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1 Introduction

Non-Abelian T-duality (NATD) is a generalization of T-duality for strings on backgrounds
with non-Abelian isometries [1]-[5]. Although it is not as well established as T-duality
is as a string duality symmetry, it works well as a solution generating transformation for
supergravity. The rules for the transformation of the fields in the NS-NS sector, namely the
metric, the B-field and the dilaton field has been known for a long time. Recently, NATD
has gained a new interest, as the rules for the transformation of the fields in the RR sector
of Type II strings has also been found [6]. This has been applied to many supergravity
backgrounds by various groups, especially to backgrounds that are relevant for AdS-CFT
correspondence, see for example [7]-[16].



Recently, a compact formula for the transformation of the supergravity fields for a
generic Green-Schwarz string with isometry G has been obtained in [17], where they also
showed that the sigma model after NATD has kappa symmetry. This means that the
resulting background is a solution of the generalized supergravity equations (GSE), which
have recently been introduced in [18] as a generalization of supergravity equations, see
also [19]. To be more precise, when the isometry group G is unimodular, the dualized
sigma model is Weyl invariant and the target space is a solution of standard Type II
supergravity equations. If G is non-unimodular so that the structure constants of the
Lie algebra of G is not traceless, the trace components give rise to a deformation of the
equations to be satisfied by the target space fields to GSE.!

The purpose of this paper is to describe the NATD transformation rules obtained
in [17] as a coordinate dependent O(10,10) transformation.? In Abelian T-duality with d
commuting isometries, the transformation rules for the supergravity fields in the NS-NS
sector can be neatly described through the action of a constant O(d, d) matrix embedded
in O(10,10) [23]. The RR fields are then packaged in a differential form, which can be a
regarded as a spinor field that transforms under Spin(d, d). If the fields in the NS-NS sector
transform under 7' € O(d, d), then the spinor field that encodes the RR fields transform
under Sp € Spin(d, d), which is the element that projects onto T under the double covering
homomorphism p between O(d,d) and Spin(d,d), that is, p(S) = T [24]. In a similar
fashion, we show in this paper that the NATD transformation of the supergravity fields in
the NS-NS sector can be described through the action of an O(10,10) matrix (presented
in (3.20)), this time not constant but with an explicit dependence on the coordinates of the
dual theory. The dependence on the coordinates is determined by the structure constants
of the Lie algebra associated with the isometry group. The transformation of the RR fields
is then automatically determined by the corresponding Spin(d,d) matrix, as in Abelian
T-duality. We would like to note that we had already presented the NATD matrix we give
in this paper at a workshop at APCTP, Pohang [27]. Very recently, a paper has appeared
which also views NATD as an O(d, d) transformation [25]. See also [26], which has a similar
approach to NATD.

Besides making calculations significantly easier, our approach makes it possible to
view NATD as a solution generating transformation in Double Field Theory (DFT), a
framework which provides an O(d, d) covariant formulation for effective string actions [28]-
[38] by introducing dual, winding type coordinates. In its current formulation, DFT is
a consistent field theory only when a certain constraint, called the strong constraint is
satisfied. If the DF'T fields have no dependence on the winding type coordinates, the strong
constraint is satisfied trivially and the fields are said to be in the supergravity frame. In
such a case, DFT of Type II strings constructed in [34, 38] reduces to Type II supergravity

IThe fact that the NATD background fails to satisfy standard supergravity equations when G is non-
unimodular was first noted in [20] and the generalized equations appeared first in [21]. For a detailed
account, see [22].

2The O(10, 10) matrix associated with the NATD transformation is obtained by embedding an O(d, d)
matrix in O(10, 10), where d is the dimension of the isometry group. Hence, the only non-trivial action is on
the isometry directions. For this reason, we will sometimes refer to this action as an O(d, d) transformation.



in the democratic formulation. When the duality group is unimodular, the NATD fields
always belong to the supergravity frame, and hence our method provides a simple proof of
the fact that the transformed fields solve supergravity equations, when the isometry algebra
is unimodular. If the isometry algebra is non-unimodular, we show that the generalized
dilaton field of DFT is forced to have a linear dependence on the winding type coordinates.
In such a coordinate frame, DFT equations are known to reduce to generalized supergravity
equations [39, 40]. This then implies that the resulting NATD fields should solve GSE,
consistent with what has been found in the literature so far. Let us make a remark at this
point. The NATD rules for the NS-NS sector and the fact that it is a solution generating
transformation for supergravity has been known since early 90’s, as has been mentioned
before. These rules were obtained directly from the sigma model by applying the Buscher
procedure. On the other hand, the rules for the fields in the RR sector has been figured
out only recently in [6], by “guessing” them from how the Buscher rules extend to the
RR sector in Abelian T-duality (and initially only for the Principal Chiral Model). This
approach does not provide a proof of why the transformed fields should constitute a proper
supergravity background, so it had to be checked example by example that the NATD
fields indeed solved (generalized) supergravity equations. Embedding NATD in DFT as we
do here provides a proof that this should always be the case. Our approach in this paper
is quite different from that of [17], where they also prove that the dualized fields satisfy
the GSE by checking the kappa symmetry of the transformed Green-Schwarz sigma model.
Here, we consider the transformation of the fields within DFT and directly check that the
dual fields satisfy the field equations of DFT in an appropriate frame, where they reduce
to (generalized) supergravity equations. NATD has been studied in the context of DFT
also in the papers [41, 42]. There is a generalized notion of T-duality, called the Poisson
Lie T-Duality [43, 44], which does not require the symmetry group G to act by isometries.
It includes Abelian T-duality and NATD as special cases. Poisson Lie T-duality has been
studied in the context of DFT in [45]® and very recently in [25].

As the O(10,10) matrix that produces the NATD fields is not constant, it is not
immediately clear that it generates a solution generating transformation for DFT. To
show that this is indeed the case, we find it useful to utilize the framework of Gauged
Double Field Theory (GDFT), which is obtained by a duality twisted (Scherk-Schwarz)
reduction [49, 50] of DFT [51]-[54]. GDFT is a deformation of DFT, determined by the
fluzes associated with the twist matrix that define the duality twisted reduction anzats.
Our strategy is as follows: we start with a solution of Type II supergravity. Since Type
IT supergravity can be embedded in DFT, one can construct corresponding DFT fields
which constitute a solution for DFT in the supergravity frame. If the space-time metric
has an isometry symmetry G, which is also respected by the B-field and the RR fluxes
(not necessarily the gauge potentials), we can extract DFT fields out of the original ones,
which satisfy the field equations of GDFT determined by the geometric flur associated
with the isometry group G. We call these fields untwisted DFT fields. The DFT fields

3To be more precise, [45] studies Poisson Lie T-duality in the framework of DFT on group manifolds
(usually called DFTwzw), which is a different theory from the standard DFT. DFT on group manifolds
was constructed in the papers [46-48].



corresponding to the NATD background are obtained by acting on these untwisted fields
with the O(10,10) NATD matrix we present here. We will show that these dual fields also
satisfy the field equations of DFT by using the following three key facts, which we will
prove in the body of the paper: i) Field equations of GDFT are O(d,d) (or Spin(d,d))
covariant, provided we also allow fluxes transform as generalized tensors. i) By using fact
(i) above, we show that a set of duality twisted DFT fields, which we generically write as
&(x,Y) =U(Y).¢(x),* satisfy the field equations of DFT if and only if the untwisted fields
¢(x) satisty the field equations of GDFT determined by the fluxes associated by the twist
matrix U. This immediately implies the following: a set of fields ¢(z, Z) = U(Z).¢(z),
where the twist matrix U(Z) produces the same fluxes as U(Y), will satisfy the field
equations of DFT if and only if the fields ¢(z,Y) = U(Y).¢(x) satisfy the field equations
DFT. iii) The fluxes associated with the isometry group G and the NATD matrix T are
exactly the same. Facts i) and 4ii) together prove that the NATD fields indeed form a
solution of DFT, as claimed.

The structure of the paper is as follows: in the next section, we give a brief review of
the O(d, d) structure of Abelian T-duality, first in the NS-NS sector and then in RR sector
in subsection 2.2. This enables us to identify the coordinate dependent O(d,d) matrix
that generates the NATD background in section 3. Also in this section (in subsection 3.1),
we demonstrate how the NATD of the background AdS3 x S3 x T* studied in [6] can be
obtained by the action of the NATD matrix we have identified. Then in section 4, we
study the embedding of NATD in DFT. The three key facts that we listed in the previous
paragraph are proved in this section. The distinction between the unimodular and non-
unimodular cases is also discussed here. We finish the paper with discussions and outlook
in section 5.

Note added. While we were about to finalize the writing of this manuscript, the pa-
per [25] appeared on the arXiv, parts of which overlap with the work we present here.

2 The action of O(d,d) on curved string backgrounds

In this section, we review how Abelian T-duality can be described as an O(d, d) transfor-
mation, first for the NS-NS sector and then for the RR sector. For the RR sector, the
duality group should be lifted to Spin(d,d). We closely follow [23] in section 2.1 and [24]
in section 2.2.

