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1 Introduction

All classical extended supergravities with A local supersymmetries have duality symmetry,
as shown by Gaillard and Zumino [1]. These symmetries rotate equations of motion into
Bianchi identities and are consistent with local extended supersymmetry of the classical
action.

The local UV divergences at the loop level can be eliminated (absorbed into a redef-
inition of parameters) if the classical action of extended supergravities are deformed, to
preserve a duality symmetry in presence of higher derivative terms. The issue of compati-
bility of the deformed duality symmetric extended supergravity with a global N -extended
supersymmetry of the on-shell amplitudes will be addressed here.

A deformation of N = 8 supergravity by the candidate counterterms (CTs) [2, 3] leads
to a violation of the duality current conservation [4, 5], unless the consistent procedure
of the deformation of the twisted selfduality condition [6, 7] can be implemented. In its
general form proposed in [7] it has been already applied for Born-Infeld models with higher
derivatives with U(1) duality in [8]. Other examples of the restoration of duality current
conservation with rigid N' = 2 supersymmetry and U(1) duality were presented in [9]. The
procedure of [7] was however not explicitly applied to extended supergravities.

We will solve the first part of the problem here, in a particular sector of the theory: we
will construct a deformed bosonic action of A -extended supergravity where a two-vector



part of the CT is added to the classical action. All higher order terms with higher and
higher derivatives will be identified, so that the deformed actions in N/ = 5,6,8 super-
gravities in the two-vector sector have restored SU(1,5), SO*(12), E7 ;) duality symmetry,
respectively. We will investigate the properties of the deformed bosonic action here and
study the supersymmetric embedding of the deformed action and the superamplitudes.

A consistent reduction of A/ = 8 to all pure extended supergravities allows us to work
with all N > 4 models. The N/ = 4 pure supergravity has a U(1) duality anomaly [10, 11],
which might have caused the four-loop UV divergence [12]. It was suggested recently in [13]
that the one-loop anomalous amplitudes in this theory can be cancelled by a finite local
counterterm. It remains an interesting open problem to understand the consequences of this
(and perhaps higher-loop) counterterm(s) on the four-loop divergence of the four-graviton
amplitude.

Meanwhile, the four-loop UV divergence in A/ = 5 supergravity is absent, [14]. More-
over, it has been recently established in [15] that ' > 5 supergravities do not exhibit U(1)
duality anomalies in their one-loop amplitudes, of the kind known to be present in N' = 4
case [11].

The first relevant prediction of a UV finiteness of A/ = 8 supergravity due to Erny
symmetry in [4] was based on an observation that the Lorentz and SU(8) covariant, Er )
invariant unitarity constraint expressing the 56-dimensional E7(7) doublet via 28 indepen-

dent vectors, and consistent with supersymmetry, is unique.’

This argument is easy to
extended to other cases of N' > 5 supergravities since it is based on the geometric nature
of the % coset space where scalars are coordinates. Later on in [17] the argument was
given that for all N' > 5 supergravities the procedure of restoration of the duality current
conservation broken by the CT is not available. The argument in [17] was based on the
properties of invariants of the groups of type E7, which are duality groups in N’ > 5 su-
pergravities [18]. It suggested that a deformation of the twisted selfduality condition for
groups of the type E7, consistent with supersymmetry, is not possible. Additional reasons
for an obstruction to FEyy)deformations in N = 8 supergravity based on superconformal
SU(2,2|8) algebra were developed in [19].

It is important to stress here that the conjectured breaking of continuous E7(7) to
discrete Er(7)(Z) would be a non-perturbative effect, whereas we are analyzing here only
perturbative supergravity. The perturbative quantization of A’ = 8 supergravity is studied
in [20] in a formulation where its ;) symmetry is realized off-shell, but Lorentz invariance
is no longer manifest.

Relying on the cancellation of SU(8) current anomalies it is shown there that there are
no anomalies for the non-linearly realized E7(7) either. As a consequence, the Fr 7y Ward
identities can be consistently implemented and imposed at all orders in perturbation theory,
and therefore potential divergent CTs must respect the full non-linear E7(7) symmetry.

n case of N' = 8 supergravity the direct and simple finiteness argument is based on the absence
of light-cone supersymmetric invariant counterterm candidates [16]. We are grateful to L. Brink for a
recent reminder that light-cone CT’s are still not available, despite a significant effort. But since here
we are interested also in 5 < A < 8 supergravity we cannot rely on light-cone superspace, which is
known only for N' = 8 supergravity. We will work in the Lorentz covariant approach and try to use the
duality /supersymmetry argument.



In view of the highly non-trivial cancellation of the UV divergences in N' = 5 super-
gravity in four loops discovered in [14] and the fact that no new explanations of this fact,
besides the one in [17], have been suggested we would like to revisit and clarify the status
of the duality conservation arguments in [4, 5] and [6].

The UV finiteness of N’ = 5 supergravity in four loops established in [14] may shed some
light on the UV properties of the maximal N = 8 supergravity, if there exists a universal
formalism describing all N-extended supergravities. Such a formalism is, indeed, available
for N > 2 and it was constructed to describe the supersymmetric black hole universality [21,
22]. In N = 2 the special geometry is represented by a symplectic section [23, 24]. The
symplectic sections for higher A/ have been constructed in [25, 26].

We would also like to briefly comment on the very recent 5-loop calculation [27] demon-
strating the presence of a divergence in N = 8 supergravity for D..;; = %, and thus the
absence of enhanced cancellations [28] at least in that case. Although this result may be
interpreted as a hint that in four dimensions N' = 8 supergravity might diverge at seven
loops it should be emphasized that the question of finiteness (or not) of ' = 8 supergravity
remains wide open. The approach taken in this paper relies essentially on the exceptional
symmetry F7 which has no analog in fractional critical dimensions, and on the fact that
any CT must respect an extension of the exceptional duality symmetry, along the lines of
the construction done in this paper. The question of whether a higher order CT exists that
is both fully supersymmetric and fully duality invariant thus remains a challenge on a par
with an explicit calculation at seven loops.

