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ABSTRACT: Motivated by the wide range of applicability of the fluctuation and dissipation
phenomena in non-equilibrium systems, we provide a universal study scheme for the dissi-
pation of the energy and the corresponding Brownian motion analysis of massive particles
due to quantum and thermal fluctuations in a wide class of strongly coupled quantum field
theories. The underlying reason for the existence of such unified study scheme, is that
our analytic methods turn out to heavily depend on the order of the Bessel functions v,
describing the string fluctuations attached to the particle. Different values of the order are
associated to different theories.

The two-point function of the fluctuations exhibits two different late time behaviors,
depending purely on the value of the order of Bessel functions. We then find that the
coefficients and observables associated with the stochastic motion at zero and finite tem-
perature, depend on the scales of the theory through powers of the order v. Moreover,
the fluctuation-dissipation theorem is verified from the bulk perspective to be universally
satisfied for the whole class of theories. Finally, we show that the analysis of certain types
of Dp-brane fluctuations can be mapped one-to-one to the string fluctuations and therefore
the stochastic brane observables can be read from the string ones. In the closing remarks
we demonstrate how our analysis accommodates known results as special cases and provide
more applications.
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1 Introduction

The wide range of applicability of non-equilibrium theories of Brownian motion.
Irreversibility in nonequilibrium processes is an ubiquitous phenomenon. The exploration
of the effect of dissipation and the associated dynamics of a non-equilibrium system that
evolves toward thermal equilibrium from the microscopic point of view is of fundamental
importance for understanding the origin of irreversibility. The Brownian motion, his-
torically observed due the irregular dynamics, is exhibited by a test particle in a liquid
environment, which is caused by random microscopic interactions/kicks with the particles
of the liquid. The initial theoretical developments explaining the Brownian motion served
at the time as the final proof of the existence of atoms and provided a solid way to deter-
mine the value of the Avogadro constant. At the same time, the probabilistic description



was introduced, laying down the foundation of nonequilibrium statistical mechanics with
fundamental equations such as the Langevin, and the Fokker-Planck equations to name
but a few. Since then the study on nonequilibrium phenomena remains very active due to
its ubiquitous feature on a variety of systems and applications [1-4].

The key idea behind the physical behavior of such out of equilibrium phenomena
and their tendency toward equilibrium, is the focus on their statistical description and
secondary on the nature of interactions between the system and environment. The envi-
ronment has certain characteristics such as an infinite specific heat, a condition necessary
for the equivalence between a microcanonical and canonical description, and thus infinitely
many degrees of freedom. Thus, when the system initially is away from equilibrium with
the environment, according to statistical mechanics the effects from the environment to the
time-evolved system can be described in terms of equilibrium expectation values or corre-
lators of the environmental degrees of freedom at finite or zero temperature. In particular,
the linear response theory gives a prime example that by displacing slightly away of equi-
librium a macroscopic variable, the system’s restoring force is proportional linearly to the
displacement. All response functions can be described in terms of equilibrium expectation
values or thermal average of the system’s variable in an equilibrium environment.

The extension of the linear response theory to the situation out-of-equilibrium can be
realized in terms of the Langevin equation. This is a classical equation of motion, which in-
corporates both dissipation and fluctuation effects upon the particle in a random medium.
The dissipation effect is normally accounted for by a friction force as we already described,
and in general depends on the past histories of the particle. The competing phenomenon of
the fluctuations has the same physical cause. The noise forces mimic the random environ-
ment and are correlated over time scales, determined by the typical scales of the medium.
The dissipation term in the Langevin equation represents the steadily transferred system
energy into the environment, whereas the information on initial conditions is lost. The
noise term, at the same time, works to feed the right amount of fluctuations into the
system, so that it evolves toward the equilibrium state. The fluctuation and dissipation
appear to be inseparable and it turns out that they follow the fluctuation-dissipation the-
orem stating how the magnitudes of the friction and fluctuations are related to each other
while in equilibrium.

Such phenomena have a wide range of applications since for most of non-equilibrium
systems, their quantitative description relies only on statistical properties of the environ-
mental degrees of freedom in the case that the central limit theorem can be applied. The
underlying assumption to construct the Langevin equation for a Brownian particle is the
existence of different timescales in nonequilibrium systems. They are the relaxation time
needed for the particle to forget its initial velocity and thermalize, and the collision dura-
tion time from the kick of the molecule in the medium with a particle, where the random
force is correlated. Normally, the relaxation time scale is larger than that of the collision
time scale. The related properties of the random force describing the rapidly fluctuating
environment can be listed by some natural assumptions. a) The force is stochastic over
time scale larger than the collision time with a zero mean value; b) the environment is
in equilibrium and homogeneous, the stochastic force, which has no spatial dependence,



varies chaotically, therefore it is uncorrelated to itself except over the collision time scales;
c) the overall statistical properties of the random force obey the time translational invari-
ance so that their 2-point correlator depends only on the time difference. As a result, the
motion consists of series of randomly independent displacements and without any further
computation, according to the central limit theorem, it is expected that for the classical
Brownian motion they end up to a normal distribution of the displacement variable with
growing standard deviation in time as v/t. Moreover, the average displacement is propor-
tional to the average particle velocity, which by the equipartition theorem scales with the
temperature as vAT. Then mean value of the displacement is <6w2> ~ f(n)kTt, where
f(n) is inversely proportional to the friction coefficient. We notice that the random force
correlator does not appear explicitly in the formula, although properties of it has been used
to arrive to the above conclusion. The time-integral of the random force correlator can be
computed by the Langevin equation, and turns out to depend on the temperature and the
diffusion coeflicient. This is natural, the hotter the system the more collisions occur.

Quantum and thermal fluctuations on quarks and massive particles. It is obvi-
ous from the discussion so far, that such phenomena are expected to occur in the strongly
coupled systems in deconfined phase and out of equilibrium. The most representative case
is the interaction of a heavy quark in the quark-gluon plasma. As long as the mass of the
quark is much larger than the temperature of the system we expect that its dynamics are
described by a diffusion process. From the equipartition theorem the square of the thermal
momentum of the quark is proportional to m,T" > T? while the squared momentum trans-
fer of the medium is of order T2, therefore the stochastic analysis is justified. Equivalently
the typical relaxation time scale for a quark, moving in a hot thermal bath, is estimated
as t, ~ 1/(T?/m,), while the collision time scale is given by t. ~ 1/T. Thus, two time
scales are largely separated as mg > T and the quark can be regarded as the system with
slow-varying degree of freedom whereas the effects from fast-varying degrees of freedom of
hot thermal bath are effectively summarized as stochastic forces, correlated over the time
scale T'. In fact by using the approximation of hard thermal loop QCD perturbation theory
and heavy mass quark expansion the average energy quark loss has been computed and
has been shown that the Langevin equations consistently describe the kinetics of heavy
particle in the thermal medium [5-8]

In quantum environment the fluctuation and dissipation phenomena occur even at
zero temperature due to vacuum fluctuations of the environment fields, originating from
the uncertainty principle. Our thermodynamic and statistical arguments above imply that
in such cases a diffusion and a type of Brownian motion should exist. In fact it has been
shown by using tools of quantum statistical mechanics that the fluctuation-dissipation
theorem is satisfied when the zero-point energy of the electromagnetic field is taken into
account [9]. Furthermore, perturbative methods have been developed to investigate such
quantum phenomena. The methods consist of integrating out the environmental degrees
of freedom by the use of Feynman-Vernon influence functional [10-12], while modeling it
as an infinite number of simple harmonic oscillators [13-15]. The environment effects then
can be classified according to the effective dependence of their friction on the frequency as



ohmic, supra- or subohmic. For example, the effects from the quantized electromagnetic
fields on a point charge in the dipole approximation, corresponding to the supraohmic
environment, have been studied in [16-18].

Therefore, taking the analogue of the strongly coupled physics, we expect that the
quantum fluctuations of a particle trajectory can be induced by its coupling to the gluonic
field at zero temperature. The quark interacts with the fluctuations of the gluonic and
quarkonic environment which results to its fluctuations. The induced non-uniform motion
results to a gluonic radiation back to the medium as an effect of the dissipation process.
A valid question to ask is whether such a process always implies a kind of quantum Brow-
nian motion and the fluctuation-dissipation theorem holds, irrelevant of the context of the
strongly coupled theory considered. For boost invariant theories, the motion is trivial with
a constant speed particle. However for non-boost invariant theories the motion experiences
a friction resulting to drain energy into the soft infrared modes of the theory. Depending
on the nature of the theory, the particle eventually may travel in an infinite interval, or
simply slow down and stop closed to the region that the motion was initiated.