2.1 Transformation of the fields in the NS-NS sector

Let g and B be the metric and the Kalb-Ramond 2-form field that describes a D dimen-
sional supergravity background, with d commuting isometries. The string living on this
background exhibits an O(d,d, Z) T-duality symmetry. Accordingly, there is an O(d,d, R)
action, which acts as a solution generating symmetry in the low energy limit. Let us define

“Here, the action of U(Y) € O(d, d) is determined by how ¢ transforms under O(d, d) or more generally
under Spin(d, d) if ¢ is a spinor field in DFT.



the D x D background matrix
Q(G,B) =G+ B. (2.1)

Due to the presence of d commuting isometries, it is possible to choose adopted coordinates
X = («f,2™),I = 1,--- ,d such that the background matrix does not depend on the d

1

coordinates x'. Let us decompose the background matrix with respect to this choice of

m E F?
o~(anen)=(~%) &

Let T be a matrix in O(d,d, R). Then

coordinates as

T=<az), detca=0, Yd+db=0, ad+db=1. (23)
C

This can be embedded in O(D, D, R) as follows

T:<é ) (2.4

where a, b, ¢ ci are D x D matrices defined below:

fa0\ . (bvo) . [co\ - [do
a:(()[)’ bz(oo)’ CZ(OO)’ dz(w)' (25)

QG B')=T.Q(G,B) = (aQ + b)(¢Q + d) (2.6)
be the new background matrix obtained by the above action of O(D, D, R) on Q. Then,
it is well known that the transformed metric and the transformed B-field obtained from
Ql + C)/t7 B, Q/ Qlt

2 2

>

L, o

Let

G = (2.7)
define (along with the transformed dilaton field we will discuss below, see (2.10)) valid
supergravity backgrounds. That is, the O(D, D, R) transformation defined above acts as a
solution generating transformation.

For completeness, let us write the final form of the transformed background matrix Q'

/I E' (CL - E/C)F2
Q= (F1(6E+d)—1 F_F1<CE+d)_ICF2> ) (28)
where
E'=T.E = (aE +b)(cE+d)~ " (2.9)

For the resulting background to be a valid supergravity solution, the dilaton field ¢
should also transform under O(D, D, R) in the following way:

/ detG
—2¢' _ 2%
c € det G’

(2.10)



For later reference, we define the following field d, which is invariant under O(D, D) trans-
formations:

d:qb—%lndetG. (2.11)

Note that this gives

e 2 = V/detG e . (2.12)

It is easily checked from (2.10) that e=2% = ¢=2¢ under O(D, D). The field d will play an
important role in DFT as the generalized dilaton field, as we will discuss in section 4.1.

2.2 Transformation of the fields in the RR sector

Let us now discuss how the p-form fields in the RR sector of Type II supergravity theory
transform under the action of O(d, d, R) described in the section above. For this discussion
we closely follow [24], see also [55].

In the democratic formulation of Type II supergravity [56], the 0,2 and 4-form fields in
Type IIB and 1 and 3 form fields in Type ITA are combined with their Hodge duals to form
sections of the exterior bundle A®Y*™ T* M for the first case and of A T*M for the latter,
where M is the space-time manifold. It is well known that these bundles carry the chiral
spinor representations of Pin(d, d), which is the double covering group of O(d,d). The
transformation of the RR fields under T-duality is determined by this action of Pin(d, d)
on the RR fields, viewed as a section of the exterior bundle. More precisely, if the T-duality
transformation in the NS-NS sector is realized by the O(d, d) matrix T, then the Pin(d, d)
element acting on the spinor field that packages the modified RR gauge potentials is S,
where p(S) = T.° Here, p is the double covering map

p : Pin(d,d) — O(d, d). (2.13)
Then, if x is the spinor field that packages the modified RR fields we have
x—=xX =8x (2.14)

Let us now discuss the transformation of the field strength @x under Pin(d,d). This is
important since RR fluxes are defined as

F=eBpy. (2.15)

As was discussed in [24], the transformation (2.14) does not imply @y — S@x. However,
when one doubles the space-time coordinates as in Double Field Theory (DFT), which we
will discuss in more detail in section 4.1, @y also transforms as a vector under Pin(d, d) as
Px — SPx. In DFT, the usual space-time coordinates are doubled by introducing winding
type coordinates, which combine with the space-time coordinates to form an O(d, d) vector
XM = (%,,2") that transforms as XM — XM = TM XN (see section 4.1). This implies

®See the papers [38] and [54] for an overview of O(d, d) and its double covering group Pin(d, d). The
method to find the Pin(d, d) matrix corresponding to a given O(d, d) matrix is also explained in these papers.



oy — 9y = (T7H,Y¥0n. Now, using STIT'MS = TMDP | which follows directly from
p(S) =T, one can show

Px =TMopx — dX =TM(THN,0n(Sx)
= SSTIrM (T HN,0nx = S dx. (2.16)

The transformation of @y implies that

F=eBdy - F = e_B/(??/X/ = e_B/Sé)X = e P'SePF (2.17)

3 NATD as an O(d, d) transformation

Non-Abelian T-duality can be applied by using the standard tools of the Buscher method.
For a generic nonlinear sigma model with isometry group G, one starts with gauging the
symmetry group (or a subgroup of it) and introduces Lagrange multiplier terms which
constrains the gauge field to be pure gauge. Integrating out the Lagrange multipliers, one
obtains the original model. Integrating out the gauge field gives the NATD model, for
which the Lagrange multiplier terms play the role of coordinates on the dual manifold.

The NATD of a generic Green-Schwarz string sigma model with isometry group G
has been recently obtained in [17]. Here we present their results (for bosonic G) and show
that the new backgrounds can also be obtained by applying a coordinate dependent O(d, d)
transformation embedded in O(10, 10). The best way to present the rules for transformation
is to introduce coordinates which makes the isometry symmetry manifest. With respect to
such coordinates one can write

ds?® = G drtdr” = Gppde™dz" + 2Gyde™d0" + Gy;d0'd6’ (3.1)
= Gmnd:rmdx" + 2Gdzmo! + Gryolo”’
= Gupoo” (3.3)
where #%,i = 1,--- ,d are coordinates for G and ¢ = §% da™ and o/, = 1,--- ,dimG

are the left invariant 1-forms of = lﬂd@i on G defined from the Maurer-Cartan form:
g 'dg = o!T; with T forming a basis for the Lie algebra G of G. Similarly,

1
B = §Bde“ A dx” (3.4)

1 1
= 5 Bunda™ A da" + Bprdz™ A ol + 5BUUI Aot (3.5)

Since the group G acts on the background by isometries, all the 6 dependence of the fields
are encoded in lIi. After applying NATD with respect to G, one ends up with a sigma



model which corresponds to the following background®

G;nn = Gumn — [(G + B)N(G + B)](mn) (36)
1 1
i = 5l(G + B)Nlmr = 5[N(G + B)lm (3.7)
Gy = Ny (3.8)
1 1
1 = ~5l(G+ B)N]s = 5 [N(G + B)lm (3.10)
Biy = —Ni), (3.11)
where

N = (G1j+ Bry +vkC, )1 (3.12)

Here, C; JK are the structure constants of the Lie algebra G with respect to the basis 17,
that is, [17,Ty] = C; % Tk. The metric and the B-field in the transformed background are

ds* = G dx™dz"™ + 2G" ;dx™dv! + Gy ydv! dv? (3.13)
1 1
B = 5B;,mdgcm Adz" + Bl dx™ A dv! + 53} SdvI A dvy. (3.14)

Here, v; are Lagrange multiplier terms in the Buscher method. They parameterize the
dual space and hence they have lower indices as in (3.12). Those indices are raised by
the Kronecker delta v! = 6//v; in (3.13), (3.14) so that they have the standard upper
placement of indices as coordinates of the NATD fields. This has also been discussed
in [17], see their footnote 7.

The transformation for the dilaton field presented in [17] is

1
¢ =0+ 5 Indeth. (3.15)

Now, let us write the above transformation rules in the terminology of the previous
section. We define the background matrix Q = G + B and Q' = G’ + B’. Then the above
rules become

Qi = Qun — [(Quur N Q 1] (3.16)
Qmi = [QN]mnr (3.17)
Qrm = —[NQlrm (3.18)
Q1= Nis (3.19)

Comparing this with (2.8) and (2.9) one immediately sees that the new background
has been obtained by the action of the fractional linear transformation with the following
O(d, d) matrix Txatp embedded in O(10,10),” in the way presented in the section above:

01
TNATD = (1 91J> , 6[] = VKC[JK~ (320)

®Note that due to the convention in [17] there is a difference in the sign in front of the B field term.
"We name both matrices (the O(d, d) matrix (3.20) and the O(10, 10) matrix in which it is embedded)
as TNATD.-



Let us also check that the transformation rule (3.15) for the dilaton field can be obtained
through the action of TxaTp by comparing it with (2.10). It is a well known fact that the
transformation (2.6) implies for G’ the following [23]:

1 1
G =— — G — —. (3.21)
Q@+d)"  (eQ+d)
Then,
detG’ R 51\ 2
T = (det(cQ+d) 1) . (3.22)
When T is as in (3.20) this gives
detG’
= detN 2
detG e (3:23)

and the two expressions (2.10) and (3.15) indeed match.

