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1 Introduction

Inflation [1–3] is a remarkably successful paradigm, simultaneously solving fine tuning

problems associated with the initial conditions of the standard hot big bang scenario while

providing primordial fluctuations with the right amplitude and scale dependence to seed

structure formation [4–10].

With the increasingly exquisite measurements of the spectrum of temperature and

polarization fluctuations in the Cosmic Microwave Background, the basic inflationary

paradigm is in good shape [11]. The measured fluctuations are adiabatic, Gaussian, and
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there is evidence at the 5-σ level of a red tilt from the CMB alone. While there is currently

no evidence for gravitational waves, upcoming experiments such as CMB Stage 4 [12] will

probe tensor-to-scalar ratios as low as r ∼ 10−3.

In this work we study a massive or Higgsed variation of the model of inflation called

Gauge-flation, first proposed in refs. [13, 14].1 The remarkable aspect of Gauge-flation is

that it does not contain scalar fields. Instead the theory utilizes non-Abelian gauge fields

in a classical configuration to generate an epoch of accelerated expansion. The Gauge-

flation model can be obtained from a related model, Chromo-Natural inflation [16–18],

by integrating out an axion about the minimum of its potential [17, 19, 20]. Unfor-

tunately, Gauge-flation and Chromo-Natural inflation are ruled out at the level of the

fluctuations [21–24]. In regions of parameter space that yield acceptable scalar density

fluctuations, the tensor-to-scalar ratio is too large; conversely, in the regions where the

tensor-to-scalar ratio is acceptable, the scalar spectrum is too red-tilted. In this work,

we augment the Gauge-flation model by introducing a Higgs sector which spontaneously

breaks the gauge symmetry [25, 26]. Recently we demonstrated that breaking the gauge

symmetry in Chromo-Natural inflation allows that model to generate spectra that are con-

sistent with current data [26], and in this paper we demonstrate that Gauge-flation too

can generate acceptable spectra in a broken phase.

While there is certainly no shortage of inflationary models on the market [27], and

many that fit the data well [28], most rely on (one or multiple) slowly rolling scalar fields to

generate an extended period of nearly exponential expansion. In these models of inflation,

the amplitude of the gravitational wave spectrum is set only by the energy scale during

inflation. Obtaining a large amplitude gravitational wave spectrum generically requires

that inflation occurs at an energy scale near the energy associated with grand unification,

and a large tensor-to-scalar ratio requires that the inflaton roll a distance in field space

that is comparable to the Planck scale [29]. As we demonstrate, the remarkable feature of

Higgsed Gauge-flation is the generation of observable gravitational waves at much lower

energy scales — in this model, gravitational waves mix with exponentially enhanced gauge

field fluctuations, resulting in their subsequent amplification. This phenomenon is also

observed in Higgsed Chromo-Natural inflation [26] and in models of inflation that have an

accompanying spectator Chromo-Natural inflation-like sector [30–32]

Classical non-Abelian gauge fields lead to striking phenomenology in cosmological set-

tings [33, 34], most notably chiral gravitational waves [23, 30, 31, 35–43] and the facilitation

of gravitational leptogenesis [44]. Classical non-Abelian gauge fields have also recently been

employed in generalized multi-Proca theories [45] to build stable inflationary models that

do not require gauge invariance [46], and to generate inflation models with Horndeski

couplings [47, 48].

Throughout this work, we use natural units where the speed of light and the reduced

Planck constant are set to unity, c = ~ = 1.

1Gauge-flation has also been proposed as a model for dark energy ‘Gaugessence’ [15].
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2 Gauge-flation: inflation from non-Abelian gauge fields

We consider the theory of Gauge-flation [13, 14], which is described by the action

S =

∫
d4x
√
−g
[
M2

Pl

2
R− 1

2
Tr[FµνF

µν ] +
κ

48

(
Tr[FµνF̃

µν ]
)2]

,

and consider a general SU(2) gauge field, Aµ, adopting the conventions of Peskin and

Schroeder [49] for its action. In particular, the field-strength tensor and covariant derivative

are defined as2

Fµν =
1

−ig
[Dµ, Dν ] , Dµ = ∂µ − igAµ , (2.1)

where g is the gauge field coupling, not to be confused with the determinant of the spacetime

metric. We normalize the trace over the SU(2) matrices, which we denote by Ja, so that

Tr[JaJb] =
1

2
δab , [Ja, Jb] = iεabcJc , (2.2)

where εabc are the structure functions. The dual field strength is defined as F̃µν =

εµναβFαβ/2, and our convention for the antisymmetric tensor is ε0123 = 1/
√
−g, while

our spacetime metric signature is (−,+,+,+). Here and throughout, Greek letters denote

spacetime indices, Roman letters from the start of the alphabet denote gauge indices and

Roman letters from the middle of the alphabet denote spatial indices. Appendix A outlines

our remaining conventions and notations.

In addition to the field content of Gauge-flation, we consider the addition of a symmetry

breaking sector proposed in ref. [26],3 which we write in Stueckelberg form [50, 51]

SH,eff =

∫
d4x
√
−g

[
− g2Z2

0 Tr

[
Aµ −

i

g
U−1∂µU

]2
]

(2.3)

where

U = exp[igξ] , ξ = ξaJa . (2.4)

The fields ξa are the Goldstone modes corresponding to fluctuations of the Higgs along its

vacuum manifold.

2.1 Background solutions

The background evolution in Gauge-flation is found by considering the gauge fields in the

classical flavor-locked configuration

A0 = 0 , Ai = φ δai Ja = aψ δai Ja , (2.5)

where Ja is a generator of SU(2) satisfying the commutation relations

[Ja, Jb] = ifabcJc , (2.6)

2Note that this is opposite to [13, 14, 16] who use the opposite sign for the covariant derivative.
3A similar model, ‘Massive Gauge-flation’ was proposed in ref. [25] where explicit gauge-symmetry

breaking mass terms were added to the action.
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and fabc are the structure functions of SU(2). Note that for SU(2), fijk = εijk, where εijk
is the completely antisymmetric tensor in three-dimensions.

On the background field configuration in eq. (2.5), the field strength tensor compo-

nents are,

F0i = φ̇ δaiJa , Fij = gφ2faijJa . (2.7)

Here and throughout a prime, ′, denotes a derivative with respect to conformal time.

This field configuration results in a stress tensor that is consistent with the symmetries of

Friedmann-Robertson-Walker spacetime. For these degrees of freedom, the mini-superspace

action takes the form (see also ref. [25])

L = a3N

[
− 3M2

pl

ȧ2

N2
+

3

2

φ̇2

N2
− 3

2
g2φ

4

a4
+

3

2N2
κ
g2φ4φ̇2

a4
− 3

2
g2Z2

0

φ2

a2

]
, (2.8)

where an overdot here and throughout represents a derivative with respect to cosmic time,

and N = a on the background.

Maleknejad and Sheikh-Jabbari [13, 14] demonstrated the existence of inflationary

solutions for this system in the absence of the symmetry breaking terms (Z0 = 0). They

pointed out that, while the terms in the action arising from the Yang-Mills field have the

equation of state of radiation, p = ρ/3, where

ρYM =
3

2

φ̇2

a2
+

3

2
g2φ

4

a4
, (2.9)

the term proportional to κ has the equation of state of a cosmological constant. That is

pκ = −ρκ, where

ρκ =
3κ

2

g2φ̇2φ4

a6
. (2.10)

This implies that if ρκ � ρYM, then the background spacetime undergoes a phase of

accelerated expansion.

The addition of the symmetry breaking sector generates additional contributions to

both the energy density and the pressure,

ρZ0 =
3

2
g2Z2

0

φ2

a2
, pZ0 = −1

2
g2Z2

0

φ2

a2
, (2.11)

note the equation of state is w = −1/3, and thus the presence of the symmetry breaking

sector does not affect the conditions for accelerated expansion, which remains ρYM �
ρκ [25]. However, since ρZ0 +pZ0 6= 0, successful slow roll inflation requires ρZ0 ∼ ρYM � ρκ
in order to ensure εH � 1 (see eq. (2.15) below).

The equation of motion for the gauge field vacuum expectation value (vev) that follows

from the action at eq. (2.8) is(
1 + κ

g2φ4

a4

)
φ̈

a
+

(
1 + κ

φ̇2

a2

)
2g2φ3

a3
+

(
1− 3κ

g2φ4

a4

)
Hφ̇

a
+ g2Z2

0

φ

a
= 0 . (2.12)

For the remainder of this work we instead use the variable ψ = φ/a, in terms of which,

eq. (2.12) is

ψ̈ + 3Hψ̇ + ψḢ +
2κg2ψ3ψ̇2

(1 + κg2ψ4)
+
ψ(2H2 + 2g2ψ2 + g2Z2

0 )

(1 + κg2ψ4)
= 0 . (2.13)
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The equations of motion for the metric are the Friedmann constraint

M2
PlH

2 =
1

2

φ̇2

a2
+

1

2
g2φ

4

a4
+

1

2
g2φ

2

a2
Z2

0 +
1

2
κ
g2φ4φ̇2

a6
, (2.14)

and

M2
PlḢ = − φ̇

2

a2
− g2φ

4

a4
− 1

2
g2φ

2

a2
Z2

0 , (2.15)

which can be combined to read

M2
Pl(Ḣ + 2H2) =

1

2
g2ψ2Z2

0 + κg2ψ4(ψH + ψ̇)2. (2.16)

We introduce the standard Hubble slow roll parameters,

ε = − Ḣ

H2
, η = − Ḧ

2HḢ
= ε− ε̇

2εH
, (2.17)

as well as

δ = − ψ̇

Hψ
, (2.18)

which characterizes the slow-roll of the gauge vev. The dimensionless mass parameters4

γ =
g2ψ2

H2
, M =

gZ0

H
, (2.19)

characterize the various contributions to the mass of the gauge field fluctuations in units

of the Hubble scale.

The definition of the slow-roll parameter ε applied to eq. (2.15) leads to the exact

relation [25]

ε =
ψ2

M2
Pl

(
(1− δ)2 + γ +

M2

2

)
. (2.20)

Alternatively, using eq. (2.16), ε can be expressed as

ε = 2− κg2ψ6(1− δ)2 − 1

2
ψ2M2. (2.21)

Equations (2.21) and (2.20) can be used to express κ and ψ in terms of ε, γ, δ and M2

κ =
2− ε

g2ψ6(1− δ)2
− 1

2

M2

g2ψ4(1− δ)2
,

ψ

MPl
=

√
ε

(1− δ)2 + γ + M2

2

. (2.22)

Differentiating eq. (2.21) with respect to cosmic time and using eq. (2.20) gives the exact

expression

η = ε−

(
2− ε−

ε M
2

2

(1− δ)2 + γ + M2

2

)(
3δ

ε
+

δ̇

εH(1− δ)

)
+

(ε− δ) M2

2

(1− δ)2 + γ + M2

2

. (2.23)

4The parameter γ is identical to the parameter m2
ψ defined in ref. [26]. In this work we use γ to be

consistent with the nomenclature frequently used for gauge-flation, as for example in ref. [13, 14, 21]. We

use M for the contribution to the mass due to the Higgs VEV, rather than ω as used in ref. [25].
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Performing the same differentiation on eq. (2.20), we arrive at the equivalent exact relation

η =
ψ2

M2
Pl

(
(1− δ)2 + (1− δ) δ̇

εH
+ γ

δ

ε

)
+ δ . (2.24)

Using the exact relations obtained above, the slow-roll parameters can be shown to satisfy

the relations [25]

ε ' ψ2

M2
Pl

(
1 + γ +

M2

2

)
, η ' ψ2

M2
Pl

, δ ' γ +M2

6
(
1 + γ + M2

2

)ε2, (2.25)

to lowest non-trivial order. Note that η = O(ε) and δ = O(ε2), which implies that the

relative change in ψ during inflation is much smaller compared to the corresponding change

in H. Therefore, to a very good approximation, ψ ≈ constant throughout inflation.

