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1 Introduction

The holographic large N duality between certain Yang-Mills theory and string theory
provides us with an important clue for understanding the still mysterious quantum gravity
and the behavior of spacetime at the Planck scale. In particular, in a certain situation
some quantities on the Yang-Mills side can be computed exactly at finite N and we expect
that one can extract some interesting quantum gravity effects on the string theory side
from the analysis of Yang-Mills side.

As discussed in [1], this expectation is realized in a concrete example of the equality
between the partition function Zy of 2d U(N) Yang-Mills theory on a torus and that of
four dimensional BPS black holes. The black holes in question appear as bound states
of D-branes wrapping some cycles in a certain local Calabi-Yau threefold. The partition
function of the field theory on the branes reduces to that of the 2d Yang-Mills theory due
to the supersymmetric localization [1], which in turn is related to the norm-squared [¢/*°P|?
of the topological string partition function ¥*P according to the OSV conjecture [2]. Tt is



argued in [1] that the factorized structure Zy = [¢*°P|? of the OSV relation has a natural
interpretation as the chiral factorization of 2d Yang-Mills studied by Gross and Taylor [3—
5].1 This factorized structure is also consistent with the existence of two boundaries of AdSs
spacetime in the near horizon AdS, x S? geometry of BPS black hole. Also, this factorized
structure naturally arises in the free fermion representation of the partition function of
2d Yang-Mills [8], where the two chiral factors correspond to the positive and negative
Fermi levels.

It is further argued [1] that this factorization is valid only in the perturbative 1/N
expansion and if we include the non-perturbative O(e=") effects the exact factorization no
longer holds. In the free fermion picture, this corresponds to the entanglement of two Fermi
levels at finite N. In [9] an interesting spacetime picture for this failure of factorization
was put forward: the non-perturbative O(e~™V) corrections come from multi-center black
holes and the 2d Yang-Mills theory is actually dual to a coherent ensemble of black holes.
This in particular implies that the partition function of 2d Yang-Mills includes the effect
of creation of baby universes on the dual gravity side.

In this paper, we will revisit this problem from the viewpoint of resurgence. According
to the theory of resurgence, non-perturbative corrections are encoded in the large order
behavior of the perturbative series and one can “decode” the non-perturbative effects from
the information of perturbative computation alone (see e.g. [10-12] for review of resur-
gence). For this purpose, we will compute the genus g free energy F,(t) of 2d Yang-Mills
theory on 72 in the large N limit with fixed 't Hooft coupling t. We will consider the 1/N
expansion of both the chiral part and the full partition function of 2d Yang-Mills theory
on T2

The chiral part of free energy Fy(t) is identified as the genus g topological string free
energy counting the holomorphic maps from genus g Riemann surface to 72, and it has
interesting mathematical properties. In particular, as shown in [13, 14], F,(t) is a quasi-
modular form of weight 6g — 6 given by a combination of Eisenstein series. After the first
computation of genus-one free energy in [3], F,(t) has been computed up to g = 2 by
Douglas in 1993 [15] and up to g = 8 by Rudd in 1994 [16].

In this paper, we have computed Fy(t) up to g = 60 using the recursion relation found
by Kaneko and Zagier [13] with a slight modification. It turns out that the 1/N expansion
of 2d Yang-Mills on 72 is not Borel summable and there is a pole on the positive real
axis on the Borel plane when ¢ > 0. From the large genus behavior of F,(t) we find that
the non-perturbative correction scales as e~4()/9s where g, denotes the topological string
coupling and the “instanton action” A(t) is given by A(t) = t2/2.2 We also find that after
including the fluctuation around the I-instanton e~4(t)/9s > [a(t)gy, it is proportional
to ¥'°P(t + gs), i.e., the l-instanton correction is given by the topological string partition
function "P(t) with a shift of 't Hooft coupling ¢t — ¢ + gs.> Moreover, it turns out that
the overall coefficient of 1-instanton, the so-called Stokes parameter, is pure imaginary and
this imaginary contribution is exactly canceled by the imaginary part of Borel resummation

1See e.g. [6, 7] for a review of 2d Yang-Mills theory and its large N limit.
2See also [17-20] for the study of nonperturbative O(e™") effects in 2d Yang-Mills theory.
%Note that such a shift of ¢ naturally appears as an effect of D-brane insertion [21, 22].



coming from the contour deformation to avoid the pole on the positive real axis of the Borel
plane. Interestingly, we find that the 1-instanton correction obtained from this resurgence
analysis is reproduced from a certain analytic continuation of the grand partition function
of fermions.

We also study the genus expansion of the full partition function Zx when the topolog-
ical #-angle of 2d Yang-Mills is zero. We derive a set of recursion relations that determine
the O(ggn) term in the genus expansion and elucidate its modular properties. We then
obtain the l-instanton correction of full partition function from the large order behavior
of genus expansion, which we have computed up to n = 60. This is again reproduced
from our prescription of the analytic continuation. We find that there appear two types of
partition functions in the instanton expansion of Zx at @ = 0, which we denote as Z™!(t)
and ZMU(¢). Tt turns out that ZMU(¢) is the perturbative part of the 1/N expansion of
Zn, while ZNf“H(t) corresponds to the perturbative part of another partition function, Zn.
The difference between Zpn and 7 ~ is the boundary condition of N free fermions on a
circle: these fermions obey periodic boundary condition in Zp, while in Zn they obey
anti-periodic boundary condition. In the large N expansion of Zy, on top of the per-
turbative part Zf!(¢), we find that Zy receives a l-instanton correction proportional to
Zhll(¢ 4 g./2). On the other hand, in the large N expansion of Zy this relation is reversed:
Zhll(4) is the perturbative part and ZM(¢ + g,/2) appears as a l-instanton correction.

In [9] a similar analytic continuation of the grand partition function of fermions was
considered in order to rewrite the partition function in the form of a sum of binary branching
trees, which was interpreted as the creation of baby universes. Our analytic continuation
is different from that in [9]. In particular, the pure imaginary Stokes parameter naturally
arises in our prescription and this imaginary contribution is necessary for the cancellation
of the non-perturbative ambiguity of Borel resummation. On the other hand, there is
no such imaginary contribution in the analytic continuation considered in [9]. We should
stress that our prescription of analytic continuation is strongly supported by the explicit
computation of the genus expansion up to very high genera and the resurgence analysis of
the large genus behavior.

This paper is organized as follows. In section 2, we first review the fact that the par-
tition function of 2d U(N) Yang-Mills on T? is identified as a system of N non-relativistic
fermions on a circle. Then we argue that the non-perturbative corrections to the large N
expansion of the partition function can be systematically obtained by a certain analytic
continuation of the grand partition function of non-relativistic fermions. Along the way, we
propose a non-perturbative completion of ¥*°P. In section 3, we compute the genus expan-
sion of both the chiral partition function '°P and the full partition function Zy when the
f-angle is zero. We find that the recursion relation of Kaneko and Zagier can be slightly
modified so that the modular properties of Fy(t) become more transparent. We also write
down the recursion relations for the genus expansion of full partition functions Z™M and
ZMll T section 4, we study the large order behavior of genus expansion numerically, and
we extract the l-instanton correction from this large genus behavior. We find that the
l-instanton correction obtained in this way is consistent with our prescription of analytic
continuation considered in section 2. In section 5, we consider the Borel-Padé resummation



of the genus expansion. It turns out that the genus expansion is not Borel summable and
the imaginary part of lateral Borel resummation is precisely canceled by the imaginary
contribution coming from the 1-instanton correction. In section 6, we briefly comment on
the case of non-zero #-angle. We show that when 6 = 7 the full partition function is equal
to the chiral partition function up to a rescaling of the coupling. We conclude in section 7
with some discussion for future directions. In appendix A we summarize our convention
of Jacobi theta functions. In appendix B we present a proof of some nontrivial identities
used in the main text.

2 Generating function of partition function

2.1 Partition function of Yang-Mills on T2

Let us first review the partition function of 2d Yang-Mills on a torus and its connection
to topological string. As explained in [1], the worldvolume theory on N D4-branes in the
Type IIA theory on a local Calabi-Yau threefold X

X: O(-m)®O(m) — T? (2.1)

reduces to the 2d U(NN) Yang-Mills on T2 thanks to the supersymmetric localization. The
N D4-branes in question are wrapping around the total space of O(—m) — T? with m
being a positive integer. The D4-branes with gauge fluxes threading the worldvolume can
be thought of as a bound state of D4, D2, and D0-branes, which in turn can be seen as a
black hole in the 4-dimensional spacetime after a compactification of Type IIA theory on
the 6-dimensional space X in (2.1). Then the partition function Zy of U(/N) Yang-Mills
on T2 is identified as the partition function Zgy of black hole microstates, which is further
related to the partition function *°P of topological string on X via the OSV conjecture [2]

Zn = Zgu = [P (2.2)
The topological string coupling gs; and the 2d Yang-Mills coupling gynm are related by
gs = mg‘%{MA (2.3)

where A is the area of the torus.
It is well-known that the 2d Yang-Mills partition function is given by a sum over U(N)
representations R [23, 24]

ZN _ Z q%CQ(R)eib"Cl(R) (24)
R

where C1(R) and C3(R) denote the first and second Casimir of R, respectively, and ¢ is
given by
q:=e 9. (2.5)

The partition function (2.4) has a nice interpretation as a system of N non-relativistic free
fermions on a circle [8]. The Casimirs C;(R) and C(R) correspond to the total momentum



and total energy of N fermions, respectively. A single fermion with momentum p has an
energy F = %pz, and the momentum p is quantized by the condition

2P — (—1)N-L, (2.6)

This quantization condition of p has a simple physical interpretation [8]: when a fermion
is transported once around the circle it passes through other NV — 1 fermions and picks up
N —1 minus signs. This condition (2.6) implies that p is half-integer for even N and integer
for odd N. This free fermion picture allows us to write down the partition function as

d.’I/‘ in Lp2
Zv=f o T (Leaead?). @7
p€Z+%

In this paper we will assume N is even for simplicity. When N is even, p runs over the
half-integers and (2.7) is rewritten as

dx — (=) 'zt io
ZN = % m exXp [Z #192 (e ,q ) N (28)

/=1

where 15 denotes the Jacobi theta function (see appendix A for our definition of theta
functions). For instance, the partition function of U(2) Yang-Mills is given by

