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theories. The underlying reason for the existence of such unified study scheme, is that

our analytic methods turn out to heavily depend on the order of the Bessel functions ν,

describing the string fluctuations attached to the particle. Different values of the order are

associated to different theories.

The two-point function of the fluctuations exhibits two different late time behaviors,

depending purely on the value of the order of Bessel functions. We then find that the

coefficients and observables associated with the stochastic motion at zero and finite tem-

perature, depend on the scales of the theory through powers of the order ν. Moreover,

the fluctuation-dissipation theorem is verified from the bulk perspective to be universally

satisfied for the whole class of theories. Finally, we show that the analysis of certain types

of Dp-brane fluctuations can be mapped one-to-one to the string fluctuations and therefore

the stochastic brane observables can be read from the string ones. In the closing remarks

we demonstrate how our analysis accommodates known results as special cases and provide

more applications.
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1 Introduction

The wide range of applicability of non-equilibrium theories of Brownian motion.

Irreversibility in nonequilibrium processes is an ubiquitous phenomenon. The exploration

of the effect of dissipation and the associated dynamics of a non-equilibrium system that

evolves toward thermal equilibrium from the microscopic point of view is of fundamental

importance for understanding the origin of irreversibility. The Brownian motion, his-

torically observed due the irregular dynamics, is exhibited by a test particle in a liquid

environment, which is caused by random microscopic interactions/kicks with the particles

of the liquid. The initial theoretical developments explaining the Brownian motion served

at the time as the final proof of the existence of atoms and provided a solid way to deter-

mine the value of the Avogadro constant. At the same time, the probabilistic description
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was introduced, laying down the foundation of nonequilibrium statistical mechanics with

fundamental equations such as the Langevin, and the Fokker-Planck equations to name

but a few. Since then the study on nonequilibrium phenomena remains very active due to

its ubiquitous feature on a variety of systems and applications [1–4].

The key idea behind the physical behavior of such out of equilibrium phenomena

and their tendency toward equilibrium, is the focus on their statistical description and

secondary on the nature of interactions between the system and environment. The envi-

ronment has certain characteristics such as an infinite specific heat, a condition necessary

for the equivalence between a microcanonical and canonical description, and thus infinitely

many degrees of freedom. Thus, when the system initially is away from equilibrium with

the environment, according to statistical mechanics the effects from the environment to the

time-evolved system can be described in terms of equilibrium expectation values or corre-

lators of the environmental degrees of freedom at finite or zero temperature. In particular,

the linear response theory gives a prime example that by displacing slightly away of equi-

librium a macroscopic variable, the system’s restoring force is proportional linearly to the

displacement. All response functions can be described in terms of equilibrium expectation

values or thermal average of the system’s variable in an equilibrium environment.

The extension of the linear response theory to the situation out-of-equilibrium can be

realized in terms of the Langevin equation. This is a classical equation of motion, which in-

corporates both dissipation and fluctuation effects upon the particle in a random medium.

The dissipation effect is normally accounted for by a friction force as we already described,

and in general depends on the past histories of the particle. The competing phenomenon of

the fluctuations has the same physical cause. The noise forces mimic the random environ-

ment and are correlated over time scales, determined by the typical scales of the medium.

The dissipation term in the Langevin equation represents the steadily transferred system

energy into the environment, whereas the information on initial conditions is lost. The

noise term, at the same time, works to feed the right amount of fluctuations into the

system, so that it evolves toward the equilibrium state. The fluctuation and dissipation

appear to be inseparable and it turns out that they follow the fluctuation-dissipation the-

orem stating how the magnitudes of the friction and fluctuations are related to each other

while in equilibrium.

Such phenomena have a wide range of applications since for most of non-equilibrium

systems, their quantitative description relies only on statistical properties of the environ-

mental degrees of freedom in the case that the central limit theorem can be applied. The

underlying assumption to construct the Langevin equation for a Brownian particle is the

existence of different timescales in nonequilibrium systems. They are the relaxation time

needed for the particle to forget its initial velocity and thermalize, and the collision dura-

tion time from the kick of the molecule in the medium with a particle, where the random

force is correlated. Normally, the relaxation time scale is larger than that of the collision

time scale. The related properties of the random force describing the rapidly fluctuating

environment can be listed by some natural assumptions. a) The force is stochastic over

time scale larger than the collision time with a zero mean value; b) the environment is

in equilibrium and homogeneous, the stochastic force, which has no spatial dependence,
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varies chaotically, therefore it is uncorrelated to itself except over the collision time scales;

c) the overall statistical properties of the random force obey the time translational invari-

ance so that their 2-point correlator depends only on the time difference. As a result, the

motion consists of series of randomly independent displacements and without any further

computation, according to the central limit theorem, it is expected that for the classical

Brownian motion they end up to a normal distribution of the displacement variable with

growing standard deviation in time as
√
t. Moreover, the average displacement is propor-

tional to the average particle velocity, which by the equipartition theorem scales with the

temperature as
√
kT . Then mean value of the displacement is

〈
δx2
〉
∼ f(η)kT t, where

f(η) is inversely proportional to the friction coefficient. We notice that the random force

correlator does not appear explicitly in the formula, although properties of it has been used

to arrive to the above conclusion. The time-integral of the random force correlator can be

computed by the Langevin equation, and turns out to depend on the temperature and the

diffusion coefficient. This is natural, the hotter the system the more collisions occur.

Quantum and thermal fluctuations on quarks and massive particles. It is obvi-

ous from the discussion so far, that such phenomena are expected to occur in the strongly

coupled systems in deconfined phase and out of equilibrium. The most representative case

is the interaction of a heavy quark in the quark-gluon plasma. As long as the mass of the

quark is much larger than the temperature of the system we expect that its dynamics are

described by a diffusion process. From the equipartition theorem the square of the thermal

momentum of the quark is proportional to mqT � T 2 while the squared momentum trans-

fer of the medium is of order T 2, therefore the stochastic analysis is justified. Equivalently

the typical relaxation time scale for a quark, moving in a hot thermal bath, is estimated

as tr ≈ 1/(T 2/mq), while the collision time scale is given by tc ≈ 1/T . Thus, two time

scales are largely separated as mq � T and the quark can be regarded as the system with

slow-varying degree of freedom whereas the effects from fast-varying degrees of freedom of

hot thermal bath are effectively summarized as stochastic forces, correlated over the time

scale T . In fact by using the approximation of hard thermal loop QCD perturbation theory

and heavy mass quark expansion the average energy quark loss has been computed and

has been shown that the Langevin equations consistently describe the kinetics of heavy

particle in the thermal medium [5–8]

In quantum environment the fluctuation and dissipation phenomena occur even at

zero temperature due to vacuum fluctuations of the environment fields, originating from

the uncertainty principle. Our thermodynamic and statistical arguments above imply that

in such cases a diffusion and a type of Brownian motion should exist. In fact it has been

shown by using tools of quantum statistical mechanics that the fluctuation-dissipation

theorem is satisfied when the zero-point energy of the electromagnetic field is taken into

account [9]. Furthermore, perturbative methods have been developed to investigate such

quantum phenomena. The methods consist of integrating out the environmental degrees

of freedom by the use of Feynman-Vernon influence functional [10–12], while modeling it

as an infinite number of simple harmonic oscillators [13–15]. The environment effects then

can be classified according to the effective dependence of their friction on the frequency as
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ohmic, supra- or subohmic. For example, the effects from the quantized electromagnetic

fields on a point charge in the dipole approximation, corresponding to the supraohmic

environment, have been studied in [16–18].

Therefore, taking the analogue of the strongly coupled physics, we expect that the

quantum fluctuations of a particle trajectory can be induced by its coupling to the gluonic

field at zero temperature. The quark interacts with the fluctuations of the gluonic and

quarkonic environment which results to its fluctuations. The induced non-uniform motion

results to a gluonic radiation back to the medium as an effect of the dissipation process.

A valid question to ask is whether such a process always implies a kind of quantum Brow-

nian motion and the fluctuation-dissipation theorem holds, irrelevant of the context of the

strongly coupled theory considered. For boost invariant theories, the motion is trivial with

a constant speed particle. However for non-boost invariant theories the motion experiences

a friction resulting to drain energy into the soft infrared modes of the theory. Depending

on the nature of the theory, the particle eventually may travel in an infinite interval, or

simply slow down and stop closed to the region that the motion was initiated.

Quark dynamics in gauge/gravity duality. In this work we provide a universal

scheme for quantum and thermal fluctuations implementing our study using holographic

methods [19, 20]. The test particle chosen as a massive quark represented by an open

string hanging from the boundary of the gravitational dual background. Its end-point on

the boundary is the position of the particle in the spacetime where the field theory lives.

Small perturbations around the string are described by free scalar fields which propagate

on the induced worldsheet, therefore the problem reduces to studying the dynamics of two

dimensional quantum fields in curved spacetimes. By quantizing the fluctuations of the

worldsheet we relate the quantum modes of the string to its boundary endpoint. In the

regime of the validity of semiclassical approximation the correlation function of the position

of the end-point particle is related to the excitation spectrum of the string world-sheet.

One may wonder whether the string fluctuations induce a Brownian motion to its string

endpoint representing the particle motion.

