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1 Introduction

Inflation [1-3] is a remarkably successful paradigm, simultaneously solving fine tuning

problems associated with the initial conditions of the standard hot big bang scenario while

providing primordial fluctuations with the right amplitude and scale dependence to seed

structure formation [4-10].

With the increasingly exquisite measurements of the spectrum of temperature and

polarization fluctuations in the Cosmic Microwave Background, the basic inflationary

paradigm is in good shape [11]. The measured fluctuations are adiabatic, Gaussian, and



there is evidence at the 5-0 level of a red tilt from the CMB alone. While there is currently
no evidence for gravitational waves, upcoming experiments such as CMB Stage 4 [12] will
probe tensor-to-scalar ratios as low as r ~ 1073,

In this work we study a massive or Higgsed variation of the model of inflation called
Gauge-flation, first proposed in refs. [13, 14].! The remarkable aspect of Gauge-flation is
that it does not contain scalar fields. Instead the theory utilizes non-Abelian gauge fields
in a classical configuration to generate an epoch of accelerated expansion. The Gauge-
flation model can be obtained from a related model, Chromo-Natural inflation [16-18],
by integrating out an axion about the minimum of its potential [17, 19, 20]. Unfor-
tunately, Gauge-flation and Chromo-Natural inflation are ruled out at the level of the
fluctuations [21-24]. In regions of parameter space that yield acceptable scalar density
fluctuations, the tensor-to-scalar ratio is too large; conversely, in the regions where the
tensor-to-scalar ratio is acceptable, the scalar spectrum is too red-tilted. In this work,
we augment the Gauge-flation model by introducing a Higgs sector which spontaneously
breaks the gauge symmetry [25, 26]. Recently we demonstrated that breaking the gauge
symmetry in Chromo-Natural inflation allows that model to generate spectra that are con-
sistent with current data [26], and in this paper we demonstrate that Gauge-flation too
can generate acceptable spectra in a broken phase.

While there is certainly no shortage of inflationary models on the market [27], and
many that fit the data well [28], most rely on (one or multiple) slowly rolling scalar fields to
generate an extended period of nearly exponential expansion. In these models of inflation,
the amplitude of the gravitational wave spectrum is set only by the energy scale during
inflation. Obtaining a large amplitude gravitational wave spectrum generically requires
that inflation occurs at an energy scale near the energy associated with grand unification,
and a large tensor-to-scalar ratio requires that the inflaton roll a distance in field space
that is comparable to the Planck scale [29]. As we demonstrate, the remarkable feature of
Higgsed Gauge-flation is the generation of observable gravitational waves at much lower
energy scales — in this model, gravitational waves mix with exponentially enhanced gauge
field fluctuations, resulting in their subsequent amplification. This phenomenon is also
observed in Higgsed Chromo-Natural inflation [26] and in models of inflation that have an
accompanying spectator Chromo-Natural inflation-like sector [30-32]

Classical non-Abelian gauge fields lead to striking phenomenology in cosmological set-
tings [33, 34], most notably chiral gravitational waves [23, 30, 31, 35-43] and the facilitation
of gravitational leptogenesis [44]. Classical non-Abelian gauge fields have also recently been
employed in generalized multi-Proca theories [45] to build stable inflationary models that
do not require gauge invariance [46], and to generate inflation models with Horndeski
couplings [47, 48].

Throughout this work, we use natural units where the speed of light and the reduced
Planck constant are set to unity, c =h = 1.

!Gauge-flation has also been proposed as a model for dark energy ‘Gaugessence’ [15].



2 Gauge-flation: inflation from non-Abelian gauge fields

We consider the theory of Gauge-flation [13, 14], which is described by the action

S = / dizv/=g { PIR—fT[FWF“”] 48(Tr[FWF“”])2

and consider a general SU(2) gauge field, A,, adopting the conventions of Peskin and
Schroeder [49] for its action. In particular, the field-strength tensor and covariant derivative
are defined as® 1
Fuy = —[Dy, Do], Dy = 0y —igA,, (2.1)
—ig
where g is the gauge field coupling, not to be confused with the determinant of the spacetime

metric. We normalize the trace over the SU(2) matrices, which we denote by J,, so that

1
*5ab , [Jay Jb} = ieabCJC , (22)

Tr[J,Jp] = 5

where €4 are the structure functions. The dual field strength is defined as Frv —
EMVO‘BFW/Q, and our convention for the antisymmetric tensor is €123 = 1/,/—g, while
our spacetime metric signature is (—, +, 4+, +). Here and throughout, Greek letters denote
spacetime indices, Roman letters from the start of the alphabet denote gauge indices and
Roman letters from the middle of the alphabet denote spatial indices. Appendix A outlines
our remaining conventions and notations.
In addition to the field content of Gauge-flation, we consider the addition of a symmetry
breaking sector proposed in ref. [26],> which we write in Stueckelberg form [50, 51]
Suen = [ dloy=g| -

. 2
§*Z2Tr [Au - ;U‘lauU] (2.3)

where
U=expligf], £{=¢"Ja. (2.4)
The fields £* are the Goldstone modes corresponding to fluctuations of the Higgs along its

vacuum manifold.

2.1 Background solutions

The background evolution in Gauge-flation is found by considering the gauge fields in the
classical flavor-locked configuration

A(]:O, AingéfJa:awé?Ja, (2.5)
where J, is a generator of SU(2) satisfying the commutation relations

[Jav Jb] = ifachc , (2.6)

2Note that this is opposite to [13, 14, 16] who use the opposite sign for the covariant derivative.
3A similar model, ‘Massive Gauge-flation’ was proposed in ref. [25] where explicit gauge-symmetry

breaking mass terms were added to the action.



and fqp are the structure functions of SU(2). Note that for SU(2), fijx = €;jk, Where €y,
is the completely antisymmetric tensor in three-dimensions.
On the background field configuration in eq. (2.5), the field strength tensor compo-
nents are,
Foi=$0%Ja,  Fij =90 f{iJa- (2.7)
Here and throughout a prime, ’/, denotes a derivative with respect to conformal time.
This field configuration results in a stress tensor that is consistent with the symmetries of
Friedmann-Robertson-Walker spacetime. For these degrees of freedom, the mini-superspace
action takes the form (see also ref. [25])
a2 3642 3 .ot 3 20442 3
£=a'N | =3MiG + 54— 5+ e 5

where an overdot here and throughout represents a derivative with respect to cosmic time,

2,00

and N = a on the background.

Maleknejad and Sheikh-Jabbari [13, 14] demonstrated the existence of inflationary
solutions for this system in the absence of the symmetry breaking terms (Zp = 0). They
pointed out that, while the terms in the action arising from the Yang-Mills field have the
equation of state of radiation, p = p/3, where

392 3 ,¢
=—-=+-9g"— 2.9
PYM 2a2+29 ol (2.9)
the term proportional to x has the equation of state of a cosmological constant. That is
Dk = —pPx, Where .
3k 92¢2¢4
Pr="5 "5 (2.10)

This implies that if p, > pym, then the background spacetime undergoes a phase of
accelerated expansion.

The addition of the symmetry breaking sector generates additional contributions to
both the energy density and the pressure,

3 5, 00" 1,5, 00"
Pz, = 59 ZO?? Pz, = *59 02" (2.11)
note the equation of state is w = —1/3, and thus the presence of the symmetry breaking

sector does not affect the conditions for accelerated expansion, which remains pyn <
pr [25]. However, since pz,+pz, # 0, successful slow roll inflation requires pz, ~ pym < pr
in order to ensure ey < 1 (see eq. (2.15) below).

The equation of motion for the gauge field vacuum expectation value (vev) that follows
from the action at eq. (2.8) is

2 14 12 213 2 14 ]
<1+mgf>¢ + <1 +/<&¢2> 209 (1 —3ﬁgf>H¢ vzl =0 @
a a a a a a a

3

For the remainder of this work we instead use the variable ¥ = ¢/a, in terms of which,
eq. (2.12) is

2kg* %7 G(2H 4 29°0% + ¢°75)
(1 + rg?) (1 + rg??)

b+ 3H + Y H + =0. (2.13)



The equations of motion for the metric are the Friedmann constraint

192 1 ,0" 1,0° 5 1 g%
2 172 2 2
MPIH 572 + ig + ig ?ZO + il‘i 40 s (214)
and ) . )
¢ 2 ¢ L 59
My = -5 - % - 2P 2 (2.15)
which can be combined to read
. 1 .
MB(H + 2H?) = Sg*? Z§ + sg*" (0 H + )%, (2.16)
We introduce the standard Hubble slow roll parameters,
H H é
- - —— — 2.17
= T TonE T % (2.17)
as well as .
P (2.18)
Hy
which characterizes the slow-roll of the gauge vev. The dimensionless mass parameters?
2,/,2
g 9%0
= M == 2.1
H2 W H '’ (2.19)

characterize the various contributions to the mass of the gauge field fluctuations in units
of the Hubble scale.

The definition of the slow-roll parameter e applied to eq. (2.15) leads to the exact
relation [25]

¢2 M2
1-9 — . 2.20
TGRSR (220)
Alternatively, using eq. (2.16), € can be expressed as
1
€=2—rg?S(1—06)% - §¢2M2. (2.21)

Equations (2.21) and (2.20) can be used to express x and 1) in terms of €, v, § and M?>

2—¢€ 1 M? P €
PR s -, - — (2.22)
gPO(1=6)* 29241 —9) Mp) (1—6)2+y+ 22

Differentiating eq. (2.21) with respect to cosmic time and using eq. (2.20) gives the exact
expression

]\42 - M2

€5 30 ) (€—10)
n=e—(2-€— : <+ )+ . (2.23
( (1—5)2+7+J‘§2> € eH(1-06)) (1-8)2+~+ M (223

“The parameter v is identical to the parameter m3, defined in ref. [26]. In this work we use v to be

consistent with the nomenclature frequently used for gauge-flation, as for example in ref. [13, 14, 21]. We
use M for the contribution to the mass due to the Higgs VEV, rather than w as used in ref. [25].



Performing the same differentiation on eq. (2.20), we arrive at the equivalent exact relation

1/)2
M,

b} 5
1-90 1-6)— - . 2.24
1= (0=02 -0 +47) + (2.21)
Using the exact relations obtained above, the slow-roll parameters can be shown to satisfy

the relations [25]

€~

2 2 2 2
M + M
w2 (1+’y+> n’:w—2, R (2.25)
Mg, 2 Mp, 6(1+~+ %)
to lowest non-trivial order. Note that n = O(¢) and § = O(e?), which implies that the
relative change in ¢ during inflation is much smaller compared to the corresponding change
in H. Therefore, to a very good approximation, ¢ & constant throughout inflation.

The Hubble parameter can be re-written using the definition of v and the slow-roll
approximation of € as
H2 2
T~ <IN (2.26)

o Y(1+y+4)

Finally, the total number of e-folds of inflation can be conveniently expressed only in terms
of initial values as

N, =

M2 1+ 4in + M2 /2
P m[ Y + M,/ ] (2.27)

217Z}12n Yin + ]\41%1/2

We end this section with a comment on the parameters required to fully characterize
the background evolution of the system. As in Gauge-flation, the parameter x can be
eliminated by rescaling time ¢ — ¢t/ and the gauge coupling g — g/+/k [21]. This rescales
the value of the Hubble parameter as H — H/+/k, and thus the value of k is determined
by fixing the overall amplitude of the scalar spectrum to A, ~ 2 x 1079, The remaining
parameters of the theory are g and Zj.

In what follows, we use e-folding number, N = —In(a/ap), as our time parameter.
For convenience, we choose ag = 1 at N = 60 e-folds before the end of inflation where
necessary. In order to specify a background trajectory, (1/1(]\7 ) 1/J(N )), we need to specify
the set {Hm,zpin,d}in,’yin, My, g, Zo} for some initial Ny,. However, note that these seven
quantities are not all independent. We can use the definition of § to express @bin as

9
—Hi . 2.28
M, (2.28)

' 1
Yin = g(vin + M2) (’Yin + 21“ + 1)

Together with the Friedmann constraint eq. (2.14), eq. (2.28) and the definitions at
eq. (2.19) provide four relations among the seven variables. This reduces the required
parameters to three.

If we specify vin, ¥in, and Miy, eq. (2.27) determines the length of the inflationary
phase. Figure 1 shows the resulting number of e-folds for various parameter combinations.
Increasing all three parameters (¢in, vin and Miy) leads to a decrease in the total number
of e-folds of inflation. However, there remains a large region of parameter space where
sufficient inflation is easily achieved. In the evolution of the perturbations we present
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Figure 1. The total number of e-folds of inflation using the full numerical evolution of the system
(red) and using eq. (2.27) (black-dotted). Left: the number of e-folds is plotted as a function of ~y
for M = 0 and ¢/Mp; = 0.02,0.04,0.06,0.08,0.1 (top to bottom). Right: the number of e-folds is
plotted as a function of M with ¢/Mp; = 0.04 and v = 2,4, 6,8 (top to bottom).

below, we choose to specify i, and M;, at Ny, = 60 e-folds before inflation ends. In this
case, eq. (2.27) specifies ¥y,. Since eq. (2.27) is a very good approximation for all v, M, and
¥, with the further (excellent) approximation that ¥ ~ vy, eq. (2.27) and eq. (2.14) can
be solved for the subsequent values of M and 7 as a function of N, the e-folding number
measured with respect to the end of inflation.

3 Linear perturbations

In order to find the spectra of density and gravitational wave fluctuations in Higgsed
Gauge-flation, we need to understand how the field and metric fluctuations evolve. In this
section we derive the action to quadratic order in small fluctuations about the solutions
described above in section 2.1. We begin by deriving the action for a the fluctuations of a
general SU(2) gauge field about the background field trajectory before we specialize to a
two-dimensional representation and introduce a scalar-vector-tensor decomposition of the
fluctuations in section 3.1. Sections 3.2, 3.3, and 3.4, study the scalar, vector, and tensor
fluctuations, respectively.
To proceed, we write the metric in ADM form [52],

ds? = —N?dr? + hyj(da’ + N'd7)(dz? + N'dr), (3.1)

where N is the lapse, N? is the shift vector, and ﬁij is the metric on the spatial hypersurface.
At zeroth order in fluctuations, the FRW metric in conformal time corresponds to N = a
and N’ = 0 in our conventions. The metric on the hypersurface, iL, can be decomposed
into scalars, vectors and tensors by writing®

hij = a” [(1+ A)dij + 8;0;B + 0;Cy) + vij] (3.2)

5Note that the Greek letter ~ is used to denote both the tensor part of the metric fluctuations, as well
as one of the two dimensionless mass parameters in eq. (2.19). The context in which they appear should
allow the reader to distinguish between the two uses.



where v;; = 0;v;; = 0, and 0;C; = 0. The coordinate invariance of general relativity allows
to impose four conditions on the fields in eq. (3.2). For this work, we work in spatially flat
gauge, where the time threading and spatial coordinates are chosen so that A = B = 0.
The remaining spatial reparametrizations can then be used to set C; = 0, which completely
fixes the coordinates. We further writef

1
hij = a2[6’y]ij = q? |:5ij + vi; + 5%‘1@’}/1@]‘ + .. :| , (3.3)

so that det[h;;] = a® to all orders in perturbation theory.
Inserting the ADM metric at eq. (3.1) into the action in eq. (2.1) we find,

S = / a*zVh [NR (EZJEU — E2)] + =k (€sk Tx[ FOZF]k])z

\[

- 1 = -
/ d*z—— Tr [(Fo; + N¥Fy,)h" (Fo; + N'Fy)] — 3 / 4oV LN Tr [R* R Fy; Fyy)
\/ﬁ i . i 2
+/d4xg2zg Tr |Ag— ~U'0.U+ N[ A, — U 'o,U
N g g
4 T 272 v -1 71ij i -1
—/d oV hNg*Z2 T [(Ai - §U BZU)h](Aj - QU @U)] : (3.4)

In this expression, E;; is related to the extrinsic curvature of the spatial slices

1 )
Ejj = 5(0-hij = ViN; = V;N;),  E=FY, (3.5)

and V; is the covariant derivative constructed from h. Note that spatial indices are raised
and lowered using ilij and its reciprocal h¥.
We proceed by expanding the lapse and shift about a Friedmann-Robertson-Walker
spacetime
N=a(l+amq+ag+...), N =Nyjy+Ny+..., (3.6)

where «(;) and N(il)7 and () and N(iQ), are first and second order in fluctuations, re-
spectively. As is well known, in order to obtain the quadratic action we require only the
constraints at linear order, and thus we drop the subscripts in what follows.

