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the presence of Gr ’t Hooft anomalies, the supersymmetric Ward identities imply that
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and My = X, x T2. We propose a new expression for Z 4_1xst, which differs from ear-
lier holomorphic results by the introduction of a non-holomorphic “Casimir” pre-factor.
The latter is fixed by studying the “high temperature” limit of the partition function.
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regularization.
KEYWORDS: Anomalies in Field and String Theories, Global Symmetries

ARX1v EPRINT: 1905.05722

OPEN AcCCESS, (© The Authors.

Article funded by SCOAP®. https://doi.org/10.1007/JHEP08(2019)035


mailto:cyril.closset@maths.ox.ac.uk
mailto:ldipietro@perimeterinstitute.ca
mailto:kimh@maths.ox.ac.uk
https://arxiv.org/abs/1905.05722
https://doi.org/10.1007/JHEP08(2019)035

Contents
1 Introduction

2 ’t Hooft anomalies and the 2d N' = (0, 2) elliptic genus
2.1 The free fermion and the Quillen anomaly
2.2 The elliptic genus and the torus partition function
2.3 Non-holomorphy of the supersymmetric partition function Z;2
2.4 The small-f; limit of Zp2(v, 7)
2.5 The supersymmetric 72 partition function, revisited
2.6 Anomalous supersymmetry variation from WZ gauge-fixing

3 ’t Hooft anomalies and 4d N = 1 partition functions
3.1 Curved-space supersymmetry for 4d N’ = 1 theories
3.2 Background vector multiplet and minimal coupling
3.3 My supersymmetric partition functions and holomorphy
3.4  Supersymmetry variation of the effective action
3.5 Non-holomorphy of the supersymmetric partition function Z4,
3.6 The small-Bg1 limit of Zy, .1 (v,T)
3.7 Generalization to any abelian flavor symmetry
3.8  R-symmetry contributions to 6 W
3.9 Anomalous supersymmetry variation from WZ gauge-fixing

4 4d N = 1 supersymmetric partition functions, revisited
4.1 The M, x S! background
4.2 Supersymmetric Ward identity on M, , x S!
4.3 The holomorphic supersymmetric partition function
4.4 The “gauge-invariant” supersymmetric partition function

A Conventions in various dimensions
A.1 Four-dimensional conventions
A.2 Three-dimensional conventions and dimensional reduction from 4d
A.3 Two-dimensional and one-dimensional conventions

B 6O-function and elliptic I'-function

C One-loop determinants and {-function regularization
C.1 Free fermions on 7?2
C.2 4d N =1 chiral multiplet on Mg, x S*

D Large-gauge transformations and the anomaly polynomial
D.1 Determinant line bundles on J(7?) and torus partition function
D.2 Large gauge transformations for the 4d partition function

10
14
17
19
21

22
23
26
28
29
31
33
37
38
40

44
44
46
49
53

56
56

o8
58

60
60
62

64
65
67




1 Introduction

In this paper, we explore intriguing properties of supersymmetric partition functions in
even space-time dimensions.! In two dimensions, we consider the T2 partition function of
2d N = (0, 2) supersymmetric theories, or elliptic genus [2]. In four dimensions, we consider
the S x S' supersymmetric partition function, which computes the A” = 1 supersymmetric
index [3, 4].% In both cases, the partition functions depend non-trivially on some continuous
parameters:

ZT2(V7T)7 Z5'3><5'1(V7 T)' (11)

Here, there is one “flavor parameter,” v, for each U(1) current, with [, U(1), the maximal
torus of the flavor (non-R) symmetry group, G, of the field theory. The parameter 7, on
the other hand, denotes a “geometric parameter,” corresponding to the complex structure
modulus of the torus in 2d, or to a complex structure modulus on S x S! seen as a Hopf
surface [6]. This setup preserves two supercharges of opposite R-charges, Q and 0.

Through a number of explicit computations — see in particular [7-11] —, it was found
that these supersymmetric partition functions are locally holomorphic in the complex pa-
rameters v and 7. Moreover, there is a simple a-priori argument for the holomorphy
of (1.1), which is that the anti-holomorphic parameters, 7 and 7, couple to Q-exact oper-
ators in conserved-current supermultiplets [6].

The holomorphy of (1.1) in the flavor parameters v, however, clashes with gauge
invariance whenever the flavor symmetry, G, has non-vanishing ’t Hooft anomalies. To
see why, consider the effective action for the quantum field theory coupled to a background
gauge field for the flavor symmetry:

Wla] = —log Z|a] (1.2)

Zla] = /[Dgp] o~ [ d*a(Lolel+anit+) ’

where the ellipsis denotes additional couplings designed to make the full classical action
gauge-invariant. A 't Hooft anomaly is a violation of the gauge invariance of the effective
action (1.2) which cannot be removed by a local counterterm.? Under a gauge transforma-
tion dqa, = Dya, with o = a(z) a gauge parameter, it takes the form:

daWla] = i.AF/ awq(a), (1.3)
My

on any d-manifold M, (with d even), where the real d-form w,(a) is local in the background

gauge field. The form wy is universal and well-known, in any dimension and for any compact

Lie group Gr. The coefficient Ar € Z in (1.3) depends on the particular theory; in UV-free

theories, it is determined by the flavor charges of the chiral fermions.

1For a review of exact results for supersymmetric partition functions, see e.g. [1].

2We will focus on the q = p limit of the three-sphere index. We will also consider a more general class
of generalized indices, replacing the S* with M, ,, a degree-p circle bundle over a Riemann surface of
genus g [5].

3See, for instance, section 2 of [12] for a nice and detailed discussion of *t Hooft anomalies.



The crucial aspect of (1.3), for our purpose, is that it is purely imaginary, given a real
background gauge field a,,. Therefore, the absolute value of the partition function, |Z], is
gauge invariant, as in the well-known case of free fermions. In fact, we expect |Z]| to be
invariant under both small and large gauge transformations, provided we work in a scheme
that respects the consistent anomaly equation (1.3). (This expectation will also be borne
out by explicit computations.)

On the other hand, the absolute value of a supersymmetric partition function that
would be truly holomorphic in the flavor parameters cannot be fully gauge invariant and
consistent with (1.3). Consider, for instance, the supersymmetric partition function on
S3 x S1. Tt depends on the background U(1) gauge field through two real parameters,
which we denote by a; and ay. They correspond to holonomies of the gauge field through
the S* factor and through an S' Hopf fiber 7 inside S3, respectively:

1 1

a, ap =5 [ a. (1.4)
g

ay — —
27 S1

The complex flavor parameter v is defined in terms of these real parameters as:
V=Tay — Q. (1.5)

The parameter a; is only defined modulo the identification a; ~ a; — 1 (equivalently,

v ~ v+ 1), which corresponds to a large gauge transformation along the S*. Under it, the

53 x S1 partition function computed in [10] transforms as:*

-(Aqqq (2 1\_Aq
IS3><51<V+ 1,7’) = 67”< 2 (V +V+3) 6 )253><51(1/,T), (16)

where Aqqq and A, are U(1) 't Hooft anomalies (cubic and mixed U(1)-gravitational, re-
spectively). Since the whole object Zgsy g1 (v, 7) is holomorphic in v, its absolute value is
clearly not — and could not be — gauge invariant under the large gauge transformation
ve~v4 1.

A completely analogous puzzle arises in the simpler case of the torus partition func-
tion, Zp2(v,7), of a 2d N/ = (0,2) gauge theory. The explicit localization result of [7, 8]
transforms non-trivially under the large gauge transformations v ~ v+1 and v ~ v+7, and
its absolute value is not gauge invariant. It is also interesting to study modular transfor-
mations of the torus; we expect the absolute value of the partition function to be modular
invariant, which is not the case of the explicitly holomorphic answer for the elliptic genus.

The holomorphy of supersymmetric partition functions in the flavor parameters follow
from a supersymmetric Ward identity [6, 13], as already mentioned. We have:

0 ~

5, V) =(7)=({Qj}) =0, (L.7)
schematically. Here, the operator J, which happens to be the supersymmetry variation of a
fermionic operator j, is the component of the conserved current j* that couples to the anti-
holomorphic parameter v. In that last equality, we then use the fact that the expectation

value of any Q-exact operator vanishes. Thus, we seem to have a tension between:

4There are additional contributions to these anomalous transformations from mixed anomalies between
the flavor group and the R-symmetry, which we will discuss further in the main text.



(i) Gauge invariance of the absolute value of the supersymmetric partition function Z,,,
whenever the flavor symmetry has 't Hooft anomalies; then, Z,,, should be compat-
ible with the anomalous G gauge variation (1.3).

(ii) Holomorphy of the supersymmetric partition function in the flavor parameters, which
follows from supersymmetry according to (1.7).

In this paper, we resolve this apparent contradiction. The resolution is based on the
fact that, whenever we insist on working in a diffeormorphism-invariant scheme,® the G
't Hooft anomalies induce specific quantum corrections to the supersymmetric Ward identi-
ties, which are determined by the Wess-Zumino consistency conditions. As a consequence,
the relation (1.7) is modified, and the partition function acquires a non-holomorphic de-
pendence on the flavor parameters, that is precisely as required to make its absolute value
gauge-invariant.

These quantum corrections to supersymmetric Ward identities, also referred to as
“supersymmetry anomalies,” were studied long ago in [14, 15], and more recently in [16-22].
They follow from an anomalous transformation of the effective action:

SW #£0), (1.8)

where J; denotes a supersymmetry variation in the Wess-Zumino (WZ) gauge [23] for the
background vector multiplet. This requires some explaining, however, to avoid possible
confusions. First, the anomalous supersymmetry variation (1.8) does not appear with any
new anomaly coefficient; instead, the non-vanishing value of 6.W is entirely determined by
the bosonic 't Hooft anomalies for the flavor currents. Secondly, one can understand (1.8)
as a consequence of working in the Wess-Zumino gauge, as explained e.g. in [24]. Re-
call that, in the WZ gauge, the supersymmetry transformations themselves depend on the
(background) gauge field, because they are defined as the “bare” supersymmetry transfor-
mation, (520), plus a compensating gauge transformation, 59(4), namely:

5 = 8 + doe) - (1.9)

Here, dq¢) is a specific supersymmetric gauge transformation whose chiral-multiplet-valued
gauge parameter, Q((), depends explicitly on a,. In this language, the supersymmetry
variation (1.8) follows from:

0w =0, SoioW o Ap #0, (1.10)

as we will explain in detail — in this language, (1.8) is a straightforward consequence of the
ordinary ’t Hooft anomaly in the presence of supersymmetry. Of course, our physical con-
clusions below must be the same in any gauge; it is merely convenient to fix the WZ gauge
from the start, as usually done in the discussion of supersymmetric partition functions.
In general, the supersymmetric Ward identity (1.8) receives contributions from both
the “flavor sector” and the “geometric sector” (in particular, from the U(1)r symmetry

5Such a scheme always exists in four-dimensions. In 2d, we might have a gravitational anomaly. Our
discussion can be generalized to that case as well.



't Hooft anomalies). The background gauge fields for the former sector sit in vector multi-
plets, while the background fields for the latter (including the U(1)g gauge field) are part
of a supergravity multiplet.® In this work, for simplicity, we focus on the flavor sector and,
thus, on the consequences of the flavor ’t Hooft anomalies in the presence of supersymmetry.

’t Hooft anomalies and supersymmetry. Let us then study supersymmetric partition
functions with background vector multiplets in the Wess-Zumino (WZ) gauge [23]. Any
background vector multiplet, Vr, has components:

VF:(aua)\uan)v (111)

in WZ gauge (in 2d or 4d), with A, X the gauginos. Then, the supersymmetry variation (1.8)
of the effective action takes the schematic form:

5W = AF/ddx@g\y(A,X, 0, (1.12)

where ( is a supersymmetry parameter of R-charge +1 and dimension —%, and the coeffi-
cient, A, is the same 't Hooft anomaly coefficient that appears in (1.3). The local function
U(A, X, a) in (1.12) must be fermionic and of engineering dimension d + %; in particular, it
is at least linear in the gauginos (it is quadratic in the vector multiplet in 2d, and cubic
in 4d). This term was first computed long ago [14, 15], while a systematic analysis in 4d
N =1 theories was recently carried out in [22].

In the WZ gauge for Vp, the existence of the anomalous supersymmetry variation (1.12)
is implied by the Wess-Zumino consistency conditions for the anomalies [14]:

[0, 0c]W =0. (1.13)
Since the supersymmetry variation of the gauge anomaly (1.3) is non-trivial:
3¢ (0aW) #0, (1.14)

it follows that 6, (d¢W) # 0, therefore 6. W itself must be non-zero. Alternatively, one can
simply compute (1.12) by fixing the WZ gauge, as in (1.10).

We then study d;W on a fized geometric background — more precisely, a fixed su-
pergravity background a la Festuccia-Seiberg [25]. We will consider the torus in 2d, and
half-BPS four-manifolds My in 4d [26, 27]. For instance, for 4d N/ = 1 theories, the cubic

't Hooft anomaly: '
iAgqq
2471'2 M

for a U(1) flavor symmetry, with f = da the field strength of the background gauge field

0o W = afANf, (1.15)
4
a, and Agqyq € Z the cubic anomaly coefficient, implies:

_ Aqqq
247T2 My

SeW = diz\/g (eWPUga#X y foo — 3ICA XX) , (1.16)

which happens to take the same form as in flat space [14].

5The geometric-sector contributions to 0¢W can be understood as arising from fixing the WZ gauge in
supergravity, similarly to the flavor sector contributions.



The “gauge-invariant,” non-holomorphic partition function. In this work, we dis-
tinguish between two distinct expressions for the supersymmetric partition function on Mg:

(i) The “gauge-invariant partition function,” which we will generally simply call “the
partition function,” and denote by Z(v,7). Here, by “gauge-invariant,” we mean
that |Z(v,7)|? is completely gauge invariant. This partition function is computed
in a diffeomorphism-invariant (diff-invariant) scheme compatible with the 't Hooft
anomaly (1.3).

(ii) The “holomorphic partition function,” which is the one studied so far in the literature.
We denote it by Z(v, 7), to distinguish it from Z (v, 7). It is implicitly computed in a
scheme that violates gauge and diffeomorphism invariance.

In all the examples we will consider, the supersymmetric background is of the form
Mg = Mg_1 x S*, and the supersymmetric partition function can then be computed
as an index, by canonical quantization on Mg ;. In 4d, the holomorphic partition
function Zy,«g1 can be understood as a generalized 4d N' = 1 index, as discussed e.g.
in [5, 11, 28, 29] for a large class of geometries. For the S x S' partition function, we
have the holomorphic result:

2miTE(v,T)

Tssnsi(v,7) =€ Igs(v, 7). (1.17)

Here, Ig3(v, 7) is the ordinary N = 1 supersymmetric index [3, 4], and the function (v, 7)
in (1.17) is the supersymmetric Casimir energy [10, 30, 31]:

3
_ Aggqv _ Agv

(S‘(V, 'T) = 67’3 E . (118)

The non-trivial large-gauge transformation in (1.6) comes entirely from the latter.”

We should compare this result to the expected properties of the “gauge invariant”
partition function. Working in a diff-invariant scheme, we have an anomalous supersym-
metry variation (1.12), which leads to an anomaly in the decoupling of some Q-exact
operators [16]. Indeed, consider the naive Ward identity (1.7). The fermionic operator j
is precisely the operator that couples to the gaugino X in the background vector multiplet.
Then, in the presence of any non-trivial contribution to 6:W, we have:

0 ~ 0
SeW0.1) = () = (Q.7)) = S=(6cW) £ 0. (1.19)
schematically. This “holomorphy anomaly” equation determines the non-holomorphic de-
pendence of the partition function on the flavor parameters v, .

For instance, for the S3 x S! partition function, the contribution (1.16) from the cubic
U(1) anomaly to ;W implies:

ow TiAqqq
— v
ov 679

(v—7). (1.20)

"This is specific to this simple case. On spaces of slightly more general topology, such as M , x S*, there
are other large gauge transformations under which the “pure index,” Iaqs, also transforms non-trivially.



We should then revisit the supersymmetric localization computation of the S3x S* partition
function for N' = 1 gauge theories [10] in light of the supersymmetric Ward identity (1.20).

Importantly, the above discussion does not invalidate the localization argument in any
way — it is still true that one can localize supersymmetric gauge theories and compute at
the weakly-coupled UV fixed point.® The only subtle point is that various one-loop deter-
minants have to be computed carefully, with appropriate regulators, depending on which
scheme we decide to work in. To compute the partition function Z(v, 7), we must work in a
scheme consistent with the anomalous variations (1.15) and (1.16), and with diff-invariance.
We then obtain results for the one-loop determinants that differ from the fully holomorphic
results obtained in [9, 10]. The non-holomorphic dependence is determined by (1.20).

We show that the absolute value squared of the supersymmetric partition function
Zgsy g1 takes the explicit form:

2 A
25 (A 40

| Zssws (v,m)|° = e Tgs (v, 7)|°, (1.21)

with Igs the ordinary letter-counting index, and ay related to v as in (1.5). This is to be
compared with the expression (1.17) for the holomorphic partition function Zgs, g1 (v, 7).
Note that the result (1.21) does not admit an “holomorphic square root,” therefore the su-
persymmetric partition function Zgsy g1 (v,7) cannot be holomorphic. The expression (1.21)
is completely gauge-invariant, by construction. Similar formulae hold for other supersym-
metric partition functions.

While the result (1.21) determines the absolute value of the “gauge-invariant” par-
tition function, we will further argue that the phase is also fully determined, thanks to
supersymmetry, essentially because the anomalous Ward identity (1.20) relates the real
and imaginary parts of the supersymmetric effective action.

The small-3 limit of supersymmetric partition functions. We also obtain new
general constraints on supersymmetric partition functions in the case of any half-BPS
manifold My = Mgy_1 x St (for d = 2, this is the elliptic genus; for d = 4 we have a
generalized index on M3).” In that context, we consider the “high-temperature limit,”
sending the circle radius 3 to zero, up to order § in the small-3 expansion:

Lo (=1 @ (1)
W o EWCH + W +BW L+ (1.22)
Crucially, the effective action is expected to be local in the background gauge fields, at
each order in j3, essentially because the d-dimensional theory compactified on the S (and
with appropriate chemical potentials) is generically gapped [32, 33]. The term of order 1/
gives the Cardy-like contribution discussed in [33],!° while the finite term essentially gives

8This is because the supersymmetric localization argument relies on the decoupling of Q-exact terms in
the gauge sector — in terms of dynamical gauge fields —, and the relevant Q-exact operators do decouple
because the gauge anomalies must vanish.

%In fact, our results will also be valid if the S* is fibered non-trivially over Mg_;.

10Recently, there was a renewed interest in similar Cardy-like limits in the context of black-hole microstate
counting [34-38] (see also [39]). We remark that our small-3 limit is distinct from the one considered in
those recent references (while it is the same as in [33]).



the partition function of the dimensionally-reduced (d — 1)-dimensional theory on M1
— see e.g. [40, 41]. We will study in detail the order-g term, Wél_)l. That term must
reproduce all the consistent flavor anomalies (1.3) of the d-dimensional theory, as well
as their consequences (1.12), because the anomalies themselves are local d-dimensional
functionals, and therefore only contribute at order g [32].