It is important to note that the dimension d of the isometry group determines whether
the NATD matrix Txarp acts within Type ITA/Type IIB or it involves a reflection which
implies that a Type ITA solution is mapped to a Type IIB solution or vice versa. The
former situation arises when d is even and the latter occurs when d is odd.

Since we have identified the O(10,10) matrix that generates the NS-NS sector of the
NATD background, we can immediately determine the transformed RR sector, as well. All
we have to do is to find the Pin(10,10) matrix that acts on the spinor field that pack-
ages the modified p-form gauge potentials in the democratic formulation. The Pin(10, 10)
element Syarp that projects to the O(10,10) element (3.20) under the double covering
homomorphism p : Pin(d, d) — O(d, d) can be found easily:

Snarp = CSp = S5C, (3.24)

where C'is the charge conjugation matrix. For more details, see [38] and [54]. The factors Sy
and Sz in SxaTp are the Spin™ (10, 10) elements that projects onto the SO (10, 10) matrix
that generates the B-transformations and g-shifts with 675 = VKC'UK and Br; = VKC'UK,
respectively. Then the transformation of the p-form fluxes is

F' = €_B/SNATD6BF. (3.25)

An important remark is in order here. Recall from the discussion in section 2.2 that
the transformation (2.17) is equivalent to the transformation (2.16). Also recall that the
transformation (2.16) equivalent to the transformation (2.14), when S is constant. However,
when S is not constant as in here, the two transformations (2.16) and (2.14) are not
equivalent. Naively, one would have expected that the right transformation rule for the
RR fields under NATD would follow from the transformation

X — SNATDX; (3.26)

which would imply a different transformation rule for the field strength F' that would also
involve fluxes associated with Sxarp (see section 4.3.2). However, the right transformation
rule is as in (3.25), as we will demonstrate in the next section through the example of the
AdS3; x S3 x T%. Then in section 4.4.2, we will prove that the transformed fields will
constitute a solution of the GSE when the transformation for the RR fields is as in (3.25).



3.1 An example: AdS3 x S3 x T*

Let us consider the simple example AdS3 x .S3 x T*. This geometry arises as the near horizon
limit of the D1-D5 system. The geometry has to be supported by 3-form Ramond-Ramond
flux. We have

ds? = ds®(AdS3) + ds*(S%) + ds*(T*) (3.27)
F3 = Vol(S%) + Vol(AdS3) (3.28)

Note that we also need the Hodge dual of the 3-form flux which is the following 7-form flux:
Fr = —(%F3) = (Vol(S?) + Vol(AdS3)) A Vol(T*). (3.29)

Due to the presences of the 3-sphere in the geometry, one has a global SO(4) ~
SU(2) x SU(2) isometry symmetry. It is possible to use one of these SU(2) groups to
apply NATD. Writing the S3 part of the metric as

ds*(S?) = (01)? + (0°)? + (07)?, (3.30)
where o, I =1,2,3 are the 3 left invariant 1-forms for SU(2), we have
Qmi = Qm =0 (3.31)

and
Qrr=Er; =Gy =141;. (3.32)

Now we apply the NATD matrix (3.20) on this background. Here, the structure constants
that determine the NATD matrix are C; JK =€ JK . This gives

3
1
ds?(S3) = T2 > (v + 20" dvtd) (3.33)
T
B = 1 —ir2 (=vPdv' A dv? + Vvt A dv? — vrdv? A dvP) (3.34)

where 72 = (11)% + (v?)? + (v®)2. Writing this in spherical coordinates

v'=rsinfcos¢ v =rsinfsing v> =rcosf (3.35)
we have
ds? = ds*(AdS3) + ds*(S?) + ds*(T?)
2 2
2033 _ 7.2 r 2 _ .2 r 2 w2 2
ds*(S°) =dr —|—1+T2dQ =dr +1+r2 (d9 + sin 9d¢) (3.36)
/ 7“3 2 TB
1

' = —5In(1+ r?) (3.37)

~10 -



Now, let us look at the transformation of the RR sector. Similar to the Abelian case
we form the differential form, which encodes the RR fluxes

F = Zp: G = Zp: <F(p) + FI(p_l)U[ + %Fl(g_g)al Aot + FP3gl A g? A (73) (3.38)
where we have decomposed a p-form RR flux G according to how many legs it does
have along the directions of the isometry group SU(2). The fluxes F=a) ¢ =0,1,2,3
have no dependence on the coordinates 7,6, . We map this differential form to a Clifford
algebra element in the usual way. The difference we have here is that it is o/ and not
dx' that we identify with the Clifford algebra element 1!, for I = 1,2,3. On the other
hand, for a = d +1,---,10, dz® is replaced with 1%, as usual. Here, ¥*, a = (I,a) are
the Clifford algebra elements ¢® = 1/v/2I'%, where I'* are the Gamma matrices. For more
details, see [54]. For index conventions, see appendix A. For the example we consider in
this section we only have 3- and 7-form fluxes, so the spinor field takes the following form:

F =t 23 + FOyL 2 3 (3.39)

+ FO @yl 2 g3yt pd ybyT + POl p2 3t pBap7. (3.40)

Here, Vol(AdS3) = F®)dal Ada? Ada® and Vol(T4) = F@dat A dad A da® Ada”. Here, the
hatted numbers count the non-isometric directions. Note that F3) and F*) are functions,
not forms. Now we calculate F’ from (3.25). First note that e F = F, since the B-field

is zero on the original background. Let us first calculate SpF = (1 + vie; Ayl ap7).F. As
one can easily calculate, this gives

Sg.F = F +vge ol ! F

= F+ F®uee; Sl ap? plp? 3 (1 + FOyA 4P pby7). (3.41)
Now we apply the charge conjugation operator [38]
C =" — ). (¥ — 2).(° — ) (3.42)

on (3.41):
CSp.F = C.F — F®ppegpBopl g2 43 (1 + FWOypt b y0y7)
— 1 POt b byt 4 POl g2 g8l 2 81 4 POt b byl
— FO®uepB oyl p2p3(1 4+ F@ ot 5 p8e7). (3.43)

Finally, we apply e % = 1+ H%I/KEUIQN.W] on (3.43), where we read off B’
from (3.34):

F = e B OSyF =1+ F®yd o pby7

r2 <A 4 e s
. 3),1 23,1 .,2 3 (4),,4 15 16,7
—I—(l 1+T2)F ¢.¢.w.¢.w.w(1+F ¢~?/)~¢¢)
— v K FO L2 g3 (1 4 FOyt 45 48y7)

+ HI,JVKEUKw’-wJ.(l + F@yt 5 yfyT). (3.44)
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From F’ we can read off the p-form fluxes of the dual background after now identifying 1!
with dv!. Since it is only the S3 directions that have been dualized, we still have

F®Oypd b 9897 5 Vol(T) and FOyl 42 4 < Vol(AdSs),
The fluxes in the NATD background are then found as

=1
T3

F =
2 1472

(VrdvA AdvP + VA Advt FvRdut Adv?) = Vol(S?)

1472
3
Fy=Vol(T*)—> " v'dv'Vol(AdS3) = Vol(T*) - rdrVol(AdSs)
I=1
[dv' Adv? Adv® AVOl(AdS3) + (v! dv? Adv? +v2dv® Adv' +v3dvt Adv? ) Vol (TH)]
1412

2 3
1(S2) AVol(A :
2 dr AVol(S“) AVol(AdS3)+ 1

3

1472

=

Vol(S?) AVol(T?)

+7r2

= Vol(S?) AVol(AdS3)+ Vol(S?) AVol(T?)

3
Fy=—Y v'dv' AVol(AdS3) AVol(T*) = —rdr AVol(AdS3) AVol(T*)
I=1
Fio=Vol(5%) AVol(AdS3) AVol(T?) = #1.

Here,

r2sin 6 1 r?

Vol(S?) = : dr Ndf A dg = - — Vol($?) = : drVol(S?),

+ 72 + 72

and x is the Hodge dual with respect to the metric of the deformed background given
in (3.36). These results match exactly with the results obtained in [6] by conventional
methods of NATD.

4 NATD as a solution generating transformation in Double Field Theory

The purpose of this section is to show that the NATD fields obtained by applying the
transformation (2.6) and (3.25), where 7" in (2.4) is the NATD matrix (3.20) are solutions
of (generalized) supergravity equations. We find it useful to discuss this in the framework
of Double Field Theory (DFT), where O(d, d) arises as a manifest symmetry of the action
and hence of the field equations. Therefore, we start with a brief review of DFT.

