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1 Introduction

Double field theory (DFT) [1-4] and Exceptional Field Theory (ExFT) [5-15] have been
very effective tools to understand and clarify the relation between lower dimensional
(gauged) supergravities and their 10 or 11-dimensional counterpart. This is clearly im-
portant in the context of better understanding the possible landscape of effective theories
that have a string uplift. It is also instrumental to the identification of new consistent
truncations of string theory reductions to lower dimensions in order to gain control on the
vacua of the theory, their deformations and their relations, which are often evident in DFT
and ExFT because of their manifest duality covariance. A point that is especially impor-
tant is the realization that one can generalize Scherk-Schwarz (SS) reductions [16, 17] to
DFT and ExFT in a way that allows to make contact between supergravity gaugings and
10 and 11-dimensional backgrounds in an explicit fashion [19-23, 69].

In this work we focus on D = 4 maximal supergravity and its Minkowski vacua.
It was noted that there is a large class of Minkowski vacua of D = 4 gauged maximal
supergravities that are connected by singular limits along their moduli spaces [24]. In
particular, there is a gauging with gauge group [SO(4) x SO(2,2)] x R® that is known to
derive from the reduction of type IIB string theory on the S3 x H?? manifold [25-27]. We
therefore decided to analyze singular limits along the moduli space of this 4-dimensional
model from the higher-dimensional perspective, by means of DF'T, and provide a procedure
to construct the corresponding backgrounds and deformations. In the process, we give a
general procedure for these singular deformations, which goes beyond the specific examples
discussed in this work.

The first result that we are going to present is a general procedure by which singular
limits of a gauged supergravity that has a generalized SS uplift to 10 or 11 dimensions yield
novel gauged supergravities that also have a similar uplift. By means of our constructive
procedure, we find that the twist matrix of the limit model can be obtained from the
original twist matrix. This makes everything very explicit and allows us to write for each
limit the local functions describing the metric, the dilaton and all the other form fields
present in the theory.

As a working example, we took singular limits along the moduli space of Minkowski
vacua of the SO(4) x SO(2,2) gauging and its siblings identified in [24]. We discovered that
all such models result in new Minkowskiy solutions of 10-dimensional string theory with
an internal space some type of T-fold [28-32] admitting an interpretation as asymmetric
orbifolds, Q-flux backgrounds and combinations of the two.

We close our work with a presentation of the 11-dimensional uplift of all CSS gaug-
ings [33]. A three-parameter subclass of these models was originally found by Scherk and
Schwarz by dimensional reduction of eleven-dimensional supergravity [16], however the
origin of the fourth parameter was still missing and we now close this gap.

2 The moduli space of Minkowski vacua in N = 8 supergravity

Gauged N = 8 supergravity models are completely fixed once the embedding tensor © is
specified [34, 35]. The © )/ tensor declares which generators t,, of the E;(7) duality group



are made local by means of the vector fields (and their duals) Aﬁ/l present in the theory:
Dy=0,— A Xy, Xy =0yt (2.1)

Different gauge groups Ggauge have different embedding tensors, but sometimes also the
same group Ggauge can be embedded in different ways in the duality group and the embed-
ding tensor provides the (different) resulting lagrangians. Also, the analysis of invariant
values of quantities constructed in terms of the embedding tensor discriminates equivalent
and inequivalent models [36, 37].

A very important term in the Lagrangian is the scalar potential, which is a quadratic
function of the embedding tensor and which determines the vacua of the theory and their
residual symmetry group Gpres C Ggauge- For maximal supergravity the scalar manifold
is the quotient E;(7)/SU(8) and therefore one can perform the minimization of the scalar
potential required to establish the vacua for a given model by using directly the embedding
tensor © and scanning the values satisfying at the same time the extremum conditions and
the consistency conditions coming from the gauging procedure [38]. Such trick allowes to
determine systematically a large part of the spectrum of vacua of maximal supergravity
with various numbers of supersymmetries and values of the cosmological constant [24,
36, 38-42]. In particular, in the analysis presented in [24], many new marginally stable
Minkowski vacua were found for different gauge groups G and embeddings ©, preserving
N = 0,2,4 and 6 supersymmetries. This analysis vastly generalized the sparse set of
previously known models having Minkowski vacua [33, 43].

An especially interesting aspect is given by the fact that all these vacua are obtained
by contractions of a single gauged supergravity model with Ggauge = SO*(8) and a specific
dyonic choice of its embedding in the duality group [24]. This observation is at the basis of
the present work, because the contractions leading to new models with Minkowski vacua
could be interpreted as deformations of the background geometry leading to the original
model if one could uplift the original vacuum to 10- or 11-dimensional supergravity.

In detail, in the SO*(8) gauged supergravity model analyzed in [24], there are 48
massless scalar fields at the maximally symmetric point. Only 20 of them are real moduli
fields, because the others are Goldstones or would-be Goldstone fields. However, after
giving an arbitrary vacuum expectation value to any of these fields one breaks Gr.s =
SO(6) x SO(2), maintaining always at least 6 massless fields. These are the real moduli of

the model and they parameterize a [S%((ll’)l)r scalar manifold, with fields labelled e; and
x;, for i = 1,2,3, in [24]. These moduli can be used to obtain new gaugings following the
procedure we now detail.

The approach of [24], which we now review, was already used in [43-45] to produce
the CSO(p, q,r) and CSO*(2p,2q) gaugings, but it was then applied in more generality
in [24] by employing the embedding tensor formalism, as in [46]. The idea is to introduce
a one-parameter deformation of the gauging, associated with the action on © ;¢ of some
(non-compact) E7(7) duality in order to fulfill the consistency constraints, and then take a
singular limit to produce an inequivalent gauging. Suppose we parametrize a geodesic in
E;(7)/SU(8) as G(&) = €8¢, where ¢ € R*, for some generator ¢ = t©' of the coset space.



Then the boundary of E;(7)/SU(8) is reached at { — 0,+oc. Starting from a gauged
model with embedding tensor ©, we can then define a £-dependent embedding tensor by
the appropriate action of the fundamental and adjoint representations of G(£) on O:

O u” = [G(§)O]), “ = GOV On"G()5". (2.2)

For £ € RY, ©(€) still gauges a group isomorphic to the one defined by ©. However, taking
the limit & — 0, G(§) becomes singular and (&) diverges because some of its entries
depend on negative powers of £&. We can still obtain a finite embedding tensor if we pair
the previous limit with a rescaling of the coupling constant

g— g€, (2.3)

where p is chosen according to the most singular entries of ©(¢), proportional to £~P. Hence
we define:

géauge(acontr. = %IE)I(I) |:g/ é‘P @(5)] ‘ (24)

Now Ocontr defines a Ggauge Which is generally not isomorphic to the original one.

Since the action of G(£) on Ocoptr. commutes with the limit in (2.4), we see that the
contracted embedding tensor has a grading —p with respect to the generator along which
we performed the contraction:

G(f)gcontr. = f_p@contr.- (25)

This implies that further contractions along ¢t do not produce new gaugings.

The contraction procedure defined in (2.4) can be applied for any generic direction in
E7(7)/SU(8), but we now focus on singular limits along the moduli space [SU(1, 1)/U1)]?,
hence preserving not only the embedding tensor constraints but also the vacuum condition.
This means that the parameter ¢ in the following is going to be identified with one of
the moduli.

In order to perform these contractions, we start from the embedding tensor 980*(8) of
SO*(8), defined at the maximally symmetric point where Gyes = SU(4) x U(1), and act on
it with the transformations:

X; =exp({; logz;), E;=exp(\;loge;), i=1,2,3, (2.6)

where £; = (I, \; = AT generate each SU(1,1)/U(1) factor. The three factors commute
with each other, but since [¢;, \;] # 0, we need to fix the order in which they act on @f)o ®),

3
0" O (w;, ) = [[(xi E)O” . (2.7)
=1

Of course, any other ordering or parametrization of the coset space is equivalent up to a
change of coordinates.

The combinations of the various limits that we can now perform in the z; and e;
directions give rise to several models with Minkowski vacua and spontaneously broken



x1 — 0 r1,29 — 0 T1,To, 3 — 0
SO*(8) [SO(4) x SO(2,2)] x R®  [U(1)2 x N26]x—g CSSn—o
es — 0 | CSO*(4,4) [U1)% x N2 pr—y CSSp—4 CSSp—4
ea,e3 =0 | CSSy—g CSSpr—6 CSSn—6 CSSn—6
e;t ea,e3 — 0 | CSO*(6,2)  [SO*(4) x U(1)] x N2 [U(1)% x N**|n—2 CSSp—2

Table 1. Contractions along the moduli space of the SO*(8). The shaded models are those for
which we find uplifts by taking singular limits of a S® x H%? internal geometry. The full class of
CSS gaugings is uplifted to eleven dimensions in section 6.

supersymmetry. We summarize the resulting contracted models in table 1. Taking the
singular limits in different orders always reproduces one of the gauge groups in table 1, and
the same mass spectra are obtained up to a reordering of the moduli.

As proved in [47], the SO*(8) model described here does not admit a (globally or
locally) geometric uplift. As we will describe in the following, we will use instead the
S3 x H%? reduction of [25-27] as the starting manifold, which corresponds to the [SO(4) x
SO(2,2)] x R'® gauging of maximal supergravity first constructed in [38]. We will then
identify the geometric deformations corresponding to the moduli of the reduced theory.
From the 4-dimensional point of view this corresponds to the contractions denoted in
table 1 by a shaded background.

As explained in [24], contractions along a modulus x; generate families of inequivalent
gaugings parameterised by the vev assigned to e; before contraction. For instance, the
[SO(4) x SO(2,2)] xR® entry in table 1 really corresponds to a one parameter family
of gauged supergravities parameterised by the value assigned to e; in the SO*(8) model,
before taking the x1; — 0 limit. Instead, changing the value of e; after the limit will only
rescale the embedding tensor by an overall factor. It is important to stress that the only
member of this family of [SO(4) x SO(2,2)] x R'6 gaugings that has been uplifted in [25-27]
is the one corresponding to leaving e; = 1 in the SO*(8) model before taking 1 — 0. As a
result, only a subset of the models appearing on table 1 can be reached starting from this
one [SO(4) x SO(2,2)] xR® gauging and in particular the last row cannot be reached.

