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1 Introduction

While ordinary abelian T-duality is an exact symmetry of string perturbation theory, its

non-abelian generalization [1] is not [2, 3]. It should be rather viewed as a solution-

generating technique in supergravity, since it (typically) maps one string background to

another, inequivalent one. Starting with the work of [4], which gave a prescription for

the transformation of the RR fields, it has been successfully applied to construct several

interesting supergravity solutions, e.g. [5–10].

Like its abelian version, non-abelian T-duality (NATD) can be understood as a canon-

ical transformation [11–13], so that the dualization preserves the (classical) integrability of

the sigma model (when present). To be more precise, starting from a sigma model whose

equations of motion are equivalent to the flatness of a Lax connection, one obtains a dual

model whose equations of motion can also be put into Lax form. Here we want to exploit

this property in order to generate integrable deformations of sigma models, following the
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ideas of [14–16].1 The deformations are interesting also because they (partially) break the

initial isometries. We remark that integrability is not essential for the construction, and the

deformations can be carried out also for non-integrable models. Some of the deformations

constructed here may be viewed as continuous interpolations between the “original” model

and the “dual” one obtained after applying NATD.

Starting from a generic type II Green-Schwarz superstring whose isometries contain

a (super)group G, we work out the transformation rules for the supergravity background

fields under NATD with respect to G. The derivation is performed in section 3, where

all orders in fermions are taken into account by working in superspace. When choosing a

bosonic G and focusing on the bosonic supergravity fields, the transformation rules repro-

duce those of [4, 20], including the Ramond-Ramond (RR) fields whose transformations

were conjectured by analogy with the abelian case [21]. Moreover, when the Lie algebra

of G consists of only (anti)commuting fermionic generators, we also reproduce the rules

for fermionic T-duality derived in [22] from the pure spinor string. As expected, we show

that after NATD one still obtains a kappa symmetric Green-Schwarz superstring. It fol-

lows from [23] that the target space is therefore a solution of the generalized supergravity

equations of [23, 24]. When G is unimodular (i.e. the structure constants of its Lie algebra

satisfy fJ
IJ = 0) the background fields satisfy the standard type II supergravity equations,

and the (dualized) sigma model is Weyl invariant. When G is not unimodular there is

typically an anomaly which breaks Weyl invariance and obstructs the interpretation of the

dual model as a string [25, 26]. We will also discuss exceptions to this, given by the “trivial

solutions” of [27].

Deformations of the non-abelian T-dual backgrounds may be generated by adding

a closed B-field before dualizing. The deformation will be controlled by one or more

continuous parameters that enter the definition of this B. From the point of view of

the original model, adding a B-field with dB = 0 does not affect the local physics, since

this term does not change the equations of motion. We will nevertheless obtain a non-

trivial deformation and a dependence on B in the equations of motion after applying

NATD, since this transformation involves a non-local field redefinition.2 Writing B =
1
2(g

−1dg)J ∧ (g−1dg)I ωIJ with g ∈ G, the condition dB = 0 is equivalent to ω being a

2-cocycle on the Lie algebra of G. The resulting models were dubbed deformed T-dual

(DTD) models in [15], and we refer to section 4.1 for more details.

In [15, 16] it was proved that a DTD model constructed from a principal chiral model

(PCM) or supercoset sigma model with ω invertible is actually equivalent (thanks to a

local field redefinition) to the so-called Yang-Baxter (YB) sigma models [28–33] based

on an R-matrix solving the classical Yang-Baxter equation.3 The R-matrix is related to

1Another class of integrable deformations related to NATD are the so-called λ-deformations of [17–19].
2If B is not just closed but also exact, it contributes to the action of the original model as a total derivative

and it can be dropped. Even if kept, the dependence on this B can be removed by a (local) field redefinition

even after applying NATD. Therefore an exact B generates a trivial deformation of the dual model.
3These are sometimes called “homogeneous” YB models. In the “inhomogeneous” YB models R solves

the modified classical Yang-Baxter equation. They were first introduced in [28, 29] and later generalized to

the supercoset case in [34], where the so-called η-deformation of AdS5×S5 was constructed. The inhomoge-

neous YB models are not related in such a simple way to NATD and we will not consider them further here.
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the 2-cocycle simply as R = ω−1. The equivalence was first proposed and checked on

various examples in [14].4 When the R-matrix acts only on an abelian subalgebra YB

deformations are simply TsT (T-duality -shift- T-duality) transformations [36], so that we

can think of YB deformations as the “non-abelian” generalization of TsT transformations.

Here we propose to use the connection to NATD in order to extend the applicability of

YB deformations, from just PCM and supercoset models to a generic sigma model with

isometries. We do this in section 4.2 by carrying out the field redefinition which leads from

the DTD model to the YB model in the case of invertible ω. Although the construction

comes from a deformation of the dual model, when sending the continuous deformation

parameter of the YB model to zero we recover the original model. These deformations

may be particularly interesting for the AdS/CFT correspondence, and in section 4.3.1 we

use our results to “uplift” a YB deformation of AdS5×S5 — that cannot be interpreted as

(a sequence of) TsT transformations — to a deformation of the full D3-brane background,

of which AdS5 × S5 is the near-horizon limit.

For YB deformations of the PCM or (super)coset models, it is easy to see that the

background metric and B-field are related to the metric of the original model by a map

that coincides with the open/closed string map used also by Seiberg and Witten in [37].

For YB deformations the open string non-commutativity parameter is identified with the

R-matrix itself [38]. Based on this observation it was suggested in [39] that this map

could be used to generate solutions to (generalized) supergravity.5 Our results, based

on the construction of [15], generalize this to cases with a non-vanishing B-field in the

original model. Our derivation also ensures that the YB backgrounds are automatically

solutions of the (generalized) supergravity equations. Yet another approach to such general

(homogeneous) YB deformations was proposed in the context of doubled field theory, since

known YB deformations were shown to be equivalent to so-called β-shifts [41–43]. In

section 4.3.2 we check in an example that a recent solution generated in [43] coincides with

the one obtained from our method based on NATD.

In the next section we collect the transformation rules for the background fields under

NATD and under a generic YB deformation.

2 Summary of the transformation rules

In this section we wish to present and summarize in a self-contained way the transformation

rules derived in the paper, so that the reader may consult them without the need of going

through the whole derivation.

2.1 Rules of (bosonic) NATD

Here we summarize the NATD transformation rules for the bosonic supergravity fields only,

when we take G to be an ordinary (i.e. non-super) Lie group. The general transformations

4An equivalent construction, applying NATD on a centrally extended algebra, was used there. See

also [35].
5In [40] it was shown that the map generates solutions of the generalized supergravity equations if the

non-commutativity parameter satisfies the classical Yang-Baxter equation.
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can be found in section 3 (for the case of G a supergroup see footnote 11). It is convenient

to rewrite the background fields in a way that makes the G isometry manifest. The metric,

for example, will be written in the following block form

Gµν =

(

Gmn Gmj

Gin Gij

)

, Gin = ℓIiGIn, Gij = ℓIi ℓ
J
j GIJ . (2.1)

We have chosen coordinates such that we can split indices into (i,m), where i takes dimG

values and m labels the remaining spectator fields which do not transform under G. We

have collected our conventions in appendix A. It is also convenient to rewrite certain blocks

by extracting ℓIi , defined by g−1∂ig = ℓIiTI , where g ∈ G and I = 1, . . . , dimG is an index

in g (the Lie algebra of G) so that [TI , TJ ] = fK
IJTK . The dependence on the coordinates xi

(i.e. the coordinates to be dualized) is all in ℓIi , so that GIJ , GIm, Gmn only depend on the

spectators xm. The transformation rules will be presented in terms of these objects, and

we will continue to call them “metric” and “B-field” also when writing them with indices

(m, I) instead of (m, i). In order to have a uniform derivation and presentation, we do

not restrict further the range of the index I even when a local symmetry is present.6 We

refer to section 3 for more details. Setting fermions to zero the transformation rules for

the metric and B-field in (3.6)–(3.8) read7

G̃mn = Gmn −
[

(G−B)N(G−B)
]