1 : 2 1 .
Zy = U2 (619,Q> — 52 (62]93612) . (2.9)
2 2
We are interested in the behavior of Zx in the large N 't Hooft limit
1
N — o0, gs — 0, with t= §NgS —i6 fixed. (2.10)

Then the OSV relation (2.2) is expected to hold at least perturbatively in 1/N expansion
under the identification of ¢ as the Kéahler parameter of the base T2 of X. The topological
string free energy F' = log 1)'°P has a genus expansion in the small g4 limit

P g (2.11)
g=0

and the first two terms are given by

Fo(t)=——, Fi(t) = —logn(Q). (2.12)

Here n(Q) := Qzi [[,2,(1 — Q") denotes the Dedekind eta-function and @ is defined by

Q:=e" (2.13)

In the relation Zy = i/)tOpEtOp

from ¢'°P by reversing the sign of 6 in (2.10):

(2.2), the anti-topological partition function EtOp is obtained

Etop@) _ wtop(i)7 7= %Ngs £ 0. (2.14)



In this paper we will be mostly focusing on the § = 0 case, in which the 't Hooft coupling
t reduces to .
= 5Ngs. (2.15)

We will briefly comment on the non-zero 6 case in section 6.
The partition function *P(t) of topological string also has a simple expression in the
free fermion picture. It is given by a formal power series [15]

o= T e ().

where p runs over positive half-integers and F°(t) is a polynomial of ¢

Fl(t) = 1n (t) + Lo I (2.17)
g2 24 642 ' 24 ‘

This classical part of free energy comes from the ground state of N fermions where the

momentum modes between p = N Land p = M are occupied [1]

N-1
_ 1 < N3 —N
Ft) + F(t) = —gs B Ey= - P 2.18
(t) + F°(t) = —gsEo, 0=7 ZNAP 7 (2.18)
P=="3"

From the expression (2.16), we can easily find the small Q expansion of *°P(t)

WP (1) = PO [1 +Q+(g+a )R+ (1 +P+¢3) QP+ } (2.19)

from which one can extract the Gromov-Witten and Gopakumar-Vafa invariants of X.

As observed in [1], the OSV relation Zy = [¢'°P|? has a natural interpretation as the
chiral factorization of the 2d Yang-Mills theory studied by Gross and Taylor [3, 4]. This
norm-squared form Zy = [¢"P|? is in accord with the interpretation of the topological
string partition function as a wavefunction [25, 26]. Moreover, this is consistent with the
black hole picture [1]: the near horizon geometry of 4d charged black hole is AdSy x S?,
and the two boundaries of Lorentzian AdSs naturally correspond to the two factors 1)t°P
and wmp

However, this relation (2.2) is only schematic; we have to sum over the U(1) charge of
representation R

N = Z PPt + gs)Y P (t — gsl) (2.20)
leZ

which corresponds to the sum over RR fluxes on the topological string side [1]. In [9] it is
further argued that this is not the end of the story: the chiral factorization is valid only
approximately and if we include the non-perturbative O(e=") effects the expansion (2.20)
is modified to

ZNzi(—DHCn_l > mep Dt (2.21)
n=1 L Ni4Ni=Ni=1



where C,, denotes the Catalan number

(2n)!

Cn = nl(n+ 1)1’

(2.22)

and 1/)5\‘;5 in (2.21) is equal to the topological string partition function P (t) with the
identification t = N, gs

UND = P (t = Nygs). (2.23)

This expansion (2.21) is interpreted in [9] as the creation of baby universes and the Catalan
number counts the number of ways that the baby universes are created. This seems to be
also consistent with the black hole picture that there is a quantum tunneling from single-
center to multi-center black holes [27] due to a peculiar nature of AdS, spacetime [28, 29].

However, it is not obvious in what sense the expansion (2.21) holds. The Yang-Mills
partition function Zy on the left hand side (Lh.s.) of (2.21) is non-perturbatively well-
defined while the topological string partition function 1P on the right hand side (r.h.s.)
of (2.21) is only defined perturbatively, and the non-perturbative completion of 1P still
remains as a problem.

In this paper we will propose a non-perturbative completion of ¥*°P which makes sense
at finite N. We will also show that our non-perturbative definition of '°P is consistent
with the large genus behavior of free energy Fy(t) and the resurgence analysis.

2.2 Non-perturbative completion of 1)*°P

The expression of ¥'P(¢) in (2.16) is not non-perturbatively complete per se, since it

1

involves the power series in both ¢ and ¢~ and hence the infinite product in (2.16) is

not convergent. Here we would like to propose a simple candidate of the non-perturbative
completion of ™P(¢).

We start with the free fermion description of the partition function (2.8)
Zy = d I1 <1+x %P2> (2.24)
NTT opipNH ¢ ’ '
pGZJr%

where we have set § = 0 for simplicity. The integrand of (2.24) can be thought of as a
grand partition function of fermions

[e.e]
Z(z,9:) = [] (1 +xqép2> = ZyaV. (2.25)
pEZ+3 N=0

One can naturally decompose this grand partition function into two parts according to the
sign of momentum p

o0
[T (o) = 5 vmea™
p>0 N+:O
1 o (2.26)
) _
[T (1+aa#”) = 3 wn ™
p<0 N_=0



In other words, 1, is the canonical partition function of Ny fermions with positive mo-
mentum, while ¢, is the canonical partition function of N_ fermions with negative mo-
mentum. When 6 = 0, ¢, and 1, are actually equal: 1, = 1. If # # 0 they are related
by the sign flip of 8

V1, (0) = Yr(—0). (2.27)
From the obvious relation
H (1 + xq%pQ) = H (1 + xq%p2) H (1 + xq%pQ) (2.28)
PEZ+3 p>0 p<0

it follows that the full partition function Zy is decomposed as
— N J—
Zy= Y N Oy = Ukl (2.29)
Ni+N_=N k=0

We propose that 1, in (2.26) gives a natural non-perturbative completion of the topo-
logical string partition function wmp (2.23), in the sense that ¢y, is equal to wtoP i
the asymptotic 1/N expansion up to exponentially small corrections

YN, = YNt + 0 (e7V). (2.30)
We should stress that our definition of 9, is well-defined at finite N

dx 1.2
_ 5D
Ny = 7{ 2migN++1 (1 tage >
p>0

. (2.31)
dx 1 (—1) gt ’
- s [ 5 U )
where 19 (qé) = 192(1, qe). For instance, the first few terms are given by
1 1 1
vo=1,  dr=ga(e), e = 202(0) = Pa(e?). (2:32)

To see that v, is a non-perturbative completion of wﬁf, we notice that ¢, can be

FCI %271’& H 1 +prq2p ) H (1 +x_1qu_%p2> (2'33)

Ni>p>0

also written as

which indeed becomes 1"°P(¢) in (2.16) in the large N, limit. We will also see in the next
subsection that the difference between ¢n, and 'P(t) is indeed exponentially small in
the large Ny limit. The identification t = N g, in (2.23) is consistent with the definition
of 't Hooft coupling in (2.15) since the sum (2.29) is peaked around N; = N_ = %N and
hence the two definition of the 't Hooft parameter agree: t = N,g, = %N Js-

Some comments are in order here:

(i) By our definition of ¥y, , the chiral factorization in (2.29) is ezact. There are only bi-
linear terms of 1, in (2.29); there are no multi-linear terms of 1/, which appeared
in the baby universe expansion (2.21) in [9].

(73) In our expansion (2.29) both sides of the equation are well-defined at finite N.



2.3 Analytic continuation

One can systematically compute the non-perturbative O(e~"+) correction in (2.30) using
the technique of generating function as in [9]. For this purpose, we first rewrite the integral
representation of ¢, in (2.31) as

dz 1 12 1 _1,2
¢N+ - 7{ 2migN++1 H H(l + zq2? )(1 +x lq 2P ) (2.34)

o142 1g 2P 250

Here we have multiplied the integrand of (2.31) by the factor [, (1 + w_lq_%ﬁ) and
divided it by the same factor. On the other hand wf\[;f is written as [9]

dx 12
top = 1 —
p>0
which can be formally inverted as
I1 (1 + xq%p2) (1 + x—lq—%P2) = aNeyir, (2.36)
p>0 Ny

By expanding the first factor of (2.34)

II

>01+x q —37°

Z dra (2.37)

we find that (2.34) becomes

o0

YN, = Z ¢k¢§\?f+k Z DR P (t + kgs). (2.38)
k=0 k=0

In the last equality we have used (2.23). However, the above expansion (2.37) of the

denominator of (2.34) is merely a formal expression and ¢ is not a well-defined function

of ¢ as it stands. We will argue below that we can define ¢ by an analytic continuation.

To do this, we rewrite (2.37) as

o0

_x1*
! T3 = Xp [;Z(g)ﬁz (qf)] : (2.39)

oo L+a71g™2? —

For the physical value of string coupling gs > 0, the parameter ¢ = e~ 9 satisfies |q| < 1,
which implies |¢~%| > 1. However, the theta function ¥(¢~!) is not well-defined in the
region |¢~!| > 1 and it should be defined by a certain analytic continuation. We define
Y¥2(q~!) by using the zeta-function regularization as follows:

o0

9y (1) =2¢7% [Ta-ama+qm?
n=1
=275 [[ (-0 (1 - ¢") (1 +¢")? (2.40)
n=1
= 9275 (—1)8(0) =5 1)1_[ )1+ ¢™)%



Plugging the value of the zeta-function ¢(0) = —3 and ¢(—1) = —; into (2.40), we find
U2(q™") = a(q)- (241)

Here, for definiteness we have chosen a branch of the square-root (—1)¢() = i. We will
see in section 5 that the existence of the other branch (—1)¢(9) = —i is related to the
Stokes phenomenon. Via this analytic continuation, ¢ in (2.37) becomes a well-defined
function of ¢
iqb 7k = ex ii(_xl)éﬁ (Z) (2.42)
k=0 ' "2 (=1 ¢ ] ‘

In particular, ¢; is imaginary .
i
61 = —39:(0) (243

and the expansion of 1, in (2.38) becomes

N, = PP(t) — %192<q>wt°p<t +gs)+- (2.44)

