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1 Introduction

While ordinary abelian T-duality is an exact symmetry of string perturbation theory, its
non-abelian generalization [1] is not [2, 3]. It should be rather viewed as a solution-
generating technique in supergravity, since it (typically) maps one string background to
another, inequivalent one. Starting with the work of [4], which gave a prescription for
the transformation of the RR fields, it has been successfully applied to construct several
interesting supergravity solutions, e.g. [5-10].

Like its abelian version, non-abelian T-duality (NATD) can be understood as a canon-
ical transformation [11-13], so that the dualization preserves the (classical) integrability of
the sigma model (when present). To be more precise, starting from a sigma model whose
equations of motion are equivalent to the flatness of a Lax connection, one obtains a dual
model whose equations of motion can also be put into Lax form. Here we want to exploit
this property in order to generate integrable deformations of sigma models, following the



ideas of [14-16].! The deformations are interesting also because they (partially) break the
initial isometries. We remark that integrability is not essential for the construction, and the
deformations can be carried out also for non-integrable models. Some of the deformations
constructed here may be viewed as continuous interpolations between the “original” model
and the “dual” one obtained after applying NATD.

Starting from a generic type II Green-Schwarz superstring whose isometries contain
a (super)group G, we work out the transformation rules for the supergravity background
fields under NATD with respect to G. The derivation is performed in section 3, where
all orders in fermions are taken into account by working in superspace. When choosing a
bosonic G and focusing on the bosonic supergravity fields, the transformation rules repro-
duce those of [4, 20], including the Ramond-Ramond (RR) fields whose transformations
were conjectured by analogy with the abelian case [21]. Moreover, when the Lie algebra
of G consists of only (anti)commuting fermionic generators, we also reproduce the rules
for fermionic T-duality derived in [22] from the pure spinor string. As expected, we show
that after NATD one still obtains a kappa symmetric Green-Schwarz superstring. It fol-
lows from [23] that the target space is therefore a solution of the generalized supergravity
equations of [23, 24]. When G is unimodular (i.e. the structure constants of its Lie algebra
satisfy f j] ;7 = 0) the background fields satisfy the standard type II supergravity equations,
and the (dualized) sigma model is Weyl invariant. When G is not unimodular there is
typically an anomaly which breaks Weyl invariance and obstructs the interpretation of the
dual model as a string [25, 26]. We will also discuss exceptions to this, given by the “trivial
solutions” of [27].

Deformations of the non-abelian T-dual backgrounds may be generated by adding
a closed B-field before dualizing. The deformation will be controlled by one or more
continuous parameters that enter the definition of this B. From the point of view of
the original model, adding a B-field with dB = 0 does not affect the local physics, since
this term does not change the equations of motion. We will nevertheless obtain a non-
trivial deformation and a dependence on B in the equations of motion after applying
NATD, since this transformation involves a non-local field redefinition.? Writing B =
%(g_ldg)‘] A (97 dg)! wry with g € G, the condition dB = 0 is equivalent to w being a
2-cocycle on the Lie algebra of G. The resulting models were dubbed deformed T-dual
(DTD) models in [15], and we refer to section 4.1 for more details.

In [15, 16] it was proved that a DTD model constructed from a principal chiral model
(PCM) or supercoset sigma model with w invertible is actually equivalent (thanks to a
local field redefinition) to the so-called Yang-Baxter (YB) sigma models [28-33] based
on an R-matrix solving the classical Yang-Baxter equation.? The R-matrix is related to

! Another class of integrable deformations related to NATD are the so-called A-deformations of [17-19)].

2If B is not just closed but also exact, it contributes to the action of the original model as a total derivative
and it can be dropped. Even if kept, the dependence on this B can be removed by a (local) field redefinition
even after applying NATD. Therefore an exact B generates a trivial deformation of the dual model.

3These are sometimes called “homogeneous” YB models. In the “inhomogeneous” YB models R solves
the modified classical Yang-Baxter equation. They were first introduced in [28, 29] and later generalized to
the supercoset case in [34], where the so-called 7)-deformation of AdS; x S° was constructed. The inhomoge-
neous YB models are not related in such a simple way to NATD and we will not consider them further here.



the 2-cocycle simply as R = w™!.

The equivalence was first proposed and checked on
various examples in [14].* When the R-matrix acts only on an abelian subalgebra YB
deformations are simply TsT (T-duality -shift- T-duality) transformations [36], so that we
can think of YB deformations as the “non-abelian” generalization of TsT transformations.
Here we propose to use the connection to NATD in order to extend the applicability of
YB deformations, from just PCM and supercoset models to a generic sigma model with
isometries. We do this in section 4.2 by carrying out the field redefinition which leads from
the DTD model to the YB model in the case of invertible w. Although the construction
comes from a deformation of the dual model, when sending the continuous deformation
parameter of the YB model to zero we recover the original model. These deformations
may be particularly interesting for the AdS/CFT correspondence, and in section 4.3.1 we
use our results to “uplift” a YB deformation of AdSs x S° — that cannot be interpreted as
(a sequence of) TsT transformations — to a deformation of the full D3-brane background,
of which AdSs x S° is the near-horizon limit.

For YB deformations of the PCM or (super)coset models, it is easy to see that the
background metric and B-field are related to the metric of the original model by a map
that coincides with the open/closed string map used also by Seiberg and Witten in [37].
For YB deformations the open string non-commutativity parameter is identified with the
R-matrix itself [38]. Based on this observation it was suggested in [39] that this map
could be used to generate solutions to (generalized) supergravity.® Our results, based
on the construction of [15], generalize this to cases with a non-vanishing B-field in the
original model. Our derivation also ensures that the YB backgrounds are automatically
solutions of the (generalized) supergravity equations. Yet another approach to such general
(homogeneous) YB deformations was proposed in the context of doubled field theory, since
known YB deformations were shown to be equivalent to so-called [-shifts [41-43]. In
section 4.3.2 we check in an example that a recent solution generated in [43] coincides with
the one obtained from our method based on NATD.

In the next section we collect the transformation rules for the background fields under
NATD and under a generic YB deformation.

2 Summary of the transformation rules

In this section we wish to present and summarize in a self-contained way the transformation
rules derived in the paper, so that the reader may consult them without the need of going
through the whole derivation.

2.1 Rules of (bosonic) NATD

Here we summarize the NATD transformation rules for the bosonic supergravity fields only,
when we take G to be an ordinary (i.e. non-super) Lie group. The general transformations

4An equivalent construction, applying NATD on a centrally extended algebra, was used there. See
also [35].