In spatially flat gauge, neglecting gravitational waves for a moment, the curvature of
the spatial slices vanishes, >R = 0, and the connection for V; (the covariant derivative
compatible with the metric l~uj on the hypersurface) vanishes and thus V; — 0;. The
Einstein-Hilbert action to quadratic order in scalar and vector fluctuations is given by

M2 ) , . . .
0% S = = / d*za®[ — (4aHO;N'a + 6a” H? o) + 49, N7 0; N7 — 0;N'0;N] .
We denote the fluctuations in the gauge field by

A, = V0T, (3.7)

50ur summation convention is the same as the one above, repeated lower indices are summed with the
Kronecker delta, while upper indices paired with lower indices are summed with the metric h;; and its
reciprocal h¥.



in terms of which the gauge field and Stueckelberg action to quadratic order in field fluc-
tuations, and scalar and vector metric fluctuations is given by
2 4 2 2 2 1 4 .4 ¢2 a asa
0°Sa= [ d x[é Lym + 0L, + 6 ,CHiggs] — = | d*za*a gg(Zeaijﬁi\I/j + 4gpWoY)
+5 /d4:m {3¢2(+ nde) >a f2¢(a Te — 8i\113)5fa+< 27+ 92¢2 >NiNi
(b e a\ sa ¢2 a.qa asa
+ a—32Nk((8Z\II ak\:[f )5 -l-g(;SEa]ﬂ ) +g—2Nk(emk8 \I/ Emkal\:[/o — 2g¢\1105k)
—K / d4x%gqi>¢2 (g¢2 Te[0; W0 Ji] + g0- (¢ Tx[W;J;]) — €750, ¢ Tr[Jiaj\I/k])

+ / d*za* [ FPUVZEaVIE — g* Y Z2OEN WG + @ZO 580;E" + @ZO 5“Nlafga} (3.8)
The terms 6%Cyy and 6L, are given by

52»CYM = Tr[(ai\lfo - iqu[Ji, \1’0])2] —41‘987(1) Tr [‘I’o[\l’i, JzH —2Tr [\11087— (al\:[’, - z'gd)[Ji, \Ilz])]
+ TY[@T\IQ&T\IQ] — TT[OJ\IQ(‘)]\IQ — 8Z\I/]6J\I/Z] + 2g¢€ijk T‘I‘[&Z\I/]Qk]
— g% Tr[(Q, — Vp) ], (3.9)

and we have defined

and

6L, = ——g¢¢28 TrlgpW;Q; — €77 0,0,,] (3.11)

. 2
+ g (997 Te{O W) + gOr (6* Wi ]) — 70,0 Tx(Ji0; W] )

The Goldstone modes contribute at quadratic order in fluctuations via

QZQ 2z2
6L iiggs = a* [— Q?Ogﬂy(auga + UL (9, €7 + L) + gc(;gwsz-cﬁ"ﬁiﬁ“} : (3.12)

The addition of a Higgs sector thus yields an additional mass term for the gauge field
fluctuations. Note, however, that retaining gauge-invariance requires us to also add the
Goldstone modes £°.



Finally, the quadratic Lagrangian density for the transverse-traceless components of
the metric, and their interactions with the gauge field fluctuations is given by

2072
_CLMP1

2 (Z) asa ¢2 a a asa 292¢QZ§2 2 2r72 A\, a

(3.13)

In order to proceed we need to choose a specific representation for the gauge field. We
focus on a two-dimensional representation in what follows for simplicity.

3.1 Two dimensional representation and scalar-vector-tensor decomposition

Specializing to the case of a N = 2 dimensional representation of SU(2), the representa-
tion matrices are the Pauli matrices, J, = 04/2, and we can decompose the gauge field
fluctuations into scalar, vector, and tensor fluctuations. In order to make contact with
the existing literature, we decompose the gauge field, Goldstone, and metric fluctuations
as [21]

e = abl(BY + Vi), (3.14)
U = a((y + 09)87 + 650:(M;j + HM) + Sfean; (U 4+ 0;U) + 85ti5) (3.15)
€ = 64(& + 0,6, (3.16)
N' = 89,0 + Ni,, (3.17)
N=1+a, (3.18)

where Y, 0, o, 09, U, £, and M are scalars; Y;, M, &, N‘i/, and U; are transverse vectors
which satisfy 0;Y; = O;M; = 0;§ = &-N‘i/ = 0;U; = 0. Finally, t;, is a transverse and
traceless tensor t; = O;t;q = Outia = 0. We fix the gauge for the gauge field fluctuations by
setting

U=U;=0, (3.19)

which is equivalent to choosing ¥¢ to be symmetric under exchange of 7 <+ a. At quadratic
order, the Lagrangian separates into separate scalar, vector, and tensor pieces as usual,
and in what follows we consider each type of fluctuation separately.

~10 -



3.2 Scalar fluctuations

After gauge fixing, there are six scalar fluctuation degrees of freedom in this theory, d1,
M, and Y, which arise from the gauge sector, £ arising from the Higgs sector, and o and 6
that arise from the metric perturbations. The quadratic action for these degrees of freedom

reads
525 — / 4’k L (3.20)
- (27’()3 scalar .
2(1 2,4 kg2 27,2
ﬁscalar — Wl?’&// . k2M/|2 + TG|M/|2 + a 2(|§/|2 _ k2‘£|2) (321)
a® (k2 2?21+ g?kyp?) 2 2 2 252 9?a*Z3 (39 ky* — 1)
3{3+ 4a2M§.1 (2mb (a))'* +a“g ZO)+ 1+ g2rut

T gt {921#2(3 — g*k*PY) (a + /W + I€¢/2):|}|35¢ — K2 M|?
4.2 2 2 2 2,12
k (50" M+ M 50) + {k -2 wz (r?(a)® + a®Z5) — g*a® Z3
3 2M3
2925277[12

! 3
MW;( 2 2(1/}2 >+’l/)2 12>}|M|2 CL 220k2(£*(5w7k2M)+hC)

+ ;a2k2< 229% + 23) + k° (1 Lo w )) Y[?+ g((w)’z(l + ¢ Rpt) — 2MEa"?)a®

1 1
+ 5921«%%2(23 + 24%)|0)* + k2 MEaa’ (0*a + h.c.) — §azg2k2qu§(a*£ +h.c.)

a’k?
6

Ka [@'(1+g 2pt) + 292m¢3(aw)’] (K2 M — 36¢) + 2%/1452./\/!

+a(3ag®Z5¢ + (1 + g*kp*) (K° M’ — 36¢) + 2/8/\4’)) Y + h.c}

B ak?(1 + g*kyp?)
2

— %(a’(az/))’(l + g2kt + ag2<z$(aQZg +20°% + 2ﬁ¢2(aw)’2)) [(351# —E*M)a* + h.c.]

(ap)'(@*Y + h.c.) — %a392k2w(Z§ +20%)(0*Y + h.c.)

— g(1+g%¢4)(a¢)’(a*(35w’— k*M') 4+ h.e.) + %akQ [(a®g® ZGpe' — 2(arp)'6¢0) 0% + h.c.]
where we have integrated by parts, discarded a boundary term, and made use of the
background equations of motion. Note that in the limit Zy — 0, the above action does not
quite agree with the corresponding expression in ref. [21]. The difference arises due to a
slightly different choice of parametrization of the gravitational constraints. In this work,
we have chosen to split the metric using ADM variables.

Note that the fields Y, «, and 0 appear in the action without time derivatives. As
described in detail in ref. [21], these fields are algebraic constraints, and can be integrated
out by solving their linear equations of motion and substituting the solutions back into the
action. While this is a straightforward procedure, the result is extremely messy and we do
not reproduce it here.

11 -



Denoting by X = (610, M, ), we redefine the fields using the transformation X; =
UijAj, where’

Vv . .
V6ar/1+g2 k4
U= \/gm \/6a2g2¢2+k2(3+92/€¢4)

. 3.22
ak? \/3+g2m/;4 \/§a2gk2w\/3+g2mb4 0 ( )
0 v/ 3+g2 kit V/3a2H2(M2+27)+k2(3-+g2 k)

2\/§aH\ﬁ\/6a2 H2y+k2(3+g2ky?) (sz\/6a2H2'y+k2 (3+g2Kp?)

After integration by parts and discarding boundary terms, this field redefinition puts the
action in the form

3
S = % / (‘;W’;:B dr[AVTA" + AVKA — ATKA' — ATQ?A]. (3.23)
In principle it is possible to choose a redefinition, U, that sets the kinetic matrix, T,
to the identity matrix, however, this requires a much more complicated transformation
which makes the algebra much more involved. As discussed in detail in ref. [21], this is
not necessary to evolve the fluctuations. All that is required for our purposes is that T
approaches the identity in the limit £ > aH in order to impose the initial conditions.

While the matrices T, K, and Q2 are obtained in a fairly straightforward manner as
we have described above, they are extremely long, and their full form is not particularly
illuminating. In appendix B, we present slow-roll expansions of the matrices.

At early times, k > aH, the symmetric kinetic matrix, T, is

6(M?2+2v)e? a?>H? 23y aH V6Me aH
Tll’:l—i- 2 2 9 TIQE_ 2 1. T13:_ 2 1.
(2+M?4+2v)? k 242y+M= k 2429+ M= k
6 a?H? 3v2yMe a*H? 3M?%e  a*H?
T22 ~ 1+ 16 5 T23 = 7 62 2 T33 ~ 1+ ‘ D) 2
(2+M2+2v) k (242v+M?) k 242v+M= k
(3.24)
while the anti-symmetric K matrix has non-zero entries
3.,2172
k 3 ia H<*Me aHM
K12 et K13 ~ — K23 ~ (325)

V3 k(2y+M?2+2)’

YoNL

and the symmetric Q2 matrix has entries

k2 2 4 2y + M? 2
0% ~ 5 02, ~ Taﬂk, 0%y ~ — SMaHE,  (3.26)
032, ~ <1 — 2) k2, Q3 ~ 3£a2H2, 0%, ~ k2. (3.27)
¥ V2

"This field redefinition is the redefinition that diagonalizes the kinetic term in the limit where we simply
set @« — 0 and § — 0 and only integrate out Y. Since the gravitational interactions are only important for
momentum k& < aH, this transformation also diagonalizes the kinetic term in the limit & > aH, as required
for setting the initial conditions via canonical quantization. In particular, note that the parts of the matrix
corresponding to the redefinition of §¢ and M are identical to those of ref. [21].

- 12 —



While, for superhorizon modes k < aH,

2 M? 202+ 27 + M?
Tllzl—f—%? T12:_\/("2i_'7+ )’
M=+~ (M? + 7)€
13 = 7 by 14—
V3 A (M2+7) /M2 +2ye aH (M? 4+ ~)e
Tys ~ M(2 4 M? + 27)3/? b, MM 22 R
28 = 5 T 133 ,
VB /(M2 +7)y/ M2 423/ all 6v(M2+7) (M2 +27)e2 a?H?
(3.28)
and
K12 ~ 2\/§CLH 63/2
32+ 2v+ M2
V3EM (2 + M? +2)
R == ’ (3.29)
2e(y + M?)\/2y + M? :
VERM(2y + M 4 2
Kos ~ ’
B S Ay 1 M2) /2 + M2
and
Q2. o 200HA (249 92+ M2 M9 M?) o 20°HPV20/24 29 + M2
11 — ~ n M2 ) 12 — \ﬁ(’)’"" MQ) )
2 . 2aHKM(2y+ M? +2) Q2 o 20°H 2y + M+ 2)
P VB Aely + M)y + P 2E T ey
V3AHEM (27 + M2 + 2)
933 = ) Q§3 ~ 2a°H?.
V(Y + M2)\/2y + M2e3/2 n

We note that, while these expressions are extremely accurate in the asymptotic regimes,
they are not accurate near horizon crossing, —k7 ~ 1. Therefore, in order to solve the
equations numerically, we are required to use the full expressions presented in appendix B.

3.2.1 Initial conditions and quantization

We set the initial conditions for the fields by canonically quantizing them, and using Bunch-
Davies conditions in the asymptotic past. We expand the fields into modes [21]

Ai(7, k) = Qij(1,k)a;(k) + Q(r, k)al (k) lai(k),al(K)] = 8*(k — K')3;;, (3.31)

where we impose the canonical commutation relation between A; and its canonically con-
jugate momentum

. oL
[A(7,x), 7 (T,¥)] = 25U53(x -y), = (XTAI) . (3.32)

We decompose the canonical momenta, 7;, into the same set of creation/annihilation op-
erators as above,

mi(7 k) = mij(7, K)a; (k) + 75;(r. K)ak(—k),  m; = (Q + KuQy) - (3.33)
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The relations in egs. (3.31) and (3.32) can only be simultaneously imposed if the condition
[Qnt — Q*nT], = idy (3.34)

is obeyed. As pointed out by ref. [21], eq. (3.34) can be imposed as an initial condition,
which then holds at all times if the initial conditions satisfy

anl — T = 99t — 9*9T = 0, (3.35)

which is equivalent to imposing that the products 77 and QQT are real.

In the limit © — oo, the fields remain coupled, and the separate fields cannot be
simply quantized independently. That is, Q;; is not simply proportional to d;;. Instead, we
expand the solutions into normal modes and impose the initial conditions on these solutions
to fix the constants. To identify these modes, we use a Wentzel-Kramers-Brillouin (WKB)
method.

Working in the limit k£ > aH, and using the expressions for the matrices above, the
equations of motion for the fluctuations become

Q" +aQ +5Q=0, (3.36)
where in the limit k£ > aH, the matrices a and [ are given by
_ 2k 1
2(2: v ’ 2 H ! 2 X
a=|2 0 0], B=k 0(1—;)0 . (3.37)
0 0 0 0 0 1

Adopting a WKB ansatz for the mode functions
Q; = djexp [z/d:c w(x)] , (3.38)

and substituting into the system of equations, neglecting terms of order O(w’/w) and
O(w" /w), we find six solutions for the frequencies

w%{il,il,i\/\’;?}. (3.39)

In order for the system to be stable, all of these instantaneous WKB frequencies must be

real. Thus there is an instability in the system for parameters such that v = g%¢?/H? < 2,
as was found for the original model in ref. [21].
The corresponding mode solutions are, up to an irrelevant phase

V=2 VAR

= - 4 R — - g — ) k o —iY==
Q; = cljaleZkT + cojdze kT 4 03]-@362]” + cajdse T 4 C5ja5eZ vy T cejdse s T

where the ¢;; are constants and the a@; are the vectors

0 1 1
Gi=d= 0|, a=a,= _% L G=ds= | (3.40)
1 0 0
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Figure 2. Evolution of scalar fluctuations in Higgsed Gauge-flation. The values of the other
parameters here are chosen to be ¢ = 0.01 and v = 4. The three panels show the three independent
solutions of the equations of motion, corresponding to the three independent initial conditions in
eq. (3.41). Shown are the solutions for two different values of the Higgs vev, corresponding to
M =2 and M =4.