(mn)
, (2.2)

G̃mI =
1

2

[

(G−B)N
]

mI
− 1

2

[

N(G−B)
]

Im
, G̃IJ = N(IJ) ,

B̃mn = Bmn +
[

(G−B)N(G−B)
]

[mn]
, (2.3)

B̃mI = −1

2

[

(G−B)N
]

mI
− 1

2

[

N(G−B)
]

Im
, B̃IJ = −N[IJ ] ,

where NIJ = δIKNKLδLJ etc. and

N IJ =
(

GIJ −BIJ − νKfK
IJ

)−1
. (2.4)

The transformation of the RR fields, encoded in the bispinor (for more on the conventions

see [23, 44])

S12 =











F (0) − 1

2
F (2)
ab Γab +

1

4!
F (4)
abcdΓ

abcd IIA

−F (1)
a Γa − 1

3!
F (3)
abcΓ

abc − 1

2 · 5!F
(5)
abcdeΓ

abcde IIB

, (2.5)

given in (3.30) is given by the action of a Lorentz transformation Λ ∈ O(1, 9) as

S̃12 = Λ̂S12 , Λab = ηab − 2EI
aN IJEJ

b , (2.6)

6Therefore the range of (m, I) can exceed ten. Both the original and the final action are still written

only in terms of ten physical coordinates thanks to the local symmetry that survives NATD and removes

the additional degrees of freedom, see the discussion in section 3.1.
7The coordinates νI that result from the dualization naturally have lower indices, since they parameterize

the dual space. To have the standard upper placement of indices also in the dualized model we declare that

those indices are raised with the Kronecker delta νI = δIJνJ , and the total set of coordinates is (xm, νI).
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where GIJ = EI
aEJ

bηab, and we denote by Λ̂ the Lorentz transformation acting on spinor

indices that multiplies S12, defined such that Λa
bΓ

b = Λ̂TΓaΛ̂. Finally the generalized

supergravity fields K and X given in (3.17)–(3.18) become8

Km = 0 , KI = nI , Xm = ∂m

(

φ+
1

2
ln detN

)

− B̃mIn
I , XI = −B̃IJn

J . (2.7)

They involve the trace of the structure constants9 of g, nI = δIJnJ with nI = fJ
IJ . As

already mentioned, in the generic case we must write the results in terms of the fields K

and X. Indeed when nI 6= 0 the background solves the generalized type II supergravity

equations [23, 24] but not the standard ones, and the sigma model is scale but not Weyl

invariant at one loop. When g is unimodular, nI = 0 and we get a solution of standard

type II supergravity consistent with the results of [25, 26]. In that case, since X is a total

derivative we can write X = dφ̃ in terms of a dual dilaton

φ̃ = φ+
1

2
ln detN . (2.8)

It was shown in [27] that there exist special “trivial” solutions of the generalized super-

gravity equations which solve the standard supergravity equations although K is not zero.

For this to happen K must be null and, in addition to a condition involving the RR fields

which we ignore here, it should satisfy dK = iKH. Using the rules of NATD presented

here the latter condition can be written as

n(G̃− B̃) = 0 . (2.9)

Since (G̃−B̃)IJ = NIJ is invertible by assumption, it has no zero-eigenvector and therefore

it would seem that no trivial solution can be generated by NATD. However, the condition

written above is not invariant with respect to B-field gauge transformations, so that the

conclusion can change. This will actually play a role in the discussion of the closely related

YB models.

2.2 Rules of YB deformations

For YB deformations the rules are a bit simpler in the sense that we do not have to write

the background fields in the block-form as previously. The result can be phrased in different

ways, see section 4.2. Here we will describe the results in terms of Killing vectors of the

original background. The final result of our derivation is that in order to apply a YB

deformation one should first construct

Θµν = kµIR
IJkνJ , (2.10)

where RIJ solves the classical Yang-Baxter equation (4.6) and kµI are a collection of Killing

vectors labeled by I that are properly normalized so that they satisfy (4.24). Then the

8Here we drop the tilde since these fields are not present before dualization. Also note that we have

raised the index on K with G̃−1 in order to get a simpler expression. We assume the original dilaton φ to

respect the G isometry, so that is depends only on the spectators, but this assumption can be relaxed.
9The identification of K with the trace of the structure constants was suggested earlier in [45].
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background metric and B-field of the YB model are simply obtained by the following

generalization of the open/closed string map

G̃− B̃ = (G−B)[1 + ηΘ(G−B)]−1 , (2.11)

where we have omitted indices µ, ν. The RR bispinor transforms as

S̃12 = Λ̂S12 , Λab = ηab − 2ηEµ
aN̂µ

νΘ
νρEρ

b , (2.12)

where N̂ν
µ =

[

δµν + ηΘµρ(Gρν −Bρν)
]−1

. We further have

Kµ = ηΘµνnν , Xµ = ∂µ

(

φ− 1

2
ln det[1 + ηΘ(G−B)]

)

− ηB̃µνΘ
νρnρ , (2.13)

and, when the Killing vectors used to construct Θ define a unimodular algebra fJ
IJ = 0,

we find the deformed dilaton

φ̃ = φ− 1

2
ln det[1 + ηΘ(G−B)] . (2.14)

We refer to section 4.2 for the derivation and a discussion of trivial solutions for YB

deformations.

3 NATD of Green-Schwarz strings

In this section we apply NATD to a generic Green-Schwarz string with isometries. To

perform NATD we assume that we can bring the supervielbein to the form

EA = (g−1dg)IEI
A(z) + dzMEM

A(z) , (A = (a, α) , a = 0, . . . , 9 , α = 1, . . . , 32) ,

(3.1)

with g ∈ G encoding the coordinates we want to dualize and zM = (xm, θα) denoting

the remaining (spectator) coordinates. The isometry (sub)group G to be dualized acts

as g → ug, z → z for a constant element u ∈ G. To avoid extra awkward signs, we

will present the derivation when G is an ordinary Lie group, but we will write the end

result for the dualized geometry such that it applies also to the case when G is a super

Lie group. The index I takes dimG values and since we want to include the case in which

a local symmetry of the sigma model (which we do not fix) is a subgroup of G, we allow

the possibility that the total range of indices (m, I) is greater than ten. In that case the

local symmetry can be used at the end to remove the spurious coordinates and leave the

ten physical ones. In that case EI
a also involves a projection matrix [20], the simplest

example being a supercoset geometry where EI
a is proportional to the projector on the

coset directions (usually denoted by P (2)).

The (classical) Green-Schwarz string action is

S = T

∫

Σ

(

1

2
Ea ∧ ∗Ebηab +B

)

, (3.2)

where we are using worldsheet form notation and the supervielbein Ea and NSNS two-

form potential B are understood to be pulled back to the worldsheet Σ. To perform NATD

– 6 –
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we write this action in first order form using (3.1), replacing g−1dg → A and adding a

Lagrange multiplier term to enforce the flatness of A

S′ =
T

2

∫

Σ

(

AI ∧ (GIJ ∗ −BIJ)A
J + 2dzM ∧ (GMI ∗ −BMI)A

I

+ (−1)degNdzM ∧ (GMN ∗ −BMN )dzN + νI(2dA
I − f I

JKAJ ∧AK)
)

. (3.3)

The components of the (super) metric are GIJ = EI
aEJ

bηab, GIM = GMI = EI
aEM

bηab
and GMN = EM

aEN
bηab. Integrating out A gives10

(1±∗)AI = −(1±∗)
(

dνJ + dzM [∓G−B]MJ

)

NJI
∓ , N IJ

± =
(

±GIJ −BIJ − νKfK
IJ

)−1

(3.4)

and the dual action

S̃ =
T

4

∫

Σ

{

(

dνI + dzM [G−B]MI

)

N IJ
+ ∧ (1 + ∗)

(

dνJ − dzM [G+B]MJ

)

+
(

dνI − dzM [G+B]MI

)

N IJ
− ∧ (1− ∗)

(

dνJ + dzM [G−B]MJ

)

+ 2(−1)NdzM ∧ (GMN ∗ −BMN )dzN
}

= T

∫

Σ

(

1

2
Ẽa

± ∧ ∗Ẽb
±ηab + B̃

)

. (3.5)

In the last step we have written the dualized action in Green-Schwarz form by defining two

possible sets of dual supervielbeins11

ẼA
± = dzMEM

A −
(

dνI + dzM [∓G−B]MI

)

N IJ
∓ EJ

A . (3.6)

The dual B-field can also be written in two equivalent ways

B̃ =
1

2
dzN ∧ dzMBMN +

1

2

(

dνI + dzM [±G−B]MI

)

∧N IJ
±

(

dνJ − dzM [±G+B]MJ

)

.