°In [40] it was shown that the map generates solutions of the generalized supergravity equations if the
non-commutativity parameter satisfies the classical Yang-Baxter equation.



can be found in section 3 (for the case of G a supergroup see footnote 11). It is convenient
to rewrite the background fields in a way that makes the G isometry manifest. The metric,
for example, will be written in the following block form

Gmn Gm I IypJ
G = < Gin ij> e Semhe o

We have chosen coordinates such that we can split indices into (i, m), where i takes dim G
values and m labels the remaining spectator fields which do not transform under G. We
have collected our conventions in appendix A. It is also convenient to rewrite certain blocks
by extracting ¢/, defined by g~10;g = ¢/T;, where g € G and I = 1,...,dim G is an index
in g (the Lie algebra of G) so that [T7,T)] = ff£Txk. The dependence on the coordinates z'
(i.e. the coordinates to be dualized) is all in EZ-I, so that Gr7, Grm, Gmn only depend on the
spectators . The transformation rules will be presented in terms of these objects, and
we will continue to call them “metric” and “B-field” also when writing them with indices
(m,I) instead of (m,7). In order to have a uniform derivation and presentation, we do
not restrict further the range of the index I even when a local symmetry is present.® We
refer to section 3 for more details. Setting fermions to zero the transformation rules for
the metric and B-field in (3.6)—(3.8) read”

Gn = Gmn — [(G = B)N(G — B)] (mm) (2.2)
@mfz%[(G—B)N}ml—%[N(G—B)]Im, Gry =Ny,
Bin = Binn + [(G — B)N(G — B)] ] (2.3)
Bmlz—%[(G—B)N}ml—%[N(G—B)Lm, Bry=—-Nuj,
where Njj = 6;x N¥L6, 5 etc. and
N = (Gy; - By - VKff])_l (2.4)

The transformation of the RR fields, encoded in the bispinor (for more on the conventions
see [23, 44])

o F(0) _ % F)pab % FU) pabed A .
_ Fihpa _ % F)pave _ %5' ) pabede 11 ’ '
given in (3.30) is given by the action of a Lorentz transformation A € O(1,9) as
S22 Z Ag12, A — pab _ o aNTI b (2.6)

STherefore the range of (m, ) can exceed ten. Both the original and the final action are still written
only in terms of ten physical coordinates thanks to the local symmetry that survives NATD and removes
the additional degrees of freedom, see the discussion in section 3.1.

"The coordinates v; that result from the dualization naturally have lower indices, since they parameterize
the dual space. To have the standard upper placement of indices also in the dualized model we declare that
those indices are raised with the Kronecker delta v¥ = 6771, and the total set of coordinates is (z™,v7).



where G1j = Er*E %14, and we denote by A the Lorentz transformation acting on spinor
indices that multiplies S'2, defined such that A% = ATT%A. Finally the generalized

supergravity fields K and X given in (3.17)-(3.18) become®

1 8 5
Km=0, Kl =nl, Xm:0m<¢+21ndetN>—BmmI, X;=—-Bpn’. (2.7)

They involve the trace of the structure constants® of g, n! = §//n; with n; = fj] j- As
already mentioned, in the generic case we must write the results in terms of the fields K
and X. Indeed when ny # 0 the background solves the generalized type II supergravity
equations [23, 24] but not the standard ones, and the sigma model is scale but not Weyl
invariant at one loop. When g is unimodular, n; = 0 and we get a solution of standard
type II supergravity consistent with the results of [25, 26]. In that case, since X is a total

derivative we can write X = d¢ in terms of a dual dilaton
~ 1
¢=¢+§lndetN. (2.8)

It was shown in [27] that there exist special “trivial” solutions of the generalized super-
gravity equations which solve the standard supergravity equations although K is not zero.
For this to happen K must be null and, in addition to a condition involving the RR fields
which we ignore here, it should satisfy dK = ixH. Using the rules of NATD presented
here the latter condition can be written as

n(G—-B)=0. (2.9)

Since (é - B )17 = Ny is invertible by assumption, it has no zero-eigenvector and therefore
it would seem that no trivial solution can be generated by NATD. However, the condition
written above is not invariant with respect to B-field gauge transformations, so that the
conclusion can change. This will actually play a role in the discussion of the closely related
YB models.

2.2 Rules of YB deformations

For YB deformations the rules are a bit simpler in the sense that we do not have to write
the background fields in the block-form as previously. The result can be phrased in different
ways, see section 4.2. Here we will describe the results in terms of Killing vectors of the
original background. The final result of our derivation is that in order to apply a YB
deformation one should first construct

oM = kN RIEY, (2.10)

where R!Y solves the classical Yang-Baxter equation (4.6) and kY are a collection of Killing
vectors labeled by I that are properly normalized so that they satisfy (4.24). Then the

8Here we drop the tilde since these fields are not present before dualization. Also note that we have
raised the index on K with G~ in order to get a simpler expression. We assume the original dilaton ¢ to
respect the GG isometry, so that is depends only on the spectators, but this assumption can be relaxed.
9The identification of K with the trace of the structure constants was suggested earlier in [45].



background metric and B-field of the YB model are simply obtained by the following
generalization of the open/closed string map

G-B=(G-B)[1+70(G-B)]™", (2.11)
where we have omitted indices p, . The RR bispinor transforms as
S22 =782, A% =y®_2E,"N',0"E,", (2.12)

where ]\Af”# = [5“,, + nOH (G, — Bpl,)] ~! We further have
1 -
Kt =n0n,,, X, =0, <¢ ~3 Indet[1 + nO(G — B)]> —nBuL0"n,, (2.13)

and, when the Killing vectors used to construct © define a unimodular algebra fj] 7 =0,
we find the deformed dilaton

é:¢—%lndet[1+n®(G—B)]. (2.14)

We refer to section 4.2 for the derivation and a discussion of trivial solutions for YB
deformations.

3 NATD of Green-Schwarz strings

In this section we apply NATD to a generic Green-Schwarz string with isometries. To
perform NATD we assume that we can bring the supervielbein to the form

EA = (g7 dg) Er (2) + dzM EyA(2) (A= (a,00), a=0,...,9, a=1,...,32),
(3.1)
with ¢ € G encoding the coordinates we want to dualize and 2™ = (2™, %) denoting
the remaining (spectator) coordinates. The isometry (sub)group G to be dualized acts
as g — ug, z — z for a constant element u € G. To avoid extra awkward signs, we
will present the derivation when G is an ordinary Lie group, but we will write the end
result for the dualized geometry such that it applies also to the case when G is a super
Lie group. The index I takes dim G values and since we want to include the case in which
a local symmetry of the sigma model (which we do not fix) is a subgroup of G, we allow
the possibility that the total range of indices (m, I) is greater than ten. In that case the
local symmetry can be used at the end to remove the spurious coordinates and leave the
ten physical ones. In that case E;® also involves a projection matrix [20], the simplest
example being a supercoset geometry where E;® is proportional to the projector on the
coset directions (usually denoted by P(?)).
The (classical) Green-Schwarz string action is

1
S = T/ <2E“ A *EPngp + B) , (3.2)
b

where we are using worldsheet form notation and the supervielbein £ and NSNS two-
form potential B are understood to be pulled back to the worldsheet 3. To perform NATD



we write this action in first order form using (3.1), replacing g~ 'dg — A and adding a
Lagrange multiplier term to enforce the flatness of A