The Hubble parameter can be re-written using the definition of γ and the slow-roll

approximation of ε as
H2

M2
Pl

≈ g2ε

γ
(
1 + γ + M2

2

) . (2.26)

Finally, the total number of e-folds of inflation can be conveniently expressed only in terms

of initial values as

Ne ≈
M2

Pl

2ψ2
in

ln

[
1 + γin +M2

in/2

γin +M2
in/2

]
. (2.27)

We end this section with a comment on the parameters required to fully characterize

the background evolution of the system. As in Gauge-flation, the parameter κ can be

eliminated by rescaling time t→ t
√
κ and the gauge coupling g → g/

√
κ [21]. This rescales

the value of the Hubble parameter as H → H/
√
κ, and thus the value of κ is determined

by fixing the overall amplitude of the scalar spectrum to As ' 2 × 10−9. The remaining

parameters of the theory are g and Z0.

In what follows, we use e-folding number, N = − ln(a/a0), as our time parameter.

For convenience, we choose a0 = 1 at N = 60 e-folds before the end of inflation where

necessary. In order to specify a background trajectory,
(
ψ(N), ψ̇(N)

)
, we need to specify

the set {Hin, ψin, ψ̇in, γin,Min, g, Z0} for some initial Nin. However, note that these seven

quantities are not all independent. We can use the definition of δ to express ψ̇in as

ψ̇in =
1

6
(γin +M2

in)

(
γin +

M2
in

2
+ 1

)
ψ5

in

M4
Pl

Hin . (2.28)

Together with the Friedmann constraint eq. (2.14), eq. (2.28) and the definitions at

eq. (2.19) provide four relations among the seven variables. This reduces the required

parameters to three.

If we specify γin, ψin, and Min, eq. (2.27) determines the length of the inflationary

phase. Figure 1 shows the resulting number of e-folds for various parameter combinations.

Increasing all three parameters (ψin, γin and Min) leads to a decrease in the total number

of e-folds of inflation. However, there remains a large region of parameter space where

sufficient inflation is easily achieved. In the evolution of the perturbations we present

– 6 –
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Figure 1. The total number of e-folds of inflation using the full numerical evolution of the system

(red) and using eq. (2.27) (black-dotted). Left: the number of e-folds is plotted as a function of γ

for M = 0 and ψ/MPl = 0.02, 0.04, 0.06, 0.08, 0.1 (top to bottom). Right: the number of e-folds is

plotted as a function of M with ψ/MPl = 0.04 and γ = 2, 4, 6, 8 (top to bottom).

below, we choose to specify γin and Min at Nin = 60 e-folds before inflation ends. In this

case, eq. (2.27) specifies ψin. Since eq. (2.27) is a very good approximation for all γ, M , and

ψ, with the further (excellent) approximation that ψ ≈ ψin, eq. (2.27) and eq. (2.14) can

be solved for the subsequent values of M and γ as a function of N , the e-folding number

measured with respect to the end of inflation.

3 Linear perturbations

In order to find the spectra of density and gravitational wave fluctuations in Higgsed

Gauge-flation, we need to understand how the field and metric fluctuations evolve. In this

section we derive the action to quadratic order in small fluctuations about the solutions

described above in section 2.1. We begin by deriving the action for a the fluctuations of a

general SU(2) gauge field about the background field trajectory before we specialize to a

two-dimensional representation and introduce a scalar-vector-tensor decomposition of the

fluctuations in section 3.1. Sections 3.2, 3.3, and 3.4, study the scalar, vector, and tensor

fluctuations, respectively.

To proceed, we write the metric in ADM form [52],

ds2 = −N2dτ2 + h̃ij(dx
i +N idτ)(dxj +N jdτ) , (3.1)

where N is the lapse, N i is the shift vector, and h̃ij is the metric on the spatial hypersurface.

At zeroth order in fluctuations, the FRW metric in conformal time corresponds to N = a

and N i = 0 in our conventions. The metric on the hypersurface, h̃, can be decomposed

into scalars, vectors and tensors by writing5

h̃ij = a2
[
(1 +A)δij + ∂i∂jB + ∂(iCj) + γij

]
, (3.2)

5Note that the Greek letter γ is used to denote both the tensor part of the metric fluctuations, as well

as one of the two dimensionless mass parameters in eq. (2.19). The context in which they appear should

allow the reader to distinguish between the two uses.
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where γii = ∂iγij = 0, and ∂iCi = 0. The coordinate invariance of general relativity allows

to impose four conditions on the fields in eq. (3.2). For this work, we work in spatially flat

gauge, where the time threading and spatial coordinates are chosen so that A = B = 0.

The remaining spatial reparametrizations can then be used to set Ci = 0, which completely

fixes the coordinates. We further write6

h̃ij = a2[eγ ]ij = a2

[
δij + γij +

1

2!
γikγkj + . . .

]
, (3.3)

so that det[h̃ij ] = a6 to all orders in perturbation theory.

Inserting the ADM metric at eq. (3.1) into the action in eq. (2.1) we find,

S =

∫
d4x
√
h̃

[
NR(3) +

1

N
(EijEij − E2)

]
+

1

6
κ

∫
d4x

1√
h̃N

(
εijk Tr[F0iFjk]

)2
+

∫
d4x

√
h̃

N
Tr
[
(F0i +NkFik)h̃

ij(F0j +N lFjl)
]
− 1

2

∫
d4x
√
h̃N Tr

[
h̃ikh̃jlFijFkl

]
+

∫
d4x

√
h̃

N
g2Z2

0 Tr

[
A0 −

i

g
U−1∂τU +N i

(
Ai −

i

g
U−1∂iU

)]2

−
∫

d4x
√
h̃Ng2Z2

0 Tr

[(
Ai −

i

g
U−1∂iU

)
h̃ij
(
Aj −

i

g
U−1∂jU

)]
. (3.4)

In this expression, Eij is related to the extrinsic curvature of the spatial slices

Eij =
1

2
(∂τhij −∇iNj −∇jNi) , E = Eii , (3.5)

and ∇i is the covariant derivative constructed from h̃. Note that spatial indices are raised

and lowered using h̃ij and its reciprocal h̃ij .

We proceed by expanding the lapse and shift about a Friedmann-Robertson-Walker

spacetime

N = a(1 + α(1) + α(2) + . . .) , N i = N i
(1) +N i

(2) + . . . , (3.6)

where α(1) and N i
(1), and α(2) and N i

(2), are first and second order in fluctuations, re-

spectively. As is well known, in order to obtain the quadratic action we require only the

constraints at linear order, and thus we drop the subscripts in what follows.

In spatially flat gauge, neglecting gravitational waves for a moment, the curvature of

the spatial slices vanishes, 3R = 0, and the connection for ∇i (the covariant derivative

compatible with the metric h̃ij on the hypersurface) vanishes and thus ∇i → ∂i. The

Einstein-Hilbert action to quadratic order in scalar and vector fluctuations is given by

δ2SEH =
M2

Pl

2

∫
d4xa2

[
− (4aH∂iN

iα+ 6a2H2α2) + 4∂(iN
j)∂(iN

j) − ∂iN i∂jN
j
]
.

We denote the fluctuations in the gauge field by

δAµ = Ψa
µJa , (3.7)

6Our summation convention is the same as the one above, repeated lower indices are summed with the

Kronecker delta, while upper indices paired with lower indices are summed with the metric h̃ij and its

reciprocal h̃ij .
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in terms of which the gauge field and Stueckelberg action to quadratic order in field fluc-

tuations, and scalar and vector metric fluctuations is given by

δ2SA =

∫
d4x
[
δ2LYM + δ2Lκ + δ2LHiggs

]
− 1

2

∫
d4xa4α

(
g
φ2

a4
(2εaij∂iΨ

a
j + 4gφΨa

i δ
a
i )

)
+

1

2

∫
d4xa2

[
3φ̇2
(

+ κg2
φ4

a4

)
α2 − 2

φ̇

a
(∂τΨa

i − ∂iΨa
0)δai α+

(
2g2

φ4

a6
+

1

2
g2φ2Z0

2

)
NiNi

+
φ̇

a3
2Nk

(
(∂iΨ

a
k − ∂kΨa

i )δai + gφεakiΨ
a
i

)
+ g

φ2

a4
2Nk(εaik∂τΨa

i − εaik∂iΨa
0 − 2gφΨa

0δ
a
k)

]
− κ

∫
d4x

α

a3
gφ̇φ2

(
gφ2 Tr[∂iΨ0Ji] + g∂τ

(
φ2 Tr[ΨiJi]

)
− εijk∂τφTr[Ji∂jΨk]

)
+

∫
d4xa4

[
− g2ψZ2

0αΨa
i δ
a
i − g2ψZ2

0δ
a
iN

iΨa
0 +

gφ

a2
Z2
0αδ

a
i ∂iξ

a +
gφ

a2
Z2
0δ
a
iN

i∂τ ξ
a

]
. (3.8)

The terms δ2LYM and δ2Lκ are given by

δ2LYM = Tr
[(
∂iΨ0 − igφ[Ji,Ψ0]

)2]−4ig∂τφTr
[
Ψ0[Ψi, Ji]

]
−2 Tr

[
Ψ0∂τ

(
∂iΨi − igφ[Ji,Ψi]

)]
+ Tr[∂τΨi∂τΨi]− Tr[∂jΨi∂jΨi − ∂iΨj∂jΨi] + 2gφεijk Tr[∂iΨjΩk]

− g2φ2 Tr[(Ωk −Ψk)Ωk] , (3.9)

and we have defined

Ωi = iεijk [Jj ,Ψk] , (3.10)

and

δ2Lκ = − κ

2a3
gφ̇φ2∂τ Tr[gφΨiΩi − εijkΨi∂jΨk] (3.11)

+
κ

6a4

(
gφ2 Tr[∂iΨ0Ji] + g∂τ

(
φ2 Tr[ΨiJi]

)
− εijk∂τφTr[Ji∂jΨk]

)2
.

The Goldstone modes contribute at quadratic order in fluctuations via

δ2LHiggs = a4

[
− g2Z2

0

2
ḡµν(∂µξ

a + Ψa
µ)(∂νξ

a + Ψa
ν) +

g2Z2
0gψ

a
εbicξ

b∂iξ
c

]
. (3.12)

The addition of a Higgs sector thus yields an additional mass term for the gauge field

fluctuations. Note, however, that retaining gauge-invariance requires us to also add the

Goldstone modes ξa.
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Finally, the quadratic Lagrangian density for the transverse-traceless components of

the metric, and their interactions with the gauge field fluctuations is given by

δ2Lγ =
a2M2

Pl

8

(
(∂τγij)

2 − (∂kγij)
2 +

2

M2
Pl

(
φ̇2 − g2φ

4

a2

)
γijγij

)

− a2

(
φ̇

a
∂τΨa

l δ
a
j − g

φ2

a2
(2εaij∂[iΨ

a
l] + gφΨa

l δ
a
j )

)
γjl − a2 g

2φ2Z2
0

4
γ2 + a2g2Z2

0φγijδ
a
i Ψa

j .

(3.13)

In order to proceed we need to choose a specific representation for the gauge field. We

focus on a two-dimensional representation in what follows for simplicity.

