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1 Introduction

As the LHC is entering its high precision phase the need for precise calculations of higher or-
der perturbative corrections in QCD is becoming ever more important. A major bottleneck
in such calculations is due to infrared (IR) divergences, which are related to non-integrable
singularities in scattering amplitudes which arise in soft and/or collinear momentum con-
figurations. While the KLN theorem [1, 2] guarantees that these singularities cancel (in



the sum over real and virtual emissions for final state radiation) collinear divergences as-
sociated to partons in the initial states are handled instead by a renormalisation of the
parton densities [3-5].

Since the IR divergences can be regulated dimensionally their cancellation is less prob-
lematic for analytic calculations of total inclusive quantities where one integrates over the
entire phase space volume. The situation is different for differential quantities, where the
domain of integration is taken over an arbitrary IR safe region of phase space. Then it may
be unfeasible to carry out the integral analytically and a subtraction procedure is required
to render the integrand finite. To accomplish this task has inspired the construction of a
large number of different subtraction procedures.

Existing methods fall into either one of two conceptually quite different approaches.
These are referred to as subtraction and slicing methods. The subtraction method is
based on making the divergent integrand finite by subtracting from it a suitable counter-
term whose singular behaviour matches that of the original integrand. This counter-term is
subsequently added back in, analytically or numerically, integrated form. Methods designed
for dealing with real emissions at the next-to-leading order (NLO), which fall into this
category, are the Catani-Seymour (CS) dipole method [6, 7], the Frixione-Kunszt-Signer
(FKS) subtraction method [8, 9] as well as the Nagy-Soper subtraction method [10]. While
all of these methods rely on the universal soft and collinear factorised limits of amplitudes
to construct suitable counter-terms, they are implemented in quite different ways.

In the FKS method sets of non-overlapping divergences are separated by a partition
of unity in the form of partial fractions. In each partition a suitable energy and angle
parameterisation is chosen to factorise its soft and collinear divergences and subtract their
singular parts via residue subtraction. The FKS method therefore defines its counter-terms
not just at the level of the squared amplitude, but at the level of phase space measure times
squared amplitude.

The CS method instead constructs its counter-terms purely at the level of the squared
amplitude. The counter-terms are constructed by combining together soft and collinear
limits which are promoted into the full phase-space by the so-called Catani-Seymour mo-
mentum mapping. This mapping also allows to analytically integrate the counter-terms
over the singular emission phase space.

Due to more complicated overlapping divergences at the next-to-next-to-leading order
(NNLO) neither the FKS nor CS methods can be naively generalised. The problem for
FKS-like methods based on residue subtraction is that parameterisations which completely
factorise all divergences present in a given partition do not appear to exist. The most
successful approaches based on residue subtraction therefore make use of sector decom-
position [11-15] to factorise the divergences. Such approaches, especially those based on
sector decomposition, have been used successfully in calculations at the current state of
the art; see, e.g., [16, 17]. While these methods can be efficiently implemented numerically
they come with their own set of disadvantages: they are parameterisation dependent and
the integration of the counter-terms remains, for now, numerical.

Other approaches based on residue subtraction have been limited either to simpler
applications, in which the divergences were factorisable [18-20], or were based on topol-



ogy dependent parameterisations [21], which is difficult to apply to more complicated fi-
nal states.

Another class of subtraction methods used at NNLO are closer to the CS idea. A
prominent such method is antenna subtraction [22-24]. Its counter-terms are based on
physical matrix elements. Instead the colourful subtraction method relies on combining
the universal soft and collinear limits [25] into suitable counter-terms. The advantage of
the antenna method is that it leads to a comparably small number of counter-terms, whose
analytic integration has been achieved. A disadvantage of the antenna method are that it
is not fully local in the phase space, as certain spin correlations are ignored. This makes
the phase space generation quite cumbersome. Despite this the method has been applied
successfully in many state of the art NNLO calculations; see , e.g., [26, 27]. In comparison
the colourful subtraction method, see, e.g., [28-30], has so far been applied only to final
state radiation in, e.g., [31]. While this method is fully local it comes with the disadvantage
that the analytic integration of its counter-terms is highly non-trivial due to the appearance
of Jacobians introduced by the mapping. It has thus been relying in part on numerical
integration techniques for its counter-terms.

Slicing methods instead render divergent integrals finite by slicing out the singular
regions. As in the subtraction method the integration over the singular region — which
takes the role of the counter-term — is subsequently added back in (analytically or nu-
merically) integrated form. The original slicing method, implemented at NLO, was based
on imposing cuts on the Mandelstam variables [32, 33]. These methods were never fully
generalised to NNLO, although an extension was applied in mixed QCD-QED corrections
in [34]. More recent developments at NNLO include kt-subtraction [35] and N-jettiness
subtraction [36, 37]. Both of these methods have been implemented in an impressive num-
ber of fully differential NNLO calculations; see, e.g., [38, 39]. A clear advantage of these
methods is the comparable ease of their implementation, since one simply implements a
measurement function to cut out the singular parts of the phase space. While the kt-
subtraction method has been applied primarily only to colorless final states, as well as final
state radiation and massive partons for small multiplicities [40, 41], it has the advantage
that its counter-terms are relatively simple to integrate analytically. N-jettiness subtrac-
tion can be applied to more general processes; the integration of the required soft function
is however challenging and requires a numerical implementation. An advantage of both
the kt-subtraction and the N-jettiness methods is that the singular limits can be obtained
from general factorisation theorems. A disadvantage of these methods is that the slicing
parameters must be chosen small enough for the factorisation formula to be valid; and this
may lead to numerical instabilities; see e.g. [42, 43]. To address this problem one may
need to add higher orders in the expansion around the slicing parameters. The challenge
with this is that the structure of the sub-leading singular limits is more complicated; for
instance derivatives of amplitudes will be required, which could be difficult to obtain for
complicated processes.

Subtraction methods have also already been employed at next-to-NNLO (N3LO) in two
incidences: an application of the projection to Born method [44] in DIS jet production [45]
and a novel application [46] of the reverse unitarity approach [47] in Higgs production



(relying, for now, on the first two terms in an expansion around the threshold). While
these are impressive calculations of so far unrivalled complexity, the methods they relied
upon can not be (at least naively) applied for more general final states.

Despite the large number of existing methods, we propose — in the hope that it may
overcome the shortcomings of existing methods — a new approach in this work. To ac-
complish maximally simple counter-terms, from the point of view of analytic integration,
an FKS like residue subtraction procedure will be employed based on a Feynman dia-
gram dependent slicing observable. By employing a slicing approach we can overcome the
limitations of parameterisations which require singularities to be factorised.

By explicitely introducing a slicing parameter for each possible soft or collinear singular
configuration it should be possible to promote this slicing scheme to a subtraction method
by employing suitable phase space mappings not unlike in the CS, antenna or colourful
subtraction methods. Indeed this idea has already been proposed in [48] in the context
of the conventional NLO slicing method. Here we will only demonstrate this idea, for a
simple example in section 3 in the context of the new slicing observable. The purpose of
this paper is instead to establish the general principles of the method. In particular we
work out the combinatorics of a generalised soft-collinear subtraction formula in section 4
— which uniquely defines a simple prescription for the soft and/or collinear final state
counter-terms. How to extend the scheme to initial states is briefly sketched. We apply
this framework for final state radiation at NLO and NNLO in pure Yang-Mills theory
for arbitrary multiplicities in section 5 and perform the integration of all counter-terms
required. We complete the section by reproducing the poles of the gluonic double real
emission correction to the gluonic Higgs decay at NNLO. Possible extensions and future
developments of the method are discussed in section 6.

2 Notation

In this section we introduce some of the notation used throughout the later sections. It is
convenient to define the normalisation factor
( 47.[.)—2+6

i (2.1)

cr —

Of particular importance will be the D = 4 — 2¢ dimensional n-particle differential Lorentz
invariant phase space measure:

A®y ,(Q:m2,. .. ,m2) = (2r)PU-+n 5(D) <Q - Zpk> H dPp; 6% (p? —m?) . (2.2)
k=1 k=1

Here Q) is taken to be an off-shell time-like vector, i.e., @? > 0. Final state particles are
constrained to be on-shell with positive energy by the distribution

5 (p® —m?) = 0(po)d(p* — m?).

We mostly deal with massless vectors and masses occur in phase spaces only through
the Mandelstam variables formed by squaring sums of momenta. For this purpose it is



convenient to introduce the shorthand
Pijokt =95 F 05 DB (2:3)
Mandelstam variables are defined as follows:
Sij = 2pi-py,
sijk = 2(pi-pj + Pi-Pk + Dj-Dk) -
We thus mostly suppress the dependence on masses and employ the shorthand

dq)ln(Q) = dq)l...n(Q; 07 s ’0) ) (2'4)

for all p; massless. The total phase space volume is defined as

Q(”)(Q; m%, . ,mi) = / dP; ,(Q; m%, .. 7mfl) ) (2.5)

A massive sum of momenta, e.g. p12, with mass si9, is indicated by bracketed notation
(12), e.g.,

dq)(12)34...n(Q; 512,0,...,0) = d<b(12)34...n(Q; s12) = d(I)(12)34...n(Q)‘ (2.6)

The phase space measure satisfies the following factorisation property

_ ds12.k

d®y ,(Q) = . AP (12 kk+1..0(Q5 812, k) dP12 k(P12.k), (2.7)

upon which much of this paper rests. Although this notation is intuitive and compact care
has to be taken with identities such as pi., = p1 + ... + p, which, when substituted in
eq. (2.7), could lead to appearances of §(”)(0). Rather identites such as eq. (2.3) should
be interpreted to arise in eq. (2.7) as a consequence of momentum conserving J-functions.
Similar considerations apply to the Mandelstam variables s;;.

3 Motivation

Before describing the general method in section 4 we will illustrate it here in the context
of a simple example of a divergent phase space integral:

I(Q;D):/d@m’)(Q) o1 (3.1)

512523

This integral could appear in the real emission process v* — ¢(1)q(3)g(2) at NLO in
massless QCD. The integral is problematic in D = 4 due to soft and collinear singularities
respectively located at 2 — 0 and 1|2, 2||3. It is instructive to see where the singularities
are located in the space of Mandelstam variables. Let us express the phase space measure
in terms of the variables s19, s13 and so3:

2

Q
/ d®123(Q) = (QQ)_1+€N3/ ds1z dsi3 dsag 6(Q? —s12 — 513 — 523) (512513523) ¢, (3.2)
0
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Figure 1. The grey triangular surface Q2 = sia + S13 + s23 represents the physical phase space.
The fat blue lines labelled by C1o and Cs3 show the locations of collinear singularities, while the
small red circle labelled by S shows the location of the soft singularity.

where
1 (47‘(‘) —3+2¢

Ns=2Te -2

(3.3)
We thus see that the 3-particle phase space can be represented as the area constrained on
the surface

Q° = s12 + 513 + 523 (3.4)

together with s;; > 0. This physical region with the locations of its singularities, embedded
in the three dimensional s;;-space, is shown in figure 1.

We now wish to construct a subtraction scheme with which to isolate the finite part of
the integral in eq. (3.1). Since there exists quite some freedom how to define such a finite
part it is natural to ask: how can we define the divergent part in the simplest possible way?
In other words, how can the evaluation of the divergent parts be maximally simplified. A
scheme that accomplishes this for the UV divergences is the minimal subtraction (MS)
scheme within dimensional regularisation. This is also what is commonly used to cancel
the soft and collinear divergences between real, virtual and counter-term contributions
in higher order calculations. The problem with the MS-scheme is however that it does
not provide us with a prescription for defining a manifestly finite integrand which can be
expanded around D = 4 before integration. This, for the practitioner of perturbative QFT,
is indeed the dilemma of dimensional regularisation. Although it allows to define a unique
finite part — it is not obvious how to obtain this finite part without performing the integral
first in D-dimensions and then expanding the analytic functions around D = 4.

For the simple example the integration is easily carried out in terms of I'-functions,
whose expansion around D = 4 is trivial, to obtain:

—€ 2 —€ 2
1(Q:D) = (@) 2N 2 r()z E(ge) ) _ q)g’c()% ) (32 - 2 +3+ O(e)> . (3.5)



But when increasing the perturbative order very complicated integrals appear which eval-
uate to complicated hypergeometric series. For such functions a Laurent expansion around
D = 4 may be difficult to obtain. Key is that one may not always be interested in in-
tegrating the integral over the entire phase-space. In fact for various reasons, such as
detector efficiencies or large signal-swamping backgrounds, only part of the phase space
may be experimentally accessible, or interesting. The phase space integration could then
be constrained to an in principle arbitrary (infrared safe) region.