There indeed exists (d — 1)-dimensional local terms that reproduce the dimensional
reduction of the flavor 't Hooft anomalies, and are consistent with supersymmetry. For
instance, in 4d A/ = 1 theories on M3 x S!, the cubic 't Hooft anomaly (1.15), together
with the supersymmetry variation (1.16), uniquely determine the 3d local term:

Aqqq

1 _
ng - 127 M

dgx\/ﬁ( —ioe"P A F,, + 302D — Gio A\ + UzA#V“ + 03H) . (1.23)
3
Here, the fields (o, A, )\,X,D) are part of a 3d N/ = 2 vector multiplet (which descends
from the 4d N = 1 vector multiplet), and V, and H are background supergravity fields
necessary to preserve supersymmetry [42]. Analogous 3d local terms are necessary to match
any other 't Hooft anomalies.

Plugging the supersymmetric values for the background supergravity and vector mul-
tiplet fields into (1.23) — and its analogues for other 't Hooft anomalies —, we determine
a priori the form of the supersymmetric partition function Z,,,,¢1 at order 8. The result
agrees with our explicit computation of the absolute value of the supersymmetric partition
function, and also agrees — as it should, by construction — with the anomalous Ward
identity (1.20).

These considerations lead us to propose a general formula for the supersymmetric
partition function Z,,, | .g1(v,7), which is fully consistent with gauge invariance and
supersymmetry. This is based on the observation, true in a number of examples, that
the holomorphic partition function Zy, | xs:(v,T), does not have any order-f term in its
small-B expansion — for the S? index, this was proven in [43]. Ref. [43] proves this result
under the assumption that the S3 partition function of the dimensionally reduced theory
is finite, and moreover it shows that counterexamples exist when this assumption is not
satisfied. In our paper we will always assume the finiteness of the M3 partition function.

Then, we propose that the “gauge-invariant” supersymmetric partition function, com-
patible with all anomalous Ward identities, takes the form:

(1) _
Zpmy x5ty 0,7) = e PWVahWn D (7). (1.24)

Here, Wél)l(y, v,T) denotes a function computed from the (d—1)-dimensional functional
Wéi)l — in particular, we have the contribution (1.23) for the 4d cubic 't Hooft anomaly
contribution — upon evaluation onto the supersymmetric locus for the background vector
multiplet.

Note also that, if we interpret the 3d local term 5W§é) (v,,7) as a 4d local term, by a
trivial uplift which breaks 4d diff invariance explicitly, one can view the relation (1.24) as
a change of scheme from the holomorphic to the “gauge invariant” form of the supersym-
metric partition function. As expected, the holomorphic partition function corresponds to



a scheme that breaks diff-invariance explicitly. We shall leave a more systematic under-
standing of the allowed counterterms for future work.

Outlook and summary. In this paper, we focussed our attention on general constraints
on supersymmetric partition functions in the presence of 't Hooft anomalies for the flavor
symmetry, for 2d N' = (0,2) and 4d N = 1 supersymmetric theories with an R-symmetry,
U(1)r. This clarifies important aspects of the dependence of these partition functions on
the flavor parameters.

Supersymmetric partition functions can also depend non-trivially on geometric param-
eters — in particular, on the modular parameter 7 discussed in this paper, but also on
more subtle geometric data. It was first pointed out in [16] that the 't Hooft anomalies for
the U(1)g symmetry — and, more generally, 't Hooft anomalies in the “gravity sector” —
can introduce an anomalous dependence of the partition function on the geometry, thus
resolving puzzles that arose from detailed holographic computations [44]. This interesting
problem could also be addressed by combining the approach of this paper with the general
solution to the WZ consistency conditions for the R-multiplet given recently in [22]. It
would also be interesting to generalize this work to include 6d A = (1,0) theories, and to
discuss theories in 2d and 4d with higher supersymmetry.

Finally, let us mention that the non-holomorphy of partition functions in the flavor
parameters, as discussed here, is distinct from (and much simpler than) several other
examples of holomorphic anomalies in the literature, such as the holomorphic anomaly
of the topological string partition function [45], or of the elliptic genus of theories with
continuous spectra [46, 47], or else in Donaldson-Witten theory [48]. In our case, the non-

’ and not as

holomorphic term appears entirely as a “supersymmetric Casimir-energy term,’
part of the “spectrum;” the interpretation being that it essentially corresponds to a choice
of scheme. In all cases, however, it is expected that the non-decoupling of the relevant
O-exact operators can be understood as a boundary term in the path integral; it would be
interesting to understand our results in that language.

This paper is organized as follows. In section 2, we discuss the flavor 't Hooft anomaly
in 2d V' = (0, 2) supersymmetric theories, and its consequences for the T partition func-
tion. In section 3, after reviewing some necessary formalism, we discuss the analogous
problem for 4d N’ = 1 supersymmetric theories on a fixed half-BPS new-minimal super-
gravity background, and we consider the small-3 expansion for theories on Mz x S1. In
section 4, we use those results to revisit the computation of supersymmetric partition
functions on a large class of four-dimensional backgrounds called Mg, x S, which include
S3 x S' as a special case. Additional computations and hopefully useful discussions are
contained in several appendices.

2 ’t Hooft anomalies and the 2d N = (0, 2) elliptic genus

As an interesting warm-up to the four-dimensional case, let us study the partition function
of a 2d N = (0, 2) supersymmetric theory on the torus, in the presence of flat connections
for background gauge fields coupling to the flavor symmetry — this is also known as the
flavored N = (0, 2) elliptic genus.



2.1 The free fermion and the Quillen anomaly

The simplest example of a two-dimensional ' = (0,2) supersymmetric theory is a free
massless Fermi multiplet, which contains a single chiral fermion, A_, of positive chiral-
ity. Consider the partition function of this free theory on a Riemann surface X, with a
background gauge field a, coupled to the U(1) global symmetry:

L = —2\_Dgh_. (2.1)
The Dirac operator can be written as:
Dy = Vg —iag, (2.2)
with w some local complex coordinate. The naive formula for the partition function:
Zys, = det(Dy) , (2.3)

seems to define a locally holomorphic function of the connection, i.e. it only depends on ag
and not on a,. On the other hand, since the operator Dy flips the chirality, its determi-
nant is ill-defined. The standard procedure is to consider det(D,,Dy) instead. If the latter
determinant factorized holomorphically — that is, if it were a product of a holomorphic
times an anti-holomorphic factor —, one would naturally obtain a holomorphic defini-
tion of the original partition function, simply by taking the “holomorphic square-root” of
det(Dy Dyg). However, an explicit calculation by means of a gauge-invariant regularization,
such as Pauli-Villars or zeta-function regularization, reveals that [49]:

det(DyDyg) = e | F(ag)|?, (2.4)
where F' is a holomorphic function, and ¢ is the “Quillen counterterm”:

q dw A dw ayag , (2.5)

=5 g
schematically. Due to the prefactor e~9, the holomorphic factorization fails, and in partic-
ular the original partition function cannot be defined as a holomorphic function of the con-
nection. This is known as Quillen’s holomorphic anomaly. As we will see, it is also the sim-
plest example of the non-trivial interplay between ’t Hooft anomalies and supersymmetry. !

A nice geometric interpretation of (2.4) was provided in [50]. The freedom in choosing
the connection a, can be parametrized by the space of flat connection on the Riemann
surface, i.e. the Jacobian J(X). The latter is a 2g-dimensional torus for ¥ a Riemann
surface of genus ¢, and it inherits a complex structure from that of X. In the presence of
a U(1) 't Hooft anomaly, the partition function of the chiral fermion is not a holomorphic
function on J(X) but rather a section of a holomorphic line bundle over it:

L — J(%), (2.6)

1 Quillen’s anomaly can be stated much more generally in terms of Dirac operators that depend holo-
morphically on some moduli; presumably, the 4d N' = 1 case to be discussed in the next section could also
be understood in that language.



usually called the determinant line bundle [49]. The expression (2.4) is then interpreted as
defining a Hermitian norm on .# (known as the Quillen metric), and its failure to factorize
is due to its curvature. The first Chern class ¢1(.%) is fixed precisely by the 't Hooft
anomaly coeflicient.

The case ¥ = T2. In anticipation to the discussion of the elliptic genus, let us consider
more explicitly the case of a chiral fermion on a torus. We choose coordinates x ~ x + 27
and y ~ y + 27, with the complex coordinate:

w=x+TY, T=T7 +iro, nggj, (2.7)
for some fixed complex structure modulus 7. The metric on the torus reads:
ds*(T?) = Bidwdw = B3(dx + 11dy)* + Bady? . (2.8)
In this case, the Jacobian is itself a torus, parametrized by the complex variable:
V=a,T —ay =2imag, (2.9)
subject to the identifications:
vev+1, ve~ev4T, (2.10)

under large gauge transformations. In appendix C.1, for review the calculation of the
determinant det(D,,Dy) via zeta-function regularization. From that calculation, we obtain
the following result for the partition function of a chiral fermion:

% _ag 1

—27T
Z3s ox e 2<2 ’ 12) Oo(v; T) (2.11)

where the coefficient of proportionality is a phase factor (possibly a function of the real
parameters az, ay, 71, 72). Here, 8p(v;7) is the “reduced” theta-function; its definition and
properties can be found in appendix B. The theta-function is an holomorphic section of the
determinant line bundle on J(7'?), in agreement with the discussion above; in particular, it
transforms non-trivially under large gauge transformations. The non-holomorphic prefactor
in Z, takes the form of a Casimir energy, being the dominant contribution in the limit
To — 00. By construction, the absolute value of the partition function, |Z,|, is invariant
under the large gauge transformations v — v+ 1 and v — v + 7, in agreement with the
requirement of gauge-invariance described in the introduction.

2.2 The elliptic genus and the torus partition function

Let us now consider a two-dimensional field theory with N/ = (0,2) supersymmetry. We
are interested in its elliptic genus, which may be defined as the supersymmetric index:

I(v,7)=Tr ((—1)Fqu_HyQF) , q=e"mT oy =, (2.12)
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Here, QF denotes the generator of a U(1) global symmetry, and y is the associated fugacity
— more generally, one introduces one fugacity y, for each U(1), in the maximal torus of
the global symmetry group Gp.

The elliptic genus can also be understood as the supersymmetric partition function on
T? with complex structure modulus 7, as in (2.7). The chemical potential v corresponds to
a flat background gauge field for the U(1) global symmetry, a,dz* = aydw + apdw, with:

1 1
V= QT — Gy, @ =5 [ a, ay=— [ a, (2.13)
Ve Ty

with 7, and 7, the one-cycles along = and y, respectively. As we will review below, a simple
argument shows that the derivatives with respect to 7 and 7 are (Q-exact and therefore the
partition function Zz2(v, 1) is expected to be holomorphic in v; a similar argument shows
that it should be holomorphic in the geometric parameter 7, as well.

Explicit expression for ‘Lagrangian’ theories. The elliptic genus can easily be com-
puted for free theories. For a free chiral multiplet ® or for a free Fermi multiplet A, of
charge ¢ = 1 under the U(1) background gauge field, we have:

i

Io(v,7) = W,

Ia(v,7) =i0(v;7), (2.14)
respectively. Here, O(v, 7) is the ordinary Jacobi theta function — see appendix B.

Thanks to supersymmetric localization, we also an have explicit expression for su-
persymmetric gauged linear o-models (GLSM) [7, 8, 51]. Consider an N' = (0,2) vector
multiplet for the gauge group G, coupled to chiral multiplets ®; and Fermi multiplets A;
in representations R; and Ry of G, respectively. The localization formula for the elliptic
genus takes the form:

(v, 7) 7{ H o 1w, v,7) (2.15)

where the contour integral denotes the Jeffrey-Kirwan residue [52]. The integrand reads:

I(u,v,T) H H Zo(pi(u) + w;(v H H Ia(pr(u) + wr(v),7)

i pi€R; I pred;

( 27t n(T rk(G HIA
acy

(2.16)

The products over the indices ¢ and I, on the first line, run over the chiral and Fermi
multiplets, respectively. The fugacities associated to the gauge group are denoted by wug,
and are integrated over; the flavor fugacities are denoted by v. Here, p = (p*) denote
the weights of the representations R under the gauge symmetry. We will also uses indices
a, f3,... for the Cartan subalgebra hr of the flavor symmetry, so that e.g. w(v) = w%vq,
with w = (w®) a flavor weight and v = (v,) € (hr)c. The second line in (2.16) is the
contribution from the vector multiplet, with the product over the non-zero roots « of the
gauge algebra g.
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Behavior under large gauge transformations. It is instructive to consider the be-
havior of the elliptic genus under large gauge transformations for the flavor fugacities:

(ag,ay) ~ (az —m,ay +n) & ve~v+n+mr, (2.17)

for any n,m € Z. For instance, for a free Fermi multiplet of charge ¢ € Z under the U(1)
flavor symmetry, we have:

IA#I(V? T) = IA((]Z/, 7—) 9

S (2.18)
Ing(v+n+mr 1) = (_1)q(n+m) o~ ia? (2my+m?T) Thq(v,7) .

The behavior under large gauge transformations is governed by A, = ¢, the 't Hooft
anomaly coefficient for a free Fermi multiplet. More generally, for any GLSM, we have the
quadratic U(1),, 't Hooft anomaly coefficients:

A = =" wtw! +3 wif (2.19)
i 1

where the integers w{* and w§ denotes the U(1), flavor charges of the chiral and Fermi
multiplets, respectively. In a well-defined GLSM, all the gauge and gauge-flavor anomalies
should vanish:

Al = STt 3 piph =0, A% =N il Y pef =0, (2.20)
7 I i I

This implies that the integrand (2.16) is single-valued under u ~ u + 1 ~ u + 7. Under an
arbitrary large gauge transformation:

Vo = Vo + Na + MaT, N, Mo € 7, (2.21)

for the flavor parameters, the elliptic genus transforms as:'?

I(I/ +n+mr, 7_) _ (_l)Ag‘(naera) e—m‘Aaﬁ (maVﬁ+Vamﬁ+mam[jT) I(l/, 7_) 7 (2.22)

where we sum over repeated indices. The fact that the behavior under large gauge trans-
formations is governed by the 't Hooft anomalies can be understood on general ground; we
discuss some aspects of this in appendix D.1.

Holomorphy versus gauge invariance. As emphasized in the introduction, the trans-
formation property (2.22) is somewhat puzzling when Z (v, 7) is viewed as a partition func-
tion on T2, because the real part of log Z transforms non-trivially under large gauge trans-
formations. On the other hand, we expect that there exists a scheme in which the absolute
value of the partition function, Zz2(v,7), is fully gauge invariant:

| Zr2 (v +n+m7,7)| = |Zp2 (v, T)| . (2.23)

12Here we also introduced the “linear anomaly” coefficient:
[e3 [e3 [e3
Aq = - E W; + E wr
i I

which governs the sign on the right-hand-side of (2.22). This sign is a more subtle effect, related to the
parity anomaly in 1d, which we will not discuss in this paper.
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Consider again a free Fermi multiplet of unit charge. According to (2.11), we have:
128 (v, 7)| = e ™% |Ta (v, 7)) . (2.24)
More generally, we will argue that:
Zp2(v,7) = e~ WaWP T 7y 1) | (2.25)

for any N = (0,2) supersymmetric theory, with W14 a function to be determined below.
Note that W14 cannot be holomorphic in v if (2.23) holds true. In the case of a GLSM, it
is easy to check that imposing (2.23) a priori completely determines the real part of Wygq
to be:!3

Re|Wyq(v, 7,7, %)] =119 A%y 0y (2.26)

up to a pure constant. The explicit result (2.24) is a special case of the relation (2.26).

We see that gauge invariance imposes that the 72 partition function is not fully holo-
morphic in the flavor parameter v (and possibly in 7, as well). Naively, this is in contra-
diction with supersymmetry. As we will review below, the anti-holomorphic parameter v
couples to a (Q-exact operator, and therefore we would expect to have:

0

%ZTQ (v,7) =0, (2.27)
as a supersymmetric Ward identity. The presence of a non-trivial quantum correction
to the supersymmetric Ward identity [15] resolves this puzzle, as we explain in the next

subsection.

Behavior under modular transformations. Let us also briefly discuss the behavior
of the elliptic genus under large diffeomorphisms of the torus, which span the modular
group SL(2,Z). Let k, denote the gravitational anomaly coefficient, defined as:

kg =Y dim(R;) - > dim(R;) — dim(G), (2.28)
) I

for a GLSM. Using the properties of the #-function summarized in appendix B, one can
check that:

1 T L Ao T
T <V’ —> = TR T A s T(y 1) T, 7+ 1) =e 6 I(v,7), (2.29)
T T

under the S and T generators of SL(2,7Z), respectively. This behavior presents physical
puzzles similar to the case of the behavior under large gauge transformations, and their
resolutions will be similar.

3Recall the definitions v = Ta, — ay and T = T + T2
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2.3 Non-holomorphy of the supersymmetric partition function Zp2

2

We will now derive the correction to (2.27) in the “gauge-invariant” scheme. To this end,
we first review the structure of the conserved current (0,2) multiplet, its coupling to a
background vector multiplet, and the supersymmetry algebra in WZ gauge.

Consider a 2d N' = (0,2) supersymmetric theory with Gp = U(1), for simplicity.
We can preserve the two supercharges, )4 and C~2+, on the flat torus. Let us denote the

supersymmetry variations by:
O¢=—iC-Q+,  dp=—iCQy, (2.30)

where (_ and Z_ are constant Weyl spinors,'* which we take to be bosonic, so that the
supersymmetry variations are fermionic.

Coupling to a background vector multiplet. The U(1) flavor symmetry current, j*,
sits in a 2d A = (0,2) current multiplet, 7, with component operators:

j:(ijJr’;Jr’ju)? a,uj“:o7 (231)

where j; and 5+ are fermionic operators. Let us denote by (ju,jw) the components of
Ju in complex coordinates; in particular, we have Oyjp + Opjw = 0. The N' = (0,2)
supersymmetry variations of the current multiplet read:!?

oc = —iC-j+, oz = —iC s,

S¢jr =0, 0gis = —2iC (i + i0a ],

Scjt = 2iC_(jo — i0a]), 6+ =0, (2.32)
Sciw = —C-Bujx+ Sgjw = C-Oui+

Ocjo = C-Dajs Sgin = —C-Oujy -

We couple the current multiplet to an abelian background vector multiplet in the Wess-
Zumino (WZ) gauge, which consists of a gauge field a, = (aw, ap) and its superpartners:

Vi = (au, A, A_, D). (2.33)

Its supersymmetry variations read:

(Scaw = —iC_X_ s (%aw = —Z'z_)\_ s

6§aw:0, 5Eai):07

SA- = iC_(D + 2ifus), dph- =0, (2.34)
S A =0, 5ZX— = —iC_(D — 2ifuws)

5D =2 g\, 6D = —2(_OpA_,

Our conventions for two-dimensional spinors are summarized in appendix A.3.
1511 this subsection, we are setting 31 = 1 to avoid clutter, so that the torus metric is simply ds? = dwdw;
equivalently, we are absorbing (1 into the definition of w, w.
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where f,, = 0,a, — 0,a, is the field strength. The supersymmetry algebra in the WZ
gauge takes the form:

(6)°P() =0, (0)°0) =0, {8¢,05}P(g) = —4i¢_( (D —iqag) ¥y,  (2.35)

on any field ® ) of charge ¢ under the U(1) flavor symmetry; note that it is gauge-covariant.
We can also write the last anti-commutator as:

{0¢,07} = —4iC_C 0 + buay,  ala) =4i¢ag. (2.36)

The second term on the right-hand-side can be understood as an a,-dependent gauge
transformation, d,. Then, (2.36) gives the supersymmetry algebra acting on any fields,
including the gauge field itself (with dna, = J,a).

