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ABSTRACT: This is the second installment of a series of three papers in which we describe
a method to determine higher-point correlation functions in one-loop open-superstring am-
plitudes from first principles. In this second part, we study worldsheet functions defined on
a genus-one surface built from the coefficient functions of the Kronecker-Einsenstein series.
We construct two classes of worldsheet functions whose properties lead to several simplify-
ing features within our description of one-loop correlators with the pure-spinor formalism.
The first class is described by functions with prescribed monodromies, whose characteristic
shuffle-symmetry property leads to a Lie-polynomial structure when multiplied by the lo-
cal superfields from part I of this series. The second class is given by so-called generalized
elliptic integrands (GEIs) that are constructed using the same combinatorial patterns of
the BRST pseudo-invariant superfields from part I. Both of them lead to compact and
combinatorially rich expressions for the correlators in part III. The identities obeyed by
the two classes of worldsheet functions exhibit striking parallels with those of the superfield
kinematics. We will refer to this phenomenon as a duality between worldsheet functions
and kinematics.
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1 Introduction

This is the second part of a series of papers [1-3] (henceforth referred to as part I, IT and III)
in the quest of deriving the one-loop correlators of massless open- and closed-superstring
states using the pure-spinor formalism [4, 5]. As detailed in the introduction of part I, the
goal of these papers is to determine the correlators from first principles including gauge
invariance, supersymmetry, locality and single-valuedness. The present work is dedicated
to the implication of single-valuedness on how the correlators may depend meromorphically
on the punctures on a genus-one worldsheet. The key results are the following

(i) We present a bootstrap program to construct worldsheet functions for the correlators
that share the differential structure and relations of their superspace kinematics.
These parallels will be referred to as a duality between kinematics and worldsheet
functions, and they endow one-loop amplitudes of the open superstring with a double-
copy structure [6].

(ii) We establish the notion of generalized elliptic integrands (GEIs) which mirror the
combinatorics of BRST invariant kinematic factors in the spirit of the duality between
kinematics and worldsheet functions.

These results will come to fruition in the assembly of one-loop correlators in part 111, also
see appendix C for their representation that manifests their double-copy structure. Since
we will often refer to section and equation numbers from the papers I and I11, these numbers
will be prefixed by the roman numerals I and III accordingly.

2 Worldsheet functions at one loop

This section introduces the elementary worldsheet functions used in part III as building
blocks of multiparticle genus-one amplitudes. These functions are meromorphic and defined
as the coefficients of a recent expansion [7] of the classical Kronecker-Eisenstein series [8, 9].
They are quasi-periodic under z — z 4+ 7 and therefore live on the universal cover of an
elliptic curve.

However, our goal is to study string scattering amplitudes that require functions on an
elliptic curve. For this purpose, we will later on consider meromorphic functions defined
on an enlarged space parameterized by the standard vertex-insertion coordinates z; and
the loop momentum ¢ (with vector indices m,n,p,...=0,1,...,9 of the ten-dimensional
Lorentz group). Following the chiral-splitting formalism [10-12], £™ represents certain zero



modes associated with the worldsheet field 2™ (2,%), cf. (I1.2.24). The interplay between z;
and (™ will then lead to the definition of generalized elliptic integrands (GEIs) [6], which
become doubly-periodic under z — z+1 and z — z+ 7 upon integration of loop momenta.
The properties and explicit construction of GEIs will be the subject of the subsequent
discussions.

As reviewed in more detail in section [.2.2, chiral splitting allows to derive open- and
closed-string amplitudes from the same function /IC,,(¢) of the kinematic data. Open string
n-point amplitudes at one loop descend from worldsheets of cylinder- and Moebius-strip
topologies with punctures z; on the boundary,

A, = Zcmp/ drdzydzs ... dz, /dDE |Z,(0)] (K (0)), (2.1)

top Deop

see [13] for the integration domains Dy, and the associated color factors Cigp. Closed-
string one-loop amplitudes in turn are given by

Mo = [ Prdands . da [ P0LOF K0 Ea-0),  (22)
F

where F denotes the fundamental domain for the modular parameters 7 of the torus world-

sheet. As a universal part of the underlying correlation functions, both (2.1) and (2.2)

involve the Koba-Nielsen factor (with s;; = k; - k; and conventions where 20/ =1 for open

and o = 2 for closed strings)

n n
_ 2
In(f) = exp <Z Sij log 01(21']', 7’) -+ ZZJ'(K . k‘j) + ng > . (2.3)
1<J 7=1
The leftover factors of K, (¢) in the loop integrands carry the dependence on the super-
space polarizations and are referred to as correlators, see part III for their construction.
The brackets (...) in the above integrands denote the zero-mode integration of the spinor

variables A* and 0% of the pure-spinor formalism [4], and the odd Jacobi theta function
in (2.3) is defined by (g = €2™7)

oo
01(z,7) = 2¢'/8 sin(7mz H (1—4¢")(1- q”e%iz) (1 - q”e_%iz) . (2.4)

Note that the open-string worldsheets relevant to (2.1) can be obtained from a torus via
suitable involutions [14, 15], that is why the subsequent periodicity requirements will be
tailored to the torus topology.

2.1 The Kronecker-Eisenstein series

Our starting point to describe the dependence of the correlators K, (¢) on the worldsheet
punctures is the Kronecker-Eisenstein series F'(z,,7) [8, 9]. Its Laurent series in the
second variable defines meromorphic functions ¢ (z,7) [7],

01(0,7)01(z + o, 7) 1
F n— n) )
(z,0,7) 91 (0, )0 (5.7 Za (z,7). (2.5)
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Figure 1. Parameterization of the torus through the lattice C/(Z+7Z) with an identification of
points z with their translates z+1 and z+7 along the A- and B-cycle.

The simplest instances of these functions are ¢(®(z,7) =1 and (9 = %)
1
g Wz, 1) =0logbi(z,7), ¢P(z71)= 5 (Dlog 01 (z,7))? — p(z,7)]| , (2.6)

where p(2,7) = —0%log1(z,7) — Go(7) is the Weierstrass function and Goy(7) denotes

the holomorphic Eisenstein series!

CCS PR o N —— T (2.7)

2k
(m,n)eZxZ\{(0,0)} (mT + n)

See the appendix B for the explicit expansions of g(")(z,T) for n < 5 in terms of Jacobi
theta functions.

It is important to note that the function g(*)(z,7) has a simple pole ~ % at the origin
while all g(”)(z,T) for n > 2 are non-singular? as z — 0. Furthermore, the heat equation
47i0.01(2,7) = 0%601(z,7) implies that

0 1 1

5 -logfi(z,7) = m{g(Q)(z,T) - QGQ(T)} . (2.8)

Similarly, one can obtain the 7-derivatives of the above ¢(™ from the mixed heat equation

0 1 9°F(z,a,7) 0
ol T = = e 9

and these relations will be instrumental when analyzing boundary terms with respect to 7

T ggmiD iz r), (2.9)

") = 27

in one-loop correlators later on.

2.1.1 Monodromies of the g{™-functions

In the parameterization of the torus depicted in figure 1, translations around the A- and
B-cycle amount to shifts by 1 and 7, respectively. The quasi-periodicity of the Jacobi theta
function (2.4),

0(z+1,7) = —0(z,7), O(z+7,7) = —e TG (5, 7) (2.10)

!Note that the lattice-sum representation (2.7) of Gz is not absolutely convergent and requires the
specification of a summation prescription G2(7) = >, s (o) L+ 2 omer\ {0} 2onez W

2Note, however, that g(k)(z,T) for k > 2 have a simple pole at z = 7 and in fact at all lattice points
z=m7 +n with m,n € Z and m # 0.



results in the following monodromies of the Kronecker-Eisenstein series (2.5) [8, 9]

F(z+1,a,7) = F(2,,7), (2.11)
Flz+1,0,7) = e ™F(2,0,7).

It then follows from the expansion (2.5) that the functions g™ (z,7) are single-valued

around the A-cycle but have non-trivial B-cycle monodromy,

9 +1,7) =g (z7), (2.12)
—2m
ot rr) =3 T e
k=0 '
For instance,
1
g W (z+71,7) = —2mi, gD (z471,7) = —2migW (2, 1) + 5(2711')2 . (2.13)
From now on, in order to compactly represent the dependence on the external punctures
Z1,%22,...,2%, in string correlators, we will use the shorthand
9 = g™ (2 — 25,7). (2.14)

2.1.2 Weight counting

The integrand of n-point one-loop open-string amplitudes (2.1) can be written in terms
(m)
ij

(possibly including their z-derivatives) [16, 17]. As a necessary condition for modular
(m)
]

obey the following selection rule: once we assign the following weights to these constituents,

of loop momenta, holomorphic Eisenstein series (2.7) excluding Gg and the above g

invariance of the closed-string amplitude (2.2), the overall powers of ¢, g..’ and Gy, have to

m)

term 2mi | €| O | Gy gZ(J
weight | 1 | 1] 1 k m

each term in the n-point open-string correlator K,,(¢) must have weight n—4. The notion
of weight in the table is conserved in each term of the monodromies (2.12), and the same
will hold in the subsequent Fay relations and total derivatives.

2.2 Fay identities

In the subsequent discussions of one-loop open-string correlators, the Fay identity [18, 19]
F(Zl, o1, T)F(Zg, a9, 7') = F(Zl, o1 + Ctg,T)F(ZQ — 21,042,7') + (1 &~ 2) (2.15)

plays a crucial role when expanded in terms of its coefficient functions from (2.5) [17],

n) (m m+n = (m—1+7 n—j) (m+j
9%2)953) = _953 o + Z(_l)J< J >g§3 J)gég "
=0

- =147\ (m—j) (n+j
+5 (=) ) J>g§3 7 g{n+d) (2.16)
=0

j J



Its simplest instance can be viewed as the one-loop counterpart of the tree-level partial
fraction identity (z12203)~! + cyc(1,2,3) = 0,

1 1 2
91595 + 9ty +eye(1,2,3) =0. (2.17)

Additional instances relevant to the worldsheet functions that appear in one-loop correla-
tors for up to and including nine points are given by

2 1 2 1 3
9§2)9§3) = 9%3)953) + 9%2)953) - 9%3)9&) + 9§2) - 9§3) - 29§3) ) (2.18)
(4) (4) (4)

2 2 2 1
9%2)953) = 9%2)9&5) + 9§3)9§3) - 2953)952) - 29%3)9&5) +3915° — 913 + 3953

3 2 1 3 1 4 4
9§2)9§3) = —9§2)9§3) + g§3)g§2) + 9%2)9&3) + g§3)9é3) - 9%2) 9%3) - 3953) )

3 5 5 2 1) (4 3) (2 2 1) (4
9%2)953) = —953) + 695 . §2) + g§3)9é3) - 3953)9&2 + g§3)g§2) - 29§3)9§2) + 3953)98 )

4 2 1
9%2)953) = —953) - 4953) + 952) + 953)9&2 + g§3)g§2) - 953)93 + 9§3)9§2) - 953)93 .

Note that the label 2 (corresponding to z9) appears twice in the monomials of the left-hand
side in the above identities while appearing at most once in the monomials of the right-

hand side. This property can be exploited to rewrite arbitrary products of gl(]n
in a canonical way. Since any repeated label can be eliminated this way, for convenience

in a product gg-l) gj(.zl) one can use the Fay identities if the repeated label j is the smallest

)—functions

among i,j and k (which can be obtained from a relabeling of (2.18)). In addition, Fay
identities involving z-derivatives of g™ (z, 7) are easy to obtain from (2.17) and (2.18), and
can be similarly written in a canonical way.

Linear combinations of the above Fay identities can be used to derive identities involv-
ing Kisenstein series G,,. For instance, from g( ) — 0 and g( ) = —@Gy, the limit z3 — 21 of

the expressions (2.18) for g%Q)gég) + 29(1)g§3) and g%Q)gg )+ 39%2)9(4) implies

3 2) (3 4 1
2085 + 913913 — 2015913 —3Ga =0, 5913 + 912913 — 3913913 — 3Gugly =0, (2.19)
and similar relations can be obtained at higher weights. The weight-four identity in (2.19)
will often be used in proposing an expression for the eight-point correlator, see sec-
tion II1.3.5.

2.3 Total derivatives

Correlators IC,, (¢) are always accompanied by the Koba-Nielsen factor Z,,(¢) given by (2.3),
when they enter open- and closed-string amplitudes, see (2.1) and (2.2). One can show
that its derivatives with respect to worldsheet positions z; and modulus 7 are given by

9 ~. W

(,Tzizn(@ — <£k +Zsijgij )In(e), (2.20)
J#i

97 (0) = £2 + Z 5139 (2.21)

or " 2m o K ZJ Zn(8) :



where (2.8) and > 7" ; s;; = 0 have been used in (2.21). Given the integrations over z; and
7 in the amplitudes (2.1) and (2.2), one can therefore set the following total derivatives to
zero within one-loop correlators,

n (1) 8f(2’,7',...) ~
(E-ki+Zsijgij >f(z,7,...)+a%_0, Vf(z,T,...), (2.22)
J#i
Lo = (2) Of(z,7y..00)
(25 + D sudi )f(z,r,---)+2ma¢=0, Vi), o (223)

1<i<y

where f(z,7,...) is an arbitrary function on the worldsheet.

The absence of boundary terms w.r.t. z; follows from the short-distance behavior3
|Z,,(€)| — |z|* of the Koba-Nielsen factor (2.3) as z; — z;. It is well known from discus-
sions of the anomaly cancellation in the open superstring that the boundaries of moduli
space can give non-vanishing contributions from individual worldsheet topologies [20-22].
Hence, blindly discarding total derivatives w.r.t. the modulus 7 would generically lead to
inconsistencies. However, when summing over the different worldsheet topologies these
inconsistencies are canceled for the gauge group SO(32); since this will always be the case

for the open superstring we may freely discard total derivatives in 7.

3 Generalized elliptic integrands

When using the chiral-splitting method [10-12] to handle the joint zero mode £™ of* 2™ (z)
and J2™(Z), superstring scattering integrands of (2.1) and (2.2) involve a loop-momentum
dependent Koba-Nielsen factor (2.3). As explained in [12], the integrands of superstring
amplitudes containing the loop momentum ¢™ do not need to be single-valued as functions
of z;. Instead, it is sufficient to attain single-valuedness after the loop momentum is in-
tegrated out. Here “single-valued” is used in its conventional sense; it refers to functions
f(zi) left invariant as the coordinates z; are transported around the A and B homology
cycles of figure 1. In this work, the chiral-splitting method will be used but the concept
of single-valuedness will be extended to invariant functions of (z;, ™) under a simultane-
ous variation of both z; and ¢™ along the cycles. Let us now present the reasoning that
motivated this idea.

3.1 Motivating and defining generalized elliptic integrands

As we will see in section I11.3.2, the evaluation of the five-point one-loop amplitude of the
open superstring using the standard rules of the pure-spinor formalism (and some mild
assumptions) gives rise to the following integrand:

K:5(€) = Emvng’})A,E, + [V12T3,475gg) + (2 — 3,4, 5)} + [V1T2374’5g%) + (2, 3‘2, 3,4, 5)] . (3.1)

3The cancellation of |z;;|*% as z; — z; is obvious in the kinematic region where Re(s;;) > 0 and otherwise
follows from analytic continuation.

“In the pure-spinor formalism, the worldsheet fields 92™(z) and dz™(Z) enter the vertex operators in
their spacetime-supersymmetric combinations 1™ (z) and T (2) [4].



The kinematic factors Vi, Vo, T2T”§A75, T3.4,5 in pure-spinor superspace 23] are reviewed in
section 1.4.4. Throughout this work, the notation +(ai,...,apla1,...,apqq) instructs to
sum over all ordered combinations of p the labels a; taken from the set {a1,as,...,apiq},
leading for instance to a total of six permutations of V1T2374’5g§? in (3.1).

Having obtained (3.1), it was natural to ask about its B-cycle monodromies using the
relations (2.13). Ignoring the term with the loop momentum for a moment, it is easy to
see that the correlator (3.1) changes by —2mi [V12T374,5 + (2 <> 3,4,5)] as z; goes around
the B-cycle. Recalling the vanishing of k"ViT3% , 5 + [V12T374,5 + (2 + 3,4, 5)} in the
BRST cohomology, see (1.4.23), suggests the following speculation: if the loop momentum
changed as /™ — (™ — 2mik" at the same time as z; goes around the B-cycle, then the
integrand (3.1) would be single valued as a function of both z; and ¢™.

As it stands the above speculation is not compelling enough as we did not consider how
the Koba-Nielsen factor (2.3) behaves under these changes. Luckily, the quasi-periodicity
01 (2+7,7) = —e T 2™20, (2, 7) of the odd Jacobi theta function (2.4) implies that the ab-
solute value of the Koba-Nielsen factor is invariant under the simultaneous transformation
of z1 = z1+7 and ™ — 0™ — 2mikT",

| T, (€ — 2miky))| = |Z.(0)] . (3.2)

21—21+T

Hence, the loop-integrated open- and closed-string expressions [ d”¢|Z,(¢)[(K5(¢)) and
[dPe|T, ()2 (K5 (0)) (K5 (—£)) will still lead to single-valued functions of the punctures in
the conventional sense of [12]. But the above reasoning suggests that one can even talk
about single-valued chirally-split superstring integrands by also letting the loop momentum
change along the B-cycle. Furthermore, the same analysis can be performed for shifts along
the A-cycle (without any modification of the loop momentum as z; — z1 + 1), motivating
the following definition:

Definition 1 (GEI). A generalized elliptic integrand (GEI) is a single-valued function
f(zi, £, 7,kj) of the lattice coordinates zj, j = 1,...,n, the loop momentum €™, the modular
parameter T and the external momenta k7" such that

f(zg»,ﬁ/,T, ki) = f(z, 4,7, kj) (3.3)
as z; and {™ go around the A and B cycles

A-cycle: (2, 0') = (z; + 1,4), (3.4)

B-cycle: (2j,0') = (zj + 7,0 — 2mik;) .

By their dependence on €™ and k:;”, GEls may have free vector indices f™ "2 (z;,L,T,kj).

As the absolute value of the Koba-Nielsen factor is by itself a GEI, the five-point
example (3.1) suggests that superstring correlators are given by GEIs in the above sense,

Kn (€ — 2mik;)| = Kn(0). (3.5)

Zj—rZj +7 -

We will see that this observation harbors valuable constructive input to the derivation
of correlators from first principles. Furthermore, the argument above suggests a deeper



connection between BRST invariance of pure-spinor superspace expressions and GEIs. As
we will see in the following sections, this synergy is quite powerful and leads to many
interesting results.

Integrands depending on 4, k, z and 7 satisfying the key property (3.3) were used for the
first time in [6], where the acronym GEI was coined. As detailed in section 7, integrating
the GEIs in n-point closed-string integrands over [ dP¢|Z,(¢)|* yields modular forms of
weight (n—4,n—4) and leads to modular invariant closed-string amplitudes (2.2).