4.1 A brief review of Double Field Theory

DFT is a field theory defined on a doubled space, which implements the O(d, d) T-duality
symmetry of string theory as a manifest symmetry. In addition to the standard space-
time coordinates, the doubled space also includes dual coordinates, which are associated
with the winding excitations of closed string theory on backgrounds with non-trivial cycles.
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The space-time and the dual coordinates transform as a vector under the T-duality group

O(d,d):

XM = pM xN  xM _ (ig) (4.1)
Here 7, are the dual coordinates and hy is a general O(d, d) matrix. In what follows we
will always decompose the indices M labelling the O(d,d) representation as ™ = (,,, #),
where # and ,, label representations of the GL(d) subgroup of O(d,d). We will raise and
lower indices by the O(d,d) invariant metric 7, so that Xy = v XV,

In DFT, the dynamical fields are the fields H,S,d and x. They are all allowed to
depend on both the standard and the winding type coordinates. The generalized metric
H is an element of SO~ (d,d) and it encodes the semi-Riemannian metric and the B-field,
see (4.17). The generalized dilaton field d is defined from e~2? = ,/ge™2% and it is O(d, d)
invariant as was discussed in section 2.1, see (2.12). The spinor field S is the element in
Spin~ (d, d) that projects onto H under the double covering homomorphism (2.13) between
Spin(d, d) and SO(d, d), that is p(S) = H. The spinor field x encodes the RR fields in the
democratic formulation of Type II supergravity. For more details see [38, 54].

The DFT action is as below:

S = /dmdi" (LNSfNS + £RR) , (4.2)
where
Lns-ns = e 21 R(H, d) (4.3)
and )
LRr = Z< dx. C7'S @x). (4.4)

Here, ( ) is the Mukai pairing, which is a Spin(d, d) invariant bilinear form on the space of
spinors [57]. This action has to be implemented by the following self-duality condition

dx=-K dy, K=C's. (4.5)

Moreover, one needs to impose the following O(d,d) covariant constraint, which is called
the strong constraint:

Moy A = Vo ONA = 0,  OMAGuB = 0, pMN = (? ;) . (46)

where A and B represent any fields or parameters of the theory. When the constraint is
satisfied, the DFT action is gauge invariant under generalized diffeomorphisms and the
gauge algebra closes under the C-bracket, which is an O(d, d) covariant extension of the
Courant bracket. When the fields and the gauge parameters have no dependence on the
winding type coordinates, that is, when oM = 0, the strong constraint (4.6) is satisfied
trivially. In this case, the theory is said to be in the supergravity frame because for this
solution of the constraint it can be shown that (4.3) reduces to the standard NS-NS action
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for the massless fields of string theory and (4.4) reduces to the RR sector of the democratic
formulation of Type II supergravity theory.

The term R(H,d) in (4.3) is the generalized Ricci scalar and its explicit form is as
follows:

R(H,d) = 4HMN0pr0nd — OprONHMY — AHMN 9y rdOyd + 40y HM N Ond (4.7)
+ éHMNﬁMHKL@N%KL - %’HMNﬁM”HKL@KHNL
The DFT action presented in (4.4) is invariant under the following transformations:
S(X) — (X)) = (57HIS(X) S, x(X) — x(X') = Sx(X) (4.8)

Here S € Spin(d,d) and X’ = hX, where h = p(S) € SO"(d,d). As mentioned before, the
generalized dilaton field is O(d, d) invariant. The transformation rules for the generalized
metric H = p(S) is determined by those of S and is as given below:

HX) —HX) = (WHTHX)R L. (4.9)

The generalized Ricci scalar (4.7) is manifestly invariant under these transformations. A
fact that is of crucial importance is that the transformation (4.9) is equivalent to [35]

Q—Q =(AQ+B)(CQ+ D)™, (4.10)

(1)

4.2 Embedding NATD in Double Field Theory

where

We showed in the previous section that the NATD of a given Type II background with
isometry G can be obtained through the action of the O(d,d) matrix (3.20). As we have
mentioned before, the field equations of DFT reduce to the field equations of Type II
supergravity for the trivial solution of the constraint, that is when the fields are in the
supergravity frame. As a result, the type II supergravity solution on which the NATD
acts can also be regarded as a solution for DFT. Now, assume that the isometry group
G is unimodular® and that it acts freely on the background. The latter condition means
that one can pick up coordinates in which the metric and the B-field can be written as
in (3.2) and (3.5). We label these coordinates as {z!,--- 2074 9 ... 6?}; then the
dual coordinates will be labelled as {#',---, #1974, oL, ,éd}. Obviously, the DFT fields
H,S,d, x that correspond to this background do not depend on the dual coordinates, that
is, they are in the supergravity frame.

Since the group G acts on the background by isometries, all the 8 dependence of the
fields in (3.2) and (3.5) are encoded in I/, We define the matrices G(x,0),G(x), B(z,0)
and B(z) from

ds® = dxTG(z,0)dx = 6T G(z)o, B =dx'B(z,0) Adx =o' B(z) Ao, (4.11)

8We will relax the condition of unimodularity later on.
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where A denote the obvious wedge product of matrices and dx and o denote the 10-vectors

with components (dz',--- ,dz'?) and (o', - -- , 0%, dz?*tt, ..  dz'0), respectively. Then the
background matrix @@ = G + B in (2.1) has the following form:
Q(z,0) =1"(0)Q(z)1(0), (4.12)

where [ is the GL(10) matrix obtained by embedding the GL(d) matrix [; with components
(1y); = l!;. The embedding is as described in (2.5), so (Iz)!,, = 1% = 0 and (I4)%,, = 0%,
This is equivalent to the following O(10,10) action:

Q(x,0) = L(0).Q(x), (4.13)

T
L= (ZO z()l) . (4.14)

As stated at the end of section 4.1, the equation (4.13) is equivalent to [35]:

where L is the O(10, 10) matrix

H(z,0) = L(O)H(x)LT(0). (4.15)

Hence, the dependence of the generalized metric H on the coordinates (z,#) is separated.
Since the twist matrix L operates between curved and flat indices, the index structure of
it is as follows:

HMN(CITl,"' ’J:IO—d’Hl’”_ ’ed) — LMA(HI,"' 79d)/HAB(ﬂ§1,"' 7$10_d)LNB(91"" ’ed)’

(4.16)
where we have identified
G- BG'BG!
MN
H— H" — < 1B G1> . (4.17)
From (4.14) we read off L,¢ = 6,2, L™ = §, LI = Lm = [, = L', = 0 and

L" = (La);" = 1,7, L'y = (La)'y = I}, where I I, = 67 .
Similarly, the dependence of the field S on the coordinates (x, ) is also separated.
S(xlv e 7x107d7 917 o 79d) = (SEI)T(017 T 70d)S(x17 o 7$107d)(SL)71(917 o 76d)
(4.18)

Here, Sy, is the Pin(10, 10) matrix that projects onto L under the double covering homo-
morphism: p(Sr) = L. For K = C~'S, this implies

K(z,0) = SL(0)K(x)S;(0). (4.19)

We also assume that the p-form field strengths (not the gauge potentials) respect this
isometry, that is, we assume that any p-form flux in the background can be written as

. 1 o
o =" <F<p>(x) +EP @0l + L8 @0 na? + o O /\.../\Jd> ‘
p
(4.20)
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Here, we have decomposed a p-form RR flux G?) according to how many legs it does
have along the directions of the isometry group G. Since G acts by isometries, the fluxes
Fp=a) (z), a=0,1,---,d will have no dependence on the isometry coordinates . Let F
be the differential form that packages these p-forms as in the democratic formulation:

F=>Y GW. (4.21)
p

This can be regarded as a spinor field as discussed in section 3, for more details, see [38]
and [54]. Owing to the form (4.20), we have
F(z,0) = Sp(0)F(x) (4.22)

where F'(z,0) is the spinor field that encodes the components of the field strengths written
with respect to the coordinate basis (dz',--- ,dz(19=% dg', ...  d#?). As we will show in a
moment, when the twist matrix is of the form (4.14), (4.22) is equivalent to the following

F(x,0) = e @05, ()P F(2). (4.23)
As we have mentioned before, the relation (4.23) above is equivalent to
Ix(xt, - amd 0t 0 = Sp (0L, 0D Px(at, - 2. (4.24)
In order to show the equivalence of the equations (4.22) and (4.23), first note that
S HO)eP@O S () = P@). (4.25)

This follows from (4.11), which implies that B(z,6) = 7 B(x)l. Writing
1B
hp = 4.26
’ (O : ) , (4.26)

LilhB(x’g)L = hB(x) (4.27)

this means

Then, we have
p(S; P p(Sp) = p(eP™), (4.28)

where p is the double covering homomorphism p : Spin(d,d) — O(d,d). Note that we
have used p(e®) = hp and p(Sr) = L. Now, p is a homomorphism so the left hand side
can be rewritten as p(S;'eP@0S; ). This then gives (4.25), as desired. Using this we
immediately get

e B@O 5 (0)eP@F(z) = e B@ 51 (0) S (0)eP @D SL(0) F(x) = SL(O)F(x), (4.29)

where the indicated terms is written by using (4.25).
Using the terminology from duality twisted (Scherk-Shwarz) reduction that we will
discuss in subsection 4.3.1, we call the fields H(z),S(z), d(z) and F(x) untwisted fields.
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Now, we apply the NATD transformation (2.6) and (3.25) on these untwisted fields,
where T in (2.4) is as in (3.20). This will give us the dual fields H', d’,S" and F’, which will

10—d ,,1
y L )

depend on the coordinates {z!,- - vl .-, v}, which we collectively call {z,v}.