The second term and the ellipses of (2.44) correspond to the non-perturbative O(e="+)
correction in (2.30). This can be seen by taking the ratio of the two terms ¥™P(¢) and
PPt + gs)

PP (t 4 gs) o N tg)~FEI) _ s —iNy (2.45)

Prop(t)
where we approximated 1'°P(¢) and 1*°P (¢4 g,) by their leading terms e’ 1) and eF (t+gs)
with F°(t) given by (2.17). One might think that the appearance of the imaginary term
in (2.44) looks strange since ¢, on the Lh.s. of (2.44) is real. However, as we will see
in section 5, the second term of (2.44) is precisely canceled by the imaginary part coming
from the Borel resummation of *°P(t) in accord with the theory of resurgence.
A similar expansion of Zy is obtained by plugging the expansion (2.38) into (2.29)

oo
- —t
In="> Y BN N (2.46)
Ny +N_=N k,1=0
Here ¢, is not the complex conjugate of ¢; but it is defined by ¢,(0) = ¢;(—8). In particular,
when 6 = 0 they are equal: ¢; = ¢.
When 6 = 0, we can write down another useful expansion of Zy. To do this, let us

introduce the perturbative part ZR%H of the full partition function Zy in the 1/N expansion

1
Zhull . zfal (t _ 2Ngs> _ (2.47)

One can show that Z(t) is obtained by squaring the integrand of 1*P(¢) in (2.16)

1 dx 122 - ~1p2)?
qull(t) =e 3IQ 12 f 51 H (1 + xQPq2? ) (1 +x 1qu 2P ) . (2.48)
p€Z20+%

~10 -



Note that Zy can be thought of as a non-perturbative completion of Z]f\?“
Zy =28+ 0 (), (2.49)

which is an analogue of the relation between ¢y, and wtoD (2.30). One can also show
that Z™(¢) in (2.48) given by the product over half—lnteger p is the perturbative part of
Zn for both even N and odd N, although it is not so obvious from the definition of Zx

in (2.7) with = 0. To see this, we notice that Zx can also be written (for both even and
odd N) as

_t3 d 2
Iy =¢ MQ T 7{ 2;%1:[0 (1+2@ra”) T (1+27'Qrg )

O<p<%
X H (1 + x_lqu_%P2> ,

0<p< NH

(2.50)

where products are over half-integer p and we identify ¢ = %N gs (ie. Q = ¢™/?). This
indeed becomes Z™(t) in (2.48) in the large N limit. In the rest of this section we will
assume N is even for simplicity.

One can systematically compute the non-perturbative O(e=") corrections in (2.49) in
a similar manner as the expansion of ¥y, in (2.38). It turns out that the non-perturbative
corrections in (2.49) involve not only Z]f\}‘l1 but also another type of partition function,
which we denote by ZNR}H

~ 1
qull . qull (t — 2Ngs) , (251)

where

Zhall gy .= e_%Q% f d—x( (142~ ﬁ (1 + :UQ"q%"Q)2 <1 + :E_IQ"q_%"Q>2
2mix -
(2.52)
One might think that the introduction of Z™(¢) seems ad hoc, but it actually has a clear

physical interpretation as we mentioned in section 1: it can be regarded as the perturbative
part of another partition function

~ dx 1.2
Ty = 7{ e 11 (1+2a), (2.53)

peZ+%

which is the partition function of N non-relativistic free fermions on a circle with anti-
periodic boundary condition. Here, notice that p € Z for even N and p € Z + % for odd
N. This is in contrast to the case of Zy, in which periodic boundary condition (2.6) is
imposed. We should stress that ZM(¢) in (2.52) is not the large N limit of Zy with odd N.
Now we are ready to consider the expansion of Zy in (2.24). By rewriting (2.24) as

dx 1 1,2\ 2 1.2\2
_ 3P -1 —3p
25 = § g 1 v I (+ea) (1407 )

_1,.—=
pEZZo-‘r% <1 +a7¢q 2P ) pGZZo'i‘%

(2.54)

- 11 -



we find that Zy is written as

Zn = Z QL WN ks (2.55)
k=0

where @, is the expansion coefficient of the first factor of (2.54)

ki;oq)kv’ﬂ_k = H 1 = exp [i Wﬂz (q_£>] , (2.56)

2
1 12
PEL>0+3 <1+9C lq 2p> =1

while Wy comes from the second factor of (2.54)

Wk = f%jjfﬂ H (1 +xq%p2>2 (1 +x_1q_%p2)2- (2.57)

pGZz(H'%

As we anticipated, Wy is equal to either Zﬁ}l” or 2?(111 depending on the parity of K

Ziull (K: even),
Wi = - (2.58)
{z}g“, (K: odd).

We present a proof of this relation in appendix B. As in the case of ¢y appearing in (2.38),
@y in (2.56) is merely a formal expression and thus we apply our prescription of the analytic
continuation (2.41)

[e's) o0 —.T_l 4
Z Pz " = exp llz (E)ﬁg (qe)] . (2.59)
k=0

(=1

Finally, the expansion of Zy in (2.55) becomes®

Zn=) ®uZNipt+ Y ®kZNY,

k:even k:odd
full k full k (2:60)
=Y Bz <t+295> + > o2 <t+2gs>
k:even k:odd

More explicitly, the first two terms of this expansion read

- 1
Zy = ZM(t) — i0a(q) 2™ (t + 295) +oee (2.61)
Again, the second term of (2.61) is imaginary but it is exactly canceled by the imaginary
part coming from the Borel resummation of the first term of (2.61) as we will see in
section 5.

“Here, the sum is divided merely for appearances’ sake; it should be taken in ascending order of k.
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In a similar manner as above, we can find the expansion of Z ~. When N is even, (2.53)
is written as

Zn— ) T (14 agh)’
N = 27TixN+1( +$)1:[< + xq2 )

n

B f{ dz 1 ﬁ 1
omizN+1 ] f g1 11 (1 N xflq_%”Q)z (2.62)

e 2 2
x(1+z)(1+ x_l) H (1 + xq%"2> (1 + x_lq_%“Z) ,

n=1

and this can be expanded in a similar form as (2.55)
Zn =Y Wik, (2.63)
where W comes from the last factor of (2.62)
Wi = Lo ) T (14265 (1407132’ 2.64
k=P o g +2) (142 )}_Il( + zq2 ) ( +a7 g2 ) . (2.64)

One can show that (see appendix B) W is equal to gﬁ‘{ﬂl or Zﬁ‘(ﬂl in the opposite ordering
of WK in (2.58)

N vau“, K: even),
wK—{ woo (even) (2.65)

Zhull (K: odd).

The coefficient ®j, in (2.63) is formally given by

i pa = L ﬁ ! = exp [i (_;57—1)6193 (q_f>] (2.66)
k=0 Lot ln2>2 1 ’

n=1 (1 +axlq72 =1

which should be defined by a certain analytic continuation. We define 93(¢!) by using
the zeta-function regularization, in a similar manner as we did for ¥2(¢~!) in (2.40)

95 () = ﬁ (1—¢™) <1 + q—("—%)>2

= (—1)$@g=¢(=Dg=2(-13) ﬁ (1—q") (1 +qn_%)2 (2.67)

3
—_

= 103(q),

where we have used ((0) = —3, (1) = =%, ¢((-1,3) = & and {(2,a) :== 302 ((a+n)~?

is the Hurwitz zeta function. Then ®; becomes a well-defined function of ¢

Z D" = exp llz (_2;1)6193((15)] . (2.68)
k=0 (=1



Finally, the expansion of Zy in (2.63) becomes

~ ~ = k = k
Zy= ) @2 <t+ 293) + Y ez <t+ 2gs> , (2.69)

k: even k:odd

and the first two terms of this expansion read

~ - 1
Zy = BO(t) — ity(q) 2" (t n 2gs) . (2.70)

To summarize, ZM(¢) and Z™U(¢) are the perturbative part of Zy and Zy, respec-
tively, and Zfll(¢ 4- %gs) and vauu(t + %gs) appear alternatingly as non-perturbative k-
instanton corrections in the expansion of Zy (2.60) and Zy (2.69). In other words, each
time one instanton is added, Z™! and Zhll are exchanged and t is shifted with a unit
At = g/2. This reminds us of the effect of adding D-branes discussed in [21, 22]. It would
be interesting to understand this relation further.

2.4 Comparison with Dijkgraaf-Gopakumar-Ooguri-Vafa [9]

Let us compare our expansion (2.46) with the baby universe expansion (2.21) in [9]. In [9],
the expansion (2.21) of Zx was obtained starting from the following relation

Z(w,95)Z(x 1, —gs5) = PP (2)" " (), (2.71)

where Z(z, gs) is defined in (2.25) and ¢*P(x) and @mp(x) are given by
wtop Z N+,¢t0p (1 I xq%p2>
G zxwwp T (14 00) (1450 5).

In [9] it is argued that under a certain analytic continuation Z(z~!, —gs) can be identified
with Z(z, gs)

(2.72)

Z (z7h —gs) = Z(z, gs). (2.73)
Then (2.71) becomes Z(z,gs)? = z/;t‘)p(x)@mp(:r), which implies that Zy obeys

N
N ZiZnk= > ¢t0p¢t0p (2.74)
k=0

N{+N_=N

Solving this relation iteratively, Zy is written as (2.21) and it was interpreted as creation
of baby universes in [9].

However, our resurgence analysis suggests that we should consider different analytic
continuation (2.41) in order to cancel the non-perturbative ambiguity (imaginary part) in
the Borel resummation of 1'°P. Our analytic continuation (2.41) is different from that
in [9]

TV

Z (x_l, —gs) = exp [— i (_Z)ﬁg

(=1
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In particular, Z(z~!, —gs) is not equal to Z(z, gs)
Z (x_lv _gs) 7& Z(xvgs)- (2.76)

In our approach, Z(z~!, —gs) corresponds to the denominator appeared in (2.56)

Zn = fdxz(x,gs) = f di @)y ()

2migN+1 2rigN+1 Z (271, —g5)

(2.77)

dx : = (_xil)é 0 top [\ 7, tOP
= P opigNtL P 1;€192 (C] ) PP () ()
which leads to the expansion (2.46).
We think that there is no clear justification for the analytic continuation (2.73) used
in [9]. On the other hand, our analytic continuation (2.75) is supported by the resurgence
analysis as we will see in the rest of this paper.