T
S — 92 / (AI A (Gry* —Br)A? +2dz™ A (Gap + —Bur) Al
>

+ (—1)%EN @M A (Garw % —Barn )z + vp(2dAT — f1 A7 A AK)) . (3.3)

The components of the (super) metric are Gr; = E%E;*na, G = Gur = Er*Eabna
and Gy = Ea®Enng,. Integrating out A gives'©

-1
(1:|:*)AI = —(1:|:*> (dI/J —I—dZM[:FG — B]MJ) N:”FH, NIJ = (:l:G[J — B[J — I/Kf[{(])

(3.4)
and the dual action
- T
S = 4/ { (dV[—I—dZM[G—B]M]) N_{_‘]/\ (1+ %) (dl/J —dZM[G—i—B}MJ)
)
+ (dl/] — dZM[G + B]M[) Ni‘] A (1 — *) (dl/] + dZM[G — B}MJ)
+ 2(—1)NdZM AN (GMN * —BMN)dZN}
1~ - -
— T/E <2Ei A*ESnap + B) . (3.5)

In the last step we have written the dualized action in Green-Schwarz form by defining two

possible sets of dual supervielbeins!!

Ef = dzMEy? — (dvy + d2M [¥G — Blur) NY B4 (3.6)
The dual B-field can also be written in two equivalent ways

B= %dzN A dz" Byy + % (dvr + dzM[£G — Blyp) ANL (dvy — dz"[£G + Bluy) -
(3.7)
We choose Ei to be the dual bosonic supervielbein, while E% is related to it by a Lorentz
transformation as follows

E"=FE%, E°=FE"=FE'A",  A°=6-2EpNYE;". (3.8)
This is easily seen to follow from the useful identity

(dvr + dzM[G — Blyr) NI = (dvy — dzM[G + Blyr) N + 2B Ef N1 (3.9)

10T hese solutions and the following action are written so that they hold also when G is a supergroup.
"When G is a supergroup the correct expressions are obtained by writing things in a form which is
symmetric between Ni and N_ (and where contracted indices are adjacent), e.g.

~a J a 1 a 1 a
E:t = dZMEM — 5 (dl/[ —+ dZ]VI[:FG — B]]u]) N;{:JEJ —+ §E1 iJ (dl/J =+ dZM[:FG — B}]\JJ) .

This will be true also for the expressions for A, K, X and S to be derived below.



It is interesting to compute the determinant of the Lorentz transformation A. We have
(suppressing the indices)

det A = exp(tr InA) = exp (—tri W) ~exp (_tri <2GN>>

n n
n=1 n=1

= expltr In(1 — 2GN,)] = exp[tr In(1 — (N' + NIT)NG)| = det(—N;TNy)
= (—1)mE. (3.10)

This shows that this Lorentz transformation is an element of SO(1,9) only when dim G is
even. When dim G is odd, i.e. one dualizes on an odd number of directions, the Lorentz
transformation involves a reflection. In the latter case its action on spinors contains an
odd number of gamma matrices, which means that one goes from type IIA to type IIB or
vice versa, cf. (3.28).

3.1 The case with local symmetry

Here we wish to give more details on the case when the original sigma model has a local
symmetry that is a subgroup of G. We will explain how the results of the previous section
apply also in that case. We will assume that the action (3.2) is invariant under a local
group H C G that acts on g from the right as'? ¢ — gh, h € H. Our goal will be to show
that if the local H invariance is not fixed before the dualization, NATD can still be applied
in the usual way and the dual action naturally inherits the local H symmetry. Therefore
this ensures that the additional degrees of freedom can be removed also in the dual model,
and that we are left only with physical ones of the correct number.

The action (3.2) is invariant under g — gh if the couplings are H invariant and project
out b, the Lie algebra of H

(A, Y5 [(Grr*—Brr)(Ad, Ny =Gryx—Bry,  y'(Grjx—Brj)=0=(Gr;*—B1s)y’,
(GMJ*—BMJ)(AdI;]-)J[ = GM]*—BM[, (GM[*—BM[)yI :O. (3.11)

Here y € h. This local symmetry may be used to remove dim H degrees of freedom from
the parametrization of g, so that the total number of physical bosonic fields (including
spectators) is ten. We do not fix this local invariance yet, since this allows us to gauge the
whole G isometry and fix the gauge g = 1 to arrive at the action (3.3). This first order
action is still invariant under a local H which is now implemented as

A — h'Ah 4+ htdh, v — h7lvh. (3.12)

Here v = v;T! is taken to be an element of g*, the dual of the Lie algebra of G. We
refer to section 4.1 for our conventions regarding g*. At the moment of integrating out A’
from (3.3) one may worry about the invertibility of the relevant linear operators, given that
the couplings project out the components in h as assumed above. We consider cases when
the operators £+Gry — Bry — vk fff] are invertible on the whole algebra g, so that also the

20ne may equivalently discuss this local invariance by introducing a vector valued in the Lie algebra of
H, so that integrating out such vector the original action is obtained.



components of A in § can be integrated out. Obviously, since +Gy — By are degenerate,
the invertibility of the operators must be ensured by the term vy flll{]. We recall that v has
not been gauged-fixed yet, and that we have a total of dim G such fields. In general the
invertibility will hold only locally, meaning that there may be values of v; such that the
operators N1/ become singular. Those loci will correspond to singularities in target space
that we cannot remove. It is easy to check that the dual action (3.5) is still invariant under
the local H symmetry, which is now simply implemented by v — h~'vh. We can then fix
the local symmetry at the level of the dual action, at the same time making sure that we
have the correct number of degrees of freedom and that the gauge fixing is done correctly.

Our reasoning is completely analogous to that of [20, 46]. There the degenerate matri-
ces =Gy — By are regulated by taking £Gr; — By + A (Idy) 1.7, where Idy is the identity
on h. The parameter \ is kept during the dualization and sent to zero only at the end. It
is clear that the A\ — 0 limit is non-singular only if the degeneracies of +Gj; — By are
lifted by the additional term vg fl{(,. Therefore the way coset models are treated in [20, 46]
is analogous to ours. For concreteness we work out an explicit example in appendix B.

3.2 Extracting X and K from anomaly terms

The easiest way to extract the generalized supergravity fields X and K is to look at
the terms in the action induced at the quantum level by the NATD change of variables
g 'dg — A in the path integral measure [26].1% It was shown in [27] that these non-local
terms take the form

1 1
Sy = / (daAK—daA*X—a’daA*dalK\2> , (3.13)
27T b 2

where o0 = 8_2\/§R(2) is the conformal factor. From the first two terms it is easy to read off
X and K. To compute S, we include the o-dependent terms in the first order action (3.3).