(z,v) = (Txarp) 4 (V)R (2)(Txarp) V5 (v) (4.30)
(z,v) = Snarp (V)K(z)(Snarp) ™ () (4.31)
Fl(z,v) = e WP e B'@) g op ()P @ F(2) (4.32)

(z,v) (4.33)

Here, p(Sxarp) = Inarp and B'(x,v) is read off from the antisymmetric part of H'(x,v)
in (4.30). The field o(v,7) in (4.33) and (4.32) is non-vanishing only when the isometry
group is non-unimodular. We leave the discussion of this term to section 4.6.

Our strategy will be to show that these new fields H'(x,v), d'(z,v),S (x,v) and F'(z,v)
form a solution for the field equations of DFT. Identifying the coordinates {z, v} with the
standard space-time coordinates, this means that the corresponding supergravity fields in
the NATD background form a solution for the field equations of Type II supergravity, as the
field equations of DFT and Type II supergravity are equivalent in the supergravity frame.

The key point in our argument will be to show that the two twist matrices L(6)
and TnaTp(v) generate the same fluxes defined in the framework of Gauged Double Field
Theory(GDFT). In the next section, we give a brief review of GDFT, and introduce the
fluxes that arise in this context. Finally, we compute the fluxes associated with L and
TnaTp and show that they are indeed the same.

4.3 Gauged Double Field Theory and fluxes associated with the NATD matrix

4.3.1 Gauged Double Field Theory

GDFT is obtained from duality twisted (Scherk-Schwarz) reduction of DFT [51]-[54]. The
O(d, d) invariance of the DFT action under the transformations (4.8) and (4.9) makes it
possible to introduce the following Scherk-Schwarz type reduction anzats for the DFT fields:

HMN (2,Y) = (UYMy(OHAP @)U )Np(Y), K(z,0) = SV)K(2)STH(Y)  (4.34)
F(z,Y) = e "M BEY) g(v)eB@ p(x), (4.35)
d(z,Y) = d(z) + o(Y), (4.36)

where p(S) = U~! € O(d,d) and F(z,Y) = e B@Y)@y(2,Y). The matrices U and S are
usually called twist matrices. When these anzatse are plugged into the action and the gauge
transformation rules of DF'T, all the Y dependence is integrated out and one ends up with
GDFT, which is a consistent field theory for the untwisted fields H(z), (z),d(x), F(x),
provided that the matrices U(Y'), S(Y') satisfy a set of constraints. We will list these con-
straints in section 4.3.2. The GDFT action is a deformation of the DFT action determined
by the so called fluxes, fapc. In the NS-NS sector the Ricci scalar in (4.3) is deformed to

R — Rget = R+ Rf, (4.37)
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with
1 1
Ry = _ifABCHBDHCEaD,HAE - ﬁf‘%cf%pHADHBEHCF
1
— et Ao HY = a0 + AnaH P Opd — nans AP, (4.38)

The anzats in (4.35) does not yield any deformation in the GDFT action of the RR sector,
as it is F' and not y, which is twisted. As a result one ends up with the following action

SGDFT = v/dx dz <e_2d(7'\’, +Rs)+ %(@x, c's $X>> (4.39)

where v is defined as
v = / dly e=20(), (4.40)

Explicit form of the fluxes that determine R will be presented in the next subsection. The
second term in (4.39) is the usual action for the RR sector of DFT of Type II strings and
does not depend on the fluxes, as the duality twisted anzats has been imposed on the spinor
field F' (which encode the RR fluxes), and not on the spinor field x (which encodes the
modified gauge potentials). Recall that the relation between the two is as in (2.15). If it
were the field x which had been twisted, then the DFT action of the RR sector would also
be deformed in a way determined by the fluxes. It was shown in [54] that the Lagrangian in
this case is of the same form as (4.4), except that ¢ should be replaced with V. Although
we will not need this deformed action in this paper, we will need and present the explicit
form of ¥ in subsection 4.4.2, where we will discuss the field equations arising from (4.39).

4.3.2 Fluxes, dual fluxes and the O(d, d) invariance of GDFT
The fluxes that determine the deformation in the NS-NS sector are defined as below [53]

faBe =3Quapc), ma=0u(U Y =20 om0 (4.41)

where o is as in (4.36) and

Qapc = —(U)Mou (U ) 3URmep. (4.42)

Note that 24 pc are antisymmetric in the last two indices: Qapc = —Qacp. We also make
the following definition

fa=—-0n(UHM =0, (4.43)

The constraints that should be obeyed by the twist matrices are as follows:

or(U—HMopg(X) =0, (4.44)
(UM omg(X) = dag(X), (4.45)

where ¢ is any of the DFT fields (#,S, ).
The DFT action of the NS-NS sector is manifestly O(d,d) invariant. So, if h is a
constant O(d,d) matrix, then

R[H,d,d] = R[h'Hh,d,d). (4.46)
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We have inserted 9 and 9 in the arguments of R to emphasize that the derivatives 0y
on the left hand side should be replaced by On = h%@M on the right hand side. On the
other hand, the DFT action of the RR sector is Spin™(d, d) invariant [38]. Therefore, the
field equations that arise from varying the DFT action of the NS-NS sector with respect to
the generalized metric and the generalized dilaton are O(d, d) covariant, whereas the field
equations obtained by varying the DFT action of the RR sector with respect to the spinor
field y or the spinor field S are covariant under the subgroup Spin™(d, d) of Spin(d, d). This
point will be important in section 4.4, see equations (4.94), (4.95). Pin(d, d) elements that
do not lie in this subgroup act as dualities rather than invariances, as we will discuss in
more detail in the next section. The O(d, d) invariance of the generalized scalar curvature
R also extends to Ry, provided that we treat the fluxes fapc as spurious generalized
tensors, which also transform under O(d, d). So, if we define

fABC = hA B fPEE . he 0(d, d) (4.47)
then it is easily shown that

Ri[h'Hh,d, 0] = Rs[H,d, 0. (4.48)

If the twist matric hMN satisfy the consistency condition (4.45) so that o = O acting
on the fields H(z) and d(x), then we simply have

R[WHh, d] = R[H,d] (4.49)
R[h'Hh,d] = R[H,d]. (4.50)

At this point we find it useful to introduce dual fluzes and dual DFT fields. Let us
pick up A = J in (4.47), where J is the matrix obtained by embedding the d x d matrix Jy

below in O(10, 10) as in (2.5):
0 14
Jg = . 4.51
d <1d 0 ) (4.51)

In this particular case, we call the resulting flux the dual fluz, and we denote it by fAB¢
for this particular case. That is,

fABC = g4 g8, 05 fPEE. (4.52)

Note that, due to complete antisymmetry of f4pc in its indices, the only independent blocks
of fapc out of the 8 possible combinations are f[JK,fUK, I‘% and fI7K T=1,---.d.
It is customary to call these the geometric flux, the H-flux, the Q-flux and the R-flux,
respectively [36]. Obviously, the geometric flux, H-flux, Q-flux and R~ flux components of
f is replaced by Q-flux, R-flux, geometric flux and H-flux components in f, respectively.
This is the reason why we call the flux fABc the dual flux of fapc. Now, taking h = J
in (4.46) and (4.48), we get

R[H,d, 0] = R[H.d,8], and Rj[H.d 8] =RsH,d, o (4.53)
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where we have defined
H=JHNI, dn=JT"0u. (4.54)

The DFT field H we defined above has been called the dual generalized metric, in [38].”
Also note that we have 0; = éi, ot = 0;, that is the standard and dual derivatives have
been swapped in 0 and 9. For future reference, we also define the dual spinor fields F and
X as in [38]:

F=eBCePF, y=0Cy. (4.55)

It is easily checked that F = e‘Bé?)’(. Here, B is the B-field associated with the dual
generalized metric H.

At this point, it is natural to ask the relation of the twist matrix U associated with
the fluxes f to the twist matrix U associated with the fluxes f. One can easily show that
the relation is U = JU. Then, S = £5C, where p(S) = U~! and p(S) = U~!. Indeed, it
can easily be shown that

Qapc = —(U HMon (T H U0 mep (4.56)
= =TT 5 (U™ pom (U U Snre
= JO IS I QpEr. (4.57)

For future reference, we also consider the fluxes associated with the twist matrices
U =UJ and § = £CS, with p(5) = U~!. One can easily see that the fluxes associated
with U are exactly the same as the fluxes associated with U, except for the fact that all
standard /dual derivatives in the computation of f should be replaced with dual/standard
derivatives in the computation of f . More precisely, we have

Qapc = —(U Mo (U150 mep (4.58)
= —(U HYMou (U 5URmeD

= — (U HMoM U HNURmep.