It is therefore highly desirable to have a procedure to extract the finite part of an
integral which does not rely on carrying out the integration. While, as summarised in
the introduction, such procedures have been developed in the past, based on subtraction,
sector decomposition and phase space slicing, we believe that none of these approaches
fully matches the simplicity of the divergent parts defined via the MS-scheme. Inspired by
algebro-geometric schemes based on blow-ups, which have been applied in the subtraction
of UV—- and IR~ divergences of Euclidean loop integrals [49, 50], we intend to provide a
prescription which meets this criterion as closely as possible in the following.

3.1 Normal coordinates and phase space factorisation

We start by identifying a set of suitable variables — we call them normal coordinates
or slicing parameters — with which to separate the phase space into singular and finite
regions. Here we shall use the word normal in the sense in which it was introduced by
Sterman, see, e.g., [51-53]; and we can identify these normal coordinates with the variables
which we introduce to take soft and collinear limits. As a guide to find these variables we
will use the phase space factorisation property of eq. (2.7) in terms of Mandelstams. It
turns out that this property alone allows one to obtain suitable Lorentz invariant factorised
soft and collinear limits of the phase space measure.

Let us first see how this works for the case of collinear divergences. A choice of a
variable to parameterise the collinear limit C19 is given by si2. The collinear limit is
approached linearly as sj2 — 0. The factorisation property in eq. (2.7) then allows us to
take this limit as follows:

dsi2
2

limo dq)lgd(Q) =

S12—

d®12(s12) nggo d®(19)3(Q; s12) - (3.6)

Since the 2-particle phase space measure d®12(s12) can not be simplified further, the limit
operation acts only on the remaining phase space measure d®;2)3, which has support in
the limit s19 — 0. Here it is useful to introduce the Sudakov parameterisation

S12 2 )

2 =0 = 3.7
2pﬁnn’ p12 n Y ( )

P12 =Pz +

such that we can parameterise

51222 1
P1 = 2P+ n 4+ /s122122¢

2pﬁ.n
$1221

p2 = zopg5 + n — \/S1921 226" . (3.8)
2pﬁ.n



with 21 + 22 = 1 and e’ being a space-like unit length (|e| = 1) vector transverse to both
pr3 and n. This allows us, at the expense of the massless reference vector n, to control how
the off-shell vector p12 present in d®(;2y3 approaches the massless vector py3

lim pio = P + O(Slg) . (39)
8124)0
We thus obtain the following factorisation of the phase space measure in the collinear limit:

lim dq)lgg(Q) == d(I>C12 d‘bﬁg(Q), (310)

812~>0
with the collinear phase space defined as

ds
d(I)Cm = 2;2 d(I)12(512)_ (3.11)

What is characteristic to this factorised limit is that the remaining () dependence is present
only in the reduced measure d®4,(Q). In contrast the sj2-dependence is present only in
d®15(s12). This in effect means that the variable s19 is no longer bounded from above.
Since the factorisation is only valid in the limit of small s1o it is sensible to introduce “by
hand” a small upper cutoff for s12 to make the integral over this measure well defined. We
will describe below how to do this in a consistent manner.

We now come to the parameterisation of the soft limit. A Lorentz invariant variable

suitable to parameterise the soft limit ps — 0 is

82(13) = 2p2.p13 . (312)

This variable, which linearly approaches zero as ps — 0, is also directly proportional to
the energy of po in the rest frame of p13. Due to the relation eq. (3.4) we can also identify
the limit sy(13) — 0 with the limit s13 — Q?. This allows us to derive the soft phase space
factorisation from the factorisation property eq. (2.7), as follows:

lim  dipy(Q) = lim O513

513—Q? 513—Q? s

d®y3(s13) dP(13)2(Q; 513) (3.13)

Only the term d®3(s13) has further support in this limit, and we find:

lim  dPio3(Q) = dP13(Q?) Aoy, (3.14)

513—Q?
with the soft phase space measure defined as:

dsy(i3
dq)(slf) e d¢>(13)2(Q2;Q2 — 59(13)) » (3.15)

2
dDPQ
= dsy(13) @D 1 5 (p3) 8(s2(13) — 2p2-p13)

where we have used dsi;3 = dsy(13). Note that the soft measure depends on the hard
momenta p; and ps. Thus even after integration over the soft momentum the soft limit
retains a dependence on the variable si3. In contrast the collinear limit factorises entirely
and retains no dependence on any hard momenta.
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Figure 2. The triangular surface Q% = sia + s13 + So3 is split into singular and finite regions. The
red region is the soft region Ss. Collinear regions C15 and Cs3 are indicated in blue. The finite
region F' is shown in grey. The soft-collinear overlap is just visible where the blue bands intersect
with the red triangular region.

3.2 Geometry of regions

So far we have not discussed how to construct a subtraction method which consistently
combines the soft and collinear limits we introduced in the previous subsection. A way to
attack this problem is to use a phase space slicing approach. The idea here is that the
phase space can be separated into a finite region (F') and singular, that is soft (S2) and/or
collinear (Cig,C13), regions. To accomplish this decomposition we will associate a set of
small dimensionless parameters a; for S; and b;; for C;; to bound the slicing parameters of
each singular region from above. This procedure will naturally lead to a classification of
the overlap of soft and collinear regions. We will associate:

SQ : {82(13) < a2813},
Cia: {s12 < b12Q?},
Cas: {523 < b23@Q?},

F: {syas) > azs13, s12 > b12Q*, sa3 > b3Q?} .

Here we have used s13 as the scale entering the upper bound of the soft variable sy(13).
First let us remark that for small az and therefore also sy(13) we have s13 ~ Q?, and so we
could have equally well used Q? here. However s;3 is the natural hard scale appearing in
the soft phase space as already commented on above, and as we will see later it will turn
out important in more complicated situations to use this s13 instead of Q2. For this reason
we introduce this notion already here.

The decomposition of the phase space into its different finite and singular regions is
best understood geometrically and is illustrated in figure 2. In the figure it is shown how
the regions can be chosen such that the overlap of the two collinear regions C7o and Coag is
contained inside the soft region Ss. Using this feature and the additivity of areas we arrive



at the following partition of unity:
1= @(F) + @(Sg) + @(012) + @(023) - @(012 N Sg) — @(023 N Sg), (3.16)

with the different regions defined by:

O(S2) = O(sy13) < azs13)

O(C12) = O(s23 < by3Q?)

O(Ca3) = O(s12 < b12Q?) (3.17)
©(C23 N S2) = O(s9(13) < a2513)O(s23 < b23Q?)
©(C12 N S2) = O(s913) < a2513)O(s12 < b12Q)

O(F) = O(sy13) > a2513)O(s23 > b23Q%)O (512 > b12Q7) .

3.3 Counter-term integration

Let us now come to the evaluation of the integrals corresponding to the singular regions.
We will start with the soft. A convenient parameterisation of the soft phase space measure
is given by

/ d¢g273)@(52) = Crsl_gl_ﬁ/ dsqg dsog (812823)7E @(812 + 893 < a2813) , (3.18)
0

which allows us to obtain

O(S2)s13 (1 — ) spza5
I — [ ap®¥ = ot
S1 (a27 513) / Sa 512523 cr F(l — 26) 62

We continue with the evaluation of the collinear region. A convenient parameterisation for

(3.19)

the collinear region is given by:

b12Q 1
/ d<I>012®(012) = CF/ d812512ﬁ/ le dZ2 5(1 —Z1 — 22) (2122)_6 (3.20)
0 0

The collinear limit of eq. (3.1) then leads us to the following integral:

@(012) 21 c F(l - E)F(Q - 6) (blez)_E
512 Z9 - F(Q — 26) 62

ICl2(b12Q2) :/d(me (321)

We continue with the evaluation of the soft-collinear overlap contribution. We can simplify
the calculation of the overlap contribution by demanding that bjs < as. In the limit of
small b2, which in turn forces a small s15, the soft region then simplifies to

lim ©(s12 + s23 < a2813) = O(225735 < a25733) = O(22 < ag), (3.22)

812—)0

where we also used that in the soft region z; ~ 1. In other words the soft-collinear limit,
in this setting, is conveniently computed by taking the limit zo — 0 in the collinear phase
space. The soft-collinear phase space measure is thus given by

b12Q? a2
/ d(I)Clng(_)(ClQ N SQ) = Cr/ d81281_26/ dzg 2’2_6 . (3.23)
0 0

~10 -



Integrating the soft-collinear limit over this measure we obtain

O(C12 NS asb12Q?) ¢
101251(6126227@2) = / d(I)CwSQ (811222’2 2) :CF( 2 1i§2 ) . (3.24)

The singular part of eq. (3.1) can now be expressed as:

Isingular (@5 a1, b12, ba3) (3.25)
)

=0 {—F Isi(az, Q%) + Iy, (b12Q%) + Iy, (b23Q%)

_101251 (b23Q27 CLQ) - 101251 (b12Q27 CLQ)

- (5;’)2[-1- (622 + _9%411&@2 + (9+4C2 +181Inas +41n2a2) +(9(6)>
+ <622 + w + (444G + Tinbiy + Inbyg) + O(e)>
+ (622 + w + (4 +4C + Tlnbog + In® bog) + O(e)>
_<622 i _9_21“‘: —2nbiz (94 6C2 +91nas + 91nbio
+2Inas Inbis + In? ag + In? b12) + O(e))
_<€22 n _9_211122 —2I0023 | 9 4 66, + 9nas + 9l by
+21nas Inbes + In? as + In? bas) + (’)(6))] (3.26)
- (523)2 [622 #7204 (<1~ 2 — 2Inbyg — 2 aInbra — 2z Inbag + 21n ao)

Thus we have reproduced the correct single and double poles of eq. (3.5). The cancel-
lation of the logarithms at order e ! signifies a consistent treatment of the soft-collinear
overlap contribution.

3.4 Slicing method

We will now test the finite part of the subtraction terms numerically using the slicing
method. The advantage of the slicing approach is the simplicity with which the finite part,
defined by

S
Ir(Q; a1, bi2,ba3) = /d‘I’123 O(F) —- (3.27)
512 523
with
@(F) = @(512 > b12Q2)@(823 > 523Q2)@(52(13) > CL2813) R (328)

- 11 -
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Figure 3. This figure shows AI()) on the left and also separately the € coefficients of I, Isingular
and their sum on the right in the slicing method. In both figures I is evaluated numerically with
the CUBA implementation of the Vegas algorithm using 10® points for each value of .

can be implemented in a numerical simulation in D = 4. To implement the hierarchy
between soft and collinear limits we introduce a single slicing parameter A, such that

bij = )\2, a; = A (329)

We can then define the quantity

IF(Q7 >\) + ISingular(Q; >‘) B I(Q)

AI(N) =100 - o) ,

(3.30)

which, since

lim AT(\) =0, (3.31)
A—0

measures the percent difference by which this quantity differs from zero for a small finite
value of \. While we know both Iginguiar (@) and I(Q) analytically we can compute the
finite integral Ir(Q) numerically; this is plotted over a range of values of A in figure 3. The
figure on the left clearly shows the formation of a plateau in the range 1073 < A < 1076,
As is expected for a slicing scheme the numerical accuracy deteriorates as A is decreased
and improves for larger values of A, where however the counter-terms can not be used
as a reliable approximation, and power corrections in A would be required. It is thus
evident, given the simplicity of the example, that this approach gives rise to a rather poor
numerical accuracy. Even after sampling 10% points using the Cuba implementation of
Vegas [54] (albeit in a non-optimal phase space parameterisation) we are not able to arrive
at an accuracy much better than 1% for the most optimal values of .

3.5 Subtraction method

An alternative to the slicing approach, presented in section 3.4, is to rewrite the region
approximants as local counter-terms. In this subsection we will illustrate — for the simple
example — how a slicing method can be promoted to a fully local subtraction method.
This idea is not new and was already discussed in, e.g. [37, 48].