3.2 The linearized-monodromy operator

8-1), the monodromies as z; — z;+7 are polynomials in 277 by (2.12).
We will be interested in combinations of ggL)

odromies are compensated by shifts £ — ¢ — 2mik; and the defining property (3.5) of

Given a monomial in g

and the loop momentum such that the mon-

GEls is attained. In order to efficiently identify GEls, we formally truncate the combined
(n)

transformations of g;; and ¢ to the linear order in 27¢ and study the operator

0l = =2mik;, 0; () _ 2mg(n b

g]m m ) n 2 1 9 (36)

where (5ng(-0”1 = 0 and (5jg(n) = 0 for all i,m # j. This operator probes the linearized

m
monodromy w.r.t. a given puncture d; : 2z; — z; + 7 with the accompanying shift ¢ —

¢ —2mik;. Accordingly, it is understood to obey a Leibniz property

0 (f1(l, 2) fa (€, 25)) = f1(l, 25) (85 f2(€, 25)) + fa(l, 2) (85 F1(£, 25)) (3.7)

for arbitrary functions f; of the loop momentum and the punctures. It is convenient to
assemble the linearized monodromies w.r.t. all of z1, 22, ..., 2z, into a single operator as

5 Z 9 (38)

where we have introduced formal variables (2; to track the contribution of the 4" puncture.
Then, (3.6) and the shorthand notation Q;; = Q; — §; give rise to

n n
Do\ = QoY Dem =Nk =3 QK (3.9)
where momentum conservation k7" = —k3* —--- — k;* has been used in the last relation.

For example,
§2) = Q19, ( ) ngg( ) , ( (1)£m) = Ol + gﬁ) Z lek‘;n . (3.10)
j=2

Note that D will be later on argued to play a role similar to the BRST operator ) of the
pure-spinor formalism. One can enforce that D shares the nilpotency Q% = 0 by defining



the formal variables €2; to be fermionic.® However, the choice of statistics for the 2; won’t
affect any calculation done in this work, so we defer this decision to follow-up research.

Since the linearized monodromy operator D only picks the terms linear in 27¢ that
arise from the transformation z; — z; +7 and ¢ — ¢ — 2wik;, invariance DE = 0 is only a
necessary condition for E to be a GEI. It remains to check if the higher orders in 2mi also
drop out from the image of E' under the above shift of z; and ¢. For all solutions to DE = 0
studied in this work, we have checked that they constitute a GEI on a case-by-case basis,
and it would be interesting to find a general argument. In many cases, single-valuedness
can be seen from the generating-function techniques in later sections.

4 Bootstrapping shuffle-symmetric worldsheet functions

In this section we will construct a system of worldsheet functions Z for superstring correla-
tors on a genus-one Riemann surface by analogies with kinematic factors. When the latter
are organized in terms of Berends-Giele superfields as detailed in part I, their variation
under the pure-spinor BRST operator will be used as a prototype to prescribe monodromy
variations for the Z-functions. As a consequence, the combinatorics of BRST-invariant
kinematic factors can be borrowed to anticipate D-invariant combinations of Z-functions,
i.e. GEIs.

The correspondence between the pure-spinor BRST charge @) acting on superfields
and the monodromy operator D acting on functions is the first facet of a duality between
kinematics and worldsheet functions. Further aspects of the duality will be presented
in section 5 that lead to a variety of applications. In particular, the duality between
kinematics and worldsheet functions implies a double-copy structure of open-superstring
one-loop amplitudes discussed in [6] and expanded in part III.

4.1 Shuffle-symmetric worldsheet functions

In the computation of tree-level correlators for n-point open-string amplitudes [24], the
nested OPE singularities were captured by worldsheet functions of the following form®

1
tree
2123 p - . (41)
2127223 - -« Zp—1,p

It follows from partial-fraction relations such as (212223) ' + cyc(1,2,3) = 0 that the tree-
level functions satisfy shuffle symmetries” (e.g. ZH5S,, = Ziee zireey Zhee — () [27]

Zhee =0, YAB#0D. (4.2)

®The conditional nilpotency of D for fermionic formal variables Q; follows from the fact that linearized
monodromies (3.6) w.r.t. different punctures commute, §;5; = §;0;. This commutativity property follows
from (3.6) and (3.7).

5Note that the worldsheet functions (z12223 . ..zp,Lp)*l at tree level arise from cyclic Parke-Taylor

factors (z12223 . .. zp,Lpzp,nzn,l)*l in an SLo-frame where z, — oo.
"The shuffle product of words A and B of length n and m generates all ("J“"L,) possible ways to interleave

the letters of A and B without changing their orderings within A and B, see (1.3.2) for a recursive definition.
A more elaborate account on the combinatorics on words can be found in section 1.3.1, based on the
mathematics literature [25, 26].



Since the appearance of shuffle-symmetric worldsheet functions (4.1) at tree level can be
traced back to the short-distance behavior of vertex operators, the same structure must
persist at higher genus. Therefore we assume that the short-distance singularities at one
loop arise from analogous chains built from functions gV (2, 7) = 1 + O(z)

1
g5 asy .. 92)1@ (4.3)

As a fundamental starting point in obtaining one-loop m-point correlators of the open
superstring, the worldsheet functions associated with nested OPE singularities will be
required to obey shuffle symmetries like their tree-level counterparts, i.e.,

ZlRr, =0,  VYAB#0. (4.4)
At multiplicity p = 2, antisymmetry of g(1 —92(1 suffices to make it shuffle-symmetric.

However, for the tentative one-loop counterpart g, g%) of ZI5%¥ it is easy to see that the
Fay identity (2.17) prevents the shuffle relation Z{%%,; = 0 from generalizing. Luckily, the
same Fay identity also suggests how to restore the shuffle symmetry without altering the

pole at z; — z; by adding non-singular gi(j?)—functions. One can check via (2.17) that both of

i 1 1, 2 i 2 2 2
Z§2)3 = 9%2)953) + 2(9%2) 953)) ) Zfz:)a = 952)9§3) + 95 )+ gé ) 9%3) (4.5)

tree

share the desired shuffle symmetry of Z155°. Also at higher multiplicity, the non-singular
functions gi(;L) with n > 2 admit various shuffle symmetric completions of gg) g%) e gz(,lf)l?p
which reproduce the singularity structure of (4.1) and qualify as one-loop counterparts
of Z{g%ff_p. From the availability of two shuffle-symmetric multiplicity-three candidates
n (4.5), one can anticipate that many more options arise at higher multiplicities. In
the next subsection we will identify a guiding principle to prefer Z{;i),) over Zf2)3 in our
representations of one-loop correlators and to select higher-multiplicity generalizations.

4.2 Duality between monodromy and BRST variations

We will now prescribe the monodromy variation DZq2_, of shuffle-symmetric worldsheet
functions by analogies with Berends-Giele superfields Mis. , that share the shuffle symme-
try and are reviewed in section 1.5.5. The idea is to impose the combinatorics of the BRST
variation QM;z. , to carry over to the worldsheet functions, Z12. 5, <+ Mi2. . This rela-
tionship is at the heart of an emerging proposal for a duality between worldsheet functions
kinematics — monodromy variations are taken to be dual to BRST variations.

4.2.1 Scalar monodromy variations

The Berends-Giele superfields at one loop have multiple slots, starting with the scalar
kinematics M4 Mp ¢ p of section I.5.1. Accordingly, the simplest one-loop worldsheet func-
tions should inherit the slot structure Z4 g ¢ p with shuffle symmetries in all of A, B, C, D.
Throughout this work, whenever multiparticle labels A, B, ... in a subscript are separated
by a comma rather than a vertical bar, then they are understood to be freely interchange-
able, Zop .. = Zpa,..
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The BRST variation (1.5.18) of Mp ¢ p can be written as linear combinations of the
BRST invariants C;pg r [28] reviewed in section 1.5.2. Accordingly, the corresponding
D-variations of Z4 p ¢ .p should be written in terms of GEls Ej4 g ¢ p, 1.e. D-invariant
combinations of simpler Z-functions. More explicitly, the parallel is taken to be

QMA,B,C = Cal\ag...a‘M,B,C - Ca‘A||a1...a‘A|,1,B,C + (A <~ Bu C) ) (46)
DZA,B,C,D = QalEal‘O/Q...a‘AI,B,C7D - Q&\A|Ea|A‘|a1...a|A‘,1,B,C,D + (A < B,C, D) ) (4'7)

where the length of the word A = ajaz...aj4) is denoted by |A[, and the bookkeeping
variables 2; of (3.8) always follow the special label of Ej| , e.g.

QMi23=0, QMi234=Ci34— Cop1 34, (4.8)
DZi534=0, DZy9345 = E 2345 — Q2E21345-

The E;) . on the right-hand sides will be defined in analogy® with Cj..., and this analogy will
be reflected by the notation: the duality between superfields and Z4 g ¢ p as well as the
resulting correspondence between () and D imply that BRST invariants Cj4 p ¢ should
be dualized to GEls. By the vertical-bar notation, the symmetries Cjj4,5,.. = Cypa,..
Ejja,B,... = Ejp,a,... do not extend to the external-state label 7 in the first entry.

At this point, we can identify a preferred choice among the two multiplicity-three
candidates (4.5). Based on (3.10), we have

i 1 1 ii
D2, = (o) + 5ol ) + jul) + 1608, D2 ~ dalelf+al o). (49

where the second variation will later be shown to be equal to 213 E |93 4 5. Since it is easy to

)

see that DZ&S is not single-valued, only the second option has the required structure (4.7)
on the right-hand side. In order to reconcile the expression for Zgg with the slot structure of
scalar worldsheet functions Z4 g ¢ p in (4.7), from now on we use the notation Zi23456 =

Zg%, also see section 4.4.3.

4.2.2 Tensorial monodromy variations

The same ideas can be reused at higher tensor ranks r to infer tensorial worldsheet functions

Z"y 4 involving loop momenta, external momenta and gg-l)

multiple slots A, B,.... These tensorial functions will be constructed by imposing their

, with shuffle symmetries in

linearized monodromies to follow the BRST variation of tensorial kinematic building blocks
MIT}Bg“ in pure-spinor superspace. Explicitly, the map is

QMZ‘}B(?M — DZK‘}B‘EL: ) (4.10)

8We note the mismatch between the slots of Ejja,B,c defined in analogy with the BRST invariants
and the slots of Fj4 g c,p appearing in the right-hand side of (4.7). This difference is inconsequential
for functions up to multiplicity nine and can be bypassed by defining the extension of scalar GEIs by
Eija,B,c,p0 = Ejja,B,c and by adding extra permutations to the tensorial GEIs.

— 11 —



and we will use the following results for the left-hand side [28],

QMg = smmy e (4.11)
+ Cllanatn B.C. ~ Catntlaray 1,80, T (A BCo)
+ Ok O 4 (A BC,L L),
with tensorial anomaly superfields V'5"* " and (pseudo- )invariants® C{TXE: 28], e.g.
QM 34 =k"Cii234 + (1 ¢ 2,3,4) (4.12)

QMi5345=Clla345 — Colizas T (k5 Cspigas + (3 ¢ 4,5)] .

Here and in the following, Lorentz indices are (anti)symmetrized such that each inequivalent
term has unit coefficient, e.g. k:gml ky'? .. ) = k" kS . k" 4 perm(my, ..., m,), for
a total of r! terms. In case of symmetric tensors, imposing unit coefficients leads to fewer
terms such as §("kP) = §mnpp 4 §mPE" 4 §"Pk™  and expanding the symmetrization of
5(m1m2y23§7'gﬁ) in (4.11) yields (3) terms.

The vectorial BRST invariants Cjf% —on the right-hand sides of (4.11) and (4.12) are
composed of M4 B c, Mg cp and external momenta. Similarly, we will later on obtain
(n)
]
According to the duality (4.10), the defining property of Z{'\; /7' is

vectorial GEls EZ‘”A B.. involving £™, k7" and g;;” by following the same composition rules.

mims.my __ mims...m B mims...my
DZA,B,C,... Qal al\az...a‘AhB,C,... alA| a‘A||a1..Aa‘A|_1,B,C,‘..
ma...my)
011 QKBS 4 (A BC,L L) (4.13)

where the anomalous superfield in the first line of (4.11) does not have any worldsheet
counterpart. The examples in (4.12) then translate into

D27 345 = Uk"Eip345 + (14 2,3,4,5) (4.14)
DZ{3 3456 =MNE 93456~ Q2Ey13456+ [Q3k3 E312456+ (3 ¢+ 4,5,6)] .

4.2.3 Refined bootstrap equations
The duality between superspace kinematics and worldsheet functions suggests to introduce
a notion of refined Z-functions defined via monodromies

M. My mi...My
QjA17~-~7Ad\BLB27--~ DZA1,~v-,Ad|Bl,B2~-- ’ (4.15)

where the Berends-Giele superfields J are derived from the refined building blocks of
section 1.4.4. The number d > 1 of slots on the left of the vertical bar is referred to as
the degree of refinement. The left-hand side of (4.15) is given in terms of refined anomaly

9The defining property of pseudo-invariants is that their BRST variation is entirely expressible in terms
of anomaly superfields [28].
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superfields )'" "% and (pseudo-)invariants P{ﬁ'l”ﬁl;ld‘ 5. 28],

A1,..,Aq|B,...
QI oy = OV (4.16)
+ [V A, T (Ao Az, Ag)]
+ [Ojay 1 ke P T (A Ag, o Ag)]
+ [5|Bl\,1szTIPg,T|2A'1'T.T7)I4d|B2W + (Bl<—>BQ, .. )]
L Al Brr ~ Pa o Aarsal B, T (A1 Az AD)]
+ [PII?Q'{T:Adwg...b,BI‘,327.._ - Plgl.iﬁ;--wf‘d\bl---b|31|71732,..- + (By > Ba,...)],

for instance,

m - m D ~mp
QI\[23456,7 = V23 a567+FCliazas67 (4.17)

m m m
+ [k Pyjijos 567 + (4 42 5,6,7)] + 20113,4,5,6,7 — £3]1/2,4,5,6,7 -

Accordingly, the refined versions of the worldsheet functions comprising ¢, k" and gi(;t) are

characterized by the following monodromies

Dz 51 B, = [Oar 1 QK B gy (A1 Az, Ad)] (4.18)
+ [0, 1 kg B+ (B B, )]
+ [QalE;nl\lé;.r.rffmﬂ,AQ,...,Ad|Bl,_.. - Q“\AﬂEZE;[TZ;.@‘M‘,1,A2,...,Ad\Bl,... + (A1 Ag,..., Ag)]
+ [leEl:?'lA“lT:Adw?mel\7B27v-- = By A Ay by g Ba T (B Bay )]

where the anomalous superfields in the first line of (4.16) do not have any worldsheet
counterpart. The right-hand side of (4.18) features refined GEIs E;le Ay(B,,... Which will
enter the correlators discussed in part III as the coefficients of refined superfields. For
example, the monodromy variation dual to (4.17) reads

DZ{o34 5= Qlkil)ET\lgsA,...,s (4.19)

+ [kTQ4E4I1I23757-~,8 + (<5, 78)] + Eg\l1|3,4,.,.,8 - E;)Tl|2,4,...,8 :

The above patterns were discovered upon studying correlators previously obtained by var-
ious other considerations at multiplicities four, five and six. At higher multiplicities, the
existence of worldsheet functions subject to (4.13) and (4.18) is a working hypothesis —
so far confirmed by explicit construction up to and including eight points.

4.2.4 An ambiguity caused by Eisenstein series

Given a solution Z4 g .. to monodromy-variation equations, it is always possible to deform
it by an arbitrary GEI. A partial resolution to this ambiguity is quite natural in view of
the defining properties of one-loop correlators: we require the words A, B, ... of Z4 5.
to reflect tree-level-like singularities (za,a,%asas - - - za\A|_1a\A|)71(%162%263 e Zb\B|71b|B\)717

cf. (4.1). This requirement fixes the most singular term to be (9&212 g(%)% . gf(l\12x|—1a\ ) and

,13,



should prevent the addition of non-constant functions with vanishing monodromies, as they
would necessarily modify this singularity structure. At the level of unrefined scalar GElIs,
this follows from the fact that non-constant elliptic functions always involve singularities
as z; — 2j, and we expect this property to carry over to tensorial and refined GEIs.
However, this requirement cannot determine the presence (or absence) of terms propor-
tional to a holomorphic Eisenstein series G,,, for they are monodromy invariant (DG,, = 0)
as well as constant functions on the worldsheet (dG” = 0). The construction of Z4 g, and

GEIs from glgj) automatically qualifies holomorphic Eisenstein series G,, = —ggl ) as pos-
sible constituents. Moreover, G,, are known to arise in (n > 8)-point one-loop correlators
from the spin sums in the RNS formalism [16, 17].

By the weight counting of section 2.1.2, the first instance where the above ambiguity
may affect the expressions for shuffle-symmetric functions happens at eight points. And
indeed, we will see in section II1.3.5 that the eight-point correlator is plagued by unwanted

appearances of G4 whose kinematic coefficient remains undetermined in this work.

4.2.5 Lie-symmetric worldsheet functions

From the discussion in section 1.5.1, Berends-Giele superfields M4 p ¢ subject to shuffle
symmetries can be translated to local building blocks T'4 g ¢ that satisfy Lie symmetries
(cf. section 1.3.4). The dictionary in (I.5.8) boils down to the KLT-matrix S(-|-); [29] (also
known as the momentum kernel [30]) that cancels the kinematic poles of the Berends-Giele
currents and is recursively defined by

for instance
S(202)1 = (k1 -ka), S(23123)1 = (k1o - ks)(k1-ka),  S(23(32)1 = (k1 - k3) (k1 - ko). (4.21)

In analogous fashion, one can also define worldsheet functions that satisfy Lie symmetries.
To this effect we define, in analogy with (I1.5.8),

aj?lla Z S A‘A/ B|B) .ZZE’.,.Z‘)B’,...’ (422)
A’ B’,.
B = Z S(ALALS(BIB ), B (4.23)
ALBY

where the matrix S(A|A’), defined in (4.20) contributes |A| powers of s;; = k; - kj. For

example,

2\ 50 = 21234, 25545 = 512212345 (4.24)

(s) (s)
2193456 = 5125342123456, Z123456 = (513 1+ 523)8122123,4,5,6 + 5135122132456 -

One can explicitly check that ZS%A@G indeed obeys the Lie symmetries in A = 123;
Z$23,4,5,6 + Zé%,4,5,6 =0, and ZS?”)A,&G + Z§§)1,4,5,6 + Z§;)1,4,5,6 = 0. Similarly, one may verify
the Lie symmetries at higher multiplicities. The superscript in Z(*) reminds of the presence

of monomials in s;;.
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4.3 Worldsheet dual expansions of BRST pseudo-invariants

In this section we will see the first non-trivial consequence of the conjectural duality between
worldsheet functions and kinematics: the systematic construction of GEIs. This is done
by exploiting the analogy between monodromy variations of Z-functions and the BRST
variations of Berends-Giele currents put forward in section 4.2. The tentative idea is to
assemble GEIs or “worldsheet invariants” following the same combinatorics used in building
kinematic BRST invariants Cyj4,p,c and Ciy g o p In (I.5.20) and (I.5.21) from Berends-
Giele currents. It turns out that the worldsheet invariants constructed in this way give rise
to GEIs as defined in section 3, i.e., their monodromy variations vanish.

