the Lie algebra of carrollian Killing vector fields is C°°(S') with the wronskian
Lie bracket.

Let us now consider the carrollian conformal Killing vector fields. Again we first
consider D > 2. This was treated already in [3], but we write it here for completeness. As
before we work in embedding coordinates where the carrollian structure on LC is given by

K=r— and b=1r2gsp (10.52)

and let £ = f“% + ¢, with ¢r = 0, satisfy equation (10.4). The condition L¢k = —%m

results in

% =0 and r%ir ¢ = %7‘, (10.53)
whereas the condition L£¢b = Ab results in
Legsp = ()\ - 2§T> gsp, (10.54)
so that ¢ is a conformal Killing vector field on S with divergence
div ¢ = g </\ _ 2f> . (10.55)

- 79 —



Solving for £ we find
& =r (ﬂT — %div g) : (10.56)

for some T € C*(SP). Therefore, as a vector space, the Lie algebra ¢LC of carrollian
conformal Killing vector fields of LC is isomorphic to C*(S”) @ so(D + 1,1), with the
isomorphism given by

1
X Gx — 55 div CX’"aar and T r?vTr;r, (10.57)

for X € so(D +1,1) and T € C>(SP).
As a Lie algebra, ¢-€ is a semi-direct product with

[X,T) = (x(T) — o5 dliv Cx T, (10.58)

2
so that T is actually a section of .Z~. In summary, ¢-C is a split extension

0 —— (W) L€ so(D+1,1) —— 0, (10.59)
which shows that there is an isomorphism ¢-¢ 22 ¢45¢,
For D = 1, analogous to the case of carrollian Killing vector fields, we find that now the
Lie algebra of carrollian conformal Killing vector fields is larger. The carrollian conformal
Killing vector fields at level N are given by

0

0 2
a5~/ Org-+r3g(0)

£(0) - (10.60)

TE,
for some f,g € C*°(Rg). The Lie algebra structure is now a semidirect product of the
wronskian Lie algebra C°°(Rg) of carrollian Killing vector fields and the abelian ideal of
sections of £~ :

0 — I(£7) k< C>®(Rg) —— 0, (10.61)

where under the isomorphism .Z ¥ C*(Rgp), to a function g € C*°(Ry) there corresponds
the vector field (; = r%g(e)r%, so that with £ = f(0)Z — f/(0)r&, we have

2 41, (10.62)

(€1, =¢  with  h=fd — =

10.4 Symmetries of galilean structures

In this section, we will work out the Lie algebra of galilean Killing vector fields for the
homogeneous galilean spacetimes. This Lie algebra has been termed the Coriolis algebra
of a galilean spacetime in [37]. In the modified exponential coordinates of appendix A, the
invariant galilean structure takes the same form in all the homogeneous spacetimes G, dSG,
AdSG, dSG,, AdSG, and S12,,: the clock one-form is given by 7 = dt and the inverse

: : _ sab_0 o)
spatial metric by h = 6" 52 @ 575.
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Let € = 50% + &° aga satisfy equation (10.1). The condition that & preserves the
clock-one form says

0= Lo = Ledt = dLet = d¢® = ¢ is constant. (10.63)

The condition that L¢h = 0 says that

0

@ — 8(15[) + 8[75(1 = O (1064)

! )
02 Leh = —(0afy + Orfa) 5 ©

This equation says that £%0, is a (possibly) t-dependent Killing vector field of the D-
dimensional euclidean space EP, so that

£z, t) = fO(t) + A%(t)ab, (10.65)
where Ay = —Ap,. In other words,
0 0 0
_ 0¥ a a ..b
§=¢ ot + f(¢t) Bgd + A(t) %z 5pd’ (10.66)

so that, as a vector space, the Lie algebra a of vector fields which preserve the galilean
structure (7, h), is isomorphic to a = R @ C*°(Ry, ¢), with ¢ the euclidean Lie algebra and
R; the real line with coordinate ¢. As a Lie algebra,

a=Rx C®(Ry,e) (10.67)
has the structure of a semidirect product or, equivalently, a split extension

0 —— C®(Ry,¢) a y R 0, (10.68)

where the splitting R — a is given by sending 1 € R to %, corresponding to the action of

H. This was originally worked out in [37], who named it the Coriolis algebra.

We will now determine the Lie algebra ¢ of conformal symmetries of the galilean struc-
ture and we will see that it has a very similar structure to a in equation (10.68), except
that R gets enhanced to a non-abelian Lie algebra structure on C*°(R;).