Finally, it is interesting to note that all the relevant moduli of the [SO(4) x SO(2,2)]
xR0 model are already contained in an N = 4 truncation and that therefore we can obtain
all the desired deformations in a simplified setup.

2.1 Potential and moduli of half~-maximal supergravity

The relevant truncation of half-maximal supergravity has a potential dependent on 37
scalar fields, which can be determined by the structure constants X 45, truncated to the
SO(6,6) generators of the scalar o-model R x SO(6,6)/[SO(6) x SO(6)]:

1
Viz) = e2?@ X 45 Xppt MAP () (MPE (z) Mcor () + 3656F) . (2.8)
Here M 4p(x) is an SO(6,6) matrix satisfying MTnM = 7, where n = (%Z %g) is the SO(6,6)
invariant metric. It is immediately clear that such potential can only produce Minkowski
vacua because of the overall dependence on the dilaton ¢(z).



In order to assess the structure of the vacua we will find, it is useful to give an explicit
expression for the SO(6,6) generators in this basis. We will split the generators in 5 sets,
labeled by indices i,j = 1,...,6. The compact generators are antisymmetric and either
block diagonal

g 1/ . o 1/ o in o
(Alj)AB — 5 (534(5JB _ (SA(;ZB> + 5 (5f4+65]+63 _ 5f4+651+63> 7 (29)
or block off-diagonal
ij Loci g i i L /cite, i+6 i
(CV)a" =3 <5A77JB — & B) +5 <6A+6nﬂ+63 — 556y ””3) : (2.10)
The non-compact generators are symmetric and block diagonal
i Lo i+6 5i
(d)a? = %(51453—5;65 6B (2.11)
- 1/ . o 1/ . in o
(SZ])AB — 5 <5345]B +6f4513) . 5 (5j4+65j+63 + 534+651+GB> ’ (212)
or block off-diagonal
ij g g i L rcive j i+6_ i
(T7) A" = 3 (5,477]3 — &hn B) ~ 3 <5A+6n]+63 — (5f4+677 +6B> : (2.13)

Altogether we have t, = {A,C,d,S,T} satisfying tr(tatz) = F o, depending on their
being compact or not.

The truncation of the N = 8 model with Ggauge = SO(4) x SO(2,2) to N = 4 gives a
gauged supergravity model with Ggauge = SO(4) x SO(2,2). The corresponding gauging
follows from fixing the gauge generators X 45¢ = © 4%(to)5" by choosing

X; =v2C%, Xy =—-v2C%,  X3=+v20",
X, =—/2T%, X5 =271, Xg=—V20%, 2.1
X7 = \/§A23> XS = _\/§A137 X9 = \/§A127 ‘
X10 = V25, X131 = —V285%, X12 = V2 AP,
so that the corresponding Ggauge X Ggauge invariant Cartan-Killing form has entries
1
RAB = 5 XacPXgp©, (2.15)

normalized to £1. The resulting potential has a critical point where G,..; = SU(2) xSU(2) x
U(1) x U(1) and the mass spectrum can be arranged according to the G,¢s representations

mass irrep generators
0 (3, 3)070 5127 513, 523, T12, T13, T23, dl7 d2, d3
0 (1,1)0.0 db
0 (1,3)00 + (3,1)0,0 | 6,526,836 716 726 736 (2.16)
2 (1’ 3):‘:’:‘: + (3, 1):':7:t 514, 515, 5247 5257 5357 T14, T15, T247 T25, T35
2 2(1,1) 1+ G46 56 46 56
4 | (1,)022+ (1,1) 100 | S¥, 7%, d%,




where we arbitrarily fixed the overall scale, determined by the dilaton, which is also an
overall modulus in the potential. Among the moduli we recognize the [SU(1,1)/U(1)]?
factor, generated by Ao = S0, o = d3 — d% and A3 = T35, ¢35 = d3 4+ d5. The contractions
leading to the deformed vacua will follow by introducing the moduli dependence in the
embedding tensor and taking their limit to the boundary.

3 Ten dimensional origin

3.1 Extended field theories and generalized Scherk-Schwarz reductions

Double and exceptional field theories (DFT and ExFT) [1-4, 13-15, 48-52] encode the
10- and 11-dimensional supergravity theories in a framework formally covariant under
O(d,d) x IR:}f and E,,,) groups, respectively. These groups are the global symmetries of
the lower-dimensional supergravities obtained upon Kaluza-Klein reducing on tori, but
crucially appear in DFT and ExFT as generalized structure groups before any truncation.
More generally, duality groups other than O(d, d) x Rj and E,(n) can be also encoded in
a similar formalism (see in particular [53-56]). We shall hence denote the generic duality
group G. In these frameworks, fields depend on an ‘external’ spacetime with coordinates
z#, as well as an internal space whose coordinates y™ are formally extended to Y™, fill-
ing a representation R, of G.!' The theories are formally invariant under rigid G x R*
transformations, where R™ is the trombone symmetry that also acts on the external Ein-
stein frame metric. Consistency requires to impose a ‘strong’ or ‘section’ constraint on the
dependence of fields on the extended coordinates Y™, which effectively reduces them to
only depend on a set of physical internal coordinates and breaks the global G x RT in-
variance. Upon solving the section constraint, DFT and ExFT reproduce the dynamics of
ten- and eleven-dimensional supergravities phrased in terms of the associated (exceptional)
generalized geometries [10, 12].

The bosonic field content of DFT /ExFT is constituted by an external metric g, (z,Y),
scalar fields parameterizing a coset space G/K(G), vector fields A,A/ (z,Y), and so on for
higher p-forms in other representations of the duality groups. The gauge symmetries
of DFT and ExFT along the internal space are encoded in terms of generalized vectors
AM(z,Y), acting on fields by means of a generalized Lie derivative which is most easily
defined by its action on another generalized vector? VM:

LaVM = ANoN VM — VNONAM + YME o vopAQ VY (3.1)

The invariant tensor YM¥N pq depends on the theory and encodes the projection of the
matrix Oy A" onto the algebra of generators of the generalized structure group [11]. Finally,
closure of the generalized Lie derivative and consistency of the dynamical theory require
the partial derivatives dy; = 0 /OYM to satisfy the section constraint

YMNanM ®Oony =0 (3.2)

'Double field theory can be formulated by doubling the coordinates of the entire spacetime, but for our
purposes we prefer its formulation including a non-doubled external spacetime [57], which is more useful to
perform dimensional consistent truncations and closely follows the structure of ExFTs.

?We shall henceforth exclude theories that require covariantly constrained gauge parameters [15, 51, 56].



when acting on any field or product of fields, effectively restricting the coordinate depen-
dence of all fields on a set (z#, y™) of physical coordinates. There are two separate orbits
of maximal solutions of the section constraint for ExFTs, corresponding to eleven dimen-
sional and IIB supergravity respectively. In the case of DFT, only one maximal solution of
the section constraint is available, corresponding to minimal 10-dimensional supergravity.?
DFT and ExFT are effective frameworks to study consistent dimensional truncations of
supergravity theories. We shall focus here on generalized Scherk-Schwarz reductions, which
are determined by a twist matrix or generalized frame E4M (V) (which we will always as-
sume to satisfy the section constraint) taking values in G x R™ and defining the factorization
of the internal coordinate dependence for covariant fields according to their representation
under the duality group (as we will show explicitly in the next section). Upon factorization
of the YM dependence, the theory reduces to a lower-dimensional gauged supergravity.
Consistency of the truncation requires the twist matrix to satisfy a differential equation

H_EAEBM = _XABCECMv (33)
where X 45¢ is the embedding tensor of the resulting gauged supergravity.

3.2 [SO(4) x SO(2,2)] x R6 uplift

We now review the results of [25-27], where the uplift of the [SO(4) x SO(2, 2)] x R'® gauging
has been provided. We will actually mainly focus on the half-maximal truncation and
therefore on the uplift of the common sector of 10-dimensional supergravities as in [26]. The
main point of the construction in [26] is the fact that consistent truncations of the common
sector of 10-dimensional supergravities are easily obtained and described by generalized
Scherk-Schwarz reductions of DFT. We will employ the formulation of [57], in which the
SO(6,6) duality is manifest, provided the 10-dimensional degrees of freedom, the metric,
the dilaton and the 2-form are combined in the SO(6,6) covariant fields ®, B, H/n and
Aﬁ/[, where the SO(6,6) indices split as Y™ = {y™, 4,,,}, as follows:

A = GG, Apm = —Bum + A}, Bum, (3.4)
Bu= By + 247" B, + AT AY B + AT Ay, (3.5)
G = €7 (G — ATAZG ) (3.6)
HM = e EGmn, Hp" = e~ 5 G™ By, (3.7)
Hon = € 2 G¥' By Bin + €2 Gy, (3.8)
e® =ef (detGm) 2. (3.9)

From these fields one can write down an O(6,6) covariant action, which can be found
in [57]. In order to solve the section constraint and reproduce the supergravity equations
of motion, we take all fields to depend only on z* and 4.

3Vector couplings for heterotic supergravity can be also encoded in DFT by extending O(d, d) to O(d, d+
n) [59], and massive ITA supergravity is encoded in ExFT through a deformation of the generalized Lie
derivative [60, 61].