(3.7)

We choose Ẽa
+ to be the dual bosonic supervielbein, while Ẽa

− is related to it by a Lorentz

transformation as follows

Ẽa = Ẽa
+ , Ẽ′a = Ẽa

− = ẼbΛb
a , Λb

a = δab − 2EIbN
IJ
+ EJ

a . (3.8)

This is easily seen to follow from the useful identity

(

dνI + dzM [G−B]MI

)

N IJ
+ =

(

dνI − dzM [G+B]MI

)

N IJ
− + 2ẼaEIaN

IJ
+ . (3.9)

10These solutions and the following action are written so that they hold also when G is a supergroup.
11When G is a supergroup the correct expressions are obtained by writing things in a form which is

symmetric between N+ and N− (and where contracted indices are adjacent), e.g.

Ẽ
a
± = dz

M
EM

a
−

1

2

(

dνI + dz
M [∓G−B]MI

)

N
IJ
∓ EJ

a +
1

2
EI

a
N

IJ
±

(

dνJ + dz
M [∓G−B]MJ

)

.

This will be true also for the expressions for Λ, K, X and S̃ to be derived below.
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It is interesting to compute the determinant of the Lorentz transformation Λ. We have

(suppressing the indices)

detΛ = exp(tr lnΛ) = exp

(

−tr
∞
∑

n=1

(2EN+E)n

n

)

= exp

(

−tr
∞
∑

n=1

(2GN+)
n

n

)

= exp[tr ln(1− 2GN+)] = exp[tr ln(1− (N−1
+ +N−T

+ )N+)] = det(−N−T
+ N+)

= (−1)dimG . (3.10)

This shows that this Lorentz transformation is an element of SO(1, 9) only when dimG is

even. When dimG is odd, i.e. one dualizes on an odd number of directions, the Lorentz

transformation involves a reflection. In the latter case its action on spinors contains an

odd number of gamma matrices, which means that one goes from type IIA to type IIB or

vice versa, cf. (3.28).

3.1 The case with local symmetry

Here we wish to give more details on the case when the original sigma model has a local

symmetry that is a subgroup of G. We will explain how the results of the previous section

apply also in that case. We will assume that the action (3.2) is invariant under a local

group H ⊂ G that acts on g from the right as12 g → gh, h ∈ H. Our goal will be to show

that if the local H invariance is not fixed before the dualization, NATD can still be applied

in the usual way and the dual action naturally inherits the local H symmetry. Therefore

this ensures that the additional degrees of freedom can be removed also in the dual model,

and that we are left only with physical ones of the correct number.

The action (3.2) is invariant under g → gh if the couplings are H invariant and project

out h, the Lie algebra of H

(Ad−1
h )KI(GKL∗−BKL)(Ad

−1
h )LJ =GIJ ∗−BIJ , yI(GIJ ∗−BIJ)= 0= (GIJ ∗−BIJ)y

J ,

(GMJ ∗−BMJ)(Ad
−1
h )J I =GMI ∗−BMI , (GMI ∗−BMI)y

I =0. (3.11)

Here y ∈ h. This local symmetry may be used to remove dimH degrees of freedom from

the parametrization of g, so that the total number of physical bosonic fields (including

spectators) is ten. We do not fix this local invariance yet, since this allows us to gauge the

whole G isometry and fix the gauge g = 1 to arrive at the action (3.3). This first order

action is still invariant under a local H which is now implemented as

A → h−1Ah+ h−1dh, ν → h−1νh . (3.12)

Here ν = νIT
I is taken to be an element of g∗, the dual of the Lie algebra of G. We

refer to section 4.1 for our conventions regarding g∗. At the moment of integrating out AI

from (3.3) one may worry about the invertibility of the relevant linear operators, given that

the couplings project out the components in h as assumed above. We consider cases when

the operators ±GIJ −BIJ − νKfK
IJ are invertible on the whole algebra g, so that also the

12One may equivalently discuss this local invariance by introducing a vector valued in the Lie algebra of

H, so that integrating out such vector the original action is obtained.
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components of A in h can be integrated out. Obviously, since ±GIJ −BIJ are degenerate,

the invertibility of the operators must be ensured by the term νKfK
IJ . We recall that ν has

not been gauged-fixed yet, and that we have a total of dimG such fields. In general the

invertibility will hold only locally, meaning that there may be values of νI such that the

operators N IJ
± become singular. Those loci will correspond to singularities in target space

that we cannot remove. It is easy to check that the dual action (3.5) is still invariant under

the local H symmetry, which is now simply implemented by ν → h−1νh. We can then fix

the local symmetry at the level of the dual action, at the same time making sure that we

have the correct number of degrees of freedom and that the gauge fixing is done correctly.

Our reasoning is completely analogous to that of [20, 46]. There the degenerate matri-

ces ±GIJ −BIJ are regulated by taking ±GIJ −BIJ + λ (Idh)IJ , where Idh is the identity

on h. The parameter λ is kept during the dualization and sent to zero only at the end. It

is clear that the λ → 0 limit is non-singular only if the degeneracies of ±GIJ − BIJ are

lifted by the additional term νKfK
IJ . Therefore the way coset models are treated in [20, 46]

is analogous to ours. For concreteness we work out an explicit example in appendix B.

3.2 Extracting X and K from anomaly terms

The easiest way to extract the generalized supergravity fields X and K is to look at

the terms in the action induced at the quantum level by the NATD change of variables

g−1dg → A in the path integral measure [26].13 It was shown in [27] that these non-local

terms take the form

S̃σ =
1

2π

∫

Σ

(

dσ ∧K − dσ ∧ ∗X − 1

2
α′dσ ∧ ∗dσ |K|2

)

, (3.13)

where σ = ∂−2√gR(2) is the conformal factor. From the first two terms it is easy to read off

X and K. To compute S̃σ we include the σ-dependent terms in the first order action (3.3).

They are [26]

Sσ =
1

2π

∫

Σ

(

σnId ∗AI − Φd ∗ dσ
)

, (3.14)

where nI = fJ
IJ , the trace of the structure constants, d ∗ dσ = d2ξ

√
gR(2) and Φ is the

dilaton superfield of the original background. Integrating out A as before but now including

these terms, and keeping track of the detN from the measure, we obtain

(1± ∗)AI = −(1± ∗)
(

dνJ + dzM [∓G−B]MJ ∓ α′nJdσ
)

NJI
∓ (3.15)

and

S̃σ =
1

4π

∫

Σ

(

nIdσN
IJ
+ ∧(1+∗)(dνJ−dzM [G+B]MJ) (3.16)

−nIdσN
IJ
− ∧(1−∗)(dνJ+dzM [G−B]MJ)−2dσ∧∗d

(

Φ+
1

2
lndetN+

))

+O(α′) .

13A more direct, but lengthier, approach uses the superspace constraints as we do below to extract the

RR fields, see for example [47].
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Comparing to (3.13) we find

K =
1

2

{

(dνJ+dzM [G−B]MJ)N
JI
+ −(dνJ−dzM [G+B]MJ)N

JI
−

}

nI , (3.17)

X = d

(

Φ+
1

2
lndetN+

)

+
1

2

{

(dνJ+dzM [G−B]MJ)N
JI
+ +(dνJ−dzM [G+B]MJ)N

JI
−

}

nI .