Let £ = 50% + ¢2-9_ satisfy equation (10.2). The condition L¢7 = —%7‘ results in

oxa
850 8{0 A
The condition L¢h = Ah results in
ogr ot
) + Ppd = —Aab, (10.70)

so that &¢ aga is a (possibly) t-dependent conformal Killing vector field on E”, but since

A = A(t), we see that that £*
can write

2a is either Killing or homothetic. In other words, we

€7 = fot) + AL (1)’ + ¢ (t)x, (10.71)
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where we have found it convenient to think of the homothetic component as the derivative
of a smooth function g € C*°(R;). Doing so, we may solve for £° to arrive at

2

0 __
§ = —ﬁg(t), (10-72)
so that 5 9 o 9
¢= (1) + A5 (1)) 5oa t <—NDg(t)3t +9g'(t)a" 5$a> ) (10.73)

in agreement with [43, eq. (3.12)] and [29, eq. (IIL.5)], who worked out the case of G.

Thus we see that, as a vector space, the Lie algebra ¢ of conformal symmetries of the
galilean spacetime is isomorphic to C*(R,¢) @ C*°(R;), with the isomorphism such that
g € C*(R;) is sent to the vector field

i (t)g
oz~ NDI\War

In particular, the Lie algebra structure on C*°(R;) is not abelian, but rather if f,g €

g(t) = g'(t)a" (10.74)

C>°(Ry), their Lie bracket is a multiple of the wronskian:

—2 ! !
= — — . 10.
[f.91= 55 (fg = F9) (10.75)
As a Lie algebra, ¢ is a semidirect product, where f € C*(R;) acts on (v(t),A(t)) €
C®(Ry,e) by
_ (=2 ¢y 1 T2 e

o, 0)] = (504 Fo g ) (107

In summary, the Lie algebra ¢ is a split extension
0 —— C®(Ry,e) —— ¢ —— C®(Ry) —— 0, (10.77)

so that in going from the symmetries to the conformal symmetries, the abelian Lie algebra

R has been enhanced to the non-abelian ¢

‘wronskian” Lie algebra C*°(R;).

It is intriguing that the galilean spacetimes, despite admitting non-isomorphic transi-
tive kinematical Lie algebras, have isomorphic conformal symmetry Lie algebras. It would
be interesting to investigate how the transitive Lie algebras relate via their embeddings

in c.

11 Conclusions

The main results of this and our previous paper [6] are

1. the classification of simply-connected spatially isotropic homogeneous spacetimes,
recorded in tables 1 and 2;

2. the proof that the boosts act with generic non-compact orbits on all spacetimes in
table 1 except for the riemannian symmetric spaces, and

3. the determination of the Lie algebra of infinitesimal (conformal) symmetries of these
structures.

~ 82 —



The second point is an important physical requirement, already mentioned in [1]. We
also discussed the subtle interplay between the kinematical Lie algebras and their space-
times [6]. Among them is the intriguing connection between the anti de Sitter carrollian
and Minkowski spacetime, which are different homogeneous spacetimes, but based on the
same Lie algebra.

In addition, we also determined the invariant affine connections on these homogeneous
spacetimes and calculated their torsion and curvature. These connections allow us to define
geodesics, which we hope to study in future work.

Table 3 summarises the basic geometric properties of the spacetimes. This table makes
it clear that the bulk of the spacetimes do not admit an invariant metric and hence that
there is a very rich landscape beyond lorentzian geometry, even if we remain within the
realm of homogeneous spaces with space isotropy.

Another aspect of this work was the analysis of the, generically infinite dimensional,
(conformal) symmetries of the carrollian and galilean structures. One observation is that
the Lie algebra of infinitesimal conformal symmetries of carrollian (anti) de Sitter space-
time, which embeds as a null hypersurface of (anti) de Sitter spacetime, is infinite dimen-
sional and reminiscent of the BMS algebra. It is tempting to speculate that this might
be relevant for BMS physics (memory effect, ...) [4, 5] on these non-flat backgrounds (see
also [7]).

Some of the above results were made possible by the introduction of local coordinates.
We chose to consider exponential coordinates; although admittedly these are not always
the simplest coordinates for calculations. We have found modified exponential coordinates
to be quite useful as well, particularly for the determination of the infinitesimal (conformal)
symmetries of the spacetimes. We expressed the kinematical vector fields — that is, the
infinitesimal generators of rotations, boosts and translations — in terms of exponential
coordinates, and we did the same for the invariant structures (if any). This was particularly
useful in order to determine their infinitesimal (conformal) symmetries.

There are a number of possible directions for future research departing from our results.