They are [26]
1

"o

Seo / (onrd* A" — @d x do) (3.14)
b

where n; = f]JJ, the trace of the structure constants, d x do = d2§\/§R(2) and ® is the
dilaton superfield of the original background. Integrating out A as before but now including
these terms, and keeping track of the det N from the measure, we obtain

(1 +£%)A" = —(1 £ ) (dvy + dz"[¥G — Blyy F o/nydo) N2 (3.15)

and

U:Z <n[dO'N_{_J/\(1+*)(dVJ—dZM[G+B]MJ) (3.16)
TJ%

1
—nido NI A1 =) (dvy+dz[G—Blary) —2do Axd <<I>+2lndetN+> ) +0(d).

13A more direct, but lengthier, approach uses the superspace constraints as we do below to extract the
RR fields, see for example [47].



Comparing to (3.13) we find
1
K= {(dvy+d[G—Blayy)N{ = (dvy—dzM [G+ By )N g, (3.17)

1 1
X=d (Q>+2lndetN+> —|—§ {(dVJ—FdzM[G—B]MJ)N_{I_‘_(dl/J—dZM[G—FB]MJ)NiI}n]-
(3.18)

These expressions simplify when written in terms of G and B as in (2.7).

3.3 Extracting the RR fields

The simplest way to find the RR fields is to compute the superspace torsion T4 = dE4 +
EB AQp? and compare to the superspace torsion constraints of [23, 44], see e.g. [47]. In
particular the E¢ A E“-term in T°? takes the form!*

T° = —éEa (E'T.S") + ... (3.19)
from which we can read off the RR bispinor §. Here E“ is the bosonic supervielbein and
EY' E*? with o = 1,...,16 are the two fermionic supervielbeins, corresponding to the
two Majorana-Weyl spinors of type II supergravity. For convenience of the presentation
we will use type ITA notation so that E' = £(1+T;)E" and E? = (1 — I';1) E? but the
type IIB expressions are essentially identical.

To compute 7?2 and then extract the RR fields of the dualized model, we must first find
the form of the fermionic supervielbeins E', E2. We therefore start with the constraint on
the bosonic torsion

To — —%EF“E = —%EIF“El - %EQF“EQ, (3.20)

and we can compute 7% from E%1® By assumption the constraint on 7% holds in the
original model before dualization. In our adapted coordinates (3.1) it takes the form!©

20 Eny® + 2Q En)” = (-1)ViEyT Ex (3.21)
OME" + B — Qp By’ = iEyTEy (3.22)
fllgEKa + QQ[JMG’E[]b =iE;TE}. (3.23)

We will also need the constraints on H = dB which are

. . . . .
H = —%E“ ET,I'E + EECEbE"HabC — —%Ea E'T,E' + %E“ ET,E? + gEchE“Habc.

(3.24)
In our adapted coordinates we have
30 mByp) = Hunp, 20 Bnjr = Hunr,
O Bry + f&Bux = Hury BfﬁJBK}L = Hjk, (3.25)

To improve the readability we suppress the spinor index a and drop the explicit A’s from now on.

15Tt might appear that one needs to know the spin connection to do this but this is not the case. Instead
the fermionic vielbeins and spin connection can be read off by computing dE® as we will see.

'®The anti-symmetrization is graded, e.g. YjirZn) = (Y Zn — (—1)M VYN Zu).
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where Hyjx = ExCE;BPEAH opc ete. Using these relations we can compute the exterior
derivative of E{ in (3.6) and we find

dEi = —%EiFaEi + %Eil“b(l + Fll)Ei(:‘:E[aNiJEjb) — EiEgQCba

. o 1
+iEY EsTy(1FT1)ENL B, + ESEY <Q Ihe £ 2E1decd> N E;*.  (3.26)

Using our definition of the dualized bosonic supervielbein, Eo = Ei, this can be recast,
using the definition (3.6), as'”

T = dE° + E*Q," = _%AabEirbEi = %EEF“E% . (3.27)

Comparing to the standard form (3.20) we can read off the fermionic supervielbeins of the
dualized model'®

E'=AFEL, E? = E?%, (3.28)

where the action of the Lorentz transformation on spinors is defined by A%I'* = ATTOA.
We are now ready to compute the fermionic torsion and extract the dualized RR fields by
comparing to (3.19). Following the same lines as above we find

- 1 e~ 1 ~p ~ - -
dE? = (TaE?) ECQc + 5E_BEﬁ‘TEUB —iE'TEL (E}NT E;)

L . 1
~ 2B B'T,E} (N E%) — EY E® (QM, — 2HabcE1‘3> NITE?. (3.29)

Extracting the F*E'-terms we can read of the RR bispinor which takes the form
S = A8 + 16iAEINITES . (3.30)

The first term is a Lorentz transformation acting on one side of the original bispinor in
agreement with the NATD transformation rules first proposed in [4], by analogy with the
abelian case. The second term starts at quadratic order in fermions if one dualizes on a
bosonic algebra. However, in cases involving fermionic T-dualities the bosonic background
is affected by the second term. In the case of a single fermionic T-duality it reproduces the
transformation rule derived in [22].19

"Note that (3.9) implies E = E+ — QE‘GEIQN_{,JEJ.
18We also find the spin connection of the dualized background

- _ _ _ 1 _ 1
Q" =E{Qc" —4iE T BN E,% —2F° (Q,c[“ - 5EldHcdla) N EM+Ee <Qﬂb+ §E1de“b) NYE;,
—4iE° BN EArY ER N* B —2iE° E*NT E2T . EX N* " E,".
19Tn the pure spinor formalism used there one does not directly see the Lorentz transformation acting on
half of the fermionic directions since the pure spinor description has a larger symmetry with independent

Lorentz transformations for bosons and the two fermionic directions. However, setting the fermions to zero
A becomes trivial and all transformations, including those of the RR fields, match.
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To be sure that the sigma model after NATD still has kappa symmetry, or equivalently
that the background solves the generalized supergravity equations [23], one must also verify
that H = dB satisfies the correct constraints (3.24) (up to dimension zero). A direct
calculation using (3.7) and (3.9) shows that H is indeed of the right form (3.24).20 This
proves that the dual model is indeed a Green-Schwarz string invariant under the standard
kappa symmetry transformations, and it completes the derivation of the dualized target
space fields which therefore solve the equations of (generalized) supergravity [23].

4 Deformations

NATD may be viewed as a solution-generating technique for supergravity backgrounds.
Here we slightly modify the procedure to generate continuous deformations of the dual
model, which will be called deformed T-dual (DTD) models. Later we will show that a
subclass of DTD models may be recast in the form of a deformation that reduces to the
original sigma model when sending the deformation parameter to zero. This subclass will
be identified with a generalization of YB deformations.

