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ABSTRACT: N = 4 super Yang-Mills theory admits [1] a protected subsector isomorphic
to a two-dimensional chiral algebra, obtained by passing to the cohomology of a certain
supercharge. In the large N limit, we expect this chiral algebra to have a dual description
as a subsector of IIB supergravity on AdSs x S°. This subsector can be carved out by a
version of supersymmetric localization, using the bulk analog of the boundary supercharge.
We illustrate this procedure in a simple model, the theory of an A = 4 vector multiplet in
AdSS5, for which a convenient off-shell description is available. This model can be viewed
as the simplest truncation of the full AdSs x S° supergravity, in which case the vector
multiplet should be taken in the adjoint representation of gr = su(2)r. Localization yields
Chern-Simons theory on AdSs with gauge algebra gr, whose boundary dual is the affine
Lie algebra gr. We comment on the generalization to the full bulk theory. We propose
that the large N limit of the chiral algebra of A/ =4 SYM is again dual to Chern-Simons
theory, with gauge algebra a suitable higher-spin superalgebra.
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1 Introduction

Any four-dimensional N' = 2 superconformal field theory (SCFT) admits a subsector of
correlation functions that exhibits the structure of a two-dimensional chiral algebra [1].
This is in particular the case for N' = 4 super Yang-Mills (SYM) theories. The associated
chiral algebra is labelled by the gauge algebra g and is independent of the complexified
gauge coupling. It encodes an infinite amount of information about a very rich protected
subsector of the SYM theory. In this paper we start addressing the question of finding
a holographic description of this protected chiral algebra for g = su(N), in the large N
limit. Answering this question would provide us with a new solvable model of holography.
Rather than a mere toy example, this would be an intricate yet tractable model carved out
naturally from the standard holographic duality.



While in the general N' = 2 case the protected chiral algebra has no residual super-
symmetry, the chiral algebra associated to an N = 4 SCFT contains the small N' = 4
superconformal algebra (SCA) as a subalgebra. Conjecturally [1], the chiral algebra for
N = 4 SYM theory with gauge algebra g is a novel N' = 4 super chiral algebra, strongly
generated by a finite number of currents. The super chiral algebra generators descend
from the generators of the one-half BPS chiral ring of the SYM theory, and are thus in
one-to-one correspondence with the Casimir invariants of g. For example, for g = su(N),
the super chiral algebra is conjectured to have N —1 generators,! of holomorphic dimension
h=1, %, - %, in correspondence with the familiar single-trace one-half BPS operators of
the SYM theory, namely Tr X2" in the symmetric traceless representation of the so(6) R-
symmetry. As we will review in detail below, only an su(2)r subalgebra of s0(6) is visible
in the chiral algebra, where it is in fact enhanced to the affine Kac-Moody algebra sj(?) I
that is part of the small N' = 4 SCA. The super chiral algebra generator of dimension h
transforms in the spin h representation of su(2)r. This is a BPS condition — the generators
with h > 1 are the highest-weight states of short representations of the A" = 4 subalgebra.?
The central charge of the chiral algebra is given by cyq = —3dimg = —3(N? —1). It is not
known whether the chiral algebra for fixed N > 2 admits a deformation® to general values
of the central charge. In fact, for this special value of coq one finds several null relations
that might be essential to ensure associativity of the operator algebra.

Let us now consider the large N holographic description. As familiar, N' = 4 SYM
theory is dual to IIB string theory on AdSs x S°, with the 1/N expansion on the field
theory side corresponding to the genus expansion on the string theory side. It would be
extremely interesting to construct a “topological” string theory whose genus expansion
reproduces the 1/N expansion of the N' =4 SYM chiral algebra. Here we will address the
simpler question of finding a holographic description for the leading large N limit of the
chiral algebra, in terms of a classical field theory in the bulk. There are two ways we can
imagine to proceed: attempting to construct the bulk theory by bottom-up guesswork; or
deriving it from the top-down as a subsector of AdSs x S° string field theory.

From the bottom-up perspective, the natural conjecture is that the bulk theory is a
Chern-Simons field theory in AdSs, with gauge algebra a suitable infinite-dimensional su-
persymmetric higher-spin algebra. Such a duality would mimic several examples of “higher-
spin holography” that have been studied in recent years in the context of the AdSs/CFTs
correspondence. A duality has been proposed in [4]4 between higher-spin Vasiliev theory

!We are counting the psu(1,1|2) primaries; the chiral algebra is generated by the psu(1,1|2) primaries
and their supersymmetry descendants.

20ther examples of N' = 4 super chiral algebra have been considered in the literature, see e.g., 2, 3],
where the generators are taken to be su(2)r singlets and are thus highest-weight states of long representa-
tions of the N/ = 4 SCA. Long generators give a qualitatively different behavior: the higher-spin currents
encountered in the CFT duals of Vasiliev theories are not protected and are in fact expected to be lifted
when one moves away from the tensionless point.

3For N = 2, the chiral algebra coincides with the small N' = 4 SCA, which is of course consistent for
any central charge.

4This proposal, reviewed in [5], has passed several tests [6, 7] and has been extended in various directions,
both in a purely bosonic context [8, 9] and in models with supersymmetry, see for instance [10-16].



in AdSs [17] and a suitable 't Hooft limit of Wy minimal models, i.e. the coset CFTs
SU(N)k @ su(N)1/su(N)g41. In this example, the chiral algebra that controls the large N
limit is the Wy [u] algebra, where the parameter p is identified with the 't Hooft coupling
N/(N + k), kept fixed as N — oo. The bulk dual description involves Chern-Simons the-
ory with gauge algebra the infinite-dimensional Lie algebra hs[u]. The (non-linear) Weo|[p]
algebra arises at the asymptotic symmetry of this Chern-Simons theory [18-20]. We find
it likely that our example will work along similar lines, but we have not yet been able to
identify the correct supersymmetric higher-spin algebra. An obvious feature of the sought
after higher-spin algebra is that it must contain psu(1,1]|2) as a subalgebra. Indeed the
asymptotic symmetry of AdSs Chern-Simons theory with algebra psu(1,1]2) is the small
N = 4 SCA (see for instance [21, 22] and references therein), which, as reviewed above,
is a consistent truncation of the full super W-algebra. Higher-spin holography with small
N = 4 superconformal symmetry has also been studied in [23, 24]. In our case, the con-
struction of the complete higher-spin algebra is made more challenging by the absence of
an obvious deformation parameter analogous to the 't Hooft coupling of the Wy mini-
mal models® — as we have remarked, the chiral algebra for su(/N) SYM theory might be
isolated, stuck at a specific value of the central charge.

The top-down approach is conceptually straightforward. The dual bulk theory must be
a subsector of IIB supergravity on AdSs x S°. Indeed, the generators of the chiral algebra
descend from the single-trace one-half BPS operators of N’ = 4 SYM, which are dual to
the infinite tower of Kaluza-Klein (KK) supergravity modes on S°. In principle, our task is
clear. In the boundary SYM theory, the 2d chiral subsector is carved out by passing to the
cohomology of either one of two nilpotent supercharges [1]. The bulk supergravity admits
analogous nilpotent supercharges. We then expect to find the bulk dual to the large N
limit of the chiral algebra by localization of the supergravity theory with respect to either
supercharge. In practice however, this program is difficult to implement rigorously. The
technique of supersymmetric localization requires an off-shell formalism, but we are not
aware of such a formalism for AdSs x S° supergravity, or even for its consistent truncation
to N' = 8 AdSs5 supergravity.

In this paper, we give a proof of concept that this localization program works as
expected, producing an AdSs Chern-Simons theory out of AdS5 supergravity. We consider
the simplest truncation of the supergravity theory for which a convenient off-shell formalism
is readily available: the theory of an N' = 4 vector multiplet in AdSs5, covariant under
an su(2,2|2) subalgebra of the full psu(2,2|4) superalgebra. We obtain this model by a
straightforward analytic continuation of the analogous model on S® [25]. When viewed as
part of the N' = 8 supergravity multiplet, the N’ = 4 vector multiplet transforms in the
adjoint representation of su(2)r (the centralizer of the embedding su(2,2|2) C psu(2,2(4)),
but it is no more difficult to consider a general simple Lie algebra gr. We show by explicit
calculation that supersymmetric localization with respect to the relevant supercharge yields
Chern-Simons theory in AdSs, with gauge algebra gr, and level k related to the Yang-Mills

5Recall that the usual ’t Hooft coupling ¢%,,N is not visible in the chiral algebra, which describes a
protected subsector of observables of the SYM theory.



coupling. As is well-known, its dual boundary theory is the affine Kac-Moody algebra gg
at level k. Apart from confirming the general picture that we have outlined, we believe that
the details of our calculations are interesting in their own right, and may find a broader
range of applications. Localization computations involving non-compact AdS backgrounds
have been considered in the literature, see for instance [26-34] and more recently [35, 36]. It
is worth pointing out that the Killing spinor used in our localization computation satisfies
somewhat unusual algebraic properties compared to those usually assumed in past work.
This is a consequence of the fact that our choice of supercharge mimics the (somewhat
unusual) cohomological construction on the field theory side.

Localization of the full maximally supersymmetric AdS5 supergravity would be techni-
cally challenging, but it seems very plausible (by supersymmetrizing the above result) that
it would yield AdS3; Chern-Simons theory with gauge algebra psu(1,1|2), whose boundary
dual is the small N’ = 4 superconformal algebra. Inclusion of the KK modes is however
much harder, and at present the quest for the full holographic dual seems best pursued by
bottom-up guesswork of the higher-spin superalgebra.

The rest of the paper is organized as follows. In section 2 we review the construction
and main features of the chiral algebra associated to an N’ = 2 SCFT. Section 3 contains
our main result, the localization of the N’ = 4 super Yang-Mills action in AdSs to bosonic
Chern-Simons theory in AdSs3. In section 4 we collect some useful facts and offer some
speculations for the construction of the full holographic dual of the N' = 4 SYM chiral
algebra. We conclude in section 5 with a brief discussion. An appendix contains conventions
and technical material.

2 Review of the chiral algebra construction

In an effort to make this paper self-contained, we briefly review in this section the con-
struction of the two-dimensional chiral algebra associated to a four-dimensional N/ = 2
superconformal field theory [1]. Our main focus is on N' =4 SYM theory, but the calcu-
lations of section 3 will be relevant for any N’ = 2 SCFT that admits a supergravity dual
and enjoys a global symmetry. To this end, we review in section 2.2 the special properties
of chiral algebras associated to SCFTs with additional (super)symmetries.

2.1 Cohomological construction

The spacetime signature and the reality properties of operators are largely inessential in
the following. We thus consider the complexified theory on flat C*. The complexified
superconformal algebra is s[(4|2), with maximal bosonic subalgebra s((4) @ sl(2)g & C,.
The first term corresponds to the action of the complexified conformal algebra on C?,
while the other terms constitute the complexification of the R-symmetry of the theory.