3 Genus expansion of partition function

In this section we consider the genus expansion of P, Zfll and Ziull Ty subsection 3.1
we study the genus expansion of ¥'P following the approach of Kaneko and Zagier in [13]
with a slight modification. In subsection 3.2 we consider the genus expansion of Zf! and
Zhll - We derive two different methods for obtaining the genus expansion: by using the
chiral factorization relation (2.20) or by using recursion relations similar to that of Kaneko
and Zagier. We also elucidate the modular properties of Zfl and Zfull,

3.1 Genus expansion of P

We first consider the genus expansion of topological string partition function %P (2.11).
On general grounds, one can in principle compute the genus g free energy Fy(t) recursively
by solving the holomorphic anomaly equation [30], up to a holomorphic ambiguity. The
holomorphic anomaly equation in the case of 2d Yang-Mills on T? was studied in [14, 31].5
However, it turns out that to compute the genus expansion of 1)'°P it is more efficient to use
a different recursion relation found by Kaneko and Zagier [13]. Their relation determines
the higher genus amplitudes completely without holomorphic ambiguity. We also find a
slight modification of the recursion relation of [13], which makes the modular property of
F,(t) more transparent than the original one in [13].

In this section, we will often use the rescaled topological string partition function (%)
and @(t) defined by removing the genus-zero (and genus-one) part from 1*°P(¢)

WUP(t) = o (B (t) = Yor (H)P(8), (3.1)

3
Po(t) = exp (glgFo(t)> = exp <_6tg§> ,

1 1 43
¢o1(t) = exp <‘92F0(t) + Fl(t)> = m exp <_692> .

®See also [32, 33] for the genus expansion of chiral partition function and its double scaling limit.

where

(3.2)
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In other words, v (t) and QZ(t) are given by the sum of Fy(t) for g > 1 and g > 2, respectively

Wp(t) = exp (Z gfg_QFg(t)> :

g=1
- (3.3)
)(t) = exp (Z gfngg(t)> = n(Q)(t).
g=2
Now we want to find the genus expansion of ¢(t)
D(t) =D ZPP(1)gn (3-4)
n=0

From the definition (3.3), one can see that Z;°P(t) = 1. As we will show below, starting
from Z;°P(t) = 1 we can compute Z,P(t) recursively. Once we know Z,°P(t), the genus g
free energy Fy(t) is obtained from the relation

g—1
Fyia(t) = Z97(0) = - S hFha(OZ5,0), (92 1) (35)
h=1

which is easily derived by taking the gs-derivative of the both sides of (3.4).
Let us first recall the approach in [13]. By dropping the genus-zero part of P
in (2.16), 9 (t) is written as

dz
t) = H — .
where H(q,Q,z) is a function introduced in [13]°
H(q,Q.2) =@ 3 [ (1-2@ra¥") (1-27'Qrg5"). (3.7)
Pezzo-&-%

As shown in [13], H(q, @, z) is related to v (t) as

H(g,Q,2) = S w(t +ng g™ Q% (—2)", (3.8)

ne’

Expanding the both sides of (3.8) in g, it is proved in [13] that Fj(t) is a quasi-modular
form of weight 6g — 6 for I' = PSL(2,7Z). The relation obtained from (3.8) by expanding
in g, can be thought of as a recursion relation for Z,’°(t). However, this relation involves
the quasi-modular forms of both I" and T'°(2),” and it is not straightforward to see that

Z:P(t) is a quasi-modular form of T.

In [13] H(q, @, 2) is denoted as H(w, g, ).

"I'°(2) is a subgroup of I' which consists of matrices of the form (a Z) €T with b =0 mod 2.
c
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It turns out that we can modify the relation (3.8) in such a way that it becomes manifest
that Zﬁ‘)p(t) is a quasi-modular form of weight 6n for I'. To see this, let us introduce a new
generating function Z(q, @, 2)

2(0.Q.2) = 23 RQVH (4,473 Q, 07 Q32
= Qf (b)) T (1-=@veh®) (1= i), B
TZEZ>0

which is related to ¥(t) as

- _1 P
E(q,Q,2) = Y (—1)P 24(t —pgs)g 5 QZ 2P, (3.10)
pEZJr%
This is just a rescaled version of the original relation (3.8) in [13]. The above relation (3.10)
leads to infinitely many relations when expanded in terms of the chemical potential y =
—log z. Here we focus on the linear term in the small y expansion

K(g,Q) = > (—1)p_%pw(t—pgs)q_%Q% (3.11)

pEZ+3

where K(q, Q) is given by

1 oo
K(0,Q) = lim ~E(q,Q.e ™) = Q= [] (1-@"¢*”) (1-Qu ™). (3.12)
H n=1
By comparing the small g5 expansion of the both sides of (3.12), we can write down a

} . t
recursion relation for Z,P.

Let us first consider the l.h.s. of (3.12). It turns out that it is useful to normalize

K(q,Q) by K(1,Q) = n(Q)?
o) (o)
-7 '

o K(¢,Q) _ 1

K(q,Q) = — 5 = (3.13)
n(Q)? g

As we will see below, this function plays an important role in the recursion relation of ZyP.

Let us introduce AP and e; as the coefficients in the small gs expansion of K(q, Q)

o) [e.e]
Co—. top 2n _. € 2l
IC = Z hn pgsn = exp <Z wgs ) . (314)

n=0 =1
Here we suppressed the argument of ﬁ(q, Q) for brevity. As we will show below, e; is given
by the derivative of Eisenstein series

Botta o1 211
=_——227*D“FE . 3.15
‘=51 21+2(Q) (3.15)

Here Byj denotes the Bernoulli number and the Eisenstein series Eoi(Q) of weight 2k is
defined by

Ak 0 n2k71Qn
Bay, 1-Qn’

Eo(Q) =1 - (3.16)

n=1
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and D in (3.15) is a differential operator defined by
D = Q0g = —0;. (3.17)

The derivation of (3.15) is almost parallel to the similar computation of H(g, @, z) in [13].
Taking the log of K in (3.12)

i = Q™" Lrn? —1rn? — €l
logk =~ 3 = (q2 TS 2) = (21)!931, (3.18)
r,n=1 =1

e; is given by

O /rn2 21an o
e = —2 Z <2) - _ _2172l Z r2l71n4lan

rn=1 rn=1
’ ’ (3.19)
o0 n2[+1Qn

oo
_ _9l=20y20-1 2A+1yrn _ _ol—2l2l-1
= —2!72pATt N " P = 21 p Zl_Qn.
rn=1 n=1
Comparing this with the definition of Eisenstein series in (3.16), we arrive at the expression
of ¢; in (3.15).

On the other hand, the gs-expansion of the r.h.s. of (3.11) is given by

l 3m . m
r.h.s. of (3.11) = Z (_1)P*%p (Pgs) Dllbp Js Q%pz

I 6"m)!
pEZ+ 3 l;m=0
l+m l+m
g 1+ (-1) i4+3m 110
nen D5 (@D Y (-1 (3.20)
Lm>0 " pGZ-&-%
l+m l+m
g 1+ (1) 14+3m
=Y 2yt en) @),
[,m>0
where we have used the identity
S (1P =n(Q) (3:21)

pEZ+3

2
When going from the first line to the second line of (3.20), we replaced pl+3me7 —

(2D)"2" (-

odd [ + m vanishes by the cancellation between p and —p. (3.20) can be further simplified

2
Q% and inserted the projection to even [ +m, since the contribution of

as follows. Introducing the notation Dy by

Dy = n(Q)*Dn(Q)F = D + kDlogn(Q) = D + T2 (3.22)
and using the relation
D'y =n(@Q) Dy,  D"(Q)° =n(Q)* D}, (3.23)
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we can formally perform the summation in (3.20)

I+m R I+m .
rhus. of (3.11) = n(Q)? l'%sm ' ,11/1&(21)3)”731
. m.
hm=0 (3.24)
1 _
=n(Q)? cosh [gs\/ﬂ (D_1 + 3D3>] 01

Here it should be understood that D_; and D3 act on @E and 1, respectively. From (3.14)
and (3.24), we arrive at our “master equation” for the genus expansion of 1

K = cosh {g5\/2D3 <D_1 + ;D3>:| o1 (3.25)

Finally, comparing the O(g2") term of (3.25), we arrive at the desired recursion relation of
Z.0(1)

" [D_y + 1D
top _ ptop [ 1 33 tOP
ZoP =P — Y @] ZP . (2D3)™1. (3.26)
m=1

The explicit form of Ay ® is obtained from e; in (3.15) by expanding the exponential in (3.14).

: t
Now one can easily compute Z,"

top_l

using our recursion relation (3.26) with the initial
condition Z We emphasize that our recursion relation (3.26) determines Z5eP
unambiguously. This is in contrast to the case of the holomorphic anomaly equation that
determines the derivative of Z.°P: there is an ambiguity in the integration constant which
should be fixed by some other conditions.®
We also note that the gs-expansion of (3.8) originally considered in [13] involves Egy(Q)
and B (QY/2), while in our case the expansion (3.14) of K involves Es;(Q) only and
F5,(Q?) does not show up. This is the advantage of the use of K over the original
H(q,Q,z) in [13] and it is clear from our recursion relation (3.26) that Z, is written as
a combination of Ea(Q) only.
As is well known, Fo,(Q) (k > 2) is a modular form for I' of weight 2k in 7 = 5= InQ
and thus can be expressed as a polynomial of F4(Q) and Eg(Q). This can be done easily

by using the recursion relation

Bo Eor(Q) 3 BapE2p(Q) BagE24(Q)

(2k)! - (3—k)(4kZ — 1) p;k@p —-1)(2¢ - 1) 2p)! 29)! (k> 4).
- (3.29)

8From the O(1°) term of (3.10), one can write another relation. After a similar computation as above,

we find

1 P> p? inh s 2D D_1 ll) —~
0= > (D" 2¢(t—pg)g ¢ Q= = sinh [g \/732(133 Al 3)]w~1 (3.27)

pEZ+L

Using the relation (D_1 + £ D3)Z;? -1 = DZ,°", we find the recursion relation without the inhomogeneous
term hiP (3.26)
" D 1 + 1Ds

Ztop _ Z

m=1

}2m+1

ZtP . (2D5)™1 3.28

which determines the derivative DZ:°P. This recursion relation was also considered in [34].
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From our recursion relation (3.26) it is manifest that 2} is a quasi-modular form of weight
6n for I, i.e. it can be expressed as a polynomial of E2(Q), F4(Q), and Es(Q).