At four and five points, the expressions for Cy34,C1j234,5 and C'{T2345 in (1.5.20)
and (I.5.21) translate into

E1234= 21234, (4.25)
Eij2345 = 212345 + 212,345 — 213,245 5

m _ m m
Ellos45 = 212345t (k5 Z12,345 + (2 <> 3,4,5)],

while at six points we have the unrefined GEIs,

Erj23456 = 21,2345,6 T 2123456 + 2123456 + £412,356 — 214,235,6 + £143,256 »
Erj23456 = 21,23,45,6 + 212,45,3,6 — £13,452,6 + 2£14,23,5,6 — £15,23,4,6
— 2412356 + 2314,2,5,6 T 2215,3,4,6 — 2315,2,4,6 5 (4.26)
Elysa56 = 2103456 + 2123456 — 21324556 T k3 2123456 — k3" Z132,456
+ [k} 2142356 — ki 2214356 + ki Z314,2,5,6 + (4 < 5,6)] ,
123456 = 2123456 T (k3 ZTo 3456+ k5 253456 + (2 ¢ 3,4,5,06)]

— [(F'k5 + k3k5) 2213456 + (2,3(2,3,4,5,6)]

see (I.5.22) for the superspace counterpart of the tensor. Moreover, six points admit one
instance of a refined GEI dual to the Pjjg34 5 superfield (1.5.24),

B3 a6 = 2213456 T k2 Zl33456 + [5232123.45,6 + (3 ¢ 4,5,6)] . (4.27)

The analogous seven-point expansions are displayed in appendix A.2.3.

Based on the D-variations from section 4.2, it is straightforward to verify that all
of (4.25) and (4.26) are indeed GEIs upon using momentum conservation.!’ As we will see
in the next section, the above GEIs have obvious extensions by one extra word (slot) to
match the slot structure on the right-hand side of the above D-variations. For instance,
E1j23456 = F1j234,5 Will be needed for DZ123456 = 1 E123456 — 23E3)12,45,6-

19T order to see that (4.27) defines a GEI as well, one can either employ the explicit representation
assembled in (4.37) or insert the integration-by-parts identity (5.1) among GEIs into the D variation
obtained from (4.18).
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4.4 The bootstrap

At first glance, the discussion in sections 4.2 and 4.3 seems to suffer from a chicken-and-
egg dilemma; in section 4.2, to obtain the monodromy variations of the shuffle symmetric
functions one needs the associated GEIs from section 4.3, while the expressions of the GEIs
require the shuffle-symmetric functions from section 4.2.

The way out of this conundrum is to note that this self-recursive structure can be
exploited to bootstrap the shuffle-symmetric Z-functions order by order in multiplicity,
starting with the four-point solution which is taken to be a constant. We will see how this
works in practice in the following subsections.

Note that the functions obtained below will be used inside one-loop correlators of the
open superstring, and as such, are considered to be multiplied by the overall Koba-Nielsen
factor (2.3). Therefore functions that differ by derivatives of the Koba-Nielsen factor given
in (2.22) and (2.23) are considered equivalent as will be indicated by the symbol 2.

4.4.1 Four-point worldsheet functions

From the computation of the four-point correlator in [5, 31], it follows that the four-point
shuffle-symmetric worldsheet function is a constant. Similarly, the expansion (4.25) implies
that also its corresponding GEI is a constant. Both are normalized to one,

21,273’4 = 1, E1‘273,4 =1. (428)
To proceed to the next level we define the slot extension of (4.28) as Eyjp 345 = 1.

4.4.2 Five-point worldsheet functions
According to (4.7) and (4.13), the monodromy variations of the shuffle-symmetric functions

Zi2345 and Z{% 5, 5 at five points are given by

DZ13345 =S FEjp345 — Q2FEy1345 = (o (4.29)

5
DZT273,475 = Qlk‘{rbEl‘2737475 + (1 — 2, 3,47 5) = ZQJkT .
=1

A closer inspection of the linearized monodromies (3.9) naturally leads to the following
solutions of (4.29),
Zi2345 =93 219345 =10". (4.30)

These expressions reproduce the desired singularity structure Z12345 = zﬁl + O(z12) and
regularity of 27" 5 45, cf. section 4.2.4.

Assembling five-point GEIs. We can now assemble associated GEIs from the expan-
sions in (4.25),

Eij2345 = 212345 + 212345 — 213245 (4.31)
1 1 1
= 9&3) + 952) - 9%3) )
Bl 545 =212345 T (k5" Z12,345 + (2 > 3,4,5)] (4.32)

— "+ [kg\Y) + (2 3,4,5)] .
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It is easy to check that (4.31) and (4.32) are indeed invariant under monodromy varia-
tions (using momentum conservation in the latter case). Before proceeding to the next
multiplicity, we define the slot extension of (4.31) and (4.32),

1
E1j23456 = E1j23.45 5 Efbsase =0"+ [ké”g%} + (2 ¢ 3,4,5,06)] (4.33)

including an extra permutation 2 <+ 6 in the vector GEI. These extensions are natural
from the generating functions for GEIs to be given in a later work and they will be used
on the right-hand sides of the monodromy variations of six-point Z-functions below.

4.4.3 Six-point worldsheet functions
According to (4.13) and (4.18), the six-point shuffle-symmetric worldsheet functions satisfy
the following monodromy variations:
DZy93456 =M FE1p3456 — 23E312,456 5 (4.34)
DZ133456 = M E123456 — Q2E213456 + 23E3112456 — QuFy12356
DZ153456=MNETpsa56— Q2B 3456+ (k5" Q3E519.456 + (3 ¢ 4,5,6)]
DZT£3,4,5,6 - kTQlEﬁ2,3,4,5,6 + k?QlE{T2,3,4,5,6 + (14 2,3,4,5,6),
DZ313456 =2k Eyy 5456
In the appendix A.1 we will obtain the following solutions,

Z123,4,5,6 = gg)g%) + gg) + gé? - gg,) ) (4.35)

1) (1 2 2 2 2
2123456 = 9%2)9§4) + 9§3) + 954) - 9§4) - 953) )
zm — gD o pm _ pmy 2 4 em 2 _ ) 3 4.56
12,3,4,5,6 912 + (k3 Tg12 + (k5 (915 — ga3) + (3 <+ 4,5,6)]
EYa50 = ("0 + [(KPRS + KR g3) + (1,211,2,3,4,5,6)]
Z911,34,5,6 = 0.
In accordance with the discussion in section 4.1, their behavior as the vertex insertions col-

lide corresponds to their tree-level counterparts. For instance, the short-distance behavior
Z193456 — (212203) 1 is the same as that of Z{L¥.

Assembling six-point GEIs. Plugging the above solutions into the expansions (4.26)
of six-point GEIs leads to

Eipsiss = 03505 — 915 95 + 035950 — 914 085 + 937 980 — o1 S (4.36)
+ 955 980 + 05 — a7 + 953

Eqj23456 = (gg) + 9%) + gzﬁ)) (9&) + 9%) + gg)) ,

Efjosa56 = (em + kffg&) + kg”g%) + k"glg%)) (gg) + 9%) + 9:%))

m (1) (1 2 2 2
+ [k (9§3)9§3) + 9§2) - 9§3) - 953)) — (24 3)],
mn m gn mi;mn 1 1
123456 = 0"+ [ké k3)9§2)9§3) +(2,32,3,4,5,6)]
+ [0 g1y + 2k kG g3 + (2 > 3,4,5,6)]
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as well as

2 1 1 1 1 1
E1213456 = *281293 + g§g) (€ kg + 523953) + 8249§4) + 525955) + 526956))

= 399 + 312(9§§))2 - 28129@ : (4.37)

The second line follows from the first one via integration by parts according to (2.20).

The slot-extensions of the above GEls are given by

Erjo3a56,7 = Ev3ase,  Eijp3as6,7 = E123456 (4.38)
Eflosa567 = Elasase + k:?lgﬁ) (gg) + gé? + 9:(311)) ;
B35 4567 =0"0" + Uf( k3)9$)9§3) +(2,3)2,...,7)]
+ [P gD 1ok kpgd + (2 3,4,5,6,7)]

(2)

1 1
Eq93,456,7 = —2512915 + 952) (0 ko + 823953) + 8249§4) +...+ 8279&7))

= 9918 + s12(9\%))? — 25129\

and they will be used to bootstrap the shuffle-symmetric functions at seven points.

4.4.4 Seven-point worldsheet functions

At seven points, the monodromy variations for the scalar shuffle-symmetric functions fol-
lowing from (4.13) and (4.38) are given by

DZ1234567 = Q1 E1j23456,7 — QaFy12356,7 (4.39)
DZy934567 = Q1 E12345,6,7 — 3FE312,45.6,7 + QaBy123567 — 5 E5(123,.46,7 5
D2Z1934567 = QE1234567 — Q2F91 34567 + (12 <> 34,56)

and admit the following solutions:

Ziosas67 = 955 9ey 95 + 95 + 9 + g5 — 24 (4.40)
2 2 2 2 2 2
+ 952) (9&3) + 9§4) - 9&1)) + 953) (9%2) + 9§4) 94(11)) + 9:(34) (9%2) ( ) gz(u))

Z123,45,6,7 = 952)953)91(15) + 94(11) (Qg) + 95? - 9%))
1 1 2 2 2 2
+ (g1 + 9% + 05)) (017 — 92 + 052 — 052 .

Z19,3456,7 = 952)9§4)9§6) + 91 (9% — 952 — o2 + o)

2 2 2
+ 9:(),4) (955) - 956) - 9&5) + 9&6)) + 9&6) (9§3) 954) 953) (4))

1 2 2 2 2 1 2 2 2
+ 010 (017 — 93 — 052 +02) + 918 (o1 — 913 + 058 — 03)

1 2 2 2 2
+ 955 (957 — 95 — 92 + 952) + 988 (953 — o57 — 9S8 + 9(6))

The solutions for the tensorial functions will be presented in appendix A.2, see in particu-
lar (A.26), (A.29) and (A.30).
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In addition to the above unrefined solutions, the monodromy variations of the three
seven-point topologies of refined worldsheet functions following from (4.18) read

DZy534567 = QE1234567 — Q2Eo1134,5,6,7 (4.41)
_ D p
DZy234567 = Qlk1E1|23,4,5,6,7 + QQE2|1\374»5,6,7 - Q3E3|1\274»576,7 )
m _ P pm m
DZI|2,3,4,5,6,7 - QlklE1|2,3,4,5,6,7 + [Q2k2 E2|1\374,576,7 + (2 3,4,5,6, 7)] )

where the extended GEI above were defined in (4.38), with solutions

(1) (2)
2

2 1 3
212034567 = 0913 + 512015913 — 3512013 . (4.42)

Z1123,4,5,6,7 = 213(2,4,5,6,7 — 212|3,4,5.,6,7 »
m _ m
21234567 = — (k5 Z193.4,56,7 + (2 ¢+ 3,4,5,6,7)] .

Although not manifest, the worldsheet singularities of the above functions are the ones
expected from their labeling according to the discussion in section 4.1. For instance, the
function Z12 34567 can only have singularities as z; — 22 (corresponding to the word
12) and similarly for 34 and 56. However, its expansion contains certain factors of gl-(;)
that suggest the presence of “forbidden” singularities; like g%) (g%) — gﬁ) — gé? + gg)) as
21 — z5. But a careful analysis using the Laurent expansions (B.6) shows that it is in
fact non-singular as z; — z5 (similar conclusions apply for the other terms). Note that
functions which involve Mandelstam variables such as slggg) are considered non-singular
as they don’t generate kinematic poles when integrated along with the Koba-Nielsen factor.
Therefore all functions in (4.42) are in fact non-singular upon integration over z;.

Having the shuffle-symmetric worldsheet functions we can now assemble seven-point
GElIs as discussed in the previous section. The results are displayed in appendix A, see in
particular (A.31) to (A.34). Also, the building blocks of section 6 turn out to admit the
compact representations (6.22) or (6.23).

4.4.5 Eight-point shuffle-symmetric worldsheet functions

The system of monodromy variations can be solved explicitly at eight points following the
bootstrap approach. This will be done in the appendix A.3.

5 Duality between worldsheet functions and kinematics

In this section, we will illustrate various further facets of the duality between worldsheet
functions and kinematics. It will be exemplified that GEIs Ei'\:.. share the relations and
symmetries of the kinematic factors Ci'\'_.. and e discussed in part I. Some of these
relations will be shown to have an echo at the level of the Z-functions. We spell out
the concrete evidence for the duality and formulate conjectures for the all-multiplicity
patterns. If these conjectures are correct, the kinematic and worldsheet ingredients of
the open-string correlators I, in (C.1) to (C.4) enter on completely symmetric footing.
Like this, we support the double-copy structure of one-loop open-string amplitudes [6]

up to and including seven points. At eight points we will sometimes encounter terms
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proportional to the holomorphic Kisenstein series G4 that do not have a corresponding
kinematic companion. Accommodating these terms with the duality between worldsheet
functions and kinematics is left for a future work.

5.1 The GEI dual to BRST-cohomology identities

The appearance of the correlators Cp,(¢) in open- and closed-string amplitudes is insensitive
to BRST-exact terms. This has been exploited in [28] to derive so-called Jacobi identities
in the BRST cohomology that relate momentum contractions /c’l"CfrA'; B.. and kﬁ”C{TA‘; B..
to (pseudo-)invariants of lower tensor rank, see section 1.5.4. We will now exemplify that
GEIls EWA; B.. obey the same Jacobi identities between different tensor rank and degree of
refinement, where BRST-exact terms translate into total derivatives.

5.1.1 Five points

Based on momentum conservation, one can show that the following combinations of five-
point GEIs (4.31) and (4.32) conspire to total Koba-Nielsen derivatives (2.20)

k?EIT2’374,5 = 81 logI5 (51)
ks Ellosas+ [523FE12345 + (3 ¢ 4,5)] = 02 log I

and can therefore be dropped from open- and closed-string amplitudes. The first relation
is in one-to-one correspondence with the cohomology identity Q712345 = k{”Cﬁ‘Q 345 T
Ajj2,3,4,5 after dropping the BRST-exact anomaly factor Ajjg 345 (cf. section 1.5.3). Simi-

m

larly, the second line of (5.1) has the kinematic counterpart (I.5.41) involving k3 Cllaz.a5

5.1.2 Six points

Similarly, at six points we find Jacobi relations among the GEIs in (4.36) and (4.37) which
exactly match the kinematic identities listed in (I1.5.42) (cf. section 10 of [28]),

m m
ki Efjog 56 = —524F1)3045.6 + 534 F112345.6 — S45 L1 23,456 — S46L1123,46,5 5

m m ~Y
23791]23,4,5,6 — [524E1|32475,6 — s34 B 23456 + (4 < 5, 6)] + Ev23,456 — E1)312,4,5,6 »
m m
ki E1|23,4,5,6 = Eyi312,4,56 — E1)213,4,5,6 5 (5.2)

m mn ~Y n mn
kY By 056 = k3 Evpzass — [523E0 3456 + (3 ¢ 4,5,6)]

K EYSs 456 = — (k5 Erpjs a6+ (2 ¢ 3,4,5,6)] .

As in (2.22), the = notation is a reminder that zj-derivatives have been discarded in
passing to the right-hand side. Note that momentum conservation reduces the identities

for contraction with k; to combinations of the remaining ones involving kﬁlEﬁA"”.
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5.1.3 Higher multiplicity

More generally, the elliptic identities that are dual to the BRST-cohomology identities in
section 9 of [28] can be written as

/lci)hEjfml,.‘.,A4 = — [El\S[Al,AQ],Ag,...,A4 + (Ag & As, ... ,A4)] (5.3)
+ Z [El\X|Y,A2,...,A4 — (X & Y)} 7
XY=A;
kilE?IT:Lh,...,As =K} E1jay| Ay, A5 — [E{TS[AI,AZ},A&__’AE) + (A <> Ag, ..., 45)]
+ > [Bilxpy a4 — (X V)],
XY=4A,

where the S[A, B] map is defined in section 1.5.1.1 and yields Fyg2,345 = 523E1[234,5
as well as Ey|gpp34156 = S34F1)23456 — 524F13245,6 In the simplest cases. Given a word
A= aasy... ajal; the sum over deconcatenations XY = A is understood to comprise all
non-empty X = aiaz...a; and Y = aji1...a)4 with j = 1,2,...,|A[-1. We have verified
all of (5.3) up to and including eight points, and their higher-point generalizations are
plausible by the dual kinematic identities given in (I.5.43) and [28]. Note the absence of

mi...
1)A7,...
Following the worldsheet duals of the higher-rank identities in section 9 of [28], one

elliptic-function duals to the BRST-exact anomaly terms A without refined slots.

arrives at
D pmn ~_ 7.(m ) mn
R By s = R By g — LETS140 400 4y, a T (A2 0 As, s Ag)]
+ Z (BT y A, ns — (X V)] +0""Gljay 4. 46 (5.4)
XY=A;
D pML.. Ty — 7.(m1 pma..my) mi...my
kA1E1|A17~~7Ar+4 - kAl E1|A1|A2,~~-,Ar+4 o [El\S[Al,Az},A:aw,Arﬂ +(Ag & A3, ’Ar+4)]

Ty ms...my)
+ ) [Eﬂl)lquz,_..,ATM — (X «Y)] +6(m1m2G1\Zl|A2,.,,,Ar+4’
XY=A;

for some a priori undetermined GEIs G in the trace component. The latter can be

thought of as a tentative GEI dual of the refined anomaly superfields ATI?IEM AlB,. that

are no longer BRST-exact if d > 1, see section 1.5.3. The representations of GEIs up to and

mi...