Our purpose here is to make an analysis using the relatively simple two-vector sector
of the theory, extending earlier results of ref. [6]. After the deformed bosonic action with
duality symmetry will be presented we will study its supersymmetric embedding.

2 Twisted selfduality constraint and its deformation in N/ > 5 super-
gravities

The models of N' = 5,6,8 supergravities are reviewed in detail in appendix A, based
on [25, 26]. The scalars are coordinates of the % cosets, see table 1; the notation is
universal for all of them. Their duality groups G are SU(1,5), SO*(12), E7(7 respectively.
The isotropy groups H are U(5), U(6),SU(8), respectively.

We are looking at the bosonic part of the two-vector sector of the CT [2, 3], which has
a manifest duality symmetry as well as a supersymmetry, under condition that all fields in

the CT satisfy classical equations of motion, 55551 = 0. But once such a CT is added to the

action with some constant A in front of it, the new equation of motion has a correction

dSdeformed . 05 dScr .
T A

In particular, the A-dependent terms break duality current conservation [4, 5] at order

0. (2.1)

O()\?). New terms of O(A?) are therefore necessary to correct this issue; they, in turn,
push the non-conservation of duality current to O(A\3), etc. The current conservation is
restored with an infinite number of higher order terms, which also have an infinite number
of higher derivatives, [6, 7].



N | Duality group G | isotropy H M catar Ny | M
4 | SU(1,1) ® SO(6) U(4) S 6 | 2
5 SU(1, 5) U(5) somEeEy | 10| 10
6 SO*(12) U(6) Toesrs | 16 | 30
7,8 Er) SU(8) soZ | 28|70

Table 1. Scalar manifolds of N' > 4 extended supergravities. In the table, n, is the number of
vectors and m is the number of real scalar fields. In all the cases the duality group G is embedded
in Sp(2n,,R).

We will now study dualities in A/ > 5 supergravities, [25, 26]; the field content of these
theories is given only by the corresponding gravitational multiplet. In the case of NV = 4
supergravity the duality symmetry is anomalous, [10, 11] but N' > 5 are anomaly-free [15].
These theories contain in the bosonic sector the metric, a number n, of vectors and m of
(real) scalar fields, see table 1. The relevant classical vector and scalar part of action has
the following general form:

Loee = 1 |[NagF A= —NAEFLAF”'W} + %grs(q))auqm“qﬁ, (2.2)
where g.s(®) (r,s,--- = 1,--- ,m) is the scalar metric on the scalar manifold Mcqqr Of
real dimension m and the vectors kinetic matrix Nyx(®) is a complex, symmetric, n, X n,
matrix depending on the scalar fields, see table 1. F*A are self-dual and anti-self-dual
combinations of the vectors field strengths (see appendix A for details).

The formalism of symplectic sections [25, 26] corresponds to a particular parametriza-
tion of the coset representative. It allows a better way to study duality symmetry of
extended supergravities for the case of a general N'. The details are in appendix A for
N = 5,82 and we give examples of symplectic sections in N' = 5 and N = 8 supergravity
in appendix C. Instead of a metric Nyx(®) in the vector space, in eq. (2.2) one can introduce
duality doublets — referred to as a symplectic section — depending on scalars of the theory

A ab

haas
so that the kinetic matrix A/ can be written in terms of the sub-blocks f, h as N = hf~!
or component-by-component as

(2.3)

Nas = haap (fH4Py (2.4)

50%(12)
U(6)
15 in the twice-antisymmetric representation of U(6) plus a singlet, see [25], p.17 or [26] p. 71-72. These

2In case of N’ = 6 the details of the coset space are given in [25, 26]. There are 16 graviphotons,

subtleties do not affect our analysis.



The vector doublet is defined by the vector field strength Flfy = % (8MA11,\ — 8VA2) and by
the derivative of the action over it, namely, *Gy,, = % oL

OFA,

FA
(%) o

The only way to construct G-invariants is by contracting the symplectic doublets. For
example, the graviphoton — the N (N — 1)/2-component supersymmetric partner of the
N-component gravitino 14 — is defined as

_ +A
Tip = (f*ap. haan) (i Oﬂ> (f;i > : (2.6)
A

Here F lff\ are the Maxwell field strength in the action in eq. (2.2) , whereas G/:\FW are
defined as derivatives of the action over FﬁA,
N
O = F3505 (27)

Note that the graviphoton is a G-invariant and are covariant under the H-symmetry, the
U(N) for 6 > N > 4 and SU(8) for N' = 8.

We consider a two-vector part of the CT in N > 5 supergravities, [2, 3]. The relevant
expression, a supersymmetric partner of D?*R*, depends on the graviphoton T' LAB and
its conjugate defined in eqs. (A.34), (A.35):

Lor = ATz AT 48, (2.8)
The simplest case of the R* CT is
Lor = ATP0Y (To apVsaTh (2.9)

with 78106876 — \ caBrd CaBid being the Bel-Robinson tensor in spinor notation and V _;
an H-covariant space-time derivative. In the R* case the explicit differential operator in
eq. (2.8) acting on two-forms f,, is defined as follows

(AU = D foo = VRTMW“VAaﬂfW ; (2.10)

it maps a self-dual 2-form into an anti-self-dual one and vice versa. Here the Bel-Robinson
tensor is given in the vector form

THVOP = OHRIACY Py — gg"[”cw””%%, (2.11)

with the Weyl tensor C,,5,. The H-covariant field strength of the graviphoton is T,g 4B =
MVTAB
Tagli
Note that as it is known from [29, 30], the R* CT does not have a supersymmetric

and its complex conjugate is Ta 4AB-

completion that is also invariant under a duality group with real coefficients. It is however



believed that its nonperturbative completion is invariant under a duality group with integer
coefficients [31].

For an D?*R* CT we have to insert more H-covariant space-time derivatives in (2.9),
so that the operator A in (2.8) is more general than in eq. (2.10). Our main result for
the deformed action in (3.10) will depend only on the operator A not transforming under
duality. This holds regardless of the number of derivatives it contains, since each of them
is inert under duality transformations. From now on one should understand the operator
A in (2.8) as representing D?**R* CT.