Quark dynamics in gauge/gravity duality. In this work we provide a universal
scheme for quantum and thermal fluctuations implementing our study using holographic
methods [19, 20]. The test particle chosen as a massive quark represented by an open
string hanging from the boundary of the gravitational dual background. Its end-point on
the boundary is the position of the particle in the spacetime where the field theory lives.
Small perturbations around the string are described by free scalar fields which propagate
on the induced worldsheet, therefore the problem reduces to studying the dynamics of two
dimensional quantum fields in curved spacetimes. By quantizing the fluctuations of the
worldsheet we relate the quantum modes of the string to its boundary endpoint. In the
regime of the validity of semiclassical approximation the correlation function of the position
of the end-point particle is related to the excitation spectrum of the string world-sheet.
One may wonder whether the string fluctuations induce a Brownian motion to its string
endpoint representing the particle motion.

The initial studies on the motion of quarks in the quark gluon-plasma in the context of
the gauge/gravity correspondence have been done in [21, 22| where the friction coefficient
was determined, while in [23-25] the integral of the correlator of the random force was ob-
tained and a review can be found in [26]. Later studies have been shown that the Langevin
coefficients of moving particles satisfy a universal inequality ) > sy [27, 28]. More
particularly, by obtaining the coefficient formulas readily applicable to any holographic
background it was shown in [27] that for isotropic holographic theories the longitudinal
Langevin diffusion coefficient along the quark motion is larger compared to that of the
transverse direction. This is a universal inequality which however can be reverted /violated
in the presence of strongly coupled anisotropies [27, 29], in a similar way with the well
known shear viscosity over entropy density bound [30-33]. The fundamental aspects of the
Brownian motion for a quark in finite temperature AdS/CFT correspondence were exam-
ined in parallel [34, 35]. In fact the qualitative picture of the nature of the particle becomes
clear by following logical steps. The gravity dual theory has a black hole horizon, and it is



known that the Hawking radiation induces random motion on the string [36]. Considering
the fact that Hawking radiation is consistent with the fluctuation-dissipation theorem [37—
40] the dissipation of the energy and the corresponding stochastic motion of the particle
should be of Brownian nature. This has been already shown for certain theories and in our
work we provide further evidence that this is true for a wide class of holographic theories.

On the other hand for zero temperature fluctuations the literature is less extended.
So far it has been found that the particle follows stochastic motion in the case of Lifshitz
spacetime [41] and the hyperscaling violation spacetime [42] while earlier works have shown
the dragging of the particle even at zero temperature in these theories [43—45].

In addition to the works already mentioned [21-35], the drag/diffusion quark analysis
has been used to extract qualitative phenomenological information for the momentum
broadening of heavy quarks moving in the quark-gluon plasma also for example in [46-49],
while other works on Lifshitz-related spacetimes include [50-54].

2  Our methodology and findings

Motivated by the wide range of applicability of the phenomena discussed above we provide
a universal study scheme for quantum and thermal fluctuations, the dissipation of the
energy and the corresponding Brownian motion of the particle, in a wide class of strongly
coupled field theories. The quark fluctuations are studied in zero temperature medium,
which are induced by the fluctuations of the zero point energy, and in finite temperature
scheme where the thermal bath effects are taken into account. Our gravity dual space
has arbitrary scaling dependence on the holographic direction, corresponding to a wide
class of dual field theories. The string fluctuations are examined for the generic spacetime
metric, while the solution of the string mode expansion turns out to be described by Bessel
functions of order v, which depends on the arbitrary scalings of the metric in a particular
combination. The two-point function of the fluctuations exhibits two different late time
behaviors, depending purely on the value of the order of Bessel functions, and there is
always a crossover region for ¥ = 1 which defines the type of growth. Moreover, we find
that in one of these regions the correlator is always independent of the mass of the particle.

Having obtained the correlator, we apply a force to the system to take it out of equilib-
rium and use the linear response theorem justified in the previous paragraphs. By finding
the response function we explicitly show that the fluctuation-dissipation theorem from the
bulk perspective is always satisfied irrespective of the choice of the background metric scal-
ings. The underlying computational reason is that our analytic methods turn out to heavily
depend in a compact way on the order of the Bessel functions, incorporating the differ-
ent theories in a universal way. Knowing the response function we read the inertial mass
and the self energy of the particle. Which of them is dominant in the response, depends
exclusively on the order of Bessel function and the critical value is again v = 1. A focus
of the zero temperature study, is to highlight how central is the role of the Bessel func-
tion to the whole analysis, and how compactly the mathematical formulas are expressed
in terms of it. The analysis in this section is in agreement with previous works on Lifshitz



and hyperscaling violation metrics, which guarantee that our analysis can go through all
the way.

Then we move on to study the Brownian motion on thermal field theories. We work
again with the generic class of holographic theories, where in the metric we require the
existence of a blackening factor with a single pole. We study the thermal diffusion and
compute the boundary fluctuations of the string by bringing their ruling equation to a
Schrodinger-like form. The approximate string solution in low frequency can be found
for the class of the backgrounds by employing a variation of the monodromy patching
method [55-57]. When having the solution, we employ a force on the system in order
to compute the response function and we find it to be always inversely proportional to
the frequency and the horizon value of the metric element along the direction that the
fluctuation occurs. The diffusion constant turns out to be scaled with the temperature as
T2(-v) with the power depending solely on the order of Bessel function, the same for the
zero temperature fluctuation. Whether it increases or not depends on the scalings of the
metric element incorporated at the order of the Bessel function.

Then we move to obtain the thermal inertial mass to show that it always receives a
contribution due to thermal background compared with the zero temperature one. The
correction depends on the temperature, the order v and the length of the fluctuating
string. This is natural since the length of the fluctuating string can be traded with the
energy needed to create the string. The next task of our study is to verify the fluctuation-
dissipation theorem for the whole class of the thermal backgrounds. Indeed it is satisfied
and in the context of the proof, it turns out that the main contributions come from the
boundary and horizon string dynamics. This justifies our earliest arguments that the
theorem should hold for such fluctuation phenomena due to their statistical nature and the
energy conservation. As a final task we show that the random force is a white noise, since
its self-correlator is proportional only to the temperature with a power of T2.

Having analyzed the string fluctuations, we then consider the study of fluctuation of
certain Dp-branes. The problem is formally interesting, while an additional motivation
comes from the importance of Brownian motion of cavities. For example perfect or imper-
fect mirrors in quantized electromagnetic field backgrounds will exhibit a Brownian motion,
due to the pressure of the background field and the radiation due to nonuniform accelera-
tion as for example in [58, 59]. Such phenomena find application to the dynamical Casimir
effect [60, 61] and a strongly coupled study would be of great interest. Our Dp-branes
considered are of certain rigid type and live in the d+1-dimensional arbitrary gravity back-
ground, the same with the particle study above. We prove that there is one-to-one map
between the Dp-brane fluctuation and the string fluctuations. Therefore we are able to
determine in a straightforward way for the Dp-branes: the two-point function, the (ther-
mal) response function, the inertial mass, the self energy and the diffusion constant. All
the Dp-brane observables depend on a deformed © parameter related to the dimension p of
the brane and the scalings of the metric elements that the brane extends. The parameter
v is still the order of the Bessel function for the Dp-brane fluctuations. The existence of
the mapping of string to brane dynamics is not so surprising. In [62] it has been shown
that the dynamics, of the more involved than in our case Dp-branes related to k-strings,



are expressed in terms of the fundamental string ones. Since the brane configuration there
is more involved, an additional background condition was needed for the mapping related
to a preserved quantity under the T-dualities, which here is not necessary.

A final comment regarding our approach is on the physical range of the arbitrary power
scalings appear in the metric. Our analysis is performed for arbitrary values of them, and in
principle may be constrained by the requirement of having physical and stable theories. The
null energy condition, constrains the range of parameters ensuring that the gravity theory
is non-repulsive. For finite temperature solutions the local thermodynamical stability is
ensured by the requirement of non-positive values of the Hessian matrix of the entropy with
the thermodynamical values [63]. An additional test of stability is the computation of the
entanglement entropy. Unstable regions of the scaling parameter space, will be recognized
when the entropy scales parametrically faster than the area [64].

The organization of the paper is the following. In section 3 we define the class of
holographic theories we use in this paper. Then we provide a generic scheme at the level
of actions for the string fluctuations. We move on to compute the two-point function of
the particle fluctuations and find the crossover regions. In the next section 4 we compute
the response function of the system, from where we read the particle’s inertial mass and
the self-energy. We also show that the fluctuation-dissipation theorem holds. In section 5,
we consider gravity theory of a finite temperature dual field theory, where we find the
string fluctuating solutions with the monodromy matching method. Using this solution we
compute the response function from where we read the diffusion constant, the self energy
and the thermal corrections to the inertial mass. We also show that the random force is
a white noise and find how it scales with the temperature. In the next section 6 we show
how the Brownian motion of a string can be mapped to a Brownian motion of a rigid Dp-
brane and therefore we can map all our string results to the brane ones. This guarantees
that the fluctuation-dissipation theorem for the branes is satisfied. Then we move on to
demonstrate the application of our generic methods to certain holographic backgrounds
in section 7. One of these cases are theories with strongly coupled anisotropic dynamics
where we find how the Brownian motion is modified compared to the isotropic dynamics.
In the final section 8 we briefly discuss the implications of our results and provide a list of
our main equations as an additional aid to the reader. We support our study with three
appendices. In the first we recall the properties of the Bessel functions we have used to bring
our results in compact form. In the appendix B, we find the coordinate transformation
to bring the mode differential equation of the string fluctuations to a Schrodinger-like
form. In the last appendix we briefly review the general trailing string analysis using the
membrane paradigm [27, 29] and show that in the static limit there is agreement with
certain coefficients obtained in this work.