The supersymmetric minimal coupling between the current and the background gauge
field takes the form:

Lo = 2awjs + 2+ DI+ A_jy — A_jy . (2.37)

In particular, we can consider supersymmetric background values for Vg, which are such
that the gauginos A_, A_ and their variations vanish — that is:

D=0, fos=0, (2.38)

and the gauge field a, must be flat. For future purpose, we will consider small variations
(au, A=, Ay, AD) around that locus, while keeping the gauge field flat. Then, using (2.38),
one can write (2.37) as:

L7 =200 (jo — 100J) + 205 (Guw + i0uJ) + ADJ + A_jy — A_js . (2.39)

Looking at (2.32), we see that a, couples to a d¢-exact operator,'® which should not
affect supersymmetric observables. This is why we expect the T partition function to be
holomorphic in the flat connection ay, which is related to the flavor parameter v as in (2.9).

Supersymmetry variation of the effective action. Let W denote the effective action
on the torus, in the presence of an arbitrary background vector multiplet:

Wau, A, A, D] = —log Zpzla,, A, A, D] (2.40)

The U(1) symmetry generally suffers from a quadratic 't Hooft anomaly, with coefficient
Ay = tr(73Q%), as in (2.19). Under a gauge transformation d4a, = 9, the effective
action must then transform as:

0 W =
47 T2

af, (2.41)

where we used the form notation, with f = da = % fuwdz? Adx. Since the gauge transfor-
mations commute with supersymmetry (in the WZ gauge), we should have:

[6¢,8a]W =0, (62 0.]W = 0. (2.42)

60ne can write it as a 5E-exact term as well, by integration by part.
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The supersymmetry variations of (2.41) give:

56 W = A [ 4 (—z’gj,dw) — —“:jj/dw (qj,dw)

am (2.43)
—5(@ S d /\d’)—é&W
= O o Gy —A— AW W) = 0q0¢WV ,
where we used (2.42) in the last equality, and similarly:
5a0-W = b4 al / ap C_A_dw A dw ) . (2.44)
< 4

This implies the presence of a non-zero supersymmetry variation, ;W # 0 [15]. The
equations (2.43)—(2.44) determine 6:W up to the addition of a gauge-invariant term. To
fix this ambiguity, we use the WZ condition coming from the anti-commutators (2.36) of
two supersymmetry transformations, namely:17

{5@ 5Z}W = 5a(a)W, a(a) = 41{_(_@@ . (2.45)

Taking into account this additional constraint, the supersymmetry variation of W is
uniquely fixed to be:
Ag Agq

299 ¢ X agdw A dw, oW =" | (A agdwAdo.  (2.46)

oW =
¢ 47 T2 47 T2

Let us now discuss how these supersymmetric Ward identities allow us to constrain the
form of the partition function, Zp2 (v, 7).

Holomorphy anomaly of Z2(v,7) in v. On a flat torus, we can take the supersym-
metric gauge field components (a,,, ag) to be constant, in which case the flavor parameters
are given by:

v=2imag, U= —2iTy Qy . (2.47)

An infinitesimal variation of 7 then simply corresponds to an insertion of the component
Jw of the conserved current, which is itself Q-exact:

Due to the non-trivial supersymmetry variations (2.46), the last expression in (2.48) does

not vanish. Instead, since the operator ]+ couples to the gaugino A_asin (2.39), we obtain:

) 10
9" = 2l o (6<W)‘

_ Aqgq
A=A=0 81Ty

aw/ dw A dw . (2.49)
T2

"The first term on the right-hand-side of the anti-commutator, —41‘(_6_8@, acts on fields as a
translation; for simplicity, we may assume that the theory is free from gravitational anomalies, so this
transformation leaves W invariant. The inclusion of the gravitational anomaly in the present discussion is
left for future work.
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This gives us a simple anomalous Ward identity for the supersymmetric 72 partition
function:

8T/V v :WAqu

o v, 219

which entirely fixes its dependence on the anti-holomorphic parameter 7 — we must have:

(2.50)

mAqq |v|2

Zr2(v)=e 272" Zygo(v), (2.51)

with Zyel0(v) a locally holomorphic function of v. To relate Zyo0(v) to the holomorphic
partition function Z(v) defined above, we will need additional information. We can already
note, however, that if we had:

mAqq 2

Zholo(V) = e 22 " I(v), (2.52)

then the expectation (2.25)-(2.26) would hold true, and the absolute value of the 72
partition function Zp2 would be properly gauge invariant. In the rest of this section, we
will argue that (2.52) precisely holds.

2.4 The small-3; limit of Zp2 (v, T)

We can attain a complementary understanding of the non-holomorphy of the partition
function by considering the reduction of the 2d N = (0,2) theory to a one-dimensional
N = 2 supersymmetric theory (as studied e.g. in [53]) in the limit when we take one of the
circle of T? to be very small. Using the metric (2.8), we consider 3; — 0. This correspond
to the limit:

T — 100, v = fixed , (2.53)

on the T2 partition function. The basic idea is that, in this limit, all the anomalies
should be reproduced by local terms in the sources of the dimensionally-reduced theory,
because generically the effective one-dimensional theory will be gapped [32, 33]. Upon
evaluating these local terms, we find that they depend on v exactly as expected from (2.50).
This procedure will also allow us to fix the entire ratio between Z;2 and the holomorphic
partition function, Z;2, including the holomorphic term.

In the small-5; limit (2.53), we study the expansion of the effective action:

-1 0 1
o B OV rwD v wld) +.. (2.54)

as a functional of background vector multiplets. The divergent term, of order é, is propor-

tional to the gravitational anomaly coefficient, ky; the functional Wl(gl) is supersymmetric

(0)

and gauge-invariant.'® The finite term, ng , is essentially the 1d index of the dimension-

ally reduced theory [53]. Here, we are interested in the term linear in ;. Let us define:

Wia[Ve] = W0 Vi) (2.55)

18This is similar to the supersymmetric Cardy formula in 4d N = 1 theories [33]. This point would
deserve further discussion.
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It is a local functional of a one-dimensional background vector multiplet, which is strongly
constrained by the two-dimensional anomalies. This is because each of the two-dimensinal
anomalies, being local, reduces to a term of order f; [32], which must then be exactly
reproduced by the variation of the local functional W4.

Dimensional reduction and 1d N =2 background vector multiplet. Let X*=(z.,y)
denote the 2d coordinate, with y the 1d coordinate in the 81 — 0 limit. The torus metric:
ds*(T%) = Bi(dz + 1idy)” + B3dy” (2.56)

is already in the “Kaluza-Klein” form, with ds?(S') = B2dy? the 1d metric and 71dy a
flat graviphoton. The two-dimensional gauge field, a,, reduces to a one-dimensional gauge
field Ay and a real scalar o, which are related to a, by:

a, dX* = of(dx + 1idy) + Aydy . (2.57)

Here, for convenience, we introduced the one-dimensional coordinate y = Soy, with y ~
y + 2782. The 1d vector multiplet consists of the fields:

VY =4y, 0,7, X, D), (2.58)

with the supersymmetry variations:

§cAy = (X, SpAy = CA,
d¢o = —iCA, 5C~U = —iC\,
S A = iC(D + dy0) SA =0, (2.59)
SA=0, Sh = —iC(D — dy0),
5D = CON, 0D = —2C0y\.

This directly follows from (2.34).

One-dimensional local functional. The functional W4 is constrained by the require-
ment that its gauge variation (under d,Ay = Oya) should reproduces the dimensional
reduction of the U(1) anomaly:

5o Wiy = M"T‘”Bl / dya(—dy0) = 6. <i“4q2qﬁl / dyAya) . (2.60)

It should also reproduce the 1d reduction of the supersymmetry variations (2.46), namely:
OWiq = —% /GyCX(U +iAy), 5EW1d = —% /8yz)\(0 +iAy). (2.61)

This fixes W14 to be: .
Wia = Z'Aq;Bl/dy(AyU —io?), (2.62)

up to terms of dimension two that are gauge-invariant and supersymmetric. Such terms
vanish on the supersymmetric locus (D = dyo = 0). We can therefore conclude that, in
the limit (2.53), the order-f; term in the expansion of the 72 supersymmetric partition
function is fully determined by (2.62).
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2.5 The supersymmetric T2 partition function, revisited
Consider the elliptic genus of a GLSM, as given explicitly in (2.15)—(2.16). We can consider
its small-3; limit explicitly. One finds:

mik 0 LT
9+ w9 4 oe?iny. (2.63)

—logZ(v,7) ~ T

T—100 6
In other words, there is no order-#; contribution appearing in the small-3; expansion of
the “holomorphic partition function.” This was also observed recently in [54].
By contrast, the order-; term in the expansion of the partition function Zp2 is fully
captured by (2.62), which evaluates to:
v — v?

Wia = 7 Agf12.0(0 +idy) = mAeg—5— (2.64)

Of course, this satisfies the quantum Ward identity (2.50). Incidentally, we note that W14
is holomorphic in 7 when expressed in terms of the 2d variables a, and a,:

Wig = —miAgqaz(Taz — ay) . (2.65)

Based on these considerations, we make a conjecture for the exact form of the “gauge
invariant” supersymmetric T? partition function, for any 2d A = (0, 2) theory. It is simply
given by:

Zro(ag, ay, 7) = e~ a7y ) (2.66)

with Z the elliptic genus, which is holomorphic in v = Ta; — ay and 7 = 71 + @79, and with
the prefactor W4 given by:

i

Wid(ag,ay, ) = —E.Ao‘ﬁ (2TC,000.8 — Gz,aGy g — Gy.alyB) - (2.67)
By construction, this is fully consistent with gauge invariance and supersymmetry, with the
't Hooft anomalies properly taken into account. Note that its real part is given by (2.26),

as expected.

Large gauge transformations. Under large gauge transformations of the background
gauge fields on T

(aw,ou ay,oz) ~ (ax,oc + Ma, Qy.o — noe) ) Na, Mo € Z, (268)

we obtain:
ZT2 (ax + m, ay —n, 7') = (_1)At(1¥(na+ma) (2 69)

« emiAYP (naas,g+maay g+namg) Zy2(ag, ay, T) ,

to be compared with (2.22). In particular, the absolute value of Zr2 is gauge invariant. This
behavior agrees with general expectations for gauge anomalies on the torus. As explained
in appendix D.1, general considerations determine the behavior of any flavored T2 partition
function under large gauge transformations in terms of the 't Hooft anomaly coefficients,
modulo various ambiguities that depend on the renormalization scheme. These general
considerations are consistent with the explicit result (2.69).

19Note that v = ifla(0 + iAy) in the 1d variables.
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Modular transformations. One can also check that the partition function (2.66) trans-
forms naturally under SL(2,Z). Using (2.29), one finds the simple result:

Zpo(ag, ay + g, 7+ 1) = € 659 Zpo(ag, ay, 7) (2.70)

for the T transformation, and:

1 s’
Lo <ay, —ay, —> =2 Zpo (ag,ay,T), (2.71)
T

for the S transformation. We therefore see that the anomalous behavior of Zr2 under
large diffeomorphisms is determined by the gravitational anomaly only, as one would have
naively expected on physical ground; when k4, = 0, the supersymmetric partition function is
modular invariant. This has to be contrasted with the behavior of the holomorphic elliptic
genus under SL(2,7Z), which is given by (2.29). In fact, we again find perfect agreement
with general constraints on Zr2 imposed by the anomalies, as explained in appendix D.1.

Local counterterm and holomorphy. We have seen that the non-holomorphic depen-
dence of the T? supersymmetric partition function is dictated by the ’t Hooft anomalies,
as in (2.50). Namely, we have:
O Wi, p) = T A08 (2.72)
—W(,p)=— Vg, .
817a ’ 27’2 99 7P
for an arbitrary abelian flavor symmetry, Gr = [[, U(1)q, with 't Hooft anomaly coeffi-
cients Ag‘f . Given the explicit form of the superymmetric Ward identity (2.46), it is clear
that one could cancel this anomaly — and, therefore, restore the holomorphy of the su-
persymmetric partition function in ¥ — by adding the following local term to the effective
action:

A
Wyt = —8—;]: /d2x gauat. (2.73)

Thus, there certainly exists a scheme where the holomorphy in v is manifest, corresponding
to the partition function (2.52).2° The counterterm (2.73) is not gauge invariant, however.
Note also that, since:

(W4 Wa) =0, (W +We)=0, (2.74)

it follows from (2.45) that d4(q)(W + Wet) = 0. This does not mean that we have cancelled
the gauge anomaly, however, only that this counterterm also cancelled the U(1) anomaly
under a particular gauge transformation with parameter o = a(a).

In conclusion, the holomorphy of the T2 supersymmetric partition function in v can
only be maintained, by adding the counterterm (2.73), at the cost of violating gauge invari-
ance for background gauge fields. (Note that (2.73) violates explicitly the gauge-invariance
of the real part of W.)

20Tn this scheme, we would still not have holomorphy in 7. To recover the fully holomorphic elliptic genus
Z(v,T), we should add an additional counterterm corresponding to the prefactor in (2.52), which breaks
diffeomorphism invariance explicitly. We leave a better understanding of this point for future work.
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2.6 Anomalous supersymmetry variation from WZ gauge-fixing

As explained in the introduction, we can understand the anomalous supersymmetry varia-
tion, 6:W # 0, as a simple consequence of fixing the WZ gauge. Let us show this in more
detail. Here, we will use a superspace notation, for convenience.

WZ gauge-fixing. The N = (0,2) abelian background vector multiplet can be written
in terms of two superfields:

V=C+ibTxy +i0Y +20"0Tas,

Vi = au + 0T (A_ — i0yx4) + 0T (M- +i0uX4) — 0707 (D + 20,05C) . (2.75)
The U(1) gauge symmetry, doa, = J,«, can then be supersymmetrized by:
SV = L@~ SV = L0u(0+0), (2.76)
where the gauge parameters sit in the chiral and anti-chiral superfields:
Q=w+ V20" e — 2070 0w + - -, 277
Q=0 — V205 + 2070700 + - - - . '
Using this larger gauge freedom, one can fix the WZ gauge:
C=x+=x+=0. (2.78)
The WZ gauge (2.78) is not invariant under supersymmetry, because:
Sxy = 2iC_as, 6X4 = —2iC_az. (2.79)

Nonetheless, one can define consistent supersymmetry transformations, which we denote
by d¢, (55, by performing a compensating gauge transformation that restores the WZ gauge:

_ 50 _ 5(0)
O¢ = 5( + (59(() , (55 = 55 + 69(6) . (2.80)
Here, 520% is the “bare” supersymmetry transformation before gauge fixing, and 59(5), 55( 0
are comi)ensating gauge transformations with field-dependent gauge parameters:
Q¢) : w=ve=0, =0, ¢f=2V2i¢ az, 2.50)
QQ) ¢ w=0, Y§=-2V2i as, o=9f=0, '
respectively.

’t Hooft anomaly and supersymmetry. The 't Hooft anomaly for the background
U(1) symmetry (2.41) can be supersymmetrized as:

SoW = “gjj / d*x\/g [ / oy + / d@*ﬁﬁ_} : (2.82)
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where J_ and Y_ are the gauge-invariant gaugino multiplets:?!

Vo =Dy (8uV +iVu), Vo =Dy (9,V —iVy). (2.83)

In components, this reads:

SoW = “;‘jrq dz\/g (2(w + &) i — i(w — D) D + V2PN — @X,)) . (284)
where we identify a = %(w + w) as the ordinary U(1) gauge parameter. The expres-

sion (2.82) is fully supersymmetric with respect to the “bare” supersymmetry variation:
5L (5QW) ~0. (2.85)
On the other hand, we have the WZ consistency condition:

[5(5(’), 59} W=0. (2.86)
From the last two equations, we have 596éO)W = 0, which implies that:

5w =o0. (2.87)

In other words, the U(1) 't Hooft anomaly is compatible with supersymmetry and there is
no genuine “supersymmetry anomaly.” Then, by its definition (2.80), the supersymmetry
in the Wess-Zumino gauge does have an anomalous variation, namely:

W = Sy W, OW =Gz W . (2.88)
Plugging the values (2.81) inside (2.84), one finds:
— fM;!q 2 N - 557 T 7iAqq 2 5 B
oW = o d“z (A _ay, 5CW =5 Az (A _ag . (2.89)

This indeed reproduces the anomalous supersymmetry variations (2.46).

3 ’t Hooft anomalies and 4d N = 1 partition functions

Let us now consider 4d N' = 1 supersymmetric theories. In this section, after reviewing
the curved-space rigid supersymmetry formalism [25, 26] and the main result of [6] on the
holomorphic dependence of supersymmetric partition functions on continuous parameters,
we derive the supersymmetric Ward identities on a general half-BPS background. This
determines the non-holomorphic dependence of the supersymmetric partition function, in
our “gauge invariant” scheme for background gauge fields. In the case of half-BPS four-
manifolds of topology M3 x S, with S' a circle of radius Bg1, we also discuss how the
't Hooft anomaly together with supersymmetry determine the order-Sg: term in the small-
Bs1 expansion of the partition function. Our four-dimensional conventions are summarized
in appendix A.1.

21The SUSY-covariant derivatives are given by Dy = 8, — 2i6 g and ]5+ = —5+ +2i0T 0.
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3.1 Curved-space supersymmetry for 4d N’ = 1 theories

Consider a four-dimensional A/ = 1 supersymmetric theory with a U(1)g symmetry. By
assumption, there exists an R-multiplet, which contains the R-symmetry current jl’é to-
gether with the energy-momentum tensor 7", and which can be consistently coupled to
four-dimensional new-minimal supergravity [55] — see e.g. [56, 57]. At the linearized level:
1 . U

AL = =S AguT" + A jlp + WS+ Ve, SY + 2P By oy (3.1)
We consider a curved-space rigid supersymmetric background on a compact four-manifold
My, which can be obtained as a rigid limit of new-minimal supergravity, with the back-
ground fields:

G, AP, vu:%ENVPAaVBpA, (3.2)

such that the gravitino and its supersymmetry variations vanish [25]:
U,=0,=0, &U,=06,=0. (3.3)

This means that there exists spinors ¢, and/or (% on the Riemannian manifold (M, Guv)
that satisfy the generalized Killing equations:

. iy~ T T AU
(V—iAD)¢ = AL (Vo +iA) ¢ = 5V Tu0C. (3.4)

The Killing spinors are globally defined and nowhere-vanishing. Their existence allows us
to define curved-space rigid supersymmetries, with the supersymmetry variations on fields
written as:

b =iCQ, 6p=1iCQ, (3.5)
where Q, and Q% denote the “curved-space supercharges” (one for each Killing spinor).
Note that the Killing spinors are bosonic and of R-charge +1 while the supercharges have
R-charge F1, so that J is a fermionic operation of vanishing R-charge.

3.1.1 Complex structure and background supergravity fields
Given a Killing spinor (, the real bilinear tensor:

CTauug
(S5

defines an integrable complex structure on My [26, 27]. One can preserve a single super-

JH, = —2i

(3.6)

charge on any Hermitian four-manifold. Given an Hermitian manifold,

(M47 g,LLI/a J“u)v (37)

one can explicitly solve for ( and for the remaining supergravity background fields:

: ) .
Vi= gVl utUu, A = A0 + iJu”VpJ% (3:8)
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with U, satisfying U,J",, = iU, and V,U# = 0. Here, for later reference, we defined:
AR g _Lg A¢ = 20,108 V5) I + 0 (3.9)
po = Au T Ve n=7 L log\/9)J" (T .