Let us consider a fixed (complexified) plane C? € C*. The subalgebra of the conformal
algebra preserving the plane is of the form

sl(2)@sl(2) @ C LD Csl(4). (2.1)



The first two summands comprise the complexified two-dimensional conformal algebra act-
ing on the fixed plane, while C, corresponds to complexified rotations in the two directions
orthogonal to the plane. We use the notation L,, n = —1,0,1 for the generators of the
first summand, and L, for the second summand, while the generator of C | will be denoted
M . It is natural to adopt coordinates ¢, ¢ on the selected plane C2, with sl(2) acting on

¢ via Mobius transformations, and s[(2) acting similarly on .
The R-symmetry of the superconformal theory allows us to define a suitable diagonal
subalgebra

si(2) C sI(2) @ sl(2)R (2.2)

given explicitly by

L,1:Z,1+R_, EQZZ*R, Elzfl—RJr, (23)
where R, R* denote the generators of sl(2)p with commutators

RT,R|=2R, [R,R%] = +R*. (2.4)

The relevance of the twisted subalgebra s[(2) stems from the following crucial fact. There
exist two linear combinations Q;, Q2 of the supercharges of sl(4|2), inequivalent under
similarity transformations, that enjoy the following properties:

{@1,@1} =0, {@2,@2} =0,
[Ln,@Q1] =0, [Ly,Q2] =0,
L, = {Qi, Fin} ={Q2, Fon}, for suitable odd generators F ,, Fa, of s((4]2) ,

{Q1,Q}=—r—-M_,

(2.5)
where r denotes the generator of C,.. In other words, the supercharges Q1, Q2 are nilpotent,
are invariant under the action of the holomorphic factor sl(2) of the conformal algebra of
the plane, and are such that the twisted antiholomorphic factor 5/[(\5) is both a Q- and
a Qo-commutator. Explicit expressions for @, Q2 in a convenient basis are found in [1],
where it is also shown that

[Lo,Qi] =0, [r4+M.,Q;] =0, i=1,2. (2.6)

The chiral algebra associated to the four-dimensional superconformal field theory is then
defined by considering cohomology classes of operators with respect to Q; (i = 1 or 2),
i.e. the set of operators (anti)commuting with @; modded out by addition of arbitrary
Q;-commutators.

Let O be a local operator of the four-dimensional theory such that its insertion at the
origin O(0) defines a non-trivial Q; cohomology class (i = 1 or 2), i.e. [Q;, O(0)} = 0, but
O(0) is not itself a @;-commutator. It follows that O(0) necessarily commutes with Lo and
r 4+ M. In terms of the four dimensional quantum numbers of O, this amounts to

1 . . . .
§(A—]1—32)—R:07 r+Jj1—3732=0, (2.7)



where A is the conformal dimension of O, ji, jo are its Lorentz Cartan quantum num-
bers, R is the s[(2)gr Cartan quantum number, and r is the C, quantum number. The
restrictions (2.7) on the quantum numbers of a four dimensional operators define the so-
called class of Schur operators of the theory. A Schur operator is always the highest-weight
state of its Lorentz and R-symmetry multiplet. If the latter is denoted schematically as

heler , where I = 1,2 are sl(2)g fundamental indices, and o = +,—, 3 = +, —
ai..azj; Bi...Baj,
are spacetime Weyl indices, then the Schur operator is (’)};_‘L 1o Let us also point out

that, if the theory is unitary, (2.7) are not only necessary but also sufficient conditions for
O(0) to define a non-trivial @; cohomology class. Furthermore, in that case Q; and Qq
define the same cohomology. We refer the reader to [1] for an explanation of these points.

Suppose O(0) defines a non-trivial @Q;-cohomology class. We cannot translate this
operator away from the origin along the directions orthogonal to the (¢, () plane without
losing @;-closure, since ®; is not invariant under translations in those directions. We can,
however, construct the following twisted translated operator

O(¢, Q) = eSL1+lao(0)e L1 —CLot (2.8)

which is still annihilated by @;. This object can also be written as a (-dependent linear
combination of the R-symmetry components of the multiplet to which the Schur opera-
tor belongs,

OO =ur(Q) .- uny ()OI (¢,Q),  wm()=1, w(=C (29

Crucially, thanks to the fact that the generators sl(2) are Q;-exact, the antiholomorphic
dependence of O(¢, () is trivial in cohomology,

9 0(¢,¢) = [@is--- }- (2.10)
This suggests the notation
x[0](¢) = Qi-cohomology class of O((,C) . (2.11)

Correlators of cohomology classes x[O](({) are defined in terms of correlators of the repre-
sentatives O(C, ),

(X[O1(G) - - X[Oa)(Gn)) = (O1(15C) -+ On(Gns Ga)) » (2.12)

are independent of the representative chosen, and depend meromorphically on the insertion
points. By the same token, the four-dimensional OPE of two twisted translated Schur
operators O;, Oy induces a meromorphic OPE of cohomology classes x[O1], x[O2]. Let
us remark that the holomorphic dimension h of x[O] is given in terms of the quantum
numbers of the four-dimensional Schur operator O by

1 ) .



This quantity is generically a half-integer, but as a consequence of four-dimensional sl(2)
selection rules, the OPE of any two cohomology classes x[O1], x[O2] is single-valued in
the ¢-plane.f

2.2 Affine enhancement of symmetries

The stress tensor of a four-dimensional A/ = 2 theory sits in a supersymmetry multiplet of
type Co(0,0) in the notation of [37]. The same multiplet contains the 5[(2) g symmetry current

of the theory, JLIBJ)' Its Lorents and R-symmetry highest-weight component is a Schur
operator and determines an element of the chiral algebra with holomorphic dimension two,

T=x[J4]. (2.14)

This object is identified with the stress tensor of the chiral algebra.” The meromorphic TT
OPE is determined by the OPE of R-symmetry currents in four dimensions, and has the
expected form with a two-dimensional central charge

Cod — —12 C44 , (215)

where c4q is one of the two conformal anomaly coefficients of the four-dimensional theory [1].
Unitarity in four dimensions requires cq4q > 0, yielding a non-unitary chiral algebra in
two dimensions.

If the four-dimensional theory is invariant under a continuous flavor symmetry group
G'F, its spectrum contains a conserved current in the adjoint of the flavor symmetry algebra
gr. The latter is contained in a supersymmetry multiplet of type B1, which also includes
an sl(2) g triplet of scalars M (7) in the adjoint of g with A = 2. The R-symmetry highest
weight component of M!/ is a Schur operator, yielding an element of the chiral algebra
with holomorphic dimension one,

J=x[M]. (2.16)

The JJ OPE reveals that this object can be identified with an affine current in two dimen-
sions, satisfying a Kac-Moody algebra based on the Lie algebra gr with level

1
koa = _§k4d7 (2.17)

where k4q is an anomaly coefficient entering the four-dimensional OPE of two flavor cur-
rents [1].

The cohomological construction of the previous section can also be performed in the-
ories with A/ = 3 or N/ = 4 superconformal symmetry. The spectrum of such a theory,
expressed in A/ = 2 language, contains additional conserved spin 3/2 supersymmetry cur-
rents. The latter are contained in supermultiplets of type D 10,0y D 10,0y which also include

5This implies that the NS sector is the relevant sector of the chiral algebra from the point of view of the
parent four-dimensional SCFT.

"We refer the reader to [1] for a careful discussion of the relative normalization of T, Jii in a standard
set of conventions for four-dimensional and two-dimensional operators, and similarly for other pairs of
four-dimensional and two-dimensional operators discussed below.



an sl(2)g triplet of spin 1/2 operators \Il((f]), \i’g‘]) with A = 5/2. The highest-weight

components of ¥, U are Schur operators and yield elements of the chiral algebra with
holomorphic dimension 3/2,

G=x[¥}], G=x[T}]. (2.18)

The operators G, G are supersymmetry currents in two-dimensions. Both ¥, ¥ and G,
G carry implicitly flavor symmetry indices associated to the commutant of the A" = 2 R-
symmetry sl(2)g @ C, inside the larger R-symmetry group of the A’ =3 or N’ = 4 theory.

Focusing on the case of an N' = 4 theory, the larger (complexified) R-symmetry group
is 51(4) g and the commutant of sl(2)r & C, is sl(2)p. The relevant branching rule is

sl(d)p — sl(2)g xsl(2)p x C,

1 1 (2.19)
[1,0,0] = (5’0)1/2 @ (0’ 5)—1/2 ’

where we denoted the fundamental representation of sl(4)r by its Dynkin indices, sl(2)
representations by their half-integral spin, and the subscript is the C,. charge. Fundamental
indices of sl(2)p will be denoted I ,j = 1,2. It follows that the chiral algebra always
contains the two-dimensional small NV = 4 chiral algebra [38]. The latter is generated by
the stress tensor T, two supersymmetry currents G! , G! with holomorphic dimension 3/2
in the fundamental of sl(2), and an s[(2)r current JID)  The Virasoro modes Lo+1, the
supercurrent modes Gil /20 Cil /2 and the modes Jgj of the affine current generate a global
psl(2]2) symmetry.

3 Localization argument

Given a four-dimensional N/ = 2 theory admitting a holographic dual, it is natural to ask
what is the bulk analog of the field-theoretic cohomological construction that we have just
reviewed. In this section we address this problem in a simplified model.

The superconformal algebra on the field theory side is realized on the gravity side as the
algebra of superisometries of the background. In particular, the background admits suitable
Killing spinors that can be identified with the linear combinations ®1, ®2 of section 2. In
light of the cohomological construction on the field theory side, we expect the following
picture on the gravity side. If we only switch on sources dual to twisted translated Schur
operators on the field theory side, the partition function on the gravity side should be
subject to supersymmetric localization and should define an effective dynamics localized
on an AdSs slice of the original AdSs spacetime. The boundary of the AdSs slice is
identified to the preferred (¢, ¢) plane singled out by the cohomological construction on
the field theory side. Implementing this program rigorously appears challenging in any
realistic holographic duality, e.g., in the canonical duality between large N N = 4 SYM
theory and IIB string theory on AdSs x S°. We are not aware of the requisite off-shell
formalism for IIB supergravity on AdSs x S°, or even for its consistent truncation to ' = 8
gauged supergravity on AdSs. We can, however, address explicitly a simplified version of
the problem, along the following lines.



Consider an N/ = 2 SCFT with a flavor symmetry algebra gr. Our main target is
N =4 SYM theory, for which gp = su(2)p (the centralizer of the 4d A" = 2 superconformal
algebra su(2, 2|2) inside the A" = 4 superconformal algebra psu(2,2|4)), but we may as well
keep gr general. According to the standard AdS/CFT dictionary, on the gravity side we
find massless gauge fields with gauge algebra gr, which must belong to an N = 4 vector
multiplet (half-maximal susy). The vector multiplet is part of the spectrum of a suitable
half-maximal supergravity in five dimensions admitting an Ad.Ss vacuum. We will consider
the truncation of the full supergravity to the N’ = 4 supersymmetric five-dimensional gauge
theory with gauge algebra gr on a non-dynamical AdSs background. This setup can be
explicitly analyzed using available localization techniques.

We should point out from the outset that the restriction to the vector multiplet is
not a bona fide consistent truncation of the full equations of motion of five-dimensional
supergravity.® It is however guaranteed to be a “twisted” consistent truncation, i.e., to
hold in @-cohomology. Indeed, the corresponding sector of the chiral algebra is just the
affine Kac-Moody algebra g, which is clearly a closed subalgebra.