Demanding the solutions approach the positive frequency solutions as = —k7 — o0
means we can set c¢;; = c3; = c¢5; = 0. The remaining constants now need to be set by
imposing the quantization conditions above. Working in the limit —k7 — oo, it is then
straightforward to see that a solution that satisfies the initial conditions is

1
Goldstone mode: co1 = co3 =0, Cog = Tk
Regular mode: Cq9 = c43 =0 41 = L i
g : 12 =c43 =0, 41 = A\ 14~
1 3y —2)'
Slow mode: ce1 = cg2 =0, ce3 = 3.41
w 61 62 63 o7 15 ( )

We show the solutions to all three independent modes in figure 2. Notice that the effect
of the Higgs vev and accompanying Goldstone fluctuations boosts the final amplitude of the
fluctuations. These dynamics are what allows the model to become consistent with the data
— the scalar curvature fluctuations are boosted, thus lowering the tensor-to-scalar ratio.
In numerically solving the system, we initialize the system including 1/k7 corrections to
the solutions described above. This allows more efficient and accurate evaluation starting

at later times.

3.2.2 Superhorizon solutions

We can solve the system to a very good approximation in the superhorizon regime, k < aH,
by expanding the T, K, and 92 matrices in both k/aH and e, keeping only the lowest-order
non-trivial terms. We also use the relation 7 = —(1 + €)/aH, which is accurate to first

order in e.
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The matrices at zeroth order in a series in k/aH and lowest non-trivial order in e
become

2 2(2 4 2y + M?
Thn=14—— ; T122—\/( 3 ! )7
M? + (M? +y)\/e
2+ M2+ 2y (3.42)
Ti3~0, Too 14 —F——,
13 22 (M2 + 7)e
Ths ~ 0, T53~1,
and
22 1
K12 ~ \f 63/2( i 6), K13 >~ 0, K23 ~0. (343)

3v/2+ 27 + M2 -7

Finally, Q2 becomes

02, ~ 2(—24+y+y2+ M2+ M*+2yM?) (1 + €)? 02 ~ 2v/2/2 4 2y + M2 (1 + ¢)?

SRS VR 2 RE TG MY) 2
2(2v + M2 +2) (1 2
9%3:0, Q%Q: (27 + +2)1+¢) ,
e(y + M?) 72
1+e¢)?
02, ~0 02 22( .
23 ) 33 -2

(3.44)

Gauge-flation

We study the M = 0 case — regular Gauge-flation — separately, in order to separate
the superhorizon behavior that arises due to the Higgs field from the generic superhorizon
evolution. For M = 0 the 3 x 3 system of equations becomes 2 x 2, since the Higgs degree
of freedom becomes trivial and decoupled at all times.

We look for solutions of the form

—

A® ~ AR (k7)™ (3.45)

where A®) = {A1, Az}, and A2 ig a constant two-vector. At late times, the eigenvalues,
n, are

1 5+ 2 1 1
n:{Q(l—i«/7+8’y)iie Rl 1—(4—1+)e,2+(4—>e}.
v

A+)VT+8y 1+
(3.46)
The growing mode has n = —1 — (4 — ﬁ)e, leading to the eigenvector
542y
A20) [2\/m(2+7) \/1 . (3.47)
1

In figure 3 we show the late-time (k < aH) evolution of the scalar fluctuations. Shown
is the numerical solution, as well as the power-law solution from egs. (3.46) and (3.47) —
our analysis accurately captures both the growth rate and the eigenvectors.
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Figure 3. Left: evolution of scalar fluctuations in Gauge-flation for ¢ = 0.01 and v = 5. Right: a
zoomed region of the left panel with the modes rescaled according to eq. (3.47). The solid green
line corresponds to the analytically calculated growth rate for these parameters. The black-dotted
curve has been vertically shifted using the eigenvector given in eq. (3.47), in order to align with
the red curve at late times and fit in a single panel.

Higgsed Gauge-flation

We now move to the full Higgsed Gauge-flation case of M # 0. In this case the Higgs fluc-
tuations are coupled to the other two modes. However, in the superhorizon limit k/aH — 0
the Higgs fluctuation decouples regardless of the mass M, splitting the 3 x 3 system into
a2x2and 1 x 1 system. Setting { = {o(—k7)"¢ at late times results in

ng ={-1-¢2+e}+0O(?). (3.48)

The remaining 2 x 2 system for {A;, Ay} is solved as before, using an ansatz for the
solution that scales as (—k7)". There are four solutions, the three non-growing modes are

n:{Z—{—O(e), ;i;\/1+87—|—8M2+O(6)}, (3.49)

while the late-time growing mode has the exponent

1+ M?/2
=—1—-€(d— ———F— .
" 6( 1+7+M2/2>’ (3:50)
with the corresponding eigenvector
54+2y+2M? \/E
AR0) [2\/1+7+M2/2(2+7+M2) ] . (3.51)
1

The excellent agreement of our analytical results with the numerical solution of the corre-
sponding equations is shown in figure 4.
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Figure 4. Left: evolution of scalar fluctuations in Higgsed Gauge-flation for e = 0.01, v = 3 and
M = 5. Right: a zoomed region of the left panel with the modes rescaled according to eq. (3.51).
The green solid line corresponds to the analytically calculated growth rate for these parameters.
The black-dotted and blue-dot-dashed curves have been vertically shifted, in order to align at late
times with the red curve and fit in a single panel.

It is worth commenting on the superhorizon evolution of the scalar power spectrum
P, as defined in appendix D. For the purposes of this section, the exact expression of P
is unimportant and we only consider its parametric dependence for superhorizon modes.
To first order in slow-roll the Hubble parameter evolves as

H~H| |, (3.52)

Tx

where we take H, to be the Hubble scale at horizon crossing of a particular mode with
comoving wavenumber, k., i.e. —k,7. = 1. Furthermore the effective mass parameters
and M also flow with time. In particular

—€

: (3.53)

T

Tx

920
M =920 < 0,
H

where M, is the value at horizon crossing. The case of v is in principle more complicated,
since both 1) and H evolve in time. However, 1) = 1,|7/7.|° and since § = O (¢?) we can
regard it as a constant, leading to

7_92¢2~7 l—?e*
H? |7

*

(3.54)

Furthermore, 7 = O(¢), which implies that the flow of ¢ must also be taken into account.

To lowest order
%, y+M2/2

T I+y+M2/2

Tx

€ R €y

(3.55)
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Numerical evaluation of v and e show very good agreement with eq. (3.54) and (3.55),
respectively.

The late-time power spectrum is dominated by the contribution of M(7), therefore we
consider only the late-time behavior of its pre-factor. Following the notation of appendix D,
the asymptotic behavior is

M2 /2
14-4ex THyM2/2

., (3.56)

T T
—|€
Tx

T

Tx

\/g(2y+ M? +2)

c-U+d-U
v (v + M?)

)2 ‘kT<<1 ~n
where the second-to-last equality holds for v+ M?/2 > 1. This approximation shows good
to excellent agreement with numerical data for all tested values of v and M.

The parametric time-dependence of the superhorizon scalar power spectrum is

Macal / . _6(4_%)
- T | "8 1+~y+M2 /2
VI~ H(@E O+ 3 U~ |2 ()T s
where
_o 14 M6 (3.58)
Ngcal = € 27+M2+2 . .

Since ngecar > 0 for all values of v > 2 and M > 0, the scalar power spectrum (slowly)
decays outside the horizon, |k7| — 0. This is different to the case of single-field slow-roll
inflation, where the time evolution of the prefactor exactly cancels the time evolution of
the superhorizon field fluctuation, so that the scalar power spectrum is exactly constant
at late times. Alternatively, the evolution of the curvature perturbation in Gauge-flation
indicates the presence of an isocurvature mode, which is absent in the standard single-field
scenario. The late-time decay rate of the scalar power spectrum is plotted in figure 5.
The consequence of this decay is that the tensor-to-scalar ratio increases during inflation.
Hence, we find that the disagreement of Gauge-flation with Planck data is worse than
originally computed in ref. [21].

It is worth noting that the form of the scalar power spectrum given in eq. (3.58) is
missing a wavenumber-dependent prefactor. This prefactor arises from the different amount
of enhancement that each mode undergoes due to the evolution of the background; each
mode sees a slightly different background. Therefore, an estimate of the spectral tilt ng
cannot be read-off immediately from this expression, as it can be in the case of simple
single-field inflation, where ns =1 — 2¢ — 7.

3.3 Vector fluctuations

We turn now to the vector fluctuations. Working in fourier space we expand the transverse
vector modes into helicity states as

d3k :
Vi)=Y / SRR e (3.59)
=/ @)
where V; is any of the modes N{},Y},Mi or & from above. We have also introduced the

helicity vectors € ) (k) which satisfy the relations k-€®) (k) = 0, ik x &™) (k) = +ke™) (k),
e®)(k)-eH (k) =0, and EH (k) - eF) (k) = 1.
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Figure 5. The late-time decay rate of the scalar power spectrum for different values of v and M.

After introducing these modes, we find that the action splits into two non-interacting

pieces corresponding to the positive and negative helicity states. Explicitly, the vector
action reads

d3k
2
5 S :/WdTﬁvectora (360)

where the quadratic Lagrangian density for the vector modes is

a?k?
4

_ _ 1 _
Evcctor _ Mi/Mj:/ + a2H2M2£j:/£i/ _ Za4H2k2(2 + M2 + ,y)Mj:Mj:
adH2k2M?
2

1 _ _
+ ia3H( + kv — aH(M? + 29))yp(N¥Y* + N¥Y*)

— a?H2M?k(k T aH /7)6EF + (MEEE 4 eEMF)

1 1 P
+ 10" (K F 2aHkyA + a® H* (M? + 29))YEY* — 5a3H2M2(§i’Yi +&HYE)

- %azk(k FaH ) (METYE 4+ MEYE) - ia?’Hk(k F aH ) (MEYE + MEYH)

2 2 3

+a8M1%1(k2+2a2H2(M2+27>JE_2 )Ni]\_fi—i—C;H21/1M2(§i/1\7i+§i/]\7i)
Pl

3

3
¥ “Zkﬂq,y\ﬁ(aHaMi + ME)NE £ %kHwﬁ(aHéMi + M*)NE, (3.61)

Note that Y+ and N* appear in the action without time derivatives, and are thus algebraic
constraints. We can thus solve their equations of motion, and insert the solutions back into
the action. To leading order in slow roll, the shift vector is given by

M3, k(k? ¥ 2aHk\/y + a2H?(M? + 2)) ’
(3.62)
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while Y is

X aH(kQZFaka6+2a2H2(M2+2fy) Q)Mi
v 3.63
(k2 4 2aHk\/y + a> H2(M? + 2v)) (3.63)
2772( 172 p? Iy 2772 P2\ ety
k<k(kq:aﬂﬁ)+2a HX(M +7)M§1)M 4 2aH2M <ki2aH\ﬁMlgl>5 |

k(K2 F 2aHk /7 + a2 H2(M? + 27))

_l’_

After substituting back, the resulting action is complicated and not particularly enlighten-
ing; we do not reproduce it explicitly here.

Denoting by VE = (M, £%), we redefine the field using the transformation V;i =
Rf; W;, where R is the matrix®

2k2FAaH k71402 H2
vl 0
. a?HEk\/y
R = kFaH /7 /2T aHk/A+a? H2(27+M?) (3.64)

aH\/4\/2k2FAaHk\/4+4a2H2y aHM~/2\/k2FaHk\/7+2a>H2y
After making this transformation, the action takes the form

A3k

52 SAr [WHEVTL W + WHVK LW - WHKL W —WHQiw*] . (3.65)

Again, it is possible to choose a transformation that sets the matrix T4 to the identity
for all times, however, this requires a more complicated transformation which significantly
complicates the algebra. As discussed above, for our purposes this is not required. All that
is required is that Ty approaches the identity for k£ > aH, so that we can set the initial
conditions, and that T4 is invertible for all times, so that we may smoothly evolve the
equations of motion.

The full matrices T4+, K4, and th are obtained in a straightforward manner, their
exact forms are messy and not particularly illuminating. In appendix C we present slow-
roll expansions of these matrices that are valid at all scales. For use in the subsequent
sections, we present expansions of the matrices in the limits k£ > aH and k < aH.

On subhorizon scales, k > aH , the symmetric T4, and antisymmetric K4+ matrices are

2772 —2ye 2y Me 2772 _ Me
T, —1 + o’ H® [ T332 T2 K. =2 H 0 T+y+M2/2
+ = k2 2,/7Me _oM2¢ ’ + = A —Me 0 )
1+y+M2/2 1+~y+M2/2 1+v+M2/2

(3.66)
and the symmetric 22 matrix is

2 1 142v+ M2 2 _ M(1+2y)
Q2 = (k (1 . ;) 02) FaHk ( \’yﬁ 0 >+a2H2 (27 —;i\fv) 22\ﬁ ) . (3.67)
0 k 0 VY NG M= -2

8 Analogously to the scalar case, this transformation — which diagonalizes the kinetic matrix at early
times — is found by neglecting the gravitational constraints.
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On superhorizon scales, these matrices are

1 _ M
€ - M2
A prray voys | B VR e | (3.68)
/2,7+M2 (2"/+M2)
Me 01
K. =aH , 3.69
- (1+v+ M2/2)\/M? + 2y <—1 0) (3:69)
and
( _L_l) _ 2M
(y+M2+1) 0 2 g2 2y M2 V27 M2 (274 M2 +2)
92 e a2H2 ( 0 _2 +€a H B oM (4’)/2+M4+4’Y(M2+1)+6M2)
/2y M2 (2v+M2+2) (2y+M?)(2y+M?2+2)

(3.70)

3.3.1 Initial conditions and quantization

Following the procedure outlined above in section 3.2.1 for the scalar modes, we quantize
the vector modes. We begin by expanding the fluctuations into modes

WiE(r, k) = Wij(r, k)aj (k) + Wi(r. k)al(—k) . [ai(k), al (k)] = 6*(k —K')d;; .
(3.71)
Working in the limit & > aH, and using the expressions for the matrices above, the
equations of motion for the fluctuations become

W= 4 BEWE =0, (3.72)

where in the limit k& > aH, the matrix 3% is given by

pE =k (1 ~3 O) . (3.73)

0 1

Adopting a WKB ansatz for the mode functions
Wj = l_;j exp [z/dﬂv w(:v)} , (3.74)

and substituting into the system of equations, neglecting terms of order O(w'/w) and
O(W" Jw), we find four solutions for the frequencies

M{ﬂ,iwﬁj}. (3.75)

In order for the system to be stable, all of these instantaneous WKB frequencies must

be real. Therefore, there is an instability in the system for parameters such that v =
G212 JH 2 < 1. However, since the scalar sector requires v > 2, this does not present a
further restriction on the model.