Since the dual field strength G is defined in terms of the field strength F' through (A.5),
to carry out perturbative calculation it is necessary, on the one hand, to express explicitly
G in terms of F. On the other, adding a deformation such as (2.9), depending on both F'
and G, to the classical action defines the action implicitly, by relating it to its partial deriva-
tives with respect to F'. Thus, to carry out perturbative calculations with the deformed
action it is necessary to solve this differential equation; the solution will generically exhibit
arbitrarily-high powers of the deformation parameter A\. An alternative approach, which we
will carry our in the next section and appendix B, is to determine G by solving a deformed
twisted self-duality constraint. The deformation of the classical twisted self-duality con-
straint is chosen such that the leading (i.e. O()\)) term reproduces the CT deformation of
the classical action. There are many such deformations of the classical twisted self-duality
constraint, which differ by terms of order O(A"=2). In the discussion in the next section
and appendix B we shall assume that no such higher-order terms are present.

Adding more derivatives, corresponding to superpartners of D?*R* will not change
the general structure of the two-vector vector (and hence its duality properties), but will
change the dimension of the CT and the number of loops were it might be generated. In
the context of the four-graviton amplitude it corresponds to an insertion of a dimension-
increasing function of Mandelstam variables f(s,t,u). The operator A in such case will
have additional derivatives compared with the expression shown in (2.10).

3 Complete two-vector deformed action with duality symmetry

The twisted nonlinear selfduality constraint in classical supergravity at A = 0 was proposed
in [32, 33]. In H-covariant form it states that there are only n, physical vectors. The
constraint is

T;Z/AB :hAABFLA—fAABG:,,AZO, (3.1)

together with its complex conjugate. If instead of using the H-covariant constraint we
would like to use the G-covariant one, we can multiply the equation on f~! so that

G:VA—(f_lh)AgFlj_VEZO = G:VA—NAEFJVE:O. (3.2)

A non-vanishing deformation on the right-hand side of these equations, which would

also be Lorentz and H-covariant, was presented in eq. (5.7) in [7]. It can be derived,
following the proposal in [6] to use the manifestly duality invariant source of deformation.



In this case it depends on a duality doublet F = (F,G); that is, the classical twisted self-
duality constraint (3.2) is not valid and we propose that its right-hand side is given by the
source of deformation

IT=AT s AT A8 = NhsapF ™= - fRap Go)A(MAB FHA — fAMB G (3.3)
It leads to a constraint of the type given in eq. (5.7) in [7]
Tig+ AT, 5 =0 (3.4)

where the H covariant differential operator A is defined in eq. (2.10). In fact all results
below are valid in a more general case when A depends also on scalars and gravitons. For
the subsequent analysis it is convenient to switch to a G-covariant form of equations

(FA %0 (T + AATS ) =0, (3.5)
which will give us the following (we skip indices, they are easy to restore)
[GT —NFT+X(G~ —NF7 )]y =0, (3.6)

and the complex conjugate is
(G~ - NF +X(GT —NF)],=0. (3.7)
Here the differential operators X and X are
X =\ AT, X =\fAf. (3.8)
We may substitute G~ from (3.7) into (3.6) and we get
Gl=|01-XX)YXW -N)F + (N — XXN)F+]]A. (3.9)

This can be integrated to produce the deformed action, so that the derivative of the action
over F* will produce the value of G in (3.9). The result is
Laet = —iFT(1 - XX) ' XN -N)F~ —iFT(1 - XX)""(N = XXN)FT +hec.. (3.10)
The integrability condition requires that
§GY 1 528 6GY o 529 oGy (3.11)
SF>  28F+HASF+27  §F~Y  26FHASF—>  §FTX] '
We test the integrability condition in the appendix B and show that the action (3.10) leads

to (3.9). And since every term in the expression for G is linear in F', it is easy to present
a nice and simple form of the vector-dependent part of the action, it is given in the form

Laot = FG. (3.12)

In conclusion of this section, we have derived a deformed action (3.10), (3.12) for N' > 5
supergravity, with terms with higher derivatives of an infinite order, which has a duality
current conservation. It extends the results of [6] by giving a closed form expression of the
duality-invariant two-vector part of the allowed N' > 5 counterterm. The first deformation
term, is proportional to X = A\f"'Af and has 8 derivatives, other terms with X™ are of
the order A"92". Since now G+ = Z%Ldet we find that deformed equations of motion for

2 0FF
the F'-field become exact Bianchi identity for the G-field.




4 Duality restoration in an example: A? approximation, no scalars

Our deformed (bosonic) action is given in eq. (3.10). We are interested in vector-dependent
terms which are independent, linear and quadratic in X ~ A

LOT2 = GFYNFY —iFTX(N -~ N)F~ —iFtXX(N - N)FT
+iF " NF~ +iFT (N = \)XF~ +iF~ (N -N)XXF~ . (4.1)

The action has a manifest SO(N) symmetry. We stress that restoration of the SU(N)
symmetry for the S-matrix following from this action is a necessary but in general not
sufficient condition for consistency of eq. (B.18) and supersymmetry; it is this necessary
condition that we shall verify below.

At the base point of the coset space we will take N' = —i, N' = N = —2i, f = 1/V/2,
X = Af"'Af = AA and we take A = Af

LoE2 = —[(F5)? 4 (F7)2| —AAFTAF™ - 2XFFATFY —202FA%F~. (42)
In such case we defined the dual field strength as
~  10L

G= 28F (4.3)

To check directly that the current conservation, broken due to terms A [4, 5] and
restored by the terms of order A? in the action we need to compute the B component of
the duality current conservation O“J“AEBAE. The B component of the Gaillard-Zumino
duality current JSZB = G BB,, corresponding to the transformation F' N = AAGFE 4
BAE@y;, can be defined only in the presence of the equation of motion dG = 0, i.e. in the
presence of the dual vector B, such that G = dB.

Here we will just check that, in absence of scalars, 9, J*** By, vanishes through O(\?).