The initial studies on the motion of quarks in the quark gluon-plasma in the context of

the gauge/gravity correspondence have been done in [21, 22] where the friction coefficient

was determined, while in [23–25] the integral of the correlator of the random force was ob-

tained and a review can be found in [26]. Later studies have been shown that the Langevin

coefficients of moving particles satisfy a universal inequality κ‖ ≥ κ⊥ [27, 28]. More

particularly, by obtaining the coefficient formulas readily applicable to any holographic

background it was shown in [27] that for isotropic holographic theories the longitudinal

Langevin diffusion coefficient along the quark motion is larger compared to that of the

transverse direction. This is a universal inequality which however can be reverted/violated

in the presence of strongly coupled anisotropies [27, 29], in a similar way with the well

known shear viscosity over entropy density bound [30–33]. The fundamental aspects of the

Brownian motion for a quark in finite temperature AdS/CFT correspondence were exam-

ined in parallel [34, 35]. In fact the qualitative picture of the nature of the particle becomes

clear by following logical steps. The gravity dual theory has a black hole horizon, and it is
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known that the Hawking radiation induces random motion on the string [36]. Considering

the fact that Hawking radiation is consistent with the fluctuation-dissipation theorem [37–

40] the dissipation of the energy and the corresponding stochastic motion of the particle

should be of Brownian nature. This has been already shown for certain theories and in our

work we provide further evidence that this is true for a wide class of holographic theories.

On the other hand for zero temperature fluctuations the literature is less extended.

So far it has been found that the particle follows stochastic motion in the case of Lifshitz

spacetime [41] and the hyperscaling violation spacetime [42] while earlier works have shown

the dragging of the particle even at zero temperature in these theories [43–45].

In addition to the works already mentioned [21–35], the drag/diffusion quark analysis

has been used to extract qualitative phenomenological information for the momentum

broadening of heavy quarks moving in the quark-gluon plasma also for example in [46–49],

while other works on Lifshitz-related spacetimes include [50–54].

2 Our methodology and findings

Motivated by the wide range of applicability of the phenomena discussed above we provide

a universal study scheme for quantum and thermal fluctuations, the dissipation of the

energy and the corresponding Brownian motion of the particle, in a wide class of strongly

coupled field theories. The quark fluctuations are studied in zero temperature medium,

which are induced by the fluctuations of the zero point energy, and in finite temperature

scheme where the thermal bath effects are taken into account. Our gravity dual space

has arbitrary scaling dependence on the holographic direction, corresponding to a wide

class of dual field theories. The string fluctuations are examined for the generic spacetime

metric, while the solution of the string mode expansion turns out to be described by Bessel

functions of order ν, which depends on the arbitrary scalings of the metric in a particular

combination. The two-point function of the fluctuations exhibits two different late time

behaviors, depending purely on the value of the order of Bessel functions, and there is

always a crossover region for ν = 1 which defines the type of growth. Moreover, we find

that in one of these regions the correlator is always independent of the mass of the particle.

Having obtained the correlator, we apply a force to the system to take it out of equilib-

rium and use the linear response theorem justified in the previous paragraphs. By finding

the response function we explicitly show that the fluctuation-dissipation theorem from the

bulk perspective is always satisfied irrespective of the choice of the background metric scal-

ings. The underlying computational reason is that our analytic methods turn out to heavily

depend in a compact way on the order of the Bessel functions, incorporating the differ-

ent theories in a universal way. Knowing the response function we read the inertial mass

and the self energy of the particle. Which of them is dominant in the response, depends

exclusively on the order of Bessel function and the critical value is again ν = 1. A focus

of the zero temperature study, is to highlight how central is the role of the Bessel func-

tion to the whole analysis, and how compactly the mathematical formulas are expressed

in terms of it. The analysis in this section is in agreement with previous works on Lifshitz
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and hyperscaling violation metrics, which guarantee that our analysis can go through all

the way.

Then we move on to study the Brownian motion on thermal field theories. We work

again with the generic class of holographic theories, where in the metric we require the

existence of a blackening factor with a single pole. We study the thermal diffusion and

compute the boundary fluctuations of the string by bringing their ruling equation to a

Schrödinger-like form. The approximate string solution in low frequency can be found

for the class of the backgrounds by employing a variation of the monodromy patching

method [55–57]. When having the solution, we employ a force on the system in order

to compute the response function and we find it to be always inversely proportional to

the frequency and the horizon value of the metric element along the direction that the

fluctuation occurs. The diffusion constant turns out to be scaled with the temperature as

T 2(1−ν), with the power depending solely on the order of Bessel function, the same for the

zero temperature fluctuation. Whether it increases or not depends on the scalings of the

metric element incorporated at the order of the Bessel function.

Then we move to obtain the thermal inertial mass to show that it always receives a

contribution due to thermal background compared with the zero temperature one. The

correction depends on the temperature, the order ν and the length of the fluctuating

string. This is natural since the length of the fluctuating string can be traded with the

energy needed to create the string. The next task of our study is to verify the fluctuation-

dissipation theorem for the whole class of the thermal backgrounds. Indeed it is satisfied

and in the context of the proof, it turns out that the main contributions come from the

boundary and horizon string dynamics. This justifies our earliest arguments that the

theorem should hold for such fluctuation phenomena due to their statistical nature and the

energy conservation. As a final task we show that the random force is a white noise, since

its self-correlator is proportional only to the temperature with a power of T 2ν .

Having analyzed the string fluctuations, we then consider the study of fluctuation of

certain Dp-branes. The problem is formally interesting, while an additional motivation

comes from the importance of Brownian motion of cavities. For example perfect or imper-

fect mirrors in quantized electromagnetic field backgrounds will exhibit a Brownian motion,

due to the pressure of the background field and the radiation due to nonuniform accelera-

tion as for example in [58, 59]. Such phenomena find application to the dynamical Casimir

effect [60, 61] and a strongly coupled study would be of great interest. Our Dp-branes

considered are of certain rigid type and live in the d+1-dimensional arbitrary gravity back-

ground, the same with the particle study above. We prove that there is one-to-one map

between the Dp-brane fluctuation and the string fluctuations. Therefore we are able to

determine in a straightforward way for the Dp-branes: the two-point function, the (ther-

mal) response function, the inertial mass, the self energy and the diffusion constant. All

the Dp-brane observables depend on a deformed ν̃ parameter related to the dimension p of

the brane and the scalings of the metric elements that the brane extends. The parameter

ν̃ is still the order of the Bessel function for the Dp-brane fluctuations. The existence of

the mapping of string to brane dynamics is not so surprising. In [62] it has been shown

that the dynamics, of the more involved than in our case Dp-branes related to k-strings,
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are expressed in terms of the fundamental string ones. Since the brane configuration there

is more involved, an additional background condition was needed for the mapping related

to a preserved quantity under the T-dualities, which here is not necessary.

A final comment regarding our approach is on the physical range of the arbitrary power

scalings appear in the metric. Our analysis is performed for arbitrary values of them, and in

principle may be constrained by the requirement of having physical and stable theories. The

null energy condition, constrains the range of parameters ensuring that the gravity theory

is non-repulsive. For finite temperature solutions the local thermodynamical stability is

ensured by the requirement of non-positive values of the Hessian matrix of the entropy with

the thermodynamical values [63]. An additional test of stability is the computation of the

entanglement entropy. Unstable regions of the scaling parameter space, will be recognized

when the entropy scales parametrically faster than the area [64].

The organization of the paper is the following. In section 3 we define the class of

holographic theories we use in this paper. Then we provide a generic scheme at the level

of actions for the string fluctuations. We move on to compute the two-point function of

the particle fluctuations and find the crossover regions. In the next section 4 we compute

the response function of the system, from where we read the particle’s inertial mass and

the self-energy. We also show that the fluctuation-dissipation theorem holds. In section 5,

we consider gravity theory of a finite temperature dual field theory, where we find the

string fluctuating solutions with the monodromy matching method. Using this solution we

compute the response function from where we read the diffusion constant, the self energy

and the thermal corrections to the inertial mass. We also show that the random force is

a white noise and find how it scales with the temperature. In the next section 6 we show

how the Brownian motion of a string can be mapped to a Brownian motion of a rigid Dp-

brane and therefore we can map all our string results to the brane ones. This guarantees

that the fluctuation-dissipation theorem for the branes is satisfied. Then we move on to

demonstrate the application of our generic methods to certain holographic backgrounds

in section 7. One of these cases are theories with strongly coupled anisotropic dynamics

where we find how the Brownian motion is modified compared to the isotropic dynamics.

In the final section 8 we briefly discuss the implications of our results and provide a list of

our main equations as an additional aid to the reader. We support our study with three

appendices. In the first we recall the properties of the Bessel functions we have used to bring

our results in compact form. In the appendix B, we find the coordinate transformation

to bring the mode differential equation of the string fluctuations to a Schrödinger-like

form. In the last appendix we briefly review the general trailing string analysis using the

membrane paradigm [27, 29] and show that in the static limit there is agreement with

certain coefficients obtained in this work.

3 Fluctuation of massive particle

Let us consider massive particles in the generic geometry in string frame

ds2 = −g00(r)dx2
0 + grr(r)dr

2 +

d∑
i=1

gii(r)dx
2
i , (3.1)
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with limr→∞ gii(r) =∞, such that the boundary is at r =∞. d are the space dimensions

and the metric is diagonal.

The massive particles are represented in holography by strings, initiating from a point

in the holographic direction r = rb located close to the boundary, at a probe D-brane that

fills the spacetime. The string then extends to the IR r → rh, where rh 6= 0 is the horizon

of the black hole when the considered spacetime (3.1) is dual to a quantum field theory of

finite temperature, or rh = 0 when the field theory under study is of zero temperature and

the string terminates at the deep IR.