3.1 Two dimensional representation and scalar-vector-tensor decomposition

Specializing to the case of a N = 2 dimensional representation of SU(2), the representa-

tion matrices are the Pauli matrices, Ja = σa/2, and we can decompose the gauge field

fluctuations into scalar, vector, and tensor fluctuations. In order to make contact with

the existing literature, we decompose the gauge field, Goldstone, and metric fluctuations

as [21]

Ψa
0 = aδai (∂iY + Yi) , (3.14)

Ψa
i = a

(
(ψ + δψ)δai + δaj ∂i(Mj + ∂jM) + δakεikj(Uj + ∂jU) + δaj tij

)
, (3.15)

ξa = δai (ξi + ∂iξ) , (3.16)

N i = ∂iθ +N i
V , (3.17)

N = 1 + α , (3.18)

where Y , θ, α, δψ, U , ξ, andM are scalars; Yi,Mj , ξi, N
i
V , and Uj are transverse vectors

which satisfy ∂iYi = ∂jMj = ∂iξi = ∂iN
i
V = ∂jUj = 0. Finally, tia is a transverse and

traceless tensor tii = ∂itia = ∂atia = 0. We fix the gauge for the gauge field fluctuations by

setting

U = Uj = 0 , (3.19)

which is equivalent to choosing Ψa
i to be symmetric under exchange of i↔ a. At quadratic

order, the Lagrangian separates into separate scalar, vector, and tensor pieces as usual,

and in what follows we consider each type of fluctuation separately.
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3.2 Scalar fluctuations

After gauge fixing, there are six scalar fluctuation degrees of freedom in this theory, δψ,

M, and Y , which arise from the gauge sector, ξ arising from the Higgs sector, and α and θ

that arise from the metric perturbations. The quadratic action for these degrees of freedom

reads

δ2S =

∫
d3k

(2π)3
dτLscalar (3.20)

Lscalar =
a2(1 + κg2ψ4)

6
|3δψ′ − k2M′|2 +

k4a2

3
|M′|2 +

a2k2

2
Z2
0 (|ξ′|2 − k2|ξ|2) (3.21)

− a2

3

{
k2

3
+
g2ψ2(1 + g2κψ4)

4a2M2
Pl

(
2κψ2(aψ)′2 + a2g2Z2

0

)
+
g2a2Z2

0 (3g2κψ4 − 1)

1 + g2κψ4

+
1

1 + g2κψ4

[
g2ψ2(3− g2κ2ψ4)

(
a2 + κψ2 a

′2

a2
+ κψ′2

)]}
|3δψ − k2M|2

− k4a2

3
(δψ∗M+M∗δψ) +

a2k2

3

{
k2

3
− g2ψ2

2M2
Pl

(
κψ2(aψ)′2 + a2Z2

0

)
− g2a2Z2

0

− 2g2κ2ψ2

1+κg2ψ4

(
g2a2

(
ψ2+

Z2
0

2

)
+
a′2

a2
ψ2−ψ′2

)}
|M|2− a

3

4
g2Z2

0k
2
(
ξ∗(δψ − k2M) + h.c.

)
+

1

2
a2k2

(
a2g2(2ψ2 + Z2

0 ) + k2
(

1 +
g2κψ4

3

))
|Y |2 +

3

2

(
(aψ)′2(1 + g2κψ4)− 2M2

Pla
′2)α2

+
1

2
g2k2a4ψ2(Z2

0 + 2ψ2)|θ|2 + k2M2
Plaa

′(θ∗α+ h.c.)− 1

2
a2g2k2Z2

0φ(α∗ξ + h.c.)

− a2k2

6

[(
1

a

[
a′(1 + g2κψ4) + 2g2κφ3(aψ)′

]
(k2M− 3δψ) + 2

a′

a
k2M

+ a
(
3ag2Z2

0ξ
′ + (1 + g2κψ4)(k2M′ − 3δψ′) + 2k2M′

))
Y + h.c.

]
− ak2(1 + g2κψ4)

2
(aψ)′(α∗Y + h.c.)− 1

2
a3g2k2ψ(Z2

0 + 2ψ2)(θ∗Y + h.c.)

− 1

2

(
a′(aψ)′(1 + g2κψ4) + ag2φ

(
a2Z2

0 + 2ψ2 + 2κφ2(aψ)′2
))[

(3δψ − k2M)α∗ + h.c.
]

− a

2
(1+g2κψ4)(aψ)′

(
α∗(3δψ′− k2M′) + h.c.

)
+

1

2
ak2
[(
a2g2Z2

0ψξ
′− 2(aψ)′δψ

)
θ∗ + h.c.

]
,

where we have integrated by parts, discarded a boundary term, and made use of the

background equations of motion. Note that in the limit Z0 → 0, the above action does not

quite agree with the corresponding expression in ref. [21]. The difference arises due to a

slightly different choice of parametrization of the gravitational constraints. In this work,

we have chosen to split the metric using ADM variables.

Note that the fields Y , α, and θ appear in the action without time derivatives. As

described in detail in ref. [21], these fields are algebraic constraints, and can be integrated

out by solving their linear equations of motion and substituting the solutions back into the

action. While this is a straightforward procedure, the result is extremely messy and we do

not reproduce it here.
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Denoting by ~X = (δψ,M, ξ), we redefine the fields using the transformation Xi =

Uij∆j , where7

U =



√
3+g2κψ4

√
6a
√

1+g2κψ4
0 0√

3
2

√
1+g2κψ4

ak2
√

3+g2κψ4

√
6a2g2ψ2+k2(3+g2κψ4)
√

2a2gk2ψ
√

3+g2κψ4
0

0

√
3+g2κψ4

2
√

2aH
√
γ
√

6a2H2γ+k2(3+g2κψ4)

√
3a2H2(M2+2γ)+k2(3+g2κψ4)

aHk
√

6a2H2γ+k2(3+g2κψ4)

 . (3.22)

After integration by parts and discarding boundary terms, this field redefinition puts the

action in the form

S =
1

2

∫
d3k

(2π)3
dτ
[
∆†′T∆′ + ∆†′K∆−∆†K∆′ −∆†Ω2∆

]
. (3.23)

In principle it is possible to choose a redefinition, U, that sets the kinetic matrix, T,

to the identity matrix, however, this requires a much more complicated transformation

which makes the algebra much more involved. As discussed in detail in ref. [21], this is

not necessary to evolve the fluctuations. All that is required for our purposes is that T

approaches the identity in the limit k � aH in order to impose the initial conditions.

While the matrices T, K, and Ω2 are obtained in a fairly straightforward manner as

we have described above, they are extremely long, and their full form is not particularly

illuminating. In appendix B, we present slow-roll expansions of the matrices.

At early times, k � aH, the symmetric kinetic matrix, T, is

T11 ' 1+
6(M2+2γ)ε2

(2+M2+2γ)2

a2H2

k2
, T12 ' −

2
√

3γ

2+2γ+M2

aH

k
, T13 ' −

√
6Mε

2+2γ+M2

aH

k
,

T22 ' 1+
6γε

(2+M2+2γ)

a2H2

k2
, T23 '

3
√

2γMε

(2+2γ+M2)

a2H2

k2
, T33 ' 1+

3M2ε

2+2γ+M2

a2H2

k2
,

(3.24)

while the anti-symmetric K matrix has non-zero entries

K12 ' −
k√
3γ

, K13 ' −
3
√

3
2a

2H2Mε

k(2γ +M2 + 2)
, K23 '

aHM√
2
√
γ
, (3.25)

and the symmetric Ω2 matrix has entries

Ω2
11 '

k2

3
, Ω2

12 '
2 + 2γ +M2

√
3γ

aHk , Ω2
13 ' −

√
2

3
MaHk , (3.26)

Ω2
22 '

(
1− 2

γ

)
k2, Ω2

23 ' 3
M√
2γ
a2H2, Ω2

33 ' k2. (3.27)

7This field redefinition is the redefinition that diagonalizes the kinetic term in the limit where we simply

set α→ 0 and θ → 0 and only integrate out Y . Since the gravitational interactions are only important for

momentum k . aH, this transformation also diagonalizes the kinetic term in the limit k � aH, as required

for setting the initial conditions via canonical quantization. In particular, note that the parts of the matrix

corresponding to the redefinition of δψ and M are identical to those of ref. [21].

– 12 –



J
H
E
P
0
8
(
2
0
1
7
)
1
3
0

While, for superhorizon modes k � aH,

T11 ' 1 +
2 + γ +M2

M2 + γ
, T12 ' −

√
2(2 + 2γ +M2)

(M2 + γ)
√
ε

,

T13 '
M(2 +M2 + 2γ)

√
3
√
γ(M2+γ)

√
M2+2γε

k

aH
, T22 ' 1 +

2 +M2 + 2γ

(M2 + γ)ε
,

T23 ' −
M(2 +M2 + 2γ)3/2

√
6
√
γ(M2+γ)

√
M2+2γε3/2

k

aH
, T33 ' 1 +

M2(2 +M2 + 2γ)2

6γ(M2+γ)(M2+2γ)ε2
k2

a2H2
,

(3.28)

and

K12 '
2
√

2aH

3
√

2 + 2γ +M2
ε3/2,

K13 ' −
√

3kM(2γ +M2 + 2)

2
√
γε(γ +M2)

√
2γ +M2

,

K23 '

√
3
2kM(2γ +M2 + 2)3/2

2
√
γε3/2(γ +M2)

√
2γ +M2

,

(3.29)

and

Ω2
11 '

2a2H2(−2 + γ + γ2 +M2 +M4 + 2γM2)

γ +M2
, Ω2

12 '
2a2H2

√
2
√

2 + 2γ +M2

√
ε(γ +M2)

,

Ω2
13 '

2aHkM(2γ +M2 + 2)
√

3
√
γε(γ +M2)

√
2γ +M2

, Ω2
22 '

2a2H2(2γ +M2 + 2)

ε(γ +M2)
,

Ω2
23 ' −

√
2
3aHkM(2γ +M2 + 2)3/2

√
γ(γ +M2)

√
2γ +M2ε3/2

, Ω2
33 ' 2a2H2.

(3.30)

We note that, while these expressions are extremely accurate in the asymptotic regimes,

they are not accurate near horizon crossing, −kτ ∼ 1. Therefore, in order to solve the

equations numerically, we are required to use the full expressions presented in appendix B.

3.2.1 Initial conditions and quantization

We set the initial conditions for the fields by canonically quantizing them, and using Bunch-

Davies conditions in the asymptotic past. We expand the fields into modes [21]

∆i(τ,k) = Qij(τ, k)aj(k) +Q∗ij(τ, k)a†j(−k) ,
[
ai(k), a†j(k

′)
]

= δ3(k− k′)δij , (3.31)

where we impose the canonical commutation relation between ∆i and its canonically con-

jugate momentum

[∆i(τ,x), πj(τ,y)] = iδijδ
3(x− y) , πi ≡

∂L
∂(∂τ∆†i )

. (3.32)

We decompose the canonical momenta, πi, into the same set of creation/annihilation op-

erators as above,

πi(τ,k) = πij(τ,k)aj(k) + π∗ij(τ,k)a†j(−k) , πij = (Q′ij +KilQlj) . (3.33)
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The relations in eqs. (3.31) and (3.32) can only be simultaneously imposed if the condition[
Qπ† −Q∗πT

]
ij

= iδij (3.34)

is obeyed. As pointed out by ref. [21], eq. (3.34) can be imposed as an initial condition,

which then holds at all times if the initial conditions satisfy

ππ† − π∗πT = QQ† −Q∗QT = 0 , (3.35)

which is equivalent to imposing that the products ππ† and QQ† are real.

In the limit x → ∞, the fields remain coupled, and the separate fields cannot be

simply quantized independently. That is, Qij is not simply proportional to δij . Instead, we

expand the solutions into normal modes and impose the initial conditions on these solutions

to fix the constants. To identify these modes, we use a Wentzel-Kramers-Brillouin (WKB)

method.

Working in the limit k � aH, and using the expressions for the matrices above, the

equations of motion for the fluctuations become

Q′′ + αQ′ + βQ = 0 , (3.36)

where in the limit k � aH, the matrices α and β are given by

α =

 0 − 2k√
3γ

0
2k√
3γ

0 0

0 0 0

 , β = k2

1
3 0 0

0
(
1− 2

γ

)
0

0 0 1

 . (3.37)

Adopting a WKB ansatz for the mode functions

~Qj = ~aj exp

[
i

∫
dxω(x)

]
, (3.38)

and substituting into the system of equations, neglecting terms of order O(ω′/ω) and

O(ω′′/ω), we find six solutions for the frequencies

ω ≈
{
± 1,±1,±

√
γ − 2√

3γ

}
. (3.39)

In order for the system to be stable, all of these instantaneous WKB frequencies must be

real. Thus there is an instability in the system for parameters such that γ = g2ψ2/H2 < 2,

as was found for the original model in ref. [21].