The corresponding mode solutions are, up to an irrelevant phase,

|

/=1 . —
Q" _ = kT o ikt o \’Yﬁ T o \’Yﬁ T
;= ci1ja1e”’ + cojaze + c3jaze + cqja4€ ,
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Figure 6. Evolution of vector fluctuations in Higgsed Gauge-flation. Note that in the limit M — 0,
the vector modes all decay on superhorizon scales. The values of the other parameters here are
chosen to be ¢ = 0.01 and v = v/10.

where the ¢;; are constants and the a@; are the vectors

1
51:*2:”7 ds = a = H (3.76)

Demanding the solutions approach the positive frequency solutions as x = —k7 — 00
sets c¢1; = c3; = 0. The remaining constants are set by imposing the quantization conditions
above. Working in the limit —k7 — o0, it is then straightforward to see that a solution
that satisfies the initial conditions is

1
Gauge mode: co1 =0, Cop = E , (3.77)
1
Goldstone mode: c49 =0, eyl = —— (3.78)
2k\/(1-73)

In figure 6, we show the evolution of the Higgs vectors and gauge field vectors, as well the
evolution of the shift vector.

3.3.2 Superhorizon solutions

We can solve the equations of motion for the vector modes in the superhorizon limit by
using the ansatz

WE (1) = WE(—kr)™, (3.79)

Using the asymptotic matrices in egs. (3.68)—(3.70), to first order in €, we find

(4(7(7—1—2)—1)+2M4+(67+7)M2) }

(2y+M?2+2)\/4y+4M?2+3

.
n:{—1—6,2+6, <2i; 3+4v+4M2>ii
(3.80)
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The growing mode has n = —1 — ¢, and corresponding eigenvector

263 (M (472 + 47+ M4 44y M2 +4M2))
WSE ~ 27+ M2(27+M242)2(292+67y+M4+3yM2+3M2) | . (3.81)
1

In the limit k& < aH

]\ﬁ ~9 V2e ( L (M +9) RS £y 2M3 /Y 1§i/> (3.82)
al  Mp\/2+ 2y + M2 (M? +2v) aH M? + 27 ak ’ '

and inserting the late-time solution of eq. (3.81) into eq. (3.82) while keeping the lowest
order term in 1/a we arrive at the solution

Nt /e

aHN ak

where we used the fact that the scale-factor grows like a ~ |7/7,|717¢ during inflation.

k7| 717¢ ~ /e, (3.83)

9

3.4 Tensor fluctuations

We now turn to the tensor degrees of freedom. The addition of the Goldstone modes
in the Stueckelberg limit does not add any new degrees of freedom to the tensor sector.
At linear order in perturbation theory these fluctuations are gauge invariant under SU(2)
transformations and coordinate transformations for the gauge field and metric fluctuations
respectively. Furthermore, neither are subject to the Einstein, or Gauss law constraints at
this order.

We expand the tensor modes into a helicity basis in Fourier space

ij (X, T) = 5 —= 115 (k) Ae™™ + c.c., .84

fYJ(X T) MP]CL )\_i/ (271')3 ]( )fYke tc.c (3 8 )
1 d*k Ny

tii(x,7) = — E Hg\ K)ire®?® 1 cc., 3.85

J( T) \/ia )\:i/ (271')3 j( ) k ( )

where the polarization tensors satisfy (see, e.g. ref. [53])
Iij (k) = e (k)es ) (k) (3.86)

and ) (k) are the helicity vectors from above. Inserting these decompositions into the
action, it splits into two decoupled pieces corresponding to the left-helicity and right-helicity
modes. Neglecting boundary terms, the action takes the form

d3]€ ~+
Sy = / (27T)3d7 [AL/AL + ALVKAL - ALK AL - ALO2AL], Ap = (Z;) ,
k
(3.87)

9We note here that in this model, we find that the vector part of go; metric perturbation grows ex-
ponentially during the inflationary phase. While vector modes typically decay following inflation, this
exponentially growing shift potentially invalidates the FRW background during inflation. One can show
that the scalar part of the shift vector also generates an exponentially growing go; perturbation, even in
the limit that the Higgs is absent, M — 0.
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where the antisymmetric matrix K4 has entries

1 a’
K =— (¢ +— 3.88
12 = 3 <¢ + a¢> : (3-88)
and the symmetric 22 matrix has entries
12 2.,2,/,2 6¢2+5Z2) (a¢)/2
oL B A 0) 9 3.89
+,11 a2 + 2M}12)1 MPQ)ICLQ ) ( )
2 4762 2 12,12 2,112
g a*(2¢y° + Z5) + 2a"%¢* — 2a%)
93:122 :k2+a2g2zg:|:kga¢ [2-{-/{ a4(f+ﬁg2¢4)
N fig2¢2 92a4w2(21/)2 4 Zg) +2a/2¢2 o 2a2w/2
a? (1 + rg?y*) ’
2 2 e (a0) kg [P0 4 ) + 2070 — 20y
’ Mp, aMpya  Mp (1+ Kg??)

In writing these expressions we have made no slow-roll approximation, however, we have
made use of the background equations of motion. Note that we recover the results of
ref. [21] in the limit that Zy — 0, as expected. We now eliminate as many variables as
possible. Making use of the background equations of motion, and expanding to leading
order in slow roll, we obtain

Je

Ky 19 = aH—Q, (3.90)
Vi+y+ 24
2 2 2772 2 26(2—67—5M2)
Qi =k —-2H —a'H L MP12 (3.91)
2+ 4y + M?
0, =k £ aHR 2 T 02 g1 4y + M) (3.92)

2e 2e
02 ., =F2aHky) —— " —a®H?* | ———— (1 +2M? +27). )
12 = F20 242y ¢ 2+27+M2( " ) (3.93)

Note that in the limit that a — 0, K4 12 — 0 and 03 — k%1, which indicates that ~* and
t* are the canonically normalized fields in the far past.!?

The original model of Gauge-flation is ultimately ruled out, because for a range of
k/aH one of the helicities = experiences tachyonic growth due to its mass becoming
negative. This leads to exponentially large gauge tensor modes, which in turn source large
gravitational waves. Indeed, we see that the effective mass of £~ is negative during the

range

242
k 9 4 4~y + M? \/1+M + 27y + 272
T*—AT<—H<T*+AT, where mzi, Ar = ( 2) ,
a

23 Vi
(3.94)

ONote that the recent work of ref. [43] quantized a different combination of 7;; and ¢;;. In that work the
kinetic term is not diagonal in the limit £ > aH due to couplings proportional to .
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Figure 7. Evolution of tensor fluctuations in Higgsed Gauge-flation. The parameters are chosen
as € = 0.01 and v = 5. The green squares show the approximate late-time result as computed in
section 3.4.1.

and thus, rather than making the tensors more stable, the effect of the mass in fact makes
the instability worse. Examples of the amplification of the tensor modes are shown in
figure 7. However, the additional scalar dynamics behave in such a way as to also boost the
scalar spectrum, thus reducing the tensor-to-scalar ratio for a fixed value of the Hubble rate.

3.4.1 Sub-horizon solutions and Born approximation

The rather complicated looking system of equations that results can actually be solved
analytically to an excellent approximation, as first pointed out in refs. [23, 24]. Note that
the off-diagonal terms in the K and 92 matrices that couple the gauge field perturbations
to the metric fluctuations are slow-roll suppressed by +/e. This slow-roll suppression allows
us to develop a series solution (in powers of 1/€) to the equations of motion using the
Born approximation. Further, as in refs. [23, 24|, the evolution of the gauge modes is
dominated by its mass term. The negative helicity mode of the gauge field tensor remains
heavy throughout the evolution, and it can be neglected to a good approximation, leaving
the negative helicity gravitational wave mode undeflected. We thus focus on the positive
helicity modes 4 and ¢+.

To leading order in slow roll, neglecting interactions with the gravitational wave sector,
the equation of motion for the gauge field reads

. k 2+4y+M? 21 M?)\ -
83t++<k2— T ( +72+ )>t+:0. (3.95)
—T Nal T
Introducing the variable z = 2¢k7, and the parameters
2+ 4y + M? 1
p= TN gia, p=20 4y M?) = — (3.96)

VY 4
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eq. (3.95) is transformed into the Whittaker equation

. 1 a +-p52\.
274 1 + _
0% +<—4+Z+ > >t =0. (3.97)

Equation (3.97) is solved by the Whittaker functions,'!
td (k,7) = AM, (2ikT) + BW, g(2ikT), (3.98)

where M, g(2iz) and W, g(2iz) are the Whittaker M and W functions. We set the values
of the constants Ay and Bj, by imposing the Bunch-Davies vacuum conditions in the
asymptotic past. That is, we demand that the solutions approach canonically normalized
positive frequency free plane waves as xr = —k7 — 00,

. 1,
td(k,7) — ﬁew' (3.99)

In this large x limit, the Whittaker functions have asymptotic expansions,

(Qi)_aF(Qﬁ + 1) ei:pfalnx i2aiﬂ(7i)a_ﬁr(2ﬁ + 1)efim+alnx
I'(—a+pB+1) T(a+B+3) ’

W 5(2ix) — (20i)%e et (3.100)

Ma75(2i$) —

Using eq. (3.100), we find that the constants are given by

1 I(—a+B8+13)
V2k (20)7°T (268 +1)
B — 1 I(—a+B8+13)

T V2 T(a+B8+10)

To leading order in slow-roll, the positive-helicity tensor modes of the metric obey the

A =

(3.101)

2P (—g)a=h, (3.102)

equation of motion

. 2\ . € 1 2 1+ 2+ + 2M? T\ -
e (- B - o (i ta (2 e )
2

- 2
\/1+7+M72x T T

(3.103)
where x = —k7. Equation (3.103) can be solved as a series in /€ using the Born approx-
imation. This solution consists of a homogeneous piece that solves the free equation of
motion, and an inhomogeneous piece that is sourced by the gauge field fluctuations

A A= (1D )e =), (3.104)

"Note that the basis of solutions to the Whittaker equation given by
ty (k,7) = AcWa,p(2ikT) + BxW_o p(—2ikT),

leads to a much simpler set of coefficients Ay, Bi. However, we choose to work with the basis in (3.98) to
make contact with the work in ref. [23, 24].
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Here, f?ar is the homogeneous solution that matches onto the Bunch-Davies vacuum as

x = —k7 — oo. To leading order in /¢, the inhomogeneous part of the solution is
2 1+2y+2M?
i) = [ [ 2 b — (”*; - \7) G, )i (')
1—|—7+ H_,H_M2 x’ z T
(3.105)
where Sl ()3 (o)
Slug (x)u(z ,
G(z,2') = ——=0O(r — '), (3.106)
Wlui (2), ui(z)]
is the Green’s function, and W{...] is the Wronskian.

We can proceed in exact accordance to the analysis found in refs. [23, 26] for the physi-
cally and mathematically related models of Chromo-Natural and Higgsed Chromo-Natural
Inflation. The positive-helicity gravitational wave undergoes exponential amplification and
the late-time solution is well-approximated by

—=u
MPlﬁ

Lava ve (
Mbm It ME2 \ T+ + M2)2

() =

I + /1> — (1+27+2M2)13> :
(3.107)

where the solution is written as the sum of a free and a sourced part, arising from the
interaction with the gauge field fluctuations. The functions I, I3, I3 arise from the three
distinct integrals of eq. (3.105)

(42 — 2ipk + 21 — 2k2) sec(7B) sinh(—ira) T ()

L =
2p(p +2)
B 72 (u? + 2ipk + 2p — 2k2) sec(m ) esch(—ima)
2u(p+ 2T (a+ DI (—a-B+ T (—a+8+3)"
I — msec(mf)[(—a) B msec(mB)I'(1 — «)
M(—a— B+ (—a+B+3) w(—a—B+3H(—a+p+3)
musec(nf) — imk sec(mf)
2u(1 — ) ’
72 (p + ir) sec(mB) csch(—ima) (K + i) sec(m )
b DT (—a— B+ D (—at b+ T wutdi(a) = 10

The evolution for the negative helicity gravitational wave is largely independent of the
potential parameters and follows closely the free expanding-universe solution

v (z) = Aj;\/%ul(x), ui(x) = <1 + ;) e (3.109)

The total power spectrum at late times is given by the sum of the power in the positive-
and negative-helicity modes

(k) + 2P, (k), (3.110)
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Figure 8. Left: comparison between the late-time amplitude of the positive-helicity gravitational
waves computed analytically (red-solid) and numerically (black-dotted) for M = 1,3,5,7,9 (bottom
to top) and € = 0.01. Right: the chirality parameter as a function of « for e = 0.01 and different
values of M.

where we define the power in the each mode as

— - 7(2
(0 (i (re)) = (2m)8 (R + ) 2 Prs () (3.111)

Since the negative-helicity modes follow the free-field result, their power is

H2
P, (k)= ——, (3.112)
K 27T2M}%1
while the power in the positive-helicity modes can be written as
H? 4kH?  €|By)? 2 2
Py (k) B L+l — (1+ 2y +2M2) |

T 2MR, | MR 14+ M2)2 |\ Sfy 1 M2
(3.113)

because the free and sourced parts are uncorrelated. It is now straightforward to compute
the chirality parameter
Py — P,

X=—, (3.114)
Pv* + PT

which is plotted in figure 8. We see that the gravitational wave spectrum is strongly
polarized for most of the parameter-space plotted, especially for larger values of M or ~.

3.4.2 Superhorizon solutions

On superhorizon scales corresponding to k < aH, we can also solve for the evolution of
the system very accurately. In this limit, the parity violating terms become irrelevant, and
thus we can ignore the difference between the positive- and negative-helicity modes. In
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this limit,

S Ve
Jii2 | (1

K ~ v vty | o) (3.115)

Ve 0 T
\/1+’Y+MT2

[ 2—6y—5M? 2¢ 2

02 . —(2+ e ) — armar (L 2M% +29) | (1 4 ¢)2 5.116)
—/ o (1 + 2M2 + 29) 2(1+ v+ M?) 72

We then look for a solution of the form
As ~ Ao(—kr)", (3.117)

where &0 is a constant vector. Substituting into the asymptotic mode equation yields the
four solutions for n (two for each independent equation of motion)

8(1+ M?+7)(3+ M* 4 2v) 6)}“,)(62).
)

T+ 8M? + 8y(2 + 2y + M?
(3.118)

Note that the only growing mode is the solution with n = —1 — €, which corresponds to

L
n= {—1—6, Ode, —4—

2 /7 +8M2
5 2( +8M= +8v+

the amplitude ratio

A /3/1:(‘: 1 —1—¢
Re=()=as|_ v |(-hn' (3.119)
K VI

Therefore, with the scale factor given by eq. (A.2), on superhorizon scales the gravitational
wave spectrum becomes constant. Despite the appearance of an apparent mass for the
graviton, the superhorizon evolution is such that the resulting gravitational waves become
constant.'?> While it appears that the tensor tilt can be read off eq. (3.119) to be given by the
standard n; = —2e¢, in the case at hand, the prefactor A4+ has significant scale dependence,
in contrast to standard single-field slow-roll inflation. We demonstrate below that the
tensor spectral tilt, n7, can take both negative as well as positive values, corresponding to
a red or blue spectrum, respectively.

4 Phenomenology

In this section we explore the observational consequences of Higgsed Gauge-flation. We
numerically compute both the positive- and negative-helicity gravitational wave amplitudes
vt as well as the density fluctuation ¢.'3

2In the parameterization of ref. [43] this superhorizon solution corresponds to the vanishing of the
‘genuine tensor perturbation of the gauge field’. In that work, the slow-roll suppressed backreaction of
the gravitational wave modes onto the gauge fields was dropped. Generically, this backreaction sources a
growing mode of the gauge field. However, we demonstrate here that the solution corresponding to the
adiabatic mode corresponds to a solution where these gauge modes are absent.