3.1 Summary of the localization results

As the details of our calculations are somewhat technical, we begin with a summary of
the main results. Our goal is to show that the five-dimensional super Yang-Mills action
defined on AdSj5 localizes to an effective action defined on an AdSj3 slice inside AdS5, and
determine this effective action. The relevant AdSs slice is specified as follows. We can
write the Euclidean AdSs background in Poincaré coordinates as

2

ds? = [dgdé +dp? + prdep + d2?] (3.1)

22
where R is the AdSs radius, z is the AdSs radial coordinate, ¢, ¢ are complex coordinates on
a selected plane on the boundary, p, ¢ are polar coordinates along the two other directions
on the boundary. The coordinates ¢,( are identified with those used in section 2 in the
discussion of the chiral algebra. In particular, the plane selected by the cohomological
construction is the plane spanned by ¢,(. With this notation, the relevant AdSs slice of
AdSs is the one located at p = 0 and spanned by ¢, ¢, 2,

R2

ds? = —
3 ZQ

[dgdf + dzﬂ . (3.2)

Let us remind the reader that the bosonic field content of maximal super Yang-Mills
theory in five dimensions consists of a gauge connection A and five real adjoint scalars,

8This can be understood from the viewpoint of the boundary CFT. The 5d gauge field A, is dual to
a conserved current J,,, of conformal dimension three. The singular OPE of two currents contains the
stress tensor Ty, of conformal dimension four. This is reflected in the bulk in the presence of a cubic
coupling between two gauge fields and the fluctuation of the metric h,,, which cannot be removed by a
field redefinition. Setting h,, = 0 is not a consistent truncation of the equations of motion, because the
equation of motion for h,, would still induce a spurious constraint for the gauge fields. By contrast, in the
chiral algebra the Sugawara stress tensor appears (by definition) as the leading non-singular term in the
OPE of two affine currents.



denoted here ¢g, @7, ¢s, P9, ¢o. (Our terminology is related to the ten-dimensional origin
of these fields, described in the following subsection.) The realization of off-shell supersym-
metry used in the localization computation induces a split of the five scalars into (¢g, ¢7)
and (¢s, @9, Po).

After these preliminaries, we can exhibit the value of the localized super Yang-Mills
action. It can be written as the sum of two decoupled contributions,

S = Stree + Scs s (33)
where
IR _ R?
Stree = 5 / d¢dqdz 2 tr <¢§ + Qb%) ) (34)
9vym J AdSs <
13 2 872R
Sog = — 2 tr <A dA + A3> . k=0 (3.5)
AT J pds, 3 9yMm

Here g% denotes the Yang-Mills coupling of the five-dimensional super Yang-Mills theory,
and the symbol tr stands for the trace in a reference representation of the gauge algebra
(the fundamental for gauge algebra su(N)). The scalars ¢g, ¢7 are implicitly evaluated
at p = 0, i.e. on the AdSs slice of AdSs. The object A is an emergent complex gauge
connection living on the AdSj slice of AdSs. Its expression in terms of the fields of the
original Yang-Mills theory reads

A=AcdC+Azd¢+A.dz, (3.6)
with
~R2 ;- ~2
Ag=A¢ - 12? [(¢8 +i¢o) + %qbo - %(qbg —idy)| (3.7)
Ar=Ag— %(¢8 —idy), (3.8)
R iC _
A=A+ 2 [d)o + R(d)g - Z¢9)} . (3.9)

The symbols A¢, Az, A, denote the components of the pullback of the original Yang-Mills
connection A from AdSs to the AdSs slice. The scalars ¢g, ¢g, ¢g are implicitly evaluated
on the AdSjs slice.

The quadratic action Sgee for ¢g 7 is expected to be completely decoupled from the rest
of the dynamics on the AdSj slice, even if suitable supersymmetric insertions are considered
in the path integral. As a result, ¢g7 are expected to provide only an inconsequential
field-independent Gaussian factor in the computation of correlators, and can be effectively
ignored. The emergent gauge field A, on the other hand, has dynamics specified by the
Chern-Simons action Scg, which according to the classic results of [39-41] defines a WZWN
theory on the boundary of AdS3 based on the group Gr. This provides a realization of
the two-dimensional affine current algebra of the Lie algebra gr, as expected from the
cohomological construction on the field theory side.

~10 -



The outline of the rest of this section is as follows. The derivation of the above results
is described in subsections 3.2, 3.3, 3.4. Further comments about our results are collected
in subsection 3.5, in which we also test our findings against predictions from the chiral
algebra based on the case of N' = 4 super Yang-Mills with gauge algebra su(N).

3.2 Lagrangian with off-shell supersymmetry

We consider maximally supersymmetric Yang-Mills theory in five dimensions on a Eu-
clidean AdSs background. Following [25, 42] this theory can be constructed in two steps.
Firstly, the flat-space 10d maximally supersymmetric Yang-Mills theory with signature
(1,9) is formally dimensionally reduced on a five-torus with signature (1,4). Secondly, the
external flat metric is replaced with the curved Euclidean AdS5 metric, minimal coupling
to gravity is introduced, as well as extra non-minimal couplings needed for supersymmetry.
In order to set up our notation, we review here the field content, Lagrangian, and off-shell
supersymmetry variations, following closely [25]. Maximally supersymmetric Yang-Mills
theory with off-shell supersymmetry has also been studied in [43] in a variety of back-
grounds, including AdS5.

Curved 5d spacetime indices are denoted u, v = 1,...5. We adopt Poincaré coordinates
for the background AdSs metric,

2
ds* = g datdz” = R—Q [(dz')? + - + (dah)? + dz?] | 2’ = 2. (3.10)
z
A convenient choice of vielbein is
ej‘uzgd’\u, ANp=1,....5, (3.11)

where a hat is used to denote flat 5d spacetime indices.

All dynamical bosonic fields of the 5d theory originate from the 10d gauge connection
Ay, M =0,1,...,9, where 0 denotes the time direction. Upon dimensional reduction we
obtain the 5d gauge connection A,, u=1,...,5, as well as five real scalars ¢7 = Az, T =
6,...,9,0 in the adjoint representation of the gauge group. The index Z is a vector index
of the R-symmetry so(4, 1)z. The latter, however, is explicitly broken to so0(2)g®s0(2,1)r
by the way off-shell supersymmetry is realized below. Correspondingly, it is useful to
introduce the notation

o1 = (i, 04) , i1=6,7, A=28,9,0. (3.12)
We use anti-Hermitian generators for the gauge algebra and the 10d field strength reads
Fyn =20 AN + [Am, AN (3.13)
Its components after dimensional reduction are given by
Fu =20, A, + [Au, Avly  Fuz = 0uéz + [Ap, 011 = Dpoz,  Frg = [¢z1,67]. (3.14)

In order to close supersymmetry off-shell we also need to introduce seven real auxiliary
scalars K™, m = 1,...,7 in the adjoint representation of the gauge group. Their vector
50(7) index is raised and lowered with the flat invariant .
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All fermionic degrees of freedom are encoded in a 16-component Grassmann-odd 10d
Majorana-Weyl gaugino ¥,, o = 1,...,16, in the adjoint representation of the gauge
group. The chiral blocks of 10d gamma matrices are denoted T'M8 TM o, and we also
use the notation

MN _ pIMpN] . TMN _ PIMEN] . TMNP _ PIMPNTP] . MNP _ pIMpNEP]
(3.15)
Weyl indices are henceforth suppressed. After dimensional reduction and coupling to the

curved AdSs background, the 10d covariant derivative of the gaugino Dy, V¥ gives rise in
five dimensions to

1 {a
D,V =9,V + war*ﬁp +[A,, V], D7V = [¢7, V], (3.16)

where W 55 18 the spin connection associated to the background vielbein (3.11).
The off-shell supersymmetric Lagrangian reads

1 1 i 3 4
L= tr| = FynEMY —OTM Dy U+ — UAT — — ¢l — — 2
g r o fMN M +2R R2q§¢ R2¢ oy
o;
— 50, bploc — K™ K| (3.17)

where tr denotes the trace in a reference representation (the fundamental for gauge algebra
su(N)), and we defined

A =T871Y €g00 = +1, 0= 1. (3.18)
Note that we adopted the customary compact notation
FynFMY = F™ 4 2D, D" + (67, 67)167, ¢7] (3.19)

in which the spacetime indices yu, v are curved and thus raised with the metric (3.10), while
the indices Z, J are flat and raised with the so(4,1)r metric nzs = diag(1,1,1,1,—1). In
a similar way we have

T Dy = 1D, 0 + T (67, U] = TX ¢,/ D, ¥ + T [¢7, U], (3.20)

where e;# denotes the inverse of the 5d vielbein (3.11). All spinor bilinears in (3.17) and
in the following are Majorana bilinears. Further details about our spinor conventions are
collected in appendix A.

The Lagrangian (3.17) is invariant up to total derivatives under the off-shell super-
symmetry transformations

§A, = e,V (3.21)

Spr = eI'7V, (3.22)
1 2_ . 4

5 = §rMNFMNe + =6V e + gF“AQSAVue + K™y, (3.23)

SK™ = ™M Dyw + %umw . (3.24)
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In these expressions € is a Grassmann-even 16-component Majorana-Way spinor with the
same chirality as W. It satisfies the AdSs Killing spinor equation
i~
VME = ﬁFuA€ . (325)

M;\%F 5‘fe. Let us also stress that the

compact notation TMN [,y in (3.23) is subject to remarks similar to those around (3.19)

Note that in this equation fu = f;\ej‘#, V€= 0y e+ %w

and (3.20) above. We have also introduced a set v,,, m = 1,...,7 of auxiliary Grassmann-
even spinors with the same chirality as €, determined up to an so(7) rotation by the
algebraic relations

vl Me=0, v, I'My, = 6, T Me. (3.26)

The s0(7) index m on vy, is raised with §™".

The square of the supersymmetry transformations (3.21)—(3.24) can be written as com-
binations of the bosonic symmetries of the theory without using the equations of motion.
More precisely, one has

§2A, = —v"F,, + D,(vi 1), (3.27)
(52¢i = —UVDV¢Z' — [’UI(bI, (bz] — %EfijAe ¢j s (3.28)
20 -
§*pa = —v"Dyda — v b1, dal — & Laphe o, (3.29)
1 _— __—
570 = "D, — V0, T — o7, 0] - i(eFABAe)FAB\II - ﬁ(ewn\e)rzj\p,
(3.30)
K™ = —’D, K™ — [vl ¢z, K™ + <—u[mr“vuu"1 + égu[mAm) K,, (3.31)
where we utilized the spinor bilinears
v = ele = et el“j‘e, v? = eI Ze. (3.32)

The 5d vector v is a Killing vector for the AdSs background metric, V(,v,) = 0. Note
that 62K™ contains an s0(7) rotation, which is a symmetry of the Lagrangian.

All our formulae can be obtained as an analytic continuation of the formulae given
in [25] for the case of the five-sphere. More precisely, the radius r of S° is related to the
radius R of Euclidean AdSs as

R=1r. (3.33)

Note, however, that the coordinate system utilized in [25] is different from the one adopted
here, and would correspond in the case of Euclidean AdS5 to the disk model of hyperbolic
space, rather than the half-space model.

3.3 Identification of the relevant supercharge

Our first task in the implementation of the localization argument is the identification of
the Killing spinor corresponding to the relevant supercharge on the field theory side. As
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reviewed in section 2, for a unitary theory @y and @2 define the same cohomology classes on
the field theory side. From the point of view of localization it is most convenient to consider

Q=0Q:+Q2. (3.34)

The holomorphic s[(2) factor on the fixed plane is @-closed, and the twisted antiholomorphic
factor s[(2) is Q-exact. Note, however, that Q is not nilpotent, but rather satisfies

{Q,Q} =2{@Q1,Q2} = —2(r+ M). (3.35)

On the gravity side, if we select the Killing spinor e corresponding to @, the associated
Killing vector v contains the spacetime action M | , consisting of rotations in the directions
orthogonal to the fixed plane. As a result, we localize on the fixed point set of M |,
consisting of the fixed plane itself.