One open problem we did not address is to exhibit the galilean spacetimes as null
reductions of lorentzian spacetimes in one higher dimension. This would complement the
description of the carrollian spacetimes as null hypersurfaces in an ambient lorentzian man-
ifold.

We showed that all of the galilean spacetimes in this paper (G, dSG, AdSG, dSG,, AdSG,,
and S12, ) have isomorphic Lie algebras of infinitesimal conformal symmetries. We did
not determine how the transitive kinematical Lie algebras are embedded in these infinite-
dimensional Lie algebras. Perhaps studying those embeddings might teach us something
about how the kinematical Lie algebras relate to each other.

It would be interesting to promote the homogeneous spacetimes to Cartan geometries
and hence study the possible theories based on them. For a discussion in 2 4 1 dimensions
see [44].

Another intriguing direction is to explore the applications of these geometries to non-
AdS holography. It is not inconceivable that some of these homogeneous geometries might
play a similar réle in non-AdS holography to that played by anti de Sitter spacetime in
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the AdS/CFT correspondence [2]. One particularly interesting property of a non-zero
cosmological constant is that acts as an infrared regulator (often paraphrased as “AdS is
like a box”) and it would be interesting to investigate if this persists in the non-relativistic
or ultra-relativistic limits to AdSG or AdSC, respectively.
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A Modified exponential coordinates

In this appendix we revisit the local geometry of the homogeneous carrollian and galilean
spacetimes, but this time in modified exponential coordinates.

A.1 Carrollian spacetimes

A.1.1 Carrollian (anti) de Sitter spacetimes

Let o/(t,x) = exp(tH) exp(x - P) - 0. We calculate the soldering form by pulling back the
left-invariant Maurer-Cartan one-form 1 on the Lie group:

0" (1) = 0 + w = exp(— ada)Hdt + D(ada)(dz - P), (A1)
where A = x - P. We find
adgH=cx-B and  ad} H = —e2’H, (A.2)

so that

sinh(z4)

exp(—ada)H = cosh(z4)H — ex - B, (A.3)

L4
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where 22 = —ez? and x_ = —z. Also, we find

adA Pa = 5Jabxb

ad} P, = —ex?P, + cx®A (A.4)
== adi P, = —ex?ady P,.
Therefore,
1
D(ada)Py = Py + D eabJy + :cT(DJr —1)(~e2?P, + exx - P), (A.5)
+
where D™ = i(D(xQ — D(z_)) and DT = 3(D(z+) + D(z_)). In summary,
6 = cosh(ay )dtH + DV da - P + x%(zﬁ Dz -dzz- P. (A.6)
+

Using that DT = %(m*), we find
+

inh inh -
0 = cosh(z )dtH + sinh(z+) dx - P 4 et ) T T (a:g) "z dex- P. (A.7)
Ty Ty

The carrollian structure is given by k = Ey = sech(a,ur)% and b = 72(6,0), which ex-

pands to
S € .
b= 3 s1nh2($+)daz -dx + F(smhz(:@) — xi)(m . d:c)z. (A.8)
If e = 1, x4 = ir, where r = |x| and hence sinh? z; = —sin?r, so that
in2 02 2
sin® r sin®r —r _
b= 2 (dr® +12ggp-1) — ( 2 )dr2 = dr® 4 sin®r ggp-1, (A.9)

which is the round metric on S”. The coordinate system is good provided that r € (0, 5)
On the other hand, if e = —1, x4 = r and, therefore,

sinh? r

: h2 2
b= T (412 4 r2ggp ) - T 2T

2

r? = dr® 4 sinh® r ggp-1, (A.10)

r r

which is the metric on hyperbolic space H” and the coordinate system is good for all r > 0.
In summary, the carrollian structures in these coordinate systems are given by

0 0
KI5C = sec(r) = RAISC = sech(r) -

ot and ot (A.11)
deC = dr? + sin? T ggb—1 bAdSC = dr? -+ sinh? T ggD—1.

A.2 Galilean spacetimes

The transitive kinematical Lie algebras for the homogeneous galilean spacetimes (with the
exception of S12.,, which will be treated separately below) has additional brackets of
the form

[H,B] = —-P and [H,P] =aB + P, (A.12)
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for some o, € R. In other words, ady is represented by a matrix of the form (_01 %)

We define
M(t) = exp (t (_01 g)) : (A.13)

We introduce modified exponential coordinates (t,x) by acting with L(¢t,x) :=
exp(tH) exp(x- P) on the origin 0. Relative to them & = % and &7, are as in exponential
coordinates. We will determine £p, and then calculate {p, = [£m,€B, ]