The expression for Af, is only valid in complex coordinates adapted to the complex struc-
ture; the function s in (3.9) is a U(1)r gauge transformation parameter. We will use the
notation X* (u=1,---,4) for the four-dimensional real coordinates, and:

w=w(X), z=2z(X), (3.10)
for the complex coordinates w, z on My.

3.1.2 Half-BPS Hermitian geometry

In the following, our main interest will be in half-BPS supersymmetrlc backgrounds which
preserve two Killing spinors of opposite chiralities, ( and C The second Killing spinor, C ,
defines a second complex structure:

~ ot
Jh = 2 "QC, (3.11)
[q
and a complex Killing vector:
K" = ¢otC, VK, +V,K,=0. (3.12)
We will assume that K commutes with its complex conjugate, [K, K] = 0. Then, the
background geometry admits two commuting complex structures, [J,J] = 0, and K is

anti-holomorphic with respect to both:
JHKY = Kt JMKY = —iK". (3.13)

We choose the holomorphic coordinates (3.10) such that:

2
K: 78@, 314
A (3:14)

with #; > 0 a real positive constant introduced for later convenience. The holomorphic
coordinates adapted to the complex structure J are (w, z). The background geometry is
locally a T2 fibration,?? and the Hermitian metric (with respect to J) can be written in
the canonical form [26]:

s2(My) = Q(z,2)(dw + h(z, 2)dz)(dw + h(z, 2)dZ) + 2g.2(z, Z)dzd% . (3.15)
The factor Q(z, z) is related to the norm of the Killing vector, and of the Killing spinors, as:

K|? = K, K" = 2I¢PICP = 26,202, (3.16)

22This is also true globally for My as a topological manifold, but the T2 fibers need not coincide with
the orbits of K*, as the latter need not close. When they do, we have an elliptic fibration over an Riemann
surface orbifold. (See e.g. [58] for a thorough discussion of the 3d analogue.)
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For simplicity (and without much loss of generality), we will restrict ourselves to the case
Q = By, so that |K|? = 2.
The supergravity background fields V), and ALR) are still given by (3.8), with the
additional constraint:
U,=kK,, Ktouk =0. (3.17)

The parameter k is part of the definition of the supersymmetric background, and it can be
chosen arbitrarily. In the following, we will mostly be interested in the case of a product
four-manifold My =2 Mz x S, and we will require that the 4d A/ = 1 supersymmetric
background admits a consistent reduction to a 3d A/ = 2 supersymmetric background on
M3 [42]. This will fix x uniquely.

Topological-holomorphic twist. In the following adapted complex frame:??

et = B1(dw + h(z,2)dz), €2 =/29.:(2,2)dz,

el = By (dw + h(z, 2)dz), e? = \/2g.:(z, 2)dz

the Killing spinors take the particularly simple form:

is 1 o —is -1
Ca=¢€ (0) (*=e <0> (3.19)

Let us define the projectors onto holomorphic vectors in either complex structure:

1 ~ 1 ~
", = 5(5“,, —iJ"), ", = 5(6“,, —iJ"), (3.20)

(3.18)

and similarly for the anti-holomorphic projectors:

= 1 ‘ =p 1 ~

I, = 5(5% +iJHy), IT , = 5(5“1, +1iJH)). (3.21)
Since the two complex structures commute, we can project any vector X* into its four
components X%, X%, X* X*, respectively, and similarly for any tensor. One can also

define an adapted connection, V, that preserves both complex structures:

Vigup =0,  VuJ' =0,  V,J", =0. (3.22)
It is defined by:
e, =T, + K", (3.23)
with I'*,, the Levi-Civita connection, and:
1
Kup = gJuO‘JVBJPV(dJ)aBV, (3.24)

the contorsion tensor, with (dJ)uw, = VuJdu, + Viudy, + V,(,JW.24 This connection has
non-trivial torsion:

Tuup = Kuup - Kupy = " J)\UVRJKU . (325)

VpA

Z30ur conventions for spinors are given in appendix A.1. Here and henceforth, we set = ;.
?4The expression for K., takes the same form when written in terms of J*,.
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In terms of the adapted connection, the Killing spinor equations take the simple form:
(Vp—iA)¢ =0, (Vu+iA) =0, (3.26)

with ALR) defined in (3.9). The connection V has a U(1) holonomy which can be “twisted”
by the U(1)r gauge field. Whenever the orbits of K* close, we have a proper elliptic
fibration over a two-dimensional complex space ¥ and the 4d N' = 1 supersymmetric back-
ground is precisely the four-dimensional uplift of the topological A-twist on X [26, 59]. The
half-BPS supersymmetric background (3.8)—(3.15) can then be understood as a topological-
holomorphic twist — that is, holomorphic along the fiber direction [13] (with coordinate w)
and topological along the base (with coordinate z).

3.2 Background vector multiplet and minimal coupling

Consider an N' = 1 theory with a flavor symmetry group Gg, and let us introduce a
background vector multiplet Vg for that symmetry. Its component fields are:

Vi = (au, Aar A*, D), (3.27)

with A, Aa “background” gaugino. Note again that we fixed the Wess-Zumino gauge for Vg,
and work only in terms of the remaining “physical” components (3.27). The supersymmetry
variations in WZ gauge [23] are famously modified by including a compensating gauge
transformation into the supersymmetry transformation, to preserve the WZ gauge. This
implies that the supersymmetry algebra itself become gauge-covariant under Gp.

Let us then consider the background vector multiplet (3.27) in addition to the super-
symmetric curved-space background on My. Note that, while we require the supergravity
background fields to be fixed to definite values so that (3.3) holds, as described above, we
do not impose any requirement on Vg at this point — we will need to consider arbitrary
background values of the fields (3.27), including for the gaugino.

Given two Killing spinors ¢ and Z , we have two independent supersymmetries on My,
denoted by d; and d7, respectively, satisfying the following curved-space supersymmetry
algebra [13]:

5P (s, = 5?@(“) =0,

‘ ‘ 3 ‘ (3.28)
{(5(, 55}(13(5,1”) =2 (ﬁ[{ —irK* (ALR) + 2VM> — ZKMCL“> (I)(sﬂn) ,

on any field ®(, ;) of spin s, R-charge r and arbitrary flavor charges. Here, Lf denotes the
Lie derivative along the Killing vector K*, and the background gauge field a, acts in the
appropriate G representation.

The curved-space rigid supersymmetry transformations for the vector multiplet (3.27)
are given by:

(Scau = iCO’M}V\, 5601;1 = iza/u)\a
OeA =D+ 0"C fun oA =0, (3.29)
0¢D = —Dy(CotX) + 2V, ot X, 07D = Dy(CF#N) + 2V, (5,
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in the WZ gauge. Here, we defined the field strength
Juv = Opay, — Opay, — ilay, ayl, (3.30)

and the covariant derivatives D, are understood to be appropriately gauge covariant, in-
cluding under U(1)r — for instance, D A = V A — iA&R))\ — ifau, Al

Coupling to an abelian conserved current. Let us focus on the case of an abelian
Gr, for simplicity. In a supersymmetric theory, any U(1) conserved current operator j*
(with the conservation equation V,j* = 0 on My), sits in a linear multiplet:

T =T, ", ja,i®). (3.31)

The supersymmetry variations are:

ScJ =iCj, 0pd =iCj,
Scja =0, 5o = (0"O)a (O — ij, — 20V, ),
<~.d o B | C~.d ( iz Iz [z ) (3.32)
0cj* = —(a"¢) ((9MJ+ iJu + QzVuJ) , 539 =0,
5Cju = —QV”(Cg/Wj) ) 5Zju = 2vy(€a;wj) .
We then have the supersymmetric minimal coupling;:
syjva]:t/}#xV@;;ﬁkﬂ»@q, FosVel = api +DJ—Nj—Nj.  (3.33)

In the following, we will consider small variations of the background vector multiplet around
a fixed value, Vg)), denoted by AVp:

V=V 4 AVp. (3.34)

On any supersymmetric background My, the first-order correction to the effective action
upon a small change of the sources is captured by the expectation value of the minimal
coupling (3.33).

Supersymmetric background. A supersymmetric background for the vector multiplet
is a bosonic configuration (a,, D) such that the gaugino and its variations vanish:

A=X=0, 6A=0, %Xzo. (3.35)

On our half-BPS geometry, this corresponds to:

=
g
Il
(an)
—
S
Il

1
0, fo:=0, D::—iﬂWﬁW. (3.36)
We will consider real background gauge fields a, on Mg, x S1, in which case the only

non-vanishing gauge-field curvature component is f.;. The background gauge field is the
connection of a holomorphic line bundle over My [6], which we denote by L.
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3.3 M, supersymmetric partition functions and holomorphy

Consider any 4d N = 1 supersymmetric theory with a U(1)z symmetry. Its supersymmet-
ric partition function on My, denoted by Z4,, is the path integral on a fixed supersym-
metric background for the geometry and for the vector multiplet Vp:

Lp = Myt (g, AP, Vs au, D). (3.37)

Naively, the partition function may depend on all the background fields shown in (3.37).
However, it was argued in [6] that, given an Hermitian four-manifold M, and a choice of
flavor line bundle L, the partition function Zx4, only depends on two types of continuous
complex parameters:

Zm, (v, 7). (3.38)

Here, we have:?°

(i) the “geometric” parameters 7, which are complex structure moduli of the complex
manifold My;

(ii) the flavor parameters v, which are holomorphic line bundle moduli of the line bundles
L. (That is, for abelian symmetries; they are holomorphic vector bundle moduli in
general.)

In particular, for any fixed complex structure on My, the supersymmetric partition function
is independent of the choice of Hermitian metric. Moreover, the partition function was
found to be holomorphic in all of its continuous parameters:
0 7 B 0 B
% M, (v, 1) =0, EZMAL(V,T)—O. (3.39)
These results seemingly holds for any supersymmetric background (3.37) preserving at
least one supercharge. For half-BPS geometries, we have further restrictions, and the
theory becomes fully topological along the z, z directions [6].

These results were derived by a standard argument. Consider the effective action
Wb], defined as minus the logarithm of the partition function in the presence of the
supersymmetric background fields b,,:

W[b] = —log Zpm, [b] ) (3'40)
and consider an infinitesimal variation:

by = b + Ab,, (3.41)

of the background fields b,, around some particular supersymmetric value, b7(10)’ while keep-

ing by, supersymmetric. Each independent variation Ab, couples to a particular bosonic
operator O, contained in the R-multiplet or in the linear multiplet J of the quantum field
theory coupled to My, so that:

8§an[b(0)] ={ / deGon) (3.42)

4

Z5Here we are glossing over some of the needed geometric data [6], for simplicity.
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at first order in Ab,. Whenever the insertion is J-exact:

/d4x\/§0n = {Q,/d4x\/§wn}, (3.43)

for 1, some fermionic operator, the expression (3.42) vanishes and the partition function
is independent of that particular parameter b,. This result relies on the fact that the
expectation value of any ()-exact operator vanishes:

(O) vy, = {Q: ¥}y, = 0. (3.44)

Asin 2d, the existence of flavor 't Hooft anomalies will amend this simple picture, and imply
an anomalous dependence of the partition function on some @Q-exact couplings [14, 22].

3.4 Supersymmetry variation of the effective action

Let W = W[Vr] denote the effective action in the presence of arbitrary flavor-symmetry
sources (3.27), including the background gauginos:

W[Vr] = Wla, A\, A, D], (3.45)

on a fixed background My; we now consider Gy = U(1), for simplicity. Since the theory
is supersymmetric, we would expect that:

SW =0, ST =0, (3.46)

under the supersymmetry transformations (3.29) of the background fields. This is incon-
sistent with U(1) gauge invariance and diff-invariance whenever the U(1) symmetry suffers
from ’t Hooft anomalies [14], in the following sense. Let J, denote a gauge transformation
with gauge parameter o, with:

Sty =040,  Gad=0uh=0,D=0. (3.47)

The consistent anomalous variation of the effective action takes the form:

iA , iA
6aW:96;1:12q/d4$ g e prWpr+384;2/d4x gaP +---, (3.48)
with: .
fwj = aﬂa,, - 8,/0,#, P = §E'uypo-Ruu/\/@Rpo/\m7 (349)

the U(1) field strength and the Pontryagin density, respectively, with R, ,\ the Riemann
tensor of the metric g,,,. The ellipsis in (3.48) denotes additional contributions from mixed
U(1)r-U(1) anomalies, to be discussed in subsection 3.8 below. The cubic and mixed U(1)-
gravitational 't Hooft anomalies coefficients are normalized such that A,q, = ¢® and Ay =q
for a single chiral fermion 1, of charge ¢q. In a Lagrangian theory, we have:

Aggq = tr('y5Q%) ) Ag = tr(’yf’QF) ) (3.50)
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where the trace is a sum over all the chiral fermions charged under U(1). The supersym-
metry variations of the U(1) anomaly (3.48) are non-trivial. We have:

Aqgqq
2472

5c(BaW) = A2/ D P o N fon (3.51)
and similarly for 55(50‘W)' Since the supersymmetry and gauge transformations commute,
we necessarily have 6, (0.W) # 0, and therefore there must be a non-trivial supersymmetry
variation of the quantum effective action, 6;W # 0. More generally, the supersymmetry
variations must satisfy the following Wess-Zumino consistency conditions [14, 22]:

[0 6 W = [6a, 6 W =0,

3.52
{é¢, 55}W = 5a(a)W, with  a(a) = —2iK"a,,. ( )

Note the a,-dependent gauge transformation on the second line, which is a consequence
of working in the WZ gauge for the vector multiplet. The consistency conditions (3.52)
determines the anomalous supersymmetry variations, d;W and 5EW’ on a fixed curved-
space supersymmetric background.

At this point, an important comment is in order. The curved-space supersymmetry
algebra (3.28) takes the form:

{0¢, 05} = dere) + da(a) » (3.53)

with d¢(xy a diffeomorphism along the Killing vector K. In four dimensions, we can always
choose a scheme which preserves diffeomorphism invariance, and therefore ¢ = 0 for
any & This leads to the WZ conditions (3.52). The results of this paper are then only
valid in such a diff-invariant scheme. The condition (3.52) has the important implication
that, in any diff-invariant scheme, the variations 6.W and 5§W cannot vanish, because
their commutator gives a gauge-transformation, and the latter is non-zero in any scheme
by the assumption that a flavor 't Hooft anomaly exists [16].26

Let us decompose the supersymmetry variations into contributions from the cubic and
linear flavor 't Hooft anomalies:

(5<W = (5<W|q3 + 5CW"J +--, 5EW = (52W‘q3 + 56W|q +--, (3.54)

where the ellipsis denotes the contribution from other potential anomalies, to be discussed
later on. One finds:

A wry X o3
6 Wl = =204 [ day/g (e“ PTCo Ny frr — SICA M) :
(3.55)
_ Aqqq 4 Vpo N
0W s = =34 / diz\/g (e“ P9 G\ Gy fro + BiCA M) :

26Note, however, that this argument holds only when the background supergravity fields are allowed to
vary arbitrarily. On a fixed half-BPS geometry — that is, for fized Killing spinors —, there might well exist
a diff-invariant local term that cancels ;W , and therefore cancels the gauge anomaly for the particular
gauge parameter a(a) in (3.52), as we discussed at the end of section 2.5. In any case, this appears not to
be the case in 4d [14].
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for the cubic-anomaly contribution. The term linear in the gaugino obviously follows
from (3.51); the second term, which is gauge-invariant and cubic in the gaugino, is fixed
by the second line of (3.52). This result was first obtained in flat space in [14], and much
more recently on curved space but at first order in the gauginos in [22]; here we give
the full expression valid on any curved-space N/ = 1 new-minimal rigid-supersymmetric
background.

The mixed U(1)-gravitational anomaly contribution to d;W is harder to study on a
fixed supergravity background. On any half-BPS four-manifold, the Pontraygin density
turns out to be a total derivative:

P =—V,P", (3.56)

with the vector P a local expression of dimension 3 in the supergravity fields [60]. Then,

one can easily check that the following terms solve the Wess-Zumino consistency conditions:
Ayq Aq

38472 38472

W= — d'w\/gCo A P!, GW g =~ d*z\/g TN P* .

This solves (3.52), as one can see using (3.56) and the fact that P* is invariant under
the isometry K of the background. Note that the vector P* is only defined up to a
divergenceless quantities; to completely fix it, one should consider the full background new-

minimal supergravity away from the rigid-supersymmetry limit. One actually finds [22]:

dW|qg=0, 65W|‘1 =0, (3.57)
on any half-BPS supersymmetric background. We will give another argument to that effect
in section 3.9.

3.5 Non-holomorphy of the supersymmetric partition function Za4,

Even though the supersymmetry variation (3.54) vanishes when we set the background
gauginos to zero, it has some important consequence for supersymmetric partition func-
tions, as we now explain.

On curved space with two Killing spinors ¢ and z , it will be convenient to introduce
the following twisted notations for the gauginos in the background vector multiplet:

Ay = Couh, Ay =CauN. (3.58)
The minimal coupling (3.33) to the linear multiplet then reads:

g = apj” + DJ + Auj* + Ku:iv“ ) (3.59)
where we introduced the twisted fermionic operators:

1 foty R YL

=-"TE J =
2 [¢]? 2 |2

(3.60)

It follows from their definition that A and :]V are holomorphic one-forms and vectors, re-
spectively, with respect to the complex structure J#,; similarly, A and j are holomorphic
with respect to J",.
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The case of a single Killing spinor . Let us first look at the case of a single curved-
space supercharge, with Killing spinor . We consider small variations of the background
gauge field near the supersymmetric locus:

1
faz =0, D = _ijwfw" (3.61)

In particular, we allow a small variation AD of the background field D around its super-

symmetric value. We also turn on background gauginos:2”

Ao, Ay =Couh. (3.62)

Then, the effective action W = Wla,, A, K/m AD] has a nilpotent supersymmetry:

Sca, =il , 5cAa = iCLAD, 5ch, =0, 5:AD =0, (3.63)
with 6.W determined by the 't Hooft anomalies as discussed above. Let us define the
operator:

JH =gt —iot T +2VHET, (3.64)
in terms of the linear multiplet operators (3.31). It follows from (3.32) that:
St =i, Jv (3.65)

where IT#, is the projector on the holomorphic indices, as defined in (3.20). Using the
complex coordinate indices X# = (z¢, '), we can write the minimal coupling as:

Loy =a T +a;(j +i0 T+ 20V —UYJI) + JAD — \j + A, j" . (3.66)

We see that the holomorphic gauge field components, a;, couple to a QQ-exact operator.

We have:
174

Sar = (Ta, = <5¢jZ>M4 . (3.67)
Assuming that Q-exact operators decouple, we would conclude that the partition function
is independent of a;, and only depends on the background gauge field a, through a;; in fact,
one can then easily show that the dependence is only through the holomorphic moduli of
the line bundle Lg; they are in one-to-one correspondence with the Dolbeault cohomology
classes:

[Ag;] € H*' (My). (3.68)

Due to the quantum correction to the supersymmetric Ward identity, however, the right-
hand-side of (3.67) does not vanish. Instead, since j* couples to A; as shown in (3.67),
we have:

ow .0

5a; l(sAz.( LSl

(3.69)

This anomalous Ward identity gives rise to a holomorphy anomaly in the flavor-parameter
dependence of supersymmetric partition functions. Since the supersymmetry varia-
tion (3.55) has a term linear in A, the holomorphy anomaly (3.69) will generally be
non-vanishing.