The corresponding mode solutions are, up to an irrelevant phase

~Qj = c1j~a1e
ikτ + c2j~a2e

−ikτ + c3j~a3e
ikτ + c4j~a4e

−ikτ + c5j~a5e
i
√
γ−2√
3γ

kτ
+ c6j~a6e

−i
√
γ−2√
3γ

kτ
,

where the cij are constants and the ~ai are the vectors

~a1 = ~a2 =

0

0

1

 , ~a3 = ~a∗4 =

 1

− i
√
γ√
3

0

 , ~a5 = ~a∗6 =

 1
i√
γ−2

0

 . (3.40)
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Figure 2. Evolution of scalar fluctuations in Higgsed Gauge-flation. The values of the other

parameters here are chosen to be ε = 0.01 and γ = 4. The three panels show the three independent

solutions of the equations of motion, corresponding to the three independent initial conditions in

eq. (3.41). Shown are the solutions for two different values of the Higgs vev, corresponding to

M = 2 and M = 4.

Demanding the solutions approach the positive frequency solutions as x = −kτ →∞
means we can set c1j = c3j = c5j = 0. The remaining constants now need to be set by

imposing the quantization conditions above. Working in the limit −kτ → ∞, it is then

straightforward to see that a solution that satisfies the initial conditions is

Goldstone mode: c21 = c23 = 0 , c22 =
1√
2k

,

Regular mode: c42 = c43 = 0 , c41 =
1√
2k

√
3

1 + γ
,

Slow mode: c61 = c62 = 0 , c63 =
1√
2k

(3γ)1/4(γ − 2)1/4

√
1 + γ

. (3.41)

We show the solutions to all three independent modes in figure 2. Notice that the effect

of the Higgs vev and accompanying Goldstone fluctuations boosts the final amplitude of the

fluctuations. These dynamics are what allows the model to become consistent with the data

— the scalar curvature fluctuations are boosted, thus lowering the tensor-to-scalar ratio.

In numerically solving the system, we initialize the system including 1/kτ corrections to

the solutions described above. This allows more efficient and accurate evaluation starting

at later times.

3.2.2 Superhorizon solutions

We can solve the system to a very good approximation in the superhorizon regime, k � aH,

by expanding the T, K, and Ω2 matrices in both k/aH and ε, keeping only the lowest-order

non-trivial terms. We also use the relation τ = −(1 + ε)/aH, which is accurate to first

order in ε.
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The matrices at zeroth order in a series in k/aH and lowest non-trivial order in ε

become

T11 ' 1 +
2

M2 + γ
, T12 ' −

√
2(2 + 2γ +M2)

(M2 + γ)
√
ε

,

T13 ' 0 , T22 ' 1 +
2 +M2 + 2γ

(M2 + γ)ε
,

T23 ' 0 , T33 ' 1 ,

(3.42)

and

K12 '
2
√

2

3
√

2 + 2γ +M2
ε3/2

(1 + ε)

−τ
, K13 ' 0 , K23 ' 0 . (3.43)

Finally, Ω2 becomes

Ω2
11 '

2(−2+γ+γ2+M2+M4+2γM2)

γ +M2

(1 + ε)2

τ2
, Ω2

12 '
2
√

2
√

2 + 2γ +M2

√
ε(γ +M2)

(1 + ε)2

τ2
,

Ω2
13 ' 0 , Ω2

22 '
2(2γ +M2 + 2)

ε(γ +M2)

(1 + ε)2

τ2
,

Ω2
23 ' 0 , Ω2

33 ' 2
(1 + ε)2

τ2
.

(3.44)

Gauge-flation

We study the M = 0 case — regular Gauge-flation — separately, in order to separate

the superhorizon behavior that arises due to the Higgs field from the generic superhorizon

evolution. For M = 0 the 3× 3 system of equations becomes 2× 2, since the Higgs degree

of freedom becomes trivial and decoupled at all times.

We look for solutions of the form

~∆(2) ∼ ~∆(2,0)(−kτ)n, (3.45)

where ~∆(2) = {∆1,∆2}, and ~∆(2,0) is a constant two-vector. At late times, the eigenvalues,

n, are

n =

{
1

2

(
1− i

√
7 + 8γ

)
± iε 5 + 2γ

(1 + γ)
√

7 + 8γ
, −1−

(
4− 1

1 + γ

)
ε , 2 +

(
4− 1

1 + γ

)
ε

}
.

(3.46)

The growing mode has n = −1−
(
4− 1

1+γ

)
ε, leading to the eigenvector

~∆(2,0) ∼

[
5+2γ

2
√

1+γ(2+γ)

√
ε

1

]
. (3.47)

In figure 3 we show the late-time (k � aH) evolution of the scalar fluctuations. Shown

is the numerical solution, as well as the power-law solution from eqs. (3.46) and (3.47) —

our analysis accurately captures both the growth rate and the eigenvectors.
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Figure 3. Left: evolution of scalar fluctuations in Gauge-flation for ε = 0.01 and γ = 5. Right: a

zoomed region of the left panel with the modes rescaled according to eq. (3.47). The solid green

line corresponds to the analytically calculated growth rate for these parameters. The black-dotted

curve has been vertically shifted using the eigenvector given in eq. (3.47), in order to align with

the red curve at late times and fit in a single panel.

Higgsed Gauge-flation

We now move to the full Higgsed Gauge-flation case of M 6= 0. In this case the Higgs fluc-

tuations are coupled to the other two modes. However, in the superhorizon limit k/aH → 0

the Higgs fluctuation decouples regardless of the mass M , splitting the 3 × 3 system into

a 2× 2 and 1× 1 system. Setting ξ = ξ0(−kτ)nξ at late times results in

nξ = {−1− ε, 2 + ε}+O(ε2) . (3.48)

The remaining 2 × 2 system for {∆1,∆2} is solved as before, using an ansatz for the

solution that scales as (−kτ)n. There are four solutions, the three non-growing modes are

n =

{
2 +O(ε) ,

1

2
± i

2

√
1 + 8γ + 8M2 +O(ε)

}
, (3.49)

while the late-time growing mode has the exponent

n = −1− ε
(

4− 1 +M2/2

1 + γ +M2/2

)
, (3.50)

with the corresponding eigenvector

~∆(2,0) ∼

[
5+2γ+2M2

2
√

1+γ+M2/2(2+γ+M2)

√
ε

1

]
. (3.51)

The excellent agreement of our analytical results with the numerical solution of the corre-

sponding equations is shown in figure 4.
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Figure 4. Left: evolution of scalar fluctuations in Higgsed Gauge-flation for ε = 0.01, γ = 3 and

M = 5. Right: a zoomed region of the left panel with the modes rescaled according to eq. (3.51).

The green solid line corresponds to the analytically calculated growth rate for these parameters.

The black-dotted and blue-dot-dashed curves have been vertically shifted, in order to align at late

times with the red curve and fit in a single panel.

It is worth commenting on the superhorizon evolution of the scalar power spectrum

Pζ , as defined in appendix D. For the purposes of this section, the exact expression of Pζ
is unimportant and we only consider its parametric dependence for superhorizon modes.

To first order in slow-roll the Hubble parameter evolves as

H ≈ H∗
∣∣∣∣ ττ∗
∣∣∣∣ε, (3.52)

where we take H∗ to be the Hubble scale at horizon crossing of a particular mode with

comoving wavenumber, k∗, i.e. −k∗τ∗ = 1. Furthermore the effective mass parameters γ

and M also flow with time. In particular

M =
gZ0

H
≈M∗

∣∣∣∣ ττ∗
∣∣∣∣−ε, (3.53)

where M∗ is the value at horizon crossing. The case of γ is in principle more complicated,

since both ψ and H evolve in time. However, ψ = ψ∗|τ/τ∗|δ and since δ = O
(
ε2
)

we can

regard it as a constant, leading to

γ =
g2ψ2

H2
≈ γ∗

∣∣∣∣ ττ∗
∣∣∣∣−2ε∗

. (3.54)

Furthermore, η = O(ε), which implies that the flow of ε must also be taken into account.

To lowest order

ε ≈ ε∗
∣∣∣∣ ττ∗
∣∣∣∣−2ε∗

γ+M2/2

1+γ+M2/2

. (3.55)
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Numerical evaluation of γ and ε show very good agreement with eq. (3.54) and (3.55),

respectively.

The late-time power spectrum is dominated by the contribution ofM(τ), therefore we

consider only the late-time behavior of its pre-factor. Following the notation of appendix D,

the asymptotic behavior is

∣∣(~c ·U + ~d ·U′)2

∣∣
kτ�1

∼
∣∣∣∣ ττ∗
∣∣∣∣
√

2
3(2γ +M2 + 2)

ε2(γ +M2)
∼
∣∣∣∣ ττ∗
∣∣∣∣ε−2 ∼

∣∣∣∣ ττ∗
∣∣∣∣1+4ε∗

γ+M2/2

1+γ+M2/2

, (3.56)

where the second-to-last equality holds for γ+M2/2� 1. This approximation shows good

to excellent agreement with numerical data for all tested values of γ and M .

The parametric time-dependence of the superhorizon scalar power spectrum is

√
Pζ ∼ H

∣∣(~c ·U + ~d ·U′)2

∣∣|M(τ)| ∼
∣∣∣∣ ττ∗
∣∣∣∣nscal

(
k

k∗

)−ε(4− 1+M2/2

1+γ+M2/2

)
, (3.57)

where

nscal = ε

(
1 +

M2 − 6

2γ +M2 + 2

)
. (3.58)

Since nscal > 0 for all values of γ > 2 and M > 0, the scalar power spectrum (slowly)

decays outside the horizon, |kτ | → 0. This is different to the case of single-field slow-roll

inflation, where the time evolution of the prefactor exactly cancels the time evolution of

the superhorizon field fluctuation, so that the scalar power spectrum is exactly constant

at late times. Alternatively, the evolution of the curvature perturbation in Gauge-flation

indicates the presence of an isocurvature mode, which is absent in the standard single-field

scenario. The late-time decay rate of the scalar power spectrum is plotted in figure 5.

The consequence of this decay is that the tensor-to-scalar ratio increases during inflation.

Hence, we find that the disagreement of Gauge-flation with Planck data is worse than

originally computed in ref. [21].

It is worth noting that the form of the scalar power spectrum given in eq. (3.58) is

missing a wavenumber-dependent prefactor. This prefactor arises from the different amount

of enhancement that each mode undergoes due to the evolution of the background; each

mode sees a slightly different background. Therefore, an estimate of the spectral tilt ns
cannot be read-off immediately from this expression, as it can be in the case of simple

single-field inflation, where ns = 1− 2ε− η.

3.3 Vector fluctuations

We turn now to the vector fluctuations. Working in fourier space we expand the transverse

vector modes into helicity states as

Vi(x, τ) =
∑
λ=±

∫
d3k

(2π)3
V λ
k (τ)ελi (k)eik·x + c.c. , (3.59)

where Vi is any of the modes N i
V , Yi,Mi or ξi from above. We have also introduced the

helicity vectors ~ε (±)(k) which satisfy the relations k·~ε (±)(k) = 0, ik×~ε (±)(k) = ±k~ε (±)(k),

~ε (±)(k) · ~ε (±)(k) = 0, and ~ε (±)(k) · ~ε (∓)(k) = 1.
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Figure 5. The late-time decay rate of the scalar power spectrum for different values of γ and M .