13We verified through explicit computation that our results are unchanged if we instead work with the
comoving curvature perturbation in spatially-flat gauge R = Hdu, and on superhorizon scales k < aH,
i<l = R].
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As described above in section 2.1, in the slow roll approximation the evolution of the
background can be completely specified by the values of {vin, Min} Nin e-folds before the
end of inflation. In what follows, we parameterize the resulting spectra in terms of these
parameters. The value of the parameter x is then determined by matching the amplitude
of the scalar spectrum to the observed value.

In order to solve the equations of motion for the fluctuations numerically, we work with
e-folding number N as our time variable. For the background, treating v =~ constant, we
use the analytical expressions for {7y(N), M(N),e(N)} as described above in section 2.1.
This method allows for a straightforward computation of the observables closer to the end
of inflation, 60 e-folds after horizon-crossing.

As a check for accuracy, we performed the same computation in conformal time T,
simultaneously solving the background and fluctuation equations numerically. We initialize
the system close to the slow-roll attractor using the following procedure:

2 . 2
1. Calculate the value of v as ¢2 = 2]\]4\;" log <%

M, at Nj, = 60 e-folds before the end of inflation.

), for chosen values of i, and

2. The Hubble scale at 60 e-folds is given by HZ = 2M3,/(vintb2,).

3. Finally, the initial velocity of the t field is 9, = —(Yin + M2)(1 4 i +Mi%/2)%.
These initial conditions start the calculation close to the exact numerical solution for all
values of v and M. We found excellent agreement between these methods (evolution in
conformal time vs e-folding number) in both the evolution of each mode-functions, as well
as the resulting values of r, ng, and np.

As shown in sections 3.2.2 and 3.4.2 respectively, the scalar modes evolve outside the
horizon, while the tensor modes become constant. This means that the tensor-to-scalar
ratio is not constant, but rather evolves from horizon exit until the end of inflation. Even
though the evolution is rather weak, since it involves the slow-roll parameter ¢ = 0(0.01),
a simple order-of-magnitude calculation shows that the tensor-to-scalar ratio evolves as
(Tcomp/Tend)O(e) = O(10), where Tcomp is the conformal time where we compute r and
Tend 18 the end of inflation. Thus in the 60 e-folds between horizon-crossing and the end
of inflation the tensor-to-scalar ratio can vary by an O(10) factor. For this reason, we
compute the observables at 5 e-folds before the end of inflation. We did not choose to
evolve further, in order to ensure the accuracy of the slow-roll formulas. At N =5 e-folds
before the end of inflation the numerically computed (exact) solution for € and the slow-roll
expression start to deviate. Additionally, at this point € ~ 0.1, and the e-expansion of the
equations of motion begins to break down after this point.

Beyond the tensor-to-scalar ratio, the superhorizon evolution of the scalar power com-
plicates the numerical computation of the spectral index ngs. For the standard single-field
slow-roll inflationary models, the power spectrum freezes outside the horizon and the spec-
tral index can be evaluated by comparing P (k) for neighboring values of the wavenumber
k + Ak at some constant value of conformal time 7, e-folding number N, or x = —kr,
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provided the mode has left the horizon.'* In the present case the first two methods (con-
stant 7 or N) are equivalent sufficiently far outside the horizon, but the case of taking
x = —k7 constant is not. The value of ng computed using the two (inequivalent) methods
can differ by O(e) = O(0.01). We choose to evaluate the spectral index by comparing the
power-spectra at a fixed number of e-folds before the end of inflation. Even though the
spectral index settles to a constant value after around 10 e-folds after horizon-crossing,
even for the largest values of M used, we evaluate it at 5 e-folds before the end of inflation,
due to the evolution of the tensor-to-scalar ratio as explained above.

The evolution of the scalar power in the last 5 e-folds is a source of uncertainty in
our results. On the one hand, the continued decay of the scalar power likely increases the
tensor-to-scalar ratio above the values we quote. On the other hand, since all modes evolve
identically outside the horizon, the scalar spectral index is frozen and does not evolve
during this period.

Spectral tilt and tensor-to-scalar ratio

For the case of Gauge-flation, M = 0, we recover the results of ref. [21] by computing the
spectral index at constant x = —k7, or 3 e-folds after each mode has left the horizon. By
computing ns at constant N we get the same dependence of ns on ~, however, the spectral
index is larger by about Ang = 0.015 compared to the results of ref. [21]. This is a change
of O(e) as expected. However, the tensor-to-scalar ratio is larger by a factor of 10 when
calculated close to the end of inflation (N = 5) instead of close to horizon crossing (3
e-folds after horizon-crossing as in ref. [21]), due to the superhorizon decay of the scalar
power spectrum, as explained in section 3.2. This pushes the observables of Gauge-flation
even further from the Planck constraints.

As the Higgs vev, and thus M, is increased, both the tensor-to-scalar ratio, r, and
the scalar spectral index, ng, develop a distinct spike for any value of v, which is however
significantly more pronounced for smaller values of . This feature is shown in figure 9.
In order to understand the feature in r and ng, we revisit the behavior of the evolution
of the scalar and tensor power spectra for M # 0. In figure 10 we show the evolution of
the scalar power spectrum and the amplitude of mode that contributes dominantly to the
scalar spectrum, M(—k7), for constant v and various values of M bracketing the “spike”.
Figure 10 shows that at fixed « and increasing M, the power in the scalar modes initially
decreases before reaching a minimum, and then ultimately increases quickly. In contrast,
the power in tensor modes increases monotonically for constant v and increasing M. The
“spike” in the spectral parameters is due to the non-monotonic behavior of the scalar
spectrum as M is varied; the tensor to scalar ratio reaches its maximum value where the
scalar spectrum is minimized. Further, across this minima the spectral tilt goes from blue
to red. This is counter-intuitive, since M increases during inflation, one might naively
expect the opposite. However, as demonstrated below, v and its evolution have a much
stronger effect on the tilt of the spectrum (see figure 11). We note that this behavior was

11n practice we compute the tilt by evaluating the spectrum for nearby k-values k + Ak and taking a
two-sided numerical derivative. We checked that our results were independent of the precise value of Ak
used.
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Figure 9. The spectral index ng (left) and the tensor-to-scalar ratio r (right) as a function of
the mass M for v =4,5,6,7,8,9, color-coded from red to green. The horizontal black-dotted lines
correspond to the Planck 2-0 bounds.
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Figure 10. Left: the scalar power for v = 7 and M = 0,1,1.5,1.55,2,3 (blue solid, red dashed,
green solid, black dotted, brown long-dashed and maroon dot-dashed respectively). Right: the
N=N-)|Ay(N)| for the same parameters and color-coding.

dominant “slow” mode-function e~ (

not seen in the related model of Higgsed Chromo-Natural Inflation [26]. However, in that
work the region of parameter space corresponding to the (Higgsed) Gauge-flation model
was not explored.

For large-enough values of M, the observables of Higgsed Gauge-flation pass through
the Planck-allowed region in the ng-r plane, as shown in figure 11. By varying both v and
M we can fill-up the whole of the allowed Planck region'® in the ng-r plane for r > 107°.

Running of the scalar spectral index and inflationary energy scale

We compute the running of the scalar spectral tilt, o = dns/dlogk, by locally fitting log P
as a function of log k using a second order polynomial around the mode-function k£ that
leaves the horizon 60 e-folds before the end of inflation. The results for the parameters

151t is worth re-iterating here that we do not compute the evolution of the fluctuations during the last 5
e-folds of inflation. Since we do not expect ns to vary, these last 5 e-folds may shift the curves of figure 11
vertically, hence filing a slightly different part of the Planck-allowed region.
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Figure 11. The tensor-to-scalar ratio, r, (at k = 0.002h Mpcfl) as a function of the scalar spectral
tilt, ns (at k = 0.05hMpc™') and the tensor spectral tilt, ny (at & = 0.002h Mpc™') for models
drawn from a grid of values for the parameters v and M measured at N = 60 e-folds before the end
of inflation. The mode k = 0.052 Mpc ™" is assumed to leave the horizon 60 e-folds before the end
of inflation. In both panels each rainbow-colored line corresponds to a definite value of v ranging
from v =5 (red) to v =9 (green). Each purple-blue colored line corresponds to a definite value of
M, ranging from M = 4 (far left purple-dotted line) to M = 7 (far right cyan-dotted line). The
dots correspond to the values used in table 1. The dotted purple-to-blue lines shown on the left
panel do not appear on the right one, since they are either largely outside of the Planck-allowed
regime (purple-dotted) or lead to a very blue tensor spectrum (cyan-dotted). In both panels, the
shaded light red region correspond to the 1% limit of the linear regime, as discussed in section 4.1.

that correspond to the black dots of figure 11 are shown in figure 12. We see that for all
but one of the cases shown the running is positive and also for all but one of the cases
shown, the running is within the Planck limits.

Until now, we have rescaled the gauge coupling, g, and cosmic time, ¢, by x, eliminating
it from the equations of motion as described above in section 2.1. However, the value of k
sets the Hubble scale, and the overall energy scale of inflation. We fix x by matching the
the amplitude of the observed scalar power spectrum P, ~ 2.2 x 1079 [28]. Table 1 shows
the required value of x and the corresponding value of the Hubble scale. We note here that
the standard inflationary result (see, for example, [12])

1/4
Aing ~ /Hipg Mpy ~ 1.04 x 106 GeV(OTM> : (4.1)

is violated.

4.1 Validity of the linear theory

We end this section with a brief discussion of the validity of our analysis. As in the case
of Higgsed Chromo-Natural Inflation [26], the introduction of a Higgs sector enhances
the tensor mode amplification, rather than suppressing it. Furthermore, the Goldstone
mode dynamics contribute constructively to the amplification of the scalar and vector
modes. It is thus of paramount importance to examine whether the use of the linear order
perturbation theory and of the scalar-vector-tensor decomposition of the fluctuations is
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Figure 12. Left: the normalized scalar power spectrum amplitude as a function of wavenumber
for the parameters corresponding to the six dots of figure 11. The lines correspond to power-law
fits P;(k) ~ k™!, while the dots show the results of numerical simulations. Right: the ratio of
the normalized tensor amplitude (plotted on the left panel) to the form P (k) ~ k™ ~'. The dots
correspond to data points while the lines show the best-fit parabolae. This is a constant line in
the case of zero running of the spectral index, hence it can be used as a visual estimator of the
magnitude of the running «.. The black-dotted lines show the latest Planck limits. The color-coding
for both panes follows that of figure 11.

=~ | M| k" *Mp | H (Mpy) g U (Mpy) | ns r nr a x 10*
9 | 5 |14x10*[13x1077| 2x107° 0.019 | 0.965| 7.4 x 1072 | —0.006 | —0.68
8 | 5 [22x10*|56x10"%| 8x107° 0.020 |0.966 | 3.2 x 1072 | 0.016 1.34
7 |5 136x10%| 2x107® [ 26 x107% | 0.020 |0.966| 1.2 x 1072 | 0.036 | 4.46
6 | 5 [73x10*| 5x107% | 6x 1077 0.018 |0.961 | 3.8 x 1073 | 0.056 8.64
5 |55[59x10°| 9x1071 | 1x1078 0.020 |0.961 | 5.4x 107 | 0.092 | 22.66
4 | 7 |45x10%| 2x10716 |24 x 107 | 0.017 |0.965 | 4.3 x107° | 0.241 | 80.46

Table 1. Potential parameters and observables for the black dots shown in figure 11. The value
of the Hubble scale is given at N = 60 e-folds before the end of inflation. The value at the end of
inflation is approximately 8 times smaller for the parameters in this table.

justified. Following the analysis of ref. [26], we provide an estimate of the non-linearity,
rather than attempt a detailed analysis.

The gauge field mode amplification begins around —k7 ~ M and ceases around the
time when the mode exits the horizon at —k7T = 1, as shown for scalar, vector and tensor
modes in figures 2, 6, and 7 respectively. In order to keep the linearized analysis under
control, it is sufficient for the backround field fluctuations A, to be significantly smaller
than the classical (background) gauge field value, which is given in eq. (2.5) as fl# =
(0, apg.),

64,
Al

<1. (4.2)

We consider this ratio as a measure of the validity of the linear analysis. We focus on
the tensor part of the gauge fluctuations. In order to compute the ratio of eq. (4.2), we
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Figure 13. Left: the rescaled amplitude of the gauge tensor mode given in eq. (4.4). The horizontal
black-dotted lines correspond to 0.1 and 0.01, which indicate the level of the non-linearity. The
parameters used follow the black dots of figure 11, as does the color-coding of the curves. Right:
the gauge (solid) and metric (dotted) tensor modes, using the same color-coding. The gauge modes
are multiplied by 0.1, in order to make the gauge and metric amplitude easier to compare visually.
We show only three out of the six curves for clarity.

estimate the gauge field fluctuations as

3
34 = VIEAP) =\ [ Gelodnl ~ S5 [VaRsA. (1.3

where we cut the integral off at the peak of the amplification, which is observed to be near
—k7 ~ M. The linearity condition of eq. (4.2) can thus be rewritten as

g M
= |V2ksA 1 4.4
27_(_\/7)/‘ k:| <1, ( )

where we used the definition of v to swap H for g.

In figure 13, we plot the left hand side of eq. (4.4). Note that most of the cases
of interest satisfy the linearity criterion at the 1% level or better. As in the case of
Higgsed Chromo-Natural Inflation, the theory remains within the linear regime for lower
values of the tensor-to-scalar ratio. A simple estimate of this can be done in a more
general way using dimensional arguments. The background amplitude of the gauge field
depends only on the number of e-folds, which we take to be N = 60, and the values of
v and M. For v,M = O(1) we get ¢/Mp; ~ 0.02. The dominant gravitational wave
helicity mode is seeded by the gauge field fluctuation, and we observe that the late time
gravitational wave amplitude is directly proportional to the peak gauge field amplitude,
|hij| o< [0A,|peak, With a proportionality factor of ©(0.1) (see figure 13, right panel). The
physical amplitude of the gravitational waves depends on the Hubble scale and can be
estimated as Pr ~ HZ|h;;|> ~ O(0.01)|6A,|%. The linearity condition can thus be re-
written as

|6A| 4 H
— ~ 10 1 4.5
|4 T <5 (4.5)
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Figure 14. The ratio of the final scalar power spectrum computed using the Higgs and Slow initial
conditions (left) and using the Regular and Slow initial conditions (right). The color-coding follows
figure 9. The black-dotted lines correspond to ratio of 1, 1072 and 107°.

where we used the fact that Pp = rP; and P ~ 2.2 x 1079 [28]. The advantage of this
form of the linearity condition is that it involves only the Hubble scale and the tensor-
to-scalar ratio. Finally, we emphasize that both eqs. (4.4) and (4.5) should be used as
order-of-magnitude estimates of the non-linearity, rather than a sharp cut-off.

Before concluding this section, we revisit and justify the claim made throughout this
work regarding the dominance of the contribution of the ‘slow’ scalar mode compared to
the ‘regular’ and ‘Higgs’ modes in the scalar spectrum (see eq. (3.41)). Figure 14 shows the
ratio of the final scalar power spectrum computed using the three initial conditions, slow,
regular and Higgs. In the region of parameter space where the spectral tilt lies within the
Planck bounds, M 2 5 (see figure 9), the regular and Higgs modes contribute negligibly
to the final power spectrum. We are therefore justified in only using the “slow” mode
to initialize the numerical evolution of the fluctuations in this region. Away from this
region of parameter space, M < 3, the otherwise subdominant modes can dominate the
spectrum, however, in this region of parameter space the model is ruled out by the large
tensor-to-scalar ratio, as demonstrated in figure 9.