The promotion can be accomplished in several different ways. One method would be
to employ a momentum map, of the kind which has been employed by Catani and Seymour
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Figure 4. This figure shows AI()) on the left and also separately the €Y coefficients of I, Isingular
and their sum on the right in the subtraction method. In both figures I is evaluated numerically
with the CUBA implementation of the Vegas algorithm using 10® points for each value of \.

in the dipole subtraction method [6]. Alternatively one can use, what we shall call, the
re-weighting approach, this mimics in some sense how the limit subtraction is embedded
in the full phase space in the FKS subtraction method. In our approach we can use a
similar idea, based on the particular phase space factorisation property used to derive a
certain limit.

In the context of the simple example the subtraction method can be implemented very
easily by noting that we can match soft and collinear measures with the full phase space
measure by multiplying with the corresponding factors which were simplified to unity in
the limit taking procedure. This leads us to the following relations:

Aoy dd1s = d®1230(s5013) < 12Q%) <‘;1§> (3.32)
—1+2€
ddc,, Dy, = dP193O(s12 < b12Q%) (1 . ‘Z)f) (3.33)
—1+2€
AP ,ys, dP1s = dD1230(s12 < b12Q%)O(22 < as) (1 - ;g) (212)°  (3.34)

where we have made explicit choices for the reference vectors n in the different collinear
limits. Such that the momentum fractions z;; become:

S13 513
212+ 221 =1, 2 = ————, 203 + 230 = 1, 239 = ——— . (3.35)
513 + S23 513 + S12

Using these relations for the measures we can derive the following alternative representation
for the finite part defined in eq. (3.27) in D = 4:

Ir(Q;a1,b12,b23) = /d¢123 [ w_ & O(s2(13) < 12Q°)

512523 512523

(212 — (221 < a2))

s12 221(1 — 512/Q?)

(232 —-() 223 < az )

593 223(1 — 523/Q?)

O(s12 < b12Q?)

O(s93 < b23Q?)
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A numerical evaluation of this finite part for a range of suitable values of

is presented in figure 4 using again the Cuba Vegas implementation. The clear advantage
of the subtraction method is that it allows to use arbitrary values for A € (0, 1], since the
integrated counter-terms evaluate by construction to those used in the slicing method for
any value of a; and b;;.

In contrast to the slicing method better convergence is observed for large values of .
In fact it appears that A = 1, which corresponds to the counter-terms ranging over the
entire phase space, is the optimal choice for this example. Notably the accuracy reached for
this value of A is 100 times as good as that reached by the slicing method using the same
number of numerical evaluations. The subtraction method — to which we have promoted
the slicing method — therefore appears far superior in terms of numerical accuracy and
stability when compared to its parent slicing method.

4 General principles at NNLO and beyond

4.1 Normal coordinates and phase space factorisation

In the previous section we applied the geometric subtraction method in a simple example.
Let us briefly summarise the idea behind the procedure. We introduced the variables
sij = 2p;.pj to define a collinear region and the variable s;(r) = 2p;.pjr to define a soft
region. With these variables we then derived suitably factorised limits of the phase space
measure and furthermore partitioned the phase space volume into finite and singular (soft
and/or collinear) regions.

This procedure can be generalised to arbitrary perturbative order. For instance at
NNLO we can use the variable s;j;, to subtract the triple collinear limit i||j||k and we can
use the variable

S(ij) (k1) = 2Dij-Pki (4.1)
to subtract the double soft limit ¢j — 0 sensitive to the hard momenta k and [. The phase
space factorisation property can be used to determine the corresponding factorised phase

space volume limits, with which to integrate the singular limits of amplitudes. This leads

us to the following phase space factorisation in the triple collinear limit:

Jim A1k A0, AR (4.2)

with the triple collinear phase space measure defined by

ds;;
ddc, = 05 4P, (4.3)

ijk 27T
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To parameterise the momenta in this collinear limit we use, as before, the Sudakov param-
eterisation (expressed in terms of Mandelstams, rather than transverse momenta):

’P ’2 1
pi = zipgy, + 221‘;7” + |pilei, i = 2i(sij + sik — 2iSijk)
p; P
Pj Jngk + 2szijk.nn + ’p] ’6 ’P] ’ - (S’L] + Sjik — stijk>7 (44)
112
ok = 2 + st et D2 = 2ot 551 — 215138)
ijk 2kai/j7c'n k 1%k > k i J ijk) >

with z; + 2; + 2 = 1 and |p-|e; + |p |e + |p|e; = 0 such that

Siik
Pijk = P, + 5 (4.5)

= ~
&Y 2pijk.n
As before ej are space-like unit length (|e;-| = 1) vectors transverse to both Pk and the
reference vector n. The off-shell vector p;;, approaches the massless vector Pk in the limit
of vanishing s;;:

lim Pijk = + O(szﬂc) (46)

S”k—>0 Uk

In the double soft limit we obtain the phase space factorisation:

lim d®y ;. n — d<I>(k DaAdy (4.7)

im0 Lt dem T RSy B L

with the double soft phase space measure given by:

ds(;
ol = SRy, g, (4.8)

j 2 ij—0
The pattern of these measures follows those defined at NLO. However there is subtle
difference between the soft and double soft measures. The double soft measure is not
simply d®;;(x), since there exist further support in the limit 7j — 0. Instead an explicit
form for it is given by:
D D
(k1) _ d~pi oy d7pj 2

Ay = dsjym) (%)Dz_l 8t (pi) (%)Dj_l 8 (w7) 0(sj ey — 2035 o) - (49)
The phase space measures at yet higher order, e.g. at N3LO, can be defined similarly. For
the m-collinear limit we would use the variable

Sivim = (Diy + o+ Piy)? (4.10)

with the following phase space factorisation

Hhr‘r‘l d(I)l...u...zm n — CICI)C11 im dq)lzl/z\mn’ (4.11)
i1 im
and m-collinear phase space measure
ds;, i,
A®c,, ., = o APiy iy, (4.12)
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Similarly we may define the m-soft variable

S(i.im)(kl) = 2Piy..ipn Dkl (4.13)
with phase space factorisation
z’l..l.%gl—m AP1 iy iy = AP APL s (4.14)

and the m-soft phase space measure

D D
(kD) _ d”p; 2 d”pi,, 2
85, i = BGain) ) Gryp10 Pi) - g ypoTd (i)

“O(S(iy.im) (k1) = 2Diy...ign -Pki) - (4.15)
4.2 Soft and collinear forests

From the conceptual side it remains to determine the overlap contributions. Since the
phase space volume of the example given in section 3 was simple enough, we were able to
construct the partition based on the geometry of the phase space in Mandelstam variables.
For higher dimensional phase spaces it will be advantageous to have at hand a formalism
which allows to derive this partition in a more algebraic manner. We will employ the
properties of Heaviside step functions for this purpose. Employing the normal coordinates
defined above we associate ©-functions for each region as follows:

O(Siy.im) = O(Qiy iy Sk = S(iy.in) (k1)) 5 (4.16)
O(Ciy. i) = O(Qbiyiyy > Siy i) - (4.17)

Here we assume that all soft regions are defined in some rest frame of pg;. This rest frame
could be chosen differently for different soft divergences. We will focus our discussion more
on this point in section 5, where we show how different eikonal factors can have their
regions bounded in different rest frames.

Our starting point for now is again the equation:

O(Singular) + ©(F) =1, (4.18)

which follows given that finite (F') and singular regions are to cover the entire phase space
volume. Let us now define the set R as the set of all possible singular regions, excluding
their overlaps, such that for the example of eq. (3.1) we would have R = {Ci2, Ca3, S2}.
We can then write
oF) =[] -e() (4.19)
reR
which combined with eq. (4.18) leads to

O(Singular) = — > " (-DIPI TT (7). (4.20)
UCR relU

Here we sum over all nonempty subsets U, each of size |U|, of the set R. This expression
still lacks knowledge of the geometric structure of the soft and collinear regions as well as
the perturbative order.
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To get a first feel for this equation let us study its consequences using R ={C12, Ca3, Sa}
as input. We shall use the notation O(A)O(B) = ©(A N B) if regions A and B depend on

common momenta. Using this notation we then find:

@(Singular) = @(012) + @(023) + @(52) — @(012 N 52) — @(023 N 52)
—@(012 N 023) + @(012 N Cao3 N SQ) , (4.21)

which agrees with eq. (3.16), if we apply the relation
@(Clg N 023) = @(012 NCa N SQ) . (4.22)

Indeed this relation follows from the geometric construction introduced in figure 2, since
the soft region contains the intersection C12MC53. By demanding the hierarchy a; > b;; we
can thus guarantee its validity. But eq. (4.22) would not hold for other parameter choices
such as a; < b;;. This shows how, in a simple example, the geometry of regions plays an
important role.

Let us continue with our exploration of eq. (4.20). To be able to include more com-
plicated final states into our discussion let us introduce the measurement function jl(.l.).n e
with [ denoting the maximum number of unresolved partons, which are permitted by this

measurement function. In particular the measurement function obeys the relations:

1.11% jl(.l.?i...nJrl = ‘71(.[.._%1.?n+l ’ lim 7" n+l — gy : (4.23)

i il 1..4...5...

Here the notation J
t, while J

;.. indicates that J does no longer depend on the soft momentum
indicates that the collinear momenta ¢ and j have been merged into the
massless momentum zAj . The (purely) real emission contribution to an arbitrary N'LO
observable may then be defined as

Oitnyt = / d®y. nq \71(_1.)_,1“ M1 npi]? (4.24)

with M1 ,4; an n + [ parton tree-level amplitude.

In the following we wish to define a set (), whose elements are themselves sets of
possible singular regions which may pass the criteria of the measurement function J®,
and where we omit all those overlap regions which cancel by vitue of eq. (4.22) and its
generalisations at higher order. We can thus write

JW e(Singular) = -7 >~ () T] (), (4.25)

Ueu® relU

where now cancellations among different regions have taken place and only those regions
are included which can pass the criteria of the measurement function.

Let us start by studying the case [ = 1. The only divergences allowed by \71(.1_.)” 41 are
collinear i||j and soft i« — 0 or their overlap with common partons. Let us recall at this
point the slight mismatch between our region definitions C;; and S; and the locations of
singularities i||j and i — 0 respectively. Since Cj; is the region defined by s;; < b;;Q?
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even a soft singularity can fake the region Cj;; an apparent paradox which is resolved by
subtracting the overlap contribution Cj; N'S;. It follows that care must be taken when
considering the possible regions which may pass the criteria of the measurement function.
While the NLO measurement function ™) may not allow for a singularity i||j and j||k
which would correspond to a triple collinear singularity, the region C;; N Cjj can still be
mimicked by a soft singularity j — 0. As before we escape this apparent new region by
relying on the cancellation in eq. (4.22), as in the simple example. At NLO we thus define:

UV = {{Cy}, {8:},{Ci;, Si}} - (4.26)

where the notation {Cj;} is not meant to indicate the set of all collinear divergences, but
rather one set for each collinear region. Given for example the regions R = {C12, Cos, S2}
we would then have

UM = {{C12},{C13}, {52}, {Ci2, S2},{Cas, S2}} .

Let us now come to the definition of U, the set of all possible singular regions which
pass the criteria of the NNLO measurement function 7. To define #(?) more precisely
we must establish what the geometric cancellation identities are. Since these identities
depend on the geometric properties of the soft and collinear regions, they depend on the
parameters a; . and b;;.... To make progress we choose the following order

Q5 > a; > bijk > bz‘j , (4.27)

as it produces simple iterated phase space volumes for the counter-terms. Further this
ordering gives rise to the following region cancellation identities:

A,I}Brgog(SAﬁSB) = A}Eniog(SAmSBmSAB)’ (4.28)
lim O(CapNCyp) = lim O(CapNCuapNCapp), (4.29)
Al||B,A||D Al||B,A||D
and
@(CAI N CAj) = @(SA NCy N CAj) + @(CAij NCyN CAj) (4.30)

—0O(SaNCaijNCaNCay),
which holds for
aabaij
2 )
and is therefore consistent with eq. (4.27). Here A, B and D are sums of momenta, while

bai < (4.31)

i and j are single (massless) momenta. We do not claim that these are all the identities
which are fulfilled, but they suffice to establish the desired region cancellations at NNLO.
Pictorially these identities are illustrated in figures 5 and 6. A derivation is sketched in
appendix A.