After introducing these modes, we find that the action splits into two non-interacting

pieces corresponding to the positive and negative helicity states. Explicitly, the vector

action reads

δ2S =

∫
d3k

(2π)3
dτLvector , (3.60)

where the quadratic Lagrangian density for the vector modes is

Lvector =
a2k2

4
M±′M̄±′ + a2H2M2ξ±′ξ̄±′ − 1

4
a4H2k2(2 +M2 + γ)M±M̄±

− a2H2M2k(k ∓ aH√γ)ξ±ξ̄± ± a3H2k2M2

2
(M±ξ̄± + ξ±M̄±)

+
1

4
a3H

(
± k√γ − aH(M2 + 2γ)

)
ψ(N±Ȳ ± + N̄±Y ±)

+
1

4
a2
(
k2 ∓ 2aHk

√
γ + a2H2(M2 + 2γ)

)
Y ±Ȳ ± − 1

2
a3H2M2(ξ±′Ȳ ± + ξ̄±′Y ±)

− 1

4
a2k(k ∓ aH√γ)(M±′Ȳ ± + M̄±′Y ±)− 1

4
a3Hk(k ∓ aH√γδ)(M±Ȳ ± + M̄±Y ±)

+
a2

8
M2

Pl

(
k2 + 2a2H2(M2 + 2γ)

ψ2

M2
Pl

)
N±N̄± +

a3

2
H2ψM2(ξ±′N̄± + ξ̄±′N±)

∓ a3

4
kHψ

√
γ(aHδM± +M±′)N̄± ∓ a3

4
kHψ

√
γ(aHδM̄± + M̄±′)N±. (3.61)

Note that Y ± and N± appear in the action without time derivatives, and are thus algebraic

constraints. We can thus solve their equations of motion, and insert the solutions back into

the action. To leading order in slow roll, the shift vector is given by

N±= 2aH2 ψ

M2
Pl

(
ak
(
aH(M2+2γ)∓ k√γ

)
M±+ak(M2+γ)M±′−2M2(k ∓ aH√γ)ξ±′

)
k
(
k2 ∓ 2aHk

√
γ + a2H2(M2 + 2γ)

) ,

(3.62)
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while Y ± is

Y ± =
aH
(
k2 ∓ aHk√γδ + 2a2H2(M2 + 2γ) ψ2

M2
Pl

)
M±(

k2 + 2aHk
√
γ + a2H2(M2 + 2γ)

) (3.63)

+
k
(
k(k ∓ aH√γ) + 2a2H2(M2 + γ) ψ2

M2
Pl

)
M±′ + 2aH2M2

(
k ± 2aH

√
γ ψ2

M2
Pl

)
ξ±′

k
(
k2 ∓ 2aHk

√
γ + a2H2(M2 + 2γ)

) .

After substituting back, the resulting action is complicated and not particularly enlighten-

ing; we do not reproduce it explicitly here.

Denoting by ~V ± = (M±, ξ±), we redefine the field using the transformation V ±i =

R±ijWj , where R is the matrix8

R =


√

2k2∓4aHk
√
γ+4a2H2γ

a2Hk
√
γ

0

k∓aH√γ
aH
√
γ
√

2k2∓4aHk
√
γ+4a2H2γ

√
k2∓aHk√γ+a2H2(2γ+M2)

aHM
√

2
√
k2∓aHk√γ+2a2H2γ

 . (3.64)

After making this transformation, the action takes the form

δ2S =

∫
d3k

(2π)3
dτ
[
~W±†′T± ~W

±′+ ~W±†′K± ~W
±− ~W±†K± ~W

±′− ~W±†Ω2
±
~W±
]
. (3.65)

Again, it is possible to choose a transformation that sets the matrix T± to the identity

for all times, however, this requires a more complicated transformation which significantly

complicates the algebra. As discussed above, for our purposes this is not required. All that

is required is that T± approaches the identity for k � aH, so that we can set the initial

conditions, and that T± is invertible for all times, so that we may smoothly evolve the

equations of motion.

The full matrices T±, K±, and Ω2
± are obtained in a straightforward manner, their

exact forms are messy and not particularly illuminating. In appendix C we present slow-

roll expansions of these matrices that are valid at all scales. For use in the subsequent

sections, we present expansions of the matrices in the limits k � aH and k � aH.

On subhorizon scales, k � aH, the symmetric T±, and antisymmetric K± matrices are

T± = 1 +
a2H2

k2

( −2γε
1+γ+M2/2

2
√
γMε

1+γ+M2/2
2
√
γMε

1+γ+M2/2
−2M2ε

1+γ+M2/2

)
, K± =

a2H2

k

(
0 Mε

1+γ+M2/2
−Mε

1+γ+M2/2
0

)
,

(3.66)

and the symmetric Ω2
± matrix is

Ω2
± =

(
k2
(
1− 1

γ

)
0

0 k2

)
∓aHk

(
1+2γ+M2
√
γ 0

0
√
γ

)
+a2H2

(
2γ +M2 −M(1+2γ)

2
√
γ

−M(1+2γ)
2
√
γ M2 − 2

)
. (3.67)

8Analogously to the scalar case, this transformation — which diagonalizes the kinetic matrix at early

times — is found by neglecting the gravitational constraints.
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On superhorizon scales, these matrices are

T± = 1− ε

1 + γ +M2/2

 1 M√
2γ+M2

M√
2γ+M2

M2

(2γ+M2)

 , (3.68)

K± = aH
Mε

(1 + γ +M2/2)
√
M2 + 2γ

(
0 1

−1 0

)
, (3.69)

and

Ω2
± = a2H2

(
(γ+M2+1) 0

0 −2

)
+εa2H2


(
− 8

2γ+M2+2
−1
)

− 2M√
2γ+M2(2γ+M2+2)

− 2M√
2γ+M2(2γ+M2+2)

(
4γ2+M4+4γ(M2+1)+6M2

)
(2γ+M2)(2γ+M2+2)

 .

(3.70)

3.3.1 Initial conditions and quantization

Following the procedure outlined above in section 3.2.1 for the scalar modes, we quantize

the vector modes. We begin by expanding the fluctuations into modes

~W±i (τ,k) =Wij(τ, k)aj(k) +W∗ij(τ, k)a†j(−k) ,
[
ai(k), a†j(k

′)
]

= δ3(k− k′)δij .

(3.71)

Working in the limit k � aH, and using the expressions for the matrices above, the

equations of motion for the fluctuations become

W±′′ + β±W± = 0 , (3.72)

where in the limit k � aH, the matrix β± is given by

β± = k2

(
1− 1

γ 0

0 1

)
. (3.73)

Adopting a WKB ansatz for the mode functions

~Wj = ~bj exp

[
i

∫
dxω(x)

]
, (3.74)

and substituting into the system of equations, neglecting terms of order O(ω′/ω) and

O(ω′′/ω), we find four solutions for the frequencies

ω ≈
{
± 1,±

√
γ − 1
√
γ

}
. (3.75)

In order for the system to be stable, all of these instantaneous WKB frequencies must

be real. Therefore, there is an instability in the system for parameters such that γ =

g2ψ2/H2 < 1. However, since the scalar sector requires γ > 2, this does not present a

further restriction on the model.

The corresponding mode solutions are, up to an irrelevant phase,

~Qj = c1j~a1e
ikτ + c2j~a2e

−ikτ + c3j~a3e
i
√
γ−1√
γ
τ

+ c4j~a4e
−i
√
γ−1√
γ
τ
,
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Figure 6. Evolution of vector fluctuations in Higgsed Gauge-flation. Note that in the limit M → 0,

the vector modes all decay on superhorizon scales. The values of the other parameters here are

chosen to be ε = 0.01 and γ =
√

10.

where the cij are constants and the ~ai are the vectors

~a1 = ~a2 =

[
1

0

]
, ~a3 = ~a∗4 =

[
0

1

]
. (3.76)

Demanding the solutions approach the positive frequency solutions as x = −kτ →∞
sets c1j = c3j = 0. The remaining constants are set by imposing the quantization conditions

above. Working in the limit −kτ → ∞, it is then straightforward to see that a solution

that satisfies the initial conditions is

Gauge mode: c21 = 0 , c22 =
1√
2k

, (3.77)

Goldstone mode: c42 = 0 , c41 =
1√

2k
√(

1− 1
γ

) . (3.78)

In figure 6, we show the evolution of the Higgs vectors and gauge field vectors, as well the

evolution of the shift vector.

3.3.2 Superhorizon solutions

We can solve the equations of motion for the vector modes in the superhorizon limit by

using the ansatz

~W±k (τ) = ~W±0 (−kτ)n. (3.79)

Using the asymptotic matrices in eqs. (3.68)–(3.70), to first order in ε, we find

n =

{
− 1− ε , 2 + ε ,

(
1

2
± i

2

√
3+4γ+4M2

)
± i

(
4
(
γ(γ+2)−1

)
+2M4+(6γ+7)M2

)
(2γ+M2+2)

√
4γ+4M2+3

ε

}
.

(3.80)
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The growing mode has n = −1− ε, and corresponding eigenvector

~W±0 ∼

− 2ε3
(
M(4γ2+4γ+M4+4γM2+4M2)

)
√

2γ+M2(2γ+M2+2)2(2γ2+6γ+M4+3γM2+3M2)

1

 . (3.81)

In the limit k � aH

N±

aH
∼ 2

√
2ε

MPl

√
2 + 2γ +M2

(
M± +

(M2 + γ)

(M2 + 2γ)

1

aH
M±′ ±

2M2√γ
M2 + 2γ

1

ak
ξ±′
)
, (3.82)

and inserting the late-time solution of eq. (3.81) into eq. (3.82) while keeping the lowest

order term in 1/a we arrive at the solution

N±

aH
∼ ε3

√
ε

ak
|kτ |−1−ε ∼ ε3

√
ε , (3.83)

where we used the fact that the scale-factor grows like a ∼ |τ/τ∗|−1−ε during inflation.9

3.4 Tensor fluctuations

We now turn to the tensor degrees of freedom. The addition of the Goldstone modes

in the Stueckelberg limit does not add any new degrees of freedom to the tensor sector.

At linear order in perturbation theory these fluctuations are gauge invariant under SU(2)

transformations and coordinate transformations for the gauge field and metric fluctuations

respectively. Furthermore, neither are subject to the Einstein, or Gauss law constraints at

this order.

We expand the tensor modes into a helicity basis in Fourier space

γij(x, τ) =

√
2

MPla

∑
λ=±

∫
d3k

(2π)3
Πλ
ij(k)γ̂λke

ik·x + c.c. , (3.84)

tij(x, τ) =
1√
2a

∑
λ=±

∫
d3k

(2π)3
Πλ
ij(k)t̂λke

ik·x + c.c. , (3.85)

where the polarization tensors satisfy (see, e.g. ref. [53])

Πij,±(k) ≡ ε(±)
i (k)ε

(±)
j (k) , (3.86)

and ~ε (±)(k) are the helicity vectors from above. Inserting these decompositions into the

action, it splits into two decoupled pieces corresponding to the left-helicity and right-helicity

modes. Neglecting boundary terms, the action takes the form

S± =

∫
d3k

(2π)3
dτ
[
∆†±
′∆′± + ∆†±

′K∆± −∆†±K±∆′± −∆†±Ω2
±∆±

]
, ∆± =

(
γ̂±k
t̂±k

)
,

(3.87)

9We note here that in this model, we find that the vector part of g0i metric perturbation grows ex-

ponentially during the inflationary phase. While vector modes typically decay following inflation, this

exponentially growing shift potentially invalidates the FRW background during inflation. One can show

that the scalar part of the shift vector also generates an exponentially growing g0i perturbation, even in

the limit that the Higgs is absent, M → 0.
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where the antisymmetric matrix K± has entries

K±,12 =
1

MPl

(
ψ′ +

a′

a
ψ

)
, (3.88)

and the symmetric Ω2
± matrix has entries

Ω2
±,11 = k2 − a′2

a2
+
g2a2ψ2(6ψ2 + 5Z2

0 )

2M2
Pl

− 2
(aψ)′2

M2
Pla

2
, (3.89)

Ω2
±,22 = k2 + a2g2Z2

0 ± kgaψ
[
2 + κ

g2a4(2ψ2 + Z2
0 ) + 2a′2ψ2 − 2a2ψ′2

a4(1 + κg2ψ4)

]
+
κg2ψ2

a2

[
g2a4ψ2(2ψ2 + Z2

0 ) + 2a′2ψ2 − 2a2ψ′2

(1 + κg2ψ4)

]
,

Ω2
±,12 = ∓2gaψ2

MPl
− a2g2ψZ2

0 +
(aψ)′

aMPl

a′

a
− κg2ψ3

MPl

[
g2a4ψ2(2ψ2 + Z2

0 ) + 2a′2ψ2 − 2a2ψ′2

(1 + κg2ψ4)

]
.