What is interesting for us is that it has been shown that one can obtain consistent
truncations of the bosonic string sector to 4 dimensions by means of a generalized Scherk-
Schwarz reduction. Let us discuss how this works. In our current formulation, DFT
exhibits an O(6,6) x R x RT symmetry, where the first factor is a shift of the O(6,6)
invariant dilaton ® and the second factor is the four-dimensional trombone symmetry. A
generic twist matrix is thus valued in this group. The general expressions for a generalized
Scherk-Schwarz reduction were derived in [62], see also section 4 of [54] for a derivation that
includes the SL(2) part of the four-dimensional duality group, as well as trombone gaugings.
Generalized vectors have opposite weights with respect to the two scaling symmetries. The
twist matrix thus reads

E@)aM = e TWedWu—t(y) M Uyt € 06,6), e 7@ eRT, W e RS-

(3.10)
There is no evident distinction between 7(y) and d(y) in the twist matrix, but they play
a different role in the reduction ansatz for the fields, where they appear with powers
proportional to their Rt and [Rjg charges. We are only interested in twist matrices giving
rise to gaugings valued in SO(6,6), which requires to identify these two factors in the twist
matrix into a single function p(y) so that we have (possibly up to a constant factor that
can be reabsorbed in a redefinition of the four dimensional fields)

W) = ¢dW) = p(y)1/2 . (3.11)

Then, E(y)a™ = U~ (y)a™ takes values in SO(6,6).
The y dependence of the DFT fields is factorized according to the following ansatz

Hun (z,y) = Un* () Map(2)Un(y),  ®(2,y) = p(y)e?™, (3.12)
AV (z,y) = (U aM () A (2), (3.13)
B (x,y) = bu(x), (3.14)
guv(@,y) = e#/2g,, (), (3.15)

where Aﬁ‘(x), bu(x), p(x) and Map(z) are the vector, tensor and scalar fields of the
resulting 4-dimensional half-maximal supergravity. In particular, ¢(z) is the 4-dimensional
dilaton and M4p(x) coincides with the scalar matrix described in the previous section.

Consistency of the reduction requires to impose (3.3) (with YMNpo = nMNppq).
After a bit of algebra, restricting to SO(6,6) gaugings these conditions reduce to the ones
exhibited in [26]:

npa(U )Y (U eV omUN" = fapo = const., (3.16)
1
p~lomp = —5 (U A onUM, (3.17)

where fapc determine the gauging by means of the embedding

Xap® = fappn™C. (3.18)



In the special case at hand we can exploit the fact that the compactification manifold is
also a product of groups and use group related quantities to construct the twist matrices
U(y). This can be described by a product of matrices

Unt™ = [UoR (02, ¥2, 03,3) ™, (3.19)
where
D 0
Uo = : (3.20)
Z D1
with
D =+/2diag{1,1,tanfy, 1,1, tanh); } (3.21)
and
0
0 tan91
1 -1 0
Z=— 3.22
ﬁ 0 ( )
0 tanhb
-1 0

contains all the local information on the 10-dimensional geometry at the maximally sym-
metric point Map = dap, while R is a rotation matrix belonging to the SO(6) x SO(6)
subgroup of the duality group and has the following explicit form:

™

R =exp [—292 13 49 <¢2 n ”) 046} exp [2 (93 n ”)Ali" 19 (wg n )A“G]
2 2 2
(3.23)
- exp [7r (A23 + A56)] .

We can already pause here for a comment that is going to be extremely important in the
following. At the vacuum where Map(z) = dap, U and Uy generate the same O(6,6)
matrix Hasn, from which the 10-dimensional metric, 2-form and dilaton follow via (3.4)—
(3.9). However the SO(6) x SO(6) matrix R is crucial to obtain a twist matrix U that
satisfies the consistency constraints required to give a consistent truncation to 4 dimensions.
Only U gives constant fapc elements via (3.16), while Uy produces coordinate dependent
structure constants, which are unacceptable for our reduction procedure. Using the uplift
formulae above, the twist matrix generates a background with metric

ds? = 2e7?2[d6? + cos? 01 dO3 + sin® 0, dO? + dy)?

(3.24)
+(1 + sech(2t1))dep3 + (1 — sech(241)) dy3]
dilaton )
e (3.25)
cosh(2¢1)

and B-field b
B = 4¢*2 |sin2 0y dfy A dB3 + ——ot— dipy Ad 3.26
e” = |sin® 01 dbx A dfz + cosh2(20n) Y2 A dips (3.26)

It is therefore clear that the starting point of our analysis is a regular differentiable manifold
that is the product of a sphere and a hyperboloid.

~10 -



4 Going to the boundary of the moduli space

Now that we have all the formulas and ingredients to relate the bosonic sector of N = 4,
d = 4 gauged supergravity to 10-dimensional supergravity and we reviewed the construction
of the S x H%?2 background found in [26, 27], we proceed to the analysis of the deformations
obtained by taking to the boundary any modulus of the corresponding Minkowskiy solution.
First we prove that singular limits of gauged supergravities admitting a generalized Scherk-
Schwarz uplift are themselves upliftable. This guarantees that our procedure gives a regular
background of 10-dimensional supergravity. Then we give a simple example of a singular
limit for the GLT(4) generalized parallelization of S3, where the limit procedure can be
followed explicitly step by step, In the next section we then apply it to the S3 x H??
vacuum describing in detail the new limit vacua.

4.1 Generalized Scherk-Schwarz uplifts of gauged supergravities

The first part of our discussion is a quick review of the general construction of [47] (see
also [63] for earlier work) that provides the conditions for the existence of a generalized
Scherk-Schwarz uplift of a gauged supergravity theory.

Given a supergravity theory with global symmetries G x RT, broken by a gauging
defined by an embedding tensor X , BC, one can uplift the theory to a higher-dimensional
supergravity by means of an extended field theory (such as DFT and ExFT) based on the
same duality group G x RT, if certain conditions are met which we now describe. The
internal space will necessarily be a coset space G / H constructed in terms of the centrally
extended gauge group G, defined by formal generators X A satisfying

X(AB)C)A(O =0, P?A, )?B] = _XABC}?C~ (4.1)

We can then associate to these formal generators X A a centrally extended embedding
tensor © 4% satisfying X (A B)C@cd = 0, where & runs along the G coadjoint representation.
For the uplift to exist, the projection 5) 4™ onto a set of coset generators {fm} must satisfy
the section condition

YAB L ,0,m0p" =0 (4.2)

and the physical internal derivatives of ExFT are then identified as®

~ 0
oy =0y ——. 4.3
=" (13)
This choice of section breaks the global symmetry group G x R™ of ExFT down to the
semidirect product of the GL(d) structure group of the internal manifold, the global sym-
metries Gy X [RbF of the higher dimensional theory ([Rg being its trombone symmetry), and

4There is an extra ‘C-like’ condition that needs to be imposed for general extended field theories, but it
does not play any role in the proof and it is redundant for double and exceptional field theories as long as we
uplift to ten and/or eleven dimensions and the gauging does not involve the higher dimensional trombone
symmetry RS’.
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shifts of the internal p-form potentials, forming a unipotent subgroup we denote by P.5
Using equations:

A NON™ = Oy, AuN € (GL(d) x Go x RE) x P, g™ € GL(d).  (4.4)

In particular, GL(d) x P is the (split) structure group of the extended generalized tangent
bundle associated with the choice of section (4.3). The generalized Scherk-Schwarz uplift for
this gauged supergravity is then encoded into a generalized frame/twist matrix E(y) M e
G x R satisfying (3.3). The latter has the universal form

E(y)a™ = L(y); Pém)s" Cly)n™, (4.5)

where L(y) is a coset representative® for G/H (embedded into G x R, so that the central
extensions are trivially represented), é(y)g” is the inverse reference vielbein obtained by
projection of the Cartan-Maurer form dLL~! onto the coset generators fm, (embedded in
the duality group as a GL(d) matrix C G x RT, where GL(d) is the structure group of the
internal manifold), and C(y)n™ satisfies

Cly)nOu™ =6n™, (4.6)

and encodes in particular the information on the p-form potentials in the generalized
Scherk-Schwarz reduction. Crucially, a suitable C(y)n™ such that (4.5) solves (3.3) can
always be constructed and (4.5) can be proven to define a global generalized Leibniz par-
allelisation of the generalized tangent bundle [47].

4.2 Singular limits of generalized Scherk-Schwarz reductions

Given these conditions, we now want to modify the embedding tensor defining a given con-
sistent background by introducing appropriate rescalings related to the expectation value
of certain moduli fields and check under which conditions the result remains a consistent
background, also in the limit of an infinite deformation. We start by introducing the
deformed embedding tensor

X455 =G G X G, (4.7)

It will be more convenient to reabsorb &P as a trombone component for G(§), so that
we define

Ve=&GE) e GxRY, X% = Ve PV PXppt Ve C (4.8)

As long as ¢ is finite, X¢ sits in the same duality orbit as X and we can uplift it by a twist
matrix that is simply VgE . However, when we take the value of £ to its boundary limit,

°In general the GL(1) centre of the structure group, corresponding to overall rescalings of the internal
coordinates, does not belong to G but is rather a linear combination of some GL(l)’ C G and the trombone
RT. See e.g. [64].

SDespite the notation, we take the coset space as a left coset: L ~ hL with h € H.
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this twist matrix becomes singular and does not define a generalized Scherk-Schwarz uplift
for Xcontr-

We will now prove that the twist matrix VgE’ can be rendered non-singular in the
limit sending & to the boundary of the moduli space by performing a change of coordinates
and by making an appropriate gauge choice for the p-form potentials encoded within it,
combined with a constant, £ dependent action of the global symmetries Gy x [Rar of the
higher dimensional theory. To do so, we shall use the universal form (4.5) of the generalized
frame. First of all, let us stress that we consider the limit in £ to really be a limit along
the scalar manifold G/#, which means that V¢ can be parameterised in any #H gauge and
any two gauge choices must be related by an ‘H transformation with a well-defined (non
oscillating) limit. In particular, this means that we can always pick V¢ to belong to the
(block) triangular subgroup of G x R™ that preserves the choice of section:

VgAB@Bm = éAﬂgﬁmﬂa (4.9)

Which means that Vg € (GL(d) x Gy x R§) x P. This gauge choice simplifies the following
proof, but we will see that we can drop it at the very end.
We now decompose the embedding tensor in terms of coset and H generators (denoted
tm and t; respectively):
Xu5°% = 0,%2,5° + 0 ,4't:5° . (4.10)

These generators are embedded in the duality algebra and hence the central extension is
represented trivially. If we now look at the deformed embedding tensor, we can write

X" = 04" gem (Vetn Vi V) BE + Ve P05 (Vet V) 5C (4.11)

The first term in this expansion is separately finite in the £ limit, at least for a special
choice of coset generators. Indeed, introducing the orthogonal projector II onto the image
of @)Am and its complement II (so that HAB@Bm = @Aﬂ, ﬁAB@Bﬂ = 0), we notice that
they are invariant under the action of V¢ satisfying (4.9). For any &, there is a choice
of coset generators’ ggiﬂfg such that T4BXp = © Amggmﬂfg and in particular this will
match with the first term (4.11) when embedded into G x R, with ¢, 4% = fizlAB. Being
this the contraction of two objects both finite under the £ limit, the first entry of (4.11)
is finite.