2"When considering the effect of a single supercharge, we cannot use Eto “twist” A\, into a one-form
as in (3.58); instead, we could write it in terms of two scalars v = (A and n = %7 but this will not be
necessary for our discussion.
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The case of a two Killing spinors, ¢ and E . Consider now the case of a half-BPS
background. We define the linear-multiplet operators:

TH =l + 0T + 2VH T, (3.70)
in addition to (3.64). We now have the relations:
Sejt =it Jv RN (3.71)
in terms of the projectors (3.20). This is equivalent to:
0y =igv, oG =id7,  ogv=id",  0E =i (3.72)
Expanding around the supersymmetry locus (3.36), the linear coupling (3.59) reads:

Loz = apT® +ap(T® — kK®) + a,J* + azJ* + JAD

T (3.73)
+ A" + ALJ7 + Ay + Az

In this case, only ag does not couple to a Q-exact operator, and therefore the partition
function is expected to depend only on the corresponding line bundle modulus, which
we denote by v. Note also that the coupling a,,J" in (3.73) is equivalent to awJ " by
integration by part. We then find the anomalous Ward identities:

ow .0 .

i et GAL NS el G0 N

oW 6

da 15Az( QW))A:X:O’ (8.74)
oW )

e CLO] N

In section 4, we will evaluate these identities explicitly, for a large class of half-BPS super-
symmetric partition funtions.

3.6 The small-3g1 limit of Z,«s1(v,T)

Whenever the four-dimensional background is of the form:
My = Mz x St (3.75)

it is interesting to consider the small-circle limit, 8g1 — 0, where B¢1 is the radius of the
S1. Formally, this is a “high-temperature” limit of the supersymmetric partition function.
At finite temperature — and also with supersymmetry-preserving boundary conditions on
the Euclidean time circle, provided that generic fugacities are turned on —, it is expected
that the effective action is local in the background gauge field and metric, order by order
in B [32, 33]. For any set of background fields b, we have:

1

L ) Q Wyl 4.
WIE o~y o Waa 101+ Wag [+ B Wi [+ -+ (3.76)
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The 1/841 term was studied in [33]; it is fully gauge invariant and supersymmetric. The
finite term W33 roughly corresponds to the supersymmetric partition function of the 3d
N = 2 theory on M3 obtained from the 4d N' = 1 theory by dimensional reduction, up
to important subtleties that will not affect our discussion — see [41, 61-63]. Here, we are
interested in the order-Sg1 functional in (3.76). Let us introduce the notation:

Waalt] = B Wiy [ (3.77)

This term should capture all the anomalies of the four-dimensional theory, including the
anomalous variation J.W, which allows us to fix it entirely — modulo fully gauge-invariant
and supersymmetric terms, which do not contribute on the supersymmetric locus.

3.6.1 Dimensional reduction and 3d N = 2 supersymmetry

Before discussing the anomalies, we need to recall some formalism to deal with supersym-
metry on Ms. Here, we assume that the background is half-BPS, with two Killing spinors
¢ and (.

3d N = 2 supergravity background fields. We couple the 4d N' = 1 theory to a
fixed A/ = 1 new-minimal supergravity background on M3 x S!, and similarly the three-
dimensional reduced theory couples to a 3d N' = 2 supersymmetric background on M3, of
the type studied in [42]. The three-dimensional bosonic supergravity fields are denoted by:

g3, A, H, V. (3.78)

The three-dimensional Killing spinor equations read:

‘ 1 v
(Vi — ZA;(LR))C = —§H’mé + §V VG s (3.79)
. = 1 ~ v = '
(Vyu+ ZAELR))C = —§HWC - QV VWG -

Our conventions for the 3d «-matrices are given in appendix A.2. We choose the following
Kaluza-Klein reduction ansatz for the metric:

ds*(My) = (Bsrdt + c,dat)? + ds*(Ms) . (3.80)

We will focus on the case of a topologically-trivial circle bundle over Mjs, in which case
the graviphoton ¢, is actually a well-defined one-form on Mj3. The three-dimensional
background field V,, should be given in terms of the 3d graviphoton, as:

VH = —ie™Pd,c,. (3.81)
Let us also define the unit-norm one-form:
0 = Bgrdt + c dat (3.82)
Then, the 3d and 4d supergravity fields are related as [42]:

1

1 1
V,dX* =He + 5 Vauda", AR dxr = —§Hé° + <A§LR) +7

VM> dz",  (3.83)

where X*# and z* denote the coordinates on M, and Mg, respectively.

~ 34—



Transversely holomorphic structure (THF) on M3. The 4d Killing spinors descend
to 3d Killing spinors. In terms of the latter, one can define the following real one-form
on Maj:

CT’VMC CT’YME
= =2 3.84

with the last equality being a property of the half-BPS backgrounds under considera-
tion [42]. We also define the three-dimensional tensor:

Pt = —€', . (3.85)

These objects define a metric-compatible THF, which is obtained from the complex struc-
ture on My by dimensional reduction. In the conventions of appendix A.2, we have:

0 ~0 v
Np=J% =eéNJ" Oy, = JH, |4, (3.86)

The one-form 7 = 7, dz* has unit norm and defines the foliation. The THF-adapted metric
on M3 takes the canonical form:

ds?*(M3) = n* + 2g,:dzdz (3.87)
with z, Z the transverse holomorphic coordinates [42].

Dimensional reduction of the background gauge field. The 4d N/ = 1 vector

multiplet reduces to a 3d N = 2 vector multiplet:>®

VY = (A4, 0, Ay Aas D). (3.88)

The three-dimensional gauge field A, and scalar o are related to the four-dimensional
gauge field a, by:

a dX* = o + A, dx” . (3.89)
The three-dimensional supersymmetry transformations on Ms are given by:
Sc A, = —iCyuN,
d¢o = —CX,
5cha = iCa (D + oH) — i(7#()a (;EWPFVP 90 + ivﬂa) , (3.90)
5cha =0,
8:D =V, (CY*X) — iV (P X — HC,
and:
0pAu = —iCyA,
550 = Z)\,
0gAa =0, (3.91)

- - - /1
0Aa = —i( (D+ocH) —i(v*()a (26“VPFV'D — 0o + iVMU> ,

6D = —V,u(CyPN) — iV, CPA + HCA,

28The scalar D is defined with a shift with respect to its 4d counterpart, D3q = Dsg — o H [42].
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with F},, the field strength of A,. Here, we again focus on the case of an abelian vector
multiplet, for simplicity. On the supersymmetric locus, we have:

1
D=-cH+ §€MVP77’LLFVP +in'V,o, 0o =0. (3.92)
Note also that the combination n* A, + ic is invariant under supersymmetry.

3.6.2 ’t Hooft anomalies and three-dimensional local functional

Let us now consider the reduction of the 4d anomalies to three dimensions. Since the
3d effective action should be local, in the small-Sg¢1 expansion, the 3d reduction of the

anomalies should be the variation of a 3d local term of order g1, which we denoted by
Waq in (3.77).

Reduction of the U(1) anomaly. Consider first the U(1) 't Hooft anomaly (3.48). Its
three-dimensional reduction is given by:

8aWV |4 o = —"1“42&551 / v /ga( = &70,0F,, — 2V 00,0 )
: T
' (3.93)
= _71./4(1(]2(1551 /d3$\/§ (9uoz (O'GHVprp + Z-V'uo-2) )
for the cubic anomaly, and:
5QW|3d7q = oo, /d /g 0o NH | (3.94)

for the mixed U(1)-gravitational anomaly, formally.? On any four-manifold of the form
M3 x St the Pontryagin density vanishes, and therefore so does (3.94), namely:

5aW|3d’q =0. (3.95)

Reduction of the supersymmetry variations. Similarly, the three-dimensional re-
duction of 6 W and 56W is given by:

AgqeB o [~ N
6W g o = T [ da/g{ e (iCh AuFyp + 2030 A,0y0)

— 2ANGAN? + NG Fy, + 2oV — 3i¢AXX} , o

AgaaB s _ :
6W g g0 = o= [ da/g{ e (—iCh AuFup +27A A0 )

+ 20N GALNVE 4 Py NG F,, + 2iCy,\ 0 VH + 3@5M} :

2%Here, we defined the vector:

1
NH = 4’iGHUVV — QiVHVVVV ) GNV = Ruy - QQMVR,

with G, the Einstein tensor of the three-dimensional metric, for My a circle bundle over M3z, with
V*# defined as in (3.81). Then, the Pontryagin density of the 4d metric (3.80) can always be written as
P = —V,N*. Whenever the S' is trivially fibered, P = 0.
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for the cubic anomaly contribution (3.55), and by:
0Wlgy g =0Wlsq =0, (3.97)
for the mixed U(1)-gravitational anomaly contribution, according to (3.57).

Explicit formula for Wgq. As we explained, there should exist a three-dimensional local
functional, Wsq, of the vector multiplet, in the fixed 3d A/ = 2 supergravity background
on Myj, such that:

5aW3d = 50‘W‘3d s 5<W3d = 5CW|3d s 5ZW3d = 5ZW|3d . (3.98)

Up to any three-dimensional action that is gauge-invariant and supersymmetric un-
der (3.90)—(3.91), the functional W34 must take the form:*’

Wsq = W3d|q3 + ng‘q . (3.99)

The mixed U(1)-gravitational anomaly contribution must vanish, Wsq|, = 0. By a straight-
forward computation, one can check that there is a unique possibility for the cubic-anomaly
contribution, given by:

Aqqqﬁsl

Wadlg = =5

/dgx\/ﬁ( —ioe"PAF,, + 302D — Gio A\
(3.100)
+02 A,V + 0 H).

The first line in (3.100) is the flat-space answer, while the second line adds additional
couplings to the curved-space supersymmetric background.

3.7 Generalization to any abelian flavor symmetry

The above discussion can be generalized straightfowardly to any abelian flavor group:

Gr=[]U(@a. (3.101)

(For a non-abelian G, we focus on the maximal torus, which is what is generally done
when discussing supersymmetric partition functions.) The G anomaly can be obtained
from the anomaly polynomial:

2472

1 (0% 1 0%
Ps = > Aqq’pfa/\fg/\fv—mz,él fa Atr(RAR), (3.102)
a,fB,y «

by the descent relations, Py = dQs5 and §o Q5 = d(aw,). Then, the cubic 't Hooft anomaly

reads:
daW| 4 = Z’Ag{(gy A 3.103
o }qs— ZB: 272 My aaf,@ f'y7 ( . )
a? 7’y

30Here we take only into account the contribution from the U(1) flavor anomaly. There can be additional
contributions from mixed U(1)-U(1)z anomalies, which we will consider in section 3.8 below.

— 37 —



with v denoting an arbitrary abelian gauge parameter along (3.101), and with f, = da, for
the background gauge fields aq,,. The sum over repeated flavor indices will be left implicit,
in the following. Note that the 't Hooft anomaly coefficient qu‘i] is fully symmetric in the
three flavor indices «, 3, 7.

The expression (3.103) is valid up to ambiguities that correspond to the gauge-
variations of local terms — those, in turn, correspond to ambiguities in the descent re-
lations. For instance, given two abelian symmetries U(1), and U(1)g with a # 3, we could

always add the local term:3!
Wige = —- A2Bag A ag A tABBa., Nag A 3.104
loc — m ™ S qqq aﬁ Qo fOc + qqq Qg aﬁ fﬁ ’ ( . )
4

with s,t € R some arbitrary coefficients. The addition of such counterterms to the effective
action can “move around” the mixed anomalies; for instance, setting s = —2 and ¢t = 1
would ensure that the variation dq, W only depends on the gauge field a,, at the price of
pushing all the mixed anomalies into dq,W. Here and in the following, we always work in
the “symmetric” scheme which treats all the U(1), factors equally, in which case (3.103)
holds.

The supersymmetry variations (3.55) are then generalized similarly, in the fully sym-

metric scheme:3?
Adsd [ 5 T
. / *ov/g (7 Coda g frpo = 3iCha Aghy ) |
o (3.105)
6ZW|q3 ZquQ /d4ZL‘\/§ (E#Vngau)\a agy fry,po + 31CAa )‘5)"Y> ,

The 3d local term that reproduces the 3d reduction of the anomalies (3.103) and (3.105)
takes the form:

W3qlgs = qllﬂé  Bst /d3x\/§< —ie""PoaAg  Fy vy + 300080

(3.106)
+ 00084, V! + 04050, H — 6anX5/\7> ,

generalizing (3.100).

3.8 R-symmetry contributions to 6. W

Finally, we should discuss the effect of the R-symmetry background gauge field. Consider
again the case Grp = U(1), to avoid clutter. The anomalous U(1) variation of the effective
action has contributions from mixed 't Hooft anomalies U(1)%-U(1)g and U(1)-U(1)%,

which read:

5QW‘R = 4872

/d4a: g e i f oo (R) 4 Zg;qu /d4x gae“”””f fpf). (3.107)

31n this equation, there is no sum over repeated flavor indices.
32Here, the indices «, 8, - - - are flavor indices, while the spinor indices are left implicit.
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This is the contribution that was denoted by an ellipsis in (3.48). Here, f(®) = da® is
the field strength of the U(1)r gauge field:

3
) = AP Ly, (3.108)
The second term in (3.107) vanishes on the half-BPS background, because:

e,ul/paf!(ufj%) p(clr%) =0, (3.109)

in that case. The mixed 't Hooft anomalies (3.107) then contribute to right-hand-side of
the supersymmetry variation of W as:

A vpo Y
- ij / 42/ P o (ay £ 4 ol fp(,)

A vpo Y
At oo

6cWlg =
(3.110)

and similarly for 55W' Note again that, in this paper, we focus on the flavor anomaly on
a fixed half-BPS background. The more general form of the mixed anomalies on arbitrary
supergravity backgrounds, including the contributions from the gravitino, were recently
discussed in [22].

4d U(1)g vector multiplet. An important property of the 4d N' = 1 supergravity
multiplet is that it contains an ordinary wector multiplet for the R-symmetry, Vg, as a
sub-multiplet of supersymmetry [64]. The gaugino AV inside Vg is a contraction of the
gravitino ¥,,. On the half-BPS background My, with ¥, = 6,¥,, = 6:¥;, = 0, we are left
with the bosonic fields:

Vi = (agﬁ) , Dﬁﬁ)) : (3.111)

with aLR) given in terms of the supergravity fields by (3.108), and:

1
Dl — 1 (RA6VV), (3.112)

with R the four-dimensional Ricci scalar. One can verify that these combinations of back-
ground fields satisfy the conditions (3.36) for an half-BPS vector multiplet, namely:

R R R R 1.
==y =0, DI = —5 /" o (3.113)
Note that the background gauge field al(LR) is not real, unlike the background flavor

gauge fields that we consider in this paper; supersymmetry generally imposes that aLR)

be complex.

The U(1)r vector multiplet controls the R-charge dependence of supersymmetric par-
tition functions [13]. Consider any mixing of the R-charge with abelian flavor symmetries
U(1)q:

R— R+ taQF, (3.114)
[e%
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with t, € R some mixing parameters. The effect of this shift on the supersymmetric
partition function, computed with background vector multiplets Vg, is simply to shift the
latter by the U(1)g vector multiplet itself:

Via = Via ttaVR- (3.115)

This allows us to treat the R-charge dependence systematically once we understand the
“flavor sector.” For instance, as a typical example of this approach, let us consider a free
chiral multiplet. The mixed flavor-R 't Hooft anomaly coefficients for a chiral multiplet of
U(1) charge ¢ and R-charge r are:

Agr =¢*(r—1), Agrr = q(r —1)2, (3.116)

and therefore we can ignore the effect of those anomalies if we choose » = 1. Then, the
general case can be obtained by starting from the “reference” R-charge Ry with » =1 and
shifting the partition function of the free chiral to R = Ry + (r — 1)@ using (3.115).
Similarly, the anomalous variations (3.107)-(3.110) can be obtained from (3.103)
and (3.105), simply by replacing one f%%\)/or index “a” by “R.” This again corresponds

to a fully symmetric scheme, treating a;, ’ and a,,, on the same footing.

Dimensional reduction and 3d U(1)g vector multiplet. Finally, let us briefly dis-
cuss the 3d reduction of the U(1)g vector multiplet:

vgd) — ALR) o) D§§>), (3.117)
Using (3.83) and (3.89), one can check that [13]:
1
AP A, 1V, B =H, D= LR+ 2H? + 2V, V), (3.118)

where R is the 3d Ricci scalar, which is related to the 4d Ricci by R = R + %VHV“. On
any half-BPS background M3, we have the analogue of the condition (3.92) for a vector
multiplet on its supersymmetric locus, namely:

3
2
One can then find 3d local terms that reproduce the mixed U(1)-U(1) g 't Hooft anomalies
and are consistent with supersymmetry, by an appropriate generalization of (3.100).

1 1
00y (Ap + V) + i, VIH = SR+ H? + SVuVh,  9H=0. (3.119)

3.9 Anomalous supersymmetry variation from WZ gauge-fixing

As in 2d, we can understand the 4d “anomalous supersymmetry variation,” 6:W # 0, as
a direct consequence of the Wess-Zumino gauge-fixing procedure. This provides a concep-
tually and technically simpler derivation of those anomalous variations, and demonstrates
that they are simple consequences of the ordinary 't Hooft anomalies, when working in the
WZ gauge.

For simplicity of presentation, in this subsection, let us work in flat-space, R?*, so that
we can use the 4d N' = 1 superfield notation. (The generalization to rigid supersymmetry
on My is completely straigthforward.)
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WZ gauge-fixing. Let us consider a theory coupled to a U(1) background vector
multiplet,
VF=<C,X,55,M,M,%,>\,>\,D). (3.120)

This corresponds to the real superfield:

Vi = C +ifx — i0x + %GHM - %551\7 — 00" fa,(x)

Y . ; 1 . (3.121)
+ 16600 </\ + 25“8@() — 1660 (/\ + 20”@&) + 56099 <D + 28#6“0) .
The gauge freedom of the gauge field, dna, = 0,«, is supersymmetrized to:
i -
d0oVr = 5 (Q-9Q), (3.122)

with the gauge parameters valued in a pair of chiral and anti-chiral multiplets, €2 and Q-—
in terms of superfields, we have:

Q=w+ V200 +00F? + ... | Q=3+ V200° +00F? + - . (3.123)

Let us define the gauge parameters « and v by:

w=a+1iy, w=a-—1iy. (3.124)
In components, (3.122) is equivalent to:
1 1 ~
0oC=—v,  dax=—7¢",  dax=—72¢",
V2 V2 (3.125)
doa, =0y, oM =F%, SoM = F*,

while )\,X and D are gauge-invariant. Using this gauge-freedom, we can fix the so-called
WZ gauge [23]:

C=x=x=M=M=0. (3.126)
This leaves 0, Vp as a residual U(1) gauge transformation. Obviously, the WZ gauge does
not commute with supersymmetry. Nonetheless, one can define a consistent set of super-
symmetry transformations by accompanying any “bare” supersymmetry transformation,
denoted by 5&0) or (5270), with a gauge transformation to restore the WZ gauge:

b =00+, 0z=0 44, (3.127)

QN
The compensating gauge transformations are given by specializing (3.125) to the field-
dependent gauge parameters:

QC) - w=y¢l=F2=5=0, ¢¢=iv2(Co")aa,, F*=—-2C\, (3.128)
or:
Q) P =—ivV2(0')aa,, FE=-20\, w=a=y¢¢=F=0, (3.129)

respectively.3?