Let us work in the radial gauge and without loss of generality in the linear region,

consider the equation of motion for the x1 direction. In the following, all the results are

generalized in a straightforward way by replacing x1 (and the corresponding metric element

g11) to the rest of the directions. Notice that when there are potential anisotropies in the

space-time, the quantum fluctuations will depend on the directions considered. The way

we parametrize the string is

r = σ , x1 = x1(τ, σ) (3.2)

and the coordinate time matches with the string world-sheet spacetime. The string ending

on a D-brane has the Nambu-Goto (NG) action

S = − 1

2πα′

∫
dσdτ

√
−
(
g00 + g11ẋ2

1

)(
grr + g11x′21

)
, (3.3)

with

x′1(rb) = 0 , (3.4)

the Neumann boundary conditions imposed at the brane at r = rb. A solution to the

equations of motion is x1 = c, representing a straight string hanging from the brane to the

bulk. The energy to create this string is simply

E =
1

2πα′

∫ rb

rh

dr
√
−g00grr , (3.5)

where rh = 0 when we are interested on the study of a particle at zero temperature. In a

non-relativistic theory the energy of the string is not the same as its inertial mass, and we

provide a generic formula for their relation in a following section.

Since we know the generic solution of the string we can study the (quantum) fluctu-

ation of its end point, by computing the two point function 〈X1(t)X1(0)〉 where X1(t) :=

δx1(t, rb). Without loss of generality let us consider the small fluctuations of the endpoint

of the string at the brane around x1(t, rb) = 0. The Nambu-Goto action of the fluctuations

δx(t, r) turns out to be

S = c− 1

4πα′

∫
dσdτ

(
−g11

√
−g00√
grr

δx′21 +
g11
√
grr√

−g00
δẋ2

1

)
. (3.6)

The equation of motion reads

∂

∂r

(
g11
√
−g00√
grr

δx′1

)
−
g11
√
grr√

−g00
δẍ2

1 = 0 . (3.7)
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We can Fourier decompose the most general solution to the above linear equation as an

integral over the frequencies

δx1(t, r) =

∫ ∞
0

dωhω(r)
(
α(ω)e−iωτ + α(ω)†eiωτ

)
, (3.8)

where α(ω)†, α(ω) being the creation and annihilation operators. The mode equation takes

the form
∂

∂r

(
g11
√
−g00

grr
hω(r)′

)
+ ω2 g11

√
grr√

−g00
hω(r) = 0 . (3.9)

In order to proceed finding a solution we need to specify the generic form of the metric el-

ements.

3.1 Quantum fluctuation and two-point functions in general theories

To proceed and solve the generic differential equation (3.9), we need to consider a generic

class of theories with dual backgrounds as in (3.1). Let us take metrics with polynomial

metric elements as

g00 = ra0f(r) , grr =
1

rauf(r)
, gii = rai , (3.10)

where the i indices count the spatial directions and ai are constant powers. The class

of the dual field theories to the above metric is wide, to mention some of them, all the

non-relativistic theories, including the hyperscaling Lifshitz violating ones [64–66] or the

anisotropic theories [33, 67–71] and several others. Our string fluctuation analysis in certain

cases and limits is even applicable for backgrounds with UV and IR asymptotics of (3.10)

like particular RG flows. In this sense, we establish a complete treatment on the quantum

fluctuations in (non-)relativistic systems, working in a large class of physical theories.

In this section let us consider a particle in a zero temperature environment, setting

f(r) = 1, rh = 0 . (3.11)

A comment regarding the metric (3.10) at zero temperature is in order. One may rescale r

to fix one of the constant scalings, say au. We choose not to fix it for three reasons: i) we

will see that our methods and results are formulated in terms of a constant ν depending

with a particular combination on all the scalings of the background and not independently

on each scale, so the presentation would remain the same even if we fix one scaling; ii) for

reasons of convenience, to provide generic results applicable directly to any gravity back-

ground without the need of any coordinate transformation; iii) to make a direct connection

to the generalization of the finite temperature method. The fact that the hyperscaling

violation analysis (with two independent scaling parameters as here) has been done at zero

temperature [42]1 guarantees that our generic methods at zero temperature will go through

all the way, at least for a certain values of parameters. Our theories are more generic than

1In fact even the Lifshitz analysis with one scaling parameter [41] could guarantee that, since we show

below the solutions of the fluctuations for all the backgrounds (3.10) belong to the same unique class, and

the analysis depends on certain common characteristics of the class of solutions.
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the hyperscaling ones, including for example the anisotropic theories, and theories with dif-

ferent stability and physical ranges compared to hyperscaling theories, allowing additional

features to be seen. Moreover, in our notation where each scaling is labeled uniquely, we

can track explicitly how the different metric elements affect the observables, and this is

crucial to deduce more generic formulas. Based on that, a key observation of this section is,

how central to the analysis the order of the Bessel function is, where most of the stochastic

observables depend exclusively on it. This is true even at finite temperature, where the

zero temperature study of this section is essential to make the connection. Finally, our

methodology is crucial for the mapping of the string to brane fluctuations we study in

coming sections. We comment further on these issues later.

The second order differential equation for the modes (3.9) become

∂

∂r

(
ra1+

a0+au
2 hω(r)′

)
+ ω2ra1−

a0+au
2 hω(r) = 0 , (3.12)

and has solutions of Bessel type, which after some manipulation can be written as

hω(r) = r−νκAω[Jν(ωr̃) +BωYν(ωr̃)] , (3.13)

where

ν :=
a0 + 2a1 + au − 2

2(a0 + au − 2)
, r̃ :=

2r
1
2

(2−α0−αu)

a0 + au − 2
=
r−κ

κ
, κ :=

a0 + au
2

− 1 (3.14)

and Jν(r̃), Yν(r̃) are the Bessel functions of first and second kind. Notice from the above

definitions that κ(2ν − 1) = a1. To obtain the integration constants we need to look at

the canonical commutation relations of the theory (3.6). The conditions for the opera-

tors (3.8) read

[αi, αj ] = [α†i , α
†
j ] = 0 , [αi, α

†
j ] = δij (3.15)

and are translated to a basis of normalized functions u(t, r) = hω(r)e−iωt satisfying the

equation (3.7) as

(ui, uj) = −
(
u?i , u

?
j

)
= δij ,

(
ui, u

?
j

)
= 0 . (3.16)

Here the inner product is of Klein-Gordon type [72]

(ui, uj)Σ = − i

2πα′

∫
Σ

√
h nµgij

(
ui∂µu

j? − ∂µuiuj?
)
, (3.17)

and it is independent of the choice of the hypersurface Σ. Therefore, we choose a constant

time slice surface with a unit normal vector field being nt = 1/
√
−g00.

From the canonical commutation relations we specify the constants of motion. The

inner product is written as

(u1, u2) =
κe−i(ω−ω̃)t

2πα′
(ω − ω̃)AωAω̃

∫
dr̃ r̃(Jν(ωr̃) +BωYν(ωr̃)) · (Jν(ωr̃) +BωYν(ωr̃)) ,

where ν and r̃ are defined in (3.14) and depend on the scalings of the metric. Using the

properties of the Bessel functions presented in appendix A and the ones of the Dirac δ
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functions, after some algebra we obtain a surprisingly compact result for the first constant

Aω =

√
πα′

|κ|(1 +B2
ω)
, (3.18)

where the absolute value is generated by the delta function properties. Aω depends on the

scaling behavior of time and radial metric elements in a simple way.

The constant Bω is determined by the use of the Neumann boundary conditions (3.4).

To do that we use the properties of the derivatives of Bessel functions of appendix A, which

are taken with the respect to ωr̃ using a coordinate redefinition

∂(ωr̃)

∂r

∂Jν(ωr̃)

∂(ωr̃)
= −ωr−κ−1∂Jν(ωr̃)

∂(ωr̃)
. (3.19)

The second constant turns out to be equal to

Bω = −Jν−1(ωr̃b)

Yν−1(ωr̃b)
, (3.20)

where ν and r̃ have been defined in (3.14) and therefore Bω depends on the scalings of the

metric background.

Collecting all our results the solution (3.13) becomes

hω(r) = r−νκ

√
πα′

|κ|(1 +B2
ω)

[Jν(ωr̃) +BωYν(ωr̃)] , (3.21)

where the constant Bω given by (3.20) and the solutions have a naturally expected behavior,

shown in figures 1 and 2. Thanks to the fact that the differential equation of the string

modes in the generic spacetime has solutions of Bessel type, and by taking full advantage

of the general properties of the Bessel functions we end up with such a compact result. The

modes turn out to depend on the scaling powers of the metric elements where the string

fluctuates in a simple way. The analysis is quite powerful, since for any background of the

type (3.10), the solution of the modes is given by (3.21).

We now are ready to compute the two-point function of the end-point of the string.

To compute 〈X1(t)X1(0)〉 we make use of the commutation relations (3.15) and we de-

fine as usual the vacuum state such that a(ω)|0〉 = 0. So by applying the mode solu-

tion (3.8), (3.21) we get

〈X1(t)X1(0)〉 =

∫ ∞
0

dωω̃δ(ω − ω̃)e−iωthω(r)hω̃(r) . (3.22)

Making use of the Bessel function properties of different kind and consecutive neighbors of

appendix A, we can show that

hω(r)hω(r) =
4α′

π

r−a1

ω2|r̃|

[
Jν−1(ωr̃)2 + Yν−1(ωr̃)2

]−1
, (3.23)

– 11 –



J
H
E
P
0
8
(
2
0
1
8
)
1
1
0

2 4 6 8

-4
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2

4

Figure 1. The real part of the time dependent

fluctuations x1(t, r) = e−iωthω(r) for a fixed fre-

quency and scalings of the background (taken as

Lifshitz for the plot). Notice the large magnitude

and density of excitations in the deep IR-small

r, which result to the corresponding Brownian

motion on the boundary-large r.