This choice of coset generators allows us to construct a twist matrix for X¢ that is
finite in the limit and matches the original twist matrix (4.5) for & = 1. We begin by
making a specific choice for the coset representative of G/H:

Le(y) = exp(ygem™s) 3 [L(y)] = exp (y"m) (4.12)

Notice that on the right hand side we have made a special choice of coordinates and H gauge
for the original twist matrix. Embedding into G x R*, we can rewrite this definition as

[Le()]a® = [VeL(y - ge) VA" (4.13)

"The factorised g¢ is there so that ffm satisfy the same commutation relations for any finite £.
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Notice how g¢, defined in (4.9) as the GL(d) component of V¢, appears as a change of co-
ordinates. Computing a reference vielbein by projecting dLng1 onto the coset generators

(gg)mﬂfg, we find
ée(y) = geé(y - 9¢)gg ' (4.14)

where the right action of g¢ is due to the redefinition of the coset generators, while its other
appearances can be interpreted as a change of coordinates y — y - g¢. At this point we
construct a tentative twist matrix following [47] as

Bt (), M = [Le () " u B [ee ()] 5™ (4.15)

which is finite in the & limit and reduces to E(y) 4V C ' (y)n™ (defined in (4.5)) if we set

§ = 1. Notice that we are keeping our choice of section fixed to ©)/™. Expanding L¢ and
é¢, we arrive at

E& () 4™ = Ve L™y - 9e)]a”[e(y - 9¢)gz 18" Re(y)n™

A (4.16)
=VeaP[EC(y - 96) ™9 I Re(y) P

with Re(y) € (Go x [R[)F) x P being equal to V{lgg conjugated with é(y - gg)ggl- In general,
EStent-(4)) does not satisfy the generalized Scherk-Schwarz conditions, neither before nor
after the ¢ limit. However, the general construction in [47] tells us that there always exists
some matrix C¢(y) € (Go x R{) x P that completes ES " (y) to the correct twist matrix,
just like in (4.5). This can be computed by integrating the generalized flux defined as the

difference between X¢ and the generalized torsion of EStent:(

y). We will not need any
explicit expression. We only stress that since ES " (y) is finite in the limit, C¢(y) is as
well, at least for some choice of gauge. We therefore conclude that there exists a twist
matrix E% " (y)C¢(y) that correctly reproduces X¢. However, at finite &, for our choice
of section and of coset space we have already found such a twist matrix: it is just VgE (y)!
We conclude that the two can only differ by a finite generalized diffeomorphism and by
a global symmetry transformation in the higher dimensional theory, as anticipated. The
generalized diffeomorphism is composed of the change of coordinates y — ¥ - g¢ and of

p-form gauge transformations encoded into the P component of

Ay) = 9eC ™ (y - 9e)g¢ " Re(y) Ce(y) (4.17)

which is therefore pure gauge, i.e. has vanishing generalized torsion. The global symmetry
transformation corresponds to the Gy x [R(J)r component of A(y), which is indeed constant.
The resulting twist matrix

Ef e )a™ = [VeE(y - 9¢)9¢ ' Ay)]a™ (4.18)

therefore reproduces X¢ and is finite in the limit, where it reproduces the contracted
embedding tensor. It differs from the natural deformed twist matrix VgEA(y) only by a
change of coordinates, p-form gauge transformations and constant, £ dependent global
symmetry transformations of the higher dimensional theory.
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We stress that the proof above is constructive: given the choice of coordinates specified
in (4.12), (4.13), the change of coordinates is just the GL(d) component of V¢, while (4.17)
can be computed by integration of the generalized flux described in [47]. In practice, how-
ever, it can be more convenient to reconstruct such coordinate and gauge transformations
on a case-by-case basis, knowing that they must exist.

A final comment is in order on the rescaling of the gauge coupling associated with the
R* trombone component & of Ve = £PG(&). Whenever p # 0, A(y) contains necessarily a
constant component in IR(J)r that descends from Vg_1 g¢ in the definition of Re. We remind
the reader that [Rg is the trombone symmetry of the higher dimensional theory and it is
a linear combination of R (the lower-dimensional trombone) and of some GL(1) C G.
The linear combination is such that the internal derivatives are invariant just like in (4.9).
We can therefore decompose Ve on the left of (4.18) into {PG(§), and bring the trombone
component to the right, where it will combine with the Ri component of A(y) to give rise
to a constant GL(1)’ trasformation. We thus write

B )a™ = [GOE(y - ge)gr N (y)Tela™ (4.19)

where G(£) € G represents a curve in scalar field space, A(y)’ is A(y) stripped of its Ry
component, and T € GL(1)" C G acts on internal derivatives (on section) as

(Te)p™¥ On = €PO (4.20)

therefore reproducing the rescaling of the gauge coupling in the deformed embedding tensor.

Finally, we now notice that we do not need G(§) on the left hand side of (4.19) to be
in the H gauge defined by (4.9). This is so because we are taking a singular limit along the
scalar field space G/H, and thus the choice of H gauge must not matter in the limit. This
implies that any other choice of gauge is related to (4.9) by an H transformation that has
a well-definite (not oscillating) & limit.

Summarizing, we find that contractions of a gauging obtained through singular limits
in scalar field space always admit an uplift if the original gauging does. The twist matrix
for the contracted model is obtained from the following steps:

—_

. multiply from the left by the modulus transformation G(§) parameterizing a path to
the boundary of G/H;

2. perform a & dependent change of coordinates;
3. implement a £ dependent gauge transformations for the p-forms;

4. employ a constant, £ dependent action of the higher dimensional symmetry group
Go x R

5. perform a constant, £ dependent GL(1)" transformation to reproduce the rescaling of
the gauge coupling constant.

The above result is fully general. Specialising now to O(6,6) DFT, the constant &P
scaling should be always regarded as a 4d trombone transformation in order to reproduce
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the correct (finite) limits for all fields. Because we are regarding the twist matrix to
be O(6,6) valued, it is simpler to rely on (4.19) and regard the GL(1)" scaling as being
generated by 1g @& —1g. In fact, p(y) is also affected by the GL(1)" scaling as well as by
the change of coordinates, but instead of looking at its transformation explicitly, we can
define it by integration of (3.17) and it will be automatically finite in the limit. We also
find that step 4 is unnecessary in our examples, as the only Gy transformation that would
be needed is a shift of the ten-dimensional dilaton which is however automatically taken
into account by the integration of (3.17). Furthermore, step 5 boils down to the SO(6,6)

transformation <£p16 Sfp]ls) acting on U;lM from the right.

4.3 A simple example: S2 generalized Scherk-Schwarz reduction and
CS0O(2,0,2) limit

In order to make things concrete, we now apply the general limit procedure described in the
previous section to the simple example of the O(3,3) generalized Scherk-Schwarz reduction
on a three-sphere and its singular limit to a twist matrix giving a CSO(2,0,2) gauging.

The first step is the construction of the generalized parallelization of the three-sphere,
based on an SL(4) ~ SO(3,3) twist matrix [22]. S can be defined by embedding coordinates
in R* satisfying S°0_, (V%)% = 1

V! = cos 6 cos Oy , Y2 = cos 6y sin 6y ,
5 A (4.21)
Y?° =sin#; cosbs, Y* =sin6sinfs.
The reference metric on S® is (we use 8" = (01, 6, 63))
Gij = 0iY 0;Y,  ds® = dé + cos61d03 + sin 61d63 . (4.22)

Coordinate ranges are 0 < 01 < 7/2, 0 < fp3 < 27. We also have Gt/ = \/cos O sin ;.
To construct the twist matrix we also need B* = %ﬂ'jkBjk. It is crucial to make a gauge
choice that is non-singular in the limits we want to take. For the moment let us take

A
Bl = <2sin291, 0, 0) : (4.23)

We will need to tune this gauge choice depending on the singular limit we want to take, in
order to avoid diverging pure-gauge terms.
The twist matrix in the 4 of SL(4) can be written as (m = i,4)

Ut = (§11590;Ya + g VB, gAY (4.24)

where Y, = 1,Y? and 1, = 04, We can then define the twist matrix in the 6 of SL(4) by
tensoring;:

Uty =Uut oty (4.25)

In this representation the SL(4)~SO(3,3) invariant is 74 cd = €qbed- We can reorder the
indices to switch to more common conventions for SO(3,3). Define E4M with A, M =
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1,...,6 in three-by-three blocks

—1m4 1p7—1np
U—lAME< U™ ek 2U™ aa€npma ) (4.26)

1 _adbcrr—1m4 1 _adbeyr—1np
269U 38U e Enpma

The associated SO(3,3) invariant is now nap = nuy = (]13 ]13). The twist matrix U~ 4 M
satisfies (3.16) with nonvanishing embedding tensor components

fag® ~eapc for A B ,C=1,2,3, or A,B,C =4,5,6. (4.27)

As a warm-up, let us investigate the limiting procedure to CSO(2,0,2). We start by
acting with the SO(3,3) transformation