In order to identify the Killing spinor corresponding to @ we have to analyze the space
of solutions to the Killing spinor equation (3.25) with A given in (3.18). We refer the reader
to section A.2 in the appendices for a thorough discussion and for the explicit expression
for the Killing spinor €. Let us summarize here some of its key properties. To this end, it
is convenient to use complex coordinates ¢, ¢ in the z'2? plane and polar coordinates p, ¢
in the z3z* plane,

¢ =a! +iz?, ¢ =zl —ia?, 3 = pcosyp, zt=psing. (3.36)
The Killing vector v* defined in (3.32) takes the form
0, = 0y, (3.37)

while the field-dependent gauge parameter that enters the square of the supersymmetry
transformations (3.27)—(3.31) is given by

vior = M%(COS © 6 —sinp dr) . (3.38)

Our Killing spinor induces no s0(2, 1)z R-symmetry rotation, but yields a non-zero s0(2)r
rotation,
eI BAe =0, T Ae =i RV, ST = 41. (3.39)

Recall that the Lie derivative of a spinor in the direction of a Killing vector k* is given by
1
Lre = kM'V e+ Zvuku 'e. (3.40)

Using this expression one can check that our Killing spinor is invariant under the action of
the Killing vectors associated to the holomorphic conformal generators in the (¢, () plane.
More precisely, if we consider the Killing vectors

k(L_y) = 0, (3.41)
K(Lo) = ~CO — 59, — 520 (3.42)
k(L) = —C20c = Cpd, — (0. + (2° + p) %, (3.43)
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we have

Lirye=0, m=-1,0+1. (3.44)

This corresponds to the fact that our supercharge commutes with the holomorphic confor-
mal generators in the (¢, ¢) plane. Furthermore, we expect the anti-holomorphic generators
to be exact. This expectation is confirmed by checking that each of the Killing vectors

k(L_1) = -0, (3.45)
k(Lo) = —584- — %pap — %z@z, (3.46)
k(Li1) = =C0; = Cpdy — (20, + (2 + p°)c (3.47)

can be written in the form eI'*¢’ for a suitable Killing spinor €.

Once the suitable Killing spinor ¢ is identified, we are left with the task of finding the
associated auxiliary spinors v, satisfying (3.26). We refer the reader to section A.4 in the
appendix for more details on this point.

3.4 BPS locus and classical action

The localization argument ensures that in the computation of @-closed observables the path
integral localizes to the BPS locus’

U=0, §U=0. (3.48)

In particular this implies that 42 annihilates all fields on the BPS locus. Making use of
the expression for 2 recorded in the previous section one can verify that, for our choice of
supercharge, this implies

Dyti = —[v7 o7, 0] + €15 ¢ Fy, = —D,(v’¢1),
Dypa=—[v7 7,04, Fpp = —D(v ¢1), (3.49)

where we introduced a new 3d curved spacetime index i = ¢, {, z and vZ ¢z is given in (3.38).
Let us point out that, in all the above equations, the covariant derivative acts on spacetime
scalars and therefore contains the gauge field but no spacetime connection.

Once the constraints coming from 6> = 0 are implemented, one can show that the
16 equations d¥ = 0 are all solved by determining the seven auxiliary scalars K™ as a
functional of all other bosonic fields. In summary,

v =0,
D P = J s @i ij .7 D = —[v7 ) )

BPS locus: o? (070, 61l + i & pPa (0”67, 94l (3.50)
Fpp = _Dp(UI¢I) v Fhp = _Dﬂ(UI¢I) )

K™ determined in terms of A,, ¢7.

9The fact that only field configurations invariant under the action of Q can contribute to the path integral
can be argued on very general grounds, independently of the choice of localizing terms. See, for instance,
section 3.1 of [44]. We restrict our attention to the bosonic part of the BPS locus because we are interested in
extracting the classical action. The integral over the fermionic component of the BPS locus is best thought
of as part of the computation of the one-loop determinant, which lies beyond the scope of this work.
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We refrain from recording here the explicit expressions for the auxiliary scalars K" in
terms of A, ¢z, which are lengthy and not particularly illuminating.

As a next step in the localization we evaluate the classical Lagrangian (3.17) on the
BPS locus (3.50). A straightforward but tedious computation shows that the entire bosonic
Lagrangian, including the appropriate volume form, collapses on the BPS locus to a sum
of total derivatives. More precisely, one finds

VILdwdz = [0,YP + 0¥ + 8V +0,Y¢ + 8.Y*| dCdldpdpdz, (3.51)

where the quantities Y are suitable functionals of the gauge field and scalars whose explicit
expressions are not recorded for the sake of brevity. On the Lh.s. the notation d*zdz
is a shorthand for the five form da' A dz? A da® A do* A dz, and by a similar token we
have omitted wedge products on the r.h.s. In checking (3.51) it is essential to take into
account the factors coming from the expression of the AdS5 volume form in the (¢, ¢, p, ¢, 2)
coordinate system,

4 iR°p =
Vodizdz = 5,5 d¢dCdpdpdz . (3.52)
z
The classical action on the BPS locus is given by the integral of (3.51) over the factorized
domain
—oo<Re(<oo, —oco<Im(<oo, 0<p<oo, 0<¢p<2r, 0<z<o00. (3.53)

Let us discuss the possible boundary contributions. Of course, since all fields are periodic
in the angular variable ¢ no boundary term can be generated by integrating 0,Y¥. We
assume that all fields fall off sufficiently rapidly at infinity in all directions orthogonal to
the radial coordinate z of AdSs. As a result, we get no contributions from 3<YC + 85YE,
while 0,Y* contributes exclusively via the lower limit of integration p = 0. The asymptotic
behavior of fields in the z direction is more subtle and is related to the implementation of
the AdS/CFT prescription for the computation of correlators. The goal of our localization
computation is the identification of an effective 3d bulk theory that could be then used
to compute correlators of twisted-translated Schur operators according to the standard
prescription. For the purpose of identifying the 3d theory we do not need to consider
boundary terms coming from the z direction.
In conclusion, the relevant classical action on the BPS locus can be written as

Sy = 27 / dcdCdz (—Yp\pzo) : (3.54)

where we anticipated that Y” is actually independent of ¢ and we performed the ¢ in-
tegration. The fact that all fields are evaluated at p = 0 shows manifestly the expected
localization of the dynamics on the ¢¢ plane which is fixed under the action of the Killing
vector (3.37) associated to our Killing spinor.

Let us now record the expression of the integrand in (3.54) in a convenient way. To
this end, it is useful to trade the scalar fields ¢4, A = 8,9,0 of the original Yang-Mills
theory with the components of a one-form ®; living on the AdS3 slice of AdS5 identified
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by p = 0 and parametrized by ¢, ¢, z. This twist is achieved by means of a suitable object
¥ Al built from bilinears of the Killing spinor e in the following way. To begin with, let us
define the 5d three-vector

qAmMp2ps _% eATATH1H213 ¢ (3.55)

where w1, po, ps are curved 5d indices. Our choice of spinor breaks 5d covariance by
selecting the plane spanned by p, . It is thus natural to consider the components 2 4#7¢
with /i = ¢, (, z. The sought-for intertwiner ¥ 4# is then constructed as
yAR = lim p 2 ARPY (3.56)
p—0t
where the prefactor p has been introduced to guarantee finiteness of the limit. The relation
between the scalars ¢4 and the twisted one-form @/, is then
2R? Bii :
¢4 =—5 Pp nag? ", nap = diag(1,1, -1), (3.57)
where the normalization factor has been chosen for later convenience, and all fields are

implicitly evaluated at p = 0. More explicitly, in our conventions the components of ®;
are given by

- 12 .- ~2
Qe = —% [(¢8 +i¢g) + %cbo - %(@58 —i¢g)| , (3.58)
Dp = 2 (65— id), (3.59)
2. =1 [% + % (95 - mg)] . (3.60)

We can finally present the explicit expression for the classical action (3.54). It can be
written as the sum of a non-topological and a topological term,

Scl = Sfree + SCS 5 (361)
where
TR R
Streo = o / dedCdz = tr i, (3.62)
9vym J AdSs z
271 2 2
Ses = 2HEE tr (@ ds® + B3+ 2F &+ AdA + A3> . (3.63)
9ym JAds; 3 3

Let us remind the reader that all quantities are implicitly evaluated at p = 0. In the
second line we have adopted a differential form notation suppressing wedge products and,
by slight abuse of notation, A, F' denote the restriction of the 5d gauge connection and
field strength the AdSs slice spanned by coordinates ¢, ¢, z. The symbol d4 denotes the
exterior gauge-covariant derivative

da® = d® + AD + DA. (3.64)
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Let us point out that the appearance of the topological term tr ®3 in (3.63) is a conse-
quence of the cubic term eABC¢ 4 [¢B, ¢c] in the scalar potential of the original Yang-Mills
Lagrangian (3.17).

It is useful to construct the quantity

A=A+d, (3.65)

which transforms as a connection since ® is an adjoint-valued one-form. Thanks to the
identity

2 2 2
tr (A dA + 3A3> = tr <AdA + gA3 + BdaD + gqﬁ + 2<I>F> + dtr(®A), (3.66)

the topological part of the action Siop can be written compactly as a Chern-Simons action,

_ 8m2R

(3.67)
9\2(M

ik 2

Scg = —— tr (AdA+A3> . k=
47 AdSs 3

The minus sign in front of the Chern-Simons term is introduced because, in our conventions,

the pairing tr(ab) is negative definite, since we are using antihermitian generators. For

10

instance, for gauge algebra su(n),”” we adopt the standard normalization with tr denoting

the trace in the fundamental representation,

1

tr(tatp) = _§5aba ta, tb] = fab e, (3.68)
where a,b =1,...,n? — 1 are adjoint indices of su(n). As a result, we may also write
ik 1 8mR
Sos = - Gan / <Aa dAP + = fcdbAaACAd> . k=0 (3.69)
8 AdSs 3 9YMm

The localization technique can be applied with arbitrary insertions of @-closed func-
tionals of the fields. The functionals should be well-defined on the AdS3 slice and have
a vanishing supersymmetry variation (3.21)—(3.22) on that slice. It is not hard to check
that functionals built from A¢, Az and A, (and independent of ¢g 7) satisfy these require-
ments,'! in agreement with the conclusion that ¢6,7 can be consistently decoupled.

10This 5d/3d gauge algebra should not be confused with the gauge algebra su(N) of 4d N'= 4 SYM. The
case n = 2 will be relevant below, where we make contact to the chiral algebra dual to 4d su(N) N =4
SYM by specializing the 5d gauge algebra to be su(2)r D su(4)r, the R-symmetry algebra of SYM.

171t also appears that these are the only admissible functionals. At first sight, the linear combinations

R
Ap+ oo

52 [¢7 (00 +igr) — TP (00 —i0n)] . A, (3.70)

seem admissible, since they have a vanishing supersymmetry variation for p — 0. However, assuming that
the Cartesian components As, A4 of A, are smooth near p = 0, the quantity A, = cos ¢ Az + sin p A4 does
not admit a unique limit for p — 0, but rather depends on the ¢ angle with which we approach p = 0,
while the quantity A, = p(—sing As + cos ¢ A4) vanishes for p — 0. These combinations must therefore
be discarded.
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3.5 Remarks

Our implementation of the localization recipe is different from the one usually applied to
supersymmetric theories on Euclidean compact manifolds. In the latter case it is customary
to supplement the classical Lagrangian by an explicit @exact localizing term, Syt = S +
t QV. The functional V and the reality conditions on the fields are chosen in such a way as
to guarantee that, as ¢ — oo, the path integral converges and localizes on a suitable real
slice of (a subspace of) the BPS locus. Different choices for V' and for the reality conditions
yield different localization schemes. The computation of the previous section shows that,
in any localization scheme, the classical action must reduce to (3.61). This conclusion only
relies on the form of BPS locus (3.50) without choosing a specific real slice in the space
of field configurations. For example, the BPS locus allows for a non-zero profile for the
scalars ¢;, but they enter the classical action via the quadratic, algebraic action Shon-top
only, and therefore decouple from the dynamics after localization.