This component of the duality current?

6S 68 6S 0S8
>BAE

SFTASF+E  §F-AGF-T
= GIB*"GY — Gy B G5 = 2iG\B** Gy, (4.4)

O I\ Bys, = — <

with the self-dual and anti-self-dual dual field strengths given by

550+1+2

_% = 2F T L ANAF A L AN A2 FTA, (4.5)
550+1+2
_5‘19;73 = 2F A L DAFTA L 4N 2A2F A (4.6)

Eq. (4.4) becomes then

GLGY — G G5 = (Ff + 20AF, + 2 2 A2FN) (B + 20AF; + 2X2A%FY)
—(Fy + 20\AF{ + 20 AF)(Fy + 20AF +2X2A%Fy) (4.7)

3The position of duality indices A was not specified strictly at the level of [1]-[34], as it becomes later
when in symplectic sections upper component was taken with the duality index up, and lower component
with the index down.



which, up to terms of order O(\3) is a total divergence
GIGY -GGy = FYFY — FyFg + O(\%). (4.8)

This supports and illustrates at the A2 level the general proof in section 2 that our deformed
action has a duality current conservation.

5 SU(N) restoration from SO(N) in the six-point amplitude example

Note that the deformed action in (4.2) has terms with SO(A) symmetry, for example
using indices we have \2(FTAB)A2(F+4B) as well as terms with SU(N) symmetry, like
AFHABAF 5. In classical theory there are also SO(N) invariant terms, like (FT45)2
however, the on shell action is known to have an SU(N) symmetry. Here we will find out if
the presence of the new SU(N) symmetry breaking terms, like \2(F+tAB)A2(FTAB)  affects
the on shell symmetry of the theory. For this purpose we will compute all contributions
to the A2 amplitude, the one from the single \?(F+48)A2(F+4B) vertex and the one from
the tree diagram with two vertices A\F 48 AF 5, as shown in figure 1.

In this section we will treat the parameter A\ as independent of the gravitational cou-
pling. To test the on-shell symmetry properties of the deformed action (4.2) it therefore
suffices to analyze tree-level amplitudes with A-dependent vertices. Our strategy will thus
be to concentrate on the simplest possible non-trivial tree amplitude involving the correc-
tion term in lowest order, with four gravitons and two vectors on the external legs, which
is such that no other (of the infinitely many) higher order vertices can contribute. To this
aim we start from (4.2) where all dependence on the scalar fields has been stripped off.
Introducing the chiral projectors

Py — %(5#151/1 — UL F e, ) (5.1)

pP1O1 P1 01 P1 701
onto the self-dual and anti-self-dual components of 2-forms we can schematically represent
the operator A in the form
A = P, (Xhh)P_ 4+ P_(Xhh)Py + O(h?),
A% = P, (Xhh)P_(Xhh)Py + P_(Xhh)P,(Xhh)P_ + O(h®), (5.2)
where X hh is the leading term in the expansion of the fourth order differential operator A

to lowest (quadratic) order in the metric fluctuations. With this the action (4.2) contains
the following pieces up to and including second order in A (still omitting internal indices)

—ANFTAF™ = —4X(QA)P, (Xhh)P_(0A) + O(h?),
NZFYAZFT = —20%(0A) Py (Xhh)P_(Xhh)P(0A) + O(R),
—2X2F~A?F~ = —2)\*(0A)P_(Xhh)Py (Xhh)P_(dA) + O(h®). (5.3)

For the computation of the scattering amplitude we must saturate these vertices with the
i
shell conditions p? = 0 and p’“‘eff (p) = p“eff (p) = 0). Putting back the internal indices we

polarization states €;>-(p) for the gravitons, and eff (p) for the vectors (with the usual on-
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Figure 1. Graphs contributing to the amplitude A(A4LE(p1)ATP (p2)hiv (p3)hst(pa)h——(ps)
h——(ps))-

recall that the vector fields of A -extended supergravity transform in the adjoint of SO(N)
(with an extra singlet vector for N' = 6); the vector polarizations therefore carry an extra
SO(N) label [AB]. When applied to the field strength this SO(N') label becomes elevated to
an (S)U(N) index pair, where we must now distinguish between upper and lower positions
of the indices [AB]. For instance, for N' = 8 supergravity this results in the substitutions

+AB

V]

F;,AB — ip[u€
Fu_uAB — ip[uﬁ,j]AB (5.4)
where F;,AB transforms in the 28 of SU(8), while F ,p transforms in the 28 of SU(),

with independent polarizations efAB for all vectors. These SU(8) assignments are further-
more consistent with the relations

Pop” (ipped*P) = ippei™? Py (ipp€qy AB) = ip[u€, B,
Py (ippes a) = 0, Py (ippeP) = 0. (5.5)

At order O(\?) the amplitude

.AAB’CD(pl, o 7p6) _ <AfB(pl)AgD(p2)h++(p3)h++(p4)h_—(p5)h——(p6)> (56)

will thus receive two contributions, namely one from the square of the quadratic vertex (first
line in (5.3)) with two vectors contracted, and the other from the sextic vertex (second and
third line in (5.3)); these two contributions are depicted in figure 1. We note that in this am-
plitude both index pairs [AB] and [C' D] are in the upper position because of the positive he-
licities of the external spin-one states. Since one cannot form an SU(N) singlet with four up-
per indices for ' > 5, a non-vanishing result for this amplitude would indicate a breakdown
of the SU(N) R symmetry. However, we will now show that this amplitude indeed vanishes.