Using the recursion relation (3.26), we have computed Zi°P up to n = 60.9 The first
few terms read

_ 5E3 —3E;E4 — 2Eg

top

21 51840 ’

Stop _ —875ES 4 2220E3 By + 580E3 Eg — 1791E3E? — 1788E2E4Eg + 1050E3 + 604E6
2 5374771200
top __ 1

3" = 3ERRIALT024000 (6256255 — 2469375E5 E4 — 106575055 Eg + 30794855 E;

+7892280F3 B, Eg — 3829077E3 3 — 3342540 E3 B2 — 11313054 E3 E3 g

+6470550E, B + 8753364 B2 B4 Eg — 4034T00E; Eg — T66808E})
(3.30)
where we abbreviated Eg;, = Es;(Q). One can check that the genus-g free energy Fy(t)
obtained from (3.5) reproduces the known result in [15, 16].

3.2 Genus expansion of Zf!l and Zfull

In this subsection we will compute the genus expansion of the full partition functions
ZMull(t) (2.48) and ZM(t) (2.52). Throughout this subsection we set § = 0 for simplicity.
We can define the genus-g free energies F(t), ]T"g(t) of ZMl(z), ZM(z) in the usual way

qun =: exp Zgzg 2]—" , qu“ =: exp 2929 2.7-" . (3.31)

The first few terms are found as

Folt) = Folt) = 2R() = -, Ft) =l -2 F)y=tn—2 (3.32)
P TI T ERE T Ty T e T T @ |
where
12 2y (QZ)
©:=2,@" = (@) = Jraman
~ B QY2 (3.33)
Oi= 2 Q=@ ="

pEZ—i—%

The genus-one free energy in (3.32) can be obtained by setting ¢ = 1 in (2.48) and (2.52).
The appearance of O, © can be also understood from the relation in (2.20), as we will see
shortly.

It is convenient to introduce the rescaled partition functions Z(t), Z(t), Z(t), Z(t) by
stripping off the genus-zero (and genus-one) pieces in the same way as ¥*P in (3.1). More

9The data of Zi°P (n =1,...,60) are available upon request to the authors.
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specifically, the rescaled partition functions are given by (see (2.48) and (2.52))

20)= 0= f ot I (1+0@ud”) (1ea @)

p€Z>o+

Sy~ O _Z(t) = Qé]é zifxu L)1 +aY) ﬁ<1 +xan%n2>2(1 +x—1an—%n2>2,

(3.34)

We would like to find the gs-expansion of free energy (3.31) as well as the gs-expansion of
partition function itself

=Sz, 2 = 2 Z0). (3.35)
n=0 n=0

Note that from the definition of Z(t) and Z(t), the O(g°) term is unity: Zo(t) = Zo(t) = 1
One way to find the above expansion is to make use of the factorization relation (2.20),
which holds exactly at the perturbative level

20 () = "9t + 1g, )i P(t - lgs), (3.36)

leZ

and also the data of Z,tf’p obtained in the last subsection. Note that there is no distinction
between 1P and Emp when # = 0. We can rewrite the relation (3.36) in terms of Z(¢)
and 1 (t) by removing the genus-zero part. By using the relation

69;2 [Fo(t+lgs)+F0(t*lgs) Fo t)] Ql2 (337)
(3.36) becomes

zZ = Z Ql t - lgs (t + lgs)

lez
2 o= 1+ (=1 —1)"(lgs)"
12 nm=0 (3.38)
o~ D" (D™ o, (VDge)
B e T

= cosh [Qs(D(l) — D(2))\/ﬁ}¢ -0,

where D® act on the i-th factor of ¢ - ¢ - ©. As advertised, © in (3.33) naturally arises
from the sum over U(1) charges (3.36). We can further rewrite (3.38) by performing the
conjugation with respect to the genus-one part

Z = 772@_1 cosh [gs(D(l) — D(z))\/ D(3)} n_lzz- 77_11;~ S

A (3.39)
= cosh [gS(D(_ll) — D(Ql)) Dg’)}
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where D_; is defined in (3.22) and Dg is given by

_Ex(Q) | 5Ex(QF)  Ex(QF)

Dg:=0"'DO=D+(DIn®)=D - : 4
0:=07"DO + (DIn©) D D 3 (3.40)
Finally, the coefficient Z, in the gs-expansion of Z in (3.35) is given by
2k
(P4 - %)
Zy= ) Z[°P. Ztop . DE1. (3.41)

|
k+l+m=n (%)'

We find that Z has a similar expansion as Z

Z= " QU u(t - pg)u(t+ pgs)
pEL+3 (3.42)
— cosh [gs <D(1) - D<2>) DO -y -6

The O(g2") term Z, in the gs-expansion (3.35) is then given by

Z,= > ol 2P ziv . DE1, (3.43)

k+l4+m=n

where Dg is defined by

Ey(Q*) | Ea(QY)
- 212 + 23 . (3.44)

Dg:=67'D& =D+ (Dln®) =D

There is another way to find Z,, and ZZ’n, which is based on a set of recursion relations
similar to (3.26). This method also elucidates the modular properties of Z, and Z,. To
see this, let us first point out that Z, and Z, have an interesting structure: they are
expressed as

Z, =X, +(DnO)Y,,  Z,=X,+ (D In @)) Yy, (3.45)

with X,,,Y,, being quasi-modular forms in 7 = 2%” In @ of weight 6n, 6n — 2, respectively,
for I' = PSL(2,Z). We will prove this after deriving a set of recursion relations for X, Y.
Note here that DIn©® and DIn® are not quasi-modular forms for I', but rather for the
subgroup I'g(4) of I'.1% This can be seen directly from their expression appearing in (3.40)

and (3.44). Alternatively, one can rewrite them as

1 ~ T _
DIn® = - [EQ(Q) _ety 5@4} . Dm®= [Eg(Q) _ 6t 150%.  (3.46)

1°T(4) is a subgroup of I" which consists of matrices of the form

(11 ie_ [-1 0
generated by T' = (0 1) and ST*S = <4 _1).

ab)EFwitthOmod4. It is
cd
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This expression clarifies the modular anomaly: FEjs is a quasi-modular form (i.e. anomalous)
for T' while ©% and ©* are modular forms (i.e. non-anomalous) for [g(4). All these are of
weight two. Consequently, Z, and Z, are quasi-modular forms of weight 6n for I'g(4).

Let us now derive the recursion relations for X, and Y,,. We start with the rela-
tion between the generating function = in (3.9) and the rescaled partition functions Z, Z
n (3.34)

=2 _ Z 2 p’ 2p ZV nd n? _2n 4
E(q,Q,2) = Y Z(t+pgs)g T Q" 2" =Y Z(t+ng)qF Q" 2" (3.47)
p€Z+% nez

This is analogous to (3.10) and is derived in the same way as (3.10) from the definitions
of = Z, and Z. Recall that = is expanded in the chemical potential 4 = —logz as
E = uk + O(p?), so that

2
0° o

=2 2
= =0, = = 2K2, 3.48
p=0 ou? ™~ lp=0 (3.48)
where K is given by (3.12). From these one obtains
3 . n3
0= > Z(t+pg)dTQ" = Z(t+ng)gT Q™ (3.49)
pEZ+3 nez
~ w3
= > PE(t+pgs)q* o S nPZ(t+ng)g T Q™. (3.50)
p€Z+2 neZ

These relations are rewritten as

etlm () [ 62 m ~ 0z m
0= 95 FEDT Ep""6 - DIk Dt e (3.51)
[Im13m 2 n? n?
k,l,m>0
4 2k+1+m _1)+m Gt ~ O Z. 3
Uy Js 1+(-1) p &%k prepg  pO%kptepg) (35
2 i [lm!3m 2 n?

where K is defined in (3.13).
Let us now plug (3.45) into the above relations and compare the O(g2") parts. After
a bit of algebra, one obtains

n
1
Xp=hy=2) ) RS (ak,m+j+1Dl_2anj + ak+1,m+j+1Dl_2Ynfj>, (3.53)
j=1 k+l+m=25
E,l,m>0
= 1
Yo=2) > g (ak,m+le—2Xn—j + ak+17m+le_2Yn,j) ; (3.54)
j=1 k+l+m=25
k,l,m>0

where we have introduced

Di®DIO — DIeD'O
;5 = e ) (3.55)
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and h,, in (3.53) is obtained from e; in (3.15) by the relation

:;ihngg = exp (22 “ QZ). (3.56)
n=0

The above relations, together with the initial data

Xo=1, Yy=0, (3.57)

determine X,,,Y,, recursively.

We are now in a position to prove that X,,,Y,, are quasi-modular forms for I". First,
it is obvious from the relation (3.56) that h,, is a quasi-modular form of weight 6n. Next,
notice that a; ; can also be obtained from the relation

1) (92 (24))27
Z( )" (22)% (2y)

ey
193 (621367 QQ) 192 (621y Q2) _ (621‘T, Q2) 193 (62iy7 QQ)
e >
n(Q)6
© ok
=@ =) ew |3 Wm(@) (@92 + @ - 9)™)

From this it is clear that a; ; is a quasi-modular form of weight 27 425 — 2. Third, if A, is a
quasi-modular form of weight n, D_5A,, = (D — %Eg)An is a quasi-modular form of weight
n + 2. Hence, the recursion relations (3.53), (3.54) ensure that X,,,Y,, are quasi-modular
forms of weight 6n,6n — 2, respectively. First few h, and a; ; read

W1 o —PePutEs 50E3FEs — 14TESE3+144E,EyEg — 255 — 22E6
L V7T R 12441600
(3.59)
1 B _ 5E; —E,4 _E3—E,
a1 =73, @02= ao,3 28 M12= gz - (3.60)
Note that by definition a; ; = —a;;. Then, first few of X,,,Y,, are obtained as
1 3
Xi= ooy (5E5 — 3E2Ey — 2Ey)
1 6 4 3
Xy = T3 (—6125E5 + 10095E; E4 + 15280 E5 Eg
—12231E3E} — 25008 B2 E4 Eg + 1312553 + 4864E7) (3.61)
1
Y, = E3+E
1= o (TE2 ),
V2= om s (175E5 — AT8E3 Ey — 232F5 Eg + 1023E,E} — 488E4 Eg) . (3.62)

We have computed X,, and Y,, up to n = 60. Plugglng these into (3.45) one obtains
corresponding Z,, and Z Once we know Z, and Zn, the genus g free energies F, and ]-"
are obtained from the relation similar to (3.5).
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4 Large order behavior

In this section we will study the large order behavior of the genus expansion coefficients
ZP z and gn According to the theory of resurgence, non-perturbative corrections are
encoded in the large order behavior of the perturbative series. This means that one can
“decode” the non-perturbative effects from the information of perturbative computation
alone. We will first perform this analysis using the exact forms of Zi°P, Z,, and Z, up
to n = 60 obtained in the last section. On the other hand, by adopting a certain ana-
lytic continuation we have obtained in section 2 the all-order instanton corrections to the
perturbative partition functions %P, Zfull and Ztll Based on these results, it is in fact
possible to derive analytically the large order behavior of ZP Z, and Z,. We will also
do this and make a comparison with the results of the former analysis.