Figure 2. The real part of the fluctuations a

fixed frequency, time and scalings of the back-

ground. The large magnitude and frequency of

excitations in the deep IR, weaken as we ap-

proach the boundary.

giving for the two-point function

〈X1(t)X1(0)〉 =

∫ ∞
0

dω

2π
e−iωt〈X1(ω)X1(0)〉

=

∫ ∞
0

dωe−iωt
8α′r−a1

ω2|r̃b|

[
Jν−1(ωr̃b)

2 + Yν−1(ωr̃b)
2
]−1

, (3.24)

where we remind that the ν and r̃ are defined in the (3.14). It is remarkable that all the

information of the background is incorporated in the two point function in a simple way.

To integrate the function let us look at the low frequency regime defined as

ω � r̃b =
r−κb
κ

. (3.25)

In this region by expanding the Bessel functions we obtain

〈X1(ω)X1(0)〉 ∼
r̃br
−a1
b

(r̃bω)2(c0 + c1(r̃bω)2−2ν + c2(r̃bω)2ν−2 + c3(r̃bω)2ν)
, (3.26)

to find that the leading order depends on the asymptotics of the geometry as

〈X1(ω)X1(0)〉 ∼

{
r

4κ(1−ν)
b ω2ν−4 , when ν ≥ 1 ,

r0
b ω
−2ν , when ν ≤ 1 ,

(3.27)

where ν, r̃ are defined in (3.14). Before we elaborate further on our results let us express

the previous equation in terms of the energy of the string. Applying our expression (3.5)

we get

E =
1

2πα′
(a0 − κ)ra0−κb . (3.28)
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Therefore the integrand of the two-point function in the low frequency limit in terms of

the energy of the string can then be expressed as

〈X1(ω)X1(0)〉 ∼

E
4κ(1−ν)
(a0−κ) ω2ν−4 , when ν ≥ 1 ,

E0 ω−2ν , when ν ≤ 1 ,
(3.29)

The inequalities for ν of (3.29) are translated to inequalities of the scalings ai of the metric

elements. By making the sensible assumption that at late times the dominant contribution

to the two-point function comes from the low frequency limit of (3.29), we obtain

〈X1(t)X1(0)〉 ∼

E
4κ(1−ν)
(a0−κ) |t|3−2ν , when ν ≥ 1 ,

E0 |t|2ν−1 , when ν ≤ 1 ,
(3.30)

where we remind the reader that ν is defined in (3.14) and depends on the scaling factors

of the metric and is the order of the Bessel functions in the fluctuations of the string.

After an involved computation the two point function behavior depends mainly on a single

parameter, the order of the Bessel function determined by the dual metric.

We observe that in any gravity dual theory which belongs in the class of metrics con-

sidered, the two-point function at late times has remarkably different behaviors depending

on the values of ν, as has already been noted for special parameter range in [41, 42], while

it has also some universal characteristics. There is a region in the parameter space of the

class of the geometries, defined by ν ≤ 1, where the long-time correlation of the particle is

independent of the mass. We further see that there is always a crossover in the behavior for

ν = 1⇔ 2a1 = au + a0 − 2 , (3.31)

where the two-point function grows linearly with t. In the positive ν region this is the

maximum rate of growth of the two point function.

Notice that in both branches of (3.30) there are subregions of the parametric space ν

that excluded by the requirement for non-repulsive gravity, i.e satisfaction of the null energy

conditions of (3.30). It can be proven that it is always possible to satisfy the null energy

condition (NEC) for subregions of 0 < ν ≤ 1 and ν ≥ 1. Moreover, we can show that there

exist a negative ν subregion that is also satisfying the NEC, where we need to be more

careful since it is known that theories in this subclass may have instabilities.2 However

this is not certain to be the case for all non-relativistic theories, e.g. the anisotropic ones

may still be stable in such regions.

The minimum rate of growth can be realized when ν = 3/2 and ν = 1/2 which result

to a logarithmic behavior of the two point function. The AdS gravity dual theory belongs

to this sub-class of backgrounds and the corresponding dual field theory in the N = 4

supersymmetric Yang-Mills.

2For example, when applying our analysis to hyperscaling violation theories, the region θ > d for the

dynamical exponent belongs to the ν < 0 region, and although consistent with the NEC, there are known

instabilities on the gravity side [64].
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Our work shows the existence of the two regions for the two-point function, for field

theories realized in holography described by the class of the backgrounds considered here.

This has been already observed in [41, 42] for certain subclass of our theories, which also

imply as certain cases few of the findings of this section. Our analysis offers additional

information and accommodates more theories and several new features as we saw above,

where the advantages of our approach have been described already at the beginning of

this subsection. Moreover, it is intriguing that our analysis of fluctuations boils down

on simple dependency on the order of the Bessel functions incorporating the properties

of the background. Such universal treatments depending on the order of Bessel function

have been observed before in holography while studying completely different topics of non-

integrability and chaos [73].

4 Dissipation and the response function

Having analyzed the quantum fluctuations let us study the dissipation of the particle’s

momentum. Let us consider an external force F (t) = Ee−iωtF (ω) acting on the particle,

i.e. to the end-point of the string by the existence of an electric field E on the D-brane.

The linear response of the system due to the force reads

〈X1(ω)〉 = χ(ω)F (ω) , (4.1)

where χ(ω) is the admittance quantifying the response to the system when the external

force is added and is practically the retarded Green’s function. The force on the string

results to an additional boundary term in the string action as

S = SNG + SEM , SEM =

∫
dt
(
At + ~A · ~x

)
, (4.2)

where without loss of generality and as in the previous section, we can work with the

direction x1, considering the fluctuation of the field along this direction. All our results are

generalized for motion along the other directions in a straightforward way, by replacing x1

(and the corresponding metric element g11) in the following expressions.

The Neumann boundary condition involves the external force and is computed by the

derivative ∂SNG/∂δx
′ of to give

1

2πα′
g11
√
−g00√
guu

δx′1(rb) = F (t) . (4.3)

Since the bulk dynamics are not modified, the solution to the equation of motion will be

similar to the previous section, but with different boundary conditions and therefore differ-

ent way that the Bessel functions are combined. In the IR we consider ingoing boundary

conditions, appropriate to the computation of the retarded Green function.

To find the solutions we consider the metric (3.10) with generic scaling metric ele-

ments (3.1). The IR dynamics of the fluctuations, can be examined using the tortoise

coordinate transformation

r? := r̃ =
r−κ

κ
, (4.4)
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where r̃ and κ have been already defined in (3.14) and appear in the Bessel function

argument of the string fluctuation in the previous section. The string action is

S ∼ − 1

4πα′

∫
dtdr̃(κ)−

a1
κ r̃−

a1
κ
(
δx′21 − δẋ2

1

)
, (4.5)

giving the equation of motion

δx′′1 −
a1

κr̃
δx′1 − δẍ1 = 0 . (4.6)

Taking the IR limit r → 0 we have r̃ → ∞ by assuming κ > 0, we find that the (4.6)

behaves like the equation in the flat space with solutions given by

x(in)(t, r) ∼ e−iω(t+r̃) , where x(out)(t, r) ∼ e−iω(t−r̃) . (4.7)

To satisfy the ingoing boundary condition we select the first Hankel function: H := H(1) =

J + iY , to obtain the following solution written in a very compact form

δx1(t, r) = e−iωtgω(r) , gω(r) = r−νκHν(ωr̃) , (4.8)

using the definitions (3.14). The boundary condition (4.3) can be computed using the

properties of the Hankel functions of appendix A, and their asymptotics assuming κ > 0.

We find that

F (t) =
e−iωt

2πα′
Aωωr

κ(ν−1)
b Hν−1(ωr̃b) . (4.9)

The response function then can be obtained from (4.1) to give

χ(ω) =
2πα′

ω
r−a1b

Hν(ωr̃b)

Hν−1(ωr̃b)
. (4.10)

Notice the elegant and compact way that the above expression takes, incorporating all the

elements of the system in the definition of ν and r̃.

Let us confirm that there are no constrains on the validity of the fluctuation-dissipation

theorem. The theorem states that the correlation function is related to the imaginary part

of the response function and certain distributions to take into account the dissipation due

to thermal noise and quantum noise, as

〈X1(ω)X1(0)〉 = 2(nB(ω) + 1)Imχ(ω) . (4.11)

nB(ω) =
(
eβω − 1

)−1
is the Bose-Einstein distribution to capture the thermal noise effect

and the unit corresponds to the zero temperature quantum noise contribution.

To verify the theorem we need to bring the Bessel function of the imaginary part of

the responde function to the form appearing in the correlation function (3.24). Using the

identities of appendix A mixing the first and second kind Bessel function and relating the

nearest neighbors we get

Imχ(ω) =
4α′

ω2

r−a1b

r̃b

(
J2
ν−1(ωr̃b) + Y 2

ν−1(ωr̃b)
)−1

, (4.12)
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where r−a1b /r̃b = κrκ−a1b using the definition of (3.14). Comparing it with (3.24) we find

that is proportional to the correlation function:

Imχ(ω) =
1

2
〈X1(ω)X1(0)〉 , (4.13)

confirming the zero temperature fluctuation-dissipation theorem for string propagating in

generic space-times at zero temperature. The confirmation itself at zero temperature is

implied from the hyperscaling violation analysis of [42]. The methodology developed here

with the generic notation is also useful to extend the study later at the finite temperature

theory. There are several works verifying the fluctuation-dissipation theorem in different

contexts of AdS black hole and Lifshitz hyperscaling violation theories [34, 35, 41, 74, 75].