33In flat space, ¢ and E are arbitrary constant spinors. They become our non-trivial Killing spinors ¢ and
¢ on M4 once we generalize this discussion to curved space.
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’t Hooft anomaly and supersymmetry. Let us first consider the cubic 't Hooft

anomaly:
iA
999

oW =
9672

/ Az ae™? o, foo - (3.130)

Its supersymmetric completion takes the form [65]:

i Aggq 7O 4

bW = d'x /dQGQWQWa - /dQQQWdWO‘ : (3.131)
4872

possibly up to the dg-variation of a local term. Here, we defined the standard field-strength
chiral and anti-chiral multiplets:®*

1~~ — 1~
W =—,DDDoV, Wi =—_DDDsV. (3.132)

Expanding in components, (3.131) gives:

iAqqq 4 1 nvpo . wy
S [ dbed o ( 3 fuu o+ 20, (ro"3)

i (Funf™ = 2D% 4 200H QA + 20519, 0 ) + FON— FOAX - (3.133)

oW =

) (WUWA — {/?%WX) Fuy — V2 (szA n JQX) D} .

Specializing to the WZ gauge, we see that (3.133) reproduces (3.130) up to the variation
of a local term — namely, the cubic 't Hooft anomaly 6, in (3.130) is given by:

SaW = 5QW‘ + 60 Wioe (3.134)
WZ
with the simple local term:
Wiee = _ A [ a0 R (3.135)
¢ 2472 a

The gauge variation of (3.135) in (3.134) cancels the second term on the first line of (3.133).

Anomalous supersymmetry variation in WZ gauge. Before fixing the Wess-Zumino
gauge, the “bare” supersymmetry transformations are non-anomalous [66]:

3w =0, 529)W =0. (3.136)

This is the statement that, on the one hand, there is no genuine supersymmetry anomaly;
and, on the other hand, the t Hooft anomaly (3.131) does not contribute any quantum cor-
rection to (3.136). The latter statement directly follows from the WZ consistency condition:

8, sa]w =0, (3.137)

34With the usual definitions: Dy = 94 + i(a“g)aﬁu and Dg = —04 — i(6o*)a 0.
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and the fact that (3.131) is supersymmetric, 5é—0)5QW = 0. The WZ gauge fixing modifies
the supersymmetry algebra, introducing an explicit dependence on the gauge fields due
to (3.128)—(3.129). The compensating gauge transformation also introduces non-vanishing
WZ-gauge supersymmetry variations, since:

_ (5© _
6W = (37 + da) ) W = bW, .

oW = (69 + 355 )W = S W .

9 ©)
and 0oW # 0 due to the U(1) 't Hooft anomalies. This gives an alternative way to compute
the anomalous variations 0 W in WZ gauge. To compare to the results from the previous
subsections, we should take into account the fact that we are working in a scheme in which
the cubic anomaly is given by (3.130) exactly. This corresponds to (3.134), including the
contribution from the local term (3.135). We thus have:

OW =dqcyW + 6¢Wiec

55W = 6Q(E)W + 5ZVV10C .

(3.139)

Here, the gauge variation (3.133) is specialized to 2 = Q(() or 2 = Q((), and the second
term is the (WZ-gauge) supersymmetry variation of (3.135). One finds:

Sy W = Awa [ 1, (CU“&VPXGM Ffup +iCo"Aa,D + z‘@XX) ,
2472 (3.140)
A v o o~ ’

bo@W = 314 [ d'e (—go“o PNy fop + iCF Na, D — ngA) :

and:

dWioe = Agaq d*z (Ca”pa“Xa“fyp — iCJ“Xa“D + QiCAXX) ,
242 (3.141)
Agqq 4 Tup~ s Y '

6 Wioe = 524 [ d'a (G575 Aay fup — 15" Aau D = 2iCAM)

It follows that (3.139) exactly reproduces the result (3.55), which was obtained by solving
the WZ consistency conditions for supersymmetry and gauge transformations directly in
WZ gauge.

Note also that, even if we worked in WZ gauge in the scheme defined by (3.133) with
0=0Q= a, in which case the anomalous supersymmetry variation takes the more cum-
bersome form (3.140), we would still obtain the same results for supersymmetric partition
functions, because the local term (3.135) vanishes on the supersymmetric locus for the
background vector multiplet.

One can similarly discuss the mixed U(1)-gravitational anomaly in this language, gen-
eralized to supergravity. The supersymmetrization of the anomaly is similar to (3.131),
with W, replaced by a chiral multiplet, 7,,, that contains the Riemann tensor in its 6-
component [60]. The bottom and 66 components of 7, vanish once we set the gravitino
to zero and therefore, using (3.138), we find that the mixed U(1)-gravitational anomaly
does not contribute to d:W on a rigid-supersymmetric background.
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4 4d N = 1 supersymmetric partition functions, revisited

In this section, as an application of the above formalism, we study how the supersymmetric
Ward identities constrain supersymmetric partition functions on some specific half-BPS
backgrounds. This leads us to discuss the explicit form of the partition functions Z(v, 1)
on M3 x St which differ from the well-known holomorphic results, Z(v, 7), in the Casimir-
like prefactor.

4.1 The Mg, x S background

We will focus on the special case of M, a principal elliptic fiber bundle over a closed
genus-g Riemann surface:
T? — My - %, (4.1)

In that case, the four-manifold necessarily takes the form:
My = Mg, x ST, St My, 8, (4.2)

where the three-manifold M, is a degree-p principal circle bundle over 3,. As a special
case, this includes S® x S* (for p=1,g = 0) and %, x T? (for p = 0). The corresponding
35

supersymmetric backgrounds were studied e.g. in [5, 10, 11, 25-27] The metric on

M, x St is chosen to be:
ds*(My, x SY) = 2 (dip + T dt + C(z, 2))2 + B2dt* 4 2g.- dzdz (4.3)

with the angular coordinates t € [0,27) and ¢ € [0,27), with ¢ the coordinate along the
circle direction. In (4.3), g.z is the Hermitian metric on 3,4, which we normalize such that
vol(3y) = m; the one-form C is the connection of a principal circle bundle over X, with first
Chern class p, which satisfies:

1
0,Cs — 05C, = p2ig,z, C = W*(Cz) , 27 dCs =p€Z, (44)
m g
with Cy a two-dimensional gauge field on ¥, which pulls back to C. The complex coordi-
nates w along the T2 fiber is given explicitly by:

w=vY+71t+ f(2,2), C.=0.f, Cz =0:f, (4.5)
where the complex function f(z, ) is related to the one-form C as shown, and we introduced

the complex parameter:

T=T1+1iT2, Ty = —. (4.6)

B
This 7 is a complex structure modulus of the Hermitian manifold My = Mg, X Sl — of
course, it is also the complex structure of the T2 fiber itself; note that it is kept constant

over the base, ¥,. The Killing vector K* is given by:

K =280y = —iBy ' (10y — ;) - (4.7)

35We closely follow the discussion in [5], with only slightly different conventions; in particular, the sign
of the complex structure here differs to the one in [5] by a sign.
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The metric (4.3) is equivalent to the canonical expression (3.15)—(3.18), with:
el = e 4 ie? | e = 3, (dw + midt + C(z, 2)) , e® = Bydt. (4.8)

and €2 = e® + e as given in (3.18). The other new-minimal supergravity background

fields, V,, and ALR), can be computed from the general formula (3.8) with (3.17). This gives:

VdX* = ppre) + kK dx*,  APdxt = —ppre® + @e@) +ACXH, (4.9)

with A7 defined in (3.9). The gauge field Aj, is the pull-back of a non-trivial two-
dimensional R-symmetry gauge field with 1 — g units of flux on X,:

1
A¢ =7"(Ax), o s dAy =1—g. (4.10)
g9

The free parameter x in (4.9) can be fixed by requiring the existence of a consistent di-
mensional reduction of this 4d N = 1 supergravity background to a corresponding three-
dimensional A = 2 supergravity background on My, [42]. This imposes:

/{:pﬂlz. (4.11)

This is an important point for the computations that follow, since only with this particular
choice, (4.11), do we have a consistent reduction of the 4d A/ = 1 half-BPS background to
a 3d N = 2 half-BPS background on the three-manifold M, .

Kaluza-Klein form of the metric. In order to discuss the 3d reduction, it is useful to
work with a slightly different frame, obtained from (4.8) by an SO(2) rotation:

n\ 1 [1—7 e
<é0> ~ (7‘1 P ) (e@) ' (4.12)

Let us define the radii:

Bs1 = Bultl, Bza = ’ﬁ:’ (4.13)
In term of these, (4.12) gives us the one-forms:
n = Bsa(dy +C), &0 = Bgrdt + c,dzt (4.14)
with ¢, the so-called graviphoton, given by:
cy = %W (4.15)
This brings the metric into the Kaluza-Klein (KK) form:
ds*(Mgyp x SY) = (Bgrdt + c dat)? + ds*(My,) . (4.16)
Note that, in our conventions, we have the volumes:
vol(My,) = 212 B3a,  vol(My, x S') = 473 Bg1 B3q = 473512 . (4.17)
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Supersymmetric background on Mg ;. In the following, we will also need the explicit
form of the corresponding 3d N = 2 supersymmetric background on M, ,, as discussed in
general terms in section 3.6.1. The three-dimensional metric on M, ;, takes the simple form:

ds*(Myp) = 0% + ds*(%y) , (4.18)

in the coordinates (v, z,z) adapted to the THF. Here, n is defined as in (4.14), and
ds*(Xy) = 2g.z dzdz is the metric on ¥,. This manifold is also a Seifert manifold,*® with
1 the coordinate on the Seifert fiber of constant radius fB3q. The other three-dimensional
supergravity fields are given by:

. T . T
H = —ipf3q + 2p63d;; ; V.= —2zp53d;;m, AT = —pBygn, + AS,  (4.19)

with A7, defined as in (4.10). The three-dimensional background field V, is the dual field
strength of a real graviphoton c,, with:37
VH = —ie'P0,c,, Cu = Enﬂ. (4.20)
T2
This is as expected for a 3d background obtained by dimensional reduction from 4d, with
the KK metric (4.16). Requiring the existence of this supersymmetric reduction to 3d
uniquely fixes the parameter « in the 4d background to (4.11).

4.2 Supersymmetric Ward identity on Mg, x S*

Let us evaluate oW on the M, , x St supergravity background (focussing on the cubic
't Hooft anomaly). We may write the anomaly in terms of the gaugino one-forms defined
in (3.58). In the complex frame basis, they are given by:

A= 7\161 + K262 , A=Ae + Agei . (4.21)

We will choose 1~\1,1~\2 constant, for our purposes. Then, the cubic-anomaly contribu-
tion (3.55) takes the simple form:

Aqqq Y
54qu3 = -5 /A AaAda, (4.22)
at first order in the gaugino.?® The 4d background U(1) gauge field takes the form:
a=aje' + &161 +a™ ay = dw , ai = 4o , (4.23)
B1 B

in terms of the complex frame, with a5 = (G,,)* € C an arbitrary complex parameter. The
term a(™ in (4.23) denotes a topologically non-trivial gauge field with flux m € Z. If p = 0,
we have M4 = 3, x T? and —m units of flux through the Riemann surface 3 ,:3°

1/ da™ =—m, if p=0. (4.24)
2 Eg

36See [58] for a systematic study of 3d A = 2 supersymmetric backgrounds on Seifert manifolds.

3TWe have the useful relation: €**?8,1n, = 2pBsan” in this geometry.

38The higher-order terms in A can be ignored for our purpose, since they do not affect the anomalous
Ward identities (3.74).

39The choice of —m instead of +m here is to conform to the definition of the “flux operator” in [5], where
the orientation convention for ¥ was the opposite as it is here.
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If p # 0, on the other hand, the flux m is a torsion flux valued in Z, (more precisely, we
have a large gauge transformation that identifies (v, m) ~ (v 4+ 7,m +p)), and a™ is a flat
connection with non-trivial holonomy along the Seifert fiber of the three-manifold M, p:

m

eldra™ = 2y if p#0. (4.25)

While the two cases, p = 0 or p # 0, must be treated separately, the final result is valid
for every M, , x S* background. The gauge field component a; are related to the above
parameters as:

. S
aww=1{" e (4.26)
g — A if p 0

w 210 p °

and similarly for the complex conjugate a,,. The flavor parameters v, 7 are then defined as:
vV =20Ty Qg = TGy — G , V= —=2iTyay = Tay — a . (4.27)

Here, for future reference, we also gave these expressions in terms of the real gauge-field
components a,, and a;.

The case p # 0, m = 0. Consider first the case without flux. When m = 0, the gauge-
field (4.23) is a well-defined one-form, and the integral (4.22) can be evaluated straightfor-
wardly. One finds:

_ mipA

Y9N (v — D). (4.28)

5CW}q3,m:0 = 37-2

The general case. In the general case with m # 0, the integral (4.22) is not well-defined,
strictly speaking. Nonetheless, we claim that the general result should be:

5CW‘ 3= —WAqquw (Zpu(u - 7))+ mu) . (4.29)
q 3719

The term linear in m can be deduced by requiring consistency with explicit results for
one-loop determinants and with the 3d reduction, as we will discuss below. A completely
rigorous derivation of (4.29) would require an a-priori definition of (4.22) for topologically
non-trivial gauge fields, possibly akin to the definition of the 3d Chern-Simons functional in
terms of a bounding four-manifold. We leave this as an interesting question for future work.

4.2.1 The holomorphy anomaly on Z,, s

Given the above discussion, the holomorphy anomaly of the supersymmetric partition
function (in the flavor sector) follows from (3.74). We have:

ow 1 0
= (4.30)
ov 273 Ay,

We also see that, since the supersymmetry variation (4.29) is independent of 1~Xz (and,
similarly, 5EW is independent of Az), there is no dependence of the partition function on
background flat connections on the Riemann surface base, ¥.
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The supersymmetry variation (4.29) contributes the following holomorphy anomaly in
the flavor parameters:

W A ( P —5)+ mu> . (4.31)

— —v
ov g3 6T 22 279
The generalization to any abelian symmetry is straightforward.

4.2.2 The small-3g1 limit and the 3d functional Wgq

Let us now compute Wsq, as defined in section 3.6.2. It is obtained in the limit 7 — 0 with
v/7 kept finite. We again focus on the cubic 't Hooft anomaly contribution. We should
then evaluate the local action:

A
Waqlgs = %ﬁsl / d%\/g( —ioce"PA,F,, +30°D + d* A, VF + J3H) . (4.32)
T
on the 3d N = 2 supergravity background (4.18)-(4.19). We also consider the background
vector multiplet on its supersymmetric locus, (3.92). Then, the three-dimensional gauge
field takes the form:

A, = agn, + A™ (4.33)

with do € R a constant, and with the non-trivial gauge field A(™) defined exactly as a(™
in (4.24) or (4.25). Let us also introduce the real parameter:

Q ifp=0
ap = At = {A . . P . (4.34)
ao+ g7 if p#0

The three-dimensional flavor parameters ¢ and ag are related to the 4d flavor parame-
ters (4.27) by:

v . v .
- = B3a(ap + io) , == Bad(ap —io) . (4.35)
Equivalently, we have:
Toa 10
B3a0 = W; 7 B3da0 = ay — ]T\Qt , (4.36)

in terms of the 4d gauge-field components a; and a,. Similarly to the 4d expression (4.22)
for §.W, the action (4.32) is only well-defined for m = 0. We claim that the complete
expression for (4.32) on this supersymmetric background is:

2i o LT\ 9 T1 +iT2 3
Widlys = TAgqqBs1 Bad {pﬁsd <—3aa0 +(1- 13?2)0 a + o

(4.37)

+m (icag — o) } :

For m = 0, this is obtained by a straightforward computation using the supergravity and
flavor background fields. In the general case with m # 0, this is essentially a conjecture
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— assuming there exists a first-principle definition of the 3d action for non-trivial gauge
fields. Using the relation (4.35), one can write (4.37) as:

inpAggq (VP2 V0 FRT =T\ mmAyy [ TP
Way| 5 = P2a0q (VY VTV _ T 4.38
g 126 T 122 o VT (4.38)

In particular, we see that W34 reproduces the holomorphy anomaly (4.31) — as it should,
by construction. It will also be useful to give (4.38) in terms of the real parameters a,, and
at; we have:

i Agqq

Waq(ay, a, 7‘)‘(13 =5 ar(Tay — ar) (plas — 27ay) + 3m7) . (4.39)

Incidentally, W3q,s is holomorphic in 7 when viewed as a function of (ay, a;) and 7. Finally,
for future reference, let us also give the explicit expression for the real part:

2pT T o3
3|72 t

A
Re [ng‘q:g} = |T|q2qq <T2(pa¢ — m)af — (4.40)

4.3 The holomorphic supersymmetric partition function

In the rest of this section, we would like to discuss the “gauge invariant” supersymmetric
partition functions Z M, pxst, in light of our general results for the supersymmetric Ward
identities in WZ gauge. Before proceeding, let us first review the standard expressions for
the holomorphic partition functions.

4.3.1 The S x S! partition function

The most studied 4d A/ = 1 supersymmetric partition function is certainly the S3 x S!
partition function, which computes the 4d N' = 1 supersymmetric index:

7 1 7 1 @
Tgixsi (P, y) = Trgs ((—1)FPJ3+"3+2RqJ3J3+2RH3J§F> : (4.41)
o

The parameters p and q are complex structure parameters on S3 x S' seen as a Hopf
surface [6], and y, = €™ are the flavor parameters. In this work, we will only discuss
the special case:

p=q=q=¢"", (4.42)

which corresponds to (g,p) = (0,1) for the Mg, x S* background defined above [5].
The S? index is easily computed for a free theory. For a free chiral multiplet, ®, of
unit charge under a background U(1) and of R-charge r € R, we have:

T8, g1 (v, 7) = FY (v +7(r —1),7), (4.43)
in terms of the function [5]:

. 3
QWZT(%—L

Frv,m)=e \or 127>Fo(u,r). (4.44)
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Here, the “restricted elliptic I'-function,” T'g, is the p = q limit of the elliptic-I" function,

defined as:*°
00 (1 _ p2mi(—vt(k+1)7) > k+1

FO(Vv T) = H 1 — e2mi(v+(k+1)7)
k=0

(4.45)

for 7 on the upper-half plane. The prefactor in (4.43) is the contribution from the su-
persymmetric Casimir energy for a free chiral multiplet [10, 67]. More generally, there
exists an explicit formula for any 4d N' = 1 gauge theory, with gauge group G and chiral

multiplets ®; in representations R of the gauge algebra g. It is given by [10, 30]:
Tgsygi(v,7) = 2™ 1s (v, 7). (4.46)

Here, Igs denotes the “ordinary” 4d N' = 1 index; for SCFTs, it starts at 1 when expanded
in powers of ¢ [3, 4, 68, 69]:

r k(G
L (¢ q)gok(G) ?{ rk(G) dz, TL;T1, To (pi(w) + vi + 7(r; = 1),7) (4.47)
g3 = — 51— - s .
[Weal L Tew a1 2miz, Haeg o (a(u) -, 7')
with z, = e*™a. The supersymmetric Casimir energy contribution in (4.46) is given

entirely in terms of the 't Hooft anomalies [30, 31, 70]:

1 1
E(v, 1) = @Aaﬂ'yuau/guy - E.Aaya +- (4.48)
where the ellipsis denotes contributions from the 't Hooft anomaly coefficients involving
the R-symmetry.