We are ready to go back to our main physical goal — the determination of the bulk
holographic dual to the 2d chiral algebra. The bulk action (3.61) must be supplemented
with suitable boundary conditions for the fields A, ¢g7 in order to implement the holo-
graphic recipe for the computation of correlators in the boundary theory. We should also
contemplate the possibility of additional boundary terms to the AdS3 action. The bound-
ary conditions and boundary terms for the theory on the AdSs slice could be derived
via localization of an appropriate set of boundary conditions and boundary terms in the
original super Yang-Mills theory defined in AdS5. These 5d data are constrained by the re-
quirement of compatibility with the action of the supercharge @ selected for localization.'?
For the problem at hand, we can follow a simpler route without making reference to the
parent 5d bulk theory. Since we have already argued that the scalars ¢g 7 play no relevant
role, we focus on A only.

To begin with, we observe that supercharge Q induces an asymmetry in the treatment
of holomorphic and antiholomorphic components A¢, Az. This is most easily detected
by looking at the expressions (3.58)—(3.60) for the components of the twisted one-form ®.
Inspection of (3.58)—(3.60) reveals a hierarchy of the three components with respect to the
radial coordinate of AdSs. In particular, if we prescribe the boundary conditions ¢g g0 ~ 22
as z — 0 in order to get a finite ®¢, then ®; and P necessarily vanish at the boundary.
We can regard A, Af’ A, as the supersymmetrizations of ®¢, @z, 0, and argue that the
asymmetric pattern for the holomorphic and antiholomorphic components persists. This
mechanism is the bulk dual of the emergence of a purely meromorphic dynamic on the field
theory side, once we consider cohomology classes of the supercharges @;, Q.

From this observation we can deduce the correct boundary terms that must be added
to the action. As explained for instance in [41, 46-48], meromorphic boundary conditions
are selected by supplementing the Chern-Simons action with the boundary term

k k
Shdy = i tr(A x A) = L 5ab/ d2ac\/§g’“’Ail AE , (3.71)
0AdSs3

87 Joads, 167

12We refer the reader to [36, 45] for a discussion of these points in similar contexts.
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where s is a constant to be fixed momentarily and, by slight abuse of notation, we used u, v
to denote two dimensional curved indices on 0AdS3. The combined variation of the bulk
action (3.67) and the boundary action (3.71) with respect to the gauge field takes the form

K K -
§(Scs + Spay) = W / tr(6AF) — i / d¢d( tr(0A¢ JC_ + 5A5JC) , (3.72)
21 J Ads, 27 J9ads,
where 1 1

The bulk term in the variation imposes that the connection be flat. The currents J¢,
J; entering the boundary terms of the variation are identified with the currents of the
boundary CFT. Because of our choice of supercharge we know that the antiholomorphic
component Jz of the boundary current should be zero. Thus, we must select s = 1. This
implies that kog = k, which is negative in our case (recall (3.69)), in agreement with field
theory expectations.

Our choice differs from the one in [48], where s = sgn k is advocated on the basis of the
following argument. The boundary action (3.71) contributes to the boundary stress tensor,

1 k 1
SShay = [ o I G Tl = 5 G A AP g A% AR (374)
2 HAdS; y y 871' 2
which in complex components reads
bdy _ 5K s pab bdy _ 5K s pab bdy _
TCC = % dab A AL, Tg’{ =% Oab AC AC , TCE =0. (3.75)

As explained in [48], with these conventions a positive coefficient of AZ‘ A'g in chcdy corre-
sponds to a positive definite contribution to the boundary energy in a semi-classical picture,
leading to the prescription s = sgnk and kog = |k|. In other terms, in the standard case
unitarity of the boundary CFT is enforced by hand. In our case, we must let supersym-
metry dictate the correct boundary conditions, and we naturally land on a non-unitary
chiral algebra.

We can now specialize (3.67) to the case in which the boundary theory is 4d N’ = 4
super Yang-Mills with gauge algebra su(N). Regarded as a 4d N' = 2 theory, this theory
has a flavor symmetry su(2)r, the commutant of su(2)g x u(1), inside su(4)g. The gravity
dual of N' = 4 super Yang-Mills is maximal gauged supergravity with gauge group su(4)g.
The corresponding gauge coupling function, evaluated at the origin of the scalar potential
corresponding to the AdSs vacuum, is [49]

2 2
Lﬁ“](;)’% = 1]6\,7; : (3.76)
at leading order in 1/N. We have to consider the branching su(4)r — su(2)r x u(1l), x
su(2)p and restrict to the su(2)p factor. One can easily check that this does not affect the

normalization of the Yang-Mills kinetic term, so gym = gsu(2)p = Jsu(4)z- AS a result, in
this case the Chern-Simons level k in (3.67) is

1
k= —§N2. (3.77)
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We can compare this result with the level of the affine current algebra of the su(2) p current
J!7 in the chiral algebra dual to A = 4 super Yang-Mills with gauge algebra su(N). One
finds [1]

1 1
koq = —51% = —§(N2 —1), (3.78)

which agrees with the Chern-Simons level k (3.67) in the large N limit.

Finally, let us briefly comment about quantum corrections to the classical result (3.61).
While it may be of some technical interest to compute the one-loop determinant factor
associated to fluctuations of super Yang-Mills fields transversely to the localization locus,
the physical relevance of such a calculation is a priori unclear. What would be physically
relevant is a calculation of quantum fluctuations in a fully consistent holographic theory,
e.g. in IIB string field theory on AdSs x S°, but this is clearly beyond the scope of this
work — indeed even the classical problem seems prohibitively hard in the complete theory.
Given the agreement of (3.61) with the expected large N result, we may speculate that
the only effect of quantum fluctuations is an O(1) shift of the Chern-Simons level.

4 Towards the complete holographic dual

In this section we propose a strategy to determine the complete holographic dual for the
chiral algebra of N' =4 SYM theory. A straightforward task is the identification of the
linearized bulk modes that correspond to non-trivial boundary operators in @-cohomology.
Their non-linear interactions are however extremely complicated, and extending the local-
ization procedure to the full theory is presently beyond our technical abilities. Encouraged
by the emergence of a Chern-Simons action in the simplified model discussed above, and
drawing inspiration from minimal model holography, we will outline a bottom-up construc-
tion of the dual theory. We will argue that it is a Chern-Simons theory with gauge algebra
a suitable higher-spin Lie superalgebra, defined implicitly by the large N OPE coefficients
of N =4 SYM.

We begin in section 4.1 with a review of the super chiral algebra conjecture of [1]. We
give a simple argument in favor of the conjecture in the large N limit. The generators'®
of the chiral algebra are the single-trace Schur operators, which are in 1-1 correspondence
with KK sugra modes obeying the Schur condition. In section 4.2 we give the details of
this correspondence. Following the blueprint of minimal model holography, we propose in
section 4.3 that the sought after holographic dual is AdS3 Chern-Simons theory with gauge
algebra given by the wedge algebra of the large N super W-algebra. While it is unclear
whether such a wedge algebra exists for finite IV, we outline its construction at infinite N.

4.1 The N =4 SYM chiral algebra at large N

As we have reviewed in section 2.2, the chiral algebra always admits the small N' = 4
superconformal algebra (SCA) as a subalgebra. The global part of the small N = 4
SCA is psu(1,1]2), and we henceforth organize the operator content in terms of psu(1,1]2)

13A generator of a chiral algebra is an operator that does not appear in the non-singular OPE of other
operators. In the mathematics literature, what we call a generator is usually referred to as a strong generator.
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primaries and their descendants. It was conjectured in [1] that the chiral algebra associated
to N =4 SYM with gauge algebra su(N) is generated by N — 1 psu(1,1|2) primaries and
their supersymmetry descendants. The primaries obey the shortening condition h = k,
where h is the holomorphic dimension (Lo eigenvalue) and k the su(2)r spin. These
supergenerators have h = k = (n +2) where n = 0,..., N — 2, and will be denoted as
J Itz The central charge is fixed by the general formula (2.15) to coq = —3(N? —1).

The psu(1,1|2) primary operator JWhednse g clearly also an sl(2) primary, and
among its superdescendants we find additional s[(2) primary operators, which we denote as
G(")Afl"'f“H, C("){Al"'Af"Jrl, T(”)Afl"'Af".14 The schematic form of the supermultiplet containing
J(n)ll...ln+2’ G(n)h”'[""'l, é(n)h...[n_;_l’ TE) i dn g

h=1+in J) g
G 8
h = % + %n G T G dnsr s (4.1)
% /Qz
h=24+ %’I’L T(n)h I,

where Q;, Q ; denote the Poincaré supercharges of psu(1,1]2). For gauge algebra su(2),
the conjecture asserts that there is a unique supergenerator, the su(2)p affine current
JOIJ = JIJ The full psu(1,1]2) supermodule comprises JI 7 the supercurrents GO =Gl
and GO7 = G and the stress tensor T(©) = T, which is of course the operator content of
the small /' = 4 SCA.'® In this special case there is clearly no obstruction in deforming
the central charge to arbitrary values.

The supergenerators J in 1-to-1 correspondence with the generators of the 1 /2 BPS
chiral ring of the SYM theory, i.e. with the single-trace 1/2 BPS operators of the form
tr Z"2, with n = 0,...,N — 2 (see (4.4) below for the definition of Z). In terms of
psu(2,2|4) representation theory, these operators are the bottom components of multiplets
; n4+2,0)(0,0) 11 the notations of [37]. An psu(2,2|4) multiplet of type B[
decomposes into su(2,2]2) as [37]

of type B[ 0,n42,0](0,0)

l’l A A
Big n42,0)(0,0) = (73) By (n42) ®(n+2) [D%(nJrl)(UO)@D <n+1)<00>] (n+1)Cn(0,0) -

(4.2)
| | |

J(n)fl...ln+2 G(n)fl---fn+1 G(n)flfn+1 T(n)flfn

Below each shown su(2,2|2) multiplet we have indicated the corresponding chiral algebra
operator, which arises from as the @cohomology class of the Schur operator in the multiplet.

MA fully explicit statement of the super W-algebra conjecture for N > 3 is then the following: (i) as a
vector space, the chiral algebra is the linear span of derivatives of J™, G, G, T (n=0,...,N —2)
and their conformally ordered products; (ii) the operators J™, G™ G T (np=0,... N —2) cannot
be written as conformally ordered products of derivatives of other operators.

151n fact, for caq = —9, the stress tensor T is not an independent generator, but is rather identified with

the Sugawara stress tensor built from the affine current J77.
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(The ellipsis in (4.2) represents additional multiplets that are not relevant for our discussion,
since they do not contain Schur operators.) The degeneracies in (4.2) are accounted for by
the dimensions of the su(2)p representations.

The fact that the operators J(™ are supergenerators of the chiral algebra is easily
established. Indeed, they arise from 4d 1/2 BPS operators, which are absolutely protected
against quantum corrections;'% as they correspond to generators of the 1/2 BPS chiral ring
it is clear that they cannot appear in the non-singular OPE of other operators. The hard
part of the conjecture of [1] is showing that these are all the supergenerators. The chiral
algebra is specified by a non-trivial BRST procedure, which in physical terms amounts to
selecting operators obeying the Schur shortening condition in the interacting theory.