Let us look at the low-frequency expansion defined by (3.25), of the response function

focusing mostly on positive ν values. It takes asymptotically the form for non-integer ν

χ(ω) ∼ −c1

 r2κ(ν−1)

2κ(ν − 1)
(iω)2 +O(ω4) +

1− i tan
[(
ν − 1

2

)
π
](

i(2κ)2ν−1Γ(ν)2
) π(−iω)2ν +O(ω2ν+2)

−1

.

(4.14)

The coefficient proportional to the (iω)2 is interpreted as the inertial mass m and the

coefficient proportional to the (−iω)2ν is the self-energy γ of the particle

m =
r

2κ(ν−1)
b

2κ(ν − 1)
, γ =

1− i tan
[(
ν − 1

2

)
π
](

(2iκ)2ν−1Γ(ν)2
) π . (4.15)

The competition of dominance between the terms of the denominator is specified by the

value of the order of the Bessel function ν related to the metric scalings as (3.14). For

ν < 1 the self-energy dominates over the inertial mass at low frequencies. It comes with no

surprise that for similar values of ν, we observe the change of the behavior of the two-point

function (3.30), while for the same region ν < 1 we found its independence of the mass.

We also notice that there is an allowed region for the scaling parameters where the mass

becomes negative or diverges. In the next section we see how the thermal mass is corrected

in the same generic background and how the self energy is modified.

5 Thermal diffusion

Let us now turn on a heat bath and consider the particle fluctuations in a finite temperature

quantum field theory. We will study the thermal fluctuations of the endpoint of the string

in the context of the Brownian motion. The gravity dual theory given by (3.1) and (3.10),

contains a black hole and therefore in this section rh 6= 0 with

f(r) := 1−
r
af
h

raf
, (5.1)

where af is a constant. The form of the blackening factor is such that is has a single zero

at the position of the horizon rh. The temperature of the heat bath of the quantum field

theory is given by

T =
af
4π
rκh , (5.2)
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where κ is defined in (3.14). Most of the following analysis holds for more general forms of

blackening factor (5.1). It depends on certain asymptotic and near horizon behavior and

is applicable even of RG gravity flow solutions at certain limits. We elaborate further on

that below. The string dynamics follow the generic equations (3.6) and (3.7), derived in

the previous sections, by applying it to the black hole background. Thinking in the same

way we can expand the solution in Fourier modes as δx1(t, r) = e−iωthω(r) to obtain

∂

∂r

(
ra1+

a0+au
2 f(r)hω(r)′

)
+ ω2 r

a1−a0+au2

f(r)
hω(r) = 0 . (5.3)

Let us use the coordinate transformation presented in appendix B to bring the mode

equation (5.3) to the Schrödinger-like form

∂2y

∂r2
?

+
(
ω2 − V (r)

)
y = 0 , (5.4)

where

y = hω(r)r
a1
2 , r? = −

r−κh
af

B( rhr )
af

[
κ

af
, 0

]
, (5.5)

V (r) =
a1

2
r2κf(r)

((
a0 + au +

a1

2
− 1
)
f(r) + rf ′(r)

)
, (5.6)

where Bz[a, b] is the incomplete beta function. The (5.4) does not have analytic solution

for the whole range of the string for arbitrary background scaling parameters. However, it

is possible to find an analytic solutions at different regions of space for arbitrary scalings

by applying the monodromy patching procedure [34, 41, 55–57].

We look for an analytic solution near the boundary which is ingoing at the horizon of

the black hole. To do that we need to consider three different regions that have overlap to

each other and mediate the properties of the near horizon solution to its properties near

the boundary. The regions and the method we follow is described below:

I) The near horizon region with

r ∼ rh and V (r)� ω2 ⇔ f(r)� ω . (5.7)

Here the potential of the (5.4) can be neglected while obtaining the solution approx-

imately.

II) The intermediate region between the horizon and the boundary where

V (r)� ω2 ⇔ f(r)� ω . (5.8)

This solution serves as the transmitter propagator between the boundary and the

bulk. Therefore, to make the connection we need to consider the two limits of the

same solutions approaching the regions, but still respecting the initial limit (5.8). We

will find two solutions for r ∼ rh and r →∞.

III) The near to the boundary solution r →∞⇔ r � rh.
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Moreover, we work in the low frequency limit. Starting from region I and neglecting

the term of the potential we obtain

yA(r) = c1e
−iωr? , (5.9)

where we have kept the purely ingoing solution. The solution r? (5.5) close to the hori-

zon becomes

r? =
r−κh
af

log

(
r

rh
− 1

)
(5.10)

and using (5.6) we finally get

hAh(r) = c1

(
1−

iωr−κh
af

log

(
r

rh
− 1

))
. (5.11)

Getting to the region II, we neglect the ω2 constant term as the subleading one. We may

use now (5.3) where we have the total derivative

h′(r) =
c4

f(r)r1+2κν
, (5.12)

with solution

hB(r) = c3 + c4
r−2κν
h

af
B( rhr )

af

[
2κν

af
, 0

]
. (5.13)

To apply the patching method successfully we need to find the near horizon solution

hBh(r) = c3 + c4c0 +
c4

af
r−2κν
h log

(
r

rh
− 1

)
, (5.14)

where c0 is an integration constant depending on scalings of the metric through the

digamma function. Close to the boundary the solution reads

hBb(r) = c3 −
c4

2κν
r−2κν . (5.15)

Finally to make the connection with the boundary we study the region III, and solve (5.3)

close to the boundary to get

hCb(r) = c5 + c6r
−2κν

(
ω sign(1 + 2κ)

2κ

)2ν

. (5.16)

Let us start the patching of the solutions hAh(r) (5.11) and hBh(r) (5.14) near the horizon

to obtain

c3 = c1 − c0c4 , c4 = −iωc1r
a1
h . (5.17)

Doing the same near the boundary for the solutions hBb (5.15) and hCb (5.16) we get

c5 = c3 , c6 = − c4

2κν

(
2κ

ω sign(1 + 2κ)

)2ν

. (5.18)

Combining the results from boundary to the bulk (5.17) and (5.18) we get

c5 = c1

(
1 + ic0ωr

a1
h

)
, c6 =

iωra1h c1

2κν

(
2κ

ω sign(1 + 2κ)

)2ν

, (5.19)
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to obtain the solution near the boundary

hω(r) = c1

(
1 + iωc0r

a1
h +

iωra1h
2κν

r−2κν

)
. (5.20)

This is the behavior of the string fluctuations at the boundary, and we expect it be of

diffusive nature.

5.1 Diffusion constant

The expectation value in the canonical ensemble is related to the diffusion constant D as〈
: (X1(t)−X1(0))2 :

〉
= 2(d− 1)Dt, where the normal ordering : serves to keep the finite

fluctuations due to the thermal bath. The diffusion constant is related to the response

function and the temperature of the heat bath as

D = T lim
ω→0

(−i ωχ(ω)) , (5.21)

where the linear response is given in terms of the external force (4.1), which in its own

turn is given in terms of the derivatives of the boundary string fluctuations by (4.3). The

response function using (5.20) turns out to be

χ(ω) =
2πα′

−iωra1h
. (5.22)

Notice that the damping term comes with the linear ω term, signaling ohmic stochastic

dynamics of the particle in thermal theory. Moreover, it is inversely proportional to the

spatial metric element at the horizon along the direction of the fluctuations. In the low

frequency limit we propose that this should be true for arbitrary background metric as

χ(ω) =
2πα′

−iωg11(rh)
, (5.23)

motivated by the fact that the metric elements of (3.10) are uniquely specified and the

response function is for fluctuations along the x1 direction, naturally expected to involve

the corresponding metric element evaluated at the horizon of the black hole.

Let us express all our results in terms of the temperature of the theory (5.2). The

linear response is

χ(ω) =
2πα′

−iω

(
4π

af

)2ν−1

T 1−2ν , (5.24)

while the diffusion constant reads (5.21)

D = 2πα′
(

4π

af

)2ν−1

T 2(1−ν) . (5.25)

The power depends on the order of the Bessel function defined in (3.14) related with an

algebraic relation on the scalings of the background metric elements. The constant may

increase with the temperature for ν < 1, or decrease for ν > 1. The crossover value ν = 1

is the same with the one obtained in two point function (3.30) and (3.31) of the zero

temperature quantum fluctuations.
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5.2 Response function, fluctuation-dissipation and the nature of thermal noise

Working as in the previous section and taking into account higher ω terms, the response

function is written as

χ(ω) = 2πα′
(
i

γω
− m

γ2
+O(ω)

)
, (5.26)

where

γ = ra1h , m = r2a1
h

(
−c0 +

r−2κν
b

2κν

)
+m0 , (5.27)

are the damping coefficient already produced in (5.23) and the inertial mass is thermally

corrected with respect to the zero temperature m0 obtained in (4.15). The thermal contri-

bution to the mass depend on the temperature as expected, on the boundary cut-off of the

string and the integration constant c0. This is natural since the length of the fluctuating

string can be traded with the energy needed to create the string.

The response function is independent of the constant c1, in contrast to the correlator

of the fluctuations, so we need to determine the constant. The mode expansion has diver-

gences which can be canceled by requiring discreteness of frequencies, in agreement with

the nature of boundary conditions. Having density of states ∆ω−1 = − log ε/(4π2T ) as

in [34], the mode expansion reads

x(t, r) =

√
− log ε

4π2T

∫ ∞
0

dω
(
aωe
−iωt + a†ωe

iωt
)
. (5.28)

We use the Klein-Gordon type product (3.17) and similar discussion for the quantiza-

tion condition of the zero temperature analysis in section 3.1, to determine the unknown

constant. The computation is quite involved with long expressions so we refrain from

presenting here the full detail.