(3.18)

These expressions simplify when written in terms of G̃ and B̃ as in (2.7).

3.3 Extracting the RR fields

The simplest way to find the RR fields is to compute the superspace torsion TA = dEA +

EB ∧ ΩB
A and compare to the superspace torsion constraints of [23, 44], see e.g. [47]. In

particular the Ea ∧ Eα1-term in Tα2 takes the form14

T 2 = −1

8
Ea (E1ΓaS12) + . . . (3.19)

from which we can read off the RR bispinor S. Here Ea is the bosonic supervielbein and

Eα1, Eα2 with α = 1, . . . , 16 are the two fermionic supervielbeins, corresponding to the

two Majorana-Weyl spinors of type II supergravity. For convenience of the presentation

we will use type IIA notation so that E1 = 1
2(1 + Γ11)E

1 and E2 = 1
2(1− Γ11)E

2 but the

type IIB expressions are essentially identical.

To compute T̃ 2 and then extract the RR fields of the dualized model, we must first find

the form of the fermionic supervielbeins Ẽ1, Ẽ2. We therefore start with the constraint on

the bosonic torsion

T a = − i

2
EΓaE = − i

2
E1ΓaE1 − i

2
E2ΓaE2 , (3.20)

and we can compute T̃ a from Ẽa.15 By assumption the constraint on T a holds in the

original model before dualization. In our adapted coordinates (3.1) it takes the form16

2∂[MEN ]
a + 2Ω[M |b|

aEN ]
b = (−1)N iEMΓaEN , (3.21)

∂MEI
a +ΩMb

aEI
b − ΩIb

aEM
b = iEMΓaEI , (3.22)

fK
IJEK

a + 2Ω[J |b|
aEI]

b = iEJΓ
aEI . (3.23)

We will also need the constraints on H = dB which are

H = − i

2
EaEΓaΓ11E +

1

6
EcEbEaHabc = − i

2
EaE1ΓaE

1 +
i

2
EaE2ΓaE

2 +
1

6
EcEbEaHabc .

(3.24)

In our adapted coordinates we have

3∂[MBNP ] = HMNP , 2∂[MBN ]I = HMNI ,

∂MBIJ + fK
IJBMK = HMIJ , 3fL

[IJBK]L = HIJK , (3.25)

14To improve the readability we suppress the spinor index α and drop the explicit ∧’s from now on.
15It might appear that one needs to know the spin connection to do this but this is not the case. Instead

the fermionic vielbeins and spin connection can be read off by computing dẼa as we will see.
16The anti-symmetrization is graded, e.g. Y[MZN ] =

1
2
(YMZN − (−1)MNYNZM ).
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where HIJK = EK
CEJ

BEI
AHABC etc. Using these relations we can compute the exterior

derivative of Ẽa
± in (3.6) and we find

dẼa
± = − i

2
Ẽ±Γ

aẼ± +
i

2
Ẽ±Γb(1± Γ11)Ẽ±(±EI

aN IJ
± EJ

b)− Ẽb
±Ẽ

C
±ΩCb

a

± iẼb
± Ẽ±Γb(1∓ Γ11)EIN

IJ
∓ EJ

a ± Ẽc
±Ẽ

b
±

(

ΩIbc ±
1

2
EI

dHbcd

)

N IJ
∓ EJ

a . (3.26)

Using our definition of the dualized bosonic supervielbein, Ẽa = Ẽa
+, this can be recast,

using the definition (3.6), as17

T̃ a = dẼa + ẼbΩ̃b
a = − i

2
Λa

bẼ
1
+Γ

bẼ1
+ − i

2
Ẽ2

−Γ
aẼ2

− . (3.27)

Comparing to the standard form (3.20) we can read off the fermionic supervielbeins of the

dualized model18

Ẽ1 = Λ̂Ẽ1
+ , Ẽ2 = Ẽ2

− , (3.28)

where the action of the Lorentz transformation on spinors is defined by Λa
bΓ

b = Λ̂TΓaΛ̂.

We are now ready to compute the fermionic torsion and extract the dualized RR fields by

comparing to (3.19). Following the same lines as above we find

dẼ2
− =

1

4
(ΓabẼ

2
−) Ẽ

C
−ΩC

ab +
1

2
ẼB

− ẼA
−T

2
AB − iẼ1

−ΓaẼ
1
−(E

2
IN

IJ
− EJ

a)

− 2iẼa
− Ẽ1

−ΓaE
1
I (N

IJ
+ E2

J)− Ẽb
−Ẽ

a
−

(

ΩIab −
1

2
HabcEI

c

)

N IJ
+ E2

J . (3.29)

Extracting the ẼaẼ1-terms we can read of the RR bispinor which takes the form

S̃12 = Λ̂S12 + 16iΛ̂E1
IN

IJ
+ E2

J . (3.30)

The first term is a Lorentz transformation acting on one side of the original bispinor in

agreement with the NATD transformation rules first proposed in [4], by analogy with the

abelian case. The second term starts at quadratic order in fermions if one dualizes on a

bosonic algebra. However, in cases involving fermionic T-dualities the bosonic background

is affected by the second term. In the case of a single fermionic T-duality it reproduces the

transformation rule derived in [22].19

17Note that (3.9) implies Ẽ− = Ẽ+ − 2ẼaEIaN
IJ
+ EJ .

18We also find the spin connection of the dualized background

Ω̃ab = Ẽ
C
+ΩC

ab
−4iẼ2

+Γ
[a
E

2
IN

IJ
− EJ

b]
−2Ẽc

(

ΩIc
[a
−
1

2
EI

d
Hcd

[a

)

N
IJ
− EJ

b]+Ẽ
c

(

ΩI
ab+

1

2
EI

d
Hd

ab

)

N
IJ
− EJc

−4iẼc
EI

[a
N

IJ
+ E

2
JΓ

b]
E

2
KN

KL
− ELc−2iẼc

EI
a
N

IJ
+ E

2
JΓcE

2
KN

KL
− EL

b
.

19In the pure spinor formalism used there one does not directly see the Lorentz transformation acting on

half of the fermionic directions since the pure spinor description has a larger symmetry with independent

Lorentz transformations for bosons and the two fermionic directions. However, setting the fermions to zero

Λ becomes trivial and all transformations, including those of the RR fields, match.
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To be sure that the sigma model after NATD still has kappa symmetry, or equivalently

that the background solves the generalized supergravity equations [23], one must also verify

that H̃ = dB̃ satisfies the correct constraints (3.24) (up to dimension zero). A direct

calculation using (3.7) and (3.9) shows that H̃ is indeed of the right form (3.24).20 This

proves that the dual model is indeed a Green-Schwarz string invariant under the standard

kappa symmetry transformations, and it completes the derivation of the dualized target

space fields which therefore solve the equations of (generalized) supergravity [23].

4 Deformations

NATD may be viewed as a solution-generating technique for supergravity backgrounds.

Here we slightly modify the procedure to generate continuous deformations of the dual

model, which will be called deformed T-dual (DTD) models. Later we will show that a

subclass of DTD models may be recast in the form of a deformation that reduces to the

original sigma model when sending the deformation parameter to zero. This subclass will

be identified with a generalization of YB deformations.

4.1 Deformed T-dual models

In order to define DTD models, we start from the original sigma-model, before applying

NATD, and we shift the B-field as

BIJ → BIJ − ζ ωIJ . (4.1)

Here ωIJ is constant and anti-symmetric in its indices. We use ζ as a parameter to keep

track of the shift, or in other words the deformation. The shift affects only the components

of the B-field along g, and it does not spoil the global G isometry. We demand that the

new term appearing in the action (i.e. ζ(g−1dg)I ∧ ωIJ(g
−1dg)J) should not modify the

theory on-shell, in other words that it should be a closed B-field. It is easy to see that this

happens if and only if ωIJ satisfies the 2-cocycle condition

ωI[Jf
I
KL] = 0 , (4.2)

where the antisymmetrization involves all three indices J,K,L. We further demand that

the B-field ζ(g−1dg)I ∧ ωIJ(g
−1dg)J is closed but not exact, i.e. the shift should not be

a gauge transformation. Thanks to this additional condition, after applying NATD the

resulting deformation is non-trivial, i.e. the ζ-dependence cannot be removed by a field

redefinition. The non-exactness of B is equivalent to ωIJ not being a coboundary, i.e.