4.1 Deformed T-dual models

In order to define DTD models, we start from the original sigma-model, before applying
NATD, and we shift the B-field as

Brj— Brg—Cuwry. (4.1)

Here wy; is constant and anti-symmetric in its indices. We use ( as a parameter to keep
track of the shift, or in other words the deformation. The shift affects only the components
of the B-field along g, and it does not spoil the global G isometry. We demand that the
new term appearing in the action (i.e. ((¢7'dg)! A wrs(g'dg)”) should not modify the
theory on-shell, in other words that it should be a closed B-field. It is easy to see that this
happens if and only if w;; satisfies the 2-cocycle condition

wI[JfII(L] =0 y (42)

where the antisymmetrization involves all three indices J, K, L. We further demand that
the B-field ¢(g~'dg)! A wrs(g~dg)” is closed but not exact, i.e. the shift should not be
a gauge transformation. Thanks to this additional condition, after applying NATD the
resulting deformation is non-trivial, i.e. the (-dependence cannot be removed by a field
redefinition. The non-exactness of B is equivalent to w;; not being a coboundary, i.e.
wWrJj # Ci f}({] for any constant vector cx. Non-trivial deformations are therefore classified
by elements of the second Lie algebra cohomology group H?(g).

290ne also finds

~ 1 3 .
Hape = _5 abe EA[adec]d - 6EI[aNiJQ\J\bC] - 122(EI[G,N~I%JE|2J\)Fb(E|K|c]NfLEi) .
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We can view the 2-cocycle as an element of g* ® g* by writing w = wryT7 A T7.
Alternatively we may view it as a map from g to the dual vector space (we continue to call
this w without fear of creating confusion) w : g — g*, whose action is given by

W(TK) = WIJTItI"(TJTK) = leTI . (4‘3)

To proceed further we will endow the dual vector space g* with a Lie algebra structure
with structure constants f{g so that g has a bialgebra structure. Therefore g&® g* becomes

a Lie algebra with Drinfel’d double commutation relations?!

[T, Ty = BTk, [T, 7= fYTE, (1,77 = 4,75 + fi5Tx. (44)

This is always possible since we can always take g* to be abelian with ]H J = 0. In general
this construction is far from unique and there exist many possible choices of Lie algebra
structure on g*, however this choice will have no effect in what follows. The 2-cocycle
condition (4.2) can now be written

[Ty, Ty] = P*([wT1, Ty] + [Tr,wTy)) (4.5)

where PT projects on g*. Note that if we take g* to be abelian we can drop the projector
and this equation just says that w is a derivation on the Lie algebra g @ g*. This is the
choice that is most useful for the general discussion here.??

Apart from the shift By; — Brj; — (wry, nothing changes in the derivation of the
transformation of the action and of the background fields under NATD. Therefore, the
transformation rules derived in section 3 and presented in section 2.1 are valid also for
DTD if we shift By; — Brjy — (wry. The resulting DTD background is a deformation of
the NATD background, and it reduces to it when ¢ = 0. We refer to [15, 16] for some

explicit examples of DTD models obtained from PCM or from the superstring on AdSs x S°.

4.2 Yang-Baxter deformations

We will now construct deformations of the original background, rather than its NATD.
We introduce a deformation parameter n such that n = 0 gives back the original sigma
model. These deformations will be obtained from the DTD construction, where we identify
n = ¢!, We identify them with Yang-Baxter deformations, since they are generated by
solutions of the classical Yang-Baxter equation and they generalize the original construction
for PCM and (super)cosets to generic (Green-Schwarz) sigma models.

The construction is possible when wy s is invertible. Writing R = w™! : g* — g it is easy
to verify that the 2-cocycle condition for w implies that R solves the classical Yang-Baxter
equation

[Rz, Ry] — R([Rz,y] + [, Ry]) =0, Va,yeg, <= RHRMIFE _o  (46)

*'This is very similar to how one realizes NATD as a special case of Poisson-Lie T-duality [48] and it
would be interesting to consider the extension of our construction to the Poisson-Lie case.

*2Tn the PCM case considered in [15] or the supercoset model case considered in [16] there is a natural
Lie algebra structure on g*, inherited from the full isometry group. This is the structure that was chosen
in [15, 16]. Nevertheless, as already mentioned this choice has no consequence in our construction, and a
more natural choice may be for example to take g* abelian.
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where the action of the operator is again defined by R(T!) = TxR¥!. The above is
equivalent to the more familiar form of the classical Yang-Baxter equation

[r12,713] + [r12, 723] + [1r13,723) = 0, (4.7)

written in terms of r = RI/T; ATy € g® g, where the subscripts of r;; denote the spaces in
g®g®g where it acts. To recast the DTD model as a deformation of the original model we
need to replace the coordinates vy, which parametrize the dual space, by a group element
g € G. The invertible map w : g — g* allows us to do this by writing [15]

1—Ad,!
vy = Ctr (TIIOgAdggwlogg> . (4.8)
Using the 2-cocycle condition it can be shown that this implies??
dvy =n~" (R (g "dg)), , vic [Ty =n""Ryy =0 (Ry s, (4.9)
where Ry = Adg_lRAdg. Using this in the definition of N/ in (2.4) we get
N =nRy (14+n(G—B)Ry) "' =n(1+nRy(G—B))"' Ry. (4.10)

With these substitution rules it is easy to check that the DTD action is recast into the

following form?*
T B - S . -
S = 2/ ((g 1dg)l A (Grj*—Bry)(g 1dg)‘] + 2d2M A (Gpr*—Bur)(g 1dg)‘]
>

+ (=D)NdM A (Gun = Bun)dz™ =7 (dgg ™) A wa(dgg_l)J) , (411)

where we isolated the last term which does not behave well in the » — 0 limit. This term
is again a closed B-field thanks to the 2-cocycle condition satisfied by w, and therefore it
does not contribute to the equations of motion. We define the action of the YB model as
the above one where the closed B = 7! (dgg~')! A wrs(dgg~")” is removed. Dropping it
we do not modify the on-shell theory, so that if the original model is classically integrable
this property is inherited also by the YB deformation. In this way we can also achieve
a non-singular 7 — 0 limit, which yields the original undeformed model as is clear from
the expressions given below. This also implies that YB deformations may be viewed as
interpolations between the original model (obtained just by sending n — 0) and the dual
one (which is recovered in the equivalent DTD formulation after sending ¢ — 0, which
is n — o0).

23 The easiest way to show this is to extend w to act as a derivation on the universal enveloping algebra

of g. With this definition we can write nv = g~ !

w(g) € g*. We can now compute dv and the two equivalent
expressions w(dg) = w(gg™'dg) = ngrg~'dg + gw(g~'dg) and w(dg) = w(dgg'g) = w(dgg™")g + ndgv.
This gives us the two equations.

21We still use tilde to denote transformed metric and B-field, but now they differ from the ones of NATD.