AL = diag (1, 1,511, g) (4.28)

which, in the 4 of SL(4), is diag(v/&, V&, 1/v/&, 1/4/€). The singular limit on the embed-

ding tensor is obtained by the action of A combined with an overall rescaling
1
lim fEC= lim —ALPARE fp L AAC (4.29)
0 Es+00 &
To implement this limit in terms of the twist matrix, we define

Ugya™ = MaPUgtTpM (4.30)

where TN = diag(1/£,1/€,1/€,€,&,€) is the GL(1)' transformation discussed in the
previous section, implementing the overall gauge coupling scaling. Notice that det U =
det U(gy = 1. The string frame metric (4, j are the first three entries of the indices M, N)
is then easily derived from U(¢) by

(&) _ /a5 \=1 _ (r7—1 drr—1 j\—1
9 = (M) ™ = UgaUga') ™,

2 _ 2 2 2 —2p \—1 192 ' (4.31)
ds* =& | doy + (§&° — 1+ cos™“01) "dO; +

. _
o 1+ sin291) do3

and the B-field is identified with
Bgy = —€3(€% — 1+ cos™201) " tan® 6; dfs A dfs . (4.32)

The overall &2 factors are due to the T rescaling in both the metric and B field. Reading
these expressions one notes immediately that the & — +oo limit is singular, unless one
combines it with simultaneous change of coordinates §* — 0! /¢, whose associated Jacobian
is embedded into SO(3,3) as follows:

-V 89/V : N .7 g
I = Hgn = diag(1/¢,1,1), Jy = (“ j_lﬂ,,> . (4.33)

Note that J and T' commute. Under the change of coordinates U, (E)l therefore transforms as

Ug (0%, 6%, 6%) — U (0 /€, 6%, 6%) T (4.34)
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Note also that the change of coordinates has no effect on the associated torsion fgggc, but
guarantees that the twist matrix remains non-singular in the limit.

The ¢ — +oo limit now gives a regular result, with a vanishing B-field and
a frame metric

(ds>))2 = d6? + de2 + 67 63, (4.35)

which is a flat metric in cylindrical coordinates.
Let us also look at the explicit form of the twist matrix before and after the limit:

(&) p1 2 3y 7-1
E&©' /¢, 02, 6%) 7 (4.36)

— cos 03 sin 63 —% sin 62 sin 63 tan %1 —% cos 62 cos 03 cot % —sinfacosfz 0 Esinfgsinfstan 9?1

— sin 62 sin 63 7% cos 07 sin 03 tan 9?1 7% sin 62 cos 03 cot % cosfycosf3 0 —&cosbssinbztan 9?1
0 0 -1 0 -1 0

frd 52

—sin 62 cos 03 % cos 02 cos 03 tan %1 % sin 62 sin 63 cot % —cosfzsinf3 0 —&cosbacosf3tan 9?1

— cos 03 cos 3 % cos 02 sin 03 tan 0?1 —% cos 02 sin 03 cot % —sinfasinf3 0 —¢sinfs cosf3tan %1
0 -1 0 0 0 0

—% cos s cosf3 —sinfs cosfs 0 61 sinfs sin O3

— cos 05 sin 63 3

0
—sinfasinf3 0 7% sinfg cosf3 cosfscosfls 0 —61 cosbasinbs
€400 0 0 0 0 -1 0
0
0

— sin 62 cos 63 Ll sinfa sinfl3 —cosfzsinfls 0 —6O1 cos b2 cos O3

7
— cos 3 cos O3 — % cosfzsinf3 —sinfasinfl3 0 —6q sin s cos O3
0 -1 0 0 0 0

The coordinate change crucially modified the twist matrix so that the result after the
limit is regular and non-trivial. We shall see for the full examples in the next section that
upon switching to Cartesian coordinates, such a twist matrix is orthogonal and can be
interpreted in terms of an asymmetric orbifold.

5 New background limits

We now apply the procedure described in the previous section to the S x H??2 compactifi-
cation described in section 3 performing limits to the boundary of the moduli space for all
the moduli of the corresponding 4-dimensional gauged supergravity. In general, assigning a
finite value to a modulus e; when taking the singular limit along the associated x; can yield
inequivalent gaugings [24]. In studying the ten-dimensional solutions arising from such se-
tups we have found that they are qualitatively analogous to the cases where one leaves
e; = 1 in the x; limit. We therefore choose to present only this smaller class of solutions.
We will focus on the twist matrix U, which is at the basis of the 10-dimensional uplift. We
especially remind that the background 10-dimensional internal metric and 2-form B are
specified by

Harn (y) = Uni ()0a5UN (y) (5.1)

and their deformations follow the appearance of non-trivial vevs to Map(z), which can
in turn be defined in terms of SO(6,6)/(SO(6) x SO(6)) scalar o-model representatives L
as M = LLT. This means that we can introduce the moduli-dependent twist U(z,y) =
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U(y)L(zx) and study its limits. For the [SU(1,1)/U(1)]?2 moduli space described in section 2,
the representative is

L = exp [2)A2 log e3] exp [2A3 log e3] exp [\/562 log xg} exp [\@Eg log .Tg} , (5.2)

where we fixed the coefficients such that the boundary of the moduli space is at zero and
the fields ez 3, 22 3 appear with integer powers in the expressions for U(z,y), ©(z) etc.
We can summarize the results that we are going to detail in the following in terms of
a general structure for the twist matrix and of two classes of metric, B-field and dilaton
solutions. The twist matrix can always be represented as the product of two matrices:

U = UyR. (5.3)

R is a SO(6) x SO(6) rotation matrix, which has no effect on the local background geom-
etry, but fixes the non-trivial patching conditions that define the global space. Up is the
matrix that contains the information on the local background. In our examples it is always

D 0
e (75 o

where A is non-zero only when there is a non-trivial B-field.

lower-triangular

The local geometries we obtain are of two types: flat space (with non-trivial patching
conditions coming from asymmetric orbifolds) or Q-flux geometries. While this might not
be always immediately clear after the limit, a simple change of coordinates makes this
structure explicit.

5.1 Contractions along 4;

The first series of limits we consider are the limits along the xz9, x3 field directions. We first
consider their limits to the boundary of the moduli space separately and then combined.
By doing this, we will produce the uplift of the gaugings listed in the first line of table 1.
5.1.1 x3 — 0 limit

Following the procedure outlined in section 4, the first regular limit can be obtained by
sending x3 — 0, while rescaling the coordinates

Y™ = {x301, 02,03, 331,92, 3} (5.5)

and the coupling constant
g

V2ws

The resulting twist matrix is of the form (5.3)-(5.4), where A = 0,

R =exp [—292 c3 4 2<1,z)2 4 ”) 046] exp [2 (03 T ”) A3 49 <¢3 1 ”) A46]
2 2 (5.7)

g —

2

- exp [71' (A23 + A56)] .

~19 —



and
D :diag{l,l,el,l,l,wl}. (58)

The background local geometry produced by this solution is that of a flat metric in
cylindrical coordinates

ds® = db} + d63 + 67 do3 + dyi + dy3 + P dy3, (5.9)

with constant dilaton e® = 1, and vanishing 2-form B = 0. Still, the global patching
conditions imply that the global solution produces a non-trivial N = 8 effective theory
with supersymmetry-breaking vacua and mass terms generated by a [U(1) xT%)? gauging:

[To, Tr] = M/ Ty, (T4, Tr) = Ni/Ty, [Tr,T7) =0, [To, T3] =0, (5.10)

where
1+ o3 1—o03

M = ®R1® 109, N =

®1® ios. (5.11)
The non-trivial patching conditions become clear once we introduce the coordinates
y1 = 01 sinbs, Y2 = 01 cos 03, Y3 = Y1 sin s, Y4 = 11 cos P3. (5.12)

In these coordinates the metric is

ds® = dy} + dy3 + dy3 + dy3 + df3 + di3 (5.13)
and the twist matrix (in the basis {y1,y2, 02, y3, Y4, ?2}) becomes

U=R=exp [292 o - z(ng - ;r) 045] . (5.14)
It is now clear that all coordinates can be taken compact and that U is globally well-

defined only if there is an asymmetric orbifold acting on the x; coordinates and their duals,
whenever we perform a rotation in 02 or ¥o. Introducing z = y1 + iy2, W = y3 + i ya:

Og ~ 02 + a, o ~ aha + B3,
2 ~ ey, wp, ~ie Puwg, (5.15)
2R ~ €%zR, wr ~ —iePwp.