Let s € (—¢,¢) and consider

exp(sv- B)L(t,x) -0 = L(7(s),y(s)) - o, (A.14)
where 7(0) = ¢t and y(0) = «. This is equivalent to
exp(sv - B)L(t,x) = L(7(s),y(s)) exp(w(s) - B), (A.15)
where w(0) = 0, which we may re-write yet again as
exp(7(s)H)exp(y(s) - P) = exp(sv - B)L(t,x) exp(—w(s) - B). (A.16)
We now differentiate with respect to s at s = 0 to obtain (in the notation of matrix groups)
(7"(0)H)L(t,z) + L(t,z)(y'(0) - P) = (v - B)L(t,z) — L(t,z)(w'(0) - B), (A.17)

which implies that 7/(0) = 0 and

Y (0)-P+w(0)-B=M(-t)v-B  or (“’/(O)> = M(~t) (8) . (A18)

We now proceed to treat the different galilean spacetimes in turn, but first we simply
comment on the fact that the galilean structure is formally identical in all cases. Indeed,

L(t,x) 'dL(t,x) = Hdt + (Bdtz® 4 dz*) P, + adtz" By, (A.19)

where [H, P| = aB + P defines a and (. It follows from this that the soldering form is
given by
0 =dt  and  @F" = dz® + Ba%dt, (A.20)

the invariant canonical connection by
w=oadtx-B (A.21)

and the vielbein is

0 0
e and Ep, = . (A.22)

0
EH = a — ﬁxa
The galilean structure is given by the clock one-form

n(0) = dt (A.23)
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and the inverse spatial metric

0 0

§Ep, ® Ep, = 6% —. A.24
P, @ Epy Do ® b ( )
The torsion and curvature are, respectively

O =—-pdtNdx- P and Q= —adt Ndx - B. (A.25)

We now work out the expressions of the fundamental vector fields {p, and &p, in
each case.

A.2.1 Galilean spacetime

For the galilean spacetime G,

M(t) = exp (t (_01 8)) _ (-175 2) , (A.26)
w'(0)\ (v
(vin) =) e

dh = . A2
and hence ép, pn (A.28)

and hence

from where we read off

=t
=2 oz®

A.2.2 GGalilean de Sitter spacetime

For the galilean de Sitter spacetime dSG,

cosht —sinht
M) = A .29
®) (— sinht cosht ) ’ ( )

w'(0)\  [wcosht
(y’(())) B (’U sinht) ’ (4.30)

d 0
&g, = sinh t% and hence &p, = cosht%. (A.31)

A.2.3 Torsional galilean de Sitter spacetime

and hence

from where we read off

For the torsional galilean de Sitter spacetime dSG.,

M) = —— ( G 7)> , (A.32)

1—7 el — ot et_,yet'y

w'(0) 1 (e — yet)v
= A.33
<y'<0>> = <<ew—et>v ’ (4.35)
from where we read off

e’ —et 9 vel? —et 0
&, = 1= 0 and hence 51%:71_’y 5

and hence

(A.34)
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A.2.4 Galilean anti de Sitter spacetime
For the galilean anti de Sitter spacetime AdSG,

M(t) = ( cost sint> , (A.35)

—sint cost
and hence
/
w/(()) _ UC.OSt ’ (A.36)
y'(0) vsint
from where we read off
¢p, = sin t% and hence &p, = COSt(’)m“' (A.37)

A.2.5 Torsional galilean anti de Sitter spacetime

For the torsional galilean anti de Sitter spacetime AdSG,,

Mty = (€ (cost = xsing) % (1+x7)sint (A.38)
- —efX(1 + XQ) sint eX(cost + ysint) )’ ‘

w'(0)\ (e ™(cost + xsint)v
<y’(0)> B ( e Xsintwv ) ’ (A.39)

and hence

from where we read off

0 d
p— 7tX 1 —_— e 7tX — 1 e
&p, =€ Xsint pyn and hence &p, = e X(cost — xsint) D (A.40)

A.2.6 Spacetime S12, ,

For spacetime S12, ,, the expression for the fundamental vector fields {g, and {p, are not
particularly transparent in modified exponential coordinates, so we will not give them here.
We will show, however, that the galilean structure is formally identical to that of all the
other homogeneous galilean spacetimes.