Let us first consider the large order behavior of Zi°P studied in section 3.1.1 Follow-
ing [35], we write the partition function with 1-instanton contribution as

PP (t) £ iof?lst( ). (4.1)

For a genus expansion of closed string theory, it is expected that the 1-instanton correction
takes the form

Drinst () = Pha(t) _ o e o S g 4.2
¢1'1n5t()zm—mgs p(t)e os nz:%fn( )95 - (4.2)

We can set fy(t) = 1 without loss of generality. Here we have removed the contribution
of genus-zero and genus-one pieces 13 (t) in (3.2) since we are considering the asymptotic
behavior of Zi°P in the gs-expansion of 1) in (3.4). As argued in [35], 1-instanton correction
is encoded in the large order behavior of the perturbative part

1 * d A<t>
ZP(t) ~ / - mip(t n/2
0

2mi zmtl

r'2m+b—n) (13)

= u(t)A(t)"2" T (2m + b) Z Fa(DAD" =5 D)

n=0

Following the procedure in [35], one can extract b, A(t), u(t), fn(t) by constructing
some sequence. In the first step, we consider the following sequence

Ztop (t)

Z0(0)

Ap(t) :=2m (m=1,2,...). (4.4)

From the asymptotic behavior of Zy5P(t) in (4.3), one can see that A,,(t) approaches A(t)
as m increases

Am(t) = A(t) + O (m™) (4.5)

"1n this paper we study the large order behavior of ZE°P rather than that of the free energy Fy, simply
because the analysis of the former is simpler. One could study the latter in the same way.
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and A(t) can be determined from the large m behavior of A,,(¢). Once we obtain A(t), we
next define the sequence

b (t) :=m A(t)Ziz:’?il( ) ) -lopio (m™1) (4.6)
from which we obtain the constant b. Then one can extract p(t) from the sequence
A(t)2m+bZ,§$p(t) .
m(t) = =ult)+0O . 4.7
pn(t) = 2 2 = 1) 4 O () (47)

In the same way, one can extract fy,(¢f) by successively defining some sequence. More
specifically, given the forms of b, A(t), pu(t) and fr(t) with k& < n, one can extract f,(t)
from the sequence

A2t nElP () A T(2m 4 b — k) )
Framl®) = T 5 = kz Fam o) HOA®" .

= fult) + O (m™1).
In the numerical study of the asymptotic behavior of a sequence, such as A,,(t) in (4.4),
one can use the standard technique of Richardson extrapolation which accelerates the
convergence of sequence towards the leading asymptotics. Given a sequence {Sp, }m=12,...

Sm —30+ +—+ lim S,, = so, (4.9)
m

m—r 00

its k-th Richardson transform is defined as

k _1\k+n m n)" S
s .=y L nf(k jn)>! Smen. (4.10)

After this transformation the subleading terms in S,, are canceled up to m=*, i.e. ngf ) =

k)

s0+O(m~*1) and hence the sequence S7(n has a much faster convergence to so. However,

in exchange for a faster convergence we lose some data in this transformation: if we know
the original sequence S,, up to m = Mmmax, the data of k-th Richardson transform S,(,If)
in (4.10) are available only up to m = mmax — k.

By the above described method with the data of ZP (m < 60), we find

2 t
At) = % b= % u(t) = \/zez. (4.11)

As shown in figure 1, the data of Asg(t) and peo(t) are already accurate enough to estimate

the analytic forms. The value of b is also easily determined by the first Richardson trans-
forms of b,,(t). Figure 2 shows the plots of sequences A,,, by, tm and their Richardson
transforms at fixed ¢ (we set t = 1). As one can see, the Richardson transform drastically
improves the convergence of the sequence. In fact, we have computed the tenth Richardson
transforms A(lo)( t), b%o) (1), u%o) (t) for t =1,2,3,4,5,6 and verified that their deviations
from the analytic forms (4.11) are within £10719%.
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Figure 1. Numerical estimations of A(t), b, u(t). Red diagonal crosses represent Asg(t), bso(t),
teo(t), while blue circles represent the first Richardson transforms Aéy (1), b%) (1), uég) (t). Gray
solid lines are the plots of analytic expressions (4.11).

Since A(t) in (4.11) is positive for ¢ > 0, the asymptotic behavior of ZyeP(t) in (4.3) is
non-alternating, i.e. there is no alternating sign (—1)™ in the large m behavior of ZyP (t).
It follows that the genus expansion of ¢'P(¢) is not Borel summable and the instanton
action A(t) appears as a pole on the positive real axis of the Borel plane. We can avoid
the pole by the so-called the lateral Borel resummation, which will be studied in the next
section.

In section 2 we have obtained the all-order instanton corrections to the perturbative
partition function ¥*P(¢) by adopting a certain analytic continuation. That is, we actually
know the 1-instanton amplitude and hence from this we can derive the exact forms of
b, A(t), p(t), fn(t). Comparing (4.1) with (2.44) we expect that 1-instanton correction for

Y*P(t) is given by
. 27
st (8) = 1L/ ?¢top(t + 9s), (4.12)
S

where we have evaluated ¥2(q) at the leading order in the small g, expansion, discarding
the non-perturbative 0(6_2”2/ 9s) terms

9a(q) = \/297194 (e—4ﬂ2/gs> _ 2; (1 929 4 ) ~ 29”. (4.13)
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Figure 2. Plots of sequences A,,, b, tmm at t = 1. Red points represent the original sequences,
while blue and green points respectively represent their first and second Richardson transforms.
The analytic values of A(1), b, u(1) are expressed by gray solid lines.

Then Jl_inst(t) in (4.2) becomes
wl-mst(t)—l\/gt a0 Vo a0 Y(t+ gs). (4.14)

Let us take a closer look at the ratio of p; in (4.14). For the genus-zero part, using the
expression of Fy(t) = —t3/6 in (2.12) we find

exp {Fo(tJrg;S;Fo(t)] ~ exp [ £t gs] '

(4.15)
One can already see the appearance of the instanton factor e~ AM/9s with the instanton

action A(t) = t2/2 obtained numerically in (4.11). Including the contribution of genus-one
part Fy(t) in (2.12), the ratio of 1o; becomes'?

t
Yorlbtg) _ 2gom a0 oy MO (4.16)
tor(?) n(t + 9s) 1 (t+ gs)
where we have introduced 7,(t) by
Na(t) = e*n(t). (4.17)

'?By abusing notation here we let n(t) denote n (Q =e™*) = QYA I, (1~ Q")‘Q:ft.
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Finally, plugging the expansion (3.4) into the last factor @(t + gs) of (4.14), ﬁl_inst(t)
becomes

~ o _2 . m(t) &
Linst(t) =14/ == 205 2 —F N " ZIOP (4 4 g )g2", 4.18
1/} HSt() s (t—i-gs)?;) n ( gs)gs ( )
Comparing (4.2) and (4.18), one can indeed derive analytically the explicit forms of b, A(t)
and p(t) that we have previously estimated numerically in (4.11)! Moreover, the analytic
form of f,(t) is found from

b ni(t)
D Il = —2——= > 2, P(t+g.)03" (4.19)
n=0 77% (t + gs) =0
Using the relation
mt) S (g™ m
6 — S
77% (t+ gs) mz—(] m! (D_L%> 1 (4.20)
with
_ kE
Dia = 1a(t) *Dia(t)* = D+ 22 — ko, (4.21)
we find that f, is written as
(_1)m+k m k ~ztop
= 3 g (D) Dt (422
m+k+20=n o

Namely, the fluctuation coefficient f, around the 1-instanton factor e~4(®)/9% in (4.2) is
completely determined by the information of perturbative part Z°P From (4.22), one can
easily compute the analytic form of f, and the first few terms read

1 B
="
) X (4.23)
720 — 360E5 — 45F5 + 90E, + 5Ey — 3EoFEy — 2Fg

f2= 51840

We have numerically verified the above obtained exact forms of f,, against the sequences
fn,m in (4.8) based on the data of Zi°P - As one can see in figure 3, the analytic expressions
of fn(t) (n = 1,2,3) are in good agreement with the asymptotic sequences fy60(t) and
their first Richardson transforms. In figure 4, we plot the absolute value of the relative

deviation
k
fa(t)
forn=1,2,...,40 at t = 4 and t = 5, where we consider the second Richardson transform
(k=2)

nm  Of fnm and set m = 58. The deviation grows as n increases, but the error at n = 40 is
still within +0.4%, 4+0.04% for t = 4, 5 respectively. These results give a strong support for
our proposal of the nonperturbative completion of the topological string partition function
as well as the prescription of analytic continuation we adopted in section 2.
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Figure 3. Asymptotic sequences versus analytic expressions of f,(t), n = 1,2,3. Red diagonal
crosses represent f, ¢o(t) (4.8), while blue circles represent the first Richardson transforms fy(:g,g (t).
Gray solid lines are the plots of analytic expressions (4.22).
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Figure 4. Relative deviations of f,(Lk,)n(t) from f,(t) at t = 4 (left) and ¢ = 5 (right). Here we
consider the second Richardson transforms k = 2, m = 58 in (4.24).
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Next, let us consider the large order behavior of Z,,(t). We expect that Z,,(t) for large
m behave as