1A Ag,... = 0, e.g. the seven-point GEIs

including eight points given in this work yield G
in (A.31) to (A.34) can be checked to obey

L P N0 PR C R ) (5.5)

which amounts to Gyjg34567 = 0 in (5.4). Still, it is worthwhile to keep in mind that

non-zero choices of G7'Y are still compatible with the duality between kinematics and

1)A1|As, ..
worldsheet functions.
Finally, the above identities generalize straightforwardly to slot-extensions of GEIs

such as Ey4 .o — F1ja,B,c,p and its generalizations in the DZ-variations, namely

D pMy..my _ g.(m1 pma..my) my...my,
kA1E1|A117~~7A7-+5 - kAl E1|A1|A2,~~,Ar+5 o [El\é[A17A2},A37-~~,Ar+5 + (A2 & Az, ’Ar+5)]
R ms...my)
+ Z [E?&\}TAQ,...,AT% — (X <~ Y)] + 5(m1m2G1\A1|A2,...,AT+5 ) (56)
XY=A;
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At higher degree of refinement, appropriate choices of GEIs should obey the dual of the
most general Jacobi identity (I1.5.45) on the kinematic side

— mi...my (mlmQ m3---mr)
0= [G1|A2,~~~,Ad|A1,Bl,~~-,Br+d+2 (A1 A, ’Ad)] +0 G1|A17--~7Ad‘Blv~--»Br+d+2
» DI .. Ty . (m1 ma...Mmy)
+ [kAl EI‘AQ,...,Ad‘Al,Bl,...,Br+d+2 + (Al AR AZ’ e ’Ad)] kAlAQ...AdEllAl,...,AdlBl,...,BT+d+2
mi...my
+ <[E1A27-~~7AdS[A17B1]7827~--7Br+d+2 +(Bi < By, ... ’Br+d+2)] (5.7)

o M. My _pmi..my
Z (E1|X,A2,...,Ad\Y,Bl,...,Br+d+2 El|Y,A2,...,Ad|X,Bl,...,Br+d+z) +(A1 6 Az, ’Ad)> ’
XY=A;

that are checked up to and including eight points. These proposals will serve as a key
input for the all-multiplicity construction of GEIs from generating series. Note that the
first term GﬁAQm’“ Ay A1,B1 o Brtass does not have any refined slots at d = 1 and should
vanish by the duality with the BRST-exact unrefined anomaly superfields. In fact, we even

observe stronger identities among seven- and eight-point GEIs such as
0= k3" Eljy54567 — 523F1234567 (s34 p2j34,5,6,7 + (4 4+ 5,6,7)] (5.8)

with a single momentum contraction, which implies (5.7) upon symmetrization in 2 <> 3.
The kinematic dual of (5.8) involving k3" Plios 4567+ Aqj312,4,5,6,7 can be found in (1.5.44).
As detailed in section II1.4.4.4, identities like (5.8) that involve just a single momentum
contraction kﬁlEfa;::.,AﬂAhBl,... play a key role for the path towards local and BRST-
invariant n-point correlators in future work.

5.2 The GEI dual to BRST change-of-basis identities

In section 11 of [28] several identities among (pseudo-)invariants were derived using BRST-
cohomology manipulations that implement a change of basis.'' The simplest examples are

C31245 = Crazas + Q.- ), (5.9)
Conas = Crp2345 + Cr2sa5 — Croass + Q. ),
Cgr1,3,4,5 = Cﬁz,3,4,5 + [k:§”01|23,475 + (344, 5)] +Q(..),

Py3a56 = Pijgizase + 123456 + Q)

where the right-hand side is written in terms of the canonical basis of Cy4pc and
Py qB,c,p,r With leg 1 in the first position of the subscript. The BRST-exact terms in
the ellipses are spelled out in [28]. Naturally, these identities have an elliptic dual under
C — E as well as its “refined” version'? P — E.

"They were referred to as “BRST-canonicalization” identities in [28].
2The pseudo-invariant Pjja|B,... should really be denoted Cjj4|p,..., as it would unify this and countless
other formulas.
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5.2.1 Five points

It is straightforward to show that the five-point GEIs in (4.31) obey change-of-basis iden-
tities dual to (5.9),

E3j1245 = FEij23.45 » (5.10)
Eop1,345 = E1j2,345 + E1j23.45 — E1j24,35 5
By sa5 = Elo3a5+ (k3" Eja3,45 4+ (3 > 4,5)] .

As detailed in appendix A, similar change-of-basis identities involving GEls play a major
role in the solution of the monodromy-variation equations. On the right-hand sides of the
monodromy variations DZ in section 4.2, however, the GEIs are “extended” to have one
additional word. While the scalar identities in (5.10) hold in identical form for Eyj93456 =
FE1j23.4,5, the vector identity is extended by an obvious extra permutation involving leg 6,

Le. Bl 5456 = Ellagase T [k Bz a56 + (3 <> 4,5,6)].

5.2.2 Six points

Change-of-basis identities among six-point GEIs take the identical form as compared to
the relations among (pseudo-)invariants in section 11 and appendix F of [28],

Eoj13456 = E1j342,5,6 (5.11)
Esp13,456 = E1132,45,6 T E11324,56 — £1)325,4,6
Es1,3456 = E1j2,3456 + E1j234,5,6 + E1j254.3,6 T E1j3254,6 + E1)2345,6 T E1)25,43,6
Es1,3456 = Enj2,34,56 T E1123,56,4 — E1)24,56,3 T £1125,34,6 — £1)26,34,5
— E1j3256.4 + E1p326,54 + E1j425,6,3 — £1)426,5.3
513,456 = 132,456 T [k Eyj30456 + (4 4+ 5,6)]
B3l 3156 = Eipsase T Eljasase — Ellasse T ki Eipsase — k3 24356
+ [k8 (Brps 346 — Ejsasae + Erjaoss6) + (5 6)] .

Similar to the translation of BRST variations to D Z-variations in the previous section, the
Y-superfield in the pseudo-invariant identity of (5.9) has no GEI analogue,

Esn3456 = E1213.4,5,6 (5.12)
Bosiase = Ergioass + k5 Bz a56 + [534F123456 + (4 <> 5,6)]

_ (m gn)
56 = Eifssass + (K Bl a5+ (3¢ 4,5,6)]
- [kéme)El\gm,s,es +(3,4(3,4,5,6)] .
More general cases such as expanding Fjy13 45 67,89 in terms of Ej =~ have no matching
analogous identities in terms of U4 p ¢, so the required change-of-basis identities are not

readily available from [28]. These identities can, however, be generated using the general
algorithm described in the appendix [.A.3.
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5.3 The worldsheet analogue of kinematic trace relations

We have seen in section 1.4.4.4 that the kinematic building blocks satisfy certain identities
that relate traces of tensorial building blocks at refinement d to sums of building blocks'
of refinement d+1. For instance, (1.4.47) at the level of Berends-Giele currents reads [28]

1

L npmy ..MMy — mi..my
2(5”p A1, Aq| B, Bayrys ‘71417~--,Ad,31|327~~~,Bd+r+5 +(Bi<2 Bz, ., Biiris) s (5.13)

and it is natural to ask what is the corresponding statement in terms of worldsheet func-
tions. Given that this identity relates BRST-covariant Berends-Giele superfields rather
than (pseudo-)invariants, their worldsheet analogues should concern the Z-functions sub-
ject to non-vanishing D-variations. Note that the worldsheet functions depend on one
additional word when compared to their kinematic counterpart (Z4pcp < MaB,c),
therefore their trace relations will also have one extra permutation.

5.3.1 Six points

At six points one can show from the explicit solutions (4.35) for the Z-functions that the
following trace relation is satisfied up to a total derivative (2.23) in 7:

1
5677"121”?27?3,4,5,6 = 223456 T (14 2,3,4,5,6). (5.14)

In order so see this, we note that the functions Zy33456 on the right-hand side van-
ish (see (4.35) and appendix A.l), and the trace of the tensor in (4.35) yields the 7-
derivative (2.21) of the Koba-Nielsen factor,
1 mn 1 2 (2) ; 9
§5mn31,2,3,4,5,6 = 56 + [s12915 + (1,2]1,2,3,4,5,6)] = 2mglog16(€). (5.15)
5.3.2 Seven points

Similarly, the solutions of the seven-point monodromy variations in section 4.4.4 satisfy

1
52??2[),%4,5,6,7 - [Z;\ll,3,4,5,6,7 +(2¢3,...,7)] = 21123456, (5.16)
1

pp ~
5212,3,4,5,677 — [Z3p24567+ B € 4,5,6,7)] = Zi934567

in accordance with the expectation from the analogy with kinematic building blocks (5.13).

(1)

Note that 7-derivatives acting on both the Koba-Nielsen factor and ¢™ or 912
discarded in (5.16), using the mixed heat equation (2.9) for the latter.

have been

5.3.3 Eight points

From the discussion in section 4.2.4 we know that the solutions of the eight-point mon-
odromy variations are slightly ambiguous due to the Eisenstein series G4. This freedom can
be exploited to yield two sets of solutions differing by terms proportional to G4, depending
on whether they satisfy the trace relations or not. On the one hand, the naive solutions to

3Note that the building blocks with d = 0 are denoted by M rather than 7.
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the monodromy equations in the appendix A.3 fail to satisfy all but one of the dual trace

relations,
Lz — [z +(12434,5,....8)] 2 —R (5.17)
912,345,...8 12(34,5,....8 i TP 12,34,5,6,7,8 »
3355’3’475767778 — [Z123145,6,.8 7 (123 > 4,...,8)] = —Ri3 45678
%Zg&,w,ns —[20%3456,.8 + (124 3,....8)] = —Ri554567s
%Zﬁgi,aﬁ,?,s - [Z{)\l27f4,5,6,7,8 +(12,3,...,8)] = —R{%3 15678
%fo;7374’5767778 — (2121345678 + (24 3,...,8)] =20,

where

Ri23156,7,8 = 3Ga(s13 — 514 — 523 + 504) , (5.18)

Ri23,45,67,8 = 3Ga(s12 — 213 + s93) ,
Ri3345678 = 3CGa(s12(k5" — k") + [k5'(s13 — s23) + (3 ¢+ 4,5,6,7,8)]) ,
RT§,374,576,7,8 = 3G4k§mk;)812 + (]., 2‘17 2, ceey 8) .

But note that these failed trace relations are a peculiarity of certain eight-point Z-functions
that will be used in the eight-point correlator in section I11.3.5. Since these functions will be
multiplying local kinematic building blocks, one may exploit the kinematic trace relations
reviewed in section 1.4.4.4 to add deformations

Z=Z+6Z, (5.19)

while keeping the overall eight-point correlator unchanged. Starting from the naive so-
lutions Z of the monodromy variations in the appendix A.3, the deformed functions Z
in (5.19) can be made to satisfy all trace relations by adding!4

mn mn mn mn
0219345678 = —0 112315678 0215545678 = —0 " R12345678,
mnp ___s(mn pp)
0219345678 = "0 Ri12345678: (5.20)
1
mnpq __ s(mn ppa) =+ s(mn $pq) paa
0Z1 0545678 =0 Ri95345678F 45 PV RIS 345678

in the unrefined cases, while the deformations of the refined functions read,

02193145678 = —R12345678 0Z1|2345,6,7,8 = — 123451678 ;
m . m —
0219345678 = —R93145678> 02112345678 = — 23415678 ;
m . m —
0215345678 = —R12345678> 0Z1934,5,6,7,8 = — 11234567, »
1
mn . mn mn aa
0219345678 = ~R12345678 15 RY5345678- (5.21)

“Beware of the definition (1.2.3), in particular, §(™"§P9) = §m"§P9 4 §mPFne 4 FmIFPT,
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In addition, in order to preserve the last trace relation of (5.17), we have

1
o aa
0212345678 =~ Fa3a5678> (5.22)

where the shorthands R proportional to G4 were defined in (5.18). Once we present the
eight-point correlator in section I11.3.5, it will be straightforward to verify that the above
deformations (5.19) keep it invariant.

5.4 The worldsheet analogue of kinematic anomaly invariants

The vanishing of the six-point function Zy) 3456 can be understood as a correspondence
between refined worldsheet functions at multiplicity n and unrefined ) superfields at mul-
tiplicity n—1. More precisely, the BRST-exact linear combinations Ay =~ of unrefined
anomaly superfields [28] reviewed in section 1.5.3 are observed to match the vanishing
of the corresponding linear combinations of refined worldsheet functions under the map

In the following we will use the notation ZIA‘ A.B.C.D.E O denote the worldsheet counterpart
of Ayj4,B,c,p,r that follows the same combinatorics (with obvious generalizations to ten-
sors and refined cases). We will see that the six- and seven-point ZA vanish up to total
derivatives (confirming the suggested duality) whereas subtle contributions ~ G4 may arise
at eight points.

5.4.1 Six points

At six points, the vanishing of the components (Ajja345) = (V1,2,34,5) suggests that its
worldsheet analogue under the map (5.23) also vanishes. Indeed, as anticipated in (4.35)
and detailed in appendix A.1,

ZlA\2,3,475,6 = Zyp3456 = 0. (5.24)

5.4.2 Seven points
The natural next step is to check whether the seven-point refined functions following from

the combinatorics of the six-point BRST-exact superfields [28],

Ajj93.456 = V123456 + V123456 — V132456 (5.25)
Allosase = Vosass + K5 V23456 + (24 3,...,6)]

also vanish. This is indeed the case, as the solutions (4.42) for the refined Z-functions
imply the vanishing of

A _

Zij23,45,6,7 = 211234567 T 21234567 — 21324567 = 0, (5.26)
A,m _ 7m m ~

21\2,3,4,5,6,7 = 31\2,3,4,5,6,7 + [kQ 212\3,4,5,677 + (23,4, 7)] =0.

Therefore, the pattern established in the six-point vanishing of Z;5 3456 in (5.24) extends
to seven points; worldsheet functions that correspond to BRST-exact superfields Ay
vanish up to total derivatives.
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5.4.3 Eight points
However, at eight points something peculiar happens. From the superfield expansions of
the BRST-exact anomaly building blocks, the map (5.23) leads to
Zﬁ23475,677,8 = 2112345678 T 212)34,5,6,7.8 T 2123]4,5,6,7,8 — £1243,5,6,7,8 (5.27)
— 2141235678 — 2142/3,5.6,7.8 T 2143125678 »
Zﬁ23,45,6,7,g = Z112345,6,7.8 T Z12/45,3,6,7,8 — 21345,2,6,7,8 T £1423,5,6,7,8 — 215/23,4,6,7,8
— Z24123,5,6,7.8 T 23142,5,6,7.8 T 2215|3,4,6,7,8 — 2315|2,4,6,7.8 »
ZlA\ég4,5,6,7,8 = Z{lo34,..8 T Z1253,..8 — Z132.4,....8 T k3" 2123145678 — k3 Z1324,5,6,7,8
+ (kT 21435678 — ki Zo14)3,5.6,78 + KT 2314125678 + (4 < 5,6,7,8)]
Zﬁégz,aw,s =Zi345678 T [k?3?2\3,4,5,6,7,8 +ky 25545678 T (243, ,8)]
— [(k5RY + kS kS) Zo1314,5,6,7.8 + (2,3]2,...,8)] .
In addition, the worldsheet analogue of the non-BRST-exact building block Ay(34 56,7 in
(I.5.35) gives rise to

Zis. 8= Zrops RS ZDs o+ [s23Z10p,.8 + (3 4,5,...,8)]. (5.28)

Given that the monodromy variations used to obtain the eight-point functions Z cannot
detect explicit appearances of the modular form G4, we have two possible scenarios:

(i) use Z-functions without G4 corrections that do not satisfy the trace relations;
(ii) use Z-functions in (5.19) with G4 corrections that satisfy the trace relations.

It turns out that the functions from option i) lead to vanishing Z2, including (5.28):

31\234,5,6,7,8 =0, Zl|23,4,5,6,7,8 =0, Zl|2\3,...,8 =Y,
A ~ Amn ~
21\23,45,6,7,8 =0, Zl|2,3,4,5,6,7,8 =0. (5'29)

The trace-satisfying functions Z from option i7), however, lead to non-vanishing analogues
ZA that are defined by replying Z — Z in (5.27) and (5.28),
21A|234,5,6,7,8 =3Gy (2313 —S12— S14+2524 — 523 — 834) ) (5.30)
ZAlA|237457677’8 =3Gy (525 + 834 — S24 — 335) )

20 6ns =30 [323k5" — 519 (2K BY) — [k 0+ (445 5,6,7,8)] — (24> 3)} ,

SAmn min min min 1 mn
Z1Aé,3,4,5,6,7,8:3G4523<k§ 5+ k") — kS k3)+§5 (812+813—823)>+(2,3]2,...,8),

A~

1 1
Zﬁ2|37475767778 =3Gy <3823824 + 813514 — S34 (823 + 824+ 5534 + 2812) > +(3,43,...,8).

As will become clear in the discussion of the eight-point correlator in section I11.3.5, the
subtleties associated to the presence or absence of G4 terms are responsible for the diffi-
culties in obtaining a BRST-closed eight-point correlator.
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5.5 The GEI dual to trace relations

Also the trace relations among pseudo-invariants such as %5mnC{’|””2"3 156 = Pr2,..6 +(2 <
3,4,5,6) and its generalizations in (I1.5.29) have an echo at the level of GEIs.

5.5.1 Six points
At six points, the GEIs (4.36) and (4.37) are related by

1 1 2
§5mn 123456 = 552 + [812952) +(1,2[1,2,3,4,5,6)] + [Eyppa56 + (2 ¢ 3,4,5,6)]
e,
= [Eij3456 + (2 ¢ 3,4,5,6)] + QWZE log Zg(¢) , (5.31)

where we have used (2.21) to identify %EQ + X ic; sijgg) as a T-derivative of the Koba-
Nielsen factor. Note that this trace relation has a Z-function counterpart given in (5.15).
5.5.2 Seven points

Similarly, we have checked that the seven-point tensor traces of GEIs obey relations anal-
ogous to the dual (pseudo-)invariants,

1
25mnE1|23 4,5.6,7 — E1|23|4 56,7 T [E1|4|23 56,7 T (4 + 5,6, 7)}
5 E?\anu,ﬁ,? = [Eﬁ2\374,5,6,7 +2¢3,..., 7)} . (5.32)

Similar to the Z-function counterparts (5.16), the equivalence 2 refers to T-derivatives that
have been discarded.

5.5.3 Eight points

At eight points, however, the GEI-duals of the kinematic trace relations (I.5.29) exhibit
deviations proportional to G4. After expanding the GEIs in terms of Z-functions (obtained
from the Berends-Giele expansion of their corresponding pseudo BRST invariants, see
appendix A) one can show that

;5mnE1|234 sors — [Eipsisers + (234 € 5,6,7,8)] = 28, (5.33)
;5mnE1|23 15678 — | E1j2sjas.67,8 + (23 ¢ 45,6,7,8)] = 31\23 45,6,78
§5WE117\1273P4,5,6 s~ [Elpsjasers +(23 ¢ 4,5,6,7,8)] = Zﬁ2?4,5,6 78
5 (Eryht = (Bl s+ (2¢3,....8)] = 2@@@5767778
%5mn 12(3,..8 — [Eijopa,.8 + (3¢ 4,...,8)] = 2ﬁ2|3,4,5,6,7,8 )

where the various functions Z2 are described in section 5.4.3 and defined in (5.30). The
above results were obtained using the trace-satisfying representation Z in the expansions
of the GEIs. We know from (5.29) that all Z*-functions vanish if we use the representation
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of shuffle-symmetric functions that do not satisfy the trace relations, so one could wonder
if the above elliptic traces would vanish in that case. Unfortunately, this does not happen.
In fact, the first three relations of (5.33) are independent on the choice of Z or Z, while
the other two change (but do not vanish in either case).