Behavior under large gauge transformations. On S x S', one has the equivalence
v ~ v+1 for the flavor parameter, corresponding to the large gauge transformation a; ~ a;—
1 along the S'. While the “pure index” (4.47) is clearly gauge invariant, the holomorphic
partition function (4.46) is not. Due to the supersymmetric Casimir energy contribution,

we have:4!

a i ogoB 1
Tgsugi(v+n,7) = (—1)Aa"e 72 Aiq (navsvytnansrytgnangny) Tgswsi (v, 7), (4.49)

under the transformation v, — v, + n, for the flavor parameters. Similarly to the case of
the elliptic genus discussed in section 2, the puzzling aspect of the transformation (4.49)
is that the absolute value of Zgs, g1 is not gauge-invariant. As we discussed, it cannot
possibly be gauge invariant whenever the partition function is holomorphic.

The three-dimensional limit. Consider the small-Sg1 limit of the holomorphic parti-
tion function, namely:
r—=0, wv—0, 2 =finite (4.50)
T

49The definition of Ty corresponds to the limit q = p of the elliptic I'-function with a shifted argument
v+ 7. See appendix B.
“'Here we ignored the effect of the mixed flavor-U(1) g anomalies, for simplicity.
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In this limit, we claim that:

" (0) —5
—logT ~ —W. w. CRET I 4.51
0gZgsyg1(v,T) 55700 B ad + W3 +0 (e s (4.51)

Here, W?E;l) is given by the Cardy-like formula discussed in [33, 62], and W?Eg) is essentially
the partition function of the dimensionally-reduced theory. The important point, for our
purpose, is that there is no order-8g1 term in the expansion (4.51). This requires the
additional assumption that the S3 partition function of the dimensionally reduced theory
is finite [43]. The resulting expansion is analogous to the expansion (2.63) for the 2d
elliptic genus.

Note that the supersymmetric Casimir energy in (4.48) precisely survives in the
limit (4.50). Therefore, the property (4.51) is equivalent to the statement that the
order-fq1 term in the expansion of the ordinary index is governed by the supersymmetric
Casimir energy:

log L R 11 e VR 1 ( N (—ﬁ;)
oglgs(v,7) Way '+ Wyy +2mit€(v,7) + 0O (e . (4.52)
Bs,;—0 Bg1
For general gauge theories, using the explicit localisation formula (4.47), this expansion
follows from the estimate:

. 2mi U - (7 v ~5
—logTo(Tv,7) e %Z%—}—W(O)(V)—I—?ﬂw (V—V> +0 (e 551) , (4.53)

for the restricted elliptic I'-function (4.45), with 7 held fixed (and modulo 27i, corre-
sponding to a choice of branch cut for the log). Here, the finite term is given by:

w0 () = —log (e 374 fo(7)) |

1 _ _ (4.54)
fo(V) = exp (,Lig (627””) + vlog (1 — 62”“’)) .

2me
corresponding to a free chiral multiplet on the round S® [71], with 7 = v/7 the 3d flavor
parameter (4.35). The expansion (4.53) was proven in [43].

4.3.2 The Mg, x S! partition function

The Mg, x ST holomorphic partition functions were computed in [5]. They can be written
as generalized indices:

IMngSl (7—7 V)m = Tr/\/lg,p ((_1>FQ2J+RH:USF> s (455)
ey

2miT 2miv

with g =€ and y =e as above. For p = 0, we have the topologically-twisted index
on X, x St [29, 72, 73]; for p = 1,g = 0, we recover the S index discussed above. The
parameter m in (4.55) denotes a background flux for the flavor symmetry on Mg, as
discussed in subsection 4.2 above.
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For our purpose, we only need to know that the Mg, x S 1 holomorphic partition
function for a 4d AN/ = 1 gauge theory may be written as:

Tity x5t (T, V)m Z Fi(t, v, 7)P H(t, v, 7)1 HHQ(Q, v, )" (4.56)

uGSBE

where the sum is over the solutions to the “4d Bethe equations,” with @ a gauge parameter
evaluated onto the so-called Bethe vacua [72]. The objects Fi, H and II, are called the
fibering operator, the handle-gluing operator, and the flavor flux operators, respectively.

For a free chiral multiplet, the (holomorphic) fibering operator is given by (4.44). The
flavor flux operator, on the other hand, takes the form:

7'ril/2
e T
(v, 7) = o) (4.57)

with 6(v, 7) defined in appendix B. The handle-gluing operator of a free chiral multiplet of
R-charge r (with 7 € Z, on a generic Mg, x S!) takes the form H® = (IT®)"~1 [5].

Large gauge transformations. On Mg, x Sl there are two types of large gauge
transformations for the gauge parameters. In addition to v ~ v + 1, corresponding to the
large gauge transformation a; ~ a; — 1 along the circle, we also have v ~ v + 7 together
with m ~ m 4 p, a large gauge transformation along the S fiber of My p.

Consider a 4d A/ = 1 gauge theory whose partition function is computed as in (4.55).
For generic values of g, p, the R-charges of the matter fields should be integer-quantized on
My p X S1. Then, the entire R-charge dependence of Z ,.p 18 through the handle-gluing
operator, H, which drops out for ¢ = 1. Here we focus on the contributions from the
fibering and flux operator — schematically:

ZW,T)m = Fi(v, 7)PI(v, 7)™. (4.58)
Under the large gauge transformation:
(Va,Mg) ~ (Vo + Ng + MaT, Mg + mup) , Na, Mo € 7, (4.59)
for the flavor parameters, the fibering and the flux operator transform as:

F1
Filv+n+mr, 1) = (v, 7)"™ F1(v,7),
1 )= e ) i) .
Iy(v+n+mr,1)=e?m1y(v,7),

with the prefactors:*?

egof}m — e—%Aquamge .A (na+3ma) MAqqq (”amﬁmv‘f‘ (nv+2Vv)+ (nﬁ”v'f‘?’n/i”“/"'?”’ﬁ”v))
- )

I [e% L A
ePn.m = (_1)Aqq (ng+mp) e—ququ(nﬁn—y-‘r?mgmy) .

42Here, Agf denotes some quadratic “pseudo-anomalies” in 4d, similar to the ones discussed in foot-
note 12. We leave a proper understanding of those terms for future work.
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Then, the holomorphic partition function (4.58) transforms as:

F- T
Z(v+n+m7,T)ntmp = ePnm Z(W,T)m s ePrim = PPnim H e(Matmap)enin (4 .61)

[0}

One can easily generalize this expression to include the effect of the handle-gluing
operators [5].

The three-dimensional limit. As in the special case of the S index, we again claim
that there is no order-f3g1 term to the supersymmetric index (4.55). More precisely, one
can again write the index as a “pure index” contribution times the supersymmetric Casimir
energy contribution:

Tpp, xst (0, T = €T TEMap N (1, 7). (4.62)
Explicit expressions for the Casimir energy were given in [5]. Then, we claim that the
analogue of (4.52) holds for any M, ,. In gauge-theories, this can be shown easily for the
handle-gluing operator and for the flux operators, which are given in terms of #-functions.
For the fibering operator, that small-8g1 property again follows from the estimate (4.53).

4.4 The “gauge-invariant” supersymmetric partition function

As we have reviewed, there are various exact results for 4d N = 1 supersymmetric in-
dices in the literature, and those formulae are locally holomorphic in all the parameters.
While this holomorphy agrees with the known classical supersymmetric Ward identities on
curved space [6], it clashes with simpler requirements that stem from gauge invariance for
real background gauge fields coupling to the flavor symmetry. For instance, there should
exists a scheme in which the absolute value of the supersymmetric partition function is
gauge invariant.

The presence of a non-zero contribution from the flavor 't Hooft anomaly to the super-
symmetric Ward identity, in the “gauge invariant scheme,” resolves this apparent puzzle
— it is then possible to have a supersymmetric partition function which respects all the
quantum Ward identities at the same time. The only price to pay is that the partition
function is not fully holomorphic in the flavor parameters.

Given this understanding, it is now straightforward to revisit previous localisation
computations to derive the “gauge invariant” partition functions. As explained before,
the localisation argument still goes through. The only modification comes from a more
careful computation of the various one-loop determinants on the supersymmetric locus.
Since the new non-holomorphic terms depend on ’t Hooft anomalies, they factor out of
various “localization integrals” in gauge theories, and only contribute to a Casimir-like
overall pre-factor.

One-loop determinant and holomorphy. Let us focus on the contribution from a
free chiral multiplet, ®. This is a free theory, whose path integral can be computed on any
Mg, xS 1 In fact, we can factorize this one-loop determinant in terms of the fibering and
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flux operators [5]:*3

23, x5t ) = FL (0, 1P (v, 7)™ (4.63)

Here, the hatted symbols denote the “gauge invariant” objects, in contrast to the holo-
morphic fibering and flux operators discussed above. In particular, the S x S partition
function is given by:

Zggsi (i) = FL(v,7). (4.64)

As always with perturbative anomalies, the difficulty lies in treating the chiral fermion,
¥, whose one-loop determinant is not well-defined. On the other hand, we can consider
a theory consisting of the chiral multiplet ® together with a “shadow chiral multiplet” ®
of opposite chirality and gauge charge, whose kinetic operator is the Hermitian conjugate
to the one of ®.%* Then, the partition function of the pair ® and ® unambiguously defines
the absolute value of Z%.

In appendix C.2, we give a derivation of this absolute value by an explicit heat-kernel
computation, generalizing the discussion of the Quillen anomaly in section 2.1. One finds:

Y

|]:'{D(1/, 7')‘ e M CAS L) ‘Fo(y, T)|, (4.65)

for the fibering operator, and:

1

Bo(.7) (4.66)

1% (v, 7)| = e (@ auts)
for the flavor flux operator, with v = 7a,, — a;. Moreover, from our general discussion in
subsection 4.2.2, we know the explicit form of the chiral-multiplet supersymmetric effective
action at order g1 in the small-circle limit; it is given by (4.39) with Ayyq = 1, namely:

W _m 92 3 4.67

3q(@y, ag, T) = 3.2 ar(Tay — ar) (plas — 27ay) + 3m7) . (4.67)

We then propose that the supersymmetric partition function of the free chiral multiplet is
given by:

_wo
Z,;{\)/lg,stl (a'gb; ag, T)m =e W,?,d(a'lpuat77—) I)(\)/lg,pxsl (I/, T)m , (468)

with I?\)/lg,px g1 the holomorphic partition function, including the supersymmetric Casimir
energy contributions:

I st (0 T)m = Fa(v, 7)P TI(, 7)™ (4.69)

One can check that (4.68) reproduces (4.65)—(4.66) — that is, minus the real part of Wsq, as
given in (4.40), plus the real part of 2mi€xq, , (the supersymmetric Casimir energy) exactly
reproduces the factors in the exponents in (4.65)—(4.66). In particular, the absolute value
of (4.68), |Z;{\)/(g,pxsl|7 is fully gauge invariant.

43Here, without loss of generality, we pick the R-charge r = 1.

“This is not a supersymmetric setup, but this is not an issue. We can think of the shadow chiral as
coupling to the “complex conjugate” background geometry, so that its partition function is the complex
conjugate of the one for ®.
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The “gauge-invariant” supersymmetric partition function. Building the partition
function of any “Lagrangian” gauge theory from the chiral and vector multiplet building
blocks, in the usual manner, one then obtains a simple proposal for the complete answer
for the supersymmetric partition function in the gauge- and diff-invariant scheme.

We may state this proposal as a conjecture for any supersymmetric partition function
on a product four-manifold M3z x S', with geometric parameters 7 and flavor parameters
v. Let Ty, «s1 denote the holomorphic partition function (or “holomorphic M3 index”),
defined such that there is no order-fg1 contribution to Zy,, g1 in the 3d limit — as in (4.51)
for M3 = S3.

Conjecture. The “gauge-invariant” supersymmetric partition function Z,,,¢1 is re-
lated to the “holomorphic partition function,” Zy4,. g1, by the 3d local functional W34,
evaluated on the supersymmetric background and viewed as a function of the 4d parame-
ters, according to:

_W3d (a’w At 77-777—)

Zpgxsi(ay,ae,7,7) =€ Tpgynst (V7). (4.70)

By construction, this supersymmetric partition function is properly gauge-invariant and
supersymmetric, in the sense that it is compatible with all the anomalous Ward identities.

In this work, we focussed on the dependence of the partition function on the flavor
parameters. The form (4.70) of the supersymmetric partition function should also account
for more subtle anomalous Ward identities in the “geometric sector,” which should also
contribute to Wsq, and whose detailed study we leave for future work.

Behavior of Zy,, ,«s1 under large gauge transformations. Finally, we can discuss
the behavior of the partition function under large gauge transformations. We again focus
on the contributions from the fibering and flux operators in the Mg, x S* background.
Then, under a large gauge transformations across the S':

At ~ Ato + Na (471)
we have: 5 .
Zt, x5t (@, 0 =1, 7,7 )y = e7Aaa ents o= g AT (a7)
i ABY (B — = ‘
X €7mA 7(3 G,y BTy maalp’ﬁn’v) ZMg,p xSt (a¢7 a, T, T)m .
We can also consider the large gauge transformation along the Mg, Seifert fiber:
Aopv ™~ Uop + Mo, Mg~ My +MeD, (473)
which gives:
7 — _ ﬂiA?f(mangeramg) — Tt A%mg,
Mg.px st (Ay + M, a8, T, T )mpmp = € 2 e 2P (4.74)

X GWiAg'ﬁl’y(g(at’aaw’ﬁmw_at’amﬁm’y)_maat’ﬁmv) Z./Vlg,pXSl (aib: Qat, T, 7_—)m .

For p = 0, we find the behavior of the supersymmetric ¥, x T? partition function under
large gauge transformations, which nicely agrees with the general expectations discussed
in appendix D.2.
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In the case p = 1, m = 0, we also find a very simple behavior for the S x S super-
symmetric partition function under large gauge transformations across the circle, namely:

Z5'3><51 (l/ —|— TL, 7') = 6_%"40‘”&6%'4&67&“”“(1%5”’7 Z53><51 (1/, T) 5 (475)

for any n € Z. This is the result up to terms that depend on the R-charge; the full result
can be obtained from (4.75) by simply allowing the flavor indices a, 3, - -+ in the exponent
to run over the value “R” as well, at least formally. A more complete account of the R-
symmetry dependence of partition functions, which is tied to the “geometric sector,” will
be given elsewhere.
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A Conventions in various dimensions

In this appendix, we briefly summarize our conventions in various dimensions. In 4d and
3d, our conventions are the same as in [6].

A.1 Four-dimensional conventions
We denote by X* the real coordinates, with 4 = 1,---,4. We denote the real coframe
one-forms by e(®, with the frame indices a = 1, --- 4, and:

4
ds*(Ma) =Y (el)?, el@ellgm = g7 (A1)

a=1

Then, the complex coframe one-forms is given by:

[Nl

el=e® 4ie® | el=e® i@ =6l fie® =B i@, (A.2)

Four-dimensional spinors are written as Weyl spinors, denoted by ¢ = %, and 1; = {bv""
for positive- and negative-chirality spinors, respectively, with the indices in their natural
positions (in the standard Wess-and-Bagger conventions [74]). We use the Euclidean o*-
matrices (in the real frame basis):

(O'ZB) = (0’170-270.37_2'1)’ (’O.Va(iﬁ) — (_0.1’_0.27_0,37_1-1), (A3)

— 56 —



for a = 1,--- ,4, respectively, with o’ the Pauli matrices and 1 the 2 x 2 identity matrix
(and, of course, o# = efc® in terms of the inverse vierbein). We also define the antisym-

metric combinations:

1 1
oM = L (oHF —o¥F), T = (F0" 5", (A.4)

which are proportional to the Lorentz symmetry generators in the Weyl spinor representa-
tions; they are self-dual and anti-self dual, respectively:

1 1 . -
Qe“ymam =g, 56‘“’””0,,0 = —gt. (A.5)

Note the following useful identities:

"GV + "G = —2g" Gho" +5ha" = —2g"

(A.6)

oto’? + o"Pot = EMVW\O')\, oto?? + g¥Pot = —e“”p/\a)\.

Spinor indices of either chirality are raised and lowered with 7, €aB OF 6B s Eap with
e'?2 = g51 = 1. Implicit spinor indices are contracted in the usual conventions, nY = 7%/,
and ) = 74¢®. For any two spinors 7, and 7js (which are independent from each other,
in Euclidean signature), we have:

a B _ 1 8 ~a~B 1 &f =~ ~&, 1~,uo'za

nn ——56"‘ nm, 7 = 5t U noun . (A.7)

Various other Fierz indentities can be derived straightforwardly.*

A.2 Three-dimensional conventions and dimensional reduction from 4d

We denote by 2 (u=1,2, 3) the three-dimensional real coordinates. The three-dimensional
real frame is denoted by:4

e = (e =(n,e®, ™), a=1,2,3. (A.8)

This is obtained by dimensional reduction from 4d along the “e® direction,” in our con-
ventions. We denote by:
e =@ (A.9)

the frame covector in that direction. Note that the 4d and 3d e-tensor are the related by

abe _ _EOabc

€ , in the frame basis. (The dimensional reduction is discussed in detail in [42],

which we follow.) In terms of local coordinates, we will have:

o = (2t 2? 2% = (X1, X3, X1). (A.10)

4*One can directly adapt various identities from [74] by replacing #** and €**?° there with g"” and
—1e"”P?  respectively, to account for the change in space-time signature.

46Note that the we use coordinate and frame indices p,v and a,b,-- -, respectively, both for the four-
dimensional and three-dimensional quantities. This should not lead to any confusion.
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The three-dimensional spinors are two-component Dirac spinors, denoted by either 1, or
¥q. The reduction of the 4d Weyl spinors give 3d spinors, with the index position given as:

Yalzd = Ya, %30 =19 (A.11)
The three-dimensional y-matrices are (note the default index positions):
(1)a” = (0%, =o', —0?). (A.12)

They satisfy y#4" = gM” + ie"Pr,. The 3d y#-matrices are obtained from the 4d o*

matrices according to:

UZB = 'ygﬁ , 025 — i€a[3 , (ara)ﬁoc — (,ya)ﬁa ’ (50)Ba — i€’8a ) (A.13)

One has to be careful with the signs when reducing from 4d to 3d, due in particular to the
fact that the 4d “dotted indices” become “undotted” in 4d; for instance:

CAl3d = CaA%[3a = —C*Aa = —CA. (A.14)

A.3 Two-dimensional and one-dimensional conventions

In two dimensions, we denote the real coordinates by X* = (z,y) and we pick a complex
coordinate w = x 4+ 7y. The ~-matrices can be chosen as:

(") = (=o', —0?), 7P =0% = <(1) _01> : (A.15)

The 2d Dirac spinors decomposes into Weyl spinors of positive and negative chiralities,
which we denote by ¥_ and ¥, respectively — namely:

(v
e 1) o

They have 2d spin % and —%, respectively. We then reduce to one dimension along the co-
ordinate x. The 1d fermions do not carry any space-time index, and are simply denoted by:

Y_lia=1, Ntla=mn. (A.17)

B O-function and elliptic I'-function

In this appendix, we collect some useful definitions and properties for some #- and I'-
functions used in the main text. We will use the standard notation:

q= €2Tri7- , y = e27rz'11 ) (Bl)
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The function 6(v, 7). Let us define the “reduced” theta-function:

(e e}

bo(v,7) = [J(1 - )1 — ¢y, (B.2)
k=0

with v € C and 7 valued on the upper-half-plane. The function (B.2) has simple zeros at
v =n+ mt, with n,m € Z. Then, the “ordinary” #-function is defined as:

b(r,7) =T e ™ [T a1 —d"y ™). (B.3)
k=0
It satisfies:

O(v +n +mr,T) = (~1)" MMM gy, 1) (B.4)

for any n,m € Z, and 6(—v,7) = —0(v, 7). Under modular transformations, we have:

fux 1 i1
O(v;t+1)=esf(v;7), 9(5; ——) =¢ (27 4> O(v,7), (B.5)
T T

for the generator T' and S of SL(2,7Z), respectively. Let us also define the n-function: we
have:

n(r)=e% [J1-d5. (B.6)

k=1

It transforms as:
i 1 -
nr+1)=efnr),  n(-2)=v=imm), (B.7)
under SL(2,7Z).