3 Fluctuation of massive particle

Let us consider massive particles in the generic geometry in string frame
d
ds® = —goo(r)dazt + grr(r)dr? + Zgii(r)dx? , (3.1)

i=1



with lim,_,~ gii(r) = 00, such that the boundary is at r = co. d are the space dimensions
and the metric is diagonal.

The massive particles are represented in holography by strings, initiating from a point
in the holographic direction r = r}, located close to the boundary, at a probe D-brane that
fills the spacetime. The string then extends to the IR r — 73, where r;, # 0 is the horizon
of the black hole when the considered spacetime (3.1) is dual to a quantum field theory of
finite temperature, or r, = 0 when the field theory under study is of zero temperature and
the string terminates at the deep IR.

Let us work in the radial gauge and without loss of generality in the linear region,
consider the equation of motion for the x; direction. In the following, all the results are
generalized in a straightforward way by replacing x; (and the corresponding metric element
g11) to the rest of the directions. Notice that when there are potential anisotropies in the
space-time, the quantum fluctuations will depend on the directions considered. The way
we parametrize the string is

r=o, z1 = z1(7,0) (3.2)

and the coordinate time matches with the string world-sheet spacetime. The string ending
on a D-brane has the Nambu-Goto (NG) action

1 .
§= T ond /dadT\/ (900 + 9113%) (grr + g1122) (3.3)

with
2y (rp) =0, (3.4)
the Neumann boundary conditions imposed at the brane at r = r,. A solution to the

equations of motion is x1 = ¢, representing a straight string hanging from the brane to the
bulk. The energy to create this string is simply

1 b
/ dr~/—googrr (3'5)

= /
2ra [,

where r, = 0 when we are interested on the study of a particle at zero temperature. In a
non-relativistic theory the energy of the string is not the same as its inertial mass, and we
provide a generic formula for their relation in a following section.

Since we know the generic solution of the string we can study the (quantum) fluctu-
ation of its end point, by computing the two point function (X;(¢)X1(0)) where X (t) :=
dz1(t,rp). Without loss of generality let us consider the small fluctuations of the endpoint
of the string at the brane around z(¢,75) = 0. The Nambu-Goto action of the fluctuations
0x(t,r) turns out to be

S=c—

1 AV VvV Jrr .
/dO‘dT —u&n? + Méw% . (3.6)
4ol Grr v — 900

The equation of motion reads

0 () o 57
grr \/%

or



We can Fourier decompose the most general solution to the above linear equation as an
integral over the frequencies

dxi(t,r) = /000 dwh, () (a(w)e_i“” + a(w)Teiw) , (3.8)

where a(w)', a(w) being the creation and annihilation operators. The mode equation takes

g g11v/ —4g00 ’ 2911/ Grr B
o <grr ho(r) ) +w W hy(r)=0. (3.9)

In order to proceed finding a solution we need to specify the generic form of the metric el-

the form

ements.

3.1 Quantum fluctuation and two-point functions in general theories

To proceed and solve the generic differential equation (3.9), we need to consider a generic
class of theories with dual backgrounds as in (3.1). Let us take metrics with polynomial
metric elements as

1 ,
goo = Taof(r) ) Grr = W , gii =14, (3.10)

where the ¢ indices count the spatial directions and a; are constant powers. The class
of the dual field theories to the above metric is wide, to mention some of them, all the
non-relativistic theories, including the hyperscaling Lifshitz violating ones [64-66] or the
anisotropic theories [33, 67-71] and several others. Our string fluctuation analysis in certain
cases and limits is even applicable for backgrounds with UV and IR asymptotics of (3.10)
like particular RG flows. In this sense, we establish a complete treatment on the quantum
fluctuations in (non-)relativistic systems, working in a large class of physical theories.
In this section let us consider a particle in a zero temperature environment, setting

f(r)=1, m=0. (3.11)

A comment regarding the metric (3.10) at zero temperature is in order. One may rescale r
to fix one of the constant scalings, say a,. We choose not to fix it for three reasons: i) we
will see that our methods and results are formulated in terms of a constant v depending
with a particular combination on all the scalings of the background and not independently
on each scale, so the presentation would remain the same even if we fix one scaling; ii) for
reasons of convenience, to provide generic results applicable directly to any gravity back-
ground without the need of any coordinate transformation; iii) to make a direct connection
to the generalization of the finite temperature method. The fact that the hyperscaling
violation analysis (with two independent scaling parameters as here) has been done at zero
temperature [42]! guarantees that our generic methods at zero temperature will go through
all the way, at least for a certain values of parameters. Our theories are more generic than

n fact even the Lifshitz analysis with one scaling parameter [41] could guarantee that, since we show
below the solutions of the fluctuations for all the backgrounds (3.10) belong to the same unique class, and
the analysis depends on certain common characteristics of the class of solutions.



the hyperscaling ones, including for example the anisotropic theories, and theories with dif-
ferent stability and physical ranges compared to hyperscaling theories, allowing additional
features to be seen. Moreover, in our notation where each scaling is labeled uniquely, we
can track explicitly how the different metric elements affect the observables, and this is
crucial to deduce more generic formulas. Based on that, a key observation of this section is,
how central to the analysis the order of the Bessel function is, where most of the stochastic
observables depend exclusively on it. This is true even at finite temperature, where the
zero temperature study of this section is essential to make the connection. Finally, our
methodology is crucial for the mapping of the string to brane fluctuations we study in
coming sections. We comment further on these issues later.
The second order differential equation for the modes (3.9) become

gr (rmwogau hw(r)/> S () = 0, (3.12)

and has solutions of Bessel type, which after some manipulation can be written as

ho(r) = r """ Ay[Jy (wF) + B,Y, (wr)], (3.13)
where
ag + 2a1 + a, — 2 or2(2—a0—au) -k ag + ay
V= L = =L =0T g (314)
2(ap + ay — 2) ao + a, — 2 K 2

and J,(7),Y,(7) are the Bessel functions of first and second kind. Notice from the above
definitions that x(2v — 1) = a;. To obtain the integration constants we need to look at
the canonical commutation relations of the theory (3.6). The conditions for the opera-
tors (3.8) read

loi,o5] = [af,al] =0, [os,al] =65 (3.15)

and are translated to a basis of normalized functions wu(t,r) = hy(r)e™™" satisfying the
equation (3.7) as
(i, uj) = —(uf, uf) = b5, (ui,uf) = 0. (3.16)
Here the inner product is of Klein-Gordon type [72]
(ui, uj)y = —/ Vh n*gi; (u' O’ * — dun’*), (3.17)
2o’ Js
and it is independent of the choice of the hypersurface ¥. Therefore, we choose a constant
time slice surface with a unit normal vector field being n! = 1//=goo-
From the canonical commutation relations we specify the constants of motion. The
inner product is written as

K;efi(wf&)t

(uy,ug) = (w—w)ALAs / dr 7(J,(wr) + ByY, (wr)) - (Jy(wF) + B,Y, (wr)),

2ma/

where v and 7 are defined in (3.14) and depend on the scalings of the metric. Using the
properties of the Bessel functions presented in appendix A and the ones of the Dirac §

~10 -



functions, after some algebra we obtain a surprisingly compact result for the first constant

wo!
a5 o

where the absolute value is generated by the delta function properties. A, depends on the
scaling behavior of time and radial metric elements in a simple way.

The constant B, is determined by the use of the Neumann boundary conditions (3.4).
To do that we use the properties of the derivatives of Bessel functions of appendix A, which
are taken with the respect to w7 using a coordinate redefinition

O(wr) 0J, (wr) 0J, (wr)

—k—1
il St/ —_— 1
or  O(wr) “r A(wr) (3:19)
The second constant turns out to be equal to
Jl,_l(w?:b)
B,=——-—77—, 3.20
Y, —1(wp) (3.20)

where v and 7 have been defined in (3.14) and therefore B,, depends on the scalings of the
metric background.
Collecting all our results the solution (3.13) becomes

ho(r) = M@ﬁéﬁwwm+mn@m, (3.21)

where the constant B,, given by (3.20) and the solutions have a naturally expected behavior,
shown in figures 1 and 2. Thanks to the fact that the differential equation of the string
modes in the generic spacetime has solutions of Bessel type, and by taking full advantage
of the general properties of the Bessel functions we end up with such a compact result. The
modes turn out to depend on the scaling powers of the metric elements where the string
fluctuates in a simple way. The analysis is quite powerful, since for any background of the
type (3.10), the solution of the modes is given by (3.21).