5.5.4 Higher multiplicities
At higher multiplicity, suitable choices of the GEIs are expected to admit the dual of the

kinematic relation (I1.5.29),

S BN = 2B B s + (B Bave Bras), (534

or more generally, the dual of the higher-refinement relation (I1.5.30),

NPMy ..My _ opmi.my
o, E1|A1, Ad| By Bayrys 2E1|A17---7Ad7B1|327~-de+r+5 +(B1 ¢ B2, Bayris) . (5:35)

The hat notation in (5.34) and (5.35) is used to indicate that, beyond seven points, the
expressions for E presented in this work do not necessarily match the trace-satisfying GEIs
E. We leave it to the future to identify the missing redefinitions by Gj>4 relating the GEIs
E of this work to the trace-satisfying GEIs E in (5.34) and (5.35).

6 Simplified representations of GEIs

In this section, we review and extend the construction of elliptic functions from the
Kronecker-Eisenstein series [32, 33] and identify ubiquitous building blocks for GEIs. These
building blocks turn out to yield compact expressions for the GEIs in section 4.4 and will
be used to present explicit all-multiplicity formulae for unrefined GEI of tensor rank r < 2.

6.1 Elliptic functions and their extensions

One can show via (2.11) that the cyclic product F'(z12, ) F(223, @) ... F(2p—1,n, ) F (2,1, )
of Kronecker-Eisenstein series (2.5) is an elliptic function of the punctures 21, 2, . . ., 2, [32],

F(z12,0)F(223,) ... F(2p_1, @) F(2n1, Z oY ( n), (6.1)

where the dependence on 7 is kept implicit for ease of notation. Since this property is
independent on «, each term on the right-hand side of (6.1) is an elliptic function V,, in
n punctures z1, 22, . .., 2, by itself. At the level of linearized monodromies (3.8), we have
DF(zj,a) = aQ;; F(z;;, ) and therefore

DVy(1,2,...,n) =0. (6.2)

The simplest examples of the elliptic functions V,, in (6.1) are Vj(1,2,...,n) =1 and

n
‘/1(1727"'?71) = g;,j)Jrl’ ‘/2( ? gjj+1 + g'L Z+1g]]+1’ (63)
J=1

1<i<y
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subject to cyclic identification z,4+1 = z1. Their generating series in (6.1) and the reflection
properties

F(-z,—a,7) = —F(z,a,7),  g"(-2,7)=(-1)"g"(z,7) (6.4)
imply cyclicity and reflection (anti-)symmetry for the functions V,,,
Viw(1,2,3,...,n) =Vy(2,3,...,n,1) = (=1)“V,(1,n,...,3,2). (6.5)

Moreover, one can show via Fay relations (2.15) or (2.16) that the functions V,,(1,2,...,n)
with w = n—2 obey the shuffle symmetry

Vioo(1,(2,3,..., /) LU(j+1,...,n)) =0,  j=2,3,....n—1. (6.6)

Given that shuffle symmetry is shared by Berends-Giele currents and (pseudo-)invariant
kinematic factors, the V,,(1,2,...,n) with w = n—2 will play a key role for the duality
between worldsheet functions and kinematics.

6.1.1 Derivative extension of elliptic functions

Compact representations of vectorial and tensorial GEIs will require extensions of the set of
Viw-functions (6.1) that are covariant rather than invariant under linearized monodromies.
Functions with these properties can be constructed by inserting a derivative with respect
to the bookkeeping variable « into their generating series:

F(z12,a)F (223, @) ... F(2n—1n, )0 F (2n1,a) = Z a "IV, (1,2,...,n) . (6.7)

w=-—1

The notation 0V, for the functions on the right-hand side reminds of the a-derivative
on the left-hand side and should not be confused with %. Based on DO F(zij, o) =
J

Qj [a@aF(zij, a) + F(zj, a)], the monodromy variations of the 9V,,-functions in (6.7) can
be written as

DOViy(1,2,....n) = QuVip(1,2,...,7). (6.8)

Given that their D-variation is expressible in terms of the elliptic V,,-functions of (6.1),
the 0V,,-functions are said to be monodromy-covariant.

— 30 —



The desired expressions for the Z-functions and GEIs turn out to only involve
OVy(1,2,...,n) with w = n—2. The simplest examples admit the following expansions

oo (1,2) = gt 6.9
0(1,2) = g9y (6.9)

1 2

Mi(1,2,3) = g5 — 9198’ — 913 — 953 = 9! (9%2) + 953)) + 2937

2
V(1,2,3,4) = 9&1) (939&3) + 952)&%4) + 953)928)4) + 952) + 953) + 925)4))
+ 297 (gﬁ) + 955 + g(l)) + 3941
(1 (1) (1) (1 (1) (1) (1 (1) (1) (1) _(2)

oV5(1,2,3,4,5) = Qél) (9§2)9£3)9§4) + 912 923 945 + 912 934 95 + 923 934’ Ya5 + J12 923
(1) (2) (1) (2) (1) (2) (1) (2) (1) (2) (1) (2) (1) (2)

912934 T 912 945 + 923 912" T 923 934" + 923 9a5 + 934 912" 1 934 Go3
1 2 1 2 3 3 3 3
:(34)94(15) + 94(15)9( ) 4(15)9é3) + 94(15)9( ) ( ) +g9 ( ) ( ) + 94(1 )>
1 1 1 1 1 1
+ 29&1) (952)9&3) + 9%2)9( ) 52)9§‘5) + gég)g( ) 53)94(15) + 9§4)9( )

+ 9%2) + 9&3) + gi(’)4) + 94(15)>

1 1 1 1 4
+ 39§>1) (98 (3) + 9:%4) ( )> + 49&1) ;

as one can check via 9,F(2,a) = —% + 3% na™ 1g("*(z). Alternatively, the expan-
sions (6.9) can be written using the deﬁmtlon Vp(1,2,3,....4) = V,(1,2,3,... ’Q)‘gﬂ?—m as

WL, n) = S pg Vi1 (1,23, ) when w = n—2.
Note that the cyclicity of V;, does not extend to the OV, but the shuffle symmetry (6.6)
at w = n—2 reappears in a modified form:

WVno((1,2,..., /) LLUG+1,...,n)) =0, j=1,2,...,n—1. (6.10)

Also, the generating series (6.7) immediately implies the reflection property (valid for
general w and n)

oV(1,2,...,n) = (=) oV, (n,...,2,1). (6.11)

6.1.2 Higher-derivative extension of elliptic functions

By extending (6.7) to involve higher derivatives in «, we are led to monodromy covariant
functions OMV,, in

F(z12,a)F (223, ) ... F(zn—1n, a)ﬁyF(zn,l, a) = Z a*"eraMVw(l, 2,...,n), (6.12)
w=—M

where DOM F(z;;, ) = Q;;[0dM F (25, o) + MOM~1F(z;;, «)] implies that

DMV, (1,2,...,n) = MQuoM 1V, (1,2,...,n). (6.13)
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(n)

The expansion of 9 F (2n,1, ) in terms of g;;  gives rise to expressions such as

OMVp(1,2) = M1 g)" (6.14)
O*Vi(1,2,3) = 2957 (913 + g5)) + 6957
*Va(1,2,3,4) = 2037 (91955 + 91595 + 9555 + 912 + 953 + 957
+ 6947 (9%2) + g + 9§4)) + 12457
Again, the cyclic symmetry of V,, is lost for 9™V, with M > 1, and there is no analogue

of the shuffle symmetries (6.6) and (6.10) at M > 2. Still, the reflection property in (6.5)
generalizes to

MV, (1,2,...,n) = (=1)YTMaMy, (n, ... 2,1). (6.15)

6.2 Explicit examples of GEIs

In this section, we apply the elliptic functions V,, and their derivative-extensions 9™V,
to cast the GEIs from the bootstrap procedure into compact form. Given the trivial GEI
Eij234 =1 at four points, the simplest example of the V;,-functions occurs at five points,
where the GEIs (4.31) and (4.32) can be rewritten as

1)
E1|23,4,... = ‘/1(17 273) ) {T273,47. ="+ Z kS g] 5 (616)
j>2

see (6.3) for V;. Here and in the following, the number of slots (i.e. the upper bound on
the summation range for j > 2) is kept unspecified in order to account for the extensions
as in (4.33).

6.2.1 Six points

At six points, the definitions in (6.3) and (6.9) can be used to condense the scalars and the
vector GEI in (4.36) to

Eyjogas,.. = Va(1,2,3,4), (6.17)
Eyjg345,.. = V1(1,2,3)V1(1,4,5),

Bl 15, = (ﬁm s k;ﬂgﬁ-)) Vi(1,2,3) + KPOVA(2,3,1) — KIOVA(3,2,1),

>4
mn m gn min) (1 min (2 m;n) (1) (1
12.345,.. =" +ZE( kj)ggj)—i_Qij kjggj) + Z kz( kj)9§z‘)9§j)7
j=>2 Jj=2 2<i<y

where the unspecified summation range automatically accounts for the extensions in (4.38).
With the covariant monodromy variation (6.8) of 0V; at hand, it is easy to verify that

1 2 . .
DEJos 45, gj) and ggj) as —0Vy(1,7) and 30%Vp(1, ),
respectlvely, to arrive at a uniform presentation for the coefficients of k3.

= 0. One may identify the above ¢
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In view of 0y gg) = V5(1,2) — G, the refined GEI (4.37) is also expressible in terms of
elliptic functions

Eipizas,. = (1—s12)V2(1,2) — Go (6.18)

> 251591 + 918 (5 ko + Z 82jg$)> ;
Jj=3

where the last line again follows from integration by parts.

6.2.2 Seven points

At seven points, the scalar GEIs in (A.31) can be compactly written as

E1|2345,6,7,... = VE”<17273747 5) ) (619)
Byjo3a56,7,.. = V2(1,2,3,4)V1(1,5,6)
Eyjo34567,... = V1(1,2,3)V1(1,4,5)V1(1,6,7),

and the vectors (A.32) simplify as well when expressed in terms of V,,- and 0V,,-functions,

Eftysise... = <£m +3 gg})k;ﬂ> Va(1,2,3,4) + kTOVa(2,3,4,1) (6.20)
Jj=5

+ kP OVa(4,3,2,1) — k' [0Va(3,2,4,1) 4+ 0Va(3,4,2,1)]
Bl as.6,.. = <fm + Zg%?k?) Vi(1,2,3)Vi(1,4,5)
j=>6
+ Vi(1,4,5) [k5*0Vi(2,3,1) — k§'0V1(3,2,1)]
+Vi(1,2,3) [k 0Vi(4,5,1) — kE*OVA(5,4,1)] .

Similarly, the 9%V,,-functions in (6.12) allow for compact representations of the two- and
three-tensors in (A.33),'°

T 45, = (W” +> g%}’f(mk?) Vi(1,2,3) (6.21)
j=4
+0V1(2,3,1) <£<mk§) +3° kQWk;?)gﬁ)) + 021 (2,3, 1)kTKD
j=4
— OVi(3,2,1) <z<mk§‘) +3° kgmk?gﬁ)) — O?VA (3,2, )kkY
j=4

+2V1(1,2,3) Y KR+ 1i(1,2,3) Y KR gl gty

j>4 4<i<j

+ %zfgmky [0°Vi(1,2,3) — 9°VA(1,3,2) + 0°Vi(2,1,3)]

Note that our conventions lead to E(mﬁnkf) = éménk;’ +OTOPET A+ LR
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mmn; m m mm 1 mi.n 1
B o = e+ g K9+ S atmppgl) g gl

j>2 2<i<j
mi.n myn 1
+23 g+ S KR 91 g1 gt
§>2 2<z<j<l
+6> KK k:pglj +2 ) [kEPES QL)QL)HZHJ)]-
7j>2 2<i<y

Using the monodromy variation (6.13) of M V;, and the shuffle symmetries (6.6) and (6.10)
of V,,_o and 0V,,_o, all the above Ey j.. can be verified to be GEIs with pen-and-paper
effort. Similarly, one can show that the refined GEIs (A.34) whose combinatorics mimic
the Berends-Giele expansion of the refined superfields P from [28] can be rewritten more
compactly as

By s,... = —s123V3(1,2,3) + (gﬁ) + gé?)@gé? + 895? (6.22)
Eqjg235,.. = [39&) —s14V2(1,4)|Vi(1,2,3) — 524V3(1,2,4) + s34V3(1, 3, 4)

{7\12|3,4,5,... = [8952) s12V2(1, 2)] (ﬁm kagﬁ)> +Zk§ns2jv3(1v2,j)

Jj=3 Jj=3
+ k3 [69%2) + 512(9%2)952) - 398))} :
Alternatively, using integration-by-parts identities leads to
Eyjgsjas,.. <9§§)9§3) + 2(95? + 9(2))) <€ s+ 83jg§§’> (6.23)
j>4
1 1
(9§3)9:§2) +5 5 (953) + 9:(32))> (Z k2 4 Z 52J9§j)>
>4

1 1
- (823 [39( )+ 2953) (g§2) + gé1)) + 2953) (9%2) + 9%3))

| S

+cyc<1,2,3>> |

B35, = Vi(1,2,3) [Q&) (f' ka — s249%y — s3a95y + > 843‘94(1})) - 251495?]
=5

- 824‘/3(]-5 2; 4) + 534‘/3(1) 3) 4) )

Efysa5,. = <€m + Z k;”ﬂ?) [Qg) <k2 L+ Z 82!95?) - 25129@]

§>3 1>3

+ Z ki s2;Va(1,2, ) + k3" {gg) <k2 A+ Z 82195?) - 381295 )} )

>3 1>3

Instead of (6.22), one can also use 8lgg) = V5(1,2)—Gg and 81gg) = 3g§2) gg)gg) G gg)
to write

Eyjogjas,.. = (1 —5123)V3(1,2,3) — G241 (1, 2,3), (6.24)
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(n)

and the analogous identities for zj-derivatives of general g;;”-functions read'6

n+1
09" (2,7) = (n+1)g" (2, 7) — gV (2, 7)g W (2, 7) = 3 Grg" T (z,7). (6.25)
k=2

6.3 Closed all-multiplicity formulae for GEIs
6.3.1 Scalars at all multiplicities

The above examples of scalar GEIs in (A.1), (6.17) and (6.19) line up with
Eyapc=Va-1(1, A)Vp-1(1, B)V¢|-1(1,C) . (6.26)

Given that all the V,(1,2,...,n)-functions on the right-hand side have w = n—2, the
GEIs in (6.26) exhibit the desired shuffle symmetry in each slot by (6.6). Although only
the functions (6.26) with three multiparticle slots enter open-string amplitudes, the later
discussion will benefit from an extension to unspecified numbers of slots,

E1|A1,A2,... = H ‘/‘Aﬂ*l(l? A]) : (627)
Jj=1

6.3.2 Closed formulae for vectors and two-tensors

The above examples of vector and two-tensor GEIs can be lined up with the closed formulae

Eftapc,. =1"Va-1(1, A)Vipg-1(1, B)Vc-1(1,0) . ..

|A|
+ Z(—1)9*1k$8WA‘,1(aj, (aj_l ... aoaq l_I_laj+1 e a|A|), 1)
j=1
X ‘/|B|_1(1,B)‘/‘0|_1(1,C)+ (A(—> B,C,) (628)
as well as
{TX,B,C,... = Emgnv\A\fl(lﬂ A)V\B\fl(lﬂ B)V|C|71(17 C) s
|A|
+ Z(—l)ﬂflg(mk;?@vw,l(aj, (aj_l coeagap a4 a|A|), 1)
j=1
X ‘/‘B‘—l(lvB)WC|—l(17C) R (A < B,C, .. )
[Al B
Z Z H_]k(mk? 8V|A| 1(ai, (@j—1 ... aza1 Wa;yq ... a‘A‘), 1)
=1 j=1
X 8V|B|,1(bj, (bj_l by Wby . b‘B‘), 1)
% Vie11(1, C)Vip_1(1, D) ... + (A, B|A, B,C, D .. .)] (6.29)

6T his follows from the expansion of (9. — 0 )F (2,0, 7) = (¢V(a, 7) — ¢V (2, 7)) F (2, i, 7).
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|Al
mzk" 17710V 4121 (aj, (a1 - .. azay Wajyq ... apa)), 1)

X ‘/|B|71(17B)V,|C\71(1a0) oot (A < B,C,...)

A
1 i+J mg.n
= 5| ViB1(L, BV (1,0) ... > (= AL
1=i<j

X 82‘/]/”_1(&1', (ai,l e a2a11a|A‘ N PEN | LHaj+1ai42 - .. aj,l), aj) + (A <~ B, C, .. )

Up to multiplicity seven, the complete set of unrefined GEls is accessible from the above
closed formulae and (6.21). At higher tensor rank, the system of 9™V, (1,2,...,n)-
functions in (6.12) is no longer sufficient to represent the coefficients of k:z(mk:? ky ) and
higher-rank terms. This shortcoming motivates the development of more powerful tools
for all-multiplicity and all-rank constructions of GEIs, which we leave for a future work.

7 Integrating the loop momentum and modular invariance

The purpose of this section is to set the stage for integrating the one-loop correlators of
part III over the loop momentum. We will see below that loop-integrated GEIs yield man-
ifestly single-valued worldsheet functions that largely conspire to modular weight (n—4,0).
The loop integrals of individual GEIs at (n>6) points also feature terms of different mod-
ular weights that (as will be shown in part III) cancel from the amplitude by kinematic
identities among their coefficients. Such modular anomalies will be illustrated to follow the
patterns of BRST anomalies of pseudo-invariants. Like this, we extend the duality between
worldsheet functions and kinematics to anomalies.

7.1 The non-holomorphic Kronecker-Eisenstein series

As detailed in section 2.1, the meromorphic constituents g™ (z,7) of the chirally-split open-
string correlators KCp,(¢) descend from the Kronecker-Eisenstein series (2.5). The doubly-
periodic counterparts of g(”)(z, 7) that will result from loop integration can be generated
from the non-holomorphic completion [7],

Qz,a,7) = 27rm‘ﬁgiF (z,a,7) Za” L (2, 1), (7.1)

where the exponential factor is tailored to cancel the B-cycle monodromies (2.11),
fO ) = P+ 147) = P+ (7.2)
Qz,a,7) =Qz+1,0,7) =Qz+ 7,0, 7).

The doubly-periodic but non-holomorphic functions f( in (7.1) are related to the holo-
morphic ¢ with B-cycle monodromies (2.12) via [17]

Nk . Im 2
EZHQ( B (z,7), 1/:2mI , (7.3)

mrT
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where the simplest examples are f(9) =1 and
1
V) =gV n) +r, P> r) =P 1) +vgW(z,7) + 5V2 : (7.4)

Apart from double-periodicity, the non-holomorphic Kronecker-Eisenstein series and the
functions f(™ exhibit covariant modular transformations with holomorphic weights (1,0)
and (n,0), respectively, [9]

Q( z a ar—+b

— Q .
c¢+d’c¢+d’c7+d) (o7 +d) 0z, 0, 7), (7.5)

(n at + b _ n (n)
f <c¢+d er+d (er +d)" Sz 7),

where a, b, c,d form an SLo(Z) matrix. Similarly, each holomorphic derivative in z adds
holomorphic weight (1,0) to the f(™). However, meromorphicity of the ¢g(™ is replaced by
the condition

0 Imz 0
il (n) _
<3T + ImTt &z)f (z,7) =0 (7.6)
following from
0 T 0 7rIrnz
Y f(n) - _ (n—1) Y r(n) _ e p(n-l)

It will be convenient to extend the shorthand notation (2.14) for gg-l) to their doubly-
periodic counterparts,

£ = 1O (2 — z,7) (7.8)

which we will use from now on. The Fay identity (2.15) of the Kronecker-Eisenstein series is

unchanged when replacing F(...) — Q(...). Accordingly, the relations (2.16) to rearrange

products gg) gggl) also hold when globally trading gl(n) — fi(f). For instance, the simplest

examples (7.4) of £ satisfy the analogue f12 ) 4+ f12 + cyce(1,2,3) =0 of (2.17).