To proceed we first consider the square of the O()) vertex: not forgetting a factor 1/2
from the expansion of the exponential this leads to

%(  LiNOA)PL(XhR)P- (9 A)) (— 4iA(DA)P-(Xhh) Py (9A)) (5.7)

where the underbracket denotes the contraction (= vector propagator in a convenient
gauge) |
AB CD ! B[A5C]D
ALE(R)ATP (<) = =15 mud P46 (5.8)
S — |

~10 -



and where the positive helicity vectors are left uncontracted as they will be dressed with
positive helicity polarizations in accord with (5.5). Now using the relation
H2v2 p2v2 1 2
P—pgazk#2771/2l_’2p—ﬁ25'2kﬁ2 = Zk P—onz;ﬁzc_fza (5'9)

with the momentum k& = p; + p3 + ps (= —p2 — p4 — pe) on the internal line we see that
the propagator factor is cancelled, and we end up with an effective local vertex

+ 2iA2(0A) Py (Xhh)P_(Xhh) P, (9A)

which is the same as the contact interaction in the second line in (5.3). Therefore the
two contributions exactly cancel at the order of A2. Thus, the deformed all order higher
derivatives action, which has a duality current conservation, yields a six-point on-shell
amplitudes at the A2 order which does exhibit the expected SU(N') demanded by N-
extended supergravity. Using the vertices in eq (5.3) it is not difficult to show that the
eight-point O(\?) SU(N)-breaking amplitude also vanishes.

To conclude, we have shown that the bosonic duality-symmetric action with higher
derivatives does not break the SU(N') symmetry of the six- and eight-point on shell am-
plitudes to SO(N). However, in general, the issue of the restoration of SU(N') symmetry
and supersymmetry based on deformed action requires additional investigations.

6 Discussion

In this paper we have constructed a complete deformed action of the two-vector sector of the
candidate UV divergence serving as the seed of deformation of N' > 5 supergravities; the
resulting action terms in egs. (3.9) and (3.10) extend earlier results of [6], where the duality-
completion of the two-vector superpartner of an R* counterterm was first considered. We
have solved perturbatively the twisted non-linear constraint equation (3.4) and identified
the dual field strength GT(F, ¢) to all orders in A, presented in (3.9). We have also found
the complete all order in A\ action (3.10) such that the corresponding duality current is
conserved.

Our deformed action, when expanded near the base point of the moduli space % has
terms which break SU(N) symmetry down to SO(N) symmetry. This feature, if it would
persist on shell, would prevent our deformed action from being consistent with supersym-
metry. We have therefore computed the six-point amplitude, as shown in figure 1, and we
have found that the contribution from the SU(N') symmetry violating A? vertex in the de-
formed action is precisely cancelled by the tree diagram with two A vertices. These examples
indicate that an analogous cancellation and restoration of SU(N') symmetry in scattering
amplitudes might take place at all higher orders in A and for all n-point amplitudes.

Our conclusion here is the following. When using the two-vector sector of the candidate
counterterm as a seed for deformation of the action we do not find an inconsistency between
the requirement of duality current conservation and supersymmetry of the deformed action.
It does not mean that our deformed action has a supersymmetric embedding, but there is
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also no obvious obstruction to it: the six-point tree amplitude based on deformed action has
an SU(N) symmetry, which is necessary but not sufficient condition for supersymmetry.

Our analysis here does not explain why A = 5 supergravity in four loops is UV
finite [14]. We will continue with analogous investigation of more general sectors of the
deformation of the theory in Part II of this project. We will take into account the one-
vector and the four-vector sectors, in addition to the two-vector sector we have studied
here. Ultimately, the goal is to either construct a supersymmetric deformed action of
N > 5 supergravity, or to find that it is not available.
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A A review of classical M-extended supergravities

We start by recalling® the main features of four dimensional pure A -extended supergravi-
ties, N' > 5.

These theories contain in the bosonic sector, besides the metric, a number n,, of vectors
and m of (real) scalar fields. The relevant classical bosonic vector and scalar part of action
is known to have the following general form:

1 1
B 4 A T o A ol
S = [VEgate (~5 Rt BN FA P 4 5 Reure ™ FL L+

+% g,,s(cp)a,lcpraﬂqﬁ) . (A1)

The vector-scalar part of this action was presented in (2.2) and notations explained there.
Duality rotations and symplectic covariance of these theories were uncovered in [1].

We consider a theory of n, abelian gauge fields Aﬁ, in a D = 4 space-time with Lorentz
signature (which we take to be mostly minus). They correspond to a set of n, differential
1-forms

AN = Aldat (A=1,...,n,) . (A.2)

4This is a shortened version of the corresponding review in [26], which focuses on the details important
to our case.
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The corresponding field strengths and their Hodge duals are defined by®
FM = dAY = Bl da* A da?,
1
A A A
Fu =3 (0uAy — 0,A3),

(M) = - (A.3)

= B Epvpo

The dynamics of a system of abelian gauge fields coupled to scalars in a gravity theory is
encoded in the bosonic action (A.1). Introducing self-dual and anti-self-dual combinations

1
F* = 5 (F£i"F) *(F*) = FiF*t | (A.4)
the vector part of the Lagrangian defined by (A.1) can be rewritten in the form given

n (2.2). We introduce new tensors

G = ;8(272\,/ = ImMxy FMZ,, + ReMyx *FEV — GX‘W = $;£}%& , (A.5)
the Bianchi identities and field equations associated with the Lagrangian (A.1) can be
written as

VIR, =0, VH* Gl = 0 (A.6)
or equivalently
VAImFEr =0, VA Gy, = 0. (A.7)

Introducing the 2n,-component column vector

o *FA
F= <*GA> , (A.8)

a general duality rotation is any general linear transformations on such a vector,

(oY= (20) (5),

A B
For any constant matrix S = (C’ D) € GL(2n,,R) the transformed vector of magnetic

and electric field-strengths *F' = S - *F satisfies the same equations (A.6) as the original
one. In a condensed notation we can write

D*F=0 <= 0*F =0 (A.10)
Separating the self-dual and anti-self-dual parts

F=F"+F; G=G"+G" (A.11)

5 .
°We use, for the e tensor, the convention: €p123 = —1.
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and taking into account that F' and G are related by (A.5),
Gt = NFT, G~ = NF—, (A.12)

the duality rotation in eq. (A.9) can be rewritten as

(o) =s(i) (&) =)
=S ; =s| . (A.13)
Gt NF+ G- NF~

The kinetic matrix N' = N (®) transforms under a duality rotation such that the definition
of GT as a variation of the Lagrangian continues to hold:

i oL
GY = (C+ DN\ F2 = —o i = (A+ B)SNWF™ (AL
that
15(®) = [(C+DN) - (A+ B/v)—l] = (A.15)