I'2m+b—n)

Z(t) ~ m()AG) T2 TOT2m A+ 6) D Fa(D)AR)" T'(2m + b)

n=0

(4.25)

In the same way as above, we can numerically determine A(¢), b and m(¢) from the asymp-
totic behavior of some sequence, such as (4.4) with Z1eP(¢) replaced by Z,,(t). The result

of this numerical analysis is

2 . 0
A =5, b= % m(t) = 2\/26—43. (4.26)

This is again derived analytically from the expansion (2.61) using the approximation of
Y2(q) in (4.13). The analytic form of the l-instanton correction obtained from (2.61) is
given by

27 ~
zfull (1) = 2i, /?zf““(t + 95/2). (4.27)
S

For instance, one can see that the instanton action A(t) is reproduced from the genus-zero
part Fo(t) = Fo(t) = —t3/3 in (3.32)

}N—O(t +98;3) - ]:0(75)] = exp [ s ¢ gs:| . (4.28)

exp

One can also show that m(t) is reproduced from (4.27) after including the contribution of
genus-one part in (3.32). Moreover, the analytic form of f,, is also obtained from (4.27)

> N1 Bt +g./2) S 2
> gl = 21 =L 2t + g./2)97 (4.29)
= o (t+es/2? e = ’

where we have absorbed the last term —g;/24 of (4.28) into 7, /o4 defined in (4.17), as we
did for Jl_inst in (4.18). More explicitly, f,, is written as

= Co e '1.pk1.DmZ 4.30
o= X it (P-ag) 1 DL D" (4:30)
Jt+k4+m—+20=n

where Dg is given by (3.44) and D_j /94 is defined in (4.21). We have also checked
numerically that (4.30) is consistent with the large order behavior of Z,,(t) in (4.25).

We can repeat the same analysis for the large order behavior of gm(t) and compare
with the analytic expression of 1-instanton in (2.70). The result is similar to the case of
Z,n(t) above, so we will be brief. We find that the large m behavior of Z,,(t) is given by

_ 00 r(2m+b—n
Zm(t) ~ @(t)A(t)"2"br <2m + 6) > () A)" < i - ) , (4.31)
= r (2m + b)
where )
A(t) = % b= % w(t) = Q\Ee—ig, (4.32)
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and the fluctuation coefficient fn around l-instanton is given by

o - ni(t)Q @(t—i—gs/Q) 0o 9
nzofngs Sy (t+s/2)? O() ;Z@(Hgs/?)gs : (4.33)

From this f,, is written as

(_1)j+k+m

- (1t o
fn_j+k+;r2e—n 27tk tm jlklm! <D_2’i> 1-Del- D72, (4.34)

where Dg is defined in (3.40).

5 Borel-Padé resummation

In this section, we consider the Borel resummation of the perturbative expansion of 1)tP,
Zfll and Zfull We will see that the result is consistent with our analytic continuation of
YN, in (2.44), Zy in (2.61), and Zy in (2.70). Let us first consider the genus expansion
of P'oP(t)

PP (1) = ‘;(g; S () g2, (5.1)

n=0

As we have seen in the previous section, this expansion is not Borel summable and the
Borel transform has a pole on the positive real axis on the Borel plane. However, we can
avoid the pole by deforming the integration contour slightly above or below the real axis.
This is known as the lateral Borel resummation S4

t3
e 692 co=i0 0 ZTtLOP$2n 1z
S:I: ’l/JtOP — / dx ——(xgs T2e 9s. 5.2
W=t [ e 52)

In the numerical analysis, the integrand can be approximated by the Padé approximation

n to
N Zn P ap 4 a1y, £

;F(QnJr;) T l4bz+-o-b

(5.3)

Nmax
Mmax T

In the following analysis we set nyax = 60.
We expect that the lateral Borel resummation of 'P(t = Ngy) is related to its non-
perturbative completion ¥y via the relation (2.44)
top i top i 2
P() = N + 502 P+ )+ RPN+ 5 ;¢N+17 (5.4)

s

where we have used the approximation of J2(g) in (4.13) in the last step. It turns out
that the two branches of the square-root (—1)¢(Y) = +i mentioned below (2.41) should be
correlated with the two choices of the lateral Borel resummation S4

Sa(y'®) ~ =+ 5 Zﬂwm- (5.5)
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Figure 5. Comparison of the nonperturbative result ¥n + %, / 2g—”z/JN+1 (red dots) with the lateral

Borel resummation Sy (¢*P) (blue solid line) at gs = 1. The real part (left) and the imaginary part
(right) are plotted separately.

This ensures that the imaginary part of the r.h.s. of (2.44) is canceled at the 1-instanton level

I [ S0P (1) F 50a(a)Se0™ (0 + 90)| = (5:6)

and in total the r.h.s. of (2.44) becomes real. This should be the case since ¥ on the Lh.s.
of (2.44) is manifestly real for g5 > 0.

We can numerically evaluate Si(1'°P) on the Lh.s. of (5.5) by the Borel-Padé ap-
proximation and see if it agrees with the r.h.s. of (5.5). We numerically observed that
most of the poles of the Padé approximant (5.3) are located on the real axis at = 2
A(t) = t?/2 and there are few other poles away from the real axis. To avoid the poles on
the real axis, we take the integration contour for S; as the union of two line segments:
[0,#2/2+1e]U[t?/2+ie, co+ie] where € is a small positive number.!® From figure 5, one can
see that the lateral Borel resummation nicely reproduces not only the real part but also
the imaginary part of (5.5), i.e. the 1-instanton contribution. Figure 6 shows the relative
deviations

Re S+ _
YN

Im S+

|ARe| = ‘ 1‘, |Alm| = ; -1 (5.7)

2
21/ N+

at gs = 1. As one can see, the relative deviation of the real part |Agre| decreases expo-
nentially as N increases. On the other hand, the relative deviation of the imaginary part
|A| decreases for small N but it no longer decreases for N > 7. One may also notice
an “inflection point” at N = 7,6 in the plots of |Agel|, |Amm| respectively. Currently we
do not understand why this happens, but we expect that this is merely an artifact of our
numerical analysis.

13We set € = 1/50 in the numerical integration in figure 5, 7 and 9, but we observe that the results are
rather insensitive to the value of € as long as the integration contour does not hit the poles away from the
real axis.
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Figure 6. Relative deviations of the lateral Borel resummation S, (¢)*°P) from the nonperturbative
result Yy + % f}—”wNH at gs = 1. The real part (left) and the imaginary part (right) are plotted

separately.

We can consider the lateral Borel resummation of full partition functions Zf!! and
Zhll as well

+3

_ﬂg o0o+£i0 o0 z x?n 1 "
S qull = € / daj ni €T 75675757
- 9.8
3 ~
. 7@@ co=+i0 o0 z .,E2n 1 "
S qull — € / dx L €T “2¢ 9s.
(2 = —5— | Z:‘a Tan 1))

From the expansion of Zy in (2.61) and Zy in (2.70), we expect that at the l-instanton
level the lateral Borel resummation of full partition function is approximately given by

o ~
Se(2MY x Zy +iy /2 Zya,
Js (5.9)

- - 2
S(ZMYy x Zy £ iy /2 Zyan.
s

Again, we can test this relation by evaluating the L.h.s. numerically using the Borel-Padé
approximation. Figure 7 and figure 9 show the real and the imaginary parts of Sy (2™")
and S+(Z~fuu) at gs = 2, respectively, while figure 8 and figure 10 represent the relative
deviation from the expected behavior on the r.h.s. of (5.9). From these figures, one can
clearly see that the lateral Borel resummation S, (Z™) and S (Z%!) correctly reproduce
the finite N result on the r.h.s. of (5.9). This numerical result strongly supports our
prescription of analytic continuation (2.61) and (2.70) for the full partition functions.

6 Comment on 6 # 0

In the previous sections we have assumed 6 = 0. In this section we will consider the
partition function Zy with non-zero 6 given by (2.8). As shown in (2.10), when 6 is non-
zero the 't Hooft coupling ¢ becomes complex and 6 appears as the imaginary part of t. For
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Figure 7. Comparison of the nonperturbative result Zy + i i—”g N+1 (red dots) with the lateral

Borel resummation S;(Zf") (blue solid line) at g5 = 2. The real part (left) and the imaginary
part (right) are plotted separately.

10° 10°

10 5 10 3

1071 107
A 144
N

107" 10°°

1072 10121

107%%1 10713

0 2 4 6 8§ 10 0 2 4 6 8§ 10
N N

Figure 8. Relative deviations of the lateral Borel resummation S (Z™!) from the nonperturbative
result Zy + iy /3—”2 N+1 at gs = 2. The real part (left) and the imaginary part (right) are plotted

separately.
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Figure 9. Comparison of the nonperturbative result Iy +i %Z ~+1 (red dots) with the lateral

Borel resummation Sy (Z™) (blue solid line) at g, = 2. The real part (left) and the imaginary
part (right) are plotted separately.
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Figure 10. Relative deviations of the lateral Borel resummation S (ZNfu“) from the nonpertur-
bative result Zy + i 3—”2 N+1 at gs = 2. The real part (left) and the imaginary part (right) are
plotted separately.

the general 6 # 0 case, one can study the large NV expansion of Zy using the free fermion
picture
ZN = Z qFeor (6.1)

p1<---<pN

where E and P denote the total energy and total momentum of N fermions

N

N
LR 2
i=1

i=1

From this expression (6.1) one can show that Zy is invariant under § — —6 and 6 — 0+ 2.
As discussed around (2.18), the ground state corresponds to the configuration of
fermions where the modes between p = —pp and p = +pp are occupied, with the “Fermi

momentum” pr being
N -1

PR =5 (6.3)

Now it is convenient to use the so-called Maya diagram to represent the configuration of
fermions, as shown in figure 11 and figure 12. In this diagram, the black nodes are occupied
by fermions while the gray nodes are empty. The configuration in figure 11 represents the
ground state while figure 12 is an example of excited states. The energy and the momentum
of the states (a) and (b) in figure 12 can be easily found as

N
(a):E:EO—i—E, P=1,
N (6.4)
(b)1E=E0+57 P =N,

where Ej is the ground state energy (2.18), and their contributions to the partition function
are given by

N N -
E0+?6197 Z( E0+561N9' (65)

Zay =4 b) = ¢
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—PF pr  pr+1

Figure 11. Maya diagram for the ground state. The black nodes (|p| < pr) are occupied by
fermions while the gray nodes (|p| > pr) are empty.