The main contributions to the integral from the inner product conditions (3.16), come

from the horizon and the boundary area. Therefore, one needs to split the integral (3.17)

to two integrals performing the integration and ignoring the intermediate r contributions.

The string solutions that contribute to the c1 value are the hAh(r) (5.11) and hCb(r) (5.20).

Schematically the constant c1 is given by

c2
1 =

1

2iω

(∫ rb

r

ra1−
1
2

(a0+au)

f(r)
hAh(r) +

∫ r

rh+ε

ra1−
1
2

(a0+au)

f(r)
hCb(r)

)
, (5.29)

and taking the leading contributions. Therefore our method applies at certain limits to

gravity solutions, that have boundary and IR behavior belonging to the class of met-

ric (3.10) including RG flow solutions.

By making the natural assumption that in the canonical ensemble the excited modes

for thermal distribution are of Bose-Einstein type we get

〈X1(ω)X1(0)〉 ∼ 1

1− e−
ω
T

log ε

rκh

rκ−a1h

ω log ε
∼ 1

1− e−
ω
T

1

ωra1h
, (5.30)

where in the normalization factor we have traded the temperature with the horizon value

using (5.2) and in the intermediate equation we show the different contributions. Therefore,
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the fluctuation-dissipation theorem (4.11) in the thermal case holds for the whole class of

theories considered here and at certain limits of RG flows with UV and IR asymptotics

belonging to the class of theories (3.10).

The correlator of the random force ξ, can be computed now in a straight-forward way

〈ξω ξ−ω〉 :=
〈X1(ω)X1(−ω)〉
χ(ω)χ(−ω)

∼ T 2ν , (5.31)

which shows the independency of the corresponding real time correlator on the frequency

ω related to the fact that the random force is a white noise and the simple dependence on

the order on the Bessel function.

6 Quantum fluctuations of a Dp-brane in a d + 1-spacetime

In this section, we consider the quantum fluctuations on Dp-branes. We show that for

rigid branes there is a direct way to map the dynamics of their fluctuations to the string

fluctuations. After the mapping is done the two point-function of the brane fluctuations,

the response function and the diffusion constant can be read directly from our results in

previous sections.

Let us consider the Dp brane in the d+1 space-time (3.1). We parametrize the brane

using the radial gauge: x0 = τ, r = σ1 := σ, x2 = σ2, . . . , xp = σp, xj = xj(τ, σi), where j

runs on the transverse dimensions of the brane j = 1, p + 1, . . . , d. The reason of such a

parametrization will become soon obvious. The Dirac-Born-Infeld(DBI) action reads

S = Tp

∫
dxp+1

√
−(g00 +DtX)(guu +D1X)(g22 +D2X) . . . (gpp +DpX) , (6.1)

where DiX := g11∂iX
2
1 +gp+1∂iX

2
p+1 + . . .+gdd∂iX

2
d , the operator acting on the transverse

to the brane coordinates. Like the string, a solution to the DBI action is a localized

brane on the transverse space. By considering the fluctuations along the spatial transverse

direction x1 we obtain

SDBI,2 =
Tp
2

∫
dτdσi

(
−
g11
√
−g00

√
g22 . . . gpp

√
grr

δx′21 +
g11
√
grr
√
g22 . . . gpp√
−g00

δẋ2
1

)
. (6.2)

The equation of motion for a solution of the form δx1(τ, σ) = e−iωτhω(r) reads

∂r

(
−
g11
√
−g00

√
g22 . . . gpp

√
grr

hω(r)′
)
−
g11
√
grr
√
g22 . . . gpp√
−g00

ω2hω(r) = 0 , (6.3)

which can be solved to analyze the brane modes. Alternatively, we show we can map the

brane fluctuations to the string fluctuations in a one-to-one way by relating the relevant

equations. This is doable, due to the fact that the brane is ‘rigid’. Similar mappings with

extra conditions needed, have been observed between Dp-branes related to k-strings, high

representations Wilson loops and fundamental strings [62].

The equations (3.9) and (6.3) suggest the following substitution to the equation (3.9)

g11 → g11
√
g22g33 . . . gdd , (6.4)
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to obtain the brane fluctuations. Using the spacetime scaling (3.10) with the substitution

a1 → ã1 = a1 +
1

2
(a2 + . . .+ ap) , (6.5)

in the string fluctuation equation (3.12) we obtain the brane fluctuation equation. There-

fore the analysis does not have to be repeated and we simply list the following results. Let

us define the quantities from (3.14) using (6.5) as

ν̃ :=
a0 + 2ã1 + au − 2

2(a0 + au − 2)
, r̃ :=

2r
1
2

(2−α0−αu)

a0 + au − 2
=
r−κ

κ
, κ :=

a0 + au
2

− 1 . (6.6)

By making the sensible assumption that at late times the dominant contribution to the

two-point function comes from the low frequency limit of (3.29), we obtain

〈X1(t)X1(0)〉 ∼

E
4κ(1−ν̃)
(a0−κ) |t|3−2ν̃ , when ν̃ ≥ 1 ,

E0 |t|2ν̃−1 , when ν̃ ≤ 1 .
(6.7)

The parameter space is shifted by the modification of the extra brane dimensions by ν̃ ≥ 1

or ν̃ < 0. The crossover occurs at

ν̃ = 1⇔ 2α1 = au + a0 − (a2 + . . .+ ap)− 2 , (6.8)

which when saturated the two-point function grows linearly with t. In the positive ν̃ region

this is the maximum rate of growth of the two point function. The minimum rate of growth

can be realized when ν̃ = 3/2 and ν̃ = 1/2 which result to a logarithmic behavior of the

two point function. The response function then for the quantum brane fluctuations reads

χ(ω) =
2πα′

ω
r
−a1− 1

2
(a2+...+ap)

b

Hν̃(ωr̃b)

Hν̃−1(ωr̃b)
. (6.9)

Let us now look at the low-frequency expansion, as defined in (3.25), of the response

function. It takes the form

χ(ω) ∼ −c1

[
m(iω)2 + γ(−iω)2ν̃ + . . .

]−1
, (6.10)

where m is the inertial mass and γ is the self-energy of the state

m =
r

2κ(ν̃−1)
b

2κ(ν̃ − 1)
, γ =

1− i tan
[(
ν̃ − 1

2

)
π
](

(2iκ)2ν̃−1Γ(ν̃)2
) π . (6.11)

For ν̃ < 1 the self-energy dominates over the inertial mass at low frequencies. We also

notice that there is an allowed region for the scaling parameters where the mass becomes

negative or diverges 2a1 ≤ a0+au−(a2 + . . .+ ap)−2. Moreover, the fluctuation-dissipation

theorem for a brane propagating in generic spacetime at zero temperature is satisfied.

Going to the finite temperature the response function for the rigid brane can be read

from (5.22)

χ(ω) =
2πα′

−iωra1+ 1
2

(a2+...+ap)

h

. (6.12)
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In the low frequency limit, following the relevant string discussion, we propose that for any

arbitrary background it takes the following form

χ(ω) =
2πα′

−iωg11(rh)
√
g22(rh) . . . gpp(rh)

. (6.13)

The diffusion constant in terms of the temperature of the theory (5.2) reads

D = 2πα′
(

4π

af

)2ν̃−1

T 2(1−ν̃) (6.14)

The constant increases with the temperature for ν̃ < 1, and decreases for ν̃ > 1, while the

crossover value ν̃ = 1 is the same with the one obtained in two point function (6.7) and (6.8)

of the zero temperature brane quantum fluctuations. Moreover, the fluctuation-dissipation

theorem at finite temperature is satisfied.

7 Application to various gravity dual theories

Let us demonstrate how our findings apply to particular gravity dual field theories belonging

in the class of backgrounds of (3.1) and (3.10).

7.1 Anisotropic quantum critical points

7.1.1 Lifshitz-like with fixed scaling coefficient

Anisotropic IIB supergravity solutions dual to Lifshitz-like fixed points with anisotropic

scale invariance were found in [67]. In string frame they read

ds2
s = R̃2

s

[
r

7
3
(
−f(r)dt2 + dx2 + dy2

)
+ r

5
3dw2 +

dr2

r
5
3 f(r)

]
+R2

sr
1
3ds2

X5
, (7.1)

where R2
s = 12

11R̃
2
s. And the dilaton and the blackening factor read

eφ = r
2
3 eφ0 , f(r) = 1−

(rh
r

) 11
3

(7.2)

where eφ0 =
√

22
3α . The scaling is fixed and equal z = 3/2 due to fixed form of the axion-

dilaton coupling form in the IIB supergravity [33]. The finite temperature RG flows with

AdS boundary flowing to the above Lifshitz-like space have been found in [68] and the

analysis of the heavy quark observables revealed very interesting properties, including the

diffusion [76, 77] and the Langevin coefficients [27, 29]; where a review can be found in [78].

The above class of solutions has been shown recently that belongs to a generalized Lifshitz-

like hyperscaling violation background with arbitrary scalings described below.