The region cancellation identities are useful since they considerably reduce the num-
ber of different singular regions, or equivalently counter-terms, which are required in the
subtraction. At NLO they allow us to obtain

O(Cyj NCj) = O(Cyy NCii N S;), (4.32)
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CapNCyp SANSp

Figure 5. The picture illustrates the identities Sq4 N Sp C Sap (right) and Cyp N Cap C
CABD (left)

CAinCAj CAiﬂCAjﬂSA

CajNCajNCyNSY Caj N Ca; N Cajj

Figure 6. The picture illustrates the identity (Ca; N Ca;) C (Casj USa).

from eq. (4.30), since terms containing Cjjj are rejected by the NLO measurement function.
At NNLO we obtain instead the following set:

@(SZ n S]> = @(Sl N Sj N S”) R
O(Cijk N Ciji) = O(Cijr N Ciji N Sij),
O(Cij N Cjx) = O(Cy N Cip, N S;) +O(Cyj N Cjt, N Ciji) (4.33)

—@(Cij N Cjk N Sj N Cijk) .

But furthermore these regions allow us to identify the set /(2 as the Cartesian product of

a set of soft forests L{g) times a set of collinear forests L{g) modulo measurement function

constraints. We write this statement as

U =uP xu mod 7?, (4.34)
with
U = ({5}, {55}, {50, 551} (4.35)
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and
Uy = {{Ci} ACi} ACijr Cis}. {Cij, Cua}} - (4.36)

The sets Z/lg) and Z/{g) can be thought of as the soft and collinear analogues of Zimmer-

mann’s set of forests of UV-divergent subgraphs [55]. This should not come as a complete
surprise, since it is well known that the subtraction of both soft and collinear divergences
follows similar patterns as those found in the UV; see for instance [56-59] and references
therein. Nevertheless it is not completely trivial that the regions defined with the particular
ordering of eq. (4.27) follow this pattern as well. One may associate it to the observation
that also in the context of subtracting UV-divergences an order is chosen with which to
subtract singular subgraphs; such that the smaller subgraphs are subtracted before the
larger. Similarly we may have chosen the relative ordering of soft and collinear divergences
according to such a pattern. Regardless of this similarity eqs. (4.28), (4.29) and (4.30)
are highly dependent on the relative ordering of soft and collinear regions, which has no
analogue in the subtraction of UV divergences alone.

Multiplying out the product in eq. (4.34) and discarding those regions which can not
pass the criteria of the measurement function we arrive at:

U = {{Cy;} . {Si}, {Cijr}, {Si}. {Cij. Si}, {Cij, Sk} {Cijs Cru}. {Ciji, Cij b {Cijie, Si},
{Cijr, Sij}s {Sig, Si}s {Cis S} {Cij, Si b, { Cijis Cras S} {Clig, Oty S}
{Cij, Sij, Sits {Cijk, Cij» Si}, {Cije, Cigs Sk} { Cijier Cigs Sin { Cigie, Cigs i}
{Cijk, Sij, i}, {Cik, Sij» Si}, {Cins Siz, Si s {Cijs Cijs Siks Si}y {Cijis Cijy Sy Sk}
{Cijk, Cij, Sij» Si} {Cij, Ca, Sik> Si} } - (4.37)
The size of this list shows the enormous increase of complexity which is encountered at
NNLO, when compared to NLO.
Before moving on to the definitions of the asymptotic phase space measures in the

various regions let us conclude this subsection with the conjecture that eq. (4.34) is valid
also for the case of I potentially unresolved emissions at N'LO:

UO =u xu® mod g, (4.38)
as long as the order
Aiyig...0; >0 > i, > bili2~~~il+1 >0 > bilig (439)

is chosen, with L{él) and ng) sets of soft and collinear forests.

4.3 Asymptotic phase space measures

Having fixed the order of limits we are now in a position to determine the asymptotic
measures associated to the singular regions. To compute the asymptotic measure associated
to a particular region U one should take the following sequence of limits of the expression:

lim lim lim lim d® || ©(r). (4.40)

(lij~>0 a;—0 bijk—>0 bij—>0 rel

Let us consider how this works for a few examples:
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o U ={Si,Ciji}:
. . 9
a}?llo bllkIgo d®_ ;. j. k..O(aijsk > 535 k1)) O(Q bijr > sijk)

= lim d® -~
0 cee

aij— igk.

. dtl)cijk@(aijzk > Zij)@(Q2bz’jk > Sijk) (4.41)

= d®_j. d®c,,s;,;O(a; > 2i7)0(Q%biji > 2pij.pk)
= d® ;.. dPc,, s, (Qbijk, aij)

with
dPp; dPp;
d®c,s; = dsggn dzig (ﬁ)ﬁ‘ﬁ(}??) (27r)7D]*15+(py2')
Dij-n
~0(S(ij)(kt) — 2Pij-Pr)O (215 — p;n) (4.42)

o U= {Cir, Ci}:
; li d . 2y - 2y -
bilirgObi;IEO d 'ijG(Q bzy > 31])®(Q bmk > Sz]k)

= lim d® s . dPc,O(Q%i; > 5i))0(Q%bij — s5,)  (4.43)

bijk—0 gk

=d® = doc, d®c,, O(Q%bij > 5i)0(Q%bijk — S5k

ajk...

=d® = dc (Q%bir) dc, (Q%bij)

YL
o U = {Sl-j,CZ-j}:

. . 2
al}rﬁoz?}}fo d®_ ;. ;.. O(aijsp > s3ij)k))O(Q b > sij)

= limo do o d(I)C’ijG(aijskl > Sfj(kl))@(QQbij > Sij) (4.44)

= dq)__.ﬁ.'. d(I)‘(S,k.A’.l) dfbcﬁ@(aijskl > SzAj(kl))@(Q2bU > Sz'j)

)

il dq)gk ) (sk1,ai5) d®c;,; (Q%by;)

5
o U = {8, 5;}: there are two different cases, of which the more complicated one is:

aggo ahl_{lo d®. i.j..0(aiisk > s(ij)k1))O(aisjk > Sigjk))

= limo d(I)lj/ d@gﬁk)@(aijskl > Sj(kl))e(aisjk > Si(jk)) (4.45)

aij— H
ik I,k
= d(I)..J/..j/..‘ d‘bgi )d@gj )@<a2‘j8kl > sj(kl))@(aisjk > 3i(jl<:)>
= d(I)._,%_.j/._ d@g‘i’k)(sjk, ai) dq)g;k)(slk, aij) .

There exists a subtlety when taking the limit a;; — 0 in the third line, which forces
the single soft limit j — 0, since the argument of the factor ©(a;s;r > s(x)) does
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not simplify in this limit. To understand this better let us study the scaling with a;;
which the different factors portray:

a;Sjk > Sij  t+ Sk (4.46)
O(ai]‘) > (’)(aij) +0(1)

The two terms on the right hand side are thus (at least naively) not of the same size;
their exist however no support to further simplify this expression. The only plausible
interpretation is that the upper bound on the left forces both Mandelstams on the
right, i.e. s;; and s;; to scale as ~ a;a;;. Given that both 7 and j are sufficiently soft
it thus appears that i is forced to become collinear to k for s;; to be of similarly size
as Sij.

A different way to come to a similar conclusion comes from the result of the integral:

K ke _
/dq)g,f )<Sjkaai)81'(]7 )~ (sjk) " (4.47)
where Si(j k) corresponds to the singular limit of an amplitude. It is thus clear that

this integral is homogeneous in p;, although the constraint eq. (4.46) does not appear
to be so.

We will leave it as an exercise for the reader to work out the asymptotic forms of the
measures corresponding to other regions. Compact expressions for the resulting measures
for all required regions can be found in appendix C. In particular we find that at NLO and
NNLO all regions can be written using the following primitive phase space measures:

ch)Cij (QQbij
dq)C’ijk (QQbijk
Gk o

d® g™ (sjk, ai
dq)g:)(skl, Qjj
d®c,; s, (Q%bij, a;

2
d®c,,s:; (Q bijk, aij

dc,; O(s45 < szij) ( )
D¢, O(sijn < Q%biji) (4.49)
‘I’(s{-’k) O(si(jk) < aisjr) (4.50)
(4.51)
(4.52)
(4.53)

—_— — —  —  ~— —

It is left to future work to show that an analogous statement will hold also at higher orders,
i.e. that one requires a certain set of new primitive measures corresponding to, e.g., {Ciju },
{Sijr} and {Cijrr, Siji} at N3LO, while all other regions will factorise into the measures
already present at lower orders.

4.4 Soft and collinear master integrals at NNLO

The integration of singular limits of amplitudes over the primitive NNLO phase spaces
({Cijr}, {Si;} and {Cijk, Sij}) is more complicated than the integration over NLO primitive
phase spaces or their iterated limits which occur at NNLO. While the latter evaluate to
I'-functions, the primitive NNLO limits can lead to hypergeometric functions of type ,Fj.
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In order to minimise the total number of integrals it is advantageous to express them in
terms of a basis of master integrals. This basis can be constructed by solving the relevant
IBP identities using the Laporta algorithm. Using reverse unitarity [47, 60] to treat Dirac
d-functions which appear in the definition of their associated phase space measures, it is
a well defined task to use public codes to set up the IBP reduction for these limits. How
to use this technique in the presence of Heaviside step functions is briefly reviewed in
appendix B. To accomplish this task we have employed the public softwares FIRE [61, 62]
and AIR [63].

For the double soft this procedure leads to exactly two master integrals, they can
be easily extracted from the two independent double soft Master integrals which were
presented and evaluated in [64], where they appeared in the threshold limit of the Higgs
boson cross section in gluon fusion. In our conventions this leads to:

(2;1) (1,2) (812)2

Mg (s12, azs) = / d®y " (s12,a34) ——— (4.54)
(5(12)(34))
_ 2 (s12)*(a) T (1 — )
r 4e T4 — 4e)’

(2;2) . (1,2) S$19
M = d® —— 4.55

g (s12,a34) / S5y (812, 034) 531513591 (4.55)

= Mg?l)(812a(134) 3F2(1, 1’ —€; 1— €, 1— 26, 1) )

The double soft-triple collinear master integrals are in one-to-one correspondence to those
in the double soft limit, and results for these slightly simpler integrals can be read off from
their double soft counter parts using the phase space parameterisation which was presented
in section 5.2 of [65].

1

Mgg;l)(QQb1347a34) = / dQClMSM(Qle%a%)W (4.56)
_ 2 (Q%azabiza) > TU(1 —¢)
r 4¢2 I2(2 —2€)’
) 1
M(S?é?’z)(QQb1347a34) = / APy, (Q%b134, aza) p—— (4.57)

= Mgg;l)(Qlem, ass) sFy (1,1, —e;1 — ;1 — 26; 1) .

In the triple collinear limit we will require four master integrals. These, among two other
simpler ones, were presented and evaluated in [66], where they appeared in the context of
jet fragmentation. In our conventions these results can be expressed as follows

. 1
M(g’l)(QQbmg) = / d@cm(szug)SQ— (4.58)
123
_ 2@y TP —¢)
I 2e T(2-29r(3—-3e¢)’
. 1

M(c%’Q)(QQbmS) = / d(I)C123(Q26123) m (4'59)

2 — 3¢

— MZD(Q%b193) 3Fo(1,1 — 26,1 — €2 — 36,2 — 2¢; 1) ,
€
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1

MEY (@) = [ Aoy (@) - (4.60)
512513213212
5 (Q%b123) 2 T4 (1 —¢)
= F3(1 —e, —2¢, —2¢, —2¢:1 — 2¢,1 — 2¢, —4e; 1
‘r % F(l —46) 4 3( €, €, €, €; €, €, € )a
. 1
MgA)(QleZE‘) = / dq)Clzs(QZbI%) — (4'61)
5128132223
I(1—¢)d

= 2(Q%b1a3) [ 3641“(1 —26)T(1 — 3e)
S T(1- 2262;(21—_2?3(1 ) Py (=26, —26, —26:1 — 26, —4e: 1)
I'(1—¢)d
(1 —¢)(1+ )l (1 - 3e)I(1 — 2¢)

+

X4F3(1,1 —€,1 —€,1—¢;1—-3¢,2—€,24¢1)].