The condition that the matrix N is symmetric both before and after the duality transfor-
mation implies that
S € Sp(2n,,R) € GL(2n,,R), (A.16)

that is:
sfcs=c, (A.17)

where C is the symplectic invariant 2n, X 2n, matrix:

0-1
- () s

It is useful to rewrite the symplectic condition (A.17) in terms of the n, x n, blocks
defining S:
Atc-c"A=B"D-D'B=0; ATD-CT"B=1. (A.19)

In NV > 5 models the fields are in some representation of the isometry group G of the
scalar manifold or of its maximal compact subgroup H.% All the properties of supergravity
theories for N' > 5 are completely fixed in terms of the geometry of the coset G/H; they
can be formulated in terms of the coset representatives L satisfying by

L(3') = gL(®)h(g, ). (A.20)

Here g € G, h € H and &' = &'(®), ® being the coordinates of G/H. Note that the scalar
fields in G/H can be assigned, in the linearized theory, to linear representations Ry of the
local isotropy group #H so that dim Ry = dim G — dim #H (in the full theory, Ry is the
representation which the vielbein of G/H belongs to).

5This group is also the isotropy group of the scalar manifold and it is also isomorphic to the R-symmetry
group; we use these names interchangeably when referring to H.
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Fermions in extended supergravities form representations the isotropy subgroup H
rather than of the isometry group G of the scalar manifold. For example, there is the
graviphoton — 2-form T4p — appearing in the supersymmetry transformation law of the

gravitino 1-form
5ha = Vea+ aTap " V" ePVa+ . (A.21)

Here V is the covariant derivative in terms of the space-time spin connection and the
composite connection of H, « is a coefficient fixed by supersymmetry, V¢ is the space-
time vielbein, A = 1,--- , N is the index acted on by the automorphism group H in the
fundamental representation. Here and in the following the ellipsis denote trilinear fermion
terms. The 2-form field strength T'4 g will be constructed by dressing the bare field strengths
F? with the coset representative L(®) of G/H, ® denoting a set of coordinates of G/H.
The same field strength T4p which appears in the gravitino transformation law is also
present in the dilatino transformation law

5xaBc = Papcpe0ud' e’ + BT apw" )+ - (A.22)

Here Papcp = PABCD,gquZ is the vielbein of the scalar manifold, S is a coefficient fixed
by supersymmetry.

In order to give the explicit dependence on scalars of T'sp it is necessary to recall that,
according to the Gaillard-Zumino construction, the isometry group G of the scalar manifold
acts on the vector (F~*, GY) (or its complex conjugate) as a subgroup of Sp(2n,,R) (n,
is the number of vector fields) with duality transformations interchanging electric and
magnetic field strengths, as shown in (A.13).

Let now L(®) be the coset representative of G/H in the symplectic representation,
namely as a 2n, X 2n, matrix belonging to Sp(2n,, R) and therefore, in each theory, it can
be described in terms of n, x n, blocks Ay, By, Cr, Dy, satisfying the same relations (A.19)
as the corresponding blocks of the generic symplectic transformation S.

Since the fermions of supergravity theories transform in a complex representation of
the R-symmetry group H C G, it is useful to introduce a complex basis in the vector space
of Sp(2n,,R), defined by the action of following unitary matrix:

1 11
A=— ,

V2 \1 -i1
and to introduce a new matrix V(®) obtained by complexifying the right index of the coset
representative L(®P), so as to make its transformation properties under right action of H
manifest:

V() = £1) _ L(®) Al (A.23)
hh ’ '

where:

f= (AL—iBL) 3 h—12(CL—1DL)

S
V2
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From the properties of L(®) as a symplectic matrix, it is easy to derive the following
properties for V:

vyVi=—ic,; vicv=iy, (A.24)

where the symplectic invariant matrix C and 7 are defined as follows:

0-1 10
CZ(IL 0>’77:<0—11>’ (A.29)

and, as usual, each block is an n, x n, matrix. The above relations imply on the matrices
f and h the following properties:

i(ffh —h'f) = 1
(f'h — h'f) = 0. (A.26)

The n, X n, blocks f, h of V acquire the following form

f = fap,

h = hAABa (A27)

where AB are indices in the two-index antisymmetric representation of H = SU(N) x U(1)
or SU(8) in N' = 8 case. Upper SU(N) indices label objects in the complex conjugate
representation of SU(N):

(fhap)* = AP (A.28)

etc. Thus we have another symplectic section depending on scalars of the theory and

A ! A
<f AB) :S(f AB>' (A.29)
haag haag

The kinetic matrix A can be written in terms of the sub-blocks f, h, and turns out to

transforming as follows

be:
N=hf"!  N=N, (A.30)

transforming projectively under Sp(2n,,R) duality rotations as already shown in the pre-
vious section. By using (A.26) and (A.30) we find that

(Yt =iV - AOF, (A.31)

that is
(EHAB ) = iV = N)ax fAB (A.32)

For the symplectic product in general ( | ), one can use the convention

(A| B) = BMAy — By AM. (A.33)
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In particular, a symplectic invariant can be constructed using one symplectic section de-
pending on field strength and its dual (F*, G*) and the other one depending on scalars

(f,h)
0-1Y\ (F**
Tiyp = (f*aB, haas) (11 0 ) ( Gt ) : (A.34)

Here TAEB is a G-invariant since ST CS = C, but it transforms under the group #. Thus,
the graviphoton and its conjugate are

Tip = haap F* = f2ap Gy
T AP = (Typ)t =" P — PAMBGE (A.35)
Note that, in classical supergravity, the graviphoton satisfies the constraint shown in
eq. (3.1) as a consequence of eqs. (A.30), (A.12). It is an H-covariant form of what is
known as a twisted selfduality constraint, covariant under G transformations.