We have here an explicit realization of the connection between gauged supergravities and
asymmetric orbifold suggested in [65]. The vacuum generated by the orbifold (5.15) allows
for a consistent truncation of the string spectrum such that it describes a spontaneously
broken phase of a maximally supersymmetric theory. This is not guaranteed for any orb-
ifold, nor it is clear that one is always allowed to obtain a consistent truncation to any
gauged supergravity theory, especially when supergravity is fully broken like in this case.
In fact we do not have at this stage enough maximal gauged supergravities with Minkowski
vacua that could correspond to the string theory vacuum on an (asymmetric) orbifold for
any consistent choice of the orbifold action.
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5.1.2 x3 — +oo limit

The limit to the opposite boundary point in moduli space, namely x3 — +00, gives the same
effective theory, with the same gauge group, though involving different combinations of the
SO(6,6) generators. It is however interesting that the resulting background is different from
the one just presented. In order to obtain a regular geometry, one has to send xz3 — 400
while rescaling the coordinates

y™ = {01 /x3,00/3, 03,91 /w3, /23, s} (5.16)

and the coupling constant
T3

—g—.
g—4g NG
The twist matrix now has the same D as above,

R = exp (7 C*%) exp{ (93+ >A13+2<¢ + )Aﬂ exp [m (A% + A%%)],  (5.18)

(5.17)

and

A= : (5.19)

so that the resulting local geometry

1
ds? = e %/% |do? + e (d03 + 601 dO3) + dy? + —— (dip + i dy3) (5.20)

has non-zero curvature and a non-trivial dilaton
e” = [(1+07)(1 + )]/ (5.21)
and B-field: 9
B = 2 92 dfs A dfs + 2 w 1/} Cl’(ﬁg A dis. (5.22)
1

Also in this case the global patchlng conditions become explicit if we perform the (5.12)
coordinate change. After this coordinate change we see that the background is the sum
of two copies of Q-flux backgrounds, one in the (yi,y2,602) coordinates and one in the
(y3, Y4, 12) coordinates. The metric is

1
ds? = e~ /2 T (dyi + dy3 + dO3 + (y1dys + y2dy1)?)
u (5.23)
+——— (dy5 + dy; + d dys + yadys)?) |,
- (dy3 + dyi + dib3 + (yadya + yadys)®)
with B-field
2
————=(1dys — yody1) N dbs + —————= (y3dys — yadys) N d 5.24
11y T2 5 (y1dy2 — y2dy1) 2 1+y§+yz(y3 Ya — yadyz) A dipo (5.24)
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and dilaton
e’ =(1+yf+u3) P43+ 2 (5.25)

The twist matrix in these coordinates becomes

1
1
1
1
-1
1
U= , (5.26)
—Y2 1
X1 1
Y2 —Y1 1
1 -y
-1y
Y3 Ya 1

which makes evident that we are dealing with a @-flux and that the patching conditions are
[ transformations. We can indeed once more take the coordinates to be compact, provided
that whenever we send y; — y; + 1 we perform a 5 transformation:

y1~yr+1 Y2 ~y2 +1 ys ~ys+1 ya ~ys+1
(5.27)

ﬁyzw -1 /8?/1¢2 -1 ’ ﬁyubz =1 /Bywz —— '

5.1.3 x3 — 0 limit

The limits 9 — 0 and x2 — 400 produce mixtures of the previous results. They produce
the same effective theory, with [U(1) x7%]? gauging, but now deriving from either a Q-flux
in the v; sector and an asymmetric orbifold in the 6; sector, when zo — 0, or a Q-flux in
the 6; sector and an asymmetric orbifold in the v; sector, when xo — +o00. In detail, the
limit xo — 0 gives a finite result if we rescale

y™ = {201,002, 05, x21b1, 152,13 } (5.28)

and
g

V2o

g —

(5.29)

The twist matrix has D as above,

04 0 0
A= 0 0 o (5.30)
0 -1 0

and R as in (3.23), but with ¢ = 0.
The local geometry is flat in the 6; sector and displays a Q-flux in the v; sector. These
are the corresponding metric
1

ds? = e~ /2 |dh? + do2 + 62 dO? + dy? +
1 2 1 3 7/)1 1 +”¢%

(dy3 + 3 dy3)| (5.31)
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dilaton

1
P — (5.32)
VIt
and B-field d)Q
=921 _ iy A di)s. 5.33
1+¢% % 1/}3 ( )

Note that while the background is not locally flat, it is T-dual to a flat background if we
perform a duality along the s direction. In flat coordinates, the metric is

ds? = /2 dy? + dy3 + db3

(5.34)
o (dy3 + dyi + d3 + (ysdya + yadys)?) | ,
L+ys+us
with B-field
= ————(y3dys — yadys) N d 5.35
1+12 + 42 (ysdya — yadys) A dipo (5.35)
and dilaton
e = (1445 +y5) V2 (5.36)
The non-trivial coordinate identifications are then
Oy ~ 05 + a,
~ ys ~ys+1 ya~ys+1
2z ~ ez, , . (5.37)
Byﬂ#z =1 ﬁy3w2 —

2R ~ €%%p,
5.1.4 x5 — +oo limit

The limit z9 — +o00 gives

R =exp [2 (1[)2 + W) 046] exp [2 (03 + W) A 19 <¢3 + W) A46]
2 2 2 (5.38)

- exp [71' (A23 + A56)]

and
00 00
0
A= |V 000 (5.39)
0-100
0 0 0 03
and corresponds to the following metric
1
ds? = =92 |62 + T (d63 4 63 d63) + dip? + dup3 + 3 dy3 |, (5.40)
1
dilaton
? = (14627 (5.41)
and B-field
G dfy N db 5.42
B=2 . .
Tz 2 (5.42)

The flat space local geometry and its global identifications are analogous to the one pre-
sented above, but switching the first 3 and the second 3 coordinates.
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5.1.5 x3,x3 — 0 limit

The combined limit z9,z3 — 0 gives again an asymmetric orbifold, with R as in (3.23),
but with ¥y = 0, A = 0, and thefore flat metric, vanishing B-field and dilaton. The
corresponding gauge algebra reduces is a single U(1) xT* factor.

5.2 Contractions along \;

The contractions along the \; generators are trickier. As expected, sending the correspond-
ing scalar e — 0 or e — +00 produces the same gauge group. For the es contractions it is
U(1)? x T8, with algebra

[Ty, Tr) = M Ty, [T4,T7] = N’Ty, [T1,T;] =0, [To,Ty] =0, (5.43)

where
M=1,®i0% N=1,80 ® —ic?, (5.44)

while for the contractions along ez it is U(1) xT®, with algebra

[To, Tr] = M’ Ty, [Tr,Ty] =0, (5.45)

where
M =14® —io>. (5.46)

The background geometries are different, though.

5.2.1 ez — 0 limit

In order to get a finite limit for e3 — 0 we need to perform the change of coordinates

1 1
y" = {63 01, NG (€32 + 02), 03, €31, 23 NG (—e3 2 + 0), ¢3} ; (5.47)
rescaling the coupling constant as
g \/g . (5.48)
The resulting twist matrix has
0z 0 0 0 O
1 0 001 O
AQ_E 0 000 0|, (5.49)
0 —0:0 0 9
0 0 0-10
and
R =exp [—ﬂeg OB 4 (V2o + 1) 046} exp {2 <93 + g)Al?’ + 2(¢3 + g)Aﬂ
(5.50)

- exp [7r (A23 + A56)] exp (gA?’G).
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The corresponding local geometry is described by the metric

2
ds? = e=?2 | d0? + do? + dy? + 2?;2@;
) ! 02 ) (5.51)
+———(2d 2+92<\/2+ 2d03 + ————d ) )]
2+9%+¢%< (05 1 Y1 dos T—Hﬂ% V3
dilaton
and B-field
B = e** V2 (03d0s A dipa + F dipo A dips) . (5.53)

This background is not locally flat, though it is T-dual to a flat background if we perform
the duality along the f3 and 3 directions.

Also in this case we have a Q-flux geometry that is evident if we perform the change
of coordinates

. 9 .
y1 = b sinbs, yo2 = 01 cosbs, 92722 ys = Yy sinthy, ys =1hrcosvs, = V2.

(5.54)
The twist matrix in flat coordinates is
cos 6 0 0 0 0 0 0 sinf 0 0 0 0
0 cosf 0 0 0 0 —sinf 0 0 0 0 0
0 0 1 0 0 1 0 0 0 0 0 0
0 0 0 sinf 0 0 0 0 0 0 cosf 0
0 0 0 0 sin 0 0 0 0 0 —cos® 0 O
U— 0 0 -3 0 0 3 0 0o 0 0 0 0
0 sinff —%2 0 0 £ cosf 0 0 0 0 0|’
—siné 0 4 0 0 -4 0 cosf 0 0 0 0
0 0 0 0 0 0 0 0 o0 0o 3
0 0 “ 0 cosf —% 0 0 0 sind 0 0
0 0 —% —cosh 0 “ 0 0 0 0 sinf 0
—yacosf yycosf 0 ygsinfh —ys3sinf 0 —y;sinf —yssinf —1 y3cosh ygcosh 1
(5.55)

which produces the metric

1
ds® = e_¢/2 2 de% + dy? + 91 y2 (dQ/J2 — (yldyg — yodyr — y3dys + y4dy3)2) , (5.56)
the B-field
B = e** V2 (—y1dya + yadyr + ysdys — yadys) A dibs (5.57)
and the dilaton
e? =V2(2+y2)V2 (5.58)
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We can see that this local geometry corresponds to a Q-flux, because a shift in the x;
coordinates is compensated by a [ deformation:

y1~y+1 Y2 ~y2+1 ys~y3+1 ya~ys+1 (5.59)
ﬁyzw — ’ 5?;11#12 =1 /31141112 =1 51/47!12 -1 '
The identification of the remaining coordinate is that of a freely acting orbifold:
0~0+7
. (5.60)
Yi ~ —Yi

5.2.2 ez — +oo limit

The limit e3 — +o00 produces the same background, only with the exchange of 65 and .

5.2.3 ey — 0 limit

A different background is obtained if we take the limits of ey to the boundary. When
es — 0 we get a finite result if we also perform a gauge transformation for the B-field,
summarized by the following matrix action on the twist matrix U

1
K = ( 6 W), Wo® = —W5? =2, (5.61)
06 1g

together with the coordinate transformation

Y™ — {e201, 02,03, €291, 92,3} (5.62)
and the gauge coupling rescaling
g
N . 5.63
g V2 € ( )

The outcome is the flat metric
ds? = /2 [d@% +2d02 + dip? + 2dip2 + 02 (dOs — dipa)* + 2 (dby + dips)? |,  (5.64)

with constant dilaton

e® — /2 (5.65)

and vanishing B-field. The twist matrix has A = 0 and interestingly a D that is
not diagonal:

10 000 0
0v2 0 0 0 9
00 6 00 0

D= .
00 010 0 (5.66)
00 —6,0v20
00 0 00 ¢
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The full matrix is then obtained by acting with the rotation

R =exp [—292 13 42 <¢2 n g) 046} exp [2 (93 ~ ;T)A”’ 9 (wg n g)A‘*G]

(5.67)
- exp [Tr (A23 + A56)] exp (72r 036).
If we perform the change of coordinates
Y Y
y1 = 01 <cos ——sinf3 — sin — cos 63 | ,
V2 V2
Y ¢ )
=0 | sin — sin 03 + cos — cos b3 | ,
Y2 1 ( NG 3 /2 3
Y3 = Y <cos \0[ sin 03 + sin \9[ cos (93) , (5.68)
2 2
Yg =P <cos 4 cos 03 — sin o sin 6
4 =1 —= 3 — SN —= 3
V2 V2
0= \/5027 1/} = \/51#2’
we get a fully flat metric with vanishing dilaton and B-field:
ds® = dy? + dy3 + dy3 + dy3 + do3 + dv3 (5.69)

but with a non-trivial twist matrix
U =exp |[V26(C2 + A45)} exp [—\/51/1(,412 + O+ wc‘*ﬂ exp <72Tc36> . (5.70)

The space is therefore a product of an asymmetric and a regular orbifold (z = y1 + i y2,
w=y3 +1iys):

0~ 6+ a, Y~ + B,
e, . —iﬁ
Zr ~e Y2zp, wy ~te YZwp,
o . (5.71)
ZR ~ e V2zR, WR ~ —t € Y2WR,
- -
w ~ e V2w, kZNelﬂz,

5.2.4 e9 — +oco limit

Also in this case the limit to the other boundary does not produce anything new, but the
same background with the exchange of the 8; with ;.