The expansions around € = 0 of the hypergeometric functions, can be obtained with the
HypExp package [67].
4.5 Example at NNLO

Let us now consider an example where we can apply the ideas we developed in the last
section in a simple setting. The example we shall consider is

d®1934 1 1 5 1 .
L= ———=5|-F5-:5+(5G-1)-+5G+113-2+0 4.62
! / 3451345931 | 4€3 2e2 T .t Q+11G—2+0(e")| (4.62)

where we have set Q2 =1 and
St = ®y (CF)Z. (4.63)

We have analytically evaluated this integral applying again reverse unitarity, IBP reduction
as well as the results for the master integrals given in [68]. This integral contains the
following set of singular regions:

R = {C34, 534, C134, Caza} (4.64)
which leads to the following set of regions:

U= {{C34}, {534}, {Ch3a}, {Cas4},
{Cs4, 534}, {C34, C134},{C34, Ca34}, {534, C134}, {534, Co34}, (4.65)
{534, C134, C34}, {934, Ca34, Ca } | -

Making use of permutation invariance the number of different counter-terms is reduced
to seven. Using IBP reduction we can evaluate them using the master integrals given in
section 4.4. We list analytic results in the following:

[ ] {034}I

d®,,a; [ AP, (b3a) (b34) ™€ (1 —3€)(2 — 36)T5(1 — ¢)
/ - / S34 = or €3 ['(3 —3¢)T'(2 — 2¢) (4.66)

51345934
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[ ] {534}2

/ D1, / 53’4 (512, a34) _ 5 (a34)7¢ (1 —4€)(3 — 4e)T*(1 — ¢) (4.67)

$3451(34)52(34) 263 ['(4 — 4e)
o {Ci34}:
/ ch>1342 / dq’0134(bl34) — _Sp (b134) ‘ (1 - 36)(2 - 3€)F5(1 - 6) (4.68)
81342 5345134734 463 F(3 — 36)F(2 — 26)

o {Ci34, 534}
/ dq)1342 / d®01345’34(b1341 CI/34) — _SF (a‘§4b%34)76 (1 — 26)1_‘4(1 B 6) (469)

51342 53451(34)%34 4€3 I'2(2 — 2¢)
o {C34,534}:
d(I)SA)(SIZ’ a31) [ d®e,, (b) (a24b34)7¢ (1 — 26)T4(1 — ¢)
d®qo = —Sp ’ F222
51345234 534 € (2 — 2¢)
(4.70)

o {C34,C134}:

/ A SED) / d(1)0134 (b134) / d®cy, (b34) =-S5 (b3abiza) ™ (1 — 26)F4(1 —¢)
534 63 FQ(Q — 26)
(4.71)

1342 134 34

o {534, Ca34, C34}:
/ dCI)1342 / dq)0134SA(b1347a34) / d(I)CS4(b34) - _g (a34bg4b134)_6 F2(1 —6)

= —or
51342 5131731 §34 e ['(2 - 2¢)
(4.72)
Summing the counter-terms, weighted with the appropriate signs, we obtain:
d®
Lis = / i@(singular) (4.73)
53451345234

1 1 ) 1
— = 14+ 26, )=
SF[ 4¢3 2€2 +< + 242> €

1
=2+ 52 + 10¢3 — 2<2La34 + L334 —- <L, (Lb134 + Lb234)

2 a34

1
_Lb54L2 - 7La34 (Lb134 + L6134> + La34Lb34 (Lb134 + L5234) + 0(61)

aszq 2

where we use the notation
L =log" z. (4.74)

The singular contribution thus correctly reproduces the poles of eq. (4.62). We continue
with a numerical check of the finite part of eq. (4.62), which is defined by:

do
Iy = / gy, (4.75)
53451345234
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Figure 7. This figure shows A ()\) on the left and also separately the € coefficients of I 1, I1s
and their sum on the right in the subtraction method. In both figures I is evaluated numerically
using 10® points for each value of .

with
@(F) = @(834 > b34)@(8(12)(34) > a34812)@(8134 > 5134)@(8234 > 5234) . (4.76)

A numerical evaluation of I1p using the slicing method for a range of values of a parameter

A, which fixes the cut-off parameters via
asy = A, biga = bags = A2, bas = A’ (4.77)

is shown in figure 7. The strict hierarchy which the slicing cut offs must satisfy unfortu-
nately limits the range of possible values of A which can be chosen without risking loss
of numerical stability. Nevertheless good numerical convergence is observed in the range
A € [0.1,0.001] for this particular example. In general we may not expect such good
convergence in the range A ~ 0.1 which is likely due to the trivial numerator.

4.6 Generalisation to initial states

Let us briefly comment here also on the generalisation of the geometric subtraction pro-
cedure to divergences in the inital states. Since soft divergences are always associated to
momenta in the final state, no new complications are encountered here in the initial state.
Indeed the double-soft counter-terms we propose here have already been used in initial
state calculations before, see [69].

The new feature is that there can be collinear divergences, where final state partons
become collinear to partons in the initial state. One can define the slicing parameters for
these regions analogously to those in the final states, as the Mandelstams s;; = —2p;.p;,
where now i (j) is in the initial (final) state. Phase space factorisation in these spacelike
Mandelstams similarly provides one with a way to define suitable singular phase space
volumes. Let us briefly sketch how this would work for a simple NLO process:

/ d®io 357 [Mia_sm|?, (4.78)
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with H a higgs boson, or a collection of “hard momenta”, pi,ps the initial state partons
and ps a final state parton. A collinear divergence can arise in the limit ps||p;. To define
a counter-term for this region we define the collinear region s;3 < —bj3Q?. Phase space
factorisation for the counter-term yields:

—b13Q?

lim ds13 AP, (13)3 AP (13)9- 11 [M12—s3m > (4.79)
bi13—0 0

Let us now introduce a parameterisation for the collinear phase space d®;_,(13)3. We
parameterise the momentum as:

ps = (1 —z3)p1 + ysn + pgl (4.80)
such that
—b13Q? 1
/ d(I)Cl3 (b13Q2) == / d813 dq)1_>(13)3 = CF/ dSlg 8136/ ng(l - 23)_6 . (481)
0 0

Then we can derive the following factorised limit:

lim d®i 357 |Mia_3m|? 0(—s13 < b13Q?)

b13~>0
2P13(z3 .
Z/d@clg(bm(f)_lsig)/ APy [Myospl? with py = zgpy.  (4.82)
The massless collinear momentum pys = z3p;, which enters the Born amplitude in the

collinear limit, is thus modified only by the longituidinal momentum fraction z3. This
feature indeeds leads to the typical convolution integral, which one expects from initial
state collinear divergences. Further more our prescriptions for dealing with the soft collinear
overlap will lead to subtraction in the variable 1—z3 with an upper bound asz. For the value!
a3 = 1 this is indeed identical to the usual plus prescription with which these divergences
are commonly subtracted, see e.g. [5]. The geometric subtraction procedure can thus be
extended in a straight forward manner to the subtraction of collinear divergences in the
initial states. In fact the integrated triple collinear counter-terms at NNLO have already
been presented in [66]. We will further explore this extension in the future.

5 Counter-terms for final state real emissions in Yang Mills theory

In the following section we will employ the geometric subtraction formalism to construct
suitable counter-terms for tree-level Yang Mills amplitudes; that is QCD amplitudes with-
out quarks, which we ignore here for simplicity. While amplitudes factorise completely in
collinear limits, soft limits are color correlated. To make the counter-terms as simple as
possible we will employ tailor-made soft volumes for the different color correlated eikonal
factors, which make up a particular soft limit.

The value as = 1 is not accessible with the slicing method, but it is in the subtraction method to which
the slicing method can be promoted.
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To accomplish this task we correlate the sum over singular regions with individual
interference terms contributing to the squared amplitude:

opinenar / AP0 7\, ©(Singular) * Myl (5.1)
with
©(Singular) * [ M. il = Z (Mi)1..n+t (Mim)1..ntq O(Singular(k, m)) , (5.2)

k,m

where the sum over k,m labels different color projected (sets of) Feynman diagrams con-
tributing to the matrix element M, such that M =, M;. We can then use eq. (4.25)
individually for each component of ®(Singular). In order to ensure gauge invariance in
the counter-terms it is sufficient that sets of Feynman diagrams multiplying a particular
entry of @(Singular) conspire to singular limits which are gauge invariant, such as the
Altarelli-Parisi splitting function or the eikonal factor.

In the following we shall present how to define ®(Singular) explicitly at NLO and at
NNLO. Further more we will provide all integrated counter-terms for final state emissions
at these first two orders.

5.1 Counter-terms at NLO
At NLO we define the sum over singular regions as
Singul . . 1
Op¥ath = = lim lim - 7 (=) / 491 i1 Ty [T ©0) * M2 (5.3)
! Y reu rev

with the set of regions defined by
U = {{Cy}, {5} {Cij, Si}} - (5.4)

To define a suitable ®@-matrix it is sufficient to define how it behaves in the singular limit.
In the soft limit we require it to behave as follows:
Jim ©(Sy) « M. i1l = Z M) PSED Oarsi — siip) (5.5)
ij
where the eikonal factor is given by
SP) =2 9 (5.6)

SikSjk
and |/\/l§”7)1|2 denotes the color correlated squared (Born) amplitude:
ML = (My | T35 M) (57)

Here T'; denote the (by now standard) color charge operator; see, e.g., [25]. In the collinear
limit we require the ®-matrix to factorise completely:

9
? = o Fig)upe (MHE2 o 2O(byQ% — siy) . (5.8)

pim, O(Cig) Mg

ij
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Here (Pjj)uipu. is the standard spin correlated gluonic Altarelli-Parisi splitting function
defined in, e.g., eq. (12) of [25] and [MH22 _|* is the spin correlated squared matrix
element, denoted 7+ in [25]. Let us remark also that the different soft volumes ©(ay415;;—
Snt1(ij)) all collapse to the same limit in the soft-collinear limit; since

lim ©(agsij — si(ij)) = Olar — 21) - (5.9)

illk

To write down the integrated counter-term it is convenient to define the functions:

2 —€ 2
s _ ) (ki) _ o (agse) “T(1—¢)
Z; (Skiy ai) = / dog. (Sk,a:) S, = 2cr 2 T(@2-20 (5.10)
2
I5(@b) = [ 40, (@) - (P() (511)
ij
@by (- (=3¢ T(1— ¢
= 6Caer—5 (3-2¢0) T(2-2¢)’
2
oY (Q%bij, a;) = / d®c,,s,(Qbij, as) o Pog(z))| (5.12)
1] Zi
bZ (2 €
— 4CACFM ’
€2
as well as the following linear combination:
T (Q%bij, aiy a5) = g (Q%bi) — Toy (Qbij, ai) — T (@%b, ay) - (5.13)
Here (Py4(2;)) denotes the spin averaged Altarelli-Parisi splitting function. In terms of

these functions one can write down a compact formula for the quantity O?.lil.s.unlirlz

Smgular 2 S
O 1 = Z Q bij, i, aj) 01,,,”,,,n+1+z Z / dOo 1...'1/..n+1 (Ski, i) ,

i>7 i kl#i
(5.14)

with
I ‘7 j l
A0 1 = APy M 2T (5.15)
It is straight forward to show that eq. (5.14) agrees with the corresponding one-loop pole

operator given by Catani in, e.g., [70].

5.2 Counter-terms at NNLO

At NNLO we define the sum over singular regions similarly as

OB — — lim lim  lim  lim (5.16)
L ainO a;—0 bijk_>0 bij—>0

Z Ul/dq>1 n+2J1 n+2 H@ ) % My nial?,

Ueu(? relU

with U?) defined similarly, although not identically due to the more elaborate soft struc-
ture, as in eq. (4.37). To define the limits @(Cj;) and ©(S;) we simply use the NLO
definitions. The triple collinear limit is defined similarly to the double collinear:

. 4
lim ©( zjk:) M. .. gk ’2

2 2
pm o2 (Pijk)papo M2 = [2O(Q%bijk — sijk) , (5.17)

ajk...

~ 99 —



with (Pjj ) e the triple collinear Altarelli-Parisi splitting function, defined, e.g., in eq. (66)
of [25].
The double soft limit receives two independent color-correlated contributions:

1 n . ..
. 2 _ (6,5) (1) 12 (i) olrt)
A Minel” =5 Z; ) Myl S S, (5.18)
,7,7, 0=
_§CA Z |M§.’{2{...l...n’2 (2 Sigzd) - Slgl’ )~ Slg J)> J
i>j=1

with Slié’j ) the double-soft eikonal function defined in eq. (109) of [25],
M) = My o T T, T T My ) (5.19)

and where we have used the color conservation identity
> TiM) =0, (5.20)

to shift the color diagonal terms S,g?i)

into the color off-diagonal terms.