The conjecture, however, can be proved at infinite N. All Schur operators are in
particular 1/16 BPS operators of N' = 4 SYM, i.e., operators in the cohomology of a single
Poincaré supercharge. This cohomology was studied in [50], where it was proved that at
infinite N it is obtained by taking arbitrary products of 1/16 BPS single-trace operators,'”
which were further shown to be in 1-1 correspondence with single 1/16 BPS gravitons in
the dual AdS5 x S° supergravity. Schur operators are in the simultaneous cohomology
of two Poincaré supercharges of opposite chirality, say Q! and Qz; in the conventions
of [1]. Specializing the results of [50] to this double cohomology, we find that at infinite
N it is given by arbitrary products'® of the single-trace Schur operators corresponding to
Jm oG G Ty e Zy. This shows that these operators comprise the full set of
generators for the chiral algebra at infinite V.

4.2 Single-trace Schur operators of ' =4 SYM and supergravity

Having established the super chiral algebra conjecture of [1] for infinite N, we now proceed
to give more details on the single-trace Schur operators in (4.2) and to map them to the
Kaluza-Klein modes in type IIB supergravity on AdSs x S° [51]. Our conclusions are
summarized in table 4.2.

All Kaluza-Klein modes in the compactification of type IIB supergravity on AdSs x S®
are dual to operators that are organized in 1/2-BPS short A/ = 4 multiplets of type
ik

[0,n42,0](0,0
be written as

) In Lagrangian language, the N' = 4 superprimaries of these multiplets can

OMALAniz — gy x AL XAzl = 0,1,2,.. ., (4.3)

where Ay, ..., Apy2 are vector indices of s0(6)r, X are the real scalars of " = 4 super
Yang-Mills, and curly brackets denote the traceless symmetric part.

5Recall that 1/2 BPS multiplets cannot recombine into long multiplets [37].

7The product operation relevant here is the commutative product induced by the ordinary OPE of the
4d theory, which is non-singular for 1/16 BPS operators.

1811 this statement, the product operation is again the commutative product induced by the standard
OPE of the 4d theory. The twisted translation prescription of [1] deforms this commutative algebra into
the chiral algebra that we are interested in. There is an easy general argument that the generators of the
chiral algebra are a subset of the generators of the commutative algebra. This is just what we need (the
other inclusion is obvious in our case).
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supermultiplet B%(n_ﬂ) Di(n+1)(0,0) ﬁ%(nﬂ)(o,o) (n+ 1)CA%n(070)
superprimary tr (Q2) tr (Z Q") tr (Z QmtY) tr (ZZQm)
Schur operator tr (Q"+?) tr (A Q") | tr(AL Q™) | tr(Ay A QM)
A n+2 n+ 3 n+ % n+3
chiral algebra operator JO) 1 dngs G dnia G Dl T 1 I
h (n+2) 1(n+3) $(n+3) (n+4)
Jr t(n+2) 3(n+1) F(n+1) in
KK mode h Plr ple B;If
KK mass | m?R?>=n?>—4 | [m|[R=n+3 | [m[R=n+1 | |m/R=n%+2n

Table 1. Families of Schur operators of N' = 4 super Yang-Mills theory. For each family we give
the N' = 2 supermultiplet in the notation of [37], the schematic form of the superprimary in the
multiplet, and the schematic form of the Schur operator. The quantum numbers A, h, Jp are the
4d scaling dimension of the Schur operator, the 2d holomorphic dimension of the chiral algebra
element, and the half-integer s[(2) z spin of both, respectively. The scalar fields Q, Z, Z are defined
in (4.4), while A, A denote the gaugini in A" = 2 language, which are a subset of all gaugini in
N = 4 language. The KK modes are given in the notation of [51]. All families are labelled in such
a way that the range of nisn =0,1,2,....

11
We have already reviewed the decomposition of an N' = 4 multiplet of type B[QO’JQL +2,01(0,0)

into superconformal multiplets of N = 2, see (4.2). In order to elucidate the connection
between the branching rule (4.2) and the Lagrangian presentation (4.3), it is convenient to

reorganize the scalars X schematically as

QIJ X O_aIJ ’

where a = 1,...,4, I = 1,2 is a fundamental index of su(2)g, J = 1,2 is a fundamental
1j

Z=X"—iX"%,

7 =X°4+iX"%, = (4.4)

index of su(2)p, and o, are chiral blocks of s0(4) gamma matrices. The scalar Z is
the complex scalar in the N' = 2 vector multiplet, while Q' J are the scalars in the N =
2 hypermultiplet. We can now easily identify a Lagrangian realization of the NV = 2
superconformal primary for each of the multiplets on the r.h.s. of (4.2). Let us list them

together with their R- and F-isospins and r charges,

By : (@I QMe2loeny - Jp=L(n+2), Jp=5n+2), r=0,
D%(n—;—l)(o,o) o otr(zQWNl QI niry = %(n—i—l), Jrp= %(n—kl), r=1,
Diminoo :  r(ZQUN Q) eny g =F(n41),  Jp=3(n+1), r=-1,

CA%n(Ovo) : tr(ZZQ(h'jl ...an)j"), Jr=13n, Jrp=1n, r=0.

Each of these NV = 2 supermultiplets yields a Schur operator. Let us discuss them in
turn and relate them to the associated Kaluza-Klein mode in the spectrum of type IIB
supergravity on AdSs x S°.

Multiplets of type BA%(n_m). In this case the Schur operator is directly the su(2)r
highest-weight component of the superconformal primary listed in (4.3). It follows that
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the operator in the chiral algebra is simply

Jhenre o g ( QU1 ..QUHH)} . h= %(n +2), Jp= %(n +2), n=0,1,...,
(4.5)
where we summarized its 2d quantum numbers. The gravity duals of the NV = 4 chiral
primaries in (4.3) are given by the Kaluza-Klein modes named 7/t in table IIT of [51]. It
follows that the gravity duals of the operators (4.5) are given by the subset of the modes
7!t corresponding to the Jg = 3(n+2), Jp = 1(n + 2) representation of su(2)g ® su(2)p
inside the [0, 7 + 2, 0] of 50(6)g. The masses of the 7/t Kaluza-Klein tower are

m?R?=(n—-2)(n+2), n=0,1,... (4.6)

The case n = 0 deserves special attention. The superconformal primary of B, is the moment
map for the su(2)r flavor symmetry. The associated operator in the chiral algebra J(0// =
JI7 is the affine su(2)p current of the small NV = 4 subalgebra. The dual scalar mode

in supergravity has a negative mass-squared that saturates the Breitenlohner-Friedmann
bound [52].

Multiplets of types D%(n+1)(0,0) and ‘1_)%(”_,_1)(0’0). In this case the Schur operator
is a component of a super-descendant of the scalar operator listed in (4.2). More precisely,
for Di(n+1)(0,0) We need to act with Q! | obtaining a right-handed spinor operator of the
schematic form

Ioly..Dny1h.. 0 5 j j
\Ij(n)do 1 +111 +1 :tr(Aéo Qth '“anﬂJnH)_'_.“ 7 n=0,1,..

. (4.7)

where we recorded explicitly the part coming from the action of Qé on Z, which yields the
N = 2 gaugino )\é, but we omitted additional terms arising from the action of Qé on the
N = 2 hypermultiplet scalars. The quantum numbers of the operator in (4.7) are

1 1 1 5
Jr 2(n+ ) Jr 2(n+ ) r=g n+g, (4.8)

and its su(4)p orbit is the one of the N' = 4 superdescendant of (4.3) in the [0,n + 1,1]
representation of su(4)p.

The Schur operator is the highest-weight component of ¥(") and the associated chiral
operator is then

o - | 1
Gty — [\Iﬂmi"”l"'fn“] , h=50+3), Jr=5m+1), n=01... (49)

Completely analogous considerations hold for type D 1(n+1)(0,0) multiplets. The analog of
U™ denoted W™, is built using the supercharge Q! and thus contains a A} insertion. It
has the same quantum numbers as U except r = —%, and G is the associated operator
in the chiral algebra.

The gravitational dual of the operators ¥ (™ is encoded in the suitable R-
symmetry components of 5d Dirac spinor modes denoted ¢! in table III of [51]. Their
masses are

1
mR:—<n+2>, n=0,1,2,.... (4.10)
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The minus sign is relative to the positive masses of the excited Kaluza-Klein modes in the
tower of the 5d gravitino.

In the case n = 0 the multiplets D 1(0,0)» D 1(0,0) contain among their descendants the
spin-3/2 supersymmetry currents of dimension 7/2 associated to the supercharges of the
N = 4 superalgebra that are not in the selected N' = 2 subalgebra. The corresponding
operators GO = GI and GO7 = G! in the chiral algebra are supersymmetry currents.

Multiplets of type é%n(0,0)' In this case the Schur operator is a component of the
operator obtained acting with one Q and one Q on the superprimary in (4.2). Schematically,
we have

JO Gt D - (O A QI QI L =01, (401)

where we omitted several other terms for the sake of brevity. The quantum numbers of
this 4d operator are

1 1
JR=5n+2).  Jp=gn. r=0.  A=nss, (@.12)

and its su(4)g completion is the N/ = 4 superdescendant of (4.3) in the [1,n, 1] represen-
tation of su(4)p.
The chiral algebra operator is therefore

P o7 P 1 1
T 1 dn _ Y [J(n)++1...1J1...Jn . h= Q(n +4), Jp= §n’ n=0,1,... (4.13)
The gravity dual to the vector operators J(™ is furnished by the vector modes called B{f

in table III of [51], with masses
m*R*=n(n+2), n=01,2,... (4.14)

For n = 0 the multiplet 60(070) contains the 4d stress tensor and the Schur operator is a
component of the su(2)r symmetry current. The operator T = T in the chiral algebra
is the 2d stress tensor. On the gravity side, we find the massless vectors associated to the
Killing vectors of S°.

The families discussed above have a natural Zy grading corresponding to even modes
n=20,2,..., and odd modes n = 1,3,.... The series for even n constitutes a consistent
truncation of the chiral algebra. For n even, J(™ and T have integer holomorphic di-
mension, while G and G(™ have half-integer holomorphic dimension. These assignments
obey the standard spin/statistics connection. On the other hand, for n odd the situation is
reversed, and the spin/statistics connection is violated. There is of course no contradiction
— this is the generic case for chiral algebras associated to N'= 2 SCFTs.

4.3 Comments on the full higher-spin algebra

Motivated by the emergence of an AdSs Chern-Simons theory in the localization compu-
tation of section 3, we believe that the bulk dual of the full chiral algebra is a higher-spin
AdS3 Chern-Simons theory. This expectation is in line with known examples of minimal
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model holography (see [5] for a review). From this perspective, we are left with the task
of determining the correct higher-spin Lie superalgebra in which the Chern-Simons gauge
connection takes values.

Before proceeding, it is useful to review the well-understood case in which the bulk
theory is AdS3 Chern-Simons with gauge algebra sl(n) @ sl(n). This bulk theory describes
gravity coupled to massless higher spin fields. In order to identify the states associated
to the physical graviton it is necessary to specify an embedding of sl(2) in sl(n). As
explained in [19], the bulk theory must be supplemented by suitable boundary conditions
in order to guarantee an asymptotically AdSs geometry. The interplay between the s((2)
embedding and these boundary conditions determines the asymptotic symmetry algebra
of the bulk theory, which is furnished by two copies (left-moving and right-moving) of the
same classical infinite-dimensional Poisson algebra. Interestingly, this physical construction
based on the asymptotic symmetry algebra is equivalent to the classical Drinfel’d-Sokolov
(DS) Hamiltonian reduction of sl(n) associated to the prescribed embedding s((2) C sl(n).
In the case of the principal embedding, the outcome of the DS reduction is the classical
W,, algebra, whose quantization yields the quantum W, algebra.