5.2.5 e2,ez — 0 limit

The double limit ez, e3 — 0 produces an effective CSS gauging, related to the flat metric

1 2 1 2
ds® = ¢~ 9/2 {d92+2d92+02 <d0 —d0> +dip3 4 2dap3 + 2<d +d6) } 5.72
S € 1 2TV 3 ﬂ 2 Py Yy +7 ( dibs \@ 2 ( )

with

e? =12 (5.73)
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and vanishing B-field. The twist matrix is now determined by

10 0 00 O
0v2-%0 0 %
Dzooelooo’
00 0 10 0
00 0 0vV20
00 0 00 ¢

A =0 and

(5.74)

R:exp[ f02013+2<¢2 ;r) 046] exp [2(93—>A13+2<¢ + >A46]

V2
- exp [7T (A23 + A56)] exp [g (A36 + 036) } .

Using again flat coordinates as before

y1 = 061 (cos i sin A3 — sin i cos 03

V2 V2 )
yo = 01 <sin \1/% sin 03 + cos \1//}5 cos 03> ,
0 . .0
Y3 = Y1 <cos E sin 03 + sin \ﬁ cos 03) ,
0 .0
Y4 = Y1 <cos ﬁ cos B3 — sin \ﬁ sin 03)

0=V20s, =2,

we get a fully flat metric with vanishing dilaton and B-field:

ds* = dy? + dy3 + dy3 + dy? + db3 + dv3

The twist matrix is again non-trivial

U = exp [0 (C'? + A®)] exp [-0(A"? + C*) + 7C*] exp (g(c% + A36)>

and therefore the space is an asymmetric orbifold (z = y1 +iy2, w = y3 + i y4):

0~ 0+,
ZL ~ ZL,
2R ~ €e%%p,
wr, ~ Wi,

| WR ~ e "“wpg.

5.3 Mixed contractions

(5.75)

(5.76)

(5.77)

(5.78)

(5.79)

To complete the uplift of table 1, we need to take mixed contractions between e; and z;.

The results are always flat metrics with twist matrices corresponding to CSS gaugings.
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5.3.1 x3,e2 — 0 limit

For instance, if we first take the limit x5 — 0 and then es — 0 we get the local metric
ds? = 2e9/2 |07 + 2d63 + 02d02 + dy? + 2dip3 + 3 (dibs + d6)? |, (5.80)

with constant dilaton e? = 4 and vanishing B-field. The corresponding twist matrix is

determined by
V20 0 00 0

02 0 0 0+v2yY

2
Do 0 0v26; 0 0 0 | (5.81)
00 0 V20 0
00 0 02 O
00 0 0 0+v2y
A =0 and
13 T\ 413 T\ 446
R =exp (—292C ) exp [2(93 — 2>A + 2<¢3 + 2>A }
(5.82)
- exp [7r (A23 + A56)] exp <72T C36 —x C45>.
The resulting gauge group is the usual CSS group U(1) xT®, with algebra
[TO> TI] = MIJTJv [Tfa TJ] =0, (5.83)
where
M =1, ® —io”. (5.84)

This flat space is brought to the standard parameterization, with vanishing B-field and
dilaton, by means of the change of coordinates

y1 = V26, sinf3,
Yy = V26, cos s,
Y3 = V211 (cos b sin bz + sin By cos ) (5.85)
ys = V21 (— sin g sin 3 + cos O3 cos 3) ,
0=20,, =2

The twist matrix is non-trivial

U =exp [0 (C"* + A®)] exp [rC*] exp (g(C%)) (5.86)
and leads to the asymmetric orbifold identifications
0~0+a,
zp ~ e 2,

) 5.87
ZR ~ ewc/2ZR7 ( )

W ~ e—za/2w
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5.3.2 x3,x3,e3 — 0 limit

The further limit xo, 23 — 0 and es — 0 gives again a flat metric in cylindrical coordinates
ds? = df} 4 db3 + 67 d63 + dyp? + dup3 + 3 di3, (5.88)

with constant dilaton e? = 1, and vanishing 2-form B, for a twist matrix where A =0, D
as in (5.8) and

R =exp (—20, C") exp [2 <93 — 72r>A13 + 2<¢3 + 72r>A46}

(5.89)
- exp [71' (A23 + A56)] exp <72T A3 — 77045> :
The gauge group is U(1) xT*, with algebra
[To,T1] = M Ty, [T1,Ty] =0, (5.90)

where

]]_2 @2 )
M = —io?. 5.91
<®2 ®2> ® —io (5.91)

This is once more an asymmetric orbifold, once one introduces flat coordinates like in (5.12)

0~ 0+ a,
ZL, (592)

Zp ~ €"%zp.

2L~ e—ia

5.4 Supersymmetry

Each of the four-dimensional Minkowski vacua uplifted in the previous section preserve a
certain amount of supersymmetry, according to table 1. One should be careful, though, of
the compatibility of the uplift procedure with the boundary conditions one is imposing to
make the background compact.

The 32 supercharges of the ten-dimensional maximal supergravities are encoded in our
current DFT setup in terms of two four-dimensional Majorana-Weyl spinors transforming
in the (4, 1) and (1, 4) of the local symmetry® SO(6), x SO(6)z ~ SU(4), x SU(4) .

The expression for the Killing spinors for the DFT solutions we have found depends on
the choice of SO(6)1, x SO(6), gauge. One possibility is to identify the DFT generalized
vielbein with the twist matrix used in the generalized Scherk-Schwarz ansatz. The twist
matrix defines a generalized identity structure on the internal space, such that no local
SO(6) 1, xSO(6)  transformations are needed in patching the internal space. This holds true
also after the freely acting orbifold procedure that yields the T-folds of the previous section,
as the constant O(6,6) identifications are introduced precisely so that the combination of
their action with the coordinate identifications leave the twist matrix invariant. With this

8For our DFT setup with an external spacetime the easiest way to identify the representations and
transformation properties of fermions is to decompose the ones of supersymmetric E7(7y ExF'T [66].
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choice, the Killing spinors of the D = 4 maximal supergravity solutions are lifted as scalar
densities as in [23]. Namely, the uplift of the D = 4 Killing spinors will depend on the
internal coordinates only through a power of p(y) and will therefore survive the orbifolding
if p(y) is invariant under the coordinate identifications. In fact, we have found that this is
respected in all our limit geometries, and therefore we can state that the supersymmetries
of the D = 4 solutions summarized in table 1 uplift to supersymmetries of the asymmetric
orbifolds and Q-flux solutions we have found.’

Finally, one may look for other supersymmetries of our DFT solutions that are trun-
cated away in the reduction procedure and therefore did not appear in the four-dimensional
models. One way to approach this is to begin by looking for local solutions of the DFT
Killing spinor equations [58, 67, 68], possibly keeping the gauge choice determined by the
twist matrix, and then investigating whether any such solutions survive the coordinate
identifications. Clearly, the results might depend on the precise periodicities imposed on
these coordinates, and we may then also need to be careful in guaranteeing that the asym-
metric orbifold identifications as well as the  transformations of our T-fold solutions lie
within O(6,6,7). The amount of residual supersymmetries will depend on the specific
conjugacy class of the T-fold monodromies. A very simple example of this fact is the ge-
ometry found for x3 — 0, which gives the twist matrix (5.14). Clearly, if we impose the
periodicity 2 ~ 62 + 27k no asymmetric orbifold identification is needed and the solution
is in fact just a torus compactification of ten-dimensional flat space, which is of course fully
supersymmetric.

6 Uplift of general CSS gaugings

The uplift of the various Minkowski vacua presented in the previous section includes many
different CSS gaugings [33] with various supersymmetries. However, we fail to reproduce
the most general class of such gaugings, as one of the mass parameters appearing in these
models cannot be tuned when reaching them from limits along the moduli space of the
[SO(4) x SO(2,2)] x R'® model we analyzed [24].1° If we focus on uplifts to eleven dimen-
sions, then a sub-class of the CSS models (depending on three mass parameters) admits
standard Scherk-Schwarz uplifts in terms of a twisted 77 [33]. In this last part of our work
we show how to perform the uplift of the general CSS gaugings, depending on all 4 mass
parameters introduced in [33], in terms of a generalized Scherk-Schwarz ansatz.

We start by recalling the interpretation of the 4 mass parameters in terms of fluxes of
M-theory. Following the description in the appendix of [24], 3 of the parameters can be
interpreted as torsions on a torus background while the fourth is the flux of the 7-form and

If a non-constant p(y) were to jump by constant values under the orbifold action, one could choose
to allow for patchings of the fields and Killing spinors involving not just a T-duality but also a trombone
rescaling and a shift of the dilaton. We do not encounter this situation here.