We now are ready to compute the two-point function of the end-point of the string.
To compute (X;(¢)X1(0)) we make use of the commutation relations (3.15) and we de-
fine as usual the vacuum state such that a(w)|0) = 0. So by applying the mode solu-
tion (3.8), (3.21) we get

mﬁmmm—/ duw@d(w — @)e~“hy, (r)ha(r) . (3.22)
0
Making use of the Bessel function properties of different kind and consecutive neighbors of

appendix A, we can show that

f%wymw):4“/m[@,ﬂwm?+x,gwmﬂﬂ (3.23)

T W27

<

S
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Figure 1. The real part of the time dependent
fluctuations x1(¢,7) = e~ “"hy,(r) for a fixed fre-
quency and scalings of the background (taken as
Lifshitz for the plot). Notice the large magnitude
and density of excitations in the deep IR-small

Figure 2. The real part of the fluctuations a
fixed frequency, time and scalings of the back-
ground. The large magnitude and frequency of
excitations in the deep IR, weaken as we ap-
proach the boundary.

r, which result to the corresponding Brownian
motion on the boundary-large 7.

giving for the two-point function

X0 = [ e @) %1(0)
_ /0 - dwe_i”tS:j;T—;; [Jl,_l(wfb)z + Yl,_l(wfb)Q] T (329

where we remind that the v and 7 are defined in the (3.14). It is remarkable that all the
information of the background is incorporated in the two point function in a simple way.
To integrate the function let us look at the low frequency regime defined as

T—K]
WL Ty = (3.25)
K
In this region by expanding the Bessel functions we obtain

beb_ @

X1 w X1 0)) ~ y 3.26
< ( ) ( )> (’Fbw)2(60 + (fbw)2_2V + cz(fbw)2V_2 + 03(Fbw)2y) ( )
to find that the leading order depends on the asymptotics of the geometry as
ds(l-v)  2y—4
r w , when v>1,
(X1(@)X1(0) ~ 40 (3.27)
rp w Y, when v<1,

where v, 7 are defined in (3.14). Before we elaborate further on our results let us express
the previous equation in terms of the energy of the string. Applying our expression (3.5)
we get

1 _
b= 2ma/ (a0 — m)ry" "

(3.28)
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Therefore the integrand of the two-point function in the low frequency limit in terms of
the energy of the string can then be expressed as

4r(1—v) w4
E (ag—r) 2V~ ,

(X1(w)X1(0)) ~
E0 w2 when v <1,

>
when v >1, (3.29)

The inequalities for v of (3.29) are translated to inequalities of the scalings a; of the metric
elements. By making the sensible assumption that at late times the dominant contribution
to the two-point function comes from the low frequency limit of (3.29), we obtain

4r(1—v)
E o= |¢)3-2 when v >1,

(X1(t)X1(0)) ~
EO |t]2v—1, when v <1,

(3.30)

where we remind the reader that v is defined in (3.14) and depends on the scaling factors
of the metric and is the order of the Bessel functions in the fluctuations of the string.
After an involved computation the two point function behavior depends mainly on a single
parameter, the order of the Bessel function determined by the dual metric.

We observe that in any gravity dual theory which belongs in the class of metrics con-
sidered, the two-point function at late times has remarkably different behaviors depending
on the values of v, as has already been noted for special parameter range in [41, 42], while
it has also some universal characteristics. There is a region in the parameter space of the
class of the geometries, defined by v < 1, where the long-time correlation of the particle is
independent of the mass. We further see that there is always a crossover in the behavior for

v=1&2a =a,+a—2, (3.31)

where the two-point function grows linearly with ¢. In the positive v region this is the
maximum rate of growth of the two point function.

Notice that in both branches of (3.30) there are subregions of the parametric space v
that excluded by the requirement for non-repulsive gravity, i.e satisfaction of the null energy
conditions of (3.30). It can be proven that it is always possible to satisfy the null energy
condition (NEC) for subregions of 0 < v <1 and v > 1. Moreover, we can show that there
exist a negative v subregion that is also satisfying the NEC, where we need to be more
careful since it is known that theories in this subclass may have instabilities.? However
this is not certain to be the case for all non-relativistic theories, e.g. the anisotropic ones
may still be stable in such regions.

The minimum rate of growth can be realized when v = 3/2 and v = 1/2 which result
to a logarithmic behavior of the two point function. The AdS gravity dual theory belongs
to this sub-class of backgrounds and the corresponding dual field theory in the N = 4
supersymmetric Yang-Mills.

2For example, when applying our analysis to hyperscaling violation theories, the region 6 > d for the
dynamical exponent belongs to the v < 0 region, and although consistent with the NEC, there are known
instabilities on the gravity side [64].
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Our work shows the existence of the two regions for the two-point function, for field
theories realized in holography described by the class of the backgrounds considered here.
This has been already observed in [41, 42] for certain subclass of our theories, which also
imply as certain cases few of the findings of this section. Our analysis offers additional
information and accommodates more theories and several new features as we saw above,
where the advantages of our approach have been described already at the beginning of
this subsection. Moreover, it is intriguing that our analysis of fluctuations boils down
on simple dependency on the order of the Bessel functions incorporating the properties
of the background. Such universal treatments depending on the order of Bessel function
have been observed before in holography while studying completely different topics of non-
integrability and chaos [73].

4 Dissipation and the response function

Having analyzed the quantum fluctuations let us study the dissipation of the particle’s
momentum. Let us consider an external force F(t) = Ee ™!F(w) acting on the particle,
i.e. to the end-point of the string by the existence of an electric field E on the D-brane.
The linear response of the system due to the force reads

(X1(w)) = x(w)F(w), (4.1)

where y(w) is the admittance quantifying the response to the system when the external
force is added and is practically the retarded Green’s function. The force on the string
results to an additional boundary term in the string action as

S = Sna + Sk SEM—/dt<At—|—/T-£), (4.2)

where without loss of generality and as in the previous section, we can work with the
direction x1, considering the fluctuation of the field along this direction. All our results are
generalized for motion along the other directions in a straightforward way, by replacing x;
(and the corresponding metric element g11) in the following expressions.

The Neumann boundary condition involves the external force and is computed by the
derivative 0SNG /99 of to give

1 g11v/—900

Since the bulk dynamics are not modified, the solution to the equation of motion will be
similar to the previous section, but with different boundary conditions and therefore differ-
ent way that the Bessel functions are combined. In the IR we consider ingoing boundary
conditions, appropriate to the computation of the retarded Green function.

To find the solutions we consider the metric (3.10) with generic scaling metric ele-
ments (3.1). The IR dynamics of the fluctuations, can be examined using the tortoise

coordinate transformation
—K
r

::~:7 4.4
71* r K 9 ( )
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where 7 and k have been already defined in (3.14) and appear in the Bessel function
argument of the string fluctuation in the previous section. The string action is

1

4o/

S~ —

/ dtdi (k)™ " 7R (522 — 6i?) (4.5)
giving the equation of motion
5al — o) — §ii = 0. 4.6
T =0 1 (4.6)

Taking the IR limit » — 0 we have 7 — oo by assuming x > 0, we find that the (4.6)
behaves like the equation in the flat space with solutions given by

20 (¢ ) ~ e where 2O (4, 7) ~ e WET) (4.7)
To satisfy the ingoing boundary condition we select the first Hankel function: H := H() =
J 4+ 1Y, to obtain the following solution written in a very compact form

dxyi(t,r) = e g, (r), gw(r) =r"""H,(wr), (4.8)

using the definitions (3.14). The boundary condition (4.3) can be computed using the
properties of the Hankel functions of appendix A, and their asymptotics assuming x > 0.
We find that

e—iwt o ~
F(t) = %Awwrb( 1)H,,_1(w7“b). (4.9)

The response function then can be obtained from (4.1) to give

2ma/ H,(wrp)

—ay
w b H, (wiy)

(4.10)

Notice the elegant and compact way that the above expression takes, incorporating all the
elements of the system in the definition of v and 7.

Let us confirm that there are no constrains on the validity of the fluctuation-dissipation
theorem. The theorem states that the correlation function is related to the imaginary part
of the response function and certain distributions to take into account the dissipation due
to thermal noise and quantum noise, as

(X1(w)X1(0)) = 2(np(w) + 1)Imy(w) . (4.11)

np(w) = (eﬁw — 1)71 is the Bose-Einstein distribution to capture the thermal noise effect
and the unit corresponds to the zero temperature quantum noise contribution.