If the DS reduction provides the natural way to get the boundary W-algebra from the
bulk Lie algebra, the notion of wedge algebra, explored in [53] in great generality, proves
extremely useful for proceeding in the opposite direction. Let the generators of the W-
algebra be denoted as W#((), where s labels the integer holomorphic dimension of the
generator. Let W, £ € Z be the modes in the Laurent expansion of W?*(({). The vacuum
preserving modes are

We, |l <s, (4.15)

and preserve both the left and right s[(2) invariant vacuum. Our goal is to define a finite-
dimensional Lie algebra generated by the vacuum preserving modes (4.15). A nailve trun-
cation of the commutators of the original W-algebra fails in general, due to the non-linear
terms that may appear on r.h.s. of the commutators of the vacuum preserving modes.
The crucial observation is that, if the W-algebra can be defined for arbitrary values of
the central charge ¢ and satisfies additional non-degeneracy assumptions listed in [53],'"
then all non-linear terms on the r.h.s.s of commutators of vacuum preserving modes are
suppressed in the limit ¢ — co. Furthermore, central terms do not contribute if we restrict
to vacuum preserving modes. It follows that the algebra becomes linear and, since asso-
ciativity of the parent W-algebra holds for any ¢, we are guaranteed to obtain a bona fide
finite-dimensional Lie algebra satisfying all Jacobi identities. An essential property of the
wedge algebra construction is that, if the starting point is a W-algebra WP3(g) obtained
by DS reduction of a finite-dimensional Lie algebra g, then the wedge algebra of WPS(g)
reproduces g itself. In particular, the wedge algebra of W, is sl(n). Even though we have
reviewed a purely bosonic example, the extension of these considerations to graded Lie

9The additional assumptions of [53] are that both the quantum W-algebra and its classical limit be
positive definite, in particular the metric defined by central terms should be positive definite both in the
quantum and classical algebras. These conditions can be presumably relaxed for non-unitary W-algebras
— non-degeneracy of the metric should suffice.
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algebras does not pose any essential difficulty. In particular, the arguments above can
be straightforwardly applied to W-superalgebras and Lie superalgebras in the NS sector,
which is the sector relevant from the four-dimensional point of view.

In our problem, the role of W, is played by the chiral algebra of N' = 4 SYM with
gauge algebra su(N). The existence of this chiral algebra is guaranteed if its central charge
is tuned to the value determined by the cohomological construction, coq = —3(N? —1). It
is not clear, however, if for N > 3 this chiral algebra can be deformed to arbitrary c. As a
result, we cannot guarantee the existence of a wedge algebra, which would be the natural
candidate for the sought after Lie algebra in the bulk.

If we consider the case of infinite N, however, we can infer the existence of a wedge
algebra, which is an ordinary (linear) Lie algebra, albeit infinite dimensional. The argument
relies on large N factorization, and goes as follows. We have established in section 4.1 that,
in the large N limit, the supergenerators of the chiral algebra are in 1-to-1 correspondence
with single trace 1/2 BPS operators of N' = 4 SYM theory. Thanks to the protection
ensured by supersymmetry, their correlators can be computed in the free field theory limit.
We normalize the fundamental adjoint scalars of N' = 4 SYM in such a way that their
contraction yields schematically

(XTy XZ0) ~ g3n 65 0 (4.16)
where z,y,z,w are fundamental indices of su(N), we suppressed all spacetime and R-
symmetry dependence, and we restricted to the leading term at large N. With the aid of
the standard double-line notation, it is elementary to show the following schematic scalings,

(trX* trx*) ~

(trX ™ trX*2 rxhs

)~

)~
GtrXPer X P2 e XP e xR ) ~ 2(k1+k2) NFithkz — \kitke
(trX Rt X P2 g Xks trxke ) ~ k1+k2+k3+k4 N3 (kitkathstha)—2 _ 3 (kitkothstha) p—2 ’
(4.17)

k k
gYM =A
k1+k2+k3N 15 (kitkatks) — 5 (kitkatks) pr—1

)

where : : denotes normal ordering and A = g%M N is the 't Hooft coupling.?’ If we modify
the normalization of the single trace operators, setting

O = NA 2F trx¥ (4.18)

the previous relations may then be written in the simpler form

(Op Or) ~ N?,

(Og, Oy Opy) ~ N2,

(: Op, Opy 22 Op, O, ) ~ N1,
(O, Oy, : Oy, Oy, 1) ~ N2, (4.19)

20The last scaling relation in (4.17) holds for generic £1, £2, k1, ko. In the special case £1 = ki, fo = ko
the scaling is A¥1++2 NO,
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These relations constrain the NV dependence of the OPE coefficients in the OPE of two Oy,
operators. Very schematically, we may then write

Oky Oy ~ N? Sy T+ NOCp3, Oy + N2 Oy Oy 1+ . (4.20)

where we have only kept track of the N dependence. Furthermore we have only focused on
potential singular terms in the OPE, and in particular we supposed (ks3, ky) # (k1,ko).2!
As we can see, if double trace operators enter the singular part of the OPE of two single
trace operators, the corresponding OPE coefficient is suppressed by a power of N=2. It
is not hard to convince oneself that this pattern persists for all multi-trace operators: if a
trace-m operator enters the singular part of the OPE, it appears with a power N2~2™, This
argument implies that all non-linear terms in the chiral algebra must be suppressed at large
N. As a result, the obstruction to the consistency of the wedge algebra generated by the
vacuum preserving modes is removed, and we obtain a well-defined, infinite-dimensional
Lie (super)algebra. This is our candidate for the higher-spin Lie (super)algebra in the bulk.

All the necessary information for determining the structure constants of this Lie algebra
is contained in the OPE of single-trace operators in the 1/2 BPS chiral ring of NV = 4
SYM. It would be desirable, however, to have a more direct construction of this higher-
spin algebra, along the lines of [5] in the context of minimal model holography. Such
investigation is left for future work. Let us list here the expected vacuum preserving
modes of the operators in (4.1) that generate the wedge Lie algebra, suppressing su(2)p
indices for simplicity:

n even: n odd:
)i 0=0,%1,...,+in, =41 43 +ln,
szn)’één) C==+3£3 23 +in), 0=0,%1,..., 4 +1n),
T 0=0,%1,+ (14 1n), (=41 43 £(1+ln)

5 Discussion

In this work we have addressed the problem of determining the holographic dual of the
protected chiral algebra of N' = 4 SYM theory with gauge algebra su(N) in the large
N limit. The resulting picture is the following. The cohomological construction on the
field theory side is mirrored by supersymmetric localization in the bulk. By virtue of this
localization, type IIB supergravity on AdSs x S° reduces to a Chern-Simons theory defined
on an AdSs slice of the AdS5 space. The gauge algebra of the Chern Simons theory is an
infinite-dimensional supersymmetric higher spin Lie algebra, whose structure can a priori
be extracted from the coefficients in the OPE of the single-trace 1/2 BPS generators of the
chiral ring of N/ =4 SYM theory.

*Tn the case (k3,ka) = (k1,k2) the N scaling is N° due to the remark in the previous footnote. This
is in accordance with the tautological observation that : Ok, Oy, : enters the regular part of the Ok, Oy,
OPE with coefficient one.
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Although we were not able to provide a proof for all aspects of the above picture,
we have collected several pieces of evidence in favor of it. To begin with, we have imple-
mented the localization program explicitly in a simplified setup, illustrating how an AdSs
Chern-Simons theory emerges non-trivially from a five-dimensional gauge theory on AdSs.
Secondly, we have established the super chiral algebra conjecture of [1] in the case of infinite
N, providing the correspondence between supergenerators of the chiral algebra, single-trace
1/2 BPS generators of the chiral ring of N'=4 SYM, and Kaluza-Klein modes of type 1IB
supergravity on AdSs x S°. Finally, we have identified a natural candidate for the higher-
spin algebra in which the Chern-Simons connection takes values. It is the wedge algebra
of the chiral algebra, i.e. the (infinite-dimensional) Lie algebra generated by the vacuum
preserving modes of the generators of the chiral algebra. We furnished an argument based
on large N factorization for the existence of this wedge algebra, and we have connected its
structure to the OPEs of single-trace 1/2 BPS scalar operators of N'=4 SYM theory.

It is interesting to contrast this four-dimensional setup to the six-dimensional case in
which the superconformal field theory is the (2,0) theory of type Ay_1. As established
in [54], the protected chiral algebra in this case coincides with Wy . The latter is defined for
arbitrary values of the central charge ¢ and admits s[(IV) as its wedge algebra. The gravity
dual of a Wy chiral algebra is thus an AdS3 Chern-Simons theory with gauge algebra s[(NV).
These facts are well-known in the context of minimal model holography [5], and the large
N limit is also well understood. This problem is thus simpler from a bottom-up point of
view. From a top-down perspective, however, this case is considerably more complicated.
In the large N limit we can access the holographic dual of the (2,0) theory of type Ay_; via
eleven-dimensional supergravity on AdS7 x S*. In contrast to the case studied in this paper,
it is not possible to single out a simplified setup without dynamical gravity to perform the
localization computation. As a result, a direct check of the emergence of the claimed
Chern-Simons theory would require a full-fledged localization computation in supergravity.

The cohomological construction of the protected chiral algebra in 4d SCFTs also has
a counterpart for 3d SCFTs [55, 56]: the protected sector gives rise to a one-dimensional
topological algebra. The construction requires at least ' = 4 in three dimensions, and is in
particular applicable to the maximally supersymmetric case N/ = 8. In the latter situation
the holographic dual can be accessed via eleven-dimensional supergravity on AdSy x S”.
In analogy to the case discussed in this work, it is possible to single out a simplified model,
involving the dynamics of a vector multiplet in AdSy, in order to perform the localization
computation. The outcome of the localization procedure is expected to live on an AdSs
slice of AdSy, and it would be interesting to show this explicitly.

A general formalism for defining twisted supergravity theories has been recently intro-
duced in [57], with the motivation to discuss twisted versions of the AdS/CFT correspon-
dence. It would be extremely interesting to apply this formalism to our setup.
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A Conventions and technical material

A.1 Gamma matrices in various dimensions

Gamma matrices in Euclidean 5d dimensions are hermitian and satisfy

{47 =20"1,,  CsyhCyt=(MT, G5 =-C5, AP =1L,
(A.1)
where i, = 1,...5 are flat spacetime indices and Cjs is the unitary charge conjugation
matrix. We also need gamma matrices for the R-symmetry directions Z = 6,...,9,0 with
signature (4,1). They satisfy

{7y =20,  Cuap"Cii=(p")T, Cli=-Ci1, pp0*%° =ily,
(A.2)
where 77 = diag(+*, —), p° antihermitian, and the other p” hermitian, C4,1 unitary.
Let us combine these objects to obtain a convenient representation of the chiral 16 x 16
blocks TM, TM of gamma matrices in ten dimensions, where M = 1,...,9,0 and the flat
metric is nyy = diag(+?, —). Let us set

I = Csv" ® Cyy, I =—iCs® Cyap”,
T4 =4fC @ Oy I =iCy' @ p™Cyy. (A.3)
We may then check the Clifford algebra relations and symmetry properties
PMPN) — MN o [MpN) — MN (CM)T =M | O =TM, (A4)
as well as the chirality relations
LIr2e3rrereTreror = Iy, LIP3 rerord = —I. (A.5)

These relations imply that I'M maps positive-chiarality spinors to negative-chirality spinors,
while T™ acts in the opposite way. Let us assign a lower Weyl index a = 1,...,16 to a
positive-chirality spinor ¥,, and an upper index to a spinor of negative chirality T, It
follows that the index structure of gamma matrices is fi\f , TMaB  Using Weyl indices we
can conveniently formulate the “triality identities” as

My =0, TM 5Ty =0. (A.6)
Let us stress that the Lorentz generators are one half of the matrices
PMN — TIMpN] [MN — pIMPN] (A.7)

(fMN)T — _TMN

and since positive and negative chirality representations are dual. As

a result, Majorana bilinears are simply built contracting Weyl indices on W, v, f%,
rMas,
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As a final remark, recall that we adopt an off-shell supersymmetry formalism that
realizes manifestly only a subalgebra so(2)r x s0(2,1)r of the full R-symmetry group
50(4,1) R, associated to the split Z = (i, A), i = 6,7, A = 8,9,0. It is therefore convenient
to specify further the representation of gamma matrices p? by requiring

I, 0

8 9 0 2

- , A8
p°p°p (0 ]12> (A.8)

An explicit realization of all the gamma matrices considered in this section in terms of
Pauli matrices can be found in subsection A.3 below.