The double soft limit thus contains two terms. The first term factorises over the soft
momenta and contains color-kinematic correlations with up to four hard partons (Wilson
lines). Instead the second term contains kinematic correlations of the two soft momenta
and color-kinematic correlations with up to two hard partons. It is interesting to note that
while both terms are singular in triple collinear regions i||l||k and j||l||k only the second
term contributes to the limit containing k||l and only the first term contributes to limits
containing i||k, i||l, j||k and j||I.

A natural measure for the second term is d@g}j )(sij, ag;) which we introduced earlier.
Instead we shall treat each of the eikonal factors in the first term with a single soft phase
space measure, i.e. with d@g’j )(sij, ay) d@g’t)(srt, a;). The “true” double soft measure will
thus be associated only to the second term, while the first term is naturally associated to

the product of two single soft limits. These considerations lead us to define:

lim ©(Sk) * |Mi..niol (5.21)
akl—>0
1 n+2 . . . .
=500 D0 MUyl 2807 = 857 = 857 Olawsii — sgn) -
ij=1%k,l
and
lim  lim (1 — ©O(Sw))O(SK)O(S)) * M1 niol? (5.22)

ap;—0 (ag,a;)—0
1 i,5)(r,t ij) o(rt
=45 2 MU PSS Olars — siin) Olarsii — sia) -
1,7,r,t#£k,l

With this distribution of the theta functions it follows that the double soft limit k,1 — 0 is
not entirely controlled by the limit a;; — 0, instead also ax, a; — 0 is required for both terms
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in eq. (5.18) to diverge. The region cancellation between the regions ©(S;;)0(S;)O(S;)
and O(S;)O(95;), which was given in eq. (4.28), therefore only holds for the second term in
eq. (5.18), since the first does not contribute to the region ©(S;;).

Let us now consider what happens in the strongly ordered double soft limits corre-
sponding to {S;j,5;}. One can show, by taking the successive soft limits, that this limit

becomes:
lim lim ©(Sg)O(Sk) * |M1.__n+2]2
ag;—0ar—0
n+2
=—Ca Z ‘M ,j .‘.l/..n+2|2 () e(aklsij - Sl(ij)) (5.23)
ik,

-(S,gl’j)@(akslj - Sk(lj)) + S,gl’i)@(aksli - Sk(li)) - S,gi’j)@(aksij - Sk(z‘j))) .

Thus the different single eikonal factors which contribute to the strongly ordered limit of
the non-Abelian double soft limit come with their distinct single soft phase spaces. A
caveat of the method is that in the strongly ordered soft limit certain collinear limits such
as {Ski, Sk, Ci}, which would usually not survive in the non-Abelian double soft factor,
e.g. {Ski, Cir} is not singular, now survive:
lim lim lim ©(Cy)O(Sk)O(Sk) * M. nial? (5.24)
ajr—0ar—0b;—0
n+2
= —Ca Yy M) ...1/..n+2\ < Py(z1)) Zl_m@(akl — 2) O(buQ” — i)
J#kl

)
. S’S ) (@(akzlsﬁ — 28,3 — Skj) — @(akszlg S — Skj)) .
The re-scaling invariance of the eikonal factor,
il,j il,j
S — gzt (5.25)

ensures that the last two terms in eq. (5.24) would cancel, if it was not for the differing
O-functions which break the re-scaling invariance upon which the cancellation mecha-
nism relies.

The chosen distribution of single and double soft ©-functions similarly splits the various
overlapping soft-collinear limits. For instance the triple collinear double soft limit splits
into a non-Abelian part:

lim  lim ©(Sk)O(Cigt) * M. 2|’ (5.26)

ap;—0 biki—0

= C3 M jt..nt2l? (28]2’") - 5}272) _ Slgw))

zi—1
-O(ag — 2k — 21)O(Q*biky — sit — sik)
and an Abelian part:

lim  lim  lim (1 - ©(Sk))O(Sk)O(51))O(Citr) * [ Mol (5.27)

a1 —0 (ag,a;)—0 bk —0

_ +4CA |./\/l1 . n+2‘2 S}i@n)g}l,n) o

O(ag — 2) O(a; — 2)0(Q%biry — si1 — Sik) »
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where n denotes the collinear reference vector such that, e.g.,

S — g % 5.28
k Sik 2k (5.28)

The single soft triple collinear limits instead are split into three different eikonal factors:

lim lim ©(S;)O(Cix) * ‘Ml...n+2|2

ar—0 by, —0

2 i
=+4+Cy |./\/l1 T n+2‘2 ' P%J (ZZ) (S]S: ’J)@(aksij - Si(kl))@(Q2bikl — Sij) (529)
Sij

—l—S (ij,n) (Q2 ikl 8ij — S5 )(G(akzi — zx) + @(aij — Zk))>,

with R R N

M = gEim _ gliim _ g L (5.30)

Sk 2k

It is interesting to note how the different eikonals contributing to this limit come with
their individual phase space volume constraints. The first term can be interpreted as a
degeneration of the limit {Cjjx, Sk} into something like an ordered {Cj;, Sy} with the soft
scale smaller then the collinear one. The second term on the other hand takes the form
of a soft collinear limit where the soft and collinear scales are of the same order. Let us
briefly analyse the kinematics of this second limit. Taking the limit ay — 0 in ©(agz; — 2x)

forces the momentum fraction z; to vanish; in turn this means that
Pk-Pi Pr-D3
Py — #n“ = 2pppij = L2y = 2pk-py; (5.31)

Py i

and so s;jr — Sij 5555 It appears almost as something of a miracle that the triple collinear
splitting function produces a factor (s;; + Skfj)Q in the numerator which precisely cancels
the overall denominator 1/ s?jk. A feature which leads to a welcome simplification for the
integrated counter-term associated to this limit.

The strongly ordered double soft limit receives contributions only from the non-Abelian
double soft limit of the triple collinear region and yields

lim i lim © eC; n .32
oA 2y, 15, O (S O(5)O(Cu) * M1 ns2f 02
2

' <Sigi’j)@(ak3ij - Si(kl))e(QQbikl — 5ij)
(Q bzkl Sij Sk”)S(Z] ™ (@(akzz — Zk) — @(ak — Zk))),

Other limits can be worked out similarly starting from these expressions and using the soft
and collinear limits of amplitudes. All in all, with this choice of the single and double soft
color correlated phase space boundaries, the NNLO set of regions which enters eq. (5.16)
is given by:
u? = {{Sz‘},{sz‘j},{Cij}y{cijk},{c'ijk,cz‘j},{Cijk,Sz‘j},{Cijk,Si},{Cij,ckz},
{Cij, Si53,{Cij, Si} {Cij, Sk}, {Sij, Sits {83, S}, {53, 55, 935 1 { Ciji» Cij, Sij}
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{Cijk, Cij, Si}, {Cijk, Cij» Sk}, {Cij» Sij, Si}s {Ciji» Si, S5}, {Ciji, Sis Sjy Sij}s
{Cij; Criy Si}, {Cij, Sij, Si}, {Cijy Siy Sk} {Cijs Siy Sk, Sik 5 {Cjks Sijr Si}
{Cijk, Cij, Sij» Si}s {Cijk, Cij, Siks Sk} {Ciji, Cijs Sis Sk}, {Cijks Cijy Siy Skes Sk }
{Cij, Cr1, Si, Sk}, {Cij, Cras Si, Sk Sik}} : (5.33)
It is convenient to re-organise the sum over regions in eq. (5.16) by introducing the sub-
divergence subtracted regions C_'ijk, 5’1-]-, and C_’ij, as certain subsets of /(2. The region
C’ijk is defined as the set of all regions which contain Cjj;. The region S’ij is defined as the
set of all regions containing S;; apart from those also containing Cj;x; and the region C’ij

includes Cj; and its overlaps with the regions \S; and Sj.
Using ©s we can also define these regions as follows:

O(C1a) = O(Cho) (1 —e(s) - @(52)) : (5.34)
©(512) = O(S12) [(1 —©(51) = ©(5,)) (1 - 6(C12))

O(s1) Y- 0(Cu) + 0(52) 3 O(Cu)] (5.35)
k#1,2 k#1,2

©(51)0(52)(1 — O(S12)) ,

O(Cas) = O(Cas) [(1 23:@ S0) ><1— 23: @(Ci]))

i>j=1

F3Y (1 605,)0(5)0(5)(1 - 8(C) — O(C)

i>j=1k=1#i,j
3 3
+ 3 > ey ((1-0(s) - 0(s)) (1 - 0(Cy))
i>j=1k=1#i,j
+6(5)0(Cu) + (5)0(C)) | (5.36)
Note in particular that the term @(S;)®(S2)(1 — ©(S12)) in eq. (5.35) only receives con-
tributions from the first term in eq. (5.18), instead all other terms in eq. (5.35) receive

contributions only from the respective second term in eq. (5.18).
Associated to these ©-functions we define the integrals

lim lim lim lim [ ©(Ci23) * dO2.193. ni2 (5.37)

a;;—0 a;—0 b, —0 bj;—0

1919293 (t1237 t127 t137 t237 a2, a13,a23,a1,0a2, (13) / doo;l/g\g.__n_t,_z

and

li li li (S do 5.38
afﬂo 01530 b”lglo (512) * dO2:123..m42 (5.38)

Ca

= 9 dog)l’s])n+2zgig2(3ijaa127a1aa2at12at1i,t1jat2i7t2j)
1,j7#1,2
+ Z / d003 n+2 gl(sijval)zgi(skhaQ)’
,9,k,1#£1,2
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where t;;. = Q%b;;.. and

7)) (Kl ,7)(r,t
doc()f.?.(/j/...%/..mz— d®y . ptmt2 ’M J)( )n‘le...l;{...l/..nJrQ (5.39)

In terms of these combinations we can then write out the sum in eq. (5.16) as follows:

Singular . . . . (2)
O3, = lim lim lim lim dPq 2 J,
2,1...71-"-2 aij—>0 a; —0 bijk—>0 bij—>0 S l.n+2

<Z®(Si)+29(cij)+zg(gij)+ > O(Cijr) (5.40)

>] 1>] >35>k
Z @(C'l Ck:l Z Z @ )> * |M1..An+2‘2
i>5>k>1 1>7 k#i,j5

An explicit representation for the pole part in terms of the different region approximants

can then be written as follows:

Slngular o N
Os1 nta = E gzg Z]7a17a’ﬂ)01;1...ij...n+2

i>]
(4,4)
T / 401y a Ty (5500
k 1,j#k
Z gzg ZJ’ai’aj)lgkgz(tk“ak?al)O 1oijoklont2
z>]>k>l
Z 9i9; 9k zgk,tij,tik,tjk,aij,aik,ajk,az‘yaj,ak)00;1._,@”,%2 (5.41)
i>j5>k

C (1. 4 .. (Lm) s
> > 0y, (tis ais aj) / ol T (stms ar)

1>7 k#65 Lme{l,...,i,....K,..n4+2}

(4,5) (m.n) S S
+Z Z /dOozf.../f/...z/..nHng(Szmak)Igz(Smm“l)
k>lijmn7ékl

Z Z/ O(()Zf?.]%“l/“n_,_gzigl(Szjaaklyakaalatklatzkatjkatzlatjl)
k>l i,j#k,l

Let us remark here that the poles of the observable O; ;12 do of course not depend on
the parameters a; . and b;;. .. To get a simpler expression independent of these parameters
one can alternatively set all the parameters to unity, i.e., b;;.. = 1,a;.. = 1. However to
explicitly verify the cancellation of these parameters in the pole parts constitutes a welcome
cross-check for its validity for a given process.

Given the results of all the integrated counter-terms, for which we present simple
integral representations in appendix C, one can assemble the functions Igcg g, and I; gi
which make up the basic new building blocks needed at NNLO to construct the integrated
counter-terms for arbitrary multiplicities. We give these functions as expansions in € in-
cluding terms up to O(e%); although the results of this paper allow to construct them to

arbitrary order if needed. Since these functions are lengthy, due to the many parameters

~ 34—



on which they depend, we provide them in computer readable format with this publication.
We nevertheless provide them here for the useful case where one sets

Q*bijk = B2, Q%bij =P, aij=0a2, a;=om (5.42)

for all 4, j, k:

T (sij, o2, 01, 01, B, Br, Br, Bu, B1) = 12(cr)?