The constraint eq. (3.1) is known as linear twisted self-duality constraint. It can be
given in the following form. We can use a 56-dimensional real symplectic vector of field

(") w0

that transforms in the 56 of Ey(7) C Sp(56,R). The scalars of the theory are described by

the symplectic section
| as
Vap = : (A.37)

ha aB

strengths

The period matrix is defined by the property

haas =Nasf>ap. (A.38)

This relation of the components of the section V;; with the components of the sym-
plectic E7(7)/SU(8) coset representative imply the constraints

Wap | V) = —2i645°P ., (Vap | Vop) =0. (A.39)
The graviphoton field strength is defined by
Tap = Vap | F), (A.40)
and its self- and anti-self-dual parts are
Tap™ = Vap | F5). (A.41)

They all transform under compensating SU(8) transformations only. Since the H-tensor
Tap is complex, we have
TABE — (Typ¥). (A.42)

17 -



Finally, the linear twisted self-duality constraint eq. (A.12), is equivalent to the vanishing

of
T = Tuph) =0. (A.43)

We are now able to derive some differential relations using the Maurer-Cartan equations
obeyed by the scalars through the embedded coset representative V. Indeed, let I' =
V~1dV be the Sp(2n,, R) Lie algebra left invariant one form satisfying:

AL +T AT =0. (A.44)

In terms of (f,h), T has the following form:

vy — ( i(ffdh — hidf) i(ffdh — hidf) ) B <Q(H) P

_ = _ , A.45
—i(ftdh — hdf) —i(f'dh — hldf) P QUH) ) ( )

where the n, x n, sub-blocks Q) and P embed the H-connection and the vielbein of G JH
respectively. This identification follows from the Cartan decomposition of the Sp(2n,,R)
Lie algebra.

From (A.23) and (A.45), we obtain the (n, x n,) matrix equation:

DO =P,
D(Q)h =hP, (A.46)

together with their complex conjugates. The H-connection is
Q) — i[f!(Dh + hw) — hf(Df + fw)] = w1, (A.47)

where we have used:
Dh = NDf; h=NT, (A.48)

which follow from (A.46) and the fundamental identity (A.26). Furthermore, using the
same relations, the embedded vielbein P can be written as follows

P = —i(f'Dh — h!Df) = if\ (N — N')Df, (A.49)

and )
D(w)f* a5 = ifACDPABCD- (A.50)

For N > 4, P coincides with the vielbein Papcp of the relevant G/H.
This equation is a part of the Maurer-Cartan equation

1 —
DVap = §PABCDVCD, (A.51)

where D is the H-covariant derivative and P4pcp the vielbein 1-form on the scalar mani-
fold. Using the definition of the graviphoton field strength (A.40) we also find that

1 _
DTap = 5Pascp A TP (A.52)

and its complex conjugate.
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It is useful in the context of black holes to define the central charges, as integrals over
the dressed, scalar dependent graviphoton, Z4p and Z4% and symplectic doublet charges
() which are integrals over field strength’s F' and G which are scalar independent. These
are related as follows

1 ~AB __ _1 t N A
5ZapZ"" = —5Q@MWN)Q, (A.53)

where C is the symplectic metric while M(N) and @ are:

M(N)_<1_R6N>-<IHW 0 )( ! O>_<CVVT<C, (A.54)

0 1 0 ImN—! —ReN 1
A
e (p ) (A.55)
gAa
More useful relations follow

PE = (V=AY

il =~ (V) = )

hft = NEfT,

fhi = ffIN. (A56)

B Integrability of the deformed twisted self-duality in A/ > 5 models
In this appendix we use matrix-like notation and omit the Lorentz, G, H indices.
fU = = (W =N,
XX = N IAFF AT = A2 L AMAMS,
(XX)" = AL (AMAM)"f,
XN =N)=MTAFN —N) = —iMIAFEHL) = —ifTAFL
We consider the following action,

L=aFt(1-XX)'X(N-N)F~ +B8Ft(1 - XX)" YN - XXN)F' +he, (BS5)

where o and § are complex constants. We rewrite this action by using the identities. The
first term can be rewritten as
aF T (1 - XX)'X(N - N)F~
=aF ") (XX)"XWN - N)F~
n=0
= —iaF ) N AMAM) x £ IAF RS
n=0

= —iaFT ) N (AMAM)Af T ET (B.6)

n=0
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The hermitian conjugate of this action is
iaF~ >y N AMAM)PAf T R
n=0
=iaF Y AT AMAM)AFT FT 4+ tot.div, (B.7)
n=0
where we have used the partial integral, and note that A becomes A by raising and lowering

Lorentz indices, which do not change the sign.
The second term becomes

BET(1 - XX)" ' (N — XXN)FT
= BFT(1 —XX)”{(N—/\_/) —(1-XX)N)}F*
= BF*NF* + B8F* Z YN - N)F

= BFtNF* 4+ BF* Z AL AMAM) (N — N)F+

n=1

= BFTNFT + BFT Z AL AMAM)" ' AMAME(N — N)F+
= BFYNF* +8F* Z AL AMAM)" ' AMAF(N — N)FT

=BFTNFT — zﬁF+f Y OA(AMAM)" T AMAS T FY (B.8)

n=1
Therefore the Lagrangian becomes
L=BFTNFT —iBFHE1Y " A" (AMAM)" ' AMAf ' F*
n=1

+2(Ima) T Y A2 (AMAM)"AF ' P
n=0

+BFNF™ +iBF £ ) N (AMAM)" 'AMAf ' F~ + tot.div. (B.9)

n=1

Let us recall the form of dual tensor GG, and rewrite it with identities.

Gt=(1-XX)"'[XW-N)F" + (N - XXN)F1] (B.10)
zz/\Q”Hf (AMAM)"Af ' P~ + NFY —if 1> A" (AMAM)" ' AMAf ' FF,

n=1

On the other hand,

L i 08
G =5orr (B.11)
= i(Ima) Y X" (AMAM)"Af ' F- 4+ igNFt
n=0
+BETNY N (AMAM) T AMAS TR (B.12)
n=1
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Note that we have performed partial integrals, lowering and raising operations in the above.
Thus, by choosing a« = —i and 5 = —i, we can reproduce the deformed dual tensor G from
the action.