The transformations rules are given below.
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Setting fermions to zero and assuming a bosonic group G, we then read off

Giun = G = 0[(G = B)NRy(G = B)] .+ (4.12)
Gt = 5@~ B)N],, + 5 [N@ =B, Gu=[G-B)R],,,
Buin = Bun +n[(G — B)NRy(G = B)] ... (4.13)

~ 1

B =—3[(G-B)N],, s Bri=-[(G-B)N]

1.
+§[N(G_B)] (1]’

while the RR bispinor is again transformed by a Lorentz transformation A acting on spinor
indices from the left?
12 = As2, A% — b _ QUEIGNIJ(Rg)JKEKb- (4.15)
In the above we have also defined
N7y =[6" )+ n(Ry) ™ (Grs — Br)]
Ny? = [8,7 +0(Gyx — Byg)(Ry) X'~ = [R;'NR,),” .
Using (4.9) in (3.17) and (3.18) we find?¢

(4.16)

1 . N _
K™=0, K!'=n[Rm]", Xm:(?m<¢+21ndetN>—an1[Rgn]I, X7 =-nBrs[Ryn)’.

(4.17)
At this point we wish to comment on the possibility of having “trivial” solutions of the
generalized supergravity equations, namely ones that solve the more restricting standard
supergravity equations while K does not vanish. This is possible if [27]

0= KI(G—B)[J = —n[nRg(G—B)]\AﬂJ = [H(N—l)]J = KI(G—B>[J =0, (4.18)

i.e. the original G — B must be degenerate. Such trivial solutions are possible for YB
deformations since we do not need to assume that G — B is non-degenerate. They are, at
least naively, not possible for NATD since there they would imply that the dual G — B
is degenerate, which is not allowed by assumption, see section 3. This discrepancy has to
do with the fact that when going from DTD to YB we did not just change coordinates,
we also shifted B by dropping the extra closed term in (4.11). Explicit trivial solutions
were found in [50], and more recently in [43] by double field theory fS-shifts starting from
AdS3 x S x T* with non-zero B-field. It is clear from the present discussion that these
solutions can be equivalently generated from the construction of YB deformations provided
here. An example is provided in section 4.3.2.

#For YB deformations A € SO(1,9) and it is therefore useful to parametrize it in terms of an anti-
symmetric matrix A*® as A = (1+ A)~'(1 — A) which implies A = (1 — A)(1+ A)~*, where we lowered one
index with 74 to obtain e.g. A%,. Then the Lorentz transformation on spinor indices AT, = ATFaj\ can
be written as a finite sum [49]

n=>5
A=[det(n+A)]" 2 E (—%Aabl““b) , R (%Aabl““b) =1+ #Aalbl o Ag,p, D01 b (g 1)
n=1

*In the expression for X we have used the fact that d(Indet[nRy]) = tr(R,'dR,) = 2f};[g" 'dg]” =
2(g~'dg)"nr.
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4.2.1 A convenient rewriting

As remarked in the introduction the deformed metric and B-field can be obtained from the
original G and B by the following generalization of the open/closed string map used by
Seiberg and Witten

G—B=(G-DB)1+nR,(G—B)". (4.19)

This is readily seen after noticing that, since 174 has only I.J indices, the following operator
is of block form

oMy 0
L+ aRs(G - B) = (ng(G B 675+ Ry (G B>]1J> B

and it is straightforward to invert it giving

[1+nR,(G— B) ™ = (—n[NRj(m(;— -y N%J) , (4.21)

where we used N7; = [07; + n(Ry) ™ (Gky — Biy)|'. Tt is easy to check that (4.19)
indeed reproduces the formulas (4.12)—(4.13) for the transformed metric and B-field.

So far we have worked with explicit group elements and algebra indices. It is sometimes
convenient to translate the results so that the information on the initial isometries of the
model is encoded in a set of Killing vectors. Thanks to this rewriting the YB deformation
may be applied without the need of introducing an explicit parametrization of the group
G. Isometries of the metric and B-field are translated into equations for a family of Killing
vectors k? , where I = 1,...,dim(G) is the index to enumerate them. In particular, the
metric possesses an isometry when shifting infinitesimally the coordinates X* — X* +
eIkl + O(e?), if kY satisfy the Killing vector equation

V#k?[y + V,,km =0. (4.22)

In order to make a connection with the formulation in terms of the group element g,
it is enough to notice that its variation dg under an infinitesimal transformation can be
understood in two ways, either as dz°0;g, or as €/ Tyg, the latter being the infinitesimal
version of the global transformation g — exp(e/T7)g. We recall that indices i, are used
to label coordinates z* on the group G. This leads to the identification

ki = K{e] = te(T7Ad ' Ty) = (Ad,"){,  where g~ 'dg = ¢'Ty . (4.23)

Obviously, E{L and k7 are non-zero only for p = i. The structure constants of the Lie
algebra may be recovered by computing

Li kg, — Li ki, = — ki, (4.24)
where L is the Lie derivative. Now let us notice that we can rewrite

0! = (Ry)" = kL R* kK], (4.25)
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and that, before fixing any local symmetry (if present), the matrix fil is invertible. Let us
denote the inverse by ¢4 so that o 0 = 5§. This allows us to convert all algebra indices I, J
in (4.19) into curved indices 7, j. Therefore the YB deformation of the metric and B-field
may also be written as

G—-B=(G-B)1+70(G-B) . (4.26)

This formula is then equally valid both when we use indices {m, I} or {m,i}. When a
local symmetry is present we arrive at the same result since the local invariance can be left
unfixed until the end. With a similar reasoning we may rewrite also the transformation
rule for the dilaton when n; = f{ ;7 = 0. In fact, when computing the determinant of N1
we may as well extend it to all u, v indices. Since the (inverse of the) operator is in the
block-form (4.20), it is clear that det(N#,) = det(N';). This also means that we can
obtain the deformed dilaton simply by calculating

1
O=0¢— 5 Indet[1 + n©(G — B)]. (4.27)
More generally, when n; # 0 we may write
KMt =n0"n,, X, =0, —nB.,0"n,. (4.28)

4.3 Two examples of YB deformations

We wish to work out two examples of YB deformations that do not fall under the (su-
per)coset construction. In addition to the intrinsic interest of the following (deformed)
backgrounds, the calculations also illustrate the applicability of our method.

4.3.1 YB deformation of the D3-brane background

Our first motivation is to understand a YB deformation of AdSs x S° generated by an
R-matrix that cannot be interpreted as a sequence of TsT transformations. In particular,
we want to use the formula (4.26) to “uplift” the YB deformation from the AdSs; x S°
background to the full D3-brane background, before taking the near-horizon limit. This
is in the spirit of [51, 52], where the uplift to the brane background was done for YB
deformations that are (sequences of) TsT transformations. For the sake of the discussion
we focus on the NS-NS sector, where the dilaton is constant (we set it to zero for simplicity),
B =0 and the metric is
( O/)Q L4
rd 7

ds? = H™'V2 dzydz’ + HY?(dr? + 72 ds%s) H=1+ (4.29)
where i = 0,...,3 and n;; = diag(—1,1,1,1). The above metric has an ISO(1, 3) Poincaré
isometry acting on the 2? coordinates, and an SO(6) isometry acting on the five-dimensional
sphere S°. We will now deform the background by exploiting the Poincaré part of the
isometries. The Killing vectors in this case may be written as

Translations: kf; )= ot Lorentz: k!