4.3.3 Fluxes associated with the NATD matrix

Let us now compute the fluxes associated with the matrices L(#) in (4.14) and TxaTtp(v)
in (3.20). Note that the condition (4.45) is trivially satisfied both by L(#) and TxaTp(v),
as they are constructed by embedding O(d, d) matrices in O(10,10) as in (2.5) and the
d coordinates on which O(d,d) acts are not included in the = coordinates of the fields
H(z),d(x), x(z) and S(x). In the computation, the coordinates on which the twist matrices
depend are regarded as the standard coordinates and not the winding type ones. To be
more precise, the 6 coordinates of the geometric twist matrix L(6) are the standard space
coordinates for the fields in the supergravity background before the dualisation. Then,
after applying the NATD matrix Txarp(v) on the untwisted fields, we end up with a set
of fields, which now depend on the coordinates (x,v). For the fields after dualisation, it is

9Note that this is just a field redefinition so there is no transformation on the coordinates. For more
details, see [38].
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now these coordinates (z,v) that are identified with the space-time coordinates. We start
by expanding the formula given in (4.41):

—_

Qupc = —(U "0, U Rmep — (U ),a0" (U ) 5Umep
= (U 40U U Rmen
= —(U N 40:(U Y yUnep — (U 40:(U1);8U nep.

In passing from the first line to the second line, we used the fact that the twist matrix
has no dependence on the winding type coordinates so that all Ot derivatives are zero and
that they depend only on the isometry coordinates so that 0, (U *1)]\173 = 0 (recall that
u = (i,m), see appendix A.)

When U~! = Txarp(v) in (3.20) we have

(Txatp);’ =0,  (Tnarp)ir=6ir, (Tnarp)? =6, (Tnarp)’ =6}, (4.59)

a
K3

(TnaTD),t =6,%, (Tnatp)™ =06, (Txatp), = (Txatp)™ = (Txatp);* = (Tnatp)’, =0.

where we have defined

0, =00 Kok, (4.60)

so that the indices match. Plugging these in the formula we find that the only non-vanishing
components are

Qe =-Cuk, QUi =0 C v (4.61)

These give rise to the following fluxes

=+, + 0%, =01

1
*CLUHCJI%]VH = O,

frok = Qi + Qs + Qrrg = 5

where the last equality follows from the Jacobi identity.
Now, let us compute the fluxes associated with the geometric twist matrix (4.14)
so that U~! = L(A). In this case the only non-vanishing flux is the geometric flux

Fra B =9 = Q,f (since O, = 0):

frs %= —lifailjjlfg‘{ + lijailjlllj( =-Cp, " (4.62)

This follows from the fact that ¢! = lll-dﬁi are left-invariant one-forms and as such they
satisfy

1
do! = —§C’UKJ‘] Aok (4.63)

The fluxes associated with Tyarp and L are exactly the same. This will be the key
point in proving that NATD is a solution generating transformation for DFT.
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4.4 Comparing the field equations of DFT and GDFT

In the previous subsection, we studied GDFT, which is obtained from Scherk-Schwarz
reduction of DFT. The Scherk-Schwarz anzats is known to give rise to a consistent dimen-
sional reduction, meaning that any solution of the field equations of the resulting theory
can be uplifted to a solution of the higher dimensional field equations [49, 50]. In our
case this implies that any solution of the field equations of GDFT can be uplifted to a
solution for DFT. Conversely, the field equations of DF'T will reduce to the field equations
of GDFT and hence, given a solution of DFT for which the dependence of the fields on
the doubled coordinates is separated as in (4.34), (4.35) and (4.36), the untwisted fields
H(z), F(z),d(x) will form a solution of the GDFT equations, where the fluxes in the GDFT
action is determined by the twist matrix U(Y).

This straightforward argument should be discussed in more detail, mainly for two
reasons. Firstly, the anzats in (4.34), (4.35) and (4.36) is not exactly the Scherk-Scwarz
anzats which gives a consistent dimensional reduction to GDFT, due to the difference in
the anzats for RR fields. The correct anzats would have been

x(z,Y) = e*“(Y)S(Y)X(a:) (4.64)

which gives rise to a deformation of the RR sector, as well. Although the field x appears in
the DFT action only through its field strength F' = e~ 2@y, it has a bare appearance in the
gauge transformation rules and hence a consistent reduction should involve an anzats for
the field x.'9 However, at the level of equations of motion, this raises no problem since the
field x never appears in the field equations without a derivative. As a second important
point, the real duality group for DFT is Spin™(d, d) and hence only a twist matrix in this
subgroup of Spin(d, d) can give a consistent reduction. This point is particularly important
for us, as the NATD matrix in (3.20) is not in Spin™(d, d). However, as discussed in [38],
although the Pin(d, d) transformations which are not in this subgroup are not invariances
of DFT, they act as duality transformations. This is also true at the level of field equations.
In order to clarify these points, we will discuss below the relationship between the field
equations of DFT and of GDFT in more detail.

4.4.1 Field equations for the generalized dilaton field

The field equations obtained by varying the DFT action with respect to the generalized
dilaton field is [34]
R =0, (4.65)

where R is as in (4.7). If we plug in (4.34) and (4.36) in (4.65), we obtain
R+Ry=0 (4.66)

as was shown in [53]. The form of Ry was given in (4.38). It can be easily shown that
this is the field equation obtained by varying (4.39) with respect to the generalized dilaton
field. Therefore, a set of DFT fields whose dependence on the coordinates is separated

YDuality twisted reduction of DFT with the anzats (4.64) was studied in [54].
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as in (4.34), (4.35) and (4.36) will satisfy the generalized dilaton field equations of DFT
if and only if the untwisted fields H(x), d(x) satisfy the generalized dilaton equations for
the GDFT, where the fluxes fapc which determine the deformation are determined by the
twist matrix U.

4.4.2 Field equations for the spinor field x
The field equation for the spinor field x is [38]

K dx) =0, (4.67)
which is to be supplemented with the duality constraint
dx = —Kdx. (4.68)
In terms of the field F = e~ By the equation and the duality constraint becomes:
(K ePF)=0 (4.69)
F = —e BKePF. (4.70)
Imposing the duality constraint on the field equation we get
PPF)=0. (4.71)

Let us plug in (4.34) and (4.35) in (4.70). We immediately see that the duality constraint
is satisfied by H(z,Y), F(z,Y) if and only if the same duality constraint is satisfied by
F(z),H(x):

F(z) = —e B@K(2)eP@ F(a). (4.72)

On the other hand, plugging (4.34) and (4.35) into the field equation (4.69) we get
9 <e_‘7(y)S(Y)lC(a:)eB(x)F(a:)) =0. (4.73)
We plug the duality constraint (4.72) in (4.73) to get (recall that @ = I'Mdy):
e "MW (ST WVITM 0y (S(Y) — o(Y)) + B} (eB(x)F(x)> —0. (4.74)
Now we use the following facts [54]:'!
s—irMg — (u—HMr4 (4.75)
M (oHM,s5719), S = %QABCFA 8 ¢
1

1
= 5 fapcT TP TC — _ fpT?, (4.76)

where U = p(S~1). Using these one can show easily that the equation (4.74) is equivalent to
i (eB@)F(x)) —0, (4.77)

"'We proved the identity (4.76) in [54] for S € Spin™(d, d). It can be easily shown that it also holds for
elements of S € Spin(d, d) of the form S = CS™ and S = STC, where ST € Spin*(d, d).
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where the Dirac operator V¥ is defined as (see [54])

1 1
V=0+ EfABCFA 8o - §UBFB- (4.78)

As a result, we conclude that the fields (4.34) and (4.35) form a solution for the field
equation (4.71) if and only if the untwisted fields F(x), H () satisfy (4.77).12

4.4.3 Field equations for the generalized metric Hpsn

The field equations obtained from varying the DFT action with respect to the generalized
metric Hyn is [34, 38]:
Ryn +e 22y =0, (4.79)

where
1 1
SMN _ TGH(A?D@X’ TVPKCHy) = E’H(]\f}(eBF, VPP ) (4.80)

The first term in (4.79) comes from the variation of the GDFT action of the NS-NS sector,
and the variation of the GDFT action of the RR sector gives the second term. In pass-
ing to the second line in (4.80), we used the invariance property of Mukai pairing under
Spin™(d, d),'® (which e~? is an element of), and we also imposed the duality constraint
dx = —KPx. Here, I’MN is defined as T'P9 = %[FP, I'?]. Let us plug in the set of fields
in (4.34), (4.35), (4.36) into these equations. Consider first the following expression:

(U YMBRun[H(z,Y),dx, YV))(U ). (4.82)

We emphasize again that Ry n[H(z,Y), d(z,Y)] is obtained by varying e 2¢R with respect
to HMN and then plugging in H(z,Y). Now compare the expression in (4.82) with the
variation of the GDFT action of the NS-N§ sector (which is obtained by plugging in H(z,Y")
in R first) with respect to H4Z. Comparing term by term, one sees that the two give the
same result. Then, we have

_ _ 5(e24R+R
UM Ragn M, Y, dar V0 = SRR )
So, if we define
§(e?IR )
2d pAB _ f

?Note that (4.77), which is equivalent to ¥ (@x(z)) = 0 is not the field equation obtained from vary-
ing (4.39) with respect to the spinor field y, which would have given @ (#x(x)) = 0. It is not the field
equation obtained from varying the GDFT action of the RR sector obtained in [54] through a duality
twisted ansazt on x (rather than F) either, which would have yielded ¥ (¥ x(z)) = 0. Note that both of
these equations are satisfied automatically due to nilpotency of @ and Y.