ωIJ 6= cKfK
IJ for any constant vector cK . Non-trivial deformations are therefore classified

by elements of the second Lie algebra cohomology group H2(g).

20One also finds

H̃abc = −
1

2
Habc +

3

2
Λ[a

d
Hbc]d − 6EI[aN

IJ
+ Ω|J|bc] − 12i(EI[aN

IJ
+ E

2
|J|)Γb(E|K|c]N

KL
+ E

2
L) .
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We can view the 2-cocycle as an element of g∗ ⊗ g∗ by writing ω = ωIJT
I ∧ T J .

Alternatively we may view it as a map from g to the dual vector space (we continue to call

this ω without fear of creating confusion) ω : g → g∗, whose action is given by

ω(TK) = ωIJT
Itr(T JTK) = ωIKT I . (4.3)

To proceed further we will endow the dual vector space g∗ with a Lie algebra structure

with structure constants f̃ IJ
K so that g has a bialgebra structure. Therefore g⊕g∗ becomes

a Lie algebra with Drinfel’d double commutation relations21

[TI , TJ ] = fK
IJTK , [T I , T J ] = f̃ IJ

K TK , [TI , T
J ] = fJ

KIT
K + f̃JK

I TK . (4.4)

This is always possible since we can always take g∗ to be abelian with f̃ IJ
K = 0. In general

this construction is far from unique and there exist many possible choices of Lie algebra

structure on g∗, however this choice will have no effect in what follows. The 2-cocycle

condition (4.2) can now be written

ω[TI , TJ ] = P T ([ωTI , TJ ] + [TI , ωTJ ]) , (4.5)

where P T projects on g∗. Note that if we take g∗ to be abelian we can drop the projector

and this equation just says that ω is a derivation on the Lie algebra g ⊕ g∗. This is the

choice that is most useful for the general discussion here.22

Apart from the shift BIJ → BIJ − ζωIJ , nothing changes in the derivation of the

transformation of the action and of the background fields under NATD. Therefore, the

transformation rules derived in section 3 and presented in section 2.1 are valid also for

DTD if we shift BIJ → BIJ − ζωIJ . The resulting DTD background is a deformation of

the NATD background, and it reduces to it when ζ = 0. We refer to [15, 16] for some

explicit examples of DTD models obtained from PCM or from the superstring on AdS5×S5.

4.2 Yang-Baxter deformations

We will now construct deformations of the original background, rather than its NATD.

We introduce a deformation parameter η such that η = 0 gives back the original sigma

model. These deformations will be obtained from the DTD construction, where we identify

η = ζ−1. We identify them with Yang-Baxter deformations, since they are generated by

solutions of the classical Yang-Baxter equation and they generalize the original construction

for PCM and (super)cosets to generic (Green-Schwarz) sigma models.

The construction is possible when ωIJ is invertible. Writing R = ω−1 : g∗ → g it is easy

to verify that the 2-cocycle condition for ω implies that R solves the classical Yang-Baxter

equation

[Rx,Ry]−R([Rx, y] + [x,Ry]) = 0 , ∀x, y ∈ g∗, ⇐⇒ RL[IR|M |Jf
K]
LM = 0 , (4.6)

21This is very similar to how one realizes NATD as a special case of Poisson-Lie T-duality [48] and it

would be interesting to consider the extension of our construction to the Poisson-Lie case.
22In the PCM case considered in [15] or the supercoset model case considered in [16] there is a natural

Lie algebra structure on g∗, inherited from the full isometry group. This is the structure that was chosen

in [15, 16]. Nevertheless, as already mentioned this choice has no consequence in our construction, and a

more natural choice may be for example to take g∗ abelian.
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where the action of the operator is again defined by R(T I) = TKRKI . The above is

equivalent to the more familiar form of the classical Yang-Baxter equation

[r12, r13] + [r12, r23] + [r13, r23] = 0 , (4.7)

written in terms of r = RIJTI ∧TJ ∈ g⊗g, where the subscripts of rij denote the spaces in

g⊗g⊗g where it acts. To recast the DTD model as a deformation of the original model we

need to replace the coordinates νI , which parametrize the dual space, by a group element

g ∈ G. The invertible map ω : g → g∗ allows us to do this by writing [15]

νI = ζtr

(

TI

1−Ad−1
g

log Adg
ω log g

)

. (4.8)

Using the 2-cocycle condition it can be shown that this implies23

dνI = η−1
(

R−1
g (g−1dg)

)

I
, νKfK

IJ = η−1R−1
IJ − η−1(R−1

g )IJ , (4.9)

where Rg = Ad−1
g RAdg. Using this in the definition of N IJ in (2.4) we get

N = ηRg (1 + η(G−B)Rg)
−1 = η (1 + ηRg(G−B))−1Rg . (4.10)

With these substitution rules it is easy to check that the DTD action is recast into the

following form24

S =
T

2

∫

Σ

(

(g−1dg)I ∧ (G̃IJ ∗ −B̃IJ)(g
−1dg)J + 2dzM ∧ (G̃MI ∗ −B̃MI)(g

−1dg)J

+ (−1)NdzM ∧ (G̃MN ∗ −B̃MN )dzN − η−1(dgg−1)I ∧ ωIJ(dgg
−1)J

)

, (4.11)

where we isolated the last term which does not behave well in the η → 0 limit. This term

is again a closed B-field thanks to the 2-cocycle condition satisfied by ω, and therefore it

does not contribute to the equations of motion. We define the action of the YB model as

the above one where the closed B = η−1(dgg−1)I ∧ ωIJ(dgg
−1)J is removed. Dropping it

we do not modify the on-shell theory, so that if the original model is classically integrable

this property is inherited also by the YB deformation. In this way we can also achieve

a non-singular η → 0 limit, which yields the original undeformed model as is clear from

the expressions given below. This also implies that YB deformations may be viewed as

interpolations between the original model (obtained just by sending η → 0) and the dual

one (which is recovered in the equivalent DTD formulation after sending ζ → 0, which

is η → ∞).

23The easiest way to show this is to extend ω to act as a derivation on the universal enveloping algebra

of g. With this definition we can write ην = g−1ω(g) ∈ g∗. We can now compute dν and the two equivalent

expressions ω(dg) = ω(gg−1dg) = ηgνg−1dg + gω(g−1dg) and ω(dg) = ω(dgg−1g) = ω(dgg−1)g + ηdgν.

This gives us the two equations.
24We still use tilde to denote transformed metric and B-field, but now they differ from the ones of NATD.

The transformations rules are given below.
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Setting fermions to zero and assuming a bosonic group G, we then read off

G̃mn = Gmn − η
[

(G−B)N̂Rg(G−B)
]

(mn)
, (4.12)

G̃mI =
1

2

[

(G−B)N̂
]

mI
+

1

2

[

Ň(G−B)
]

Im
, G̃IJ =

[

(G−B)N̂
]

(IJ)
,

B̃mn = Bmn + η
[

(G−B)N̂Rg(G−B)
]

[mn]
, (4.13)

B̃mI = −1

2

[

(G−B)N̂
]

mI
+

1

2

[

Ň(G−B)
]

Im
, B̃IJ = −

[

(G−B)N̂
]

[IJ ]
,

while the RR bispinor is again transformed by a Lorentz transformation Λ̂ acting on spinor

indices from the left25

S̃12 = Λ̂S12 , Λab = ηab − 2ηEI
aN̂ I

J(Rg)
JKEK

b . (4.15)

In the above we have also defined

N̂J
I =

[

δIJ + η(Rg)
IK(GKJ −BKJ)

]−1
,

ŇI
J =

[

δJ
I + η(GJK −BJK)(Rg)

KI
]−1

=
[

R−1
g N̂Rg

]

I
J .