To verify the theorem we need to bring the Bessel function of the imaginary part of
the responde function to the form appearing in the correlation function (3.24). Using the
identities of appendix A mixing the first and second kind Bessel function and relating the
nearest neighbors we get

Ad

Iy (w) = 7 e (T () + Y1) (4.12)
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where 7, %' /7, = kry*' using the definition of (3.14). Comparing it with (3.24) we find
that is proportional to the correlation function:

() = 5 (X1(2) X4 (0)). (413)

confirming the zero temperature fluctuation-dissipation theorem for string propagating in
generic space-times at zero temperature. The confirmation itself at zero temperature is
implied from the hyperscaling violation analysis of [42]. The methodology developed here
with the generic notation is also useful to extend the study later at the finite temperature
theory. There are several works verifying the fluctuation-dissipation theorem in different
contexts of AdS black hole and Lifshitz hyperscaling violation theories [34, 35, 41, 74, 75].
Let us look at the low-frequency expansion defined by (3.25), of the response function
focusing mostly on positive v values. It takes asymptotically the form for non-integer v
—1

2k(v—1) _ _ 1
r 1 —itan [(v — 5)7] r(—iw)? + O(W?+?)

—(iw)? w?
2/{(1/ — 1>( ) + O( ) * (i(?H)QV_lr(V)2>

x(w) ~ —a

(4.14)
The coefficient proportional to the (iw)2 is interpreted as the inertial mass m and the
coefficient proportional to the (—iw)QV is the self-energy ~ of the particle

L2(v=1) 1—itan [(v— 3)7]
ey | _ 2 - 4.15
2k(v — 1) ! ((2i1<)2”_1r(”)2) o

The competition of dominance between the terms of the denominator is specified by the

m

value of the order of the Bessel function v related to the metric scalings as (3.14). For
v < 1 the self-energy dominates over the inertial mass at low frequencies. It comes with no
surprise that for similar values of v, we observe the change of the behavior of the two-point
function (3.30), while for the same region v < 1 we found its independence of the mass.
We also notice that there is an allowed region for the scaling parameters where the mass
becomes negative or diverges. In the next section we see how the thermal mass is corrected
in the same generic background and how the self energy is modified.

5 Thermal diffusion

Let us now turn on a heat bath and consider the particle fluctuations in a finite temperature
quantum field theory. We will study the thermal fluctuations of the endpoint of the string
in the context of the Brownian motion. The gravity dual theory given by (3.1) and (3.10),
contains a black hole and therefore in this section r;, # 0 with

flr)=1-—-, (5.1)

where ay is a constant. The form of the blackening factor is such that is has a single zero
at the position of the horizon r;,. The temperature of the heat bath of the quantum field
theory is given by

T ="y (5.2)
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where k is defined in (3.14). Most of the following analysis holds for more general forms of
blackening factor (5.1). It depends on certain asymptotic and near horizon behavior and
is applicable even of RG gravity flow solutions at certain limits. We elaborate further on
that below. The string dynamics follow the generic equations (3.6) and (3.7), derived in
the previous sections, by applying it to the black hole background. Thinking in the same
way we can expand the solution in Fourier modes as dz1(¢,7) = e"“!h,(r) to obtain

apgtay
2

é?r (r“ler% f(r)hw(r)’> +w

o
f(r)

Let us use the coordinate transformation presented in appendix B to bring the mode

ho(r) =0. (5.3)

equation (5.3) to the Schrodinger-like form

o2 + (W= V(r))y =0, (5.4)
where
R T L A" S 1.3 .
Y= hw( ) ) af B(T) f |:af70:| ) (5 5)
V() = G5 0) (a0 +au+ 5 = 1)) + L), (5.6)

where B,[a,b] is the incomplete beta function. The (5.4) does not have analytic solution
for the whole range of the string for arbitrary background scaling parameters. However, it
is possible to find an analytic solutions at different regions of space for arbitrary scalings
by applying the monodromy patching procedure [34, 41, 55-57].

We look for an analytic solution near the boundary which is ingoing at the horizon of
the black hole. To do that we need to consider three different regions that have overlap to
each other and mediate the properties of the near horizon solution to its properties near
the boundary. The regions and the method we follow is described below:

I) The near horizon region with
T~ T and Vir)<w?e f(r) <w. (5.7)

Here the potential of the (5.4) can be neglected while obtaining the solution approx-
imately.

IT) The intermediate region between the horizon and the boundary where
V(ir)>w e f(r)>w. (5.8)

This solution serves as the transmitter propagator between the boundary and the
bulk. Therefore, to make the connection we need to consider the two limits of the
same solutions approaching the regions, but still respecting the initial limit (5.8). We
will find two solutions for r ~ ry and r — oo.

III) The near to the boundary solution r — oo < 1 > 1},
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Moreover, we work in the low frequency limit. Starting from region I and neglecting
the term of the potential we obtain

ya(r) = cre™™" (5.9)

where we have kept the purely ingoing solution. The solution 7, (5.5) close to the hori-

zon becomes
" T
re=——log| ——1 (5.10)

af Th
and using (5.6) we finally get

han(r) = e (1 T g (T - 1)) . (5.11)

ar rh

Getting to the region II, we neglect the w? constant term as the subleading one. We may
use now (5.3) where we have the total derivative

R
h (T) - f(T)T'1+2KV ) (512)
with solution )
r 2KV
h
= Brpyes | —,0] . 1
hp(r) =cs+c4 Py (s [ a5 ,0] (5.13)
To apply the patching method successfully we need to find the near horizon solution
C4 _okv r
hpn(r) = c3 + caco + —r), " log < — 1> , (5.14)
ay Th

where ¢y is an integration constant depending on scalings of the metric through the
digamma function. Close to the boundary the solution reads
C4

th(T) =3 — %7‘72'{1/ . (515)
Finally to make the connection with the boundary we study the region III, and solve (5.3)

close to the boundary to get

(5.16)

w sign(1 + 2k)\*
2K '

hew(r) = 5 + 067‘_2'W<

Let us start the patching of the solutions hap(r) (5.11) and hpp(r) (5.14) near the horizon
to obtain
c3 = C1 — Cpcy cy = —iwerry! . (5.17)

Doing the same near the boundary for the solutions hpg (5.15) and hgyp (5.16) we get

2v
C4 2K

= = — ) 5.18
G s 2KV (w sign(1 + 2n)> (5.18)

Combining the results from boundary to the bulk (5.17) and (5.18) we get

iwrite; 2K 2v
— (144 a1 = h 5.19
¢s = e1 (1t icowr!) “ 2KV (w sign(1 + 25)) ’ (5.19)
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to obtain the solution near the boundary

iwryt
ho(r) = c1 <1 + dweorit + T,@Z 7”2“”) : (5.20)

This is the behavior of the string fluctuations at the boundary, and we expect it be of
diffusive nature.

5.1 Diffusion constant

The expectation value in the canonical ensemble is related to the diffusion constant D as
<: (X1(t) — X1(0))? :> = 2(d — 1) Dt, where the normal ordering : serves to keep the finite
fluctuations due to the thermal bath. The diffusion constant is related to the response
function and the temperature of the heat bath as

D =T lim (—i wx(w)), (5.21)

w—0

where the linear response is given in terms of the external force (4.1), which in its own
turn is given in terms of the derivatives of the boundary string fluctuations by (4.3). The
response function using (5.20) turns out to be

W)= ——-. 5.22
@)= Zm (522)
Notice that the damping term comes with the linear w term, signaling ohmic stochastic
dynamics of the particle in thermal theory. Moreover, it is inversely proportional to the
spatial metric element at the horizon along the direction of the fluctuations. In the low
frequency limit we propose that this should be true for arbitrary background metric as

/

x(w) = (5.23)

—iwgi1(rn)’
motivated by the fact that the metric elements of (3.10) are uniquely specified and the
response function is for fluctuations along the x; direction, naturally expected to involve
the corresponding metric element evaluated at the horizon of the black hole.

Let us express all our results in terms of the temperature of the theory (5.2). The
linear response is

ored (Am\* 7 )
xX(w) = — (af> T, (5.24)
while the diffusion constant reads (5.21)
- 2v—1
D= 2m’( ) 720-7) (5.25)
af

The power depends on the order of the Bessel function defined in (3.14) related with an
algebraic relation on the scalings of the background metric elements. The constant may
increase with the temperature for v < 1, or decrease for v > 1. The crossover value v = 1
is the same with the one obtained in two point function (3.30) and (3.31) of the zero
temperature quantum fluctuations.
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5.2 Response function, fluctuation-dissipation and the nature of thermal noise

Working as in the previous section and taking into account higher w terms, the response
function is written as

X(w) = 2770/(72 — % + (’)(w)> , (5.26)
where
" oa 7,1:2&1/
y=rt, m=7r,""| —co+ 5 +mg, (5.27)

are the damping coefficient already produced in (5.23) and the inertial mass is thermally
corrected with respect to the zero temperature mg obtained in (4.15). The thermal contri-
bution to the mass depend on the temperature as expected, on the boundary cut-off of the
string and the integration constant cy. This is natural since the length of the fluctuating
string can be traded with the energy needed to create the string.