—PF pr pr+1

Figure 12. Examples of excited states: (a) chiral excitation (b) non-chiral excitation.

There are two more states with the same energy, obtained by changing the sign of momenta
p; — —p; in figure 12. In this manner, we can systematically find the expansion of partition
function as

Zy = ¢ [1 + (€ + e eV 1 emiNO)gT } : (6.6)

As discussed by Gross and Taylor [3—5], there is a clear distinction between the excitations
(a) and (b) in figure 12: (a) is chiral while (b) is non-chiral. This distinction is reflected
in the different behavior of Z(,) and Z, in the 't Hooft limit (2.10). In fact, up to the
overall factor ¢, Z(4) is a holomorphic function of the 't Hooft coupling ¢ in (2.10) while
Z(1,) is non-holomorphic in ¢

t+T 1272

; Zayg =€ 2 20 (6.7)

Zwa " =e

Note that Z(,) is already “non-perturbative” in g, i.e. it behaves as (’)(e*l/ 9s). Z(1,) can
also be thought of as originating from the sum over RR flux (I =1 term in (2.20))

7 . t+f 27
F(t+ go) + FUE - g5) — F(t) — FO(F) = *% T2
Js

; (6.8)

where F(t) is given by (2.17).

However, the contribution of Z,) was treated as a part of the perturbative partition
function Z in (3.38) when 6 = 0. Indeed the last term on the r.h.s. of (6.8) vanishes when
t = t. This discussion suggests that the distinction between the perturbative part and the
non-perturbative part becomes much more complicated when 8 # 0 compared to the § = 0
case considered in the previous sections.

Nevertheless, it turns out that Zy has a simple large N expansion for some special
value of 6. One can see that § = 7 is such a special value. To see this, we first rewrite Zy
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in (2.8) as

o0

dz (—1) gt 19,2
ZQM(gS, 0) = f W exXp Z T Z 2q2€p COS(@ﬁp) s (69)
=1 pEZZ(rF%

where we assumed N = 2M is an even integer. When ¢ = 7, the summation over ¢ is
non-vanishing only for even £. Then, by setting ¢ = 2k we find

dz 2 %k 2
Zom(gs, 0 =) = 7{ o201 P Z o Z 2¢"" (1)
k=1 pEZZO+%

dw 2 2
:7{2771562]‘4“ H <1+:cqp>

pEZZOJr%

(6.10)

Namely, the full partition function at 6 = 7 is equal to the chiral partition function at
0 = 0 with rescaled string coupling gs — 2gs. More generally, we expect that when /7
is a rational number the partition function Zy(gs, ) has a simple large N expansion. We
leave the study of rational /7 case as an interesting future problem.

7 Discussions

In this paper we have considered the non-perturbative @(e~V) correction in the 1/N ex-
pansion of 2d Yang-Mills theory on T2, which in turn is related to the topological string
on a local Calabi-Yau threefold X (2.1) via the OSV conjecture (2.2). We proposed a
non-perturbative completion ¢n, of the topological string partition function 1*P(t), as a
partition function of N4 fermions with positive momentum. We emphasize that our non-
perturbative completion ¢y, of ¥'P(t) makes sense at finite N;. We have also studied
the large genus behavior of the gs-expansion of ¢'™P(¢) and confirmed that it is consistent
with our analytic continuation of the formal expansion of 1y, (2.44). In particular, the
1-instanton coefficient is imaginary and it is precisely canceled by the imaginary part com-
ing from the Borel resummation of 1'P(¢) in accord with the theory of resurgence. We
have also studied the genus expansion of the full partition functions Zf! in (2.48) and
Zhll i (2.52) when 0 = 0. Again, it is consistent with our analytic continuation of the
expansion of Zy in (2.61) and Zy in (2.70). We should stress that our analytic continu-
ation is different from that in [9] and ours is supported by the resurgence analysis as we
mentioned above. However, our analysis was limited to the 1-instanton level and it would
be very interesting to study the higher instanton corrections.

There are several open questions. Of particular interest is the implication of our find-
ings to the black hole physics. In [9] the expansion (2.21) of Yang-Mills partition function
Zn was considered based on a certain analytic continuation (2.73), and it was interpreted
as the creation of baby universes. However, our resurgent analysis strongly suggests that
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we should consider a different analytic continuation. Moreover, by our definition of non-
perturbative completion of ¥*P(¢) the chiral factorization is exact (2.29). From these
observations, it is tempting to conclude that the creation of baby universes is an artifact of
the semi-classical expansion and in the full non-perturbative set-up such a process is not
included in the partition function of 2d Yang-Mills theory. It is very important to confirm
or refute this conjecture by a further analysis of 2d Yang-Mills theory or other models. For
instance, it would be interesting to study the large N behavior of 2d Yang-Mills theory
on higher genus Riemann surfaces, where the creation of baby universes is also argued to
occur [36].

Another important problem is the more precise understanding of the OSV conjec-
ture (2.2) in the case of 2d Yang-Mills on T2 (see [37] for a review of the status of the OSV
conjecture). It is expected that the black hole partition function in this case has the form

270 472
Zpn =Y QN,Na, No)exp | -——N; —

o gs 9s

Nol, (7.1)

where Q(N, No, Ny) denotes the number (or index) of BPS bound states with D4, D2, and
DO charges being (N, Na, Ny). We expect that log Q(N, Na, Ny) reproduces the entropy
of black hole made of the D-brane bound states. However, the exact Yang-Mills partition
function Zy does not have this form (7.1). For instance, after performing the modular
S-transformation of Jacobi theta functions, the exact partition function for N = 2 in (2.9)
is rewritten as

.m _o? n+m _M(n+m)_ﬁ(n2+m2) 1 T _6 n _Mn_ﬁrﬂ
Jy = —e s Z (—1) e gs gs —5 ;e gs Z(—l) e gs gs ",

9s n,meZ nez
(7.2)

The factor e=%"/9 is common for the two terms and it can be removed by the overall
normalization of the partition function. However, the coefficient of the two terms in (7.2)
have different power of g; which cannot be removed by a simple rescaling of Zs. This
is not consistent with the expansion of black hole partition function (7.1) if we assume
that Q(N, Na, Np) is a gs-independent pure number. In [38-40] it was proposed that only
the first term of (7.2), or more generally 9J(el, ) term in Zy for general N, should be
compared with the black hole partition function (7.1). However, it is not clear whether
this definition of Zpy correctly reproduces the BPS degeneracy Q2(N, No, Ny). It would be
very interesting to clarify the precise dictionary between the Yang-Mills partition function
Zy and the black hole partition function (7.1).

Also, it would be interesting to study the analytic structure of 1'°P(¢) as we change
the phase of ¢. In this paper we mainly considered the case t > 0 and analyzed the Borel
resummation of ¢*°P(t) assuming ¢ > 0. In general, it is expected that the complex t-plane
is divided into several sectors and the asymptotic expansion of ¥*™P(t) takes different form
in each sector. Due to the quasi-modularity of F;(t), one can restrict 7 = it /27 to be in the
fundamental region of SL(2,7Z) on the upper-half 7-plane. It would be very interesting to
understand how this fundamental region of SL(2,Z) is divided into sectors with different
asymptotic expansion of 1P (t).
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A Convention of Jacobi theta functions

The Jacobi theta functions are defined as

712 )y 1/2 (n71/2)2/2,

nez

9oy, q) =y 2R,

nez

_ Zynqn2 2

ne”L

daly,q) =y _(—1)"y"q" /2 (A1)

nez

We often use the abbreviated notation

Vr(q) == x(1,q). (A.2)

B Proof of relations (2.58) and (2.65)

We first start with ZR! given in (2.47). It is written as

J TL (12 )

p>0

1

Ziul _

27r1:n

2 .
K*/84 we obtain

D)L (14 5

p>0

where the product is over half-integer p. By replacing x by ¢

m\»—‘

Z%_lll

27r13:

If we write p + % =r,p— % = 7 and split the second product into two parts,

Zhl _ 1 _12)\? 1 _1s2\2
5 f i I (o)’ T (e T )’

~_1
75<'f‘<§ r>
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Note that r, 7 are half-integer (integer) when K is even (odd). Next, we rewrite the second
product by the substitution 7 =

Zhl _ %7"2)2
27T13: g
7">*

-2 72 Lyp2 2 _1 —152)2

X H T °q (xq'z +1) H(l—l—x q 2 )

“lorck 7>0

d$ 1,2 2 1 _1z2 2

:j{%'ixK“H H (l—l—azqz ) H( trog e ) ’
r>—% >0

where e =0 (e = 1) for even (odd) K. We thus obtain
2 _ Wk (K: even),
Wik (K: odd).
We next start with Zﬁ?u given in (2.51). It is written as

Zhl _ B+ f{ d (1 + xq%(”2+K")>2 11 (1 + :zflq’%(’”‘Q’K”)>2 ,

2mix?
n>0 n>1

where the product is over integer n. By replacing x by ¢ */82 we obtain

~ 3 2 2
Fhal _ -k f dz (1422 T (142t 309

2mix?
n>0 n>1

If we write n + % =r,n— % = 7 and split the second product into two parts,

3 2 2
2l = g 7{ 2d.902 (1+2027)
1T e

=)

o\ 2 0N 2

X H (1 + x_lq_%ﬂ) H (1 + x_lq_%T2> .
~Ki1<i<d 7>0

Note that r, 7 are integer (half-integer) when K is even (odd). Next, we rewrite the second
product by the substitution # = —r

3 2 2
= Bl S T (14 )
T

rzg
2 —r r 2 1 & 2
X T “q rzqz" +1 1+2 g 2
,%<r§§,1 7>0
dx 1,2)2 1 _1:2\2
_fzﬂlxK-‘rE'H H (1—|—qu7") (1—|—x 1(] 57 ) ,
P>l 7>0

where e =1 (e = 0) for even (odd) K. We thus obtain

Ztun _ { Wk (K: even),

(B.2)
Wi (K: odd).
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