5 Discussion and conclusions

In this work we have demonstrated that Gauge-flation can be made compatible with ex-
isting limits from Planck data by introducing an additional mass term for the gauge field
fluctuations. We assume that the symmetry is spontaneously broken by a Higgs sector and
the resulting Higgs boson is much heavier than the Hubble scale, and is thus irrelevant.
We thus work with the theory in the Stueckelberg form, restricting the Higgs sector to the
Goldstone modes which fluctuate along the vacuum manifold.

The introduction of a Higgs sector to Gauge-flation significantly changes the phe-
nomenology of the fluctuations. On the one hand, the additional terms in the tensor action
have the effect of exacerbating the existing chiral gauge-tensor instability, and boost the
overall amplitude of the tensor modes. The resulting chiral spectrum of gravitational waves
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becomes constant on superhorizon scales, and is qualitatively similar to the spectrum of
gravitational waves from Gauge-flation. On the other hand, the mass terms and associated
scalar Goldstone modes significantly alter the scalar dynamics and resulting spectrum of
density fluctuations. The theory remains (catastrophically) unstable for parameters such
that v < 2. However, as the Higgs vev, Zy, and thus M, is increased from zero (with ~
fixed) the amplitude of the scalar power is initially suppressed before reaching a minimum.
This behavior leads to a feature in both the tensor-to-scalar ratio, r, and the spectral
index, ng, at the points in parameter space where the scalar power reaches its minimum.
By increasing the Higgs vev, and thus M, beyond this point, the overall amplitude of the
resulting scalar density fluctuations grows monotonically, decreasing the tensor-to-scalar
ratio r, and increasing the scalar spectral index ns. This behavior allows the theory to pro-
duce spectra of gravitational waves and density fluctuations that satisfy the latest Planck
bounds. The scalar spectrum decays on superhorizon scales in this model due to the pres-
ence of an isocurvature mode. We evaluate the tensor-to-scalar ratio and scalar spectral
index 5 e-folds before the end of inflation to minimize errors, however, the evolution of
the spectrum during the last 5 e-folds of inflation represents a source of uncertainty in our
results.

The exponential enhancement of the tensor modes means that observable gravitational
waves may be produced in this model, despite inflation occurring below the GUT scale, and
all fields evolving over sub-Planckian distances in field space. The model therefore violates
some formulations of the Lyth bound. The production mechanism of gravitational waves is
exactly analogous to the cases of Chromo-Natural Inflation, Higgsed Chromo-Natural Infla-
tion, and Gauge-flation. The gravitational waves in these models predominantly arise from
linear mixing with the (exponentially amplified) gauge field fluctuations. The form of the
gravitational wave spectra produced in this model is therefore significantly altered from the
usual form assumed in formulations of the Lyth bound. In contrast to standard inflationary
scenarios which uniformly predict red tilted gravitational wave spectra, these gravitational
waves can have either red- or blue-tilted spectra on CMB scales, with a strong favoring of
a blue tilt, especially for lower values of the tensor-to-scalar ratio r. Furthermore, these
gravitational waves have the distinct characteristic that they are chirally polarized and,
to a very good approximation, consist only of a single helicity. Unfortunately, it seems
unlikely that future CMB experiments will be able to distinguish between unpolarized and
chirally polarized gravitational waves [54, 55|, which would significantly reduce the space
of viable inflationary models.

The running of the scalar spectral index is predominately positive and within observa-
tional bounds for all but the lowest calculated values of the tensor-to-scalar ratio. Between
the linearity constraints for the equations of motion of the fluctuations and the Planck
constraints on the running of the spectral index, Higgsed Gauge-flation can fill the whole
Planck-allowed region on the ns-r plane for 107* < r < 1072, making this model especially
interesting in anticipation of planned Stage-4 CMB experiments. These experiments are
aiming to probe tensor-to-scalar ratios as low as r ~ 1073. The exponential sensitivity
of the amplification of both the scalar and tensor power spectra makes some level of fine-
tuning necessary to fit observations. In contrast to Gauge-flation, the addition of the Higgs
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sector causes vector perturbations of the matter sector to freeze out on super-horizon scales,
we leave the further study of the consequences of these modes to future work. While we
have estimated that the linear theory is under control, we leave the study of non-Gaussian
features of this model for future work.
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A Notation and conventions

We work with conformal time, which we define to be a negative quantity during inflation

bodt
T:/O a®)’ (A1)

and make use of the near de Sitter expansion to write
a~ —. (A.2)

When we are dealing with fluctuations of the fields, we work in Fourier space where our
convention is

3
A(x) = /((217:;:3141(6_&"‘, (A.3)

so that we replace spatial derivatives with 0;A — —ik; Ax and we make extensive use of
the fact that the fields satisfy a reality condition, which implies A_ix = Ay. It proves
useful to work with the dimensionless time variable x = —k7, where k is the Fourier space
wavenumber. Throughout we denote derivatives with respect to cosmic time by an overdot
("), primes (”) denote derivatives with respect to conformal time 7, while derivatives with
respect to conformal = are kept explicit (9,). Our symmetrization and antisymmetrization
conventions throughout are

1 1
Zlij) = §(Zi' = Zji), Zij) = §(Zij + Zj;). (A.4)

B Details of the scalar action

In this appendix we present the details of the scalar action. After eliminating the algebraic
constraints from the action, redefining the fields according to eq. (3.22), performing an
integration by parts and discarding the boundary terms, the scalar action is put into
the form

3
S = 1/ LI [ATTA' + AVKA — ATKA' — ATQ?A] (B.1)
2) (2n)3
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The exact forms of the matrices can be obtained in a straightforward manner, however,
they are long and complicated, and not particularly enlightening. We do not present their
gory details here.

As in ref. [21], each entry in the matrices is of the form, or is of the sum of entries of

ik Gy
Z’L C - X Zm C~ , (B2)
> djke > o dnkon

where the sums are finite, and all coefficients ¢;, d;, ¢;, d; are slowly varying functions of

the form

time. To perform our numerical evaluations, we expand each of the coefficients in slow
roll in the same manner as described in ref. [21]. Specifically, we replace x and v using
eq. (2.22), and then use eq. (2.25) to replace 6. We then expand each term to leading
order in € < 1. Obtaining the action, as well as expanding each term is performed using
MATHEMATICA.

To leading order in € < 1, the matrices have the entries

6e2a®H?(2y + M?)

T ~1 B.3
= e e P+ 32E IR (1 ME) (27 £ M) (B.3)
6a’yH?e(2y + M? + 2) (3a2H26(27 + M?) + k*(2y — 2e(y + M2 — 1) + M? + 2))
Too ~ ,
27 (6a2yH2e + k2(2y + M2 + 2)) (362 H22(y + M2)(2y + M2) + k2(2y + M2 + 2)2)
(B.4)
T 2V3aH \/7\/2 + 27 + M2e(k*(2 + 2y + M?) + 3¢ H? (2 + M?)e)
2 VE2(2 4 2y + M?) + 60> H?ve(k2(2 + 2y 4+ M?)? + 3a2H?(y + M?)(2y + M?)e?) ’
(B.5)
Tos — 1 4 3a2H?K*M? (2 + 2y + M?)%e
BT (B2 + 27+ M2) + 6a2H2ye) (k2(2 + 2y + M?)? + 3a2H2(y + M?)(2y + M?)e2)’
(B.6)
T~ V6aHEM (2 4 2y + M?)e\/k2(2 + 27 + M2) + 3a2H2(2y + M?)e
T R+ 29 + M2) £ 6a2H2ve (K2(2 + 2y + M2)? + 3a2H2(y + M2)(2y + M2)e2)
(B.7)

3a2H?k\/YM (2 + 27 + M?)3/2M /2k2(2 + 2y + M?) + 6a2H2(2y + M?)e
(k2(2+ 2y + M?) + 6a2H?yM) (k?(2 + 2y + M?)? + 3a2H?(y + M?)(2y + M?)e?) ’
(B.8)

T3 ~ —

for the K matrix, we find

V3a?H2E* M?(2 + 2y + M?)*/2e
2/ (k2(2 + 2 + M2) + 6a2 H2ye)** (k2(2 + 2y + M2)2 + 302 H2(y + M2)(2y + M?2)e?)
B (24 2y + M?)5/?
23 7/k2(2 + 27 + M2) + 6a2 H2ye(k2(2+2y+ M2)2+3a2 H2 (y+ M2)(2y+ M?)e?)
2H2E2(2y + 3M2)e  24a Hy(y + M?)(2y + M?)e!
X<2k4+3a (2v+3M?%)e  24a"H'y(y + M?)(27 + )6)7 (B.9)

K12 ~

(2+2v+ M?) (24 2y + M?)4
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3a2H2kM (2 + 2y + M?)e/k2(2 + 2y + M2) + 3a2H2(2y + M?)e
\/%k2(2 + 27 + M?) + 40 H?ye(k?(2 4 2v + M?)? + 3a>H?(y + M?)(2y + M?)e?)

Klg’l’—

3v6a HAk3 M3 (k2(2 + M2 + 2y) + 6a2H2ye) *

VA2 (2 F M2+ 2y) + 3a2H2(4M? + 87)6(1@2 + 3“2H2§§f]\}2)+(%;+2”62)

(B.10)

aHEM (2 + 2y + M?)3/2/k2(2 + 27 + M2) + 3a2H2(2y + M?2)e
V2y(k2(2 4 29 + M?) + 6a2H2’ye)2(k2(2 + 2y + M?)2 + 3a2H?(y + M?)(2y + M?)e?)
x {k*(2+ 2y + M?)? + 18 H?k*y(2 + 2y + M?)e + 5da’ Hy2e%} | (B.11)

K23 ~

2k2e
3(2y + M2+ 2)

20 H (24 27+ M) (k4 (2427~ M)+ 60” H2R2(2y + M?) — S8 H M) G bt

(k2(2 + 29 + M2)? + 3a2H2(y + M2)(2y + M?)e2)”

2
02, z%+2a2H2(1+y+M2)— (B.12)

_|_

)

-2 M? 6k>
02, ~ ﬁu _9g?gr_ _ e
v 2y + M2+ 2)

N a’?H%(2 + 2y + M?)5¢

(k2(2+ 2y + M?) + 6a2H2’ye) (k2(2+ 2y + M?)2 + 3a2H?(y + M?)(2y + M2)€2>2
36a* HES~(8y + M?)e

(2427 + M?)
108aS HOk*y2 (14 + 3M?)e?  1296a8 H3Kk2y3(2y + M?)(2 + 2y + M?)2e3
(24 2y + M?2)? (24 2y + M2)3
_ 3888aMH'"09% (v + M?) (27 + M?)%¢
(2427 + M?)5 ’

(B.13)

{k10(27(7 6) + (4 — 5y)M?) + 6a®H?k®(3y — M?) +

(B.14)

aH
6a2 H2~e 3/2 3a2H2('y+M2)(2'y+M2)62 2
39 (k2 + i ) (K2 + )

2
05 >~ —

2+2y+M?2) (2+2v+M?2)2
3K1OM2(2 + 2y + M?)
k2(2 4+ 2y + M2?) + 6a2H?~e
6a? H2kO~(M? + 4v(2 + 4y + 3M?))e  36a* H*k*y? (872 + M? + 2y(—5 + 4M?))e?
a (2+ 2y + M?) a (2 + 2y + M?2)2
864aS HOk2~3(2y + M?)e®  2592a8 H3~3(y + M?)(2y + M?)2¢5
(24 2y + M?)3 a (2 + 2y + M?2)5 }

X {— kB (872 4+ 3M? + 4v(2 4+ M?)) +

(B.15)

02, = k% — 242 H> <1 - ;) (B.16)
12a> H2K2 M2 (2 + 2¢ + M)~}

(kz 4 BaZHye )3(k2 3a2H?(2y+M?)e )(kz 3a2H2(v+M2)(27+M2)62)2
(2427 +M?2) (242v+M?) (2427 +M?2)2

" {klo n a’H?K8 B 6a* H*kSe 3 9aS HOk*y(14~% + 5M?)e?
2 4 (2+2v+ M?) 2(2 42y + M?)?
54a® H8k?y2(2y + M?)e? N 81a0H042 (72 + M?) (272 + M?)%(6 + 97> + 5M?)eb }
(24 2y + M?2)3 (2+2y+ M?2)S ’
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@2, - _\/TaHk;M\/k?@ + 2y + M?2) + 3a2H2(27y + M?)e
6 VE2(2 + 27 + M?) + 6a>H?~e
2 aHEM (24 2y + M?)~!

3 k2 + _6a%H?ve k2 4+ 3a2H?2(2v+M?)e k2 + 3a2H? (y+M?)(2y+M?2)e? 2
(242~v+M?2) (242~v+M?2) (242v+M?)?

9a* HAk*(40y + 9M?)e  540aS HOk?~(2y + M?)e?
(24 2v+ M?) (24 27+ M?)?
1296a8 H8~y(y + M?)(2y + M?)2et }
(2+2y+ M?2)*
4603 H3 kM (2 4+ M? 4 27) e
(kQ + 3 6a2 H2~e )5/2 (4k2 4 12a2H2(]VI2+27)6)3/2 <k2 4 3a2H2(1V12+’Y)(1V12+27)62)2

(B.17)

X {30a2H2k6 +2k% +

_|_

+M?2+427) (2+M2+427) (2+M2+42~)2
" {_ 410 6a> HPE®(3M? + 167)e  27a* HYEO(M* 4 16M %y + 329%)€?
(2 + M2+ 2) (2 4+ M2 + 2)2
108 HOK (2 + M? +29)3(5M* + 26M>y + 329°)¢?
(24 M2 +27)3
1296a® H8k2~2(M? + 2v)%e*  3888alOH1042 (M2 + ~)(M? + 27)3€°
- 2+ M2 +2y) - (24 M2 +27)8 }

2, — - : 12ﬁa2H2k3]\éf/2 :
A i) (v ) (o S )
" {klo N a?H?k8(5M? + 347y)e  3a*H*KS(2M* + 53M 2 + 138+?%)e?
(2+ M2 +27) (2+ M? +27)*
n 36aS HOk*~(5M* + 39M?>~ + 6672)e3 n 108a® H8 k242 (8 M* + 4TM?y + 6272)e*
(2 + M? +27)? (2 + M? 4 27)*
194400 H0~3(M? + 2v)%€d n 3888a'2 H1243 (M? + ) (M? 4 2v)3€7 }
2+ M2 +29) 2+ M2 +279)7

(B.18)

Note that, to leading order in slow-roll, we recover the results of [21] in the limit M — 0.

C Details of the vector action

In this appendix, we present the details of the vector action. After making the transfor-
mation in eq. (3.66), the action takes the form

628 = /

While it is straightforward to obtain the matrices exactly, they are long and not particularly
enlightening. Each entry in the matrices are of the form of eq. (B.2). To perform the
numerical evaluation, we expand each coefficient to leading order in slow-roll in the same

A [T WKW - WKW - Wi w*]. (C.1)

— 492 —



way as described in section B. We find

Th=1- ; 20’y H%e , (C.2)
(v + 2= + 1) (2a2yH? F 20 /7 Hk + k2)
e 20*H?* M?¢(a/7H + k)?
- (v + 22 + 1) (2a2vH? F 2a\/7Hk + k2) (a2H2(2y + M?) F 2a A HEk + k2) |
(C.3)
— 4a*\/YH*Me(a/7H F k)
(29 + M2 +2)(2a2yH? F 2aFHk + k2)\/a2H2(2y + M?) F 2a /A Hk + k2’
(C.4)
and
. a? TH kM (©5)

2 (202vH? — 2a./7Hk + k?)\/a?H2(2y + M?) F 2a /A Hk + k2

n 20 H?M (2a*yH*(2y+M?)Fa FH3k(Ty+M?)+a* H?k*(8y+ M?) F 4a\/THK> + k*)
(27 + M2 + 2)(2a2vH? T 2aFHk + k2) (a2H?(2y + M) T 2a 7 Hk + k2)°/?