The response function is independent of the constant ci, in contrast to the correlator
of the fluctuations, so we need to determine the constant. The mode expansion has diver-
gences which can be canceled by requiring discreteness of frequencies, in agreement with
the nature of boundary conditions. Having density of states Aw™! = —loge/(4n%T) as
in [34], the mode expansion reads

[—1
ﬂ-(;if/ dw aw zwt T Zwt) (528)

We use the Klein-Gordon type product (3.17) and similar discussion for the quantiza-

tion condition of the zero temperature analysis in section 3.1, to determine the unknown
constant. The computation is quite involved with long expressions so we refrain from
presenting here the full detail.

The main contributions to the integral from the inner product conditions (3.16), come
from the horizon and the boundary area. Therefore, one needs to split the integral (3.17)
to two integrals performing the integration and ignoring the intermediate r contributions.
The string solutions that contribute to the ¢; value are the hp(r) (5.11) and hep(r) (5.20).
Schematically the constant ¢; is given by

9 1 Ty rar%(aoJrau)h r ral—%(ao+au)h
‘4 =5 /r O Ah(’f’)+/rh+€ i cb(r) ] (5.29)

and taking the leading contributions. Therefore our method applies at certain limits to
gravity solutions, that have boundary and IR behavior belonging to the class of met-
ric (3.10) including RG flow solutions.
By making the natural assumption that in the canonical ensemble the excited modes
for thermal distribution are of Bose-Einstein type we get
1 loger, ™ N 1 1

X X1(0)) ~ = )
KL Xa0) ~ T g e~ T

(5.30)

where in the normalization factor we have traded the temperature with the horizon value
using (5.2) and in the intermediate equation we show the different contributions. Therefore,
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the fluctuation-dissipation theorem (4.11) in the thermal case holds for the whole class of
theories considered here and at certain limits of RG flows with UV and IR asymptotics
belonging to the class of theories (3.10).

The correlator of the random force £, can be computed now in a straight-forward way

(Xi(w) Xy (—w))
x(w)x(—w)

(€ E_y) = ~T%, (5.31)
which shows the independency of the corresponding real time correlator on the frequency
w related to the fact that the random force is a white noise and the simple dependence on
the order on the Bessel function.

6 Quantum fluctuations of a Dp-brane in a d 4+ 1-spacetime

In this section, we consider the quantum fluctuations on Dp-branes. We show that for
rigid branes there is a direct way to map the dynamics of their fluctuations to the string
fluctuations. After the mapping is done the two point-function of the brane fluctuations,
the response function and the diffusion constant can be read directly from our results in
previous sections.

Let us consider the Dp brane in the d+1 space-time (3.1). We parametrize the brane
using the radial gauge: xo =7, r = 01 = 0,22 = 09,...,Tp = 0p,x; = z;(7,0;), where j
runs on the transverse dimensions of the brane j = 1,p + 1,...,d. The reason of such a
parametrization will become soon obvious. The Dirac-Born-Infeld(DBI) action reads

S:Tp/dl’p+1\/—(goo—|—DtX)(guu+D1X)(922+D2X)...(gpp+DpX), (61)

where D; X := gn&X% —|—gp+18iX§+1 +.. .—{—gdd(?ng, the operator acting on the transverse
to the brane coordinates. Like the string, a solution to the DBI action is a localized
brane on the transverse space. By considering the fluctuations along the spatial transverse
direction x; we obtain

- DY ..
g T, drdo; _911\/ §oo+/922 gpp(sx,g n 911/ Grr+/922 gppé.jjg . (62)
DBI2 ~ 5 1 /—ann 1
grr goo

The equation of motion for a solution of the form dz1(7,0) = e~“7h,(r) reads

o, (_911\/—900\/922 .- 'gpphw(r),> . 911/ 9rr+/922 - - 'gppwghw(r) —0, (6.3)
Grr v —900

which can be solved to analyze the brane modes. Alternatively, we show we can map the

brane fluctuations to the string fluctuations in a one-to-one way by relating the relevant
equations. This is doable, due to the fact that the brane is ‘rigid’. Similar mappings with
extra conditions needed, have been observed between Dp-branes related to k-strings, high
representations Wilson loops and fundamental strings [62].

The equations (3.9) and (6.3) suggest the following substitution to the equation (3.9)

911 — 9114/922933 - - - 9dd (6.4)
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to obtain the brane fluctuations. Using the spacetime scaling (3.10) with the substitution

1
a1—>&1:a1—|—§(a2—|—...+ap), (6.5)

in the string fluctuation equation (3.12) we obtain the brane fluctuation equation. There-
fore the analysis does not have to be repeated and we simply list the following results. Let
us define the quantities from (3.14) using (6.5) as

. ap+2ay +a, —2  9p3(2ra0-aw) ok g0+ ay
—= y r==--—— = —- R K= _ 1 . (66)
2(ao + ay — 2) ag+a, —2 K 2

By making the sensible assumption that at late times the dominant contribution to the
two-point function comes from the low frequency limit of (3.29), we obtain

4k(1—=7) _
E o= |¢)3-27 when 7 >1,

(X1(t)X1(0)) ~ i
EY |¢>1, when »<1.

(6.7)

The parameter space is shifted by the modification of the extra brane dimensions by 7 > 1
or 7 < 0. The crossover occurs at

v=1&20 =ay+ap— (a2 +... +ap) — 2, (6.8)

which when saturated the two-point function grows linearly with ¢. In the positive o region
this is the maximum rate of growth of the two point function. The minimum rate of growth
can be realized when 7 = 3/2 and # = 1/2 which result to a logarithmic behavior of the
two point function. The response function then for the quantum brane fluctuations reads

27 —ay—L(apt..tay) Hyp(wrp)

x(w) = w "b Hy_q(wrp)

(6.9)

Let us now look at the low-frequency expansion, as defined in (3.25), of the response
function. It takes the form

_ ~1
(@) ~ —e1 [m(iw)z (=) 4 } : (6.10)

where m is the inertial mass and -y is the self-energy of the state

2n(5-1) 1 —itan [(7 — 1)7]
e _ [=9)] 6.11
w1 (in'r@)) o

For 7 < 1 the self-energy dominates over the inertial mass at low frequencies. We also
notice that there is an allowed region for the scaling parameters where the mass becomes
negative or diverges 2a; < ap+ay,—(az + ...+ ap)—2. Moreover, the fluctuation-dissipation
theorem for a brane propagating in generic spacetime at zero temperature is satisfied.
Going to the finite temperature the response function for the rigid brane can be read

from (5.22)
2ma/

X(W) - . a1+%(a2+...+ap) ) (612)
*ZW'I"h
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In the low frequency limit, following the relevant string discussion, we propose that for any
arbitrary background it takes the following form

2o/
y(w) = — . (6.13)
—iwg11(rn)\/922(rn) - - - Gpp(T'h)
The diffusion constant in terms of the temperature of the theory (5.2) reads
A\ 201 i
D =271/ () 720-7) (6.14)
ay

The constant increases with the temperature for o < 1, and decreases for 7 > 1, while the
crossover value 7 = 1 is the same with the one obtained in two point function (6.7) and (6.8)
of the zero temperature brane quantum fluctuations. Moreover, the fluctuation-dissipation
theorem at finite temperature is satisfied.

7 Application to various gravity dual theories

Let us demonstrate how our findings apply to particular gravity dual field theories belonging
in the class of backgrounds of (3.1) and (3.10).

7.1 Anisotropic quantum critical points

7.1.1 Lifshitz-like with fixed scaling coefficient

Anisotropic I1IB supergravity solutions dual to Lifshitz-like fixed points with anisotropic
scale invariance were found in [67]. In string frame they read

ds? = R |r3 (—f(r)df® + da® + dy?) + ridw® + ——— | + R2rsdsk,, (7.1)

S r3f(r)
where R? = %R? And the dilaton and the blackening factor read
2 Th\ &
e? = r3e®, flry=1- (l) ’ (7.2)
T

where e®0 = % The scaling is fixed and equal z = 3/2 due to fixed form of the axion-
dilaton coupling form in the IIB supergravity [33]. The finite temperature RG flows with
AdS boundary flowing to the above Lifshitz-like space have been found in [68] and the
analysis of the heavy quark observables revealed very interesting properties, including the
diffusion [76, 77] and the Langevin coefficients [27, 29]; where a review can be found in [78].
The above class of solutions has been shown recently that belongs to a generalized Lifshitz-
like hyperscaling violation background with arbitrary scalings described below.