(4.16)

Using (4.9) in (3.17) and (3.18) we find26

Km=0 , KI = η[Rgn]
I , Xm= ∂m

(

φ+
1

2
lndetN̂

)

−ηB̃mI [Rgn]
I , XI =−ηB̃IJ [Rgn]

J .

(4.17)

At this point we wish to comment on the possibility of having “trivial” solutions of the

generalized supergravity equations, namely ones that solve the more restricting standard

supergravity equations while K does not vanish. This is possible if [27]

0 = KI(G̃− B̃)IJ = −η[nRg(G−B)N̂ ]J = [n(N̂ − 1)]J ⇐⇒ KI(G−B)IJ = 0 , (4.18)

i.e. the original G − B must be degenerate. Such trivial solutions are possible for YB

deformations since we do not need to assume that G− B is non-degenerate. They are, at

least naively, not possible for NATD since there they would imply that the dual G̃ − B̃

is degenerate, which is not allowed by assumption, see section 3. This discrepancy has to

do with the fact that when going from DTD to YB we did not just change coordinates,

we also shifted B by dropping the extra closed term in (4.11). Explicit trivial solutions

were found in [50], and more recently in [43] by double field theory β-shifts starting from

AdS3 × S3 × T 4 with non-zero B-field. It is clear from the present discussion that these

solutions can be equivalently generated from the construction of YB deformations provided

here. An example is provided in section 4.3.2.

25For YB deformations Λ ∈ SO(1, 9) and it is therefore useful to parametrize it in terms of an anti-

symmetric matrix Aab as Λ = (1+A)−1(1−A) which implies A = (1−Λ)(1+Λ)−1, where we lowered one

index with ηab to obtain e.g. Λa
b. Then the Lorentz transformation on spinor indices Λa

bΓb = Λ̂TΓaΛ̂ can

be written as a finite sum [49]

Λ̂= [det(η+A)]−1/2Æ

(

−
1

2
AabΓ

ab

)

, Æ

(

1

2
AabΓ

ab

)

≡ 1+

n=5
∑

n=1

1

n!2n
Aa1b1 · · ·AanbnΓ

a1b1···anbn . (4.14)

26In the expression for X we have used the fact that d(ln det[ηRg]) = tr(R−1
g dRg) = 2fI

JI [g
−1dg]J =

2(g−1dg)InI .
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4.2.1 A convenient rewriting

As remarked in the introduction the deformed metric and B-field can be obtained from the

original G and B by the following generalization of the open/closed string map used by

Seiberg and Witten

G̃− B̃ = (G−B)[1 + ηRg(G−B)]−1 . (4.19)

This is readily seen after noticing that, since Rg has only IJ indices, the following operator

is of block form

1 + ηRg(G−B) =

(

δmn 0

η[Rg(G−B)]In δIJ + η[Rg(G−B)]IJ

)

, (4.20)

and it is straightforward to invert it giving

[1 + ηRg(G−B)]−1 =

(

δmn 0

−η[N̂Rg(G−B)]In N̂ I
J

)

, (4.21)

where we used N̂J
I = [δIJ + η(Rg)

IK(GKJ − BKJ)]
−1. It is easy to check that (4.19)

indeed reproduces the formulas (4.12)–(4.13) for the transformed metric and B-field.

So far we have worked with explicit group elements and algebra indices. It is sometimes

convenient to translate the results so that the information on the initial isometries of the

model is encoded in a set of Killing vectors. Thanks to this rewriting the YB deformation

may be applied without the need of introducing an explicit parametrization of the group

G. Isometries of the metric and B-field are translated into equations for a family of Killing

vectors kµI , where I = 1, . . . , dim(G) is the index to enumerate them. In particular, the

metric possesses an isometry when shifting infinitesimally the coordinates Xµ → Xµ +

ǫIkµI +O(ǫ2), if kµI satisfy the Killing vector equation

∇µkI ν +∇νkI µ = 0 . (4.22)

In order to make a connection with the formulation in terms of the group element g,

it is enough to notice that its variation δg under an infinitesimal transformation can be

understood in two ways, either as δxi∂ig, or as ǫITIg, the latter being the infinitesimal

version of the global transformation g → exp(ǫITI)g. We recall that indices i, j are used

to label coordinates xi on the group G. This leads to the identification

kJI ≡ kµI ℓ
J
µ = tr(T JAd−1

g TI) = (Ad−1
g )JI , where g−1dg = ℓITI . (4.23)

Obviously, ℓIµ and kµI are non-zero only for µ = i. The structure constants of the Lie

algebra may be recovered by computing

LkIkJµ − LkJkIµ = −fK
IJkKµ , (4.24)

where L is the Lie derivative. Now let us notice that we can rewrite

ΘIJ ≡ (Rg)
IJ = kIKRKLkJL , (4.25)
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and that, before fixing any local symmetry (if present), the matrix ℓIi is invertible. Let us

denote the inverse by ℓiI so that ℓIi ℓ
i
J = δIJ . This allows us to convert all algebra indices I, J

in (4.19) into curved indices i, j. Therefore the YB deformation of the metric and B-field

may also be written as

G̃− B̃ = (G−B)[1 + ηΘ(G−B)]−1 . (4.26)

This formula is then equally valid both when we use indices {m, I} or {m, i}. When a

local symmetry is present we arrive at the same result since the local invariance can be left

unfixed until the end. With a similar reasoning we may rewrite also the transformation

rule for the dilaton when nI = fJ
IJ = 0. In fact, when computing the determinant of N̂ I

J

we may as well extend it to all µ, ν indices. Since the (inverse of the) operator is in the

block-form (4.20), it is clear that det(N̂µ
ν) = det(N̂ I

J). This also means that we can

obtain the deformed dilaton simply by calculating

φ̃ = φ− 1

2
ln det[1 + ηΘ(G−B)] . (4.27)

More generally, when nI 6= 0 we may write

Kµ = ηΘµνnν , Xµ = ∂µφ̃− ηB̃µνΘ
νρnρ . (4.28)

4.3 Two examples of YB deformations

We wish to work out two examples of YB deformations that do not fall under the (su-

per)coset construction. In addition to the intrinsic interest of the following (deformed)

backgrounds, the calculations also illustrate the applicability of our method.

4.3.1 YB deformation of the D3-brane background

Our first motivation is to understand a YB deformation of AdS5 × S5 generated by an

R-matrix that cannot be interpreted as a sequence of TsT transformations. In particular,

we want to use the formula (4.26) to “uplift” the YB deformation from the AdS5 × S5

background to the full D3-brane background, before taking the near-horizon limit. This

is in the spirit of [51, 52], where the uplift to the brane background was done for YB

deformations that are (sequences of) TsT transformations. For the sake of the discussion

we focus on the NS-NS sector, where the dilaton is constant (we set it to zero for simplicity),

B = 0 and the metric is

ds2 = H−1/2 dxidx
i +H1/2(dr2 + r2 ds2S5) , H = 1 +

(α′)2L4

r4
, (4.29)

where i = 0, . . . , 3 and ηij = diag(−1, 1, 1, 1). The above metric has an ISO(1, 3) Poincaré

isometry acting on the xi coordinates, and an SO(6) isometry acting on the five-dimensional

sphere S5. We will now deform the background by exploiting the Poincaré part of the

isometries. The Killing vectors in this case may be written as

Translations: kµ[pi] = δµi , Lorentz: kµ[Jij ] = −δµi xj + δµj xi , i, j = 0, . . . , 3. (4.30)

– 17 –



J
H
E
P
0
8
(
2
0
1
8
)
0
2
7

We wish to “uplift” the YB deformation of AdS5 × S5 worked out in section 6.4 of [47],

where the R-matrix was chosen to be

R = p1 ∧ p3 + (p0 + p1) ∧ (J03 + J13) . (4.31)