7.2 Integrating out the loop momentum

In this section, we set the stage for loop integrals over both the Koba-Nielsen factor

n

‘In(ﬁ)}2 = exp (st{ log |01(zij,7) m [Zk 2= %) ]2
1<)
+47T|:€+27TZZ/€ . T':|2}> (79)

and ¢-dependent open- and closed-string correlators in the amplitudes (2.1) and (2.2). For

closed-string correlators independent on ¢, the result of the Gaussian loop integral
n

7, = /dD€ Z.(0)) = ((27”) exp (Zszj {105; 10 (z15,7)| — I%(Imz,-jf]) (7.10)

2Im ) i<y mT
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has already been spelled out in (1.2.26). Zero-mode integration at n > 5 points, however,
requires generalizations of (7.10) to additional polynomials p(¢) in the loop momentum
besides |Z,,(¢)|>. We will use the square-bracket notation

t/}ﬂw\lﬁ@ﬂ2p@)==lﬁﬁp@H] (7.11)

to compactly address the net effect [[p(¢)]] of the shifts in the Gaussian integration variable
in (7.9). The right-hand side of (7.11) is normalized to [[1]] = 1, and the loop integrals
over polynomials in £ are most conveniently written in terms of the shorthands

,Im Zij " -
vij = 2mi s’ 0= - Z kv = Z kg, (7.12)
j=1 J=2
where momentum conservation has been used to eliminate k" = —kj* —--- — k" from the

definition of Ly'. As a result of straightforward Gaussian integration, we have (recall the
convention (I1.2.3) where all terms generated by (anti)symmetrization of indices have unit
coefficient, e.g., §(™EkP) = §TEP 4 5K 4 §PE™)

("] = Lg" (7.13)
mmy _ rmin " omn
o) = 1L — o™,
mmgpll — gmyrnyP T S(mn7D)
e ) = Lyl — 5Ly,

2
m gn mrn i mn ™ m{n
[[ememeped)) = L LR LALE — Tma( LY + <1m7'> gmngpa)

which are sufficient to integrate open-string correlators at n < 8 points and closed-string

correlators at n < 6 points. In general, following standard Gaussian integration rules, one
_m_gmn
ImT
subset of the loop momenta in the integrand while setting the others to {™ — L{.

has to sum over all possibilities to perform pairwise contractions £"/" — — on a

The open-string analogue of (7.11) reads
[ @120 =2 oo, an

where ZyP*" is defined in (1.2.27), and one can take advantage of the same expressions (7.13)
for [[p(¢)]] that apply to the closed string. The imaginary parts in (7.12) then ensure that
the results (7.13) can be specialized to all the open-string topologies by suitable choices of
the integration domains for z; and 7.

In summary, (7.11) and (7.14) are tailored to express the open- and closed-string
amplitudes (2.1) and (2.2) in the following form

Ay =3 Ciop / drdzo dzs . .. dan TP [ (O) ], (7.15)

top Deop

My = | Prd?zd?zs ... A2z, T, [ (Kn(0) (Kn(=0))]]
.
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where all the remnants of the loop momenta in the correlators are captured by the Gaus-
sian brackets [[...]] exemplified in (7.13). In the remainder of this section, we will eval-
uate [[£y) ]] for various GEls and elaborate on the modified integration-by-parts rules
adapted to (7.10) instead of |Z,(¢)|?>. This will be applied in section I11.4.4 to provide
manifestly single-valued expressions for open- and closed-string correlators [[IC,,(¢)]] and

[ (O) K (=0)]].

7.2.1 Integrating unrefined GEIls

In section 3, GEIs Ei'|'... have been introduced as meromorphic functions that are doubly-
periodic up to shifts of the loop momentum. Hence, upon integration over ¢, GEIs are
guaranteed to become doubly-periodic, and the functions f in (7.1) turn out to be the
natural framework to represent the dependence of [[E1|]] on zj.

Unrefined scalar GEIs Ey|4 g ¢ were found to be elliptic functions in the conventional
sense and expressible in terms of the V,,-functions of (6.1), see e.g. (6.16) and (6.17). Given
that the generating series (6.1) of V,, are unchanged when the Kronecker- Eisenstein series
are replaced by their doubly-periodic completions (7.1), one can globally replace g — fn)
in any V,,, and in fact, in any Ejj4 g . For instance, all the imaginary parts v;; of (7.12)
cancel out from

- ) .0
V1(1727"' ) Zf(JJrl ) Vé( Zf,j+1 + Z 1(1)+1 ])+1 ’ (716)
7=1 1<i<y
which gives rise to [[E)934]] = 1 and
Hamwnzm@zwzﬁ?+@ﬂﬁﬁ (7.17)

[E1j23456]] = Va(1,2,3,4) = f12 )+ f23 '+ [ (1) + f12 +cye(1,2,3,4)]
uam@&:mu@mm@amzuu+g +ﬂ%uM+ﬁ5+m>.

Similarly, the all-multiplicity formula (6.26) for unrefined scalar GEIs generalizes to
[[E1a,B,cl] = VIaj-1(1, A)Vp—1(1, B)V|¢|-1(1,C). (7.18)

The [[. . .]] have no effect on these (-independent functions but have been included into (7.17)
and (7.18) to harmonize with the examples below.

For vectorial and tensorial GEIs, the loop momenta integrate to polynomials in v;; as
a result of the Gaussian brackets in (7.13). In order to manifest the double-periodicity of

[[Eﬁj‘ 5...|], these factors of v can be combined with the meromorphic functions g™ to
(n)

ij
obtain their doubly-periodic completion fi( Based on the conversion (7.3) between 9ij
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and fi(]'-n) as well as the expressions for the GEIs in (4.32) and (4.36), we find

(Bt 5451 = KA + (24 3,4,5), (7.19)
[Efjas4,56l] = k?ff;)féé) + k?ff;)fég [k?Tf(l)( M4 f12 + f31 )+ (44 5,6)]
+ KBS — A3 + (R = B33

[[ETs456)] = —E5 + 2[k3 kY f1(2) + (24 3,4,5,6)]

miin | mpny £(1) (1
+ [(kQ k3+k2 k3)f1(2) 1(3) + (273|27314a576)} )
and higher-multiplicity results will be given below.

7.2.2 Modular anomalies

By the modular weight (w,0) of fi(]q-“"), see (7.5), almost all of the examples (7.17) to (7.19)
of integrated n-point GEIs are modular forms of weight (n—4,0). The only exception is
the first term —;—0™" of modular weight (1,1) in the expression (7.19) for the tensor
[[E%”g 456]] whose remaining terms fi(f) and fi(;) f,gll) carry weight (2,0). Accordingly,
contributions to [[E;TX’}; ']] at n points that depart from modular weight (n—4,0) are
referred to as a modular anomalies, the simplest example being the above —7—§™".

For unrefined GEIs, modular anomalies can be conveniently traced back to contractions
MM — —T—0™", so they only arise at tensor rank r>2 (the situation for refined GEIs
is different, see section 7.2.4). Scalar GEIs [[E4,5,c]] = E1ja,p,c reduce to elliptic V,,-

functions of weight (w,0), and the integral HEﬁLA p.cpll over vector GEIs follows from

setting /™ — 0 and gl(j — fz , see e.g. (7.19). The modular anomalies of the tensorial

seven-points GEIs (6.21) are the contributions ~ 7 in

(B35 45.6.7)) = Eﬁmwm@+muzmwmﬂ (445,6,7)] (7.20)

FVA(L2.3) [k 11115+ (4.514.5.6,7)]
+(MQMﬁ4+MH&&ﬂHw9+ﬁ%33f”ﬂ—@ew)
+ (ks [6£) + 275 )+ - 2 3))
+ kR (211 + 2050 - 15 + S (1903
(B, = —ﬁ(s(mn D D) + (20 3,4,...,7)] +6[kPkakS £ + (245 3,...,7)]
2k kp kD 1D r D 4 kD) f D ED 4 (2,302,3,4,...,7)]
+ [RSTREED £ L R+ (2,3,412,3,...,7)].
Before pointing out analogous modular anomalies in the loop integrals of refined GEIs, we
shall elaborate on the integration-by-parts relations relevant to the results for [[EI'&' 5.
7.2.3 Integration by parts

The integration-by-parts relations of meromorphic correlators K, (¢) were governed by the
derivatives of the ¢-dependent Koba-Nielsen factor Z, (¢), see section 2.3. Accordingly, the
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loop-integrated Koba-Nielsen factor 7, in (7.10) gives rise to a modified set of integration-
by-parts relations. The zj-derivatives (2.22) straightforwardly generalize to

9 5 ~ . )4
oo = <Zsijfij >In, (7.21)

while the 7-derivative (2.23) requires more adjustments after integration over ¢. After mo-
mentum conservation, the Koba-Nielsen exponent in (7.10) has the following 7-derivative

0 < 2 ~ |1 Im z;
aTEZ%{bgWﬂaﬁﬂf—17rﬂmaﬂﬂzz}j [ L A (B2

" mT . Imr
1<j 1<J

where the admixtures of fi(jl) cancel from the action of the differential operator

0 “Imz;; 0
v :?+Z I (7.23)

Imt 0z;
j=2 J

depending on n punctures z;. The operator V. obeys the usual Leibniz property and
appears naturally in the following generalization of the mixed heat equation (2.9),

Vol = Laplth o L) (7.24)

i 2t Im7°Y

—D/2 i

Then, after taking the prefactor of Z, ~ (ImT) n (7.10) into account, a convenient

analogue of the 7-derivative (2.23) after loop integration reads

A N 1 )
V.1, = n { § s f) D } (7.25)
i<j

271 4Im T

where we will set the number of spacetime dimensions to D = 10 henceforth. The opera-
tor (7.23) can be aligned into the following boundary term

8 Im zpl .
87 Z < 0z < Im 7 iz, T>In> (7.26)
= h(z,7)I, LZn:s (2)-1-”7_6 + I,V h(z,T)
T 2 P 9l T 9 Imr neT T

with h(z,7) denoting an arbitrary function on the worldsheet. Since both of (7.21)
and (7.26) integrate to zero within string amplitudes, we conclude the following equiv-
alence classes of integrated correlators [[...]],

(Z Sij fg)) h(z,7) + ahé? )~y Yh(z,1)), (7.27)
i !

- ) { n—>6 ~
(stfij >h(z,r)+2m<2i ImT +V7>h(z,7-) >, Vh(z,T), (7.28)

i<j

— 41 —



see (2.22) and (2.23) for their chirally-split analogues. The simplest example of (7.28)
with h(z,7) = 1 has been used in [34] to identify the BRST variation of the (n = 6)-point
closed-string amplitude as a boundary term.

Note that the holomorphic derivative % in (7.27) acts non-trivially on the contribu-

tions ?E;U) from the opposite chiral half in closed-string amplitudes. This follows from the

complex conjugate

5‘—(n) T —(n—1) af(n)( WImZ—nl

G R A L N o A C B e A G IR (E)

ImT Im )

of (7.7) and gives rise to examples such as [35, 36]

fl(é)?%)% <f23 Zsajf(” a > (7.30)

ImT
7j=3

The differential operator (7.23) in turn annihilates undifferentiated fz(;u) and only acts on

z-derivatives of the ?E;U) from the opposite chiral half in closed-string amplitudes

—(w) 1)
—(w) Ofi; TJij
.. pr— = — . . 1
Vel =0, Vr ( 0z ) 2i (Im 7)?2 (7:31)

On these grounds, the analysis of boundary terms in 7 is facilitated when loop-integrated

GEIs [[E;Tj‘ ]] are expressed in terms of undifferentiated fz-(;”) .

7.2.4 Integrating refined GEIls

After loop integration, the integration-by-parts equivalent representations of the simplest
refined GEI Eyjg3456 in (4.37) translate into

[E1j213,4,5,6]] = —17 + 3f(1) + 812(f1%))2 - 2512f1(§) (7.32)

™

= “Tmr 2512]‘}? + fl(;)(823f2(§) + 524f2(i) + 825f2(51)) + 526f2((1;))

> 9s15f(y + 13 [s23f53) + (34> 4,5,6)] + viz[s12f{) + (1 ¢ 3,4,5,6)] .

The first line follows from inserting 8912 0 f12 — o= into (4.37), and the second and
third line result from the integration-by-parts relation (7.27) after discarding ds( f1% 7s) and
9a(v197g), respectively. One can also arrive at the last line by inserting [[("]] = $2° j—o K1
into the first line of (4.37) and expressing all the ggl) in terms of fi(;l) and v;;.

At seven points, the refined GEIs (6.22) integrate to
T
([Brpsjas .7l === Vi(1,2,3) = s123Va(1,2,3) + £y + Fi1)0 133 + 05 (7.33)
T
[[E1)4123,5,6,7]] :—mvl(la2a3)+[5f1(i)—514V2(1,4)]Vl(1,2,3)—524%(172,4)4—534%(173,4)

m 4 m m
BT 507 = =g (5113 + 2030 D] K5 [0 4512 (£6) 15 =315

+[0f 8 —512V2(1,2)] [k £ B + (B4, 7) ]+ [k 525 V5(1,2,3)+ (34 4,...,7)],
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where we reiterate that the elliptic V,-functions are unchanged under the global replace-
(n)
the appearance of 0 fi(jn) on the right-hand side. Similar to (7.19) and (7.20), the factors
of 7— on the right-hand sides of (7.32) and (7.33) signal a modular anomaly: they depart
from the purely holomorphic modular weights (n,0) and (n+1,0) of the fi(jn) and 0 fi(]ﬁ).

Note that the trace relations (5.31) and (5.32) of six- and seven-point GEIs can be
verified at the level of the above expressions for the [[F| ]]: while

ment of g;.” — fi(]m. One can perform integrations by parts (7.27) similar to (7.32) to avoid

1 A .
§5mn[[E717|lzn3 156126 + ([[E1|2\3 a6l + (24 3,4,5,6)) g
—ori gy 4 omi Z Im 21 5 (7.34)
n or ¢ Imr ° '

is a consequence of (7.26) at n = 6 and h(z,7) = 1, the seven-point analogues require a
specialization of (7.28) to!”

n—6 (1)
<2i ImT + VT) fij

see (7.24) for the action of V, on fi(;U).

or@
= Ji , (7.35)

2mi

7.2.5 Modular anomalies versus BRST anomalies

The above instances of modular anomalies furnish another incarnation of the duality be-
tween kinematics and worldsheet functions. Modular anomalies are proposed to be the
worldsheet counterpart of anomalous BRST variations such as

mn _ mn —
QCT 23456 = 0 T112,3456> QPy23456 = —T12.3456 (7.36)
_ mn J— —
QCT954,. 7= —0"" T34, 7, QP1j23ja567 = QPrjapsser = —T1234567
mnp _ (mnp) m . Tm
QC 3.7 = =0 s 7 QP37 = Tz 7

where the anomaly invariants I'y . are defined in section 1.5.2.3, and generalizations
of (7.36) can be found in (I.5.28). The idea is to associate the anomaly invariants with the
slot extensions [[Eyj23456]] = 1 and

[Bimsaser)l = Vi(1,2,3),  [[Ejhs )=k fy) + (2 3,....7) (7.37)

"More generally, the choices of h(z 7) in (7.28) relevant to integrated m-point closed-string correlators
[KCn (£)K, (—£)]] have the form W I1. 1 m’”fg:s: with m+ >, w, = n—6. In these cases, the second

agby
line of the following equivalence relation (7.28) vanishes (we are suppressing the f they are annihilated

by V),

dek

f(wr+1)

1 w - w
0= (W E[fiﬁ,f(Zsmfé@) +Z Tm)m H faklfk))

1<Jj

I n—6—m—w, — w2 — ... wy)
2 .
+ m( 2i ImT ) (Im )™ lzlf“kb’“
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of earlier results according to the general dictionary

le...mr

mi...mp
1|A1,...,Aq|B1,sBayris A ImTHE A I (7.38)

1‘A17“"Ad‘Bla"'»Bd+7‘+5

Under these identifications, the combinatorics of (7.36) literally translates into the following
modular anomalies at six points

™

[ {7@?374’576]] = Idemn + modular weight (2,0) (7.39)
[E1j23,4,5,6]] = —ﬁ + modular weight (2,0)
and at seven points
1B 45671 = — 10" Vi(1,2,3) + modular weight (3,0) (7.40)
(B 4507 = o0 [ £y + (2 8,....7)] + modular weight (3,0)
[[EIT2|3,4,5,6,7H = —ﬁ [kgnfg) +(2+3,..., 7)] + modular weight (3,0)
[[E1j23)4,5,6,7]] = —ﬁ%(l, 2,3) + modular weight (3,0)
[[E1)423,5,6,7]] = —ﬁVl(l, 2,3) + modular weight (3,0),

where the weight-(n—4,0) parts can be found in (7.19), (7.20), (7.32) and (7.33). As we
will see in section I11.4.2, the above instances of modular anomalies drop out from the
integrated six-point correlator [[Ks(¢)]]. The cancellation of modular anomalies will be
shown to furnish a dual to the localization of BRST anomalies Q/C,,(¢) on the boundary of
moduli space.

While the dictionary (7.38) is expected to extend to higher multiplicity, it is not clear

whether it applies to higher powers (7)™ with m > 2. It remains to clarify whether the

mnpq  _ _ ¢(mnPq)
12,3,....8 0 F1|2,...,8

the contribution [[(™¢"(P(9]] = (Z-)26™(6PD + ... to HEITQHP(IBH

absence of tensor structures 6§79 in QC can be reconciled with

8 Conclusions

In this paper we continued setting up the ingredients that will be needed to build up
one-loop correlators for massless open- and closed-string amplitudes in the pure-spinor
formalism. We have introduced two classes of worldsheet functions that will manifest
different aspects of the correlators to be assembled in part I1I. Both of them are constructed
from loop momenta and combinations of Jacobi theta functions ggl) = g(")(zi—zj, 7) that
are the coefficients in the Laurent expansion of the Kronecker-Eisenstein series [7].

The first class of worldsheet functions, denoted by Z, is designed to capture the world-
sheet singularities arising when the vertex operators approach each other on a genus-one
surface. These singularities are straightforward to handle via an OPE analysis, and their
behavior when the vertices are close together is the same as products of 1/z;; = 1/(z;—2;)
functions well-known from the tree-level correlators.
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However, the OPE analysis is not enough to completely determine the one-loop Z-
functions as there can be non-singular pieces that do not vanish on a genus-one surface.'®
Instead, our starting point to constrain the non-singular pieces is the following observation
on tree-level correlators: the products of singular functions 1/z;; at genus zero end up
assembling chains 1/(z12223 ... 2p—1,) [24] that obey shuffle symmetries among their labels
1,2,...,p. By imposing the same shuffle symmetries among the labels of their one-loop
counterparts Z and using Fay identities one proves the existence of non-singular pieces in
the one-loop worldsheet functions.