In writing these expressions we have made no slow-roll approximation, however, we have

made use of the background equations of motion. Note that we recover the results of

ref. [21] in the limit that Z0 → 0, as expected. We now eliminate as many variables as

possible. Making use of the background equations of motion, and expanding to leading

order in slow roll, we obtain

K±,12 = aH

√
ε√

1 + γ + M2

2

, (3.90)

Ω2
±,11 = k2 − 2a2H2 − a2H2 ε(2− 6γ − 5M2)

2γ +M2 + 2
, (3.91)

Ω2
±,22 = k2 ± aHk2 + 4γ +M2

√
γ

+ 2a2H2(1 + γ +M2) , (3.92)

Ω2
±,12 = ∓2aHk

√
2γε

2 + 2γ +M2
− a2H2

√
2ε

2 + 2γ +M2
(1 + 2M2 + 2γ) . (3.93)

Note that in the limit that a→ 0, K±,12 → 0 and Ω2
± → k21, which indicates that γ± and

t± are the canonically normalized fields in the far past.10

The original model of Gauge-flation is ultimately ruled out, because for a range of

k/aH one of the helicities t̂± experiences tachyonic growth due to its mass becoming

negative. This leads to exponentially large gauge tensor modes, which in turn source large

gravitational waves. Indeed, we see that the effective mass of t̂− is negative during the

range

r∗−∆r <
k

aH
< r∗+∆r , where r∗ ≡

2 + 4γ +M2

2
√
γ

, ∆r =

√(
1 + M2

2

)2
+ 2γ + 2γ2

√
γ

,

(3.94)

10Note that the recent work of ref. [43] quantized a different combination of γij and tij . In that work the

kinetic term is not diagonal in the limit k � aH due to couplings proportional to ψ.
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Figure 7. Evolution of tensor fluctuations in Higgsed Gauge-flation. The parameters are chosen

as ε = 0.01 and γ = 5. The green squares show the approximate late-time result as computed in

section 3.4.1.

and thus, rather than making the tensors more stable, the effect of the mass in fact makes

the instability worse. Examples of the amplification of the tensor modes are shown in

figure 7. However, the additional scalar dynamics behave in such a way as to also boost the

scalar spectrum, thus reducing the tensor-to-scalar ratio for a fixed value of the Hubble rate.

3.4.1 Sub-horizon solutions and Born approximation

The rather complicated looking system of equations that results can actually be solved

analytically to an excellent approximation, as first pointed out in refs. [23, 24]. Note that

the off-diagonal terms in the K and Ω2 matrices that couple the gauge field perturbations

to the metric fluctuations are slow-roll suppressed by
√
ε. This slow-roll suppression allows

us to develop a series solution (in powers of
√
ε) to the equations of motion using the

Born approximation. Further, as in refs. [23, 24], the evolution of the gauge modes is

dominated by its mass term. The negative helicity mode of the gauge field tensor remains

heavy throughout the evolution, and it can be neglected to a good approximation, leaving

the negative helicity gravitational wave mode undeflected. We thus focus on the positive

helicity modes γ̂+ and t̂+.

To leading order in slow roll, neglecting interactions with the gravitational wave sector,

the equation of motion for the gauge field reads

∂2
τ t̂

+ +

(
k2 − k

−τ
2 + 4γ +M2

√
γ

+
2(1 + γ +M2)

τ2

)
t̂+ = 0 . (3.95)

Introducing the variable z = 2ikτ , and the parameters

κ =
2 + 4γ +M2

√
γ

= −2iα , µ = 2(1 + γ +M2) =
1

4
− β2, (3.96)
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eq. (3.95) is transformed into the Whittaker equation

∂2
z t̂

+ +

(
− 1

4
+
α

z
+

1
4 − β

2

z2

)
t̂+ = 0 . (3.97)

Equation (3.97) is solved by the Whittaker functions,11

t̂+0 (k, τ) = AkMα,β(2ikτ) +BkWα,β(2ikτ) , (3.98)

where Mα,β(2ix) and Wα,β(2ix) are the Whittaker M and W functions. We set the values

of the constants Ak and Bk, by imposing the Bunch-Davies vacuum conditions in the

asymptotic past. That is, we demand that the solutions approach canonically normalized

positive frequency free plane waves as x = −kτ →∞,

t̂+0 (k, τ)→ 1√
2k
eix. (3.99)

In this large x limit, the Whittaker functions have asymptotic expansions,

Mα,β(2ix)→ (2i)−αΓ(2β + 1)

Γ
(
− α+ β + 1

2

)eix−α lnx +
i2αiβ(−i)α−βΓ(2β + 1)

Γ
(
α+ β + 1

2

) e−ix+α lnx,

Wα,β(2ix)→ (2i)αe−ix+α lnx. (3.100)

Using eq. (3.100), we find that the constants are given by

Ak =
1√
2k

Γ
(
− α+ β + 1

2

)
(2i)−αΓ(2β + 1)

, (3.101)

Bk =
1√
2k

Γ
(
− α+ β + 1

2

)
Γ
(
α+ β + 1

2

) 2αiβ+1(−i)α−β . (3.102)

To leading order in slow-roll, the positive-helicity tensor modes of the metric obey the

equation of motion

∂2
xγ̂

+ +

(
1− 2

x2

)
γ̂+ =

√
ε√

1 + γ + M2

2

(
1√

1 + γ + M2

2

2

x
∂x −

(
1 + 2γ + 2M2

x2
−
√
γ

x

))
t̂+,

(3.103)

where x = −kτ . Equation (3.103) can be solved as a series in
√
ε using the Born approx-

imation. This solution consists of a homogeneous piece that solves the free equation of

motion, and an inhomogeneous piece that is sourced by the gauge field fluctuations

γ̂+ = γ̂+
0 + γ̂+

in , γ̂+
0 =

1√
2k

(
1 +

i

x

)
eix = u1(x) . (3.104)

11Note that the basis of solutions to the Whittaker equation given by

t̂+0 (k, τ) = AkWα,β(2ikτ) +BkW−α,β(−2ikτ) ,

leads to a much simpler set of coefficients Ak, Bk. However, we choose to work with the basis in (3.98) to

make contact with the work in ref. [23, 24].
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Here, γ̂+
0 is the homogeneous solution that matches onto the Bunch-Davies vacuum as

x = −kτ →∞. To leading order in
√
ε, the inhomogeneous part of the solution is

γ̂+
in(x) =

√
ε

1+γ+M2

2

∫ x

dx′

(
1√

1+γ+M2

2

2

x′
∂x′ −

(
1+2γ+2M2

x′2
−
√
γ

x′

))
G(x, x′)t+0 (x′) ,

(3.105)

where

G(x, x′) =
=[u1(x)u∗1(x′)]

W [u1(x), u∗1(x)]
Θ(x− x′) , (3.106)

is the Green’s function, and W [. . .] is the Wronskian.

We can proceed in exact accordance to the analysis found in refs. [23, 26] for the physi-

cally and mathematically related models of Chromo-Natural and Higgsed Chromo-Natural

Inflation. The positive-helicity gravitational wave undergoes exponential amplification and

the late-time solution is well-approximated by

γ+(x) =
Hx

MPl

√
k3
u1(x)

+ 2
√

2
H

MPlk
Bk

√
ε√

1+γ+M2/2

(
2√

1+γ+M2/2
I1 +

√
γI2 − (1+2γ+2M2)I3

)
,

(3.107)

where the solution is written as the sum of a free and a sourced part, arising from the

interaction with the gauge field fluctuations. The functions I1, I2, I3 arise from the three

distinct integrals of eq. (3.105)

I1 =
(µ2 − 2iµκ+ 2µ− 2κ2) sec(πβ) sinh(−iπα)Γ(α)

2µ(µ+ 2)

− π2(µ2 + 2iµκ+ 2µ− 2κ2) sec(πβ) csch(−iπα)

2µ(µ+ 2)Γ(α+ 1)Γ
(
− α− β + 1

2

)
Γ
(
− α+ β + 1

2

) ,
I2 =

π sec(πβ)Γ(−α)

2Γ
(
− α− β + 1

2

)
Γ
(
− α+ β + 1

2

) − π sec(πβ)Γ(1− α)

µΓ
(
− α− β + 1

2

)
Γ
(
− α+ β + 1

2

)
+
πµ sec(πβ)− iπκ sec(πβ)

2µΓ(1− α)
,

I3 =
π2(µ+ iκ) sec(πβ) csch(−iπα)

µ(µ+ 2)Γ(α)Γ
(
− α− β + 1

2

)
Γ
(
− α+ β + 1

2

) +
π(κ+ iµ) sec(πβ)

µ(µ+ 2)Γ(−α)
. (3.108)

The evolution for the negative helicity gravitational wave is largely independent of the

potential parameters and follows closely the free expanding-universe solution

γ−(x) =
H

MPl

x√
k3
u1(x) , u1(x) =

(
1 +

i

x

)
eix. (3.109)

The total power spectrum at late times is given by the sum of the power in the positive-

and negative-helicity modes

PT (k) = 2Pγ+(k) + 2Pγ−(k) , (3.110)
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Figure 8. Left: comparison between the late-time amplitude of the positive-helicity gravitational

waves computed analytically (red-solid) and numerically (black-dotted) for M = 1, 3, 5, 7, 9 (bottom

to top) and ε = 0.01. Right: the chirality parameter as a function of γ for ε = 0.01 and different

values of M .

where we define the power in the each mode as

〈γ±k (τ∗)γ
±
k′(τ∗)〉 = (2π)3δ3

(
~k + ~k′

)2π2

k3
Pγ±(k) . (3.111)

Since the negative-helicity modes follow the free-field result, their power is

Pγ−(k) =
H2

2π2M2
Pl

, (3.112)

while the power in the positive-helicity modes can be written as

Pγ+(k) =
H2

2π2M2
Pl

+
4kH2

π2M2
Pl

ε |Bk|2

1+γ+M2/2

∣∣∣∣ 2√
1+γ+M2/2

I1 +
√
γI2 − (1 + 2γ + 2M2)I3

∣∣∣∣2,
(3.113)

because the free and sourced parts are uncorrelated. It is now straightforward to compute

the chirality parameter

∆χ =
Pγ+ − Pγ−
Pγ+ + Pγ−

, (3.114)

which is plotted in figure 8. We see that the gravitational wave spectrum is strongly

polarized for most of the parameter-space plotted, especially for larger values of M or γ.