Finally, the entries of the mass matrix take the form

2+ M? 4 27)

1 (
0?2 jE:/<2<1 — ) Hk +a’H*(M? +2 C.6
11 ~ +a VG a ( ) (C.6)

aH
37 (k2 F 2aHk/7 + 2a2H?7)3 (k2 F 2aHk,/7 + a? H2(M? 4 27))”

X ( + 3a2H2E® (2 + M?)y — 240" H' (2 + M?)77/2(M? + 2+)?
+£12a" H"k(2 + M?)y*(M?+27)(5M?+187) & 6a* H*k"(M*+57y + 8M?(1+37))
—3a®H?k®\/7(23v + 2M>(1 + 57))
£ 3aS HOk (MO + 688+ + 10M* (1 + 67) + 8M>v(24 + 377))
—6a’Hk*7*/2 (12M° + 33292 + 3M*(9 + 327) + AMy(51 + 407))
— 6a"HPK® /717172 + M*(1 + 8v) + My(35 + 727))
£ 6a® Hk?+? (8MC + 484~% + 8M?~(29 + 28v) + M*(23 + 100))
—3a"H kY2 (6M© + 97292 + 72M%y(5 + 67) + M*(27 + 1367))

5K (M2 + 7)€ 50aHKY /A(M? 4 5)e
2+ M2 + 2y 2+ MZ+ 2y ’

05, =k* + aH (aH(M? — 2) F k\/7)
a’H3M?
(k? F 2aHk\/7 + 20 H?7)? (k% F 2aHk\/y + a>H?(M? + 27))2
x ( £ K77 + 40" HA2(M? + 29)2 + aHES (=5 + 87) £ 202 H2E> /5(—11 + M? + 157)

+2a° H?k* (M? (=1 + 67) + 27(—11 + 177))

+aH'K /7 (M* + 4y(—12 + 257) + M?(—6 + 327))

+ P HP Ky (4M* + 4y (=T + 247) + M?(—7 + 48y))

+ 208 HOky®/2 (BM* + dy(—1 + 77) + M%(~2 + 207))) : (C.7)
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02 % _ a’H?M
E=
20/7(2 + M2 + 2y) (k% F 2aHk\/7 + 202 H?7)3 (k* F 2aHk /7 + a®? H?*(M? + 2v))

772

X (i k(14 2y) — aHE" /y(11 + 247) £ 2a° H?k" (M?(2 + 47) + v(35 + 727))

— 4a® H?K'0 /4 (M?(9 + 20v) + 47(19 + 357))

+aH*E? (M*(5 + 127) + 12072(8 + 137) + 8M>7(23 + 507))

— a®HO KB/ (M* (35 + 96) + AM>y(157 4 320) + 8+ (283 + 4087))

+2a°HOK™ (MO(1 + 47) + 96M>7%(8 + 157) + 3M* (23 + 647) + 8+°(253 + 3287))

—2a"HKS\ /(MO (5+247) + 16M*y(11+307) + 64+ (43+517) + 4M>+*(343+5927))

£ 28 H3 kP (M®+360M 272 (5+87) +2M°(7+367) +87%(353+3907) +2M *(157+4087))

— 4a® HOk Y2 (2MB +4MO (34 167) +15M (13 +327) +47°(267+2807)
+4M?7?(21343207))

+8a' H'" kP (M? + 2v) (2M°® + M* (7 + 327) + 27*(71 + 727) + M>v(69 + 1287))

— 8a HM k272 (M? + 27)% (2M* + 24~(1 +v) + M2(5 + 167))

32&13H1377/2(M2 T 27)3‘5)

(24 M2 +2v) (C.8)

+ 8a 2 H kv (M? +27)3(2 + M? + 27) +

D Density fluctuation

In this appendix we present the details of the computation of the density fluctuation. We
work in spatially flat gauge, where the curvature perturbation is given by

H op op
p 6[(¢2 + Hy)? + g2t + g22 23] 3H?*)* (24 2y + M?)
The perturbation to the energy density is found from the perturbed stress tensor, p = —T9,
where
T = 2Tr[FaF, g™ — gLQV Te[Fl5FP) (D.2)
1 o ot ar K o312
Tl Tr[Fog B Tr[(FLFyo + FL,%Flua)] + Iuvgg Tr[FppEF "]

. . . 2
+242Z2 Tr KAM - ;U18MU> (AV— ;U18VU>] — g Z3 Tr [(AM— ;U18MU> } .

Inserting the field configuration in eqs. (3.14)—(3.17), we find

0p =3 <a;§)/ (1 + rg*yh)oy’ — kQ(ﬁé)/(l + kg2t M
+3 [921#(21#2 +7Z5) + (1+ 3%921/}4)?:1/1 +(1+ 5@21/14)‘2?
By [g%(wg +Z3)+ (1 + 3%921/)4)2/421/1 + (1 + 5/€g2¢4)621§/ + 2%
- 92502%25 2@ ety — 3 (“;/’4),2 (1 + rg*h)ar. (D.3)

a3

le
2} o

1/}/2

a?

+ 2ﬁgzw3

ar
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Next, we insert the solutions for the constraints, and expand to leading order in slow roll,
to find

V2H? Mp1/e(2 + 29 + M?)3/?

5p ~ D4
P =122+ 2y + M2)2 1 3a2H2e2(y + M2)(2y + M?) (D-4)
5 /
X {3(9a2H2(M2 +29) + k26 + M2 +27))5¢ + 3(2k? + 3a>H*(M? + 27)) alé

— k*(9a*H?*(M? + 27) + k*(4 + M? 4 29))M — 3aHE*(2y + M*) M’
N 2/<;2M2 (k*(2+ M? + 2v) + 3a>H*(M? + 27)e)
aH(2+ 2y + M?)

£+ 6Hk2M2§’} .

Note that, as expected, we recover the results of ref. [21] in the limit M — 0. The curvature
is then of the form

(=100 + caM + c3€ + d10Y + do M’ + d3€, (D.5)
where
.~ (24 2y + M?)3/? (9a?H?(M? + 27) + k*(6 + M? + 27)) D.6)
LT V2Mpe K22+ 2y + M2)? +3a2H?E(y + M?)(2y + M?) '
L2 (2427 + M2)*2 (94 H?(M? + 27) + k*(4 + M? + 27)) D7)
Cy >~ — , .
? 3V2MprJe K22+ 27 + M2)2 + 3a2H2E(y + M2)(2y + M?)
(2+ 27+ M?2) E*M?(k*(2+ M? + 27) + 3a*H?*(M? + 27)e) D)
3v2aH Mpy\/e k2(2+4 2y + M?)2 4+ 3a2H2€2(y + M?)(2y + M?)’ '
and
i ~ (24 2y + M?)3/2 (2k* + 3a>H?*(M? + 2v)) 0.9)
T V2aHMpi/e K224 2v+ M?)? + 3a2H?e2(y + M?)(2y + M?)’ '
i, ~ (2427 + M?)32 aHE?(2y + M?) (D.10)
V2Mpyy/e K2+ 2y + M?)? 4+ 3a®H?e2(y + M?)(2y + M?)
242 M?)3/2 QHE2 M2
L~ 2 E2y+ M) K (D.11)

V2Mpiy/e  k2(2+4 2y + M?)2 4+ 3a2H2e2(y + M?)(2y + M?)

Our numerical solutions are not in terms of the variables X = {61, M, £}, but are in terms
of A, which are related to the X via the redefinition at eq. (3.22). The power spectrum is
then given by

2
’

I . - " =
P<:ﬁZ}(c-UM-U’).Qﬁd-U-Q; (D.12)
i=1
and the sum runs over the independent solutions of the equations of motion. That is, the
solutions initialized on the independent initial conditions in eq. (3.41). Explicitly,

_ VEV2+ 2y + M2(6a®H?(2y + M?) + k*(4 + 2y + M?))

Z-Utd-U"), =
( h av/3(k2(2y + M? + 2)2 + 362 H2e (v + M2)(2y + M?))

, (D.13)
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(B M) 32 22 (2 + M?) + 4 (2 + M2 + 4))

(¢ U+J‘ Uy = — 27+ M2+2)
6a2H\/’V\/E\/6a2'YH2€ + ]{j2(2f}/ + M2 + 2) (]{32 + 3a2H2(€;’(Y1+J\9gi)§§;+M2)>
(D.14)
C \@kgMQ +M2+2 5/2
(€ U+d-U')s = 2 272 2 2 2) D) (D.15)
3a2H /e y/3a® H2€(2y + M?) + k(27 + M2 + 2)
(2 (27+ M2 +2)(k* 30 H?) —36a’yH'e)
>< )
(6a2y H2e+k2(2y+ M?+2))** (K2(2y+ M?+2)2+3a2 H2€2 (y+ M2)(2y+ M?))
and
1 \/§G2H\/E(k2(27+M2 +2)2 —|—3a2H262(7+M2)(2’7+M2)) ’ '
/ (29 + M?)(2+ 2y + M?)\/k2(2 + 2y + M?) + Ga?yH?e
2 Avea(k?(2 + 2y + M?)? + 3a2H?> (v + M?)(2y + M?))
(d-U)s = kM (2 + M? + 2)3/2
Jear/k2(2y + M2 + 2) + 6aZy H2e
OK2(2y + M2 + 2) + 6aZH2e(2y + M?
V2K2(2y + M? + 2) + 6a2H2(2y + M?) .

X .
(k2(2y + M? +2)% + 3a?H?€2(y + M?)(2y + M?))

Open Access. This article is distributed under the terms of the Creative Commons

Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in

any medium, provided the original author(s) and source are credited.

References

1]

2]

A H. Guth, The inflationary universe: a possible solution to the horizon and flatness
problems, Phys. Rev. D 23 (1981) 347 nSPIRE].

A.D. Linde, A new inflationary universe scenario: a possible solution of the horizon,
flatness, homogeneity, isotropy and primordial monopole problems,
Phys. Lett. B 108 (1982) 389 [INSPIRE].

A. Albrecht and P.J. Steinhardt, Cosmology for grand unified theories with radiatively
induced symmetry breaking, Phys. Rev. Lett. 48 (1982) 1220 [InSPIRE].

A.A. Starobinsky, Spectrum of relict gravitational radiation and the early state of the
universe, JETP Lett. 30 (1979) 682 [InSPIRE].

A.A. Starobinsky, A new type of isotropic cosmological models without singularity,
Phys. Lett. B 91 (1980) 99 [INSPIRE].

V.N. Lukash, Production of phonons in an isotropic universe,
Sov. Phys. JETP 52 (1980) 807 [NnSPIRE].

W.H. Press, Spontaneous production of the Zel’dovich spectrum of cosmological fluctuations,
Phys. Scripta 21 (1980) 702 [INSPIRE].

V.F. Mukhanov and G.V. Chibisov, Quantum fluctuations and a nonsingular universe,

JETP Lett. 33 (1981) 532 [NSPIRE].

— 46 —


https://creativecommons.org/licenses/by/4.0/
http://dx.doi.org/10.1103/PhysRevD.23.347
https://inspirehep.net/search?p=find+J+%22Phys.Rev.,D23,347%22
http://dx.doi.org/10.1016/0370-2693(82)91219-9
https://inspirehep.net/search?p=find+J+%22Phys.Lett.,B108,389%22
http://dx.doi.org/10.1103/PhysRevLett.48.1220
https://inspirehep.net/search?p=find+J+%22Phys.Rev.Lett.,48,1220%22
https://inspirehep.net/search?p=find+J+%22JETPLett.,30,682%22
http://dx.doi.org/10.1016/0370-2693(80)90670-X
https://inspirehep.net/search?p=find+J+%22Phys.Lett.,B91,99%22
https://inspirehep.net/search?p=find+J+%22Sov.Phys.JETP,52,807%22
http://dx.doi.org/10.1088/0031-8949/21/5/021
https://inspirehep.net/search?p=find+J+%22Phys.Scripta,21,702%22
https://inspirehep.net/search?p=find+J+%22JETPLett.,33,532%22

[9]

A H. Guth and S.Y. Pi, Fluctuations in the new inflationary universe,
Phys. Rev. Lett. 49 (1982) 1110 [inSPIRE].

S.W. Hawking, The development of irregularities in a single bubble inflationary universe,
Phys. Lett. B 115 (1982) 295 [INSPIRE].

PLANCK collaboration, P.A.R. Ade et al., Planck 2013 results. XXII. Constraints on
inflation, Astron. Astrophys. 571 (2014) A22 [arXiv:1303.5082] INSPIRE].

CMB-54 collaboration, K.N. Abazajian et al., CMB-S4 science book. First edition,
arXiv:1610.02743 [INSPIRE].

A. Maleknejad and M.M. Sheikh-Jabbari, Gauge-flation: inflation from non-Abelian gauge
fields, Phys. Lett. B 723 (2013) 224 [arXiv:1102.1513] [INSPIRE].

A. Maleknejad and M.M. Sheikh-Jabbari, Non-Abelian gauge field inflation,
Phys. Rev. D 84 (2011) 043515 [arXiv:1102.1932] [INSPIRE].

A. Mehrabi, A. Maleknejad and V. Kamali, Gaugessence: a dark energy model with early
time radiation-like equation of state, Astrophys. Space Sci. 362 (2017) 53
[arXiv:1510.00838] [INSPIRE].

P. Adshead and M. Wyman, Chromo-natural inflation: natural inflation on a steep potential
with classical non-Abelian gauge fields, Phys. Rev. Lett. 108 (2012) 261302
[arXiv:1202.2366] [INSPIRE].

P. Adshead and M. Wyman, Gauge-flation trajectories in chromo-natural inflation,
Phys. Rev. D 86 (2012) 043530 [arXiv:1203.2264] [INSPIRE].

E. Martinec, P. Adshead and M. Wyman, Chern-Simons EM-flation, JHEP 02 (2013) 027
[arXiv:1206.2889] [INSPIRE].

M.M. Sheikh-Jabbari, Gauge-flation vs chromo-natural inflation, Phys. Lett. B 717 (2012) 6
[arXiv:1203.2265] INSPIRE].

A. Maleknejad and M. Zarei, Slow-roll trajectories in chromo-natural and gauge-flation
models: an exhaustive analysis, Phys. Rev. D 88 (2013) 043509 [arXiv:1212.6760]
[INSPIRE].

R. Namba, E. Dimastrogiovanni and M. Peloso, Gauge-flation confronted with Planck,
JCAP 11 (2013) 045 [arXiv:1308.1366] [INSPIRE].

E. Dimastrogiovanni and M. Peloso, Stability analysis of chromo-natural inflation and
possible evasion of Lyth’s bound, Phys. Rev. D 87 (2013) 103501 [arXiv:1212.5184]
[INSPIRE].

P. Adshead, E. Martinec and M. Wyman, Perturbations in chromo-natural inflation,
JHEP 09 (2013) 087 [arXiv:1305.2930] [iNSPIRE].