7.1.2 Arbitrary hyperscaling violation Lifshitz-like geometries

The generalized RG anisotropic flows were found in [33]. Here we consider the generalized

Einstein-Axion-Dilaton action with a potential for the dilaton and an arbitrary coupling
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between the axion and the dilaton to find the gravity solution in the string frame. The

action reads:

S =
1

2κ2

∫
d5x
√
−g
[
R− 1

2
(∂φ)2 + V (φ)− 1

2
Z(φ)(∂χ)2

]
, (7.3)

with a choice of functions

V (φ) = 6eσφ, Z(φ) = e2γφ. (7.4)

The solution to the system of equations generated by (7.3) is a Lifshitz-like anisotropic

hyperscaling violation metric which exhibits the arbitrary critical exponent z and a hyper-

scaling violation exponent θ related to the constants the σ and γ. The geometry may also

accommodate a black hole reading as

ds2
s = a2CRe

φ(r)
2 r−

2θ
dz

(
−r2

(
f(r)dt2 + dx2

i

)
+ CZr

2
z dx2

3 +
dr2

f(r)a2r2

)
, (7.5)

where

f(r) = 1−
(rh
r

)d+(1−θ)/z
, e

φ(r)
2 = r

√
θ2+3z(1−θ)−3√

6z . (7.6)

The constants CR, CZ and the scalings θ, z depend on the parameters γ and σ of the

action with analytic algebraic relations. The Hawking temperature of the theory is

T =
|d+ (1− θ)/z|

4πrzh
. (7.7)

We choose the spatial dimensions as d = 3. The solution (7.5) and (7.6) becomes of

IIB supergravity for γ = 1, σ = 0 corresponding to z = 3/2, θ = 0 reproducing the

geometry (7.1), (7.2). The scaling constants (z, θ) and consequently the parameters (σ, γ)

are constrained by the null energy conditions ensuring attractive gravity

θ2 + 3z(1− θ)− 3 ≥ 0 ,

(z − 1)(1 + 3z − θ) ≥ 0 (7.8)

and the thermodynamic stability conditions and more particularly the positivity of the

specific heat reads

2 +
1− θ
z
≥ 0 . (7.9)

Notice that the condition from the null energy condition (7.8), ensures that the dilaton (7.6)

and our metric has no imaginary part. At the zero temperature limit the last condition

is not necessary, however zero temperature theories with scalings that do not satisfy this

inequality, may have entanglement entropy that scales faster than the area of the entangled

region considered, signaling instabilities.

Let us consider fluctuations along the anisotropic direction x3 focusing on the scalings

of the metric elements. The parameters ai can be read easily from the metric (7.5) and

the equations (7.6) to give for the order of the Bessel function

ν3 =
12 + 6z − 4θ +

√
6
√

3z(1− θ)− 3 + θ2

12z
. (7.10)
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Figure 3. Sample of the physical theories sat-

isfying in addition the inequality (7.9) for fluc-

tuations along the x3 direction, which belong to

the upper and lower branches of two-point func-

tion (7.11).

Figure 4. Sample of the stable and physi-

cal theories for fluctuations on the transverse

plane (7.14).

The crossover region for the two-point function and the response function is for ν = 1.

The two-point function (3.30) can be defined in both regions as shown in the figure 3, to

give (3.30),

〈X3(t)X3(0)〉 ∼

E2
12−6z−4θ+

√
6
√

3z(1−θ)−3+θ2

−6z+4θ−
√
6
√

3z(1−θ)−3+θ2 |t|3−2ν3 , when ν3 ≥ 1 , figure 3,

E0 |t|2ν3−1 , when ν3 ≤ 1 , figure 3 .
(7.11)

The rest of the observables, can be read directly from the main text of our paper since we

have determined the order of the Bessel function ν. For example the diffusion constant in

the finite region area is given by (5.25)

D3 = 2πα′
(

4π

d+ (1− θ)/z

)2ν3−1

T 2(1−ν3) . (7.12)

Fluctuations along the transverse plane x1 − x2 lead to different behavior. The order

of the Bessel function is

ν1 =
18z − 4θ +

√
6
√

3z(1− θ)− 3 + θ2

12z
. (7.13)

and all the observables along this direction scale differently than above. The crossover

region is again for ν1 = 1. However in this case, the NEC and the inequality (7.9), enforce

all the physical and stable theories to live in one region (figure 4); for ν < 1 there is no

theory with the desirable properties, so we have

〈X1(t)X1(0)〉 ∼ E−2 |t|3−2ν1 , when ν1 ≥ 1 , figure 4 . (7.14)
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Notice that the dependence on the energy is fixed for any scaling parameter. Having

specified the order ν1 we can derive all the theory observables. For example the diffusion

along the transverse plane will now scale as D1 = T 2(1−ν1) comparing it to the (7.12). The

self energy and the inertial mass receives thermal correction that depend on the direction

of fluctuations, using (5.27) we get

γ1 = ra1h , m1 = r2a1
h

(
−c0 +

r−2κ1ν1
b

2κ1ν1

)
+m01 ,

a1 := 2− 2θ

3z
+

√
3z(1− θ)− 3 + θ2

√
6

,

(7.15)

where κ1 = a1/(2ν1 − 1) and m01 is the inertial mass at zero temperature which de-

pends on the direction of the fluctuation given by (4.15). Moreover, we point out that the

fluctuation-dissipation theorem is satisfied for anisotropic theories when considered along

each direction.

Let us also briefly discuss the anisotropic IIB background (7.1) which is obtained

for θ = 0, z = 3/2 and by following the above notation gives the for anisotropic and

transverse fluctuations

ν3 =
4

3
, ν1 =

5

3
. (7.16)

Having specified the properties of the string fluctuations in these backgrounds we can move

on to read the Dp-brane ones. The shifted ν̃ parameter will now depend on the dimension

of the brane and give modified equations compared to the string ones derived above. We

refrain from giving the analytic results since the expressions are quite longer and are easy

to be read from the string analysis above and the formulas of the main text. Instead we

give only the order of the Bessel function for Dp-brane fluctuations in the IIB supergravity

solution (7.1)

ν̃3 =
4

3
+

7p

12
, ν̃1,a =

3

2
+

7p

12
, ν̃1,b =

5

3
+

7p

12
, (7.17)

where for the transverse fluctuation for the ν̃1,a we have considered one of the p-directions

as the anisotropic x3, while for the ν̃1,b none of the p directions are anisotropic. All the

observables follow from the main text analysis, and will depend on the number of the

brane directions.

7.2 Quantum critical points

In this section we present very briefly how some of the known results together with some

new ones on quantum critical points are covered in our universal analysis under the scheme

we provide.

Let us consider the hyperscaling violation metrics

ds2
s = r−

2θ
d

(
−r2zf(r)dt2 + r2dx2

i +
dr2

f(r)r2

)
, (7.18)

then the order of the Bessel function reads

ν =
1

2
+

1

z
− θ

dz
(7.19)
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and the two point function follows

〈X1(t)X1(0)〉 ∼

E
2(−2d+dz+2θ)

dz−2θ |t|2−
2
z

+ 2θ
3z , when ν ≥ 1 ,

E0 |t|
2
z
− 2θ

3z , when ν ≤ 1 ,
(7.20)

agreeing with the correlation obtained for Lifshitz critical points [41] and the hyperscaling

violation critical points [42]. The zero temperature result in this case, can be seen as a

reformulation of [42], since with appropriate coordinate transformation, the hyperscaling

violation metric which has two unknown scalings and can be related to the metric ansatz

we have.

In finite temperature we can get in a straightforward way our observables. For example

the self energy and the inertial mass receives thermal correction (5.27)

γ = ra1h , m1 = r2a1
h

(
−c0 +

r−2κν
b

2κν

)
+m0 , m0 =

r
2κ(ν−1)
b

2κ(ν − 1)
,

a1 := 2z − 2θ

3
, k =

a1

(2ν − 1)
,

(7.21)

where ν is given by (7.19), the same with the zero temperature analysis and m0 is the zero

temperature inertial mass. By making use of our main text analysis we can obtain the

rest of the observables discussed in our text. It is also straightforward from the Dp-brane

analysis of the section to compute the scalings and the shifted order of the Bessel function

ν̃, to get in this case in a straightforward way the results of [50] in Lifshitz space-time and

new ones in the hyperscaling violation space-time.

The minimum rate of growth for the string two-point function can be realized when

ν = 3/2 and ν = 1/2 which result to a logarithmic behavior of the two point function. The

N = 4 sYM dual to AdS gravity dual theory, give ν = 3/2 and exhibiting the logarithmic

behavior [34].

8 Brief list of results and summary remarks

Due to the technical nature of this work, and the direct information that the reader can

obtain from the derived formulas, let us first give a brief guide to the main equations of

the paper and present in the next subsection our final remarks. An analytic discussion on

our results and the impact of our work has been presented already in section 2.

8.1 Brief list of the main equations of our work

Holographic theories. We provide a unified scheme for the study of quantum and

thermal fluctuations in a wide class of holographic theories given by (3.1) and (3.10),

directly applicable to a large class of theories. The equation of motion we to solve for

string fluctuations in generic spacetime is given by (3.8).
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Quantum fluctuations. The quantum fluctuation analysis turns out to be described by

Bessel functions (3.21) of order ν, which depends on the arbitrary scalings of the metric

elements in a particular way (3.14). The two point function (3.30) of the zero temperature

fluctuations exhibits two different late time behaviors depending purely on the value of the

order of Bessel function, and there is always a crossover region for ν = 1. The response

function is computed in the class of holographic theories and the fluctuation-dissipation

theorem is verified from the bulk perspective to be always satisfied (4.13). The inertial mass

and the self energy of the particle are read from the low frequency limit of the response

function (4.15). Between them there is a competition for dominance in the response, which

depends exclusively on the order of Bessel function, while the critical value is again ν = 1.

One of the main focuses of this section, is that our formulation shows that our stochastic

observables depend mainly on the order of the Bessel function.