3.4.2 Superhorizon solutions

On superhorizon scales corresponding to k � aH, we can also solve for the evolution of

the system very accurately. In this limit, the parity violating terms become irrelevant, and

thus we can ignore the difference between the positive- and negative-helicity modes. In
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this limit,

K ∼

 0
√
ε√

1+γ+M2

2

−
√
ε√

1+γ+M2

2

0

 (1 + ε)

−τ
, (3.115)

Ω2 ∼

 −
(
2 + ε2−6γ−5M2

2+2γ+M2

)
−
√

2ε
2+2γ+M2 (1 + 2M2 + 2γ)

−
√

2ε
2+2γ+M2 (1 + 2M2 + 2γ) 2(1 + γ +M2)

 (1 + ε)2

τ2
. (3.116)

We then look for a solution of the form

~∆± ∼ ~∆0(−kτ)n, (3.117)

where ~∆0 is a constant vector. Substituting into the asymptotic mode equation yields the

four solutions for n (two for each independent equation of motion)

n =

{
−1−ε , 2+ε ,

1

2
± i

2

(√
7 + 8M2 + 8γ+

8(1 +M2 + γ)(3 +M2 + 2γ)√
7 + 8M2 + 8γ(2 + 2γ +M2)

ε

)}
+O(ε2) .

(3.118)

Note that the only growing mode is the solution with n = −1 − ε, which corresponds to

the amplitude ratio

~∆± =

(
γ̂±k
t̂±k

)
= A±

[
1√
2ε√

2+2γ+M2

]
(−kτ)−1−ε. (3.119)

Therefore, with the scale factor given by eq. (A.2), on superhorizon scales the gravitational

wave spectrum becomes constant. Despite the appearance of an apparent mass for the

graviton, the superhorizon evolution is such that the resulting gravitational waves become

constant.12 While it appears that the tensor tilt can be read off eq. (3.119) to be given by the

standard nt = −2ε, in the case at hand, the prefactor A± has significant scale dependence,

in contrast to standard single-field slow-roll inflation. We demonstrate below that the

tensor spectral tilt, nT , can take both negative as well as positive values, corresponding to

a red or blue spectrum, respectively.

4 Phenomenology

In this section we explore the observational consequences of Higgsed Gauge-flation. We

numerically compute both the positive- and negative-helicity gravitational wave amplitudes

γ± as well as the density fluctuation ζ.13

12In the parameterization of ref. [43] this superhorizon solution corresponds to the vanishing of the

‘genuine tensor perturbation of the gauge field’. In that work, the slow-roll suppressed backreaction of

the gravitational wave modes onto the gauge fields was dropped. Generically, this backreaction sources a

growing mode of the gauge field. However, we demonstrate here that the solution corresponding to the

adiabatic mode corresponds to a solution where these gauge modes are absent.
13We verified through explicit computation that our results are unchanged if we instead work with the

comoving curvature perturbation in spatially-flat gauge R = Hδu, and on superhorizon scales k � aH,

|ζ| = |R|.
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As described above in section 2.1, in the slow roll approximation the evolution of the

background can be completely specified by the values of {γin,Min} Nin e-folds before the

end of inflation. In what follows, we parameterize the resulting spectra in terms of these

parameters. The value of the parameter κ is then determined by matching the amplitude

of the scalar spectrum to the observed value.

In order to solve the equations of motion for the fluctuations numerically, we work with

e-folding number N as our time variable. For the background, treating ψ ≈ constant, we

use the analytical expressions for {γ(N),M(N), ε(N)} as described above in section 2.1.

This method allows for a straightforward computation of the observables closer to the end

of inflation, 60 e-folds after horizon-crossing.

As a check for accuracy, we performed the same computation in conformal time τ ,

simultaneously solving the background and fluctuation equations numerically. We initialize

the system close to the slow-roll attractor using the following procedure:

1. Calculate the value of ψ as ψ2
in =

M2
Pl

2Nin
log
(

1+γin+M2
in/2

γin+M2
in/2

)
, for chosen values of γin and

Min at Nin = 60 e-folds before the end of inflation.

2. The Hubble scale at 60 e-folds is given by H2
in = 2M4

Pl/(γinψ
2
in).

3. Finally, the initial velocity of the ψ field is ψ̇in = −(γin +M2
in)(1+γin +M2

in/2)
ψ5
inHin

M4
Pl

.

These initial conditions start the calculation close to the exact numerical solution for all

values of γ and M . We found excellent agreement between these methods (evolution in

conformal time vs e-folding number) in both the evolution of each mode-functions, as well

as the resulting values of r, ns, and nT .

As shown in sections 3.2.2 and 3.4.2 respectively, the scalar modes evolve outside the

horizon, while the tensor modes become constant. This means that the tensor-to-scalar

ratio is not constant, but rather evolves from horizon exit until the end of inflation. Even

though the evolution is rather weak, since it involves the slow-roll parameter ε = O(0.01),

a simple order-of-magnitude calculation shows that the tensor-to-scalar ratio evolves as

(τcomp/τend)O(ε) = O(10), where τcomp is the conformal time where we compute r and

τend is the end of inflation. Thus in the 60 e-folds between horizon-crossing and the end

of inflation the tensor-to-scalar ratio can vary by an O(10) factor. For this reason, we

compute the observables at 5 e-folds before the end of inflation. We did not choose to

evolve further, in order to ensure the accuracy of the slow-roll formulas. At N = 5 e-folds

before the end of inflation the numerically computed (exact) solution for ε and the slow-roll

expression start to deviate. Additionally, at this point ε ' 0.1, and the ε-expansion of the

equations of motion begins to break down after this point.

Beyond the tensor-to-scalar ratio, the superhorizon evolution of the scalar power com-

plicates the numerical computation of the spectral index ns. For the standard single-field

slow-roll inflationary models, the power spectrum freezes outside the horizon and the spec-

tral index can be evaluated by comparing Pζ(k) for neighboring values of the wavenumber

k ± ∆k at some constant value of conformal time τ , e-folding number N , or x = −kτ ,
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provided the mode has left the horizon.14 In the present case the first two methods (con-

stant τ or N) are equivalent sufficiently far outside the horizon, but the case of taking

x = −kτ constant is not. The value of ns computed using the two (inequivalent) methods

can differ by O(ε) = O(0.01). We choose to evaluate the spectral index by comparing the

power-spectra at a fixed number of e-folds before the end of inflation. Even though the

spectral index settles to a constant value after around 10 e-folds after horizon-crossing,

even for the largest values of M used, we evaluate it at 5 e-folds before the end of inflation,

due to the evolution of the tensor-to-scalar ratio as explained above.

The evolution of the scalar power in the last 5 e-folds is a source of uncertainty in

our results. On the one hand, the continued decay of the scalar power likely increases the

tensor-to-scalar ratio above the values we quote. On the other hand, since all modes evolve

identically outside the horizon, the scalar spectral index is frozen and does not evolve

during this period.

Spectral tilt and tensor-to-scalar ratio

For the case of Gauge-flation, M = 0, we recover the results of ref. [21] by computing the

spectral index at constant x = −kτ , or 3 e-folds after each mode has left the horizon. By

computing ns at constant N we get the same dependence of ns on γ, however, the spectral

index is larger by about ∆ns = 0.015 compared to the results of ref. [21]. This is a change

of O(ε) as expected. However, the tensor-to-scalar ratio is larger by a factor of 10 when

calculated close to the end of inflation (N = 5) instead of close to horizon crossing (3

e-folds after horizon-crossing as in ref. [21]), due to the superhorizon decay of the scalar

power spectrum, as explained in section 3.2. This pushes the observables of Gauge-flation

even further from the Planck constraints.

As the Higgs vev, and thus M , is increased, both the tensor-to-scalar ratio, r, and

the scalar spectral index, ns, develop a distinct spike for any value of γ, which is however

significantly more pronounced for smaller values of γ. This feature is shown in figure 9.

In order to understand the feature in r and ns, we revisit the behavior of the evolution

of the scalar and tensor power spectra for M 6= 0. In figure 10 we show the evolution of

the scalar power spectrum and the amplitude of mode that contributes dominantly to the

scalar spectrum, M(−kτ), for constant γ and various values of M bracketing the “spike”.

Figure 10 shows that at fixed γ and increasing M , the power in the scalar modes initially

decreases before reaching a minimum, and then ultimately increases quickly. In contrast,

the power in tensor modes increases monotonically for constant γ and increasing M . The

“spike” in the spectral parameters is due to the non-monotonic behavior of the scalar

spectrum as M is varied; the tensor to scalar ratio reaches its maximum value where the

scalar spectrum is minimized. Further, across this minima the spectral tilt goes from blue

to red. This is counter-intuitive, since M increases during inflation, one might naively

expect the opposite. However, as demonstrated below, γ and its evolution have a much

stronger effect on the tilt of the spectrum (see figure 11). We note that this behavior was

14In practice we compute the tilt by evaluating the spectrum for nearby k-values k ± ∆k and taking a

two-sided numerical derivative. We checked that our results were independent of the precise value of ∆k

used.
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Figure 9. The spectral index ns (left) and the tensor-to-scalar ratio r (right) as a function of

the mass M for γ = 4, 5, 6, 7, 8, 9, color-coded from red to green. The horizontal black-dotted lines

correspond to the Planck 2-σ bounds.
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Figure 10. Left: the scalar power for γ = 7 and M = 0, 1, 1.5, 1.55, 2, 3 (blue solid, red dashed,

green solid, black dotted, brown long-dashed and maroon dot-dashed respectively). Right: the

dominant “slow” mode-function e−(N−N∗)|∆2(N)| for the same parameters and color-coding.

not seen in the related model of Higgsed Chromo-Natural Inflation [26]. However, in that

work the region of parameter space corresponding to the (Higgsed) Gauge-flation model

was not explored.

For large-enough values of M , the observables of Higgsed Gauge-flation pass through

the Planck-allowed region in the ns-r plane, as shown in figure 11. By varying both γ and

M we can fill-up the whole of the allowed Planck region15 in the ns-r plane for r & 10−5.

Running of the scalar spectral index and inflationary energy scale

We compute the running of the scalar spectral tilt, α ≡ dns/d log k, by locally fitting logPζ
as a function of log k using a second order polynomial around the mode-function k that

leaves the horizon 60 e-folds before the end of inflation. The results for the parameters

15It is worth re-iterating here that we do not compute the evolution of the fluctuations during the last 5

e-folds of inflation. Since we do not expect ns to vary, these last 5 e-folds may shift the curves of figure 11

vertically, hence filing a slightly different part of the Planck-allowed region.
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Figure 11. The tensor-to-scalar ratio, r, (at k = 0.002hMpc−1) as a function of the scalar spectral

tilt, ns (at k = 0.05hMpc−1) and the tensor spectral tilt, nT (at k = 0.002hMpc−1) for models

drawn from a grid of values for the parameters γ and M measured at N = 60 e-folds before the end

of inflation. The mode k = 0.05hMpc−1 is assumed to leave the horizon 60 e-folds before the end

of inflation. In both panels each rainbow-colored line corresponds to a definite value of γ ranging

from γ = 5 (red) to γ = 9 (green). Each purple-blue colored line corresponds to a definite value of

M , ranging from M = 4 (far left purple-dotted line) to M = 7 (far right cyan-dotted line). The

dots correspond to the values used in table 1. The dotted purple-to-blue lines shown on the left

panel do not appear on the right one, since they are either largely outside of the Planck-allowed

regime (purple-dotted) or lead to a very blue tensor spectrum (cyan-dotted). In both panels, the

shaded light red region correspond to the 1% limit of the linear regime, as discussed in section 4.1.

that correspond to the black dots of figure 11 are shown in figure 12. We see that for all

but one of the cases shown the running is positive and also for all but one of the cases

shown, the running is within the Planck limits.

Until now, we have rescaled the gauge coupling, g, and cosmic time, t, by κ, eliminating

it from the equations of motion as described above in section 2.1. However, the value of κ

sets the Hubble scale, and the overall energy scale of inflation. We fix κ by matching the

the amplitude of the observed scalar power spectrum Pζ ' 2.2× 10−9 [28]. Table 1 shows

the required value of κ and the corresponding value of the Hubble scale. We note here that

the standard inflationary result (see, for example, [12])

Λinf ∼
√
HinfMPl ∼ 1.04× 1016 GeV

(
r

0.01

)1/4

, (4.1)

is violated.