P. Adshead, E. Martinec and M. Wyman, Gauge fields and inflation: chiral gravitational
waves, fluctuations and the Lyth bound, Phys. Rev. D 88 (2013) 021302 [arXiv:1301.2598|
[INSPIRE].

C.M. Nieto and Y. Rodriguez, Massive gauge-flation, Mod. Phys. Lett. A 31 (2016) 1640005
[arXiv:1602.07197] [INSPIRE].

P. Adshead, E. Martinec, E.I. Sfakianakis and M. Wyman, Higgsed chromo-natural inflation,
JHEP 12 (2016) 137 [arXiv:1609.04025] INSPIRE].

47 —


http://dx.doi.org/10.1103/PhysRevLett.49.1110
https://inspirehep.net/search?p=find+J+%22Phys.Rev.Lett.,49,1110%22
http://dx.doi.org/10.1016/0370-2693(82)90373-2
https://inspirehep.net/search?p=find+J+%22Phys.Lett.,B115,295%22
http://dx.doi.org/10.1051/0004-6361/201321569
https://arxiv.org/abs/1303.5082
https://inspirehep.net/search?p=find+EPRINT+arXiv:1303.5082
https://arxiv.org/abs/1610.02743
https://inspirehep.net/search?p=find+EPRINT+arXiv:1610.02743
http://dx.doi.org/10.1016/j.physletb.2013.05.001
https://arxiv.org/abs/1102.1513
https://inspirehep.net/search?p=find+EPRINT+arXiv:1102.1513
http://dx.doi.org/10.1103/PhysRevD.84.043515
https://arxiv.org/abs/1102.1932
https://inspirehep.net/search?p=find+EPRINT+arXiv:1102.1932
http://dx.doi.org/10.1007/s10509-017-3033-z
https://arxiv.org/abs/1510.00838
https://inspirehep.net/search?p=find+EPRINT+arXiv:1510.00838
http://dx.doi.org/10.1103/PhysRevLett.108.261302
https://arxiv.org/abs/1202.2366
https://inspirehep.net/search?p=find+EPRINT+arXiv:1202.2366
http://dx.doi.org/10.1103/PhysRevD.86.043530
https://arxiv.org/abs/1203.2264
https://inspirehep.net/search?p=find+EPRINT+arXiv:1203.2264
https://doi.org/10.1007/JHEP02(2013)027
https://arxiv.org/abs/1206.2889
https://inspirehep.net/search?p=find+EPRINT+arXiv:1206.2889
http://dx.doi.org/10.1016/j.physletb.2012.09.014
https://arxiv.org/abs/1203.2265
https://inspirehep.net/search?p=find+EPRINT+arXiv:1203.2265
http://dx.doi.org/10.1103/PhysRevD.88.043509
https://arxiv.org/abs/1212.6760
https://inspirehep.net/search?p=find+EPRINT+arXiv:1212.6760
https://doi.org/10.1088/1475-7516/2013/11/045
https://arxiv.org/abs/1308.1366
https://inspirehep.net/search?p=find+EPRINT+arXiv:1308.1366
http://dx.doi.org/10.1103/PhysRevD.87.103501
https://arxiv.org/abs/1212.5184
https://inspirehep.net/search?p=find+EPRINT+arXiv:1212.5184
https://doi.org/10.1007/JHEP09(2013)087
https://arxiv.org/abs/1305.2930
https://inspirehep.net/search?p=find+EPRINT+arXiv:1305.2930
http://dx.doi.org/10.1103/PhysRevD.88.021302
https://arxiv.org/abs/1301.2598
https://inspirehep.net/search?p=find+EPRINT+arXiv:1301.2598
http://dx.doi.org/10.1142/S0217732316400058
https://arxiv.org/abs/1602.07197
https://inspirehep.net/search?p=find+EPRINT+arXiv:1602.07197
https://doi.org/10.1007/JHEP12(2016)137
https://arxiv.org/abs/1609.04025
https://inspirehep.net/search?p=find+EPRINT+arXiv:1609.04025

[27]

[28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

J. Martin, C. Ringeval and V. Vennin, Encyclopedia inflationaris,
Phys. Dark Univ. 5-6 (2014) 75 [arXiv:1303.3787] [INSPIRE].

PLANCK collaboration, P.A.R. Ade et al., Planck 2015 results. XX. Constraints on inflation,
Astron. Astrophys. 594 (2016) A20 [arXiv:1502.02114] [INSPIRE].

D.H. Lyth, What would we learn by detecting a gravitational wave signal in the cosmic
microwave background anisotropy?, Phys. Rev. Lett. 78 (1997) 1861 [hep-ph/9606387|
[INSPIRE].

E. Dimastrogiovanni, M. Fasiello and T. Fujita, Primordial gravitational waves from
azion-gauge fields dynamics, JCAP 01 (2017) 019 [arXiv:1608.04216] [INSPIRE].

A. Maleknejad, Azion inflation with an SU(2) gauge field: detectable chiral gravity waves,
JHEP 07 (2016) 104 [arXiv:1604.03327] [INSPIRE].

T. Fujita, R. Namba and Y. Tada, Does the detection of primordial gravitational waves
exclude low energy inflation?, arXiv:1705.01533 [INSPIRE].

D.V. Gal'tsov and E.A. Davydov, Cosmological models with gauge fields,
Proc. Steklov Inst. Math. 272 (2011) 119 [arXiv:1012.2861] [INSPIRE].

D.V. Gal'tsov and E.A. Davydov, Yang-Mills condensates in cosmology,
Int. J. Mod. Phys. Conf. Ser. 14 (2012) 316 [arXiv:1112.2943] INSPIRE].

A. Maleknejad, Chiral gravity waves and leptogenesis in inflationary models with non-Abelian
gauge fields, Phys. Rev. D 90 (2014) 023542 [arXiv:1401.7628] [INSPIRE].

I. Obata, T. Miura and J. Soda, Chromo-natural inflation in the aziverse,
Phys. Rev. D 92 (2015) 063516 [arXiv:1412.7620] [INSPIRE].

J. Bielefeld and R.R. Caldwell, Chiral imprint of a cosmic gauge field on primordial
gravitational waves, Phys. Rev. D 91 (2015) 123501 [arXiv:1412.6104] [INSPIRE].

J. Bielefeld and R.R. Caldwell, Cosmological consequences of classical flavor-space locked
gauge field radiation, Phys. Rev. D 91 (2015) 124004 [arXiv:1503.05222] [INSPIRE].

CLEO collaboration, I. Obata and J. Soda, Chiral primordial chiral primordial gravitational
waves from dilaton induced delayed chromonatural inflation, Phys. Rev. D 93 (2016) 123502
[arXiv:1602.06024] [INSPIRE].

R.R. Caldwell, C. Devulder and N.A. Maksimova, Gravitational wave-gauge field oscillations,
Phys. Rev. D 94 (2016) 063005 [arXiv:1604.08939] [INSPIRE].

S. Alexander, S. Cormack and R. Sims, Chirality and circular polarization in models of
inflation, arXiv:1606.05357 [INSPIRE].

I. Obata and J. Soda, Oscillating chiral tensor spectrum from azxionic inflation,
Phys. Rev. D 94 (2016) 044062 [arXiv:1607.01847] [INSPIRE].

A. Maleknejad, Tensor adiabatic modes and consistency relations with primordial
azion-gauge fields, arXiv:1612.05701 [INSPIRE].

A. Maleknejad, Gravitational leptogenesis in azion inflation with SU(2) gauge field,
JCAP 12 (2016) 027 [arXiv:1604.06520] [INSPIRE].

J. Beltran Jimenez and L. Heisenberg, Generalized multi-Proca fields,
Phys. Lett. B 770 (2017) 16 [arXiv:1610.08960] [NSPIRE].

48 —


http://dx.doi.org/10.1016/j.dark.2014.01.003
https://arxiv.org/abs/1303.3787
https://inspirehep.net/search?p=find+EPRINT+arXiv:1303.3787
http://dx.doi.org/10.1051/0004-6361/201525898
https://arxiv.org/abs/1502.02114
https://inspirehep.net/search?p=find+EPRINT+arXiv:1502.02114
http://dx.doi.org/10.1103/PhysRevLett.78.1861
https://arxiv.org/abs/hep-ph/9606387
https://inspirehep.net/search?p=find+EPRINT+hep-ph/9606387
https://doi.org/10.1088/1475-7516/2017/01/019
https://arxiv.org/abs/1608.04216
https://inspirehep.net/search?p=find+EPRINT+arXiv:1608.04216
https://doi.org/10.1007/JHEP07(2016)104
https://arxiv.org/abs/1604.03327
https://inspirehep.net/search?p=find+EPRINT+arXiv:1604.03327
https://arxiv.org/abs/1705.01533
https://inspirehep.net/search?p=find+EPRINT+arXiv:1705.01533
http://dx.doi.org/10.1134/S0081543811010111
https://arxiv.org/abs/1012.2861
https://inspirehep.net/search?p=find+EPRINT+arXiv:1012.2861
http://dx.doi.org/10.1142/S201019451200743X
https://arxiv.org/abs/1112.2943
https://inspirehep.net/search?p=find+EPRINT+arXiv:1112.2943
http://dx.doi.org/10.1103/PhysRevD.90.023542
https://arxiv.org/abs/1401.7628
https://inspirehep.net/search?p=find+EPRINT+arXiv:1401.7628
http://dx.doi.org/10.1103/PhysRevD.95.109902
https://arxiv.org/abs/1412.7620
https://inspirehep.net/search?p=find+EPRINT+arXiv:1412.7620
http://dx.doi.org/10.1103/PhysRevD.91.123501
https://arxiv.org/abs/1412.6104
https://inspirehep.net/search?p=find+EPRINT+arXiv:1412.6104
http://dx.doi.org/10.1103/PhysRevD.91.124004
https://arxiv.org/abs/1503.05222
https://inspirehep.net/search?p=find+EPRINT+arXiv:1503.05222
http://dx.doi.org/10.1103/PhysRevD.95.109903
https://arxiv.org/abs/1602.06024
https://inspirehep.net/search?p=find+EPRINT+arXiv:1602.06024
http://dx.doi.org/10.1103/PhysRevD.94.063005
https://arxiv.org/abs/1604.08939
https://inspirehep.net/search?p=find+EPRINT+arXiv:1604.08939
https://arxiv.org/abs/1606.05357
https://inspirehep.net/search?p=find+EPRINT+arXiv:1606.05357
http://dx.doi.org/10.1103/PhysRevD.94.044062
https://arxiv.org/abs/1607.01847
https://inspirehep.net/search?p=find+EPRINT+arXiv:1607.01847
https://arxiv.org/abs/1612.05701
https://inspirehep.net/search?p=find+EPRINT+arXiv:1612.05701
https://doi.org/10.1088/1475-7516/2016/12/027
https://arxiv.org/abs/1604.06520
https://inspirehep.net/search?p=find+EPRINT+arXiv:1604.06520
http://dx.doi.org/10.1016/j.physletb.2017.03.002
https://arxiv.org/abs/1610.08960
https://inspirehep.net/search?p=find+EPRINT+arXiv:1610.08960

[46] R. Emami, S. Mukohyama, R. Namba and Y.-1. Zhang, Stable solutions of inflation driven by
vector fields, JCAP 03 (2017) 058 [arXiv:1612.09581] INSPIRE].

[47] E. Davydov and D. Gal’tsov, HYM-flation: Yang-Mills cosmology with Horndeski coupling,
Phys. Lett. B 753 (2016) 622 [arXiv:1512.02164] [INSPIRE].

[48] J. Beltran Jimenez, L. Heisenberg, R. Kase, R. Namba and S. Tsujikawa, Instabilities in
Horndeski Yang-Mills inflation, Phys. Rev. D 95 (2017) 063533 [arXiv:1702.01193]
[INSPIRE].

[49] M.E. Peskin and D.V. Schroeder, An introduction to quantum field theory, Addison-Wesley,
Reading U.S.A. (1995) [InSPIRE].

[50] T. Kunimasa and T. Goto, Generalization of the Stueckelberg formalism to the massive
Yang-Mills field, Prog. Theor. Phys. 37 (1967) 452 InSPIRE].

[51] H. Ruegg and M. Ruiz-Altaba, The Stueckelberg field, Int. J. Mod. Phys. A 19 (2004) 3265
[hep-th/0304245] [iNSPIRE].

[52] R.L. Arnowitt, S. Deser and C.W. Misner, The dynamics of general relativity,
Gen. Rel. Grav. 40 (2008) 1997 [gr-qc/0405109] [INSPIRE].

[63] R. Namba, M. Peloso, M. Shiraishi, L. Sorbo and C. Unal, Scale-dependent gravitational
waves from a rolling azion, JCAP 01 (2016) 041 [arXiv:1509.07521] [INSPIRE].

[64] V. Gluscevic and M. Kamionkowski, Testing parity-violating mechanisms with cosmic
microwave background experiments, Phys. Rev. D 81 (2010) 123529 [arXiv:1002.1308]
[INSPIRE].

[65] M. Gerbino, A. Gruppuso, P. Natoli, M. Shiraishi and A. Melchiorri, Testing chirality of
primordial gravitational waves with Planck and future CMB data: no hope from angular
power spectra, JCAP 07 (2016) 044 [arXiv:1605.09357] [INSPIRE].

— 49 —


https://doi.org/10.1088/1475-7516/2017/03/058
https://arxiv.org/abs/1612.09581
https://inspirehep.net/search?p=find+EPRINT+arXiv:1612.09581
http://dx.doi.org/10.1016/j.physletb.2015.12.070
https://arxiv.org/abs/1512.02164
https://inspirehep.net/search?p=find+EPRINT+arXiv:1512.02164
http://dx.doi.org/10.1103/PhysRevD.95.063533
https://arxiv.org/abs/1702.01193
https://inspirehep.net/search?p=find+EPRINT+arXiv:1702.01193
https://inspirehep.net/search?p=find+IRN+%22SPIRES-3485960%22
http://dx.doi.org/10.1143/PTP.37.452
https://inspirehep.net/search?p=find+J+%22Prog.Theor.Phys.,37,452%22
http://dx.doi.org/10.1142/S0217751X04019755
https://arxiv.org/abs/hep-th/0304245
https://inspirehep.net/search?p=find+EPRINT+hep-th/0304245
http://dx.doi.org/10.1007/s10714-008-0661-1
https://arxiv.org/abs/gr-qc/0405109
https://inspirehep.net/search?p=find+EPRINT+gr-qc/0405109
https://doi.org/10.1088/1475-7516/2016/01/041
https://arxiv.org/abs/1509.07521
https://inspirehep.net/search?p=find+EPRINT+arXiv:1509.07521
http://dx.doi.org/10.1103/PhysRevD.81.123529
https://arxiv.org/abs/1002.1308
https://inspirehep.net/search?p=find+EPRINT+arXiv:1002.1308
https://doi.org/10.1088/1475-7516/2016/07/044
https://arxiv.org/abs/1605.09357
https://inspirehep.net/search?p=find+EPRINT+arXiv:1605.09357

	Introduction
	Gauge-flation: inflation from non-Abelian gauge fields
	Background solutions

	Linear perturbations
	Two dimensional representation and scalar-vector-tensor decomposition
	Scalar fluctuations
	Initial conditions and quantization
	Superhorizon solutions

	Vector fluctuations
	Initial conditions and quantization
	Superhorizon solutions

	Tensor fluctuations
	Sub-horizon solutions and Born approximation
	Superhorizon solutions


	Phenomenology
	Validity of the linear theory

	Discussion and conclusions
	Notation and conventions
	Details of the scalar action
	Details of the vector action
	Density fluctuation