Restricted elliptic gamma function, I'g(v,7). The elliptic gamma function I (v, 7, 0)

can be defined as:
00 11kt
-y plq
Le(v,7,0) = . , (B.8)
) jlk_lo L—yp'a"

where p = 2™ and q = €>™". See e.g. [75] for a discussion of some of its properties. In
this paper, we focus on the following “restricted value” of the elliptic gamma function, for

P=q9q=¢

(] g lghtl k+1
FO(I/, T) = Fe(l/ + T, T, T) = H <1k+1> (Bg)
0 —Yq
It satisfies:
_m(m+1) —lm(m2—1) m
To(v+n+mr,1)=(—y) 2 g 6 Oo(v, )" To(v,T), (B.10)

for any n,m € Z.
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C One-loop determinants and (-function regularization

In this appendix, we compute explicitly the (gauge-invariant) absolute value of one-loop
determinants for chiral fermions and their superpartners. We first review the computation
of the determinant of the Dirac operator Dy on T2, following the computation of Ray and
Singer in [76]. We then generalize that procedure in order to compute the absolute value
of the one-loop determinant of a 4d A/ = 1 chiral multiplet ® on Mg, x S*.

C.1 Free fermions on T2
Consider a free chiral fermion A_ (of positive chirality) on 72, with complex coordinate
w = x + 7y, coupled to the background U(1) flat connection parametrised by a constant:

V= QyT — Gy . (C.1)

We consider the determinant of the Dirac operator Dy, twisted by the background con-

nection:
v

Du—]:au—]—law:aw—%, (C2)

with the periodic boundary condition along two circles. We may then define the absolute
value squared of the “determinant” of Dg as:

|det(Dg)|? = det(DyDy) - (C.3)

Physically, this corresponds to the partition function for a pair of fermions of opposite
chiralities, which admits an obviously gauge-invariant regularization. The determinant of
the Hermitian operator D,,Dg can be written as an infinite product:

1
det(DyDg) = [[ Amm, A = —5|v+m —rnf%. (C.4)
T2
m,nez

Alternatively, one can consider the untwisted Laplacian A = 9,03 with the twisted bound-
ary condition along the two circles:

Y(w+27) = e_%wzw(w) , Y(w+277) = e_zm‘lyw(w) ) (C.5)

We would like to compute the effective action, defined as

Seff V T Z log/\nm = iC ( ) ) (CG)

n,mezZ

where we introduced the zeta function for the Laplacian:

$)= ) A

m,ne”

1 /OO —1 —iA
—_— dt t°7 tr(e .
Sy (e™)
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In order to compute this, let us consider the heat kernel for the Laplacian:

Glw, 2,t) = (w, @] e |2,2), (C.8)
which satisfies
§*(w—2z2) ift=0
(O — D) Glw, 21y = 40 W) . (C.9)
0 ift>0
On the complex plane, C, the solution can be written as:
Golw, 2, 8) = — =5 (C.10)
o(w,z,t) = e . .

The heat kernel on T2 can be easily obtained by implementing the twisted boundary
condition (C.5). One can check that the following solution has the desired periodicities:

1 ; 1
G(w, z,t) = E me%z(”“z+may) exp <_4t |lw—2z—2m(n+ mT)|2> . (C.11)
m,ne’l

We can now write the trace in (C.7) as
_ TTo 9 ,(na +ma ) _7r2|n+mr‘2
tr(e ) = T ¢ . C.12
()= 3 T2 e (C.12)
n,me”z

Removing the divergence from the term m = n = 0, we can perform the ¢ integral when
Re(s) < 1, to obtain:

1-s
Cals) = m7al(1 — s) Z e2mi(nagz+may) ( 1 > ) (0'13>

I'(s) o w2 |lmt + n|?

One can show the summation uniformly converges when Re(s) < %, once we first sum over
n € 7Z. Taking the derivative with respect to s, we have:

2 (2
CA( ) = 77;2 Z COS TFTLCLQC Z ‘m| e2mimay Z 2mina, ’m‘TQ (C.14)

o 2
— = oy |lmT + n|

The first term gives:*”

2 > 2 T i i
72 Z cos(2mnay) _ T2 (LiQ(e%wI) + Liz(e’%mz))

T n? T

n=1 (C.15)

1
=277 <a926 —az + 6) .

The second term in (C.14) can be computed using the Poisson summation formula:

S fen) =i, fw = [ foemte, (o

nez kEZ

470n the second line here, we chose a particular branch for the dilogarithm, so that the final expression,
in (C.18) below, is invariant under the large gauge transformation.
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for any function f(v) which is periodic under v — v + 1. This gives:

Z 2mmay Z e27r1naz |m’7—2
|m\ w|mT + n|?
m#0 nez

_ Z p2mimay Z 6—27r(|m|7-2\am+k|+imn(am+k))
m;éO keZ (C.17)

0o
— Zlog ‘1 - qk 2mi( aerTaz)‘Q - Zlog |1 o qk+1627rz(ayf'raz)’

= —log|90(v, )%,

with 0y(v, 7) defined as in (B.2). We then arrive at the expression:
e~ Sen (1) — =2rm2(af—ast3) |90 (1, )2 (C.18)

As discussed in section 2.1, an holomorphic square root of (C.18) does not exist. Instead,
we find:

2
Gr _ ax

—27T: L
det(Dg) =e 2( 2 +12) Oo(v,7), (C.19)

up to a phase factor, which should be compatible with the U(1) anomaly.

C.2 4d N =1 chiral multiplet on M, X Ch

We can run a similar computation for a chiral multiplet (of R-charge r = 1) on Mg, x
S1. As reviewed in section 4.4, the partition function on that space can be factorized
into contributions from “fibering and flux operators.” The flux operator computation is
essentially identical to the T2 computation above. We then focus on the fibering operator
contribution.
The fibering operator for the chiral multiplet, ]:"fb , is given formally by the infinite

product [5]:

. 1 "

Frv)= H [7_2(1/ +m — Tn)} . (C.20)

n,me”L 2

We will compute the absolute value of this expression, by a careful zeta-function regular-
ization of the quantity:

1
= H (Amn)™,  where Apy = —|v+m —7nf. (C.21)
nmez 72

We will write v = Tay — a¢, to match the 4d notation in the main text. Following the 2d
computation in the last section, we introduce the zeta function:

—s 1 e _
Cr(s) = Z NApn = F(S)/O dt t°7! Z ne~Amn (C.22)
mne” m,ne’

so that we have:

- d
log | /7" (W) = = —-Cr(s)

(C.23)
s=0
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Let us define:

= Z ne tAmn (C.24)

mne”

In order to use the Poisson summation formula, we decompose G(¢) into a linear combina-
tion of two functions periodicin v - v+1and v — v+ T:

G(t) = GV () + ay GP(1), (C.25)

where:
aW(t) = Z (—ay +n)e Pmn GA(t) = Z e~ tAmn (C.26)
m,ne” m,neEL
Note that G®)(t) is equivalent to (C.12). On the other hand, G™(t) can be computed by
applying the Poisson summation formula (C.16) twice. We find:

im2 Ty

G () = v

Z (n + m7—1)627ri(naw+mat)€—7T2|n—‘,-m7"2/t . (027)
m,nEL

We can also decompose the zeta function (C.22) accordingly:

Cr(s) = () + ay ¢2(s) (C.28)
with: ) -
(4) _ s—1 (i) .
Ch (S)_Fs)/o dt 7 'aW@), i=1,2. (C.29)

The ¢ integral for g}”(s) converges provided that Re(s) < 2. We have

. 9 o ) 2—s
(W) = T2 ERER > (n 4 mry)ePrilmatnay) <1 ) . (C.30)

2 2
I'(s) o A w2 |n 4+ mr|
As in the 2d case, one can show that the infinite sum uniformly converges when Re(s) < %,
if we sum over n € Z first with fixed m:
. 9 2—s
1) in el (2 — s) 2mina 1
(D) = TR S e
F I'(s) nz?ﬁ;) 72n?
. 9 2—s
2 TQP(Q — S) 2mimag 2TiNay, 1
+ T(s) Z e Z(?”H—mﬁ)e PR .
m#£0 nez
We have:
i (1)(5) _ 22 627rinaw
ds 2 n3
= n#0 (C.31)
’”—2 2mimat 2minay, \0 T 0T TL + mTl)
723 i 3 g (17,
m#0 neL
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The first line evaluates to:

2minay,

iT) § : € iT) : T, : —2mia
w2 2 (Lig(e*™*) — Lig(e~*™%))
n#0
__in (1 9 3, T 9 ~ (C.32)
= 6( iy — im)° + : (2miay, — im)

_ 2 3 2 1
= =277y gc% —ay + gaw .

and the second line in (C.31) can be again computed using the Poisson summation formula:

(e e}

iﬂ 2mwimay 2minay, (7’L + mTl)
72 Z c Z c In +mr|*
m#0 n=-—00
2mima
_ Z Z e t (_aw _ k)e—27r[|m|7—2\a¢+k|+im7—1(aw+k)]
e U (C.33)
== log|t —y '¢"* + > log |1 — yg*[** + ay log 6o (v, 7)|?
k=1 k=1
= —log o (v, T)|2 + ay log ‘90(% T)P )
with I'g(v, 7) defined as in (B.9). Combining all the terms, we have:
d d
- g = 5 (0 +ac )
ds 5=0 ds 5=0
o3 (C.34)
a
= —2rmy [ £ = =2 | +log[To(v, 7).
3 6
Therefore, we found:
2 2 algﬂ Ay
Fi (v, 7')‘ =exp | 277 3 6 To(v,7)|%. (C.35)

This expression does not admit a holomorphic square root. We have:

CL3 a
F2(v,7) = exp [—m (; - g’)] To(v,7), (C.36)

up to a phase factor.

D Large-gauge transformations and the anomaly polynomial

In the presence of 't Hooft anomalies, the partition function Zlal, viewed as a functional
over the space of background gauge fields a,, 91, is not a “function” over 9 but rather a
non-trivial section of a line bundle:

£ m. (D.1)
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In the case of free fermions, the partition function is the “determinant” of a Dirac operator,
and .Z is then known as the determinant line bundle. The anomalies of the theory are
encoded invariantly in terms of the non-trivial topology of .Z [77].

In this appendix, we compute explicitly the first Chern class of the determinant line
bundle in some simple cases, with Z[a| depending only on background flat connections.
The first Chern class ¢;(.Z) can be obtained by pushing-foward the anomaly polynomial
onto space-time [77], and it is thus determined directly by the anomalies. In this approach,
it is easy to see that, even as we restrict ourselves to a subspace of flat gauge fields a,
My C M, the anomaly still implies that the partition function must transform non-trivially
under large gauge transformations.

D.1 Determinant line bundles on J(7'?) and torus partition function

Consider a 2d N' = (0,2) supersymmetric theory coupled to a U(1) background gauge
multiplet Vp. In the presence of a t’"Hooft anomaly, the partition function Z(v, ), with a
fixed complex structure 7, can be thought of as a section of a holomorphic line bundle .Z
over the Jacobian torus:

v e J(T?) =12, (D.2)
with v = Ta, — a, as in section 2. Let N be the product space J x T2, with the projection
map: 18

JxT? 55 J. (D.3)

Then, .Z can be obtained from the Poincaré line bundle £ over J x T? of degree zero.*”

The first Chern class of the “determinant line bundle,” ., is obtained by pushing-forward
the 4-form anomaly polynomial on T2, according to [77]:

() = /T () A ATN)| (D.4)

4-form

In particular, under the large gauge transformation:
vov+l, vov+T, (D.5)

the T2 partition function should pick up a phase determined by the curvature of the line
bundle (D.4). Since the tangent bundle on T2 x .J is trivial, (D.4) can be written as:

o (2) = /T 2 %cl(m? | (D.6)

We can decompose ¢ (L) as:

c1(L) = do2 + 01,1 +d20, (D.7)

48We denote by T? the physical spacetime, and by J the Jacobian.

“9The Poincaré line bundle £ for a curve ¥ is defined by the property that, when we restrict to a point
L € J, it reduces to L on ¥ ~ X x {L}. L is defined up to a pull-back of a line bundle R on J, i.e.,
L~ L ®@7*R. See [78] for a detailed explanation.
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where 6, 4 is a p-form along T’ 2 and a ¢-form along J. Now, we have:

1
() =3 /T 2 (531 + 2527050,2) : (D.8)

Restricting ourselves to flat gauge fields on T2, f = da = 0, we are left with:

(L) = % /T (1), (D.9)

This can be computed by explicitly constructing the locally holomorphic section of £ [79].
One can show that:

a(Z)=Ayw, (D.10)

where Ay, is the quadratic 't Hooft anomaly, and w is the normalised Kéhler form on J.
For a theory coupled to a general abelian background gauge multiplet, the parameter space
is a product of the Jacobian tori for each U(1),, and the formula generalises to:

a(Z) = 27T.A°‘5daz7aday”3, (D.11)

where vy = ay,oT — ay,. In particular, the connection on the line bundle . can be locally
chosen as:

A=21A% (c-agzdag, — (1 —c)-agydan) (D.12)

for any ¢ € R. This implies that a section Z(n) of the line bundle .# picks up a phase
under the large gauge transformation along a 1-cycle v, as:

by 1 Z(v) — et am) 7)) (D.13)
when the connection transforms as 6,4 = dA,. More explicitly, we have

Z(Vg + 1,7) = 2l A a5z 7, 7y

s (D.14)
Z(Wa 4 7,7) = XA By 7(y 7).

For 2d N' = (0,2) supersymmetric theories, the consistency of the gauge anomaly with

1

supersymmetry fixes the constant ¢ = 3, as explained in the main text.

Modular transformation. The relation between the gravitational anomaly and the
behaviour of the partition function under the SL(2,Z) modular transformation:

T :(ag, 0y, 7) = (g, 0y + az, T+ 1),
I 1) omay b D)

(ag,ay, T) = (ay, —az, —1/7),

can be understood in a similar way, as explained in detail in [80]. We view the parameter
space Y as a fibration:

J =Y = H/SL(2,7), (D.16)
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where the fiber at each point 7 € H/SL(2, Z) is the Jacobian J (with the complex structure
induced by 7). Now let A/ be the product 72 x Y. Again, the first chern class of % over
Y can be computed from the anomaly polynomial:

(L) = / o) n AT
1T (D.17)

loopa L
— 50+ g7 [ (A

In the absence of the flavour symmetry, the first Chern class is determined by the gravita-
tional term:

(%) = %A, (D.18)

where A is the first Chern class of the Hodge bundle over H/SL(2,Z). This implies that
the partition function, Z(7), transforms as the one-dimensional representation of SL(2, Z):

Z(r+1)=e /077y, Z(-1/7) = €e"/27(1). (D.19)

Now, let us couple the theory to the flat background gauge for the flavour symmetry, v € J.
The first term of (D.17) implies that the connection on the line bundle restricted to the
fiber direction can be locally written as (D.12), which transforms under the 7" operation as:

oA = 1A (2¢ — 1)d(apras.:) (D.20)
and under S as:
65 A = =21 AP (2¢ — 1)d(an zap,,) - (D.21)

Therefore the section Z(v,7) of £ — Y transforms as:

w A28 (26—
Z(ag,ay +az,7+1)=e imky [6gmiA" (20 1)‘“‘*’J“ﬁvﬂ”Z(aw,ay, T),

, R, (D.22)
Z(a% —ay, _1/7_) _ emkg/2e—2m./4 (20_1)(1“’“(15’”2(&1, ay, 7_) ’

under the T and S transformations, respectively. In particular, given the “supersymmetric”
value ¢ = %, the flavour dependence drops out and we reproduce the simple formulae (2.70)
and (2.71).

D.2 Large gauge transformations for the 4d partition function

Consider now the supersymmetric partition function on Mg, xS 1. Now, a supersymmetric
U(1) background gauge field is characterized by an integer m € Z (if p = 0) or m € Z, (if
p # 0), and by a complex parameter v, with the identifications:

(v,m) = (v +1,m), (v,m) = (v+7,m+p), (D.23)

under large gauge transformations.

Here, we will only discuss the case p = 0, corresponding to ¥ xT?. Then, v is valued in
the Jacobian torus J(7?), and the discussion above generalizes easily. The ¥, xT? partition
function can be built out of the (non-holomorphic) flavor flux operator and handle-gluing
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operator. As a special case of the discussion in the main text, the flux operator of a free
chiral is given by:
6—Tri(7ai—a¢at)

0(v,7) ’

with v = Tay—ay, and similarly for the handle-gluing operator. A general partition function

e, r) = (D.24)

can be constructed from those building blocks. By explicit computation, one can check
that the non-holomorphic flux operators of a general 4d N’ = 1 gauge theory transform as:

Mo (ve + 1,7) = (—1)A% ™A awn 1] (1, 7)

e (D.25)
Ho(vg+71,7) = (=1)7" ™ Wl (v, 7).

These relations can be understood as before, on general grounds (except for the sign, which
is more subtle).

For a fixed background gauge flux —m on the base Riemann surface X, following
the discussion in section D.1, we consider the product space Ng = J x ¥y x T' 2 with the
projection w onto J:

J xSy xT? 55 . (D.26)

The determinant line bundle . on J can be obtained from the line bundle £_, on Ng:

Lomw=L w®L, (D.27)

where L_, is the pull-back of the line bundle of degree —m on X , and L is the pull-back of
the Poincaré line bundle of degree zero for T2. The first Chern class of .% can be computed
from the 6-form anomaly polynomial, according to the formula:

(2 = /E () NATAG)| (D.28)

Since p1(TNg) = 0, we have:

(L) = % /E Ll (D.29)

It is convenient to decompose the integrand into a linear combination of type 0,4, the
p-,q- and r-forms along the ¥ , T 2 and J, respectively:

c1(L-m) = 02,00 + 60,20 + d0,02 + 01,1,0 + do,1,1 + 01,01 - (D.30)

Since dg 2,0 = 91,1,0 = 0 for our background, the expression reduces to:

1

2 Js,xT?

The integration over X, gives

EQ
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in terms of the 't Hooft anomaly coefficients. The integration over 72 can be done as
in (D.9). We conclude that, for a theory coupled to a general abelian background gauge
field, we obtain

(L) = —A*Pm%da, gda, , — AR (g —1)day aday . (D.33)

Note that this is linear in m. This then explains the large gauge transformations (D.25) for
the flux operator, exactly as in section D.1. The second term in (D.33) similarly determines
the transformations properties of the handle-gluing operator.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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