13The Mukai pairing satisfies

(S.¢1,S.¢2) = (1, h2), S € Spin*(d,d). (4.81)
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then we have
RMN[H(2, V), d(2,Y)] = (U (RYP[H(2), d(2)] + R P[H(), d(2)]) (U")"5. (4.85)

Now, we plug in ZMV the fields H, K, F, B, whose dependence on the coordinates (z,Y)
is separated as in (4.34), (4.35), (4.36). If we use the invariance property of the Mukai
pairing and the following identity

STITMNg — pAB(y—hM (—hHN,, (4.86)
along with
Hh(x,Y) = (U HMUBH Y, (4.87)
we obtain
- %(U HMW)U YN H (@) (SY)eP D F(2), S(V )PP F(2)) (4.88)
= %(U*U%(Y)H“‘C(x)<eB<x>F(x), BICB@ P\ (U HYN(Y), S e Spin(10,10).

Therefore, we have found that

e PEIEMN [ (2,Y ), F(2,Y),d(2,Y)] = (U A(Y)e M WEAP[H(2), F(x), d@))(U) (),
(4.89)
if the twist matrix S(Y) is in Spin™(d, d).

Now consider the case when S is not in Spin™(d, d). We assume that it is of the form
S(Y) = S1(Y)C, where S; € Spin™(d, d) and C is the charge conjugation element satisfying
p(C) = J. (This is the case for the twist matrices that determines our NATD fields. Recall
that Sxatp(v) = Ss(v)C and Ss € Spin'(d, d).) In this case only the S1(Y) factor can be
dropped in passing from the first line to the second line in (4.88) and we end up with

1

~ UM@Y) (@) (CP W F (), CTPP ) F(a)) (4:90)
= OO A @) CPO R (@), TPPCPO @) ()

where p(S1) = Uy and H = JTH.J is the dual generalized metric we defined in (4.54). Note
that in writing the second line above we used

(U HY'HU = (U )" DY HOW) T = (oY TP HIUT = (U7 HTHUTE. (4.92)

Also recalling the definition of the dual spinor field F in (4.55) we see that (4.91) above
can be written in terms of the dual fields and we have:

=M H(e, ), F(z,Y),d(z,Y)] = (U7 ) A(Y)EP H(2), F(z),d(2)] (U7 ) B(Y). (4.93)

Let us now try and write the Rpsny part of the field equation in terms of the dual
generalized metric H, as well. For this we need to observe that this piece of the field
equation is O(d, d) covariant:

RAB[M(z)] = RAP[JHJ] = JRAP[H(x),d]] (4.94)
R{P[H(w),d] = R{P[JH(z)Jd] = TRFP[H(x),d)] (4.95)
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where f is the dual flux we defined in (4.52). These follow directly from the O(d,d) covari-
ance of R and Ry, see (4.53). Recall that J is obtained by embedding the O(d, d) matrix
Jqin O(10,10) as in (2.5). Hence, it acts non-trivially only on the isometry directions and
acts on the partial derivatives with respect to x coordinates as an identity transformation.
Therefore, we have

I, 00 g(x) = Dag(a), (4.96)

where g(z) denotes any of the untwisted fields H(z), F(z), d(x) or S(x). So, we have 0 =
n (4.53). As a result, using (4.92), we can rewrite (4.85) as

RMN[H(2,Y),d(z,Y)] = (U Y (RYP[H(2),d(x)] + R{P[H(z),d(2)]) (U
= (U7 YMRAP[H(=), d(2)] + R [H(w), d(=)](UT ) 5.

To recap, we have obtained the following: for S € Spin™(d,d) with p(S) = U1,
equation (4.79) is satisfied by the fields H(x,Y),S(z,Y), F(x,Y) and d(z,Y) if and only
if the untwisted fields satisfy the following GDFT equation:

RAB[H(z),d(z)] + R{P[H(z), d(z)] + e 2" @A [H(2), F(2), d(z)] = 0. (4.97)

Here the fluxes f in Ry are produced by the twist matrix U.

On the other hand, if S = S,C with S; € Spin*(d,d) and p(S;) = U; ! so that
U = JU; we can make the following statement. The twisted fields H(z,Y),S(z,Y), F(z,Y)
and d(z,Y) satisfy equation (4.79) if and only if the untwisted dual fields H(x), F(x) and
d(x) satisfy

R H(x), d(2)] + RFPIH(x), d(2)] + e M OEAPH(2), F(z), d()] = 0. (4.98)

Here, the fluxes f in Ry are fluxes dual to f, and the fluxes f are produced by the twist
matrix U.

4.5 NATD fields as a solution of DFT in the supergravity frame

We are now ready to prove our claim that NATD is a solution generating transformation
for DFT, that is, the fields (4.30), (4.31), (4.32) corresponding to the NATD background
solve DFT equations. As we discussed before, this immediately proves that the NATD
fields form a solution of Type II supergravity, if we identify (z,r) with standard space-
time coordinates. This is because in the frame 9* = 0 the DFT equations will reduce to
Type IIA or Type IIB equations depending on the fixed chirality of y.'4

In the previous section, we saw that the fields H(x,Y), F(z,Y),S(z,Y) and d(z,Y)
n (4.34)—(4.36) satisfy the field equations of DFT if and only if the untwisted fields
H(z), F(z),S(zr) and d(x) satisfy the field equations of the GDFT determined by the fluxes
associated with the twist matrix U. This implies the following: suppose that we know the
fields H(z,Y), F(x,Y),S(z,Y) and d(z,Y) satisfy the field equations of DFT. Then, the

1yWe still assume that the duality group is unimodular. If not, the dilaton field is forced to have a linear
dependence on winding type coordinates taking the NATD background out of the supergravity frame. We
will discuss this in section 4.6.
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untwisted fields satisfy the field equations of GDFT determined by the fluxes associated
with U and S. Now, consider another set of fields H(z, Z), F(z, Z), d(z, Z) obtained by
twisting the same fields H(x), F(z), d(x) by the twist matrices U(Z) and S(Z), where U is
also in SOT(d, d). Suppose also that the fluxes generated by U(Z) and S(Z) are the same
as the fluxes generated by U(Y) and S(Y). Since we already know that the untwisted
fields satisfy the field equations of GDFT determined by these fluxes, we immediately con-
clude that the twisted fields H(z, Z), F(x, Z), d(x, Z) satisfy the field equations of DFT,
as well. If the NATD matrix (3.20) were in SO (10, 10), this argument would immediately
imply that the fields (4.30)—(4.32) formed a solution of the DFT equations (4.65), (4.71)
and (4.79), since we already know that the untwisted fields H(z),d(z),S(z) and F(x)
satisfy the GDFT equations (4.66), (4.77) and (4.97). This is known because the fields
H(z,0),S(x,0) and F(z,0) in (4.15), (4.18) and (4.23) form a solution of the DFT equa-
tions (4.65), (4.71) and (4.79) by construction, and the twist matrix L(#) in (4.14) generates
the same fluxes as the NATD matrix (3.20) does. However, the NATD matrix TNaTp iS
not in SO'(10, 10). Even in this case, our argument above still holds when we compare the
DFT and GDFT equations (4.65) and (4.66) coming from the variation with respect to the
generalized dilaton field d and the equations (4.71) and (4.77) coming from the variation
with respect to the spinor field Y, since these equations are not just SO*(d,d) covariant;
they are covariant under the full duality group O(d,d). So, the only issue we should discuss
is how we compare equations (4.97) and (4.98).

In order to understand this, we look at a generic case in which U is in SOt (d,d),
and U is not. We saw that comparing the generalized metric field equations of DFT and
the GDF'T is subtle due to the fact that the DFT of the RR sector of Type II strings is
invariant only under the subgroup Spin™(d,d) and Pin(d, d) transformations that are not
in this subgroup must be viewed as dualities and not invariances. In analyzing this case,
we found it useful to define the following dual fields, as in [38], which we rewrite here for
convenience:

H=JHJ, F=eBCPF (4.99)

Recall that F = e*B(?)_(, where Y = C'x. It is possible to formulate the DFT action in
terms of these dual fields. In fact, it was shown in [38] that the DFT action takes the same
form in terms of these dual fields as the action (4.4), provided that we also transform the
partial derivatives as 9; <> 5i, i=1,---,d. We will call this action the dual DFT action.™
If the chirality of the spinor field y is fixed in such a way that the DFT action reduces to
the action of Type IIA /IIB theory in the supergravity frame d' = 0, the dual DFT action
reduces to the action of Type IIB/IIA theory in the frame 9; = 0, [34, 38]. This is when d
is odd. If d is even, the chirality of the dual spinor field remains the same, and the dual
action reduces to the same Type II action in the frame 9; = 0.1

1511 fact, the DFT action of the RR sector picks up an overall minus sign but so does the duality condition.
Hence, when we plug in the duality condition into the field equations, there is no overall minus sign and
the form of the field equations are exactly the same both in terms of the original and the dual fields and
coordinates.