The transitive Lie algebra in this case is defined by the following brackets

[H,B,]| = —F, and [H,P,) = (1+7)P, +vBs — x€ap(Bp + Pp). (A.41)
Letting L(t,x) = exp(tH ) exp(x - H), we find
L(t,x) YdL(t,x) = Hdt + (1 + 7)x*P, — x€apx®Py + 72 By — X€apz® By + dz®P,, (A.42)
so that the soldering form has components
0 =dt  and 0% = dz® + fO(x)dt, (A.43)

where f%(z) := (1 + )z + xeqwz’. The vielbein has components

0 N, 0
Ey = % (x)axa and Ep, = EE

(A.44)
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Therefore, the invariant galilean structure has clock one-form
n(0) =dt (A.45)

and inverse spatial metric

0 0
&

§%Ep @ Ep, = 6% .
Po @ LP, Ozxe = Oxb

(A.46)

B Conformal Killing vectors in low dimension

In this appendix we collect some results concerning the conformal Killing vectors of eu-
clidean space E”, round sphere S” and hyperbolic space H” for D < 2. We have used these
results in determining the infinitesimal (conformal) symmetries of the carrollian spacetimes.

For D = 1, every smooth vector field is conformal Killing. For example, the “metric”
on E! is given by g = dx? relative to the global coordinate x. Since the tangent bundle is
trivial, we may identify smooth vector fields with smooth functions globally, so £ = f (x)%
for some f € C*°(R). Then we see that L¢g = 2dfdx = 2f'g. Similar considerations apply
to S and H!, with conformal Killing vector fields being in bijective correspondence with
the smooth functions C*°(S!) and C°°(R), respectively.

In all cases, the Lie algebra of conformal Killing vector fields is isomorphic to the Lie
algebra of smooth functions under the wronskian Lie bracket:

[f,9l=fd —gf" (B.1)

Things are more interesting for D = 2. Let us first consider euclidean space with
metric g = dz? + dy? relative to global coordinates (x,%). Every vector field is of the form
¢ =ul(x, y)a% + v(z, y)a% for u,v € C*°(R?). Then the conformal Killing condition

ou ou ou Ov !
Leg=2—da? +2—dy* + 2 — + — = 2 2 B.2
¢g 6acd$ + aydy + <8y + 8w> drdy = X\ (da® + dy”) (B.2)
is equivalent to
ou Ov ou Ov A
dy + ox 0 and or Oy 2 (B.3)

This says that u and v obey the Cauchy-Riemann equations and, since they are smooth,
that w = wu(z,y) + iv(x,y) is a holomorphic function f(z), say, of z = = + iy. In other
words, every conformal Killing vector field on E? is given by

§=[f(2)0+ f(2)0 (B.4)
for some entire function f : C — C. The Lie algebra of conformal Killing vector fields

on 2 is therefore isomorphic to the Lie algebra ¢(C) of entire functions relative to the
“wronskian” Lie bracket:

[f, 9] = fog — gOf. (B.5)

The round sphere S? is the one-point compactification of E2. A conformal Killing vector
field on S? takes the form ¢ = f(2)0+ f(z) 0 away from the North pole, say. But demanding
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that f(z)0 extends to a holomorphic vector field at the North Pole, says that if { = 1/z,
then —(2f(1/¢) should be holomorphic at ¢ = 0 and this requires f(z) = ag+a1z+az2?, for
some ap, aj,az € C. This is the well-known result that the (everywhere smooth) conformal
Killing vector fields on S? define a real Lie algebra isomorphic to s[(2,C) = 50(3,1). Indeed,
the wronskian Lie bracket of the polynomials of degree < 2 is given by

1,z] =1, [1,2%] =22 and [z, 2%] = 22. (B.6)

Finally, let us consider hyperbolic space H?, which we model as the upper half-plane
{(z,y) € R? | y > 0} with metric

B dz? + dy?

- (B.7)

g

The tangent bundle is trivial so that we can write any smooth vector field as £ = u(z, y) % +
v(x, y)a% for some u,v € C*°(R?). The conformal Killing condition

9 9 2 d 2 d 2
Leg=— (au + 81}) dacdy—i—? <8u - U> dz®+ (81} - v) dy? = J;;;y (B.8)

y2 \dy ' Oz oz y y> \0y
results in 9 P P P A\
U v u v v

In particular, u, v satisfy the Cauchy-Riemann equations and hence again w = u+iv = f(z),
where f is a holomorphic function of z = x + iy in the upper half-plane. The Schwarz
reflection principle says that if f extends continuously to y = 0 then it extends to an entire
function on the whole complex plane such that f(z) = f(%) for z in the lower half-plane.
But of course f may develop singularities as y — 0 and hence there are more holomorphic
functions on the upper half-plane than can be obtained by restricting entire functions.

In summary, the Lie algebra of conformal Killing vector fields is isomorphic to the Lie
algebra ¢'(H) of holomorphic functions on the upper half-plane relative to the “wronskian”

Lie bracket [f,g] = fO0g — gOf.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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