7.1.2 Arbitrary hyperscaling violation Lifshitz-like geometries

The generalized RG anisotropic flows were found in [33]. Here we consider the generalized
Einstein-Axion-Dilaton action with a potential for the dilaton and an arbitrary coupling
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between the axion and the dilaton to find the gravity solution in the string frame. The
action reads:
1

S p—
22

[ Pov=a R 5007 + V(o) - 320)0n7] (7.
with a choice of functions
V(¢) = 6e°?, Z(¢) = e2?. (7.4)

The solution to the system of equations generated by (7.3) is a Lifshitz-like anisotropic
hyperscaling violation metric which exhibits the arbitrary critical exponent z and a hyper-
scaling violation exponent # related to the constants the ¢ and . The geometry may also
accommodate a black hole reading as

s(r) _ 20 2 dr?
dsg =a’Cpre 2 r a: (—T2 (f(r)dt2 + dz?) + CZrzdm§ + JW) , (7.5)
where oy 2
d+(1-60)/=z r V602432(1-6)—3
f(r)y=1- (%) , e¢(2) =y ez . (7.6)

The constants Cr, Cz and the scalings 8, z depend on the parameters v and o of the
action with analytic algebraic relations. The Hawking temperature of the theory is
|d+ (1 —6)/z|

T= W . (7.7)
We choose the spatial dimensions as d = 3. The solution (7.5) and (7.6) becomes of
IIB supergravity for v = 1, ¢ = 0 corresponding to z = 3/2, 6 = 0 reproducing the
geometry (7.1), (7.2). The scaling constants (z,#) and consequently the parameters (o, )
are constrained by the null energy conditions ensuring attractive gravity

02 +32(1—60) —3>0,
(z—1)(1+32—0)>0 (7.8)

and the thermodynamic stability conditions and more particularly the positivity of the
specific heat reads
24 17_9 > 0. (7.9)

Notice that the condition from the null energy condition (7.8), ensures that the dilaton (7.6)
and our metric has no imaginary part. At the zero temperature limit the last condition
is not necessary, however zero temperature theories with scalings that do not satisfy this
inequality, may have entanglement entropy that scales faster than the area of the entangled
region considered, signaling instabilities.

Let us consider fluctuations along the anisotropic direction x3 focusing on the scalings
of the metric elements. The parameters a; can be read easily from the metric (7.5) and
the equations (7.6) to give for the order of the Bessel function

12462 — 46+ V6,/32(1 — ) — 3 4 62
B 12z '

(7.10)

V3
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Figure 3. Sample of the physical theories sat- Figure 4. Sample of the stable and physi-
isfying in addition the inequality (7.9) for fluc- cal theories for fluctuations on the transverse
tuations along the x3 direction, which belong to plane (7.14).

the upper and lower branches of two-point func-

tion (7.11).

The crossover region for the two-point function and the response function is for v = 1.
The two-point function (3.30) can be defined in both regions as shown in the figure 3, to
give (3.30),

212—6z—40+\/€\/3z(1—0)—3+02
(X3(1) Xg(0) o § B om0 VOVEIDSa 372 when vy > 1, figure 3, (7 4

EO |t|2vs—t when w3 <1, figure 3.
The rest of the observables, can be read directly from the main text of our paper since we

have determined the order of the Bessel function v. For example the diffusion constant in
the finite region area is given by (5.25)

D5 = 2ma’ A o T20-vs) (7.12)
d+(1-0)/z

Fluctuations along the transverse plane x1 — x2 lead to different behavior. The order
of the Bessel function is

182 — 460+ 64/32(1—0) — 3+ 62

1
12z (7 3)

141

and all the observables along this direction scale differently than above. The crossover
region is again for v; = 1. However in this case, the NEC and the inequality (7.9), enforce
all the physical and stable theories to live in one region (figure 4); for v < 1 there is no
theory with the desirable properties, so we have

(X1(H)X1(0)) ~ E72 [tP72 | when 1 >1, figure 4. (7.14)
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Notice that the dependence on the energy is fixed for any scaling parameter. Having
specified the order 11 we can derive all the theory observables. For example the diffusion
along the transverse plane will now scale as D; = T%(1="1) comparing it to the (7.12). The
self energy and the inertial mass receives thermal correction that depend on the direction
of fluctuations, using (5.27) we get

—2H1V1
a 2a "y
fyl:’l”hl,mlz’rh1<—60+ )—I—mol,

2/{11/1
(7.15)
20 \/32(1—0)— 3+ 02
ay:=2——+ ,
3z V6
where k1 = a1/(2v1 — 1) and my, is the inertial mass at zero temperature which de-

pends on the direction of the fluctuation given by (4.15). Moreover, we point out that the
fluctuation-dissipation theorem is satisfied for anisotropic theories when considered along
each direction.

Let us also briefly discuss the anisotropic IIB background (7.1) which is obtained
for # = 0,z = 3/2 and by following the above notation gives the for anisotropic and
transverse fluctuations 4 5

vy =3, =g (7.16)
Having specified the properties of the string fluctuations in these backgrounds we can move
on to read the Dp-brane ones. The shifted 7 parameter will now depend on the dimension
of the brane and give modified equations compared to the string ones derived above. We
refrain from giving the analytic results since the expressions are quite longer and are easy
to be read from the string analysis above and the formulas of the main text. Instead we
give only the order of the Bessel function for Dp-brane fluctuations in the IIB supergravity

solution (7.1)

- 4 Tp - 3 Tp N 5 Tp
4 _3. W _2. 7.17
BBEg Tty MaeTotgs M =gty (7.17)

where for the transverse fluctuation for the 71 , we have considered one of the p-directions

as the anisotropic x3, while for the 7 ; none of the p directions are anisotropic. All the
observables follow from the main text analysis, and will depend on the number of the
brane directions.

7.2 Quantum critical points

In this section we present very briefly how some of the known results together with some
new ones on quantum critical points are covered in our universal analysis under the scheme
we provide.

Let us consider the hyperscaling violation metrics

ds? — —20 2z dt2 2 7,2 dr?
sg=r"d | —=r*f(r)dt* +rdz; + 7z ) (7.18)
then the order of the Bessel function reads
1 1 0
l/=§+;—£ (7.19)
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and the two point function follows

2(72j+d2z0+29) |t|2_2+ﬁ b .-
Z= =73, when v>1,

(Xi(O)X1(0) ~q ) 2 2 (7.20)
E° |t|=" 5=, when v <1,

agreeing with the correlation obtained for Lifshitz critical points [41] and the hyperscaling
violation critical points [42]. The zero temperature result in this case, can be seen as a
reformulation of [42], since with appropriate coordinate transformation, the hyperscaling
violation metric which has two unknown scalings and can be related to the metric ansatz
we have.

In finite temperature we can get in a straightforward way our observables. For example
the self energy and the inertial mass receives thermal correction (5.27)

) < r—2/§]j> T2H(V—1)
al a b b
Y= my =71, | —co+ +mo, mo= S,
2KV 2k(r —1) (7.21)
20 al
=2z - — k= ——
R Qv —1)’

where v is given by (7.19), the same with the zero temperature analysis and my is the zero
temperature inertial mass. By making use of our main text analysis we can obtain the
rest of the observables discussed in our text. It is also straightforward from the Dp-brane
analysis of the section to compute the scalings and the shifted order of the Bessel function
U, to get in this case in a straightforward way the results of [50] in Lifshitz space-time and
new ones in the hyperscaling violation space-time.

The minimum rate of growth for the string two-point function can be realized when
v = 3/2 and v = 1/2 which result to a logarithmic behavior of the two point function. The
N =4 sYM dual to AdS gravity dual theory, give v = 3/2 and exhibiting the logarithmic
behavior [34].

8 Brief list of results and summary remarks

Due to the technical nature of this work, and the direct information that the reader can
obtain from the derived formulas, let us first give a brief guide to the main equations of
the paper and present in the next subsection our final remarks. An analytic discussion on
our results and the impact of our work has been presented already in section 2.

8.1 Brief list of the main equations of our work

Holographic theories. We provide a unified scheme for the study of quantum and
thermal fluctuations in a wide class of holographic theories given by (3.1) and (3.10),
directly applicable to a large class of theories. The equation of motion we to solve for
string fluctuations in generic spacetime is given by (3.8).
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Quantum fluctuations. The quantum fluctuation analysis turns out to be described by
Bessel functions (3.21) of order v, which depends on the arbitrary scalings of the metric
elements in a particular way (3.14). The two point function (3.30) of the zero temperature
fluctuations exhibits two different late time behaviors depending purely on the value of the
order of Bessel function, and there is always a crossover region for v = 1. The response
function is computed in the class of holographic theories and the fluctuation-dissipation
theorem is verified from the bulk perspective to be always satisfied (4.13). The inertial mass
and the self energy of the particle are read from the low frequency limit of the response
function (4.15). Between them there is a competition for dominance in the response, which
depends exclusively on the order of Bessel function, while the critical value is again v = 1.
One of the main focuses of this section, is that our formulation shows that our stochastic
observables depend mainly on the order of the Bessel function.