by = —O0iwj+ 0w, ij=0,....3. (430)
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We wish to “uplift” the YB deformation of AdS; x S° worked out in section 6.4 of [47],
where the R-matrix was chosen to be

R =pi Ap3+ (po+p1) A (Joz + J13) - (4.31)

That is possible since this R-matrix is constructed out of generators that are isometries also
of the D3-brane background before the near-horizon limit. Following (4.25) we therefore
construct

O =2 [Klh kit + (Kl

[p1] ™[ [po] + kY )(kﬁfos} + k,[/JIS]):| —HEUV. (4'32)

[p1]

More explicitly, in the block with p,v =0,...,3 it is

0 0 0 -z
0 0 00—z +1
QMY — 9 4.
0 0 O 0 ’ (4.33)

xx —10 0

where we introduced the standard light-cone coordinates = = 20 + 2. Now, using (4.26)
and (4.27) we obtain the following deformed metric, B-field and dilaton

ﬁzng—lﬂdﬁ H-1/2 (H _ 27725_) dé‘_dx+ B ?¢]2H*1/2(dx+)2

= —are) T 2(H -4 (H — 4% )
+ H 2z} + ;I_l/igfg_ + HY2(dr® + 12 ds?s) (4.34)
p=JiE I L), exp(-29) =1 - T
We chose 7 as deformation parameter and to simplify expressions we redefined £ = 22~ —1.

We now want to check that the near-horizon geometry of this YB deformation of the D3-
brane background indeed yields the YB deformation of AdSs; x S° of [47]. In the near-
horizon limit one sends » — 0 and o/ — 0 while keeping the ratio r/a/ fixed. We achieve
this by rewriting » = o’/L?/z and 7 = nL =2 /a/, and then sending o/ — 0. We obtain

2 2 -1
ds” _ - <1—4n 6) [Z“dm?—n?(dz*)Q—idf- (€2 g +2da* ('~ 2% )

w0l L2 24
dxo?+dz?
LA g
B dzP N (2dat +E_dé_ An?é_
:Q &€ ( r +€ 5 )’ llm 672¢):1_ 775 ,
o0/ L2 2 24 —dn2é a'—0 24

(4.35)
which indeed reproduces®” (the NS-NS sector of) the deformation of AdSs x S® appearing in
section 6.4 of [47]. Uplifting the YB deformation to the D3-brane background is particularly
interesting since it also allows us to go far from the brane and understand how the flat space

2TIn this paper we have a different convention for the sign of the B-field.

,18,



in which it is embedded has been deformed. In the limit » — oo we have simply H — 1

gt — PEde (1-202¢ ) dSdat pP(dat)?
4 (1 —4n2¢-) 2(1—4p%¢-) (1 —47%¢)
; do 2 4.36
+d$2+m+d8R6 ( )
A 3 +
B fda® A (2da™ + - dE-) e 1 _ 4P

2 1—4R2¢_ ’

Obviously, the above background may be also obtained directly as a YB deformation of flat
space with © given by (4.32). In the AdS/CFT correspondence one looks at open strings
stretching between D3-branes in flat space, whose low-energy limit produces N' = 4 super
Yang-Mills. In the presence of a B-field as in the case considered here, open strings feel an
effective metric g, and a non-commutativity parameter 6# that are related to the metric
and B-field G,,,,, By, of the closed string by [37]

1%

= G = Bu) ™, (4.37)

g +

where g"¥ is obviously obtained by taking the symmetric part of the right-hand-side, while
0" the antisymmetric part. In general, if we apply the open/closed string map to a back-
ground obtained by a YB deformation we get

0 S
-1 =(G-B)'=[(G-B)'+n0

9t o ( ) [( )" +n6], (4.38)
— g '=(G-B);", 0 =2rd[(G - B)," +n0],

where we directly relate the open-string quantities to the metric and B-field G, B of the
original model before the YB deformation, and subscripts s and a indicate the symmetric
and antisymmetric parts. In our specific example, before deforming, the brane system is
in a flat spacetime with vanishing B-field, meaning that the effective open-string metric
will coincide with the flat one, and the non-commutativity parameter will be essentially
defined by the YB R-matrix

9w = G, O = 2raln OM . (4.39)

This discussion is obviously generic and is not confined to the current example. Apart from
uncovering the non-commutativity structure, at this point one should also take the low-
energy limit of open strings in the non-commutative spacetime. Here we are considering
a case with an electric B-field, and these instances are known to produce problems when
trying to take the low-energy limit [53]. It is therefore not clear whether the low-energy
limit yields a non-commutative gauge theory with 6 as non-commutativity parameter. The
relation between gravity duals of non-commutative gauge theories and YB deformations
was first pointed out in [54].

28 As it is written, this open/closed string map assumes the invertibility of (G — B). The generalization
(of the inverse transformation) to the case of degenerate (G — B) is in fact given by our (4.26).
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Certain YB deformations of AdS5 x S® are constructed out of generators that are not
isometries of the brane background and that become isometries only after taking the near-
horizon limit. For these examples it is not clear how to uplift the YB deformation to the
brane background. It would be interesting to see if YB deformations can be extended also
to cases without isometries by using Poisson-Lie T-duality.

4.3.2 YB deformation of AdSs x S3 x T* with H-flux

We now want to apply the YB deformation to a background with degenerate G — B, and we
will compare our results to those of [43]. There it was indeed shown that YB deformations
of AdSs x S° are equivalent to local B-transformations of the double theory, and it was
proposed that local S-shifts should be the natural way to generalize YB deformations to
generic backgrounds, including cases with degenerate G — B. The example we consider is
that of AdS3 x S x T* with non-vanishing H-flux

dx;dxt + dz? 1
ds® = %;_Z +dshy +dsty,  dsks = 1 [d6? + sin? 0d? + (dyp + cos Odyp)?]
0 1
1
B= wjuzcosedgwdw.

(4.40)
G — B is degenerate because of the rows (or columns) ¢ = 0,1. The dilaton is constant
and for simplicity we set it to zero. To generate a YB deformation we will make use of the
Killing vectors of the Poincaré isometry

Translations: k:’[;_} = ol', Lorentz: k!

) = =0tz + 5;.%1‘ , 1,7=0,1. (4.41)

In order to compare to the results of section 4.2.2 of [43] we take R = c'p; A Jo1 or

O = (Cik/[;i})kfjm] —pv, (4.42)

where we sum over ¢ = 0, 1. The classical YB equation is satisfied only when the parameters
satisfy ¢’ = +c'. Now using (4.26) and (4.27) we obtain the YB deformed background

doidai  d2?
d82:$+i+d5%3+d5%’47
22 —2ncjal - 22
da® A dat 1 2nc;x (4.43)
B=————+4 —cosfdp Nd 21— :
22 — 2nejad geostdy v c 22

which agrees with the background obtained in section 4.2.2 of [43]. This confirms in
a specific example the expected equivalence of YB deformations and local g-shifts even
beyond the standard (H = 0) supercoset case. As already noticed in [43] the above
background is actually a trivial solution since the vector K decouples from the generalized
supergravity equations.
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5 Conclusions

We have derived the transformation rules for the supergravity fields under NATD by car-
rying out the dualization in the general case for the Green-Schwarz string. This generalizes
the derivation performed for the case of the supercoset in [16]. If the dualized group G
is not unimodular there is in general an anomaly, which is reflected in the fact that the
resulting background solves the generalized supergravity equations of [23, 24| rather than
the standard ones. We have also discussed a generalization where one adds a closed B-field
to the action prior to performing the duality transformation. This leads to so-called DTD
models and, in special cases, a generalization of Yang-Baxter models [28, 29]. We have also
seen that this gives us an interesting way to find examples that avoid the anomaly from
non-unimodularity of G along the lines discussed in [27].