The algorithmic determination of these non-singular pieces follows from another sur-
prising feature of these functions; their properties mimic those of superfield building blocks
discussed in part I. More precisely, the role of the pure-spinor BRST charge acting on
the superfields is replaced by a monodromy operator acting on the genus-one functions
and the loop momentum. This observation, among others along the same lines, has been
interpreted as a duality between worldsheet functions and kinematics.

The second class of worldsheet functions discussed in this paper concerns the gener-
alized elliptic integrands (GEIs) briefly introduced in [6]. GEIs are monodromy-invariant
combinations of Z-functions, and already their very construction is driven by the duality be-
tween worldsheet functions and kinematics: GEIs can be assembled from the monodromy-
covariant functions Z in exactly the same combinatorial manner as kinematic BRST in-
variants are assembled from Berends-Giele superfield building blocks (reviewed in part I).
These definitions lead to a plethora of relations that apply in similar if not identical form
to the superfield building blocks, manifesting various further incarnations of the duality
between worldsheet functions and kinematics.

A multitude of identities among Z-functions and GEIs has been discussed in this
paper that support their duality connection with superfield building blocks. However, we
observed that holomorphic Eisenstein series lead to departures from a strict duality between
functions and kinematics starting at eight points. The solution to this puzzling behavior,
for instance through systematic redefinitions of Z-functions and GElIs via Eisenstein series,
will be left for the future. Furthermore, a preliminary analysis indicates that the functions
considered in this paper admit compact generating-series representations whose detailed
presentation we also leave for future work.

The relevance of both the Z-functions as well as GEIs for the assembly of one-loop
correlators will become apparent in the sequel part III of this series of papers.
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A Bootstrapping the shuffle-symmetric worldsheet functions

This appendix complements the results of the bootstrap techniques for Z-functions outlined
in section 4.4 with derivations based on the system of monodromy variations. The key
steps will be presented in detail for six points and for some selected seven- and eight-
point functions; the results from the omitted derivations can be obtained with reasonable
effort [37, 38] and do not require any new methods.

In the derivations below we will use the representations of GEIs obtained in section 6
as they lead to considerably shorter results; in some cases, they even suggest pattern-driven

general closed formulze.

A.1 Six points

The starting point at six points is given by the extended GEIs (4.33) from the five-point
results (4.31) and (4.32), namely

Bi23456 = V1(1,2,3), Eibsase =" — [0V0(1,2) + (2 < 3,4,5,6)] . (A.1)

They are written in terms of the V,,- and 0V,,-functions with generating series in (6.1), (6.7)
and (6.12) for convenience. As we have seen in section 4.4, the monodromy variations of
the six-point shuffle-symmetric worldsheet functions are given by

DZy93456 =M FE1p3456 — 23E312.456 5 (A.2)
DZ133456 = M E123456 — Q2E213456 + L3E3112456 — QaFy12356

m o m m m
DZ% 5456 = UET 3456 — QB3 3456+ (k5 QEsp2456 + (3 4,5,6)]

mn _m n n m
DZ{53456 = K" E 3456 T FT Q1 E 34561 (1¢22,3,4,5,6),
m m
DZy1 3456 =Q2ky Eyli 5456

To solve these equations using the generating-series techniques of section 6 it will be con-
venient to rewrite the above GEIs in a basis where leg 1 is in the special slot. This can
be done by exploiting the duality with the BRST invariants and using the identities of
section 5.2.2. In this new basis we have:

DZy93456 = 13E11234.56 »

DZ{5 3456 =MN2E]5 3456~ [Q23ky' Eyppg 456+ (3 > 4,5,6)]
DZ1Ss 456 = [Qo1(ky Eljpz 456 + %5 Eljasase) + (2 ¢ 3,4,5,6)]
+ [(K5'kE + k3 k5 Q23123456 + (2,3]2,3,4,5,6)]
D251 3456 = Q2ky (Bl 5456 + [5 Erj23,a56 + (3 ¢ 4,5,6)] . (A7)

(A.3)
DZ1531456 = 2E12345,6 + 32F1 23456 + Q241124356 » (A4)
(A.5)
(A.6)
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The scalar equations are easily solved using cyclic symmetry of V,,(1,2,...,n) and the
monodromy variations DOV, (1,2,...,n) = —Q1, Vi (1,2, ...,n). We get,
Zi93456 = —0V1(1,2,3), (A.8)
212,34,5,6 = —8‘/0(1, Q)Vl(l, 3, 4) + 0V (4, 1, 2) — 8V1(3, 1, 2) ,
whose equivalence with the solutions presented in (4.35) is easily established using Fay
identities. Let us now solve the monodromy variation (A.5) of the vectorial function
DZ{5456= 2B 3456 [Q23k5 Erjasa56+ (3 4,5,6)] (A.9)
= ol + ok g\ Y + [k (Q29'y) — Q0sVi(1,2,3))+(334,5,6)],  (A.10)

where the second line follows from (A.1). Noting that D(gg)f’”) = QM — gg) Z?:Q QK7
one can rewrite (A.10) as follows

6
DE 5456 = (szm gy Qljk;ﬂ) + 2K Q100 (A.11)
=2

+ [ (Qn2gly) + uagly) — Q25Vi(1,2,3)) + (3 ¢ 4,5,6)]
The solution to (A.11) can be obtained by inspection and is given by

le2l,3,4,5,6 = gg)gm + ngngg) + [kgl (gg)g%) - 8‘/1 (37 1’ 2)) + (3 “ 47 57 6)]
= 07y + (K5 — kg + (K503 — g53) + (3 ¢ 4,5,6)] | (A.12)

see (4.35). The equality in the last line follows from momentum conservation and
gg) g%) - oVi(3,1,2) — gg) = gg) — gé?, which can be shown using Fay identities. As
a side remark, note that one can arrive at (A.12) from (A.10) using an effective “integra-
Z(]T_L) = (n—i—l)gg-H_l), V n € N to “invert” the D operator.
The solution to the tensorial monodromy variation (A.6),

tion” rule [ ;g

DZ153456 = [921kémEﬁ)273747576 + (24 3,4,5,6)]
+ (R RY) Qo3 Brpas as6 + (2,312,3,4,5,6)]
can be found similarly. First one plugs in the vectorial extended GEI from (A.1) to obtain
DE[Ss 456 = [Qo1kS™ 0" + 2k5 k5 Q015 + (2 ¢ 3,4,5,6)] (A.13)
+ [ (D210 + Qa1gl) — Q512 (3,1,2)) + (2,312,3,4,5,6)]
whose solution is easily found after noticing that D(£™¢™) = lekémﬁn) + (2 + 3,4,5,6),
ZP 15 = 0 = 2[KP kS S + (2 4 3,4,5,6)] (A.14)
— [ (91913 — 9VA(3.1,2)) + (2.312,3,4,5,6)]
Fay identities imply that (A.14) is equivalent to the expression given in (4.35),

0 se = L0+ [KTRY 61 4+ (1,2]1,2,3,4,5,6)] (A.15)
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The solution to the refined worldsheet function can be easily found. After plugging in the
extended GEIs on the right-hand side of (A.7), straightforward algebra leads to

(1) (1) (1)

1 1 1 DY
DZy1 5456 =Q2((0- ko) + 521951) + 823993 + S24994 + S25995 + 5269§6)) =0, (A16)

which vanishes in view of the total-derivative relation (2.20). Therefore, one can choose
29113456 =0, (A17)

see (4.35). As mentioned in section 4.4.3, this vanishing is compatible with a duality
between refined worldsheet functions and BRST-exact superfields, see (5.24).

Plugging the results above in the expressions (4.26) and (4.27) leads to the expres-
sions (4.36), (4.37) and (6.17) for GEIs. Their seven-point extensions (4.38) will be used
in the next step of the bootstrap procedure.

A.2 Seven points

The solution to the scalar monodromy variations

DZy934567 = Q1 E1j23456,7 — QuFy12356,7 (A.18)
DZy93456,7 = Q1 E1 234567 — L3E312,45,6,7 > T Fa123 56,7 — Q5E5123,4,6,7
DZ1234567 = Q1234567 — Q2E91 34567 + (12 <> 34,56)

is easily obtained after rewriting the GEIs in the canonical basis and using (6.17),

DZ1934567 = 14Va(1,2,3,4) (A.19)
D2Z1934567 = 13V1(1,2,3)V1(1,4,5) — Q34V2(1, 2, 3,4) + Q35V2(1, 2,3, 5)
DZ1534567 = Q12Vi(1,3,4)Vi(1,5,6)

+ [Q23(V2(1,2,3,6) — V1(1,2,3)V4(1,5,6) — V2(1,2,3,5)) — (3 > 4)]

+ [Q25(V2(1,2,5,4) — Vi(1,2,5)Vi(1,3,4) — V5(1,2,5,3)) — (54 6)] .

Noting the fundamental equation (6.8) and cyclicity of V,,(1,...,n) we arrive at the fol-
lowing solutions

Ziosuser = —0Va(1,2,3,4), (A.20)

Zigzaser = —OVi(1,2,3)Vi(1,4,5) + 0Va(5,1,2,3) — OVh(4,1,2,3)

Ziazaser = —0Vo(1,2)Vi(1,3,4)Vi(1,5,6) + 9Vi(4,1,2)Vi(1,5,6)
— OV (5,1,2)Vi(1,3,4) — OVi(3,1,2)Vi(1,5,6) + OV4(6,1,2)Vi (1,3, 4)
+OV3(3,6,1,2) — OVa(3,5,1,2) + 0V (4,5,1,2) — 0Va(4,6,1,2)
+OV3(6,3,1,2) — OVa(5,3,1,2) + OVa(5,4,1,2) — OVa(6,4,1,2) .

A long but straightforward application of Fay identities demonstrates the equivalence be-
tween the above solutions and the ones presented in the main text, (4.40). While the above
form of the functions is easy to derive from the monodromy variations, it does not expose
the singularity structure as the vertex positions approach each other. This constitutes a
drawback of the representation in (A.20) and motivates the rewriting in (4.40).
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A.2.1 Vectorial seven-point functions

The monodromy variation (4.13) of the vectorial seven-point function Z{3; 57 can be
written in a basis of GEIs as

= 913‘/1(1, 2, B)Em + k:g”QLgaVl(Q, 3, 1) — k:g”ngaVl(& 2, 1)
+ (R (Q3g'y Vi(1,2,3) — Q34V0(1,2,3,4)) + (4 5,6,7)] .

Similarly as before, in order to integrate the term containing ¢ in the above variation, we
add and subtract 0Vi(1,2,3) 217:2 QK7 to obtain

DZ7 4567 =23V1(1,2,3)0™ +0V1(1,2,3) [Quaky + (245 3,4,5,6,7)] (A.22)
+ k5 (30V1(2,3,1)—0120V4(1,2,3)) — k5" (Q130V1(3,2,1)+Q130V4(1,2,3))
+ (B (30 VA (1,2,3) — Q1a0VA (1,2,3) — Qa4 Va(1,2,3,4)) + (443 5,6,7)] .
One can then show that (A.22) integrates to
254567 = —LT"OVi(1,2,3) + k§0°Vi(1,2,3) (A.23)
4 %k? 02V (1,2,3) + 024 (2,3,1) + 9°VA(2, 1,3)]
— [k (0Va(4,1,2,3) + ¢ 0Vi(1,2,3)) + (4 ¢ 5,6,7)]
which can be rewritten as
2334567 = —L"OVA(1,2,3) — %k;“a2v1(1, 2,3) + %kg"awlu, 2,3) (A.24)
- %kg” [0°V1(2,3,1) + 9°V1(2,1,3)]
+ [KPVA(1,2,3) (917 — g57) + (4 5,6,7)] .
To see this one uses momentum conservation and the identity
Va(4,1,2,3) + g\ Vo11(1,2,3) = —11(1,2,3) (¢12 — ¢{?) — %(921/1(1,2,3). (A.25)
(n)

Alternatively, the expression (A.24) can be rewritten in terms of 9ij -functions in order to

make its singularity structure more evident,
1 2 2 1) (2 1) (2 3
Elsase = " [0159% + 913 — 013 + 95 ] + (W — k) (912913 + 98913 — 3413)
1 2), (1
+ k3° (9%3) (952) - 9%3)) + gg?,) (953) - 952))) (A.26)
1 1 1 2
+ [k (9§2) + 9%3) + 9:(31)) (954) - 9§4)) + (44 5,6,7)] .
Similarly, the monodromy variation of Z15 3, 5 6 7,
DZ15 34567 = 2B 34567 — Q3B 934567+ 2aEipy3567 (A.27)
+ k5" Q24 B 943567 — ki Qo3 F123456.7

m
+ [kg) (Qo5E1 254,367 — Qo5 E1j2s3.4.6,7 — Q25 F1j25 3467

+ Q41245 36,7 — Q23 B 235 46,7 + (5 < 6, 7)] ;
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is readily integrated and yields, after using identities similar to (A.25) and momentum

conservation, the following result:

2 arser = " [0 Vi(1,3,4) - 91(3,1,2) + Vi(4,1,2)] (A.28)
. 1 1

— |k <g§§)m(2, 3,4) + 50" (1,2,4) - SOV (1,2 3)) — (1 2)}

— [ky <g§i)v1(4, 1,2) + %82%(3,4, 2) %82%(3, 4, 1)) - (36 9)]

R (e Vi(13,4) — gl Vi(2,3.4) + g Vi(3.1,2) — o) Vi(4,1,2)) + (5 ¢ 6,7)]

g-l) -functions can be shown to read,

m mr (1) (1 2 2 2 2 m amey (3 3 3 3
Zi5 34567 =1 (g§2)g§4) + 9%3) - 9%4) + 9&4) - 9&3)) + (k75 — k34)(9£4) - 9%3) + 953) - 954))

1) (2)/7.m m m (1 2 2 m (1 2 2
+ [0 083 (k5 — k) + k) (05 — 957) + K9ty (91 — 03)) + (12 5 34))]
+ k[ (0] - o + 98 — 8) + o (o) — o) + 92— 92)  (A29)
3

1), (2 2 1), (2 2 3 3 3
+ 9§2) (9:(35)_91(15)) + 9§4) (9%5)—955)) + 9%4) - 913) + 953) - 954)] + (5« 6, 7)} .

Its expansion in terms of g

This completes the bootstrapping of the vectorial shuffle-symmetric functions for seven
points.

A.2.2 Tensorial functions

An analogous procedure can be used for solving the tensorial seven-point functions starting
from their monodromy variations given in (4.13). The outcome can be written as

mn mn (1 min 2 2 mins (3 3
21554567 =0"1 g§2)+[£( kg)(g§3)—9§3))+2k3 ks (953)—953))4‘(3%4757677)] (A.30)

+ 913 (€5 — MK+ g15) (KT KT + 285 kg — KRS — K5RY)
+ [k K (915 955 — 015 +953 ) + KSR (915 087 955 +955) + (34 4,5,6,7)]
+ (k57K (935 957 + 955 (913 — 053 — 917 +957)
+013 — 959 + 957 — 95 +(3,413,4,5,6,7)] ,
ZT0E s on =0T (R RE O g1 — KT (KD — k5)KY 9ty + (1,2]1,2,3,4,5,6,7)]
+ [k kSRS (%) (913 — 933) + 913 +913) +(1,2,3]1,2,3,4,5,6,7)) .
Note that the coefficient of k{*k5k% in the last line is totally symmetric in 1,2,3. Again,

their singularity structure within a given word is the same as in their tree-level counterparts,
see section 4.1.

A.2.3 Assembling seven-point GEIls

Now that the shuffle-symmetric Z-functions at seven points are known, one can assemble
the GEIs as described in section 4.3. The scalar GEIs follow from the replacement rule
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MsMpcp — Za.B,c,p applied to the Berends-Giele expansion of the BRST invariants
Ch12345,6,75 Crj23a,56,7 and Cyjg3 4567 from [28],
E\j2345.6,7 = 21,2345,6,7 + 2512,34,6,7 T £12,345,6,7 + £123,45,6,7 + 21234,5,6,7 (A.31)
+ Z5123,4,6,7 T 251,234,6,7 + 2451,23,6,7 + 2£3451,2,6,7 + 24512,3,6,7 »
E\j234,56,7 = 21,231,56,7 + 2214,3,56,7 T £15,234,6,7 — £16,234,5,7 + 2£12,34,56,7
+ Z123.4,56,7 + 214,32,56,7 + 2143,2,56,7 T 2612,34,5,7 T Z6123,4,5,7
+ Z5124,3,6,7 + 2614,32,5,7 + 26143,2,5,7 T 25142,3,6,7 — 2512,34,6,7
— Z5123,4,6,7 — 26124,3,5,7 — £514,32,6,7 — 25143,2,6,7 — 26142,3,5,7 »
Eqj23,45,67 = 21,23,45,67 + 212,345,667 — £13,2,45,67 T £14,5,23,67 — £15,4,23,67
+ Z16,7,23,45 — 217,6,23,45 T 2217,3,45,6 — 2317,2,45,6 — 2216,3,45,7
+ Z316,2,45,7 T 2413,5,67,2 — 2513,4,67,2 — 2412,5,67,3 + 2512,4,67,3
+ Z615,7,23,4 — 2715,6,23,4 — 2614,7,23,5 T 2714,6,23,5 T 27135,2,4,6
+ Z7153,2,4,6 — 27125,3,4,6 — 27152,3,4,6 — 27134,2,5,6 — 27143,2,5,6

+ 27124356 + 2£7142,3,5,6 — 26135,2,4,7 — 26153,2,4,7 T 26125,3,4,7

14y

+ Z6152,3,4,7 + 26134257 + Z6143,25,7 — 26124,3,57 — 26142,3,5,7 »
and read as in (6.19) after the solutions for Z obtained above are plugged in. Similarly,
the lengthy expansions of the vectorial GEIs
Elysas67 = 21234567 T 21234567 + Zal2356,7 + 23412567 (A.32)
+ 21534567 T 20123567 T ks 21432567 + ki Z12345,6,7
— k5 (Z1a235,6,7 + Z12435,6,7) — [kE'(Z51,2306,7 + Z512,34,6,7 + £514,32,6,7
+ Z5123,4,67 + 25143267 — 25124367 + Z5142,3,6,7) + (54 6,7)]
Efos a5.67 = 21234567 T Z12,345.6,7 — 213,245,6,7 T 21423567 — Z15,23,4,6,7
+ 2132567 + 25123467 — Z412,356,7 — 25132467
+ (k5" (Z123,45,6,7 — 24123567 + Z5123.4,6,7) — (2 > 3)]
+ [k (Z1a5,23.6,7 — Z2145,3,6,7 + Z3145,2,6,7) — (4 > 5)]
— [k§ (Z61,23,45,7 + Ze12,3,45,7 — Z613,2,45,7 + Z614,23,5,7 — Z615,23,4,7

— (Z6134,2,5,7 + Z61432,55,7) — (26125347 + Z6152,3.4,7)

+ (Ze135,24.7 + Z6153,2.4.7) + (Z6124.3,5,7 + Zo142,3,5,7)) + (6 <> 7)]
collapse to a few terms (6.20) when rewritten in terms of V,,- and dV,,-functions. Similarly,
the tensorial GEIs

Msa567 = 2184567+ 285507 = Zi5as67 + K Zsa507 = K 2567
+ [kimk;){ — Z514,23,6,7 + (Z1245,3,6,7 + symm(2, 4, 5)) (A.33)
— (Z1345,2,6,7 +symm(3,4,5)) } + (4,5[4,5,6,7)]
+ [kim{3f2,23,5,6,7 - ;1)4,3,5,6,7 + Zgl)4,2,5,6,7
+ k3)34132,5,6,7 - k§)24123,5,6,7} + (44 5,6,7)],
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E;T%A,E),G,? =2\ 4567 T [ké ?2}7?9, 15671 (24 3,4,5,6, 7]
— (WK 28y 56 + (2.312,3,4,5,6,7)]
+ [KS"RERE) (21230567 + symm(2, 3, 4)) + (2,3,4(2,3,4,5,6,7)] ,

become as compact as (6.21).
Moreover, there are three topologies of refined GEIs at seven points,

E23145,6,7 = 223)1,4,5,6,7 T 23112,4,5,6,7 — 22(13,4,5,6,7 T K3 21534567 (A.34)

— kY 239 4567+ [(s34212345,6,7 — 524 Z1324,5.6,7) + (4 <> 5,6,7)]
Erj2134,5,6,7 = 22|1,34,5,6,7 T 22(13,4,5,6,7 — 22|14,3,5,6,7

— 523(21243,5,6,7 + 21423,5,6,7) + 524(Z1234,5.6,7 + Z1324,5,6,7)

+ k3" (21334567 — 22134567 T 2214,3,5,6,7)

+ [s25(Z125,30.6,7 — Z3125,4,6,7 + Z4125,3,6,7) + (5 <> 6,7)]
E1|2|3 4,567 — 5?1,3,4,5,6,7 + [kgn{z2|1374,5,6,7 - k§Z§13,4,5,6,7} + (3¢ 4,5,6, 7)]

T ky 20 4567 T (5231 Z33,4,567 — ki 24123567 — k5 Z5123,4.6,7

— k' Ze123,45;7 — kY Zr123456 ) + (3 ¢ 4,5,6,7)]

and integration-by-parts identities lead to the compact representations (6.22) or (6.23).
The above GElIs, in turn, will be used as input in the monodromy-variation equations
to bootstrap the eight-point shuffle-symmetric functions.