1 1 2 4 11 114 2 4 8
{ ata [ “glsy T gla t 6] T [3%% ~gla: ~ gleikas

4 5, 2., 11 22 22 67
Talon T glh = g lsy = glas = gls =362+ 45

+% [(QLSU + %Laz + gLal +4Lg, — 191) Co + %Li;j — ngijLﬁl — gLilLsU
—L,, L% + %ng + %LalLiz + §L32L51 + 1—36L51LQ1LQ2 - %Lil
——L2 Lg, — %L?’l + %QL%LB1 + %LLLBILQ2 + %L{ — g% si;

+| = ngnglLa2 + gLingl + %L%Lﬁl + 2L

1

g i L%l + ngi]’ L%l
2 3 4 3 2 2 2

+§LsmL51 T ngLsij + §L8ijLa1 T3 9
4 9 8 3 20 3 268 2 5 o

_gLsijL/BlLOéQ —|— §La1La2 + gLalLOQ + 277[//31110[2 + gL/BlLal
4 8

32 4 29
+§L51Lil - gL%lLalLO‘Q + <8L:81 + ?Loa - gLaz + 2LSij + 9>C3

2 44
L L2 — —Lg La,L

Sij

16 16 44 44
—i—( — —Lg Loy, —8Lo Loy — — Loy Ls,; — 4L, Lg, + 3[151 iy

3 3
22 ) ) , 67 44 , 22,
jLSU —4L% +2L2, —2L3 — 27) Co+ gLsijLOQ + gLSH
1214 404 9 1 808 13 808 11
i S —*L4 _ove —74—7L 73
8T sl a9 gl T 18 72— g h
4 8 8 16
+§L21L51Lsij + gLileLsij + gLij Lo, Lo, + ELalListij
16 11 11
—ELalngleL —8Lg, Lo, L2, — 5Lsing1 —
11 88 67 7 44 22
7L3 7.[/3 7.[/2 *L4 T “c=
tortsy T gptas T o7ke T ghe T g 9

4 2
—<Lg Ly, — L?leiQ} + 0(6)} : (5.43)

Sij Sij Las

Lo,

L,

1
2 4
Sij 9 Sij Lﬂl + ELﬁl

LizLﬁl - L%lLOQ

3 3

and

Iggjgk (527 517 ﬁl) /Bla g, (i, 2, 1, (01, O[l) - _24(CF)20124

1 11

1 3
: {EZ[LQ +2Lq, Lo, + 202 + (o + G

11
Lo + 5 Loy +5

2 2 2
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1 11 1
+- K —2Lg, —6La, —2Lg, — 2)@ — §L§2 — Lo, L2,

11
_LgQLBl - 4L51LO¢1L042 - 2Li1 - 4L31L51 - ?LBILQQ

—%Lil 11La, Ly, + %LQQ + %Lal —3Lg, + 24“3 + %
+[— % b1 — % B — % A ?—; T SLQQ +4Lg, Loy L, Lo,
—%LE’HLOQ + %Lal + %LO@ + %@ + 1—31L51L52La2 + %

—%7L51La2 — 12—1L%2La1 + gL‘;l - %LBQLiZ - %L%QLEYZ
+214L32 - %L%QLM - %LgQLil + ngl - %LMLBI
+3Lg,Lg, —2L2 L3, + L L3, +2L3 L2 +4Lg L}

+< - %5 +5Lg, — 10Lg, — 12Ly, — La2>¢3 + < - % +11Lg,
—L3, + L3 +4L2 + %wa 4+ 2L, Loy + 4L, Loy + 14L4, L,
—2Lg, Lo, + 2L62Lﬁ1)<2 + ?—;L@Lal + %LglLﬁl + %L32L51
+%L%1Li2 + %Lgl Lo, + %Lgl Lo, + %LMLQQ +2L3 Lo, La,

—2L2 La,Lg, — 2La1Lg2La2 — Lo, L%, Lg, +4Lg L2 Lg,

+2L51Lc2le042 +3Ls, L L2, + LizLﬂlL[ﬁ +11Lg, La, Lg,

a1 Hag

—i—(’)(e)} . (5.44)

5.3 The poles for the H — gggg phase space integral

A simple example which allows us to test the validity of eq. (5.41) is given by the quantity

OHﬁglgwsgzx = / dP1234 ‘MH%91929394|2~ (5-45)

We consider the corresponding amplitude in the heavy quark effective theory where the
Higgs boson couples to gluons directly via the effective Lagrangian:

Ceff

L=

HGM™ GO (5.46)

uv

with Cg a Wilson coefficient, H the Higgs boson field and G%” the gluon field strength
tensor. We can evaluate the inclusive quantity Op_.¢,¢,g59, using IBP reduction and the
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master integrals presented in [68] to get (setting Q% = 1):

OH 91929590 = 120(CF)29§(0A>20H—>9192

i_i1a C 8LQ 1 ﬁg @ 4691
A 3730 2 3t 27 54
37 304951 2303
+[ ~ 104 g0 TG+ Cz] (6)} (5.47)

Using eq. (5.41) we can confirm the pole parts of this expression independently to obtain
(using again the parameter choice of eq. (5.42)):

Oglf;izggg,m = 120(cr)*g5 (Ca)*Ot—g,g,

{_614 61313201 { G- 872] [123@ 734_%
B AT
—SL%Q —~ %LBQH —~ %L La, — §L52L2 —~ gLing + ;lLﬁ;l
—%LilLﬁl 15L32L51 —€6L51L3 -~ 15L L2 —gLﬁQLal
—gL%QQ - ?Lcng?) La,Cs3 — “ plaxCat 5L§2 + %Lal
+%7L + 19201% ‘114 G2+ 4C3L52 + iLﬂng@
+?L51L31L52 + —L51L52La2 + 5La2L51L52 + gL,glLangQ
—%LML@I@ + 5L31<2 L@Lalcg 8% LayGo + 5L32<2
+§L§2L31 14354L52La1 + 52L52L51 + iLang’Q 6454LQ1L51
+;L§L2 Lo, + gLﬁngl - 1521; Lo L2, — iLilLa2L52 (5.48)

8

4 16
_5La1L%2L0¢2 - gLOé1L2 LBQ + 5 L,BlLoélLﬂ2 042:| + O( )}

The «;... and 3;;... parameters thus cancel in the poles and, more importantly, reproduce
the correct result. A proper integrand-level implementation of these counter-terms must

therefore numerically cancel the finite log-dependent parts which make up the finite part
Singular

H—g1929394"
finite part using the slicing approach, since the hierarchies which we have assumed for the

of the integrated counter-term O Unfortunately it is infeasible to check the
four different slicing parameters are too large to simulate numerically. To guarantee an
accuracy of 1% one would have to take the smallest parameter to be around 1078, Even
with enormous computer resources this would prove to be challenging. Further more one
would have to find an explicit decomposition of the squared amplitude which respects the
distribution of #-functions which we have fixed in the various soft limits.
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In order to accomplish this task we will therefore have to resort to the subtraction
method to which one should be able to promote the slicing method. In the subtraction
method the hierarchy between slicing parameters can be relaxed and an accurate stable
numerical evaluation should be feasible. Since it requires working out suitable phase space
parameterisations or momentum mappings for all the 26 different counter-terms this is a
however a formidable task in itself and will be left therefore to future work.

6 Conclusions

In this work we introduced a new scheme for the subtraction of IR divergences in real
radiation phase space integrals, which is based on a particular Feynman diagram dependent
slicing observable.

To construct this observable we introduced slicing parameters or normal coordinates
for each soft or collinear singular region. We then exploited this freedom by demanding a
particular strict hierarchy in the size of these parameters. This hierarchy lead to simple
counter-terms from the point of view of analytic integration but it also leads to numerical
difficulties as a slicing scheme. By promoting the slicing scheme to a subtraction scheme
the hierarchy of the slicing parameters can subsequently be dropped and any physical
value of the slicing parameters can be used; in this way good numerical convergence can
be obtained. Here this was demonstrated explicitely for a simple NLO example, but not
yet at NNLO.

Based on the geometric properties of the observable we established a subtraction
formula which summarises the combinatorics of the various counter-terms for single
and double real emissions and conjecture its general form for an arbitrary number of
unresolved emissions.

We applied the formalism to final state real radiation at NLO and NNLO in Yang
Mills theory and integrated all the required counter-terms. We employed reverse unitar-
ity and IBP reduction to simplify the calculation of the most complicated counter-terms.
We showed in particular how the master integrals required for these counter-terms can be
extracted from existing calculations of unrelated quantities. We were thereby able to com-
pute or extract all required counter-terms in terms of I' and ,F; hypergeometric functions
to all orders in the dimensional regulator.

We tested the integrated counter-terms by reproducing the poles of the purely double
real emission contribution to the gluonic Higgs decay in the heavy quark effective theory.

There exist many possible directions to extend this work in the future. The most
important step will be to show that the scheme can indeed be employed to build local
counter-terms at the level of the integrand. The next logical step would be to extend the
scheme to include also initial states; this would open up a new path for computing LHC
observables. Another step is to extend the scheme to real-virtual corrections; one can
foresee that this should be a straight forward application of the techniques presented here
for the case of real radiation at NLO. Beyond one can also imagine to use the scheme for
N3LO calculations and/or to include massive quarks into the formalism.
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Given the simplicity of the integrated counter-terms, the potential locality of the
counter-terms and their well defined combinatorial properties, we believe that the proposed
scheme may well become an important method for performing higher order calculations in
perturbative QCD in the future.
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A Region cancellations

In the following we will derive several identities among different sets of overlapping regions.

e Let us start with the identity

lim O(CapNCap)= lim O(CapNCapNCapp), (A1)
A||B,A||D Al||B,A||D
where A, B and D are non-intersecting sets of momenta. We consider here the special
case where the region CapNC'4p corresponds to a collinear momentum configuration
only. It is sufficient to show that sapp < bapp given that sy < bap and sap < bap.
Now since A||B and A||D it follows that A||B||D, which in turn implies that

54BD S bap ~ bap < bapp, (A.2)
which is in accord with the ordering given in eq. (4.39) and guarantees eq. (4.29).
e We proceed with the identity

A}]lgrgo@(SAﬂSB) :A}JIBIEOG(SAQSBQSAB)’ (A.3)

where again A and B are two non-intersecting sets of momenta. In order to prove
this identity we have to specify the hard momenta which enter the constraint of the
soft slicing parameter. Two different choices will be relevant for us. The derivation
is easiest in the case when the hard momenta of the different slicing parameters are
chosen identically as say k and [, such that

Sa SA(kl) < GASK (A.4)
Sp : SB(kl) < ABSKL , (A.5)
Sap : S(AB)(kl) < QABSKL - (A.6)
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Applying the limits lim, , .o and lim, ¢ to the region boundary S4p results depends
on the order in which the limits are taken. For instance order

lim Syp: SA(kl) < GABSKI ; (A7)
ap—0

which is automatically satisfied given that a4 < a4p. Taking the limits in the other
order leads to a similar conclusion and we conclude that (S4 N Sp) C Sap. How-
ever there exists another case of interest where the hard momenta appearing in the
different soft order parameters are not identical but are nested in the following sense:

Sa - SAkl) < GASKL (A.8)
Sp : SB(il) < apsj, 1€ A, (Ag)
SaB : S(AB)(kl) < GABSkI - (A.10)

Again we obtain different results for Sspp depending on whether we take first the
limit in a4 or ag. If for instance we take first B — 0 the conclusions are as in
the case before. If however we first take the limit A — 0 we have to ask whether
$B(kl) < aABSk 1s guaranteed by sp(;) < apsy. For this purpose it is useful to write

SB(kl) _ SB(il) Sikl YB;kl

SB(kl) = SB(il) P = 5 ; (A.11)
where . 17(1,7”‘17(1,’[)
YBkl = —32 B, (A.12)

SB(kl)
SB(il)

and where we have written out the ratio using energies and angles in the rest-

frame of p;;. Here 17()?1) denotes the D — 1 dimensional space-like velocity vector of
the momentum X in the rest-frame of p;. We thus obtain the following bound:
sy < aB (Siky + Sk1) Ykt S OB Skl (A.13)

where we have used that s;(y) is much smaller than sg; and ypg € (0,1]. It thus
follows that sp(;) < aapski, given ap < aap. Thus for the cases of interest eq. (4.28)
is fulfilled, given the ordering of eq. (4.39).