That is possible since this R-matrix is constructed out of generators that are isometries also

of the D3-brane background before the near-horizon limit. Following (4.25) we therefore

construct

Θµν = 2
[

kµ[p1]k
ν
[p3]

+ (kµ[p0] + kµ[p1])(k
ν
[J03]

+ kν[J13])
]

− µ ↔ ν . (4.32)

More explicitly, in the block with µ, ν = 0, . . . , 3 it is

Θµν = 2











0 0 0 −x−

0 0 0 −x− + 1

0 0 0 0

x− x− − 1 0 0











, (4.33)

where we introduced the standard light-cone coordinates x± = x0 ± x1. Now, using (4.26)

and (4.27) we obtain the following deformed metric, B-field and dilaton

ds̃2 = − η̂2ξ2−H
−1/2dξ2−

4 (H − 4η̂2ξ−)
− H−1/2

(

H − 2η̂2ξ−
)

dξ−dx
+

2 (H − 4η̂2ξ−)
− η̂2H−1/2(dx+)2

(H − 4η̂2ξ−)

+H−1/2dx22 +
H1/2dx23

H − 4η̂2ξ−
+H1/2(dr2 + r2 ds2S5) ,

B̃ =
η̂

2

dx3 ∧ (2dx+ + ξ−dξ−)

H − 4η̂2ξ−
, exp (−2φ̃) = 1− 4η̂2ξ−

H
.

(4.34)

We chose η̂ as deformation parameter and to simplify expressions we redefined ξ− = 2x−−1.

We now want to check that the near-horizon geometry of this YB deformation of the D3-

brane background indeed yields the YB deformation of AdS5 × S5 of [47]. In the near-

horizon limit one sends r → 0 and α′ → 0 while keeping the ratio r/α′ fixed. We achieve

this by rewriting r = α′L2/z and η̂ = ηL−2/α′, and then sending α′ → 0. We obtain

lim
α′→0

ds2

α′L2
= z−6

(

1− 4η2ξ−
z4

)−1[

z4dx3
2−η2(dx+)2− 1

4
dξ−

(

η2ξ2−dξ−+2dx+
(

z4−2η2ξ−
))

]

+
dx2

2+dz2

z2
+ds2S5

lim
α′→0

B

α′L2
=

η

2

dx3∧(2dx++ξ−dξ−)

z4−4η2ξ−
, lim

α′→0
e−2φ=1− 4η2ξ−

z4
,

(4.35)

which indeed reproduces27 (the NS-NS sector of) the deformation of AdS5×S5 appearing in

section 6.4 of [47]. Uplifting the YB deformation to the D3-brane background is particularly

interesting since it also allows us to go far from the brane and understand how the flat space

27In this paper we have a different convention for the sign of the B-field.
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in which it is embedded has been deformed. In the limit r → ∞ we have simply H → 1

ds2 = − η̂2ξ2−dξ
2
−

4 (1− 4η̂2ξ−)
−

(

1− 2η̂2ξ−
)

dξ−dx
+

2 (1− 4η̂2ξ−)
− η̂2(dx+)2

(1− 4η̂2ξ−)

+ dx22 +
dx23

1− 4η̂2ξ−
+ ds2R6

B =
η̂

2

dx3 ∧ (2dx+ + ξ−dξ−)

1− 4η̂2ξ−
, e−2φ = 1− 4η̂2ξ− .

(4.36)

Obviously, the above background may be also obtained directly as a YB deformation of flat

space with Θ given by (4.32). In the AdS/CFT correspondence one looks at open strings

stretching between D3-branes in flat space, whose low-energy limit produces N = 4 super

Yang-Mills. In the presence of a B-field as in the case considered here, open strings feel an

effective metric gµν and a non-commutativity parameter θµν that are related to the metric

and B-field Gµν , Bµν of the closed string by28 [37]

gµν +
θµν

2πα′
= (Gµν −Bµν)

−1 , (4.37)

where gµν is obviously obtained by taking the symmetric part of the right-hand-side, while

θµν the antisymmetric part. In general, if we apply the open/closed string map to a back-

ground obtained by a YB deformation we get

g−1 +
θ

2πα′
= (G̃− B̃)−1 = [(G−B)−1 + ηΘ] ,

=⇒ g−1 = (G−B)−1
s , θ = 2πα′[(G−B)−1

a + ηΘ] ,
(4.38)

where we directly relate the open-string quantities to the metric and B-field G,B of the

original model before the YB deformation, and subscripts s and a indicate the symmetric

and antisymmetric parts. In our specific example, before deforming, the brane system is

in a flat spacetime with vanishing B-field, meaning that the effective open-string metric

will coincide with the flat one, and the non-commutativity parameter will be essentially

defined by the YB R-matrix

gµν = Gµν , θµν = 2πα′η̂Θµν . (4.39)

This discussion is obviously generic and is not confined to the current example. Apart from

uncovering the non-commutativity structure, at this point one should also take the low-

energy limit of open strings in the non-commutative spacetime. Here we are considering

a case with an electric B-field, and these instances are known to produce problems when

trying to take the low-energy limit [53]. It is therefore not clear whether the low-energy

limit yields a non-commutative gauge theory with θ as non-commutativity parameter. The

relation between gravity duals of non-commutative gauge theories and YB deformations

was first pointed out in [54].

28As it is written, this open/closed string map assumes the invertibility of (G − B). The generalization

(of the inverse transformation) to the case of degenerate (G−B) is in fact given by our (4.26).
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Certain YB deformations of AdS5 × S5 are constructed out of generators that are not

isometries of the brane background and that become isometries only after taking the near-

horizon limit. For these examples it is not clear how to uplift the YB deformation to the

brane background. It would be interesting to see if YB deformations can be extended also

to cases without isometries by using Poisson-Lie T-duality.

4.3.2 YB deformation of AdS3 × S
3
× T

4 with H-flux

We now want to apply the YB deformation to a background with degenerate G−B, and we

will compare our results to those of [43]. There it was indeed shown that YB deformations

of AdS5 × S5 are equivalent to local β-transformations of the double theory, and it was

proposed that local β-shifts should be the natural way to generalize YB deformations to

generic backgrounds, including cases with degenerate G− B. The example we consider is

that of AdS3 × S3 × T 4 with non-vanishing H-flux

ds2 =
dxidx

i + dz2

z2
+ ds2S3 + ds2T 4 , ds2S3 =

1

4

[

dθ2 + sin2 θdϕ2 + (dψ + cos θdϕ)2
]

B =
dx0 ∧ dx1

z2
+

1

4
cos θdϕ ∧ dψ .

(4.40)

G − B is degenerate because of the rows (or columns) i = 0, 1. The dilaton is constant

and for simplicity we set it to zero. To generate a YB deformation we will make use of the

Killing vectors of the Poincaré isometry

Translations: kµ[pi] = δµi , Lorentz: kµ[Jij ] = −δµi xj + δµj xi , i, j = 0, 1 . (4.41)

In order to compare to the results of section 4.2.2 of [43] we take R = cipi ∧ J01 or

Θµν = (cikµ[pi])k
ν
[J01]

− µ ↔ ν , (4.42)

where we sum over i = 0, 1. The classical YB equation is satisfied only when the parameters

satisfy c0 = ±c1. Now using (4.26) and (4.27) we obtain the YB deformed background

ds2 =
dxidx

i

z2 − 2ηcjxj
+

dz2

z2
+ ds2S3 + ds2T 4 ,

B =
dx0 ∧ dx1

z2 − 2ηcjxj
+

1

4
cos θdϕ ∧ dψ , e−2φ = 1− 2ηcix

i

z2
,

(4.43)

which agrees with the background obtained in section 4.2.2 of [43]. This confirms in

a specific example the expected equivalence of YB deformations and local β-shifts even

beyond the standard (H = 0) supercoset case. As already noticed in [43] the above

background is actually a trivial solution since the vector K decouples from the generalized

supergravity equations.
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5 Conclusions

We have derived the transformation rules for the supergravity fields under NATD by car-

rying out the dualization in the general case for the Green-Schwarz string. This generalizes

the derivation performed for the case of the supercoset in [16]. If the dualized group G

is not unimodular there is in general an anomaly, which is reflected in the fact that the

resulting background solves the generalized supergravity equations of [23, 24] rather than

the standard ones. We have also discussed a generalization where one adds a closed B-field

to the action prior to performing the duality transformation. This leads to so-called DTD

models and, in special cases, a generalization of Yang-Baxter models [28, 29]. We have also

seen that this gives us an interesting way to find examples that avoid the anomaly from

non-unimodularity of G along the lines discussed in [27].