We would like to check the integrability condition (3.11) more carefully. As a simple
example consider the first (i.e. O(\?)) correction discussed in section 4, but dressed with
scalars:

L=—iFTXXN -N)F" +hc. = i FHfIAMAf'F™ +he. (B.13)

Here
fZaB(f " eps = Magep. (B.14)

From the identity, the conjugate to eq.(A.32) we get
(f Neps =iV = N)saf op, (B.15)

and
Mapep = if*apWN — N)saf op. (B.16)
Then, the part of the action can be written as

iFH(FHABALE AN — Nsa fY cpA(fFHOPET (B.17)

and
FH(f " AMagep A(fH)PFY. (B.18)

Note that on an H-invariant the covariant derivative is a simple one:

DS =ds. (B.19)
For S = Ko K48 we find that
DK ap = dKap + Bu“Kcp (B.20)
and
DEP = dK o5 + B¥ K. (B.21)

To agree with DS = dS we need the H-connection to be antihermitian

B=-B (B.22)
Now we present (B.18) as follows .
FAB X Map (B.23)
where we have defined
Map = Mapep A(fH)CPFT FAB =ipt(f 148 (B.24)

since we are only interested in H-covariant properties. We perform partial integration
in (B.23) and use the fact that d becomes —d and our A has 2 factors d 4+ B, each becomes
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—d + BT to act to the left. We use the antihermitian property of B and replace it by
—d — B. Since A has 2 of these factors we find that

- - e~
FAB K Map = FAP A Mup. (B.25)
The action acquires a form
— -
iFT(fHAPA Magep A (fHCPFT. (B.26)

This is a confirmation of a consistency condition at this level. In the linear approximation
it gives a local amplitude which has at least 6 points

(Rt W TR~ h™ vt ot) +he. (B.27)
and more. But is also seems to hint towards some kind of U(1) anomaly
(Rt Rt A~ h vt o) —he. (B.28)

We know from [10] that the U(1) subgroup in H = U(5) in /=5 and H = U(6) in N =6
are anomaly free, in H = SU(8) in A/ = 8 there is no U(1) subgroup. Moreover, it was
established more recently that there is no one-loop anomaly in A/ > 5 supergravities.

C Examples of symplectic sections (f, h)

The action and supersymmetry rules of N' = 5 supergravity were given in [35]. The
symplectic sections were presented in [36], and we refer to notations and details in [36].
The theory has 5 complex scalars 2, and A = 45 and the symplectic section is:

g = <e1(5f4jB + %eijABmzm + 262(5&42’8]2]']) , 1=1,2,3,4,5, (C.1)

hijiap = Nijlmnf™" AB; (C.2)

Nijim = —l_g‘zm)Q <; [1+ (20)%] 67 — éﬁijklpzp — 20y, [kzl}zﬂ> ) (C.3)

hij‘AB = — {%623 - Z—leijABkzk + 626[[?,23]2]-}] . (C.4)
Here €? = ﬁ, €y = %

The action and supersymmetry rules of N' = 8 supergravity were given in [32] and
in [33]. Here we are using the ones in [33], in SL (8, R)-basis. The translation between
the symplectic formalism for extended supergravities reviewed in [26] and the original
formulation of N' = 8 supergravity of [33], (including the more recent analysis of the
gauge-fixing local SU(8) in [34]), which was presented in [37].

The coset representative for Er(7)/SU(8) was parametrized in [33] as follows

V= ( iy “iﬂ“> (C.5)
R U%L
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The sub-matrices u and v carry indices of both E7(7y and SU(8) (I =1,...,8, [ =1,...,8)
but one can choose a suitable SU(8) gauge for the fields, and then retain only manifest
invariance with respect to the rigid diagonal subgroup of Er 7y x SU(8), without distinction
among the two types of indices. Comparing the notation of [33] (in particular the appendix
B) with the symplectic formalism of [1, 26], we can identify
kl - kl

b0 =u Uiy = (P 1/2)1‘3‘ )

b1 = piikl — _(pfl/Q)ijmngmnkl
so that

— 1 [
f—?(¢o+¢1)—¢1§(U+v) ' (C6)

ih = ﬁ(d’o —¢1) = ﬁ(“ — )

Since sections are sub-matrices of the symplectic representation, relatively to electric and
magnetic subgroups, their explicit indices components are given by

KoL “1joy Kl pel/2Nii -
fii" = 7 ((p 1/2)1,], — (P 1/2)wmnymnkz) ’

—1 _ e

hij,kl = E ((P 1/2)ijkl + (P 1/2)Z]mnymnkl> 7 (07)
where, in matrix notation,
tanh vV Bt B 1

P=1-YY!, yv=BT—""Z" Biu=——¢in, C8
BB ij,kl 2\/§¢z]kl ( )

the last definition coming from the choice of the symmetric gauge for the coset represen-
tative in eq. (B.1) of [33]. If one defines

P=1-Yy, (C.9)
and uses the identity
(P2t = yi(p=1/2), (C.10)
the following simple expressions for f and h are finally achieved:
= 1 {P‘W _ (p—l/z)yq _ L[l v 1 (C.11)
V2 V2 VI-YYT’
i - i 1
h=—— [P_1/2+ p1/2 YT} S ) (= — C.12
7 ( ) \/5[ g (C.12)
The above notations are such that
PY2=\1-YtYy PH = g — gkt i (C.13)
It is easily checked that the symplectic sections satisfy the usual relations
i(ffh—h'f) =1,
h’f — f'h = 0. (C.14)
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These are obtained writing the symplectic sections as in (C.11) and (C.12), and using the
identity
ypPl=ply. (C.15)

The kinetic matrix is given in terms of the symplectic sections by [26]
N =hf"!. (C.16)

Therefore, egs. (C.11) and (C.12) yield

N =—i [1+YT]¥\/1—YYT !

1-YYT 1-Yf
1+ YT
= —i——
1-Yt
or, component-by-component,
Nijir = =i(0 + 5™ (S — 577 (C.17)
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