Using similar arguments one can show that a more general identity

li = 1 A.14
adm ©(Sac N Sge) i ©(Sac N Spc N Sapc) ( )

is also true.
e Let us now consider the following 4-term cancellation identity:

0 = ©(Cai NCyy)
—O(54N Cas N Cay) (A.15)
—O(Caij N Ca; N Caj)
+O(S4 N Caij N Cai N Cyy),
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where A is a set of momenta not containing the single momenta ¢ and j. The identity
derives from the fact that the overlap region C4; N Cp; contains singular momentum
configurations of two types:

(i) A—0,
(i) Alily
or their overlap. While for the second case Al|i||j we can relie on the identity given

in eq. (4.29), we must show that it holds also for the case A — 0. To accomplish this
it is sufficient to show that

lim G(CAimCBi)_ lim @(SAHCAZ‘QCBZ'):O, (A.lﬁ)
A—0 A—0

since the other two terms in eq. (A.15) are contained in a sub-region of these regions
and must thus cancel by the same mechanism. The soft region is given by the bound

Sa: SA(ij) < aAsij (A.17)
Using the constraints s4; < ba; and s4; < by, we find
SAﬂCAiﬁCAj : SA(ij) < bai +baj < aasij (A.18)

Thus, assuming ba; ~ ba; we must fulfil the bound:

2b4;
aa

< Sij - (Alg)

Now since the momenta ¢ and j are not allowed to be collinear to the momenta in A,

we can write this as
aabaij
—

This bound corresponds to the worst scenario, since it may be that Al|i||j may not

bai < (A.20)

be allowed by the measurement function; nevertheless this inequality is consistent
with the ordering suggested in eq. (4.39).

B Reverse unitarity with Heaviside step functions

In this section we will briefly review the method of reverse unitarity and show how it can
be used to find IBP relations among the integrated counter-terms. The central idea of
reverse unitarity is always to treat Dirac delta functions as cut propagators by making
the replacement:

5 (p2) — (pg) . (B.1)

Cut propagators are then differentiated just like normal propagators,

se (7). (). %5 ®2
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and satisfy the identity:

<f(1x)):_0’ for v <0. (B.3)

To employ this trick we rewrite Heaviside step functions as follows:

a a 1
00> f(lph) = [ assts— ) > [Cas (soqos) - @)
0 0 s—f({pi}) /.
where we assume positivity of f(z). The Dirac d-function can then be interpreted as a
cut-propagator. Let us consider for instance the integral:

iy [ ave(a > F(nhIME = [ asio) (B.5)

a—0

where

I(s) = / lim 49 3(s — F({p.}) M. (B.6)

Using reverse unitarity one can then find relations among integrals of the kind I(s), whose
integrands |M|? can be related by IBP relations. Note that since here we are interested
in the limit s — 0 the final integral over the variable s is always trivial. This would
not be the case away from the limit. Similarly one can repeat the trick above for several
step-functions.

C Integrated counter-terms

In the following we provide expressions for the counter-terms associated to all the re-
quired regions.

[ ] {C,J}
b}?ﬂo O(Cyj) * dO21. i j..nt2 :Igcg(szij) / dOl;l...iAj...n—i—Q
[ ] {ka}
. C
bi-lklgo O(Ciji) * dO21ij. k.mt2 ZIggg(QQbijk) / dOO;l...i/ﬁc...n+2
[ ] {Sk}
n-—+2 o
aligo O(Sk) * dO21. 2 = — Z /doﬁ’l].?.y.‘.n+2zgg(sij’ak)
F i =1k
[ ] {Skl}:
1 n+2 o
al,ffﬂo O(Sp) * dO21. ni2 = —5014 Z / dO(()z;’lj.?.l;,/...l/..n-‘rQ Igg(sij’akl)
ij=1k,1
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o {Cijk, Cij}:

lim lim | ©(Cik)O(Cyj) * dO21 i j. k..nt2

bijk_>0 bij—>0

_Igcg'](Qzabl]k)Igg(Q27bl])/d0071Z/ﬂgf,H_Q
o {Ciji, Sij}:

lim lim [ ©(Cyjk)O(Si;) * dO21 i j. k.nt2

aij—>0 bijk—>0

SC (2
= Z,gg(Q7, aij, biji) /dOO;l...i?k...nﬂ
o {Cijk, Sk}

lim lim [ ©(Cijk)O(Sk) * dO2.1. i j. k..nt2

ap—0 bi]'kﬁo

— C 2
_/dOO;l...i/ﬁc...n-lﬂ/ dIgigj(Q ’bijk>
1

5 [Zj(sij, a) + IgSgC(QQbijk — 845, Ziag) + IfgC(szijk — Sij; 2jQk)

[ ] {C,;j,Ckl}:

lim lim [ ©(Cy)O(Cri) * dO2:1 i . kd.m+2

bijA)O bklﬁo

:IQCQ(Q2’bU)IgCg(Q2’bkl)/doo;l...?j...la..,nm

o {Cii, Spi}:

lim lim O(Sk)O(Cri) * dO21. ki..mt2

ag—0ag—0 [ V7 T AT T st
n+2

—-25@0) > [ A0y TS i)
i,j=1#k,l

[ ] {Cij7 SZ}

lim lim [ ©(S;)O(Cij) * dO21._i..j.nt2 = / dol.l.._;j“_nﬁISC(Qsz‘j,az’)

a;—0 bijﬁo 99
o {CZ]7 Sk}

lim lim [ ©(S,)O(Cyj) * dO21 i j. k..nt2

ap—0 bij—>0

l,m S C
- Z / dot();l,..)fj...l;/-..nﬂ Zy (st ax) Zgg (Q°bi)
Lme{l,...ij,....ll,..n+2}
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o {Sij,Si}:

lim lim [ ©(Sk)O(Sk) * dO21. ni2

ag;—0ar—0

=—Ca Z dOOl Wodn+2
1,57k,

[/ (sij> am) ( S(Szlaak)+z (sji, ax))
—T5 (515, ar) Ly (sij, a)
o {{Sk,Si},{Sk, Sk, Si1}}:

lim lim (1 — @(Skl))Q(Sk)Q(Sl)) * dOQ;lmn_;_Q

ap1—0 (ag,a;)—0

1
- +§ Z / dO(() 713.?.(1;/...)1/..7%2 Ig(sm, ak:)IS(Sm ar)
iv.jvrat;ékl

o {Cijk,Cij, Sij}:

lim lim lim [ ©(S;;)©O(Cijk)O(Cij) * dO2.1. ... k.42

az]%Ob”k%Ob”%O
:/dOm k.. n+2Ing(Q2bijkaaij)IgC;](Q2bij)
o {Cij, Cij, Si}:

lim lim lim [ ©(S5;)O(Cyr)O(Cij) * dO2;1_i._j. k..n+2

a;—0b;5,—0 b;;—0
C SC
:/dOO;l...i/ﬁc...n—i-QIQQ(QQbijk)Igg (szz’j7ai)
o {Cijk,Cij, Sk}

lim lim lim [ ©(Ci)O(Ciy)O(Sk) * dO21. .. j.. k..nt2

ap—0 bz]k_>0 bLj —0

2
/dOOI Z]k n+2/ 9i9; Q bl]k)

2 [IfgC(Q bijes ziax) + Tog (Q*bigr, 2jax)
o {Cijk, Sik, Sk}

lim lim lim O(Cijr)O(Sk)O(Sir) * dO21. . jokmt2

aik—>0ak—>0b”k%0
/doOl ijk.. n+2/ gzg] Q bljkaazk)

2
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o {{Cijk, Si, S}, {Cujx, Siz, Siy Sj} )

lim lim [ (1 —©(S5;))O(Cijr)O(S:)O(S)) * dO2.1 i . k..n+2

(ai,aj)%ObiijO
SC
/dzgszgk(@%ijk’ai)zgg (Q%biji _Sik’aj)/ doo;l...iﬁc...nw
o {Cij,Ci, Si}:

lim lim lim O(5)0(Ci;)O(Cry) * dO21.i.j. k. do.nt2

a; —0 bij_>0 br;—0
SC 2 C 2
=1y (@ bijvai>zgg<Q » brt) / doo;l..fj...la...nm
o {Chi, Sk, Sk}

lim lim lim @(Skl)G)(Ckl)e(Sk)* dozl k..l..n+2

ap;—0ap—0 bgy—o0 ) 7 T e e

n+2
= _IfgC(QZbkl’ak /doo L M. l.n+2 1, (Slj’akl)
1,j=15#k,l
o {{Ci;, Si, Sk}, {Cij, Sik, Si, Sk} }:

lim lim [ (1 —-0©(Si))O(Sk)O(S;)O(Cij) * dO21. i j. k..n+2

(ak ,ai)—>0 bij —0

SC (I,m) S
— I (QQbij;CLz‘) Z / doo;l...?j...y...nwIgg(slm’ak)
l,me{l,...,fj,...,l%,,..nJrQ}

o {Ci1, Sk, Sk }:

lim lim lim [ ©(Cy)O(Sk)O(Sk) * dO2.1. nt2

ak;—0 ar—0b;;—0

)
=—Ca > / do,, 1.]..17/...zl...n+2/ A2, (@i, )

]6{1777777%7”—’—2}
: (IS(lel , Q) —Zf(sﬁj7ak)>
o {Cijk, Cij, Sij, Si}:

Iim lim Lim lim @(S )@(SZ)@(C”]C)@(CZJ)*dOQ,lijn+2

aij—0 a;—0 b, —0 b —0
SC 2 SC (2
= Zyg (Q7bijr, aij) Loy (Q i, ai) / A0y, Fh.n+2
o {Cijk, Cij, Sik, Sk}

1 $)O(Ciik)O(Ci5) * dO2:1. i j. ko
a},lfgo(}llinoz;il,fgob”lglo ©(8ik)©(51)O(Cijr)O(Cij) * dO1.i.j. k.2

/ dZ5< (Q%bij, air) (Zof (Q%bijk, ziar) — Toy (Qbijn, ax))

' / dOo;l...z‘}?f...nJrz
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o {{Cij, Cij, Si, Sk}, {Cijrs Cij, Si, Sk, Sir } }:

lim lim lim [ (1 —©(Si))O(Sk)O(S;)O(Cij)O(Cij) * dO21. .. j. k..nt2

(ak,ai)—0bijr—0bi;—0

= IigC(QQbijk, ak) Ing(QQbija ai) / dOD;l...i}%...n—q—Z
L4 {{Czja C’kla Sia Sk‘}7 {Clja Ck'la Sia Sk‘) S’Lk}}

lim lim lim [ (1 - ©(S5;))0(S;)O(Sk)O(Cij)O(Cri) * dO21. .. j..k..d..n42

(ag,ai;)—0b;j—0 by —0

SC SC
=Ty (Q2bij’ai)zgg (Q°, bw, ar,) / doo;l...fj...l&...n+2

Apart from the counter-terms corresponding to the regions {{S;;}, {Cijr}, {Cijk, Si; }} all
other counter-terms are expressible in terms of either factorised or simple iterated NLO
limits. This allows to evaluate them straight forwardly in terms of I'-functions by em-
ploying the paramaterisations given in eqs. (3.18), (3.20) and (3.23). For the regions
{{Si}:{Cijr}, {Cijk, Sij}} the corresponding integrated counter-terms can be expressed
via IBP reduction in terms of the Master integrals defined in section 4.4:

(11€2 — 19¢ + 3)(—1 + 4€)(—3 + 4e¢)

ISg(Sij,akl) = —16 Mg;l)(siﬁ )

g (—3 + 2¢)e3
8M(2§2) C1
+ S (51]7 ak‘l) ( . )
8(22¢3 — 49¢® + 25¢ — 3) _ (2.2:1
I5C(Q%biji, aij) = C3 [ - (3 + 20) M(sc )(QQbijk,aij)
+8M 252 Q%D aij)] (C.2)

Taas(@bigr) = C4 [12<M(02;3)(Q2bm) + MEY Qb))
24(4€” — 6¢* + 3) (2:2) (2
N M b;
(2¢ — 1)(—1 + €)(—3 + 2¢) C (® jk’)
12(1265 42326 — 1587€0+3632€° —3677€* + 1350€> + 354> — 384+ 72)
€3(2¢ — 1)(—1 4 €)(—3 + 2¢)?

'M(cg;l)(@%z‘jk)] (C.3)
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