Thermal fluctuations. We study the boundary particle fluctuation by bringing their
ruling equation to a Schrodinger-like form (5.4)—(5.6); and employing a monodromy patch-
ing method (5.17)—(5.19) to solve it. The response function of the thermal fluctuations is
inversely proportional to the frequency and the value of the metric element at the hori-
zon along the direction that the fluctuation occurs (5.23); we suggest that this relation is
true even for other theories do not belong in the class considered here. The scaling of the
response function with respect to the temperature depends solely on the order of Bessel
function and is 7'~ (5.24). While the diffusion constant depends on the temperature as
T2(-¥) (5.25) and the inertial mass receives a thermal correction (5.27). The fluctuation-
dissipation theorem holds (5.30) for the whole class of the backgrounds, while the random
force is white noise with the self correlator scaled with the temperature as 72" (5.31).

Dp-brane fluctuations. We study the rigid Dp-brane fluctuations in a d+1 dimensional
space and prove that there is one-to-one map to the string fluctuations (6.4). Therefore
we are able to determine in a straightforward way the Dp-brane observables: two-point
function, response function, inertial mass, self energy, thermal response function and the
diffusion constant: (6.7)—(6.14). All the Dp-brane observables depend on the shifted o
parameter (6.6), in analogy with the string results.

8.2 Final remarks

Motivated by the wide range of applicability of the fluctuation and dissipation phenomena,
we provide a universal study scheme for quantum and thermal fluctuations, the dissipation
of the energy and the corresponding Brownian motion of the particle, for a wide class of
strongly coupled field theories. A key-point of our work is that our analysis applies and
covers several different dual field theories in a universal way. In the theory of fluctuations
the total information of the different backgrounds is incorporated in a compact way, in the
order of the Bessel solutions of the string mode equations and their argument. The analysis
is carried out in full generality for the order of the Bessel function solutions. The different
backgrounds are associated with different values of the order v with a simple algebraic
relation. Therefore, one can extract straightforwardly from our methods, as an application
to special cases, the study of Brownian motion and the corresponding formulas obtained
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for example in AdS, Lifshitz and hyperscaling violation backgrounds [34, 35, 41, 42, 50],
while our results cover and apply to a wide class of other theories.

It is worthy to point out that such universal treatments have been observed before in
holography while studying completely different topics. For example in [73], working with a
similar wide range class of theories, the non-integrability conditions usually accompanied
with the presence of chaos were obtained. The analysis there boils down to a simple
algebraic condition for the order of the Bessel functions, related like here to the arbitrary
scaling parameters of the metric. Together with our current work these independent studies
strongly suggest that holographic metrics with polynomial arbitrary scalings may admit
certain unified scheme analyses in holography.

Let us also comment on a further potential extension of our studies on the quantum
phase transitions, which show abrupt changes in the ground state properties of a quantum
many-particle system when a non-thermal control parameter is varied. In particular, the
impurity quantum phase transitions are an interesting class of quantum phase transitions
in which, the systems can be composed of a single quantum spin coupled to an infinite
fermionic or bosonic bath. The prototypical system consists of a two-level state coupled to
a single dissipative bath of harmonic oscillators, also called the spin-boson mode [79-82].
It will be of great interest to reexamine the nature of quantum phase transitions when the
bath degrees of freedom with the general bath spectral density are strongly coupled using
the holographic approach.
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A Bessel function properties

We present briefly some of the key properties of the Bessel functions that have allowed us
to obtain the solutions of the equations of motion in full generality. The first and second
kind Bessel functions are related as

o (r) = Sinlwy_,,(r) — cot mY, (1), (A1)
Y, (r) = sinlm/ (cosmvdy(r) — J_p(r)) . (A.2)

The orthogonality and normalization conditions are
/dr rJy(wr)Y, (or) =0, (A.3)

%5@; — ). (A4)

/ dr vy (wr)J, (@r) = / drrYs (wr)Ys (or) =
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The following identities involve derivatives hold for both first and second kind Bessel func-
tions J,,Y,:

JLr) = Ty (r) = 2, (1), (A.5)
Tr) = 5(a(r) ~ T (1) (A6)

The identity that relate the Bessel functions of different kind and consecutive neighbors is

Ty (r)Yy-1(r) = Jy-1(r)Yo(r) = —, (A7)
while for the first Hankel function reads
H'(r) = Hy_1(r) — %Hl,(r) . (A.8)

B Coordinate transformation to bring the fluctuation ODE to
Schrodinger-like form

The transformation is of general interest for the application of the monodromy patching
method on the solution of the ordinary differential equation. Let us consider the differen-

z(r w?
;(raf(r)aai )> + rﬁf(r)x(r) =0, (B.1)

where f(r) is an arbitrary function, in our case the blackening factor, while a and [ are

tial equation

constant powers. We bring the differential equation (B.1), which of the same form of
the (5.3), to

2y(r
88’71(2 ) + (w2 — V(r))y =0, (B.2)
where
a—p ory 1
=qar 1 = —0, (B.3)
! T
V(r)= poa ; af(r)raw?((?’a: A _ 1> flr)+ Tf’(r)> : (B.4)

Using the transformation we can study the solution on overlapping regions according to
the values of the ratio V(r)/w, to find the approximate solution.

C Review of generic study of the trailing string

We briefly present some of the generic results of [27, 29] were the trailing string was studied
in full generality. The trailing string corresponds to a quark moving on the boundary
along a spatial direction, choose it as x3, with a constant velocity. It is parametrized as
t=r1,r=o0,23 =vt+&(r), and localized in the rest of dimensions.
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The momentum flowing from the boundary to the bulk II3, is a constant of motion

goo + 933 v?

., C:=2md 1. C.1
900933(C? + g00933) " (©1)

§/2 = _grrCQ

There is a special value of ry ensuring that the imaginary part of the above ratio is zero.
It is found by solving the equation

goo(ro) = —gs3(ro) v*, (C.2)

and becomes equal to the black hole horizon for a static particle, v = 0. The corresponding
drag force is

r _ 1 v/—goo(ro) gss(ro) v gss(ro) C.3
drag.zs = T o Lo or T 2nad (C.3)

and the friction coefficient can be found as

dp 933(10)
drag dt npp, D ol o ) ( )
where m, is the mass of the particle, p = mgvy, and v, = (1 — v2)_1/2. The moving

particle feels a temperature different than the one that the heat bath produces equal to

1 goo\’
——(goo 933), <>
googrr g33

where the static particle feels the heat bath temperature T,,; = T

2 1
ws T 1672

; (C.5)

r=rQ

By considering the fluctuations of the classical trailing string solutions we can compute
the Langevin coefficients. The heavy particle moving with a constant velocity v in the heat
bath undergoes a Brownian motion with an effective equation of motion

dpi

i —npi P+ &(t), (C.6)

where ;(t) is the random force generated by the medium. The force distribution is related
to the two-point correlators along the longitudinal and transverse to the direction of motion
Ka = (KL, KT):

(&a®)&a(t')) = Rad(t —1t'). (C.7)
The diffusion coefficients are given by
o = —2 Ty lim RERW) (C.8)
w—0 w

where G is the anti-symmetrized retarded correlator. The generic formulas for the trans-
verse and longitudinal string fluctuations and therefore the Langevin coefficients can be
expressed in the background metric elements as [27]

1 1 (googss)'
KT = — Jkk Tws , Hszg

Tws (C.9)
T =g 0 g5y (M)/

T=T0

933
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where the index k denotes a particular transverse direction (e.g. k = 1 for x;) to that of
the motion x3 and no summation is taken. The T, is given in terms of metric elements
by (C.5). It follows that their ratio can be written in a compact universal form [27, 29]

/
% _ (900933) : ’ (C.10)
T 9kkd33 (g%) r=ro

and for isotropic theories it has been proved universally that x; > xp. For anisotropic
theories the inequality can be reversed and the universality relation is violated kr, § K.

The Einstein-like relations for motion of a particle in generic backgrounds have been
also derived. Starting with the linearized Langevin equations (C.6)

Vemgin = —nr 6ip + €L, Yo mgdir = —nrdir + &, (C.11)

the friction coefficients 7y, 7 are related to the coefficients np as

8’!7 L
nr = Mg Yo Np 1 s nr = M, ’yg’ ('nD’L +p (97]3 > , (C.12)
p p=Mqvy
and the coefficient k, using (C.8) can be written as
ka = 2Tys Na - (C13)

The Einstein relations for the diffusion and friction coefficients are satisfied by

RT
—— =2My vy Tws - (C.14)
"D, T
For isotropic backgrounds this result is similar to the one obtained in [28, 29, 83]. The zero
velocity limits imply 7o = 73, Tws = T and K = kp (C.9), in agreement with the formula
derived in the text.
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