Non-abelian T-duality can be embedded in the even more general framework of Poisson-
Lie T-duality [48]. Also this case can be formulated at the path integral level and an
anomaly arises in a similar way [55] (see also [56]). It would be interesting to extend our
analysis to this case which would also make further contact with [42]. It would also allow
us to extend DTD and YB deformations to cases without isometries, and perhaps help
to uplift all YB deformations of AdSs x S° to deformations of the brane background. It
would also be interesting to consider the case of open strings along the lines of the recent
paper [57].

We have found that a natural way to rephrase YB deformations is in terms of a
generalization of (the inverse of) the open/closed string map of Seiberg and Witten, thus
extending what was observed in the case of both homogeneous and inhomogeneous YB
deformations of PCM or (super)cosets. Since the inhomogeneous case cannot be formulated
in terms of our construction we have only considered the homogeneous one here, but it
would be interesting to see what happens if we take R in (4.19) to solve the modified classical
YB equation on the Lie algebra of G. The lessons learned from the supercoset case [24, 47,
58, 59] suggest that the resulting sigma model will possibly be kappa-symmetric, but that
the background fields will probably only solve the equations of generalized supergravity
rather than the standard ones.

When applied to classically integrable sigma models, the deformations studied here
preserve the integrability. It would be interesting to extend the integrability methods
developed in the context of the AdS/CFT correspondence [60, 61] also beyond the “abelian”
YB deformations considered so far, namely the “diagonal abelian” deformations (considered
e.g. in [62] and with an exact spectrum encoded in the equations of [63]), and the “off-
diagonal abelian” deformations (addressed e.g. at one loop in [64]).
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A Conventions

Let us summarize our index conventions in the following table

Py Uyt labels of all bosonic coordinates
I,J,...: indices of g (the Lie algebra of G) and of the dual g*
2 R labels of coordinates parameterizing the group G
M,N,...: labels of spectator coordinates, of which
MMyt labels of bosonic spectator coordinates (A.1)
a, ... labels of fermionic spectator coordinates
AB,...: indices of tangent space, of which
a,b,...: indices of bosonic tangent space
a,B,...: indices of fermionic tangent space

When working with (super)forms we define the components as A,, = %dzM" A dzMn—1
coo Nd2MY Apg gy, and we take the exterior derivative to act from the right, so that
d(Ap NAp) = Ap NdAy + (—1)™dA, A Ay, The (graded) anti-symmetrization of n indices
is denoted by [-- -] and it includes a factor 1/n!.

B An example with local symmetry

To make the discussion in section 3.1 more concrete we will here apply the rules of NATD
to an explicit example with local symmetry (a case also referred to “with isotropy”). We
will follow the discussion in section 3.1 and show that we reproduce an example worked
out in section 4.1 of [20]. The starting point is the AdS3 x % x T* background with pure
RR flux, and the goal is to apply NATD on the SO(4) global isometry of S%, which has
obviously also a local SO(3) symmetry. The metric and the flux are given by

ds® = dsigg, + dsks +dsqa,  Fi =2 (vol(AdS3) + vol(5%)). (B.1)

We describe S? in terms of the coset SO(4)/SO(3), where the generators of so0(4) satisfy
[Jaba ch] = Opedad — Oacdbd — OvdJac+9adJpe and admit the matrix realisation Jup = Eup— Epg,
in terms of the matrices (Egp)cqd = daclpg- Following [20] we enumerate the generators of
the coset part as 77 = Jy ;41 where I = 1,2, 3, and the generators of the subalgebra so(3)
as Ty = Jog, 15 = Joyg,Tg = J34. The metric of the original S3 comes from the piece of
the action %fAI AGryx A7, where A= g~'dg, g € SO(4) and Gy = diag(1,1,1,0,0,0)
projects on the coset part of the algebra. We do not need to look at AdS3 and T, since the
off-diagonal blocks G, are 0 and therefore the AdSs and T spaces are not affected by the

NATD transformations, see (2.2). It is easy to construct Gy — vk fF; that in this case is*

1 vy vy —vo —1v3 0
—U4 1 Vg 141} 0 —U3
—UVs —Ug 1 0 141 1) B

: (B.2)
vo —U 0 0 Vg —Us
Vs 0 — V1 —Ug 0 vy
0 vy —UVy Vs —Ul4 0

*9This is the transpose of M of [20].
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and invert it to obtain N'/. Notice that G is not invertible, but we can invert Gy; —
VK ff{]. For special values of the coordinates vi also Grjy—vi f [{(] becomes degenerate. Af-
ter fixing the gauge, some of these degeneracies will produce singularities in target space.
Taking the symmetric and antisymmetric parts of N/ we can compute the deformed met-
ric and B-field. In the action the contributions are respectively % [ dviN () « dvy and
—% f dv N1 qy 7. These are still written in terms of all six dual coordinates vx, meaning
that we should fix the gauge. We fix it as in [20] setting 11 = v» = 15 = 0, and we also
rename v3 = x1, V4 = T, V5 = x3. In agreement with [20] we find that the B-field vanishes
and that the metric of the dualised sphere and the dilaton are

2
a3 (a3 — 3)° + oo} + a3) | @3+ a3 +)ass

ds?, =
2xodrodrs (—x? + 22 + 23 + 1 2d (B.3)
+ i ( 21 2 3 ) + 1 (.Z‘deQ + £C3d3;‘3) + dx%,
xriT3 T

e = x%x%

In order to compute the transformation of the RR fields we first need to compute the
Lorentz transformation A. Suppose we use labels in tangent space a = 0,...,9 so that
a = 3,4,5 are the labels for the tangent space of the sphere. Then we can take E;* to
be B3 = Ex* = E3® = 1, and 0 otherwise. Calculating A% = n® — 2E;°N!/E;? in the
above gauge for vy we easily find (for the block with a,b = 3,4,5) A = diag(1,—1,—1).
As expected the Lorentz transformation is an element of SO(1,9), since we have dualized
an even-dimensional group. In this case it is a simple reflection along a = 4 and a = 5.
Therefore on spinor indices it is realised just as the product of the two corresponding ten-
dimensional gamma matrices. The transformed RR fluxes obtained from & = AS then
agree with the ones of [20].

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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