A.3 Eight points

In a similar fashion, it is possible to find all the solutions to the scalar shuffle-symmetric
functions from the monodromy variations (4.13) using various change-of-basis identities
such as (I.A.21). A long but straightforward analysis leads to,

Ziossons = —OVi(1,2,3,4,5) (A.35)
Zimsasers = —OVi(1,2,3)Va(1,4,5,6) — OVa(4,1,2,3)Vi(1,5,6)
+OVa(6,1,2,3)Vi(1,4,5) — OVa(4,5,1,2,3) + OV3(4,6,1,2,3)
4 OV3(6,4,1,2,3) — OV5(6,5,1,2,3),
Ziosasers = —0Va(l,2,3,A)Vi(L,5,6) + 9V5(6,1,2,3,4) — OV5(5,1,2,3,4),
Zipasers = —OVi(1,2,3)Vi(1,4,5)Vi(1,6,7) + OVa(5,1,2,3)Vi(L,6,7)
—OV(6,1,2,3)Vi(1,4,5) — OVa(4,1,2,3)Vi(1,6,7) + OVa(7, 1,2,3)Vi(1,4,5)
4 OVA(4,7,1,2,3) — OV5(4,6,1,2,3) + OV3(5,6,1,2,3) — 9V4(5,7,1,2,3)
+OVA(T,4,1,2,3) — OV5(6,4,1,2,3) + V5(6,5,1,2,3) — OV5(7,5,1,2,3),
Z12,34,56,78 = 912 VA (1,3,4)Vi(1,5,6)Vi(1,7,8)
Vi1, 3,4)Vi(1,5,6)Vi(7,1,2) + Vi(1,3,4)Vi(1,5,6)dVi(8, 1,2)
—VA(1,3,4)Vi(1,7,8)Vi(5,1,2) — Vi(1,5,6)Vi(1,7,8)0Vi(3,1,2)
VA1, 5,6)Vi(1,7,8)0Vi(4,1,2) + Vi(1,3,4)Vi(1,7,8)aVi (6, 1,2)

0
0



—VA(1,3,4)0V,(5,7,1,2) + V;
— VA(1,3,4)0V5(6,8,1,2) —
+Vi(1,3,4)0V5(8,5,1,2) —

(1,3,4)0Va( 9V4a(5,8,1,2
(1,3,4)9V5(6,
(1,3,4)0Va(

+ Vi(1,5,6)0V5(3,8,1,2)
(1,5,6)0Va(
(1,5,6)0Va(
(1,7,8)0Va(4,

OVa(7,5,1,2) + Vi(1,3,4)0V5
OVa(8,6,1,2) — Vi(1,5,6)0V5

( )+ Vi(1,3,4)0Va

( )+ V1(1,3,4)

(8, ) = Vi(1,5,6)
6)0V2(4,7,1,2) — Vi(1,5,6)0V5
( )+ Vi(1,5,6)

( )+ Vi(1,7,8)

( )= Vi(1,7,8)
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)
)
)
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)
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OVs(7,5,4,1,2) + 0V5(7,6,3,1,2) — OV4(7,6,4, 1,2
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The sheer size of the solution for Zi2345678 can be traced back to the length of the
intermediate identity (I.A.21) used in its derivation. Fortunately, the combinatorics of such
solutions can be understood in terms of the multi-word rhomap (I.A.3), and an efficient
algorithm to generate them at arbitrary multiplicity will be provided below.

A.3.1 Vectorial shuffle-symmetric functions
The monodromy variation of Z753, 5 ¢ 7 can be written in the canonical basis of GEIs as
DZ{%34,5,6,7,8 = 914E{T234,5,6,7,8 - [k?945E1|2345,6,7,8 + (54 6,7, 8)} (A.36)
= QuVa(1,2,3, )0 + kJ'Q140Va(2,3,4,1)
— k54 (0Va(3,2,4,1) + 0Va(3,4,2,1)) + k'Q140V5(4,3,2,1)
R (©21072(1,2,3, 00913 — Qus15(1,2.3,4,5)) + (5 4 6,7,8)|

Note that there is no linear combination of 9%Va(i, j, k,[)-functions that integrates to
0140V5(2,3,4,1) as can be checked using D9*Va(i, j, k,1) = 28;0Va(4, 4, k,1). However,
the integration of Q14V2(1,2,3,4)¢™ produces correction terms since

8
D(—0Va(1,2,3,4)0™) = Q14Va(1,2,3,4)0™ + OVa(1,2,3,4) > Qu;k7" (A.37)
j=2
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By adding and subtracting the sum on the right-hand side prior to integration produces
corrections to the other terms ~ £". For example, the new k3' terms can be “integrated” as

/(QMawxz&4J)—Quaw(gz&4D::;Gﬁwa&3J)+a%@@J;x® (A.38)
+$w@&L®+WWQ@&®)
Repeating the same steps as in the previous analyses yields,

Zlsus6ms = —L"OVa(1,2,3,4) + kJ'9°V5(1,2,3,4) (A.39)
+;%W%GA&Q+W%@&&®+W%@&L®+W%@Z&m
—;@WWOAZ$+W%@AZD+W%%LZ$—W%@Z&M
-—%y@wmuz&@ﬁ?+a%m;Lz&®)+®+»&z&]

which can be rewritten as,
Z&%@m:—W@%ﬂﬂﬁA}—;@W%ﬂﬂﬁAy+;fﬁ%ﬂﬂﬁA) (A.40)
+;?W%OA&%+W%@L&®+W%@&LM
—%@W%0A2$+WWQ&ZD+W%%LZM
+ [kva(1,2:3, 401 - 9F) + (5 6,7.8)]
after using the weight-four version of (A.25),
8%@23Amg+8%6J2£A%:4%L1&®@%—Q%—%y%uﬂﬁAy(AM)
The expression for Z{5; 45 6 75 can be obtained similarly and a long analysis leads to

23345678 =—C" (V1(1,4,5)0V1(1,2,3)+0Va(4,1,2,3) —9V5(5,1,2,3)) (A.42)

+%M?pm@Ajm%uLza+$%ag&®—quzﬁjn+uem]

+%%ﬂﬂ&&®¥m@¢$—yw@¢&®+#w@¢&®
+V1(1,4,5)0%V1(2,3,1) — 0*V5(2,3,1,4) + 9°V5(2,3,1,5))
+ |k (98 0Va(5,1,2,3) — 9Vi(1,2,3)0Vi(1,5,4) + 0V5 (5,4, 1,2, 3)
—;%@A®WWO&$+W%O%&®+WWO&&$
+0%V5(1,4,2,3) +0°V5(3,2,1,4)) ) — (4 ++ 5)

+ [k (952Va(1,2,3,4) — ' VA (1,3,2) V4 (1,4,5)

—glVi(1,2,3)V(3,4,5) — gl V5(1,2,3,5)) + (6 < 7,8)] .
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Solving the monodromy variation of Z5 3 56 75 along similar lines yields a long formula
which we suppress (it can be downloaded in [39]).

This completes the bootstrap procedure for the vectorial shuffle-symmetric eight-point
functions. From the above solutions we can derive the eight-point vectorial GEIs which in
turn allow to bootstrap the vectorial Z-functions at nine points.

A.3.2 Tensorial and refined functions

Given their sizes, the tensorial and refined shuffle-symmetric functions will be omitted.
Their explicit expansions are available to download as plain text files in [39], and are ready
to be used with FORM [37, 38].

A.4 A closed formula for scalar shuffle-symmetric functions

The solutions for the scalar shuffle-symmetric functions can be generated via a conjectural
closed formula. This empirical observation is based on the word-invariant map Z{(...)
defined in the appendix I.A and is given by

ZaBcp=-A0Z0B,C,D), (A.43)
where the ® operation is defined by

aA©® (B,C,D,FE) = (BaA|aC,aD,aE)y , (A.44)
(A|B,C, D)y = 0Vjaj—2(A)Vp|-2(B)V|c|-2(C)Vp|-2(D) , (A.45)

with the understanding that Vp(i,5) =1 and 9V_; (i) = —1.

For example, let us consider Zij9345678 = —123 © Z(0|45,67,8). A straightforward
application of the recursions in appendix I.A leads to,

—T(0|45,67,8) = —(0|67,45,8) — (6/45,7,8) — (64]5,7,8) + (65[4,7,8) (A.46)
+ (7]45,6,8) + (74/5,6,8) — (754, 6,8) — (4|67, 5,8)
— (46]7,5,8) + (47/6,5,8) + (5(67,4,8) + (56/7,4,8) — (57/6,4,8).

Now, using the definition (A.44) yields

—123 © Z(0|45,67,8) = — (123|167, 145, 18)y, — (6123|145, 17, 18)y — (64123|15,17,18)y

+ (65123(14, 17, 18)y + (7123|145, 16, 18)y + (74123|15, 16, 18)y/

— (75123|14, 16, 18)y — (4123|167, 15, 18) — (46123|17,15,18)y

+ (47123]16,15,18)y + (5123]167, 14, 18)y + (56123|17, 14, 18)y
( )

— (57123|16, 14, 18)y . (A.47)

Finally, the definition (A.45) leads to the correct expression for Zi23 45 67,8 from (A.35).
Two comments are in order. First, one may notice that the combinatorics of the permu-
tations in (A.47) is closely related to the change-of-basis identity expressing —Cs|12 45 67,8
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in a basis of U4 p ¢ originally derived in [28]. For instance,

—C3j12,45,671 = —C1j23,45,67 — C11236,7,45 — C1)2364,5,7 (A.48)
+ Ch2365,4,7 + Clj23r6,45 T C1j2374,5.,6
— C112375,4,6 — C1)234,5,67 — C1j2346,7,5
+ Chj2347,6,5 + C1j235,4,67 T C1)2356,7,4

— Clj2357,6.4 -

Comparing the expressions (A.47) and (A.48) we see that Cyjo34 5, — (A123,1B,1C, 18)
maps one expression into the other.

Second, the right-hand side of the algorithm Z4 p c.p = —A®Z(0|B, C, D) is not man-
ifestly symmetric under exchange of the words A <» B, C, D. Therefore, it must generate
identities among the various functions V;,(...) and their generalizations dV,,(...). Consider,
for example, the five-point function Zi 2345 and evaluate it in the two inequivalent order-
ings using the algorithm (A.43); we see that —23 ® Z(0|1,4,5) and —1 ® Z(0(23,4,5) give
rise to

23145 = —0Vp(2,3), Zi9345 = Vi(1,2,3) —0Vp(1,2) + 0Vp(1,3), (A.49)

which are, of course, equal. A bit less obvious is the equality of both Zi 23456 and 2234156
under the algorithm (A.43), as this implies

‘/2(1727374) = ‘/1(1)2)3)8‘/0(174) - V1(17374)8‘/0(172) - a‘/l(l?274) + 8‘/1(17372)
+OVi(1,3,4) — OVi(1,4,2) — OV1(2,3,4).

These observations imply that it is advantageous to write the expansion of the scalar
GEls in a certain “canonical” order such as: E1|234,5,6 = 21,234,5,6 + Zl2,34,5,6 + 2123,4,5,6 +
Z412,3,5,6 — 214,23,5,6 + 2143,2,5,6 since it takes the shortest form E1|234,5,6 = VQ(l, 2,3, 4).

B The Jacobi theta expansion of g(™ (z, T)

In this appendix we will list, for convenience, the explicit expansions of the coefficients of
the Kronecker-Eisenstein series in terms of Jacobi theta functions for the first few cases.

Recall that the functions ¢ (z,7) admit the following recursive expansion [17]
n 1 - n—j
¢ (z,7) = - ZSj(z,T)g( Nzyr), ¢ Wz 1) =Ei(z7), 9907 =1, (B1)
=1

where &(z,7) = (—1)/(G;(7) — E;(2,7)) and Epy1(z,7) = (=1)"40" 1 log 6, (2, 7) with
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G, (1) denoting the Eisenstein series (2.7). It is a matter of tedious algebra to get:

6(1)(2 T)
(1) _ N \&5T) B.2
97 (z,7) or(57) (B.2)
(2) (3)
gDy = L0 @D 16 (07)
2! O1(z,7) 3! 951)(077_)
1097 1690,7)
(3) _2neT) 1907 @
g (Z77_) 3! 91(2’7_) 3! 951) (O,T)g (ZaT)
w1000 1070,7) 1607(0,7)
g (277—) - 4| 9 | (1) g (277-) | (1)
oz 3e(o,r) 51617(0,7)
1697 16%0,r 16%0,7
o0z = SO BT LT o) LA . o
Pou(z,m)  3Le\W(0,7) Mot (0,7)
The surprisingly simple pattern above arises from non-trivial cancellations such as
1 1 680, 7) 1 67(0,7)
Gy—-G3=—— 127 8Gg—6GyGy+G3 = —— L2 7 (B.3)
2% 30900, 7) T 105900, 7)

where the expansion of the Eisenstein series in terms of Jacobi theta functions reads [40]

ulr) = ATOD) g - LOTOD) L (OTODNE
61"(0,7) 00100, 7) 18\61Y(0,7)

Go() = 8%0 Qg;(o,ﬂ 1 95?’(0,7) 95?(0,7) 1 <9§i’>(o,7)>3_
6170, 120670,7) 61" (0,m)  108\giV(0,7)

B.1 Laurent series expansion of the g(")(z, 7)-functions

The Laurent expansion of g(™(z, 1) follows from (B.1) and [41] (note h =1

Ba(7) = o + (-1)" mi:l (T_‘f) Giapn (7)22m 1. (B.5)
More explicitly,
g(l)(z, T) = % — Goz — Gy — Gg2® + 0(2") (B.6)
9P (z,7) = -Gy + %(G% —5G4) 2% + <G2G4 — ;G6>z4 +0(2%

1 1 1
9(3)(,2,7') — §(G% - 5G4)Z + § <5G2G4 - 3375G6 - 3G%> 23 —|— 0(25)

1 1
g (z,7) = —Cy + 3 (5G2G4 — %GG - 3G§>z2 +0(zY).
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C String correlators and GEIls

For convenience, in this appendix we quote from part III of this series of papers a repre-
sentation of the one-loop correlators utilizing GEIs for n = 4,5,6,7, as they are frequently
referred to in this work.

Ka(l) = Crj234F12,34 (C.1)

Ks (6) = C{?273,4,5E172,3,4,5 + [Cl|23,4,5523E1\23,4,5 + (27 3|27 3,4, 5)] ) (0'2)
1

Ke(f) = frzns 156E1 23,456~ [Pipjsas6B23456 + (24 3,...,6)] (C.3)

+ [52301|23 1561 ps a6+ (2,32,3,... 6)]
+ ([82354501|23,45,6E1|23,45,6 +cye(3,4,5)] 4 (6 «» 5,4, 3, 2))
+ ([82383401|234,5,6E1|234,5,6 +cye(2,3,4)] +(2,3,412,3,...., 6))

N mn (s)mn
K7€) = Cl|2§4567E1|234p567 (C.4)

+ C1|23 45,6 7E§\82):§nf5 671 (2,3[2,3,4,5,6,7)
+ [Cliasase, 7E§|S;§Z 567 T Clloazse 7E§|S%Z§ s67) T (2.3,412,3,4,5,6,7)
+ [Clag s 67 Eoms 6.0 + €ve(2,3,4)] + (6,712,3,4,5,6,7)
+ [01‘2345 6 7E1|2)345 67T perm(3,4,5)] + (2,3,4,52,3,4,5,6,7)
+ [C1jas4,56 7E1|2)34 56,7 T C1j243,56 7E§‘2)43 567 +eve(5,6,7)] +(2,3,4/2,3,4,5,6,7)
+ [Cips a5 67E1|23 45,67 T Cye(4,5 ,6)] + (3 4> 4,5,6,7)
s BN (24 3,4,5,6,7)
— Piispt,.tB oy, 7+ (2:3(2,3,4,5,6,7)
- [P1|2‘34757677E§‘52)|3475,677 +eye(2,3,4)] + (2,3,4]2,3,4,5,6,7) .
By the symmetric role of GEIs and BRST (pseudo-)invariants, these representations man-
ifest the double-copy structure of one-loop open-superstring amplitudes [6]. Other proper-

ties of one-loop correlators including locality are manifest in various alternative represen-
tations given in part III.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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