Non-abelian T-duality can be embedded in the even more general framework of Poisson-

Lie T-duality [48]. Also this case can be formulated at the path integral level and an

anomaly arises in a similar way [55] (see also [56]). It would be interesting to extend our

analysis to this case which would also make further contact with [42]. It would also allow

us to extend DTD and YB deformations to cases without isometries, and perhaps help

to uplift all YB deformations of AdS5 × S5 to deformations of the brane background. It

would also be interesting to consider the case of open strings along the lines of the recent

paper [57].

We have found that a natural way to rephrase YB deformations is in terms of a

generalization of (the inverse of) the open/closed string map of Seiberg and Witten, thus

extending what was observed in the case of both homogeneous and inhomogeneous YB

deformations of PCM or (super)cosets. Since the inhomogeneous case cannot be formulated

in terms of our construction we have only considered the homogeneous one here, but it

would be interesting to see what happens if we take R in (4.19) to solve themodified classical

YB equation on the Lie algebra of G. The lessons learned from the supercoset case [24, 47,

58, 59] suggest that the resulting sigma model will possibly be kappa-symmetric, but that

the background fields will probably only solve the equations of generalized supergravity

rather than the standard ones.

When applied to classically integrable sigma models, the deformations studied here

preserve the integrability. It would be interesting to extend the integrability methods

developed in the context of the AdS/CFT correspondence [60, 61] also beyond the “abelian”

YB deformations considered so far, namely the “diagonal abelian” deformations (considered

e.g. in [62] and with an exact spectrum encoded in the equations of [63]), and the “off-

diagonal abelian” deformations (addressed e.g. at one loop in [64]).

Acknowledgments

We thank B. Hoare and S. van Tongeren for interesting and valuable discussions. RB also

thanks the Department of Theoretical Physics and Astrophysics of Masaryk University for

hospitality during part of this work. The work of R.B. was supported by the ERC advanced

grant No 341222.

– 21 –



J
H
E
P
0
8
(
2
0
1
8
)
0
2
7

A Conventions

Let us summarize our index conventions in the following table

µ, ν, . . . : labels of all bosonic coordinates

I, J, . . . : indices of g (the Lie algebra of G) and of the dual g∗

i, j, . . . : labels of coordinates parameterizing the group G

M,N, . . . : labels of spectator coordinates, of which

m,n, . . . : labels of bosonic spectator coordinates

α, β, . . . : labels of fermionic spectator coordinates

A,B, . . . : indices of tangent space, of which

a, b, . . . : indices of bosonic tangent space

α, β, . . . : indices of fermionic tangent space

(A.1)

When working with (super)forms we define the components as An = 1
n!dz

Mn ∧ dzMn−1

. . . ∧ dzM1AM1M2···Mn and we take the exterior derivative to act from the right, so that

d(An∧Am) = An∧dAm+(−1)mdAn∧Am. The (graded) anti-symmetrization of n indices

is denoted by [· · · ] and it includes a factor 1/n!.

B An example with local symmetry

To make the discussion in section 3.1 more concrete we will here apply the rules of NATD

to an explicit example with local symmetry (a case also referred to “with isotropy”). We

will follow the discussion in section 3.1 and show that we reproduce an example worked

out in section 4.1 of [20]. The starting point is the AdS3 × S3 × T 4 background with pure

RR flux, and the goal is to apply NATD on the SO(4) global isometry of S3, which has

obviously also a local SO(3) symmetry. The metric and the flux are given by

ds2 = ds2AdS3 + ds2S3 + ds2T 4 , F3 = 2
(

vol(AdS3) + vol(S3)
)

. (B.1)

We describe S3 in terms of the coset SO(4)/SO(3), where the generators of so(4) satisfy

[Jab, Jcd] = δbcJad−δacJbd−δbdJac+δadJbc and admit the matrix realisation Jab = Eab−Eba,

in terms of the matrices (Eab)cd = δacδbd. Following [20] we enumerate the generators of

the coset part as TI = J1,I+1 where I = 1, 2, 3, and the generators of the subalgebra so(3)

as T4 = J23, T5 = J24, T6 = J34. The metric of the original S3 comes from the piece of

the action T
2

∫

AI ∧GIJ ∗AJ , where A = g−1dg, g ∈ SO(4) and GIJ = diag(1, 1, 1, 0, 0, 0)

projects on the coset part of the algebra. We do not need to look at AdS3 and T 4, since the

off-diagonal blocks GmI are 0 and therefore the AdS3 and T 4 spaces are not affected by the

NATD transformations, see (2.2). It is easy to construct GIJ − νKfK
IJ that in this case is29



















1 ν4 ν5 −ν2 −ν3 0

−ν4 1 ν6 ν1 0 −ν3
−ν5 −ν6 1 0 ν1 ν2
ν2 −ν1 0 0 ν6 −ν5
ν3 0 −ν1 −ν6 0 ν4
0 ν3 −ν2 ν5 −ν4 0



















, (B.2)

29This is the transpose of M of [20].
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and invert it to obtain N IJ . Notice that GIJ is not invertible, but we can invert GIJ −
νKfK

IJ . For special values of the coordinates νK also GIJ −νKfK
IJ becomes degenerate. Af-

ter fixing the gauge, some of these degeneracies will produce singularities in target space.

Taking the symmetric and antisymmetric parts of N IJ we can compute the deformed met-

ric and B-field. In the action the contributions are respectively T
2

∫

dνIN
(IJ) ∗ dνJ and

−T
2

∫

dνIN
[IJ ]dνJ . These are still written in terms of all six dual coordinates νK , meaning

that we should fix the gauge. We fix it as in [20] setting ν1 = ν2 = ν6 = 0, and we also

rename ν3 = x1, ν4 = x2, ν5 = x3. In agreement with [20] we find that the B-field vanishes

and that the metric of the dualised sphere and the dilaton are

ds2
S̃3 =

dx22

(

(

x21 − x22
)2

+ x22x
2
3 + x22

)

x21x
2
3

+

(

x22 + x23 + 1
)

dx23
x21

+
2x2dx2dx3

(

−x21 + x22 + x23 + 1
)

x21x3
+

2dx1
x1

(x2dx2 + x3dx3) + dx21,

e−2φ = x21x
2
3.

(B.3)

In order to compute the transformation of the RR fields we first need to compute the

Lorentz transformation Λ. Suppose we use labels in tangent space a = 0, . . . , 9 so that

a = 3, 4, 5 are the labels for the tangent space of the sphere. Then we can take EI
a to

be E1
3 = E2

4 = E3
5 = 1, and 0 otherwise. Calculating Λab = ηab − 2EI

aN IJEJ
b in the

above gauge for νI we easily find (for the block with a, b = 3, 4, 5) Λ = diag(1,−1,−1).

As expected the Lorentz transformation is an element of SO(1, 9), since we have dualized

an even-dimensional group. In this case it is a simple reflection along a = 4 and a = 5.

Therefore on spinor indices it is realised just as the product of the two corresponding ten-

dimensional gamma matrices. The transformed RR fluxes obtained from S̃ = Λ̂S then

agree with the ones of [20].

Open Access. This article is distributed under the terms of the Creative Commons

Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in

any medium, provided the original author(s) and source are credited.
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