161f the time direction is also dualized, the resulting theory is Type IIA* or Type IIB* depending on the
chirality, see [38].
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Consider a set of fields, which form a solution for the DFT field equations in a certain
frame.'” Then, the dual fields will satisfy the equations arising from the dual DFT action
for the dual fields H and F. We emphasize again that these equations have exactly the
same form as the equations for the original fields, except that the standard derivatives along
the directions on which J; acts have been replaced by the winding type derivatives and
vice versa.!® If the dependence of the fields forming the DFT solution on the coordinates
(z,Y) is separated as in (4.34), (4.35), (4.36), then the dependence of the dual fields on
these coordinates is also separated in the following way:

H(z,Y) = (U YTV H@)U YY), KY)=5Y)Kx)S (V) (4.100)
F(z,Y) = e "M Be)§(v) PO F(z), (4.101)
d(z,Y) =d(z) +o(Y), (4.102)

where S=CSC™!, p(8)=U"1=JU"1J, and F(z,Y)=e B@Y)C@hy(2,Y) and d=d. Con-
sider the field equation arising from varying the dual DFT action with respect to the dual
generalized metric field and assume that it is satisfied by the dual fields H(z,Y), F(z,Y)
and d(z) in (4.100)—(4.102). As emphasized above, this equation is exactly of the same
form as the generalized metric field equation (4.79) (albeit with &; < 9), which means
that we can apply the arguments in section 4.4.3 directly. So, if S is in Spin™(d, d), so that
S =CSC~! e Spint(d,d)), we find that the twisted dual DFT fields satisfy

Run[H(z,Y),d(x)] + e 22y n[H(x,Y), F(2,Y),d(x)] = 0 (4.103)
if and only the untwisted dual DFT fields satisfy the following equation

(O~HM(Y) ((R+Rf)AB[7l(w),F(fv), d(x)]+e 2 WEP[H(2), F(x),d(2)] ) (T (V) =0.

(4.104)
Since all the 0; derivatives in (4.103) has been swapped with the winding type derivatives
d', in calculating the fluxes f with the formula (4.41) (with U = U), one should replace
d; <+ d'. Now remember our discussion in section 4.3.2. From (4.58) we see that the fluxes f
are produced by the matrix U =UJ. Since U = JUJ we see that the fluxes f are the same
fluxes as those produced by the twist matrix U=UJ=JU , since J? = Id. But, according
to (4.56) this is just the dual flux f to the flux f produced by the twist matrix U, that is,

f = f. As a result, the equation (4.104) is equivalent to the equation (4.98). This gives

7For now, we keep the discussion general, but our ultimate goal is to apply the discussion we have here
to the fields (4.15), (4.18) and (4.23).

18Let us clarify a point that is potentially confusing. When the frame in which the fields satisfy the DFT
equations is the supergravity frame (that is, the fields have no dependence on dual coordinates Z), they also
form a solution of Type ITA(/IIB) supergravity. Since the dual fields will not belong to the frame 9; = 0
in general, they do not necessarily form a solution of Type IIB(/IIA) supergravity. Nevertheless, they are
a solution of the field equations of the dual DFT action, and that is all the information we need. In the
special case when the isometry group is Abelian, one can pick up coordinates with respect to which the
twisted fields will have no dependence on the coordinates z*, i = 1,--- ,d either, so the dual fields will
belong to the frame 9; = 0. Being a solution of the dual DFT equations, they will hence form a solution of
Type IIB(/IIA) supergravity. This is what happens in Abelian T-duality.
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us the result that we want: the fact that the fields H(x, @), F(z, ) d(x) in (4.15), (4.23)
satisfy the DFT equation (4.79) implies that the dual fields H(z, 6), F'(z,0), d(x) satisfy the
dual DFT equation (4.103). As a result, the dual untwisted fields H(x), F(x),d(x) satisfy
the GDFT equation (4.98), which then implies that the NATD fields H(z,v), F(z,v),d(x)
n (4.30)—(4.32) satisfy the DFT equation (4.79), as desired.

4.6 Non-unimodular case: generalized supergravity equations

So far, we have assumed that the isometry group G is unimodular so that the structure con-
stants C; JK are traceless. When this assumption is relaxed, it is known that the resulting
NATD fields form a solution of the GSE, which have recently been introduced in [18, 19].
Let us see how this situation fits within the framework of DFT.

For simplicity, we assume that the structure constants of the Lie algebra of GG have only
trace components. Then, the only non-vanishing components of the flux associated with the
twist matrix L in (4.15) will be fr, I =1,---,d. This contributes to 7y, whose definition
is given in (4.41). However, it is well-known that the GDFT action with non-vanishing 14
is not consistent [51, 53]). Therefore, the f; part in (4.41) should be compensated by a
non-trivial dilaton anzats. A similar situation was also considered [58]. Rewriting (4.41)

in components, we see that we need to have

n' == O Moo =0, (4.105)
= fr— (U Moo = 0. (4.106)
This implies that
(UM oyo = 11 =0, (4.107)
(U HYM,9pr0 = fr = constant. (4.108)

When the twist matrix is equal to the NATD matrix (3.20), we can expand these equation
by using (4.59) as:
6190 =0 (4.109)
0' ;0,0 + 6;;9'c = constant. (4.110)
As a result, we obtain
0,0 =0, 8o = constant.

In other words, o is linear in the dual coordinates and does not depend on the standard
coordinates. Then, the generalized dilaton field in (4.33) is of the form:

d(x, D) = d(z) + m*, (4.111)

where m; are constants.

Appearance of winding type coordinates in the transformed DFT fields means that we
are not in the supergravity frame anymore. (Note that, due to the form of the anzats (4.32),
the spinor field F also has a dependence on ). The other DFT fields H and S depend only
on the space-time coordinates. In the papers [39] and [40], it was shown that the equations
of DFT reduce to GSE in such a frame. As a result, the fields in the target space of the
NATD model form a solution of GSE, when G is non-unimodular.
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5 Conclusions and outlook

In this paper, we studied NATD as a coordinate dependent O(d, d) transformation. The
dependence on the coordinates is determined by the structure constants of the Lie algebra of
the isometry group G. Besides making calculations significantly easier, our approach gives
a natural embedding of NATD in Double Field Theory (DFT), a framework which provides
an O(d,d) covariant formulation for effective string actions [28]-[38] by introducing dual,
winding type coordinates. As a result of this embedding, we managed to prove that the
NATD fields (both in the NS-NS and the RR sector) solve supergravity equations, when
the isometry algebra is unimodular. When the isometry algebra is non-unimodular, we
showed that the generalized dilaton field of DFT is forced to have a linear dependence on
the winding type coordinates, which implies that the NATD fields solve GSE, in agreement
with the literature.

We believe that identifying the O(d, d) matrix that generates the NATD background
is important, as it should make it easier to study some properties (such as supersymmetry
and integrability) of the NATD backgrounds and their CFT duals, as the relation to the
original background is more explicit. On the other hand, our approach also makes it
possible to explore the relation between NATD and Yang-Baxter (YB) deformations in
detail. Homogoneous YB deformation of an integrable sigma model [59] is determined by
the so called R-matrix, which forms a solution of the classical Yang-Baxter equation. In the
paper [60], it was conjectured that homogoneos YB models can be obtained by applying
NATD to the original background, with respect to an isometry group determined by the R-
matrix. This conjecture was proved in [61] for the case of Principal Chiral Models (PCM)
and they extended their work to homogenous YB deformations of more general sigma model
than PCM’s in [17]. Then, the results of our paper implies that it should be possible to
describe YB deformations also as O(d, d) transformations. This approach was also taken
in the papers [41, 42], [62]-[65] (see also the papers [66, 67] for a related approach). The
methods we have developed in this paper should give a deeper insight on YB deformations
and the relation between NATD and YB deformations. We hope to come back to these
issues in the near future [68].
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A Index conventions

Our index conventions are as follows:
M, N,---: Doubled coordinates; M = (,,, *)
A, B,---: Doubled coordinates; 4 = (,, @)
w=(i,m), pw=1,---,10; i=1,---,d, d=dimG
a=(l,a), a=1,---,10; I=1,---,d

According to the embedding rules in (2.5), a twist matrix 7" € O(D, D, R), which only
twists the d isometry directions is of the following form:

T,> T,
™ = Jr Tk Al

with 1,8 = 6,2, Tm =6, T.I =17 =T, =T =0.

)
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