10That mass parameter can be tuned if one starts from the SO*(8) gauging, or by starting from the other
elements of the one-parameter family of [SO(4) x SO(2, 2)] x R'® gaugings found in [24] (the parameter being
denoted 71 there), whose only known uplift is in terms of section constraint violating twist matrices [54].
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an additional parameter 077 that we are going to interpret later:

2 1
Wwrl = —wr2

:mla
4 3_ -
wrz” = —wry” =Mma,
6 5 - (6.1)
wrs’ = —w75° =ms,
O77 = —g7r =My .

The gravitino masses of the gauged supergravity theory, up to an overall factor of some
modulus, are given by mj 234 such that

m1 = m1+ mg —m3— my,

Mo =mqp — Mo +m3 —my, (62)
m3 = m1 — Mz — M3 + My, .
My =mp +mg+ms3+my.

The embedding tensor of D = 4 maximal supergravity sits in the 912 E;(7) representation.
Under the SL(8) subgroup, this splits as 912 — 36 + 36’ + 420 + 420’. The CSS gaugings
are parameterized by some components of the 36" and 420’ irreps. Using underlined indices
A, B, ... for the 8 of SL(8) we denote such irreps by 045 and BA@ respectively, and the
CSS gaugings are defined by (6.1) with 0gg = —g7 and BZ,8 = w2, m = 1,...,7. In
particular, the part of the CSS generators that is contained in SL(8) are parameterized by

eAjQQ = 5Q[A9§]Q + BQDAB . (6.3)

When my4 = 0 we only have geometric fluxes. We can thus uplift to eleven-dimensional
supergravity using a standard Scherk-Schwarz ansatz with internal vielbein

el =dy' +myPdy’, & =dy® —miy'dy’,

e’ =dy’ +may'dy”, e =dy' —mayidy’,

5 5 ~ 6 7 6 6 ~ 5 7 (6'4)
e’ =dy’ +mgy’dy’, e =dy’ —m3zy’dy’,

67:dy7

and finally obtain the twist matrix

cD
(E%Sis,mz,mg)AM = <(U)OB (U‘TSCD > . (6.6)

This twist matrix solves the generalized Scherk-Schwarz condition (3.3) for Er(7 ExFT.H
The extended internal coordinates are Y™, M = 1,...,56 which decompose as (YAZ Y45)
under SL(8). The physical internal coordinates are then embedded as

ym:1...7 — Ym8 ) (67)

"'We follow the conventions of [14, 23]. In particular, YMNPQ = —12taMNt°‘pQ — %QJWNQPQ.

~32 -



The interpretation of embedding tensor components in terms of fluxes in equation (6.1)
assumed this choice of solution of the section constraint.

The parameter 077 is usually considered to be a locally geometric flux on a torus (see
for instance [69] and more recently [70]). However, notice that the combination of 0, flux
with seven-form flux can also be interpreted geometrically as curvature of an internal sphere
or hyperboloid [23]. In our case, this would be just an S', so that in fact 677 together with
g7 can have a fully geometric interpretation on a torus. For instance, CSO(2,0,6) gauged
supergravity, corresponding to the CSS model with m; 23 = 0, 74 # 0, has been uplifted
in [23]. The twist matrix in the fundamental of SL(8) is just a rotation along the 78 plane:

Ecso = 1 : (6.8)
cosmay’  sinmgy”
— sinruy” cosmay’
Because the twist matrix is compact, without imposing any periodicity conditions the
CS0O(2,0,6) supergravity uplifts to eleven-dimensional supergravity with flat internal space.
We can impose arbitrary periodicities for y!...y% and the frame is globally well-defined
provided y” has periodicity multiple of 27 /74. In this case the N = 0 Minkowski vacuum
of this gauged supergravity lifts to the torus compactification of the fully supersymmetric
vacuum of the eleven-dimensional theory. If we impose other periodicities to y”, we can
regard the solution as a U-fold type geometry analogous to the asymmetric orbifold class
of T-folds of the previous section.
Both uplifts discussed above can now be motivated using the general procedure of [47].
All CSS gauge groups can be written as

U(1) x R**, (6.9)
whose generators are

X7g = matpg) + mat(zq + mstse] + Mat[zg) ,

1. 1.
Xa7 - +§m(a)€abt8b - §m4t7a ; a = 17 cee 76 )
6.10)
1. 1. (
X = _im(a)eabt7b — §m4t8a,
X0 — M (q) cant®™® + fn(a/)ea/b/t“b,m ,a, a’ in different couples .

Here t4p are a basis of SL(8) generators, t4p generate its SO(8) subgroup and tapcp
generate the rest of E7(7), in a basis defined e.g. in [24]. We also write M(q) = M1, Mg OF
ms depending on the couple to which a belongs (12, 34 or 56). For special values of the
masses some of these generators become linearly dependent. We can still regard the gauge
group to be (6.9), simply some of the R transformations become neutral under U(1) and
ungauged, thus becoming a (trivial) central extension of the non-Abelian gauge algebra.'?

12The fully centrally extended gauge algebra as defined in (4.1) would in fact be even larger, but we do
not need it.
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As reviewed earlier, all generalized Scherk-Schwarz uplifts of a gauged supergravity are
obtained from coset spaces constructed from the centrally extended version of the gauge
group. The section constraint must then be solved by the projection © 4™ of the embedding
tensor on the coset space generators.!®> In our case, we already know that we want our
choice of section to be (6.7). We thus choose

U(1) x R?4

Minternal = [R]'S

(6.11)

where the R'® include all the ones generated by X% and an extra RS C SL(8) tailored so
.m8

that the projection of ©4“ onto coset generators is indeed © 4™ = (5A—B), as requested.

Such a choice of quotient is always possible, even when some of the R’s become neutral and

ungauged, because they are still part of the centrally extended gauge group. This means

that not only we have found an interpretation for the uplifts above, but also we can see

that there is no obstruction to uplifting all CSS gaugings with arbitrary masses. The final
twist matrix is remarkably simple, being just the product of those described above:

E%Slsym27m3ym4 = Ecso - Eglslsﬂhmms : (6.12)

We can prove that (6.12) is the correct twist by using an observation also exploited

in [25]. Let us define the generalized torsion T(E) 45" of an arbitrary y-dependent matrix

E as the coefficients on the right hand side of (3.3), so that the generalized Scherk-Schwarz

condition becomes T(E) a5 = Xap®. The generalized torsion associated with (6.12) reads

W[E%Sls,mg,m;,»,m] = Ecso - W[E%Sls,mz,mg]

B (6.13)
+ T[(Ecso) a™ (Ecso) B™ (ESS . s V900 (Egdo) ]

but now we notice that T[ES - - | = X% - - isinvariant under the rotation generator
1,M2,ms3 mi,ma,ms3
t7s, that Ecgo only depends on y” = Y78, and finally that ESSS 7, leaves Org invariant,

mi,m2,m
so that the complete torsion is just the sum of the torsions of E%Sls fg, g and Ecso. The
latter two are equal to the embedding tensors of the respective gaugings, so that in total
we have (with self-explanatory notation)
CSO
T[ESSS ] = xgss + X$S0 — xg (6.14)

mi,ma, M3, m4 mi,ma, ms mi,mo, M3, myg *

It is instructive to look at the vector components Kap™ = Eap™® of (6.12), and
see that they indeed satisfy a U(1) xR!? algebra relations (the R'? outside of SL(8) are
trivially represented), and that these vectors are still non-trivial even when the associated
R generator becomes a central charge. The non-vanishing vectors are

Ka7 = sin(mgy”)0a ,
Kag = cos(ay”)q (6.15)
Krs = 07 +m1(y201 — y'02) + a(y* 05 — y>04) + m3(y°05 — y°05) .

13 As already stressed in section 4, there is also a second constrain which is redundant in everything we
discuss here.
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These are the vectors generating the transitive action of the gauge group on the internal
space. It is straightforward to check that, for instance, when m4 = M the vector Kig— Kog
becomes central while still being non-vanishing, consistently with the mass dependence of
the gauge group structure constants. Something analogous happens whenever |my| = |m;]|
for at least one i = 1,2, 3, again consistently with the gauge group structure constants.

Finally, we notice that the patching of the y' % coordinates can be taken to be the
same as for my = 0, while the periodicity of y7 determines whether the uplift is globally
geometric of of U-fold type.

7 Outlook

There are various natural directions of development of this work. First, while we chose
to focus on contractions along the moduli spaces of Minkowski vacua of gauged maximal
supergravities, it is worth stressing that the limiting procedure we describe is much more
general and can be applied along any direction along the scalar manifold of a gauged
supergravity, regardless of whether it corresponds to a modulus of some vacuum solution
or not. This is true for both the contraction procedure in gauged supergravity and for its
uplift to a higher dimensional theory. This means that we could for instance apply our
procedure to vacua of maximal supergravity with non-vanishing cosmological constant, also
when the original vacuum has no moduli. Actually, we could even apply our procedure
to supergravity theories with no vacua at all, provided we know their uplift. In these
cases one is not guaranteed to obtain a vacuum after the limit, but will generate a new
reduction space where one can carry the generalized SS procedure to relate other gauged
supergravities to 10 or 11 dimensions.

Another interesting aspect to be explored is the systematic classification of the flat
backgrounds like the ones obtained here to answer the question: which freely acting (asym-
metric) orbifolds of superstring theory admit a truncation to gauged supergravity where
supersymmetry is spontaneously broken? One could also fully analyze the string spectrum
of the solutions we discussed to understand whether their 4-dimensional supergravity de-
scription is a consistent truncation of the full spectrum or also an effective theory in some
regime of validity.

Finally, we still lack the higher-dimensional description of the gauged supergravity
models of table 1 with higher rank gauge groups like those of the first column. It would be
interesting to see if a generalization of the procedure described in section 6 can be applied
to some of these gaugings to obtain a consistent reduction space, with a local geometry
that can be described in terms of generalized twist matrices, like in this work.
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