A.2 Embedding formalism for AdS5; and Killing spinors

Let us review some well-known constructions in order to fix our notations and conventions.
We realize Euclidean AdSs as a hyperboloid in the embedding space R%!. Let coordinates
on the latter be X, in which the 6d vector index A is split as A — (a,0,5), with a =
1,...,4. The a indices correspond to directions along the conformal boundary of AdSs,
while 0, 5 are an auxiliary timelike and spacelike directions respectively (we use underlined
indices to avoid possible confusion with other spacetime or R-symmetry indices). The
hyperboloid equation is

nap X X8 = 5, X X0 — XOx0 4 X5x5 — _R?, (A.9)
where R is the radius of AdSs. The relation between the embedding coordinates X and
the Poincaré coordinates 2%, z in (3.10) is

a a 2 2
xoo B oy x5 o Tt yo s (A.10)
z z z

In the discussion of AdS5 Killing spinors it is convenient to adopt a representation of
5d gamma matrices v* derived from a suitable chiral representation of gamma matrices in
the R>! embedding space. Let 74, 74 be chiral blocks of gamma matrices of R>! satisfying

T(A%B) = UAB H47 %(ATB) = 77AB 147 (TA)T = _TAa (%A)T = _7-A (All)

Ao, 2305 — (t® )T =77, (TQ)Jr =75, (TQ)T =70,

Let us construct the 5d gamma matrices v# = (y%,~°) and C5 from these objects via

2la 0] 1,.2.3.4

=7 Y=t s =Tl (A.12)

The first relation identifies the vector space of 5d Dirac 4-component spinors with 4-
component Weyl spinors of positive chirality in the R>! embedding space. The matrix
+° is associated to the radial coordinate z, but at the same time plays the role of chirality
matrix along the conformal boundary of AdSs5.

Let A, A be constant, 4-component, Weyl spinors in the embedding space R>! of positive
and negative chirality, respectively. Their SO(5, 1) transformation laws read

Cag THAFBIN, (A.13)
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where |45 is the infinitesimal parameter. Let us consider the maps

R [I4—~° 2%+ 204 Iy +4°
A = w(A) = ﬁ [ 5 — R 5 A, (A.14)
8 o R [Li+9° 2% —2zL Li—+°] o+
A = 7/1()\):\/;[427 ’YR 1 427:|7'0)\. (A.15)
First of all, ¢()), () satisfy the 5d Killing spinor equations
1 - 1 -
V;ﬂb = ﬁ'}’uw7 V,ﬂb = _ﬁ'Yuw, (A~16)

provided we adopt the vielbein (3.11) with the radial coordinate z associated to v°. Sec-
ond of all, the maps (A.14), (A.15) are equivariant under the action of so(5,1). At the
infinitesimal level we can write

PA+L-A) =9Q) +L-9(d), (A.17)

where the action ¢- ) is defined in (A.13), while the action £-1()) is realized as the negative
of the Lie derivative along the vector field £* associated to £,

£Q) = L) = V)~ VuEAB(0),  OXA = (AeXE, ok =gt
(A.18)
Completely analogous statements hold for the map = 1,/?@)

In order to implement the off-shell supersymmetry formulation of [25] followed in the
main text, we have to promote the 4-component AdSs Killing spinors 1/()), 1 () to suitable
solutions to (3.25), which holds for 16-component spinors in ten dimensions and therefore
implicitly involves the R-symmetry directions. Following our realization of 10d gamma

matrices (A.3) we seek solutions to (3.25) of the form

where 7, 7 are constant 4-component spinors associated to the gamma matrices p” of
the R-symmetry space. Using the definition of A in (3.18) and the 5d Killing spinor
equations (A.16) we see that e(\,n), (), 77) solve (3.25) as soon as the constant spinors 1,
7] satisfy the constraints

PP’ =n, 0’ =7, (A.20)
It follows that e(),7), €A, 7) obey the 10d constraints
LOTTe(Xm) =ie(Am),  TTTEQ7) = —i&7), (A.21)

readily checked using the last equation in (A.2). The space of solutions to (3.25) is thus
explicitly decomposed into eigenspaces of the s0(2)r hermitian generator %f‘6I‘7. This
decomposition mirrors the partition of the boundary supercharges into Q% = (Qé,é:]d)
and Q1 = (Sy, Q 14), where here o = +, —, & = +, — are Weyl indices in four dimensions,
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which can be collected into an index = 1,...,4 in the (anti)fundamental of the conformal
algebra su*(4) = so0(5,1).

Let us consider the canonical basis {)\)}, ¢ = 1,...,4 of positive-chirality Weyl
spinors in the embedding space R*!, and its counterpart {;(“”)} for negative chirality,

given by
1 0
_ g 1 O _ g 4 _ 0
Ay =AW= o Ay =2 = | (A.22)
0 1
In light of (A.8) we also consider the objects 7y, D, 1=1,2
1 0 0 0
0 1 - 0 - 0
=1, ma=|,] =[] =], (A.23)
0 0 0 1
We may then set
€xl) = 6(A(x)7 77([)) ’ g(acl) = g(A(x)a 77(1)) ) (A24)

and thus obtain a canonical basis of solutions to (3.25). Thanks to the equivariance of
the maps (A.14), (A.15), the label z can be regarded as a bona fide (anti)fundamental
index of su*(4). By the same token, I can be regarded as an index in the fundamental
of sl(2,R)r = s0(2,1)r. The most general Killing spinor in ten dimensions may then be
written as

€ — H(xl)

€ + B €, (A.25)

where the constants x, & are in one-to-one correspondence with the boundary supercharges
0% Q.. In the implementation of the localization technique in section 3 we select the
spinor specified by

o1y _ 1 a2) _ 1 . ¢ p 1
k(2D = 5 k(42 = 30 ey =5 Ry =5 (A.26)

with all other constants k, £ vanishing.

A.3 Some explicit expressions

We adopt the following representation for the chiral blocks 74, 74 of gamma matrices in
the embedding space R,

71:—i02®01, TN = 109 ® 01,

™ = —01 ® 03, 2= —01 ® o2,

™= 0y ® 03, 3 = —ioy ® 03, (A.27)
= o9 ® Io, 74 = o9 ® o, '
= I ® o, = -, ® oy,

T3 o3 ® o9, 72 = 03 ® 02.
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This representation determines the form of spacetime 5d gamma matrices according
to (A.12),

V= -0y @ 03,
V= -0 ® Iy,
73 = —09 ® 01, =L ®iosy. (A.QS)
vt= 03 ® o2,
VP = —03 @ Iy,

We use a different representation for the gamma matrices p? in the R-symmetry directions,
which is better suited for the split Z = (i, 4), i = 6,7, A = 8,9,0, and satisfies (A.8),

p° o1 ® I,
pl=o02® Iy,
p8 = 03 ® o1, 0471 =101 R 09. (A.29)
pP = o3 ® o9,
P’ = —io3 ® o3,

The explicit expression for the 16-component Killing spinor € is

€ _Z.peiso7 07 _Za ZR7 7’67 07 07 07 07 _ZRa _’557 07 _Z7 07 _ip_iw)T.

(A.30)

1
BENC

A.4 More on the auxiliary pure spinors

The supersymmetry transformations are presented using an orthonormal set of pure spinors
satisfying

vmIMe =0, v DMy, = 8,0m eTMe (A.31)
For our choice of Killing spinor € there is no simple closed form for such a set of orthonormal
pure spinors v,,. We can, however, relax the orthonormality condition and impose the first
relation only. The index m can now be regarded as a gl(7) index. For any such set of

spinors we have
I My, = Mopn elMe (A.32)

where the symmetric matrix M,,, is non-degenerate and is used to raise and lower m in-
dices.
We can achieve formal gl(7) covariance by introducing a background gl(7) connection
@,y and utilizing covariant derivatives such as
Duvm = Vuvm — Qu" mvn, IuK™ =D,K™+Q,"n K",
@uan = 8;1an - Qupm Mpn - Qupn Mmp . (AS?’)
The gl(7) transformation laws of v, K, M, Q are

K'™ =M™, K", vo=v, (MY, M = Mg (MY (M1,

=M QU s (M) + M0 (MY, M e gl(T). (A.34)

All equations used in main text can be gl(7)-covariantized raising and lowering m indices
with My, rather than d,,, and replacing V,, D, with 2, given above whenever acting
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on vy, K™. Equivalently, we can regard the equations in the main text as written in a
specific class of gl(7) frames for which

an == 5mn 5 Q#mn . O . (A.35)

It is clear that, in such a frame,
Dy Mpn =0, (A.36)

but since this equation is covariant it holds in any gl(7) frame. From a practical point
of view, one first finds a basis of unnormalized pure spinors satisfying the first equation
in (A.31) and then computes the associated M,,, via (A.32). One may then compute
Q™ from (A.36) upon imposing the gauge-fixing condition

M[m|p Qupn] =0, (A.37)

although we do not need the explicit expression for @,?,, in the implementation of local-
ization.

Let us now record a viable set of v spinors for our Killing spinor e given in (A.30).
We have

141 :ﬁ ( 07 pei(Pa 07 07 R7 07 07 07 07 07 _R7 07 07 07 07 Pe_w )T7
W:ﬁ (0, —ize*¥, 0,0, 0,0, R,0, —Re?%, 0, 0, 0, 0,0, O, —iz )T,
V3:ﬁ (R7 67 Oa 07 07 O’ 07 Oa 07 Oa 07 07 07 Oa R€_2i¢75€_2i¢ )Tv
M:ﬁ (0, 0, 0,R0 0,00 0, 0, 0, 0, 0,R, 0O, 0 )T,
I/5=ﬁ (0, 0, 0,0,0, R,0,0 0, 0, 0, —R,0,0, 0, 0 )T,
Ve :ﬁ ( 01 07 Ra 07 07 07 07 07 07 07 07 07 R7 Oa 07 0 )Ta
wz%{ (0, 0, 0,0,0 0 0,R, 0, Re* .0, 0, 0,0, O, 0, )T.

(A.38)

The associated metric M,,,, as in (A.32) can be written compactly as
4z 1 . ) iy _
Muny™y" = 7 [e’“” (Ry?y' = Ry®y" —izy'y?)+e ™y’ (Cy' =Ry’ ) +p (y')? |, (A.39)
where y™ are bookkeeping variables.
Open Access. This article is distributed under the terms of the Creative Commons

Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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