Thermal fluctuations. We study the boundary particle fluctuation by bringing their

ruling equation to a Schrödinger-like form (5.4)–(5.6); and employing a monodromy patch-

ing method (5.17)–(5.19) to solve it. The response function of the thermal fluctuations is

inversely proportional to the frequency and the value of the metric element at the hori-

zon along the direction that the fluctuation occurs (5.23); we suggest that this relation is

true even for other theories do not belong in the class considered here. The scaling of the

response function with respect to the temperature depends solely on the order of Bessel

function and is T 1−2ν (5.24). While the diffusion constant depends on the temperature as

T 2(1−ν) (5.25) and the inertial mass receives a thermal correction (5.27). The fluctuation-

dissipation theorem holds (5.30) for the whole class of the backgrounds, while the random

force is white noise with the self correlator scaled with the temperature as T 2ν (5.31).

Dp-brane fluctuations. We study the rigid Dp-brane fluctuations in a d+1 dimensional

space and prove that there is one-to-one map to the string fluctuations (6.4). Therefore

we are able to determine in a straightforward way the Dp-brane observables: two-point

function, response function, inertial mass, self energy, thermal response function and the

diffusion constant: (6.7)–(6.14). All the Dp-brane observables depend on the shifted ν̃

parameter (6.6), in analogy with the string results.

8.2 Final remarks

Motivated by the wide range of applicability of the fluctuation and dissipation phenomena,

we provide a universal study scheme for quantum and thermal fluctuations, the dissipation

of the energy and the corresponding Brownian motion of the particle, for a wide class of

strongly coupled field theories. A key-point of our work is that our analysis applies and

covers several different dual field theories in a universal way. In the theory of fluctuations

the total information of the different backgrounds is incorporated in a compact way, in the

order of the Bessel solutions of the string mode equations and their argument. The analysis

is carried out in full generality for the order of the Bessel function solutions. The different

backgrounds are associated with different values of the order ν with a simple algebraic

relation. Therefore, one can extract straightforwardly from our methods, as an application

to special cases, the study of Brownian motion and the corresponding formulas obtained
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for example in AdS, Lifshitz and hyperscaling violation backgrounds [34, 35, 41, 42, 50],

while our results cover and apply to a wide class of other theories.

It is worthy to point out that such universal treatments have been observed before in

holography while studying completely different topics. For example in [73], working with a

similar wide range class of theories, the non-integrability conditions usually accompanied

with the presence of chaos were obtained. The analysis there boils down to a simple

algebraic condition for the order of the Bessel functions, related like here to the arbitrary

scaling parameters of the metric. Together with our current work these independent studies

strongly suggest that holographic metrics with polynomial arbitrary scalings may admit

certain unified scheme analyses in holography.

Let us also comment on a further potential extension of our studies on the quantum

phase transitions, which show abrupt changes in the ground state properties of a quantum

many-particle system when a non-thermal control parameter is varied. In particular, the

impurity quantum phase transitions are an interesting class of quantum phase transitions

in which, the systems can be composed of a single quantum spin coupled to an infinite

fermionic or bosonic bath. The prototypical system consists of a two-level state coupled to

a single dissipative bath of harmonic oscillators, also called the spin-boson mode [79–82].

It will be of great interest to reexamine the nature of quantum phase transitions when the

bath degrees of freedom with the general bath spectral density are strongly coupled using

the holographic approach.
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A Bessel function properties

We present briefly some of the key properties of the Bessel functions that have allowed us

to obtain the solutions of the equations of motion in full generality. The first and second

kind Bessel functions are related as

Jν(r) =
1

sinπν
Y−ν(r)− cotπνYν(r) , (A.1)

Yν(r) =
1

sinπν
(cosπνJν(r)− J−ν(r)) . (A.2)

The orthogonality and normalization conditions are∫
dr rJν(ωr)Yν(ω̃r) = 0, (A.3)∫
dr rJν(ωr)Jν(ω̃r) =

∫
drrYν(ωr)Yν(ω̃r) =

1

ω
δ(ω − ω̃) . (A.4)
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The following identities involve derivatives hold for both first and second kind Bessel func-

tions Jν , Yν :

J ′ν(r) = Jν−1(r)− ν

r
Jν(r) , (A.5)

J ′ν(r) =
1

2
(Jν−1(r)− Jν+1(r)) . (A.6)

The identity that relate the Bessel functions of different kind and consecutive neighbors is

Jν(r)Yν−1(r)− Jν−1(r)Yν(r) =
2

πr
, (A.7)

while for the first Hankel function reads

H ′(r) = Hν−1(r)− ν

r
Hν(r) . (A.8)

B Coordinate transformation to bring the fluctuation ODE to

Schrödinger-like form

The transformation is of general interest for the application of the monodromy patching

method on the solution of the ordinary differential equation. Let us consider the differen-

tial equation
∂

∂r

(
rαf(r)

∂x(r)

∂r

)
+

ω2

rβf(r)
x(r) = 0 , (B.1)

where f(r) is an arbitrary function, in our case the blackening factor, while α and β are

constant powers. We bring the differential equation (B.1), which of the same form of

the (5.3), to

∂2y(r)

∂r2
?

+
(
ω2 − V (r)

)
y = 0 , (B.2)

where

y = xr
α−β
4 ,

∂r?
∂r

=
1

f(r)r
α+β
2

, (B.3)

V (r) =
β − α

4
f(r)rα+β−2

((
3α+ β

4
− 1

)
f(r) + rf ′(r)

)
. (B.4)

Using the transformation we can study the solution on overlapping regions according to

the values of the ratio V (r)/ω, to find the approximate solution.

C Review of generic study of the trailing string

We briefly present some of the generic results of [27, 29] were the trailing string was studied

in full generality. The trailing string corresponds to a quark moving on the boundary

along a spatial direction, choose it as x3, with a constant velocity. It is parametrized as

t = τ, r = σ, x3 = v t+ ξ(r), and localized in the rest of dimensions.
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The momentum flowing from the boundary to the bulk Π3
r , is a constant of motion

ξ′2 = −grrC2 g00 + g33 v
2

g00g33(C2 + g00g33)
, C := 2 π α′Π3

r . (C.1)

There is a special value of r0 ensuring that the imaginary part of the above ratio is zero.

It is found by solving the equation

g00(r0) = −g33(r0) v2 , (C.2)

and becomes equal to the black hole horizon for a static particle, v = 0. The corresponding

drag force is

Fdrag,x3 = − 1

2πα′

√
−g00(r0) g33(r0)

2π
= −v g33(r0)

2πα′
, (C.3)

and the friction coefficient can be found as

Fdrag =
dp

dt
= −ηDp, ηD =

g33(r0)

2πα′Mqγv
, (C.4)

where mq is the mass of the particle, p = mq vγv and γv :=
(
1− v2

)−1/2
. The moving

particle feels a temperature different than the one that the heat bath produces equal to

T 2
ws =

1

16π2

∣∣∣∣∣ 1

g00grr
(g00 g33)′

(
g00

g33

)′∣∣∣∣∣
∣∣∣∣
r=r0

, (C.5)

where the static particle feels the heat bath temperature Tws = T .

By considering the fluctuations of the classical trailing string solutions we can compute

the Langevin coefficients. The heavy particle moving with a constant velocity v in the heat

bath undergoes a Brownian motion with an effective equation of motion

dpi
dt

= −ηD ij p
j + ξi(t) , (C.6)

where ξi(t) is the random force generated by the medium. The force distribution is related

to the two-point correlators along the longitudinal and transverse to the direction of motion

κa = (κL, κT ): 〈
ξa(t)ξa

(
t′
)〉

= κaδ
(
t− t′

)
. (C.7)

The diffusion coefficients are given by

κa = −2 Tws lim
ω→0

ImGaR(ω)

ω
, (C.8)

where GR is the anti-symmetrized retarded correlator. The generic formulas for the trans-

verse and longitudinal string fluctuations and therefore the Langevin coefficients can be

expressed in the background metric elements as [27]

κT =
1

πα′
gkk

∣∣∣∣
r=r0

Tws , κL =
1

πα′
(g00g33)′

g33

(
g00
g33

)′
∣∣∣∣∣
r=r0

Tws , (C.9)
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where the index k denotes a particular transverse direction (e.g. k = 1 for x1) to that of

the motion x3 and no summation is taken. The Tws is given in terms of metric elements

by (C.5). It follows that their ratio can be written in a compact universal form [27, 29]

κL
κT

=
(g00g33)′

gkkg33

(
g00
g33

)′
∣∣∣∣∣
r=r0

, (C.10)

and for isotropic theories it has been proved universally that κL ≥ κT . For anisotropic

theories the inequality can be reversed and the universality relation is violated κL Q κT .

The Einstein-like relations for motion of a particle in generic backgrounds have been

also derived. Starting with the linearized Langevin equations (C.6)

γ3
v mqδẍL = −ηL δẋL + ξL , γv mqδẍT = −ηT δẋT + ξT , (C.11)

the friction coefficients ηL,T are related to the coefficients ηD as

ηT = Mq γv ηD,T , ηL = Mq γ
3
v

(
ηD,L + p

∂η
D,L

∂p

∣∣∣∣
p=Mqvγv

)
, (C.12)

and the coefficient κa using (C.8) can be written as

κa = 2Tws ηa . (C.13)

The Einstein relations for the diffusion and friction coefficients are satisfied by

κT
ηD,T

= 2Mq γv Tws . (C.14)

For isotropic backgrounds this result is similar to the one obtained in [28, 29, 83]. The zero

velocity limits imply r0 = rh, Tws = T and κL = κT (C.9), in agreement with the formula

derived in the text.
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