4.1 Validity of the linear theory

We end this section with a brief discussion of the validity of our analysis. As in the case

of Higgsed Chromo-Natural Inflation [26], the introduction of a Higgs sector enhances

the tensor mode amplification, rather than suppressing it. Furthermore, the Goldstone

mode dynamics contribute constructively to the amplification of the scalar and vector

modes. It is thus of paramount importance to examine whether the use of the linear order

perturbation theory and of the scalar-vector-tensor decomposition of the fluctuations is
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Figure 12. Left: the normalized scalar power spectrum amplitude as a function of wavenumber

for the parameters corresponding to the six dots of figure 11. The lines correspond to power-law

fits Pζ(k) ∼ kns−1, while the dots show the results of numerical simulations. Right: the ratio of

the normalized tensor amplitude (plotted on the left panel) to the form Pζ(k) ∼ kns−1. The dots

correspond to data points while the lines show the best-fit parabolae. This is a constant line in

the case of zero running of the spectral index, hence it can be used as a visual estimator of the

magnitude of the running α. The black-dotted lines show the latest Planck limits. The color-coding

for both panes follows that of figure 11.

= γ M κ1/4MPl H (MPl) g ψ (MPl) ns r nT α× 104

9 5 1.4× 104 1.3× 10−7 2× 10−5 0.019 0.965 7.4× 10−2 −0.006 −0.68

8 5 2.2× 104 5.6× 10−8 8× 10−6 0.020 0.966 3.2× 10−2 0.016 1.34

7 5 3.6× 104 2× 10−8 2.6× 10−6 0.020 0.966 1.2× 10−2 0.036 4.46

6 5 7.3× 104 5× 10−9 6× 10−7 0.018 0.961 3.8× 10−3 0.056 8.64

5 5.5 5.9× 105 9× 10−11 1× 10−8 0.020 0.961 5.4× 10−4 0.092 22.66

4 7 4.5× 108 2× 10−16 2.4× 10−14 0.017 0.965 4.3× 10−5 0.241 80.46

Table 1. Potential parameters and observables for the black dots shown in figure 11. The value

of the Hubble scale is given at N = 60 e-folds before the end of inflation. The value at the end of

inflation is approximately 8 times smaller for the parameters in this table.

justified. Following the analysis of ref. [26], we provide an estimate of the non-linearity,

rather than attempt a detailed analysis.

The gauge field mode amplification begins around −kτ ∼ M and ceases around the

time when the mode exits the horizon at −kτ = 1, as shown for scalar, vector and tensor

modes in figures 2, 6, and 7 respectively. In order to keep the linearized analysis under

control, it is sufficient for the backround field fluctuations δAµ to be significantly smaller

than the classical (background) gauge field value, which is given in eq. (2.5) as Āµ =

(0, aψδciJc),

|δAµ|
|Āµ|

� 1 . (4.2)

We consider this ratio as a measure of the validity of the linear analysis. We focus on

the tensor part of the gauge fluctuations. In order to compute the ratio of eq. (4.2), we
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Figure 13. Left: the rescaled amplitude of the gauge tensor mode given in eq. (4.4). The horizontal

black-dotted lines correspond to 0.1 and 0.01, which indicate the level of the non-linearity. The

parameters used follow the black dots of figure 11, as does the color-coding of the curves. Right:

the gauge (solid) and metric (dotted) tensor modes, using the same color-coding. The gauge modes

are multiplied by 0.1, in order to make the gauge and metric amplitude easier to compare visually.

We show only three out of the six curves for clarity.

estimate the gauge field fluctuations as

|δA| =
√
〈(δA)2〉 =

√∫
d3k

(2π)3
|δAk|2 ∼

MH

2π

∣∣√2kδAk
∣∣ , (4.3)

where we cut the integral off at the peak of the amplification, which is observed to be near

−kτ ∼M . The linearity condition of eq. (4.2) can thus be rewritten as

g

2π

M
√
γ

∣∣√2kδAk
∣∣� 1 , (4.4)

where we used the definition of γ to swap H for g.

In figure 13, we plot the left hand side of eq. (4.4). Note that most of the cases

of interest satisfy the linearity criterion at the 1% level or better. As in the case of

Higgsed Chromo-Natural Inflation, the theory remains within the linear regime for lower

values of the tensor-to-scalar ratio. A simple estimate of this can be done in a more

general way using dimensional arguments. The background amplitude of the gauge field

depends only on the number of e-folds, which we take to be N = 60, and the values of

γ and M . For γ,M = O(1) we get ψ/MPl ∼ 0.02. The dominant gravitational wave

helicity mode is seeded by the gauge field fluctuation, and we observe that the late time

gravitational wave amplitude is directly proportional to the peak gauge field amplitude,

|hij | ∝ |δAµ|Peak, with a proportionality factor of O(0.1) (see figure 13, right panel). The

physical amplitude of the gravitational waves depends on the Hubble scale and can be

estimated as PT ∼ H2|hij |2 ∼ O(0.01)|δAµ|2. The linearity condition can thus be re-

written as
|δA|
|Ā|
∼ 104 H√

r
� 1 , (4.5)
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Figure 14. The ratio of the final scalar power spectrum computed using the Higgs and Slow initial

conditions (left) and using the Regular and Slow initial conditions (right). The color-coding follows

figure 9. The black-dotted lines correspond to ratio of 1, 10−2 and 10−5.

where we used the fact that PT = rPζ and Pζ ≈ 2.2 × 10−9 [28]. The advantage of this

form of the linearity condition is that it involves only the Hubble scale and the tensor-

to-scalar ratio. Finally, we emphasize that both eqs. (4.4) and (4.5) should be used as

order-of-magnitude estimates of the non-linearity, rather than a sharp cut-off.

Before concluding this section, we revisit and justify the claim made throughout this

work regarding the dominance of the contribution of the ‘slow’ scalar mode compared to

the ‘regular’ and ‘Higgs’ modes in the scalar spectrum (see eq. (3.41)). Figure 14 shows the

ratio of the final scalar power spectrum computed using the three initial conditions, slow,

regular and Higgs. In the region of parameter space where the spectral tilt lies within the

Planck bounds, M & 5 (see figure 9), the regular and Higgs modes contribute negligibly

to the final power spectrum. We are therefore justified in only using the “slow” mode

to initialize the numerical evolution of the fluctuations in this region. Away from this

region of parameter space, M . 3, the otherwise subdominant modes can dominate the

spectrum, however, in this region of parameter space the model is ruled out by the large

tensor-to-scalar ratio, as demonstrated in figure 9.

5 Discussion and conclusions

In this work we have demonstrated that Gauge-flation can be made compatible with ex-

isting limits from Planck data by introducing an additional mass term for the gauge field

fluctuations. We assume that the symmetry is spontaneously broken by a Higgs sector and

the resulting Higgs boson is much heavier than the Hubble scale, and is thus irrelevant.

We thus work with the theory in the Stueckelberg form, restricting the Higgs sector to the

Goldstone modes which fluctuate along the vacuum manifold.

The introduction of a Higgs sector to Gauge-flation significantly changes the phe-

nomenology of the fluctuations. On the one hand, the additional terms in the tensor action

have the effect of exacerbating the existing chiral gauge-tensor instability, and boost the

overall amplitude of the tensor modes. The resulting chiral spectrum of gravitational waves
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becomes constant on superhorizon scales, and is qualitatively similar to the spectrum of

gravitational waves from Gauge-flation. On the other hand, the mass terms and associated

scalar Goldstone modes significantly alter the scalar dynamics and resulting spectrum of

density fluctuations. The theory remains (catastrophically) unstable for parameters such

that γ < 2. However, as the Higgs vev, Z0, and thus M , is increased from zero (with γ

fixed) the amplitude of the scalar power is initially suppressed before reaching a minimum.

This behavior leads to a feature in both the tensor-to-scalar ratio, r, and the spectral

index, ns, at the points in parameter space where the scalar power reaches its minimum.

By increasing the Higgs vev, and thus M , beyond this point, the overall amplitude of the

resulting scalar density fluctuations grows monotonically, decreasing the tensor-to-scalar

ratio r, and increasing the scalar spectral index ns. This behavior allows the theory to pro-

duce spectra of gravitational waves and density fluctuations that satisfy the latest Planck

bounds. The scalar spectrum decays on superhorizon scales in this model due to the pres-

ence of an isocurvature mode. We evaluate the tensor-to-scalar ratio and scalar spectral

index 5 e-folds before the end of inflation to minimize errors, however, the evolution of

the spectrum during the last 5 e-folds of inflation represents a source of uncertainty in our

results.

The exponential enhancement of the tensor modes means that observable gravitational

waves may be produced in this model, despite inflation occurring below the GUT scale, and

all fields evolving over sub-Planckian distances in field space. The model therefore violates

some formulations of the Lyth bound. The production mechanism of gravitational waves is

exactly analogous to the cases of Chromo-Natural Inflation, Higgsed Chromo-Natural Infla-

tion, and Gauge-flation. The gravitational waves in these models predominantly arise from

linear mixing with the (exponentially amplified) gauge field fluctuations. The form of the

gravitational wave spectra produced in this model is therefore significantly altered from the

usual form assumed in formulations of the Lyth bound. In contrast to standard inflationary

scenarios which uniformly predict red tilted gravitational wave spectra, these gravitational

waves can have either red- or blue-tilted spectra on CMB scales, with a strong favoring of

a blue tilt, especially for lower values of the tensor-to-scalar ratio r. Furthermore, these

gravitational waves have the distinct characteristic that they are chirally polarized and,

to a very good approximation, consist only of a single helicity. Unfortunately, it seems

unlikely that future CMB experiments will be able to distinguish between unpolarized and

chirally polarized gravitational waves [54, 55], which would significantly reduce the space

of viable inflationary models.

The running of the scalar spectral index is predominately positive and within observa-

tional bounds for all but the lowest calculated values of the tensor-to-scalar ratio. Between

the linearity constraints for the equations of motion of the fluctuations and the Planck

constraints on the running of the spectral index, Higgsed Gauge-flation can fill the whole

Planck-allowed region on the ns-r plane for 10−4 . r . 10−2, making this model especially

interesting in anticipation of planned Stage-4 CMB experiments. These experiments are

aiming to probe tensor-to-scalar ratios as low as r ∼ 10−3. The exponential sensitivity

of the amplification of both the scalar and tensor power spectra makes some level of fine-

tuning necessary to fit observations. In contrast to Gauge-flation, the addition of the Higgs
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sector causes vector perturbations of the matter sector to freeze out on super-horizon scales,

we leave the further study of the consequences of these modes to future work. While we

have estimated that the linear theory is under control, we leave the study of non-Gaussian

features of this model for future work.
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A Notation and conventions

We work with conformal time, which we define to be a negative quantity during inflation

τ =

∫ t

0

dt

a(t)
, (A.1)

and make use of the near de Sitter expansion to write

a ≈ (−τ)−1−ε

H
. (A.2)

When we are dealing with fluctuations of the fields, we work in Fourier space where our

convention is

A(x) =

∫
d3k

(2π)3
Ake

−ik·x, (A.3)

so that we replace spatial derivatives with ∂iA → −ikiAk and we make extensive use of

the fact that the fields satisfy a reality condition, which implies A−k = Āk. It proves

useful to work with the dimensionless time variable x = −kτ , where k is the Fourier space

wavenumber. Throughout we denote derivatives with respect to cosmic time by an overdot

(˙), primes ( ′ ) denote derivatives with respect to conformal time τ , while derivatives with

respect to conformal x are kept explicit (∂x). Our symmetrization and antisymmetrization

conventions throughout are

Z[ij] =
1

2
(Zij − Zji) , Z(ij) =

1

2
(Zij + Zji) . (A.4)

B Details of the scalar action

In this appendix we present the details of the scalar action. After eliminating the algebraic

constraints from the action, redefining the fields according to eq. (3.22), performing an

integration by parts and discarding the boundary terms, the scalar action is put into

the form

S =
1

2

∫
d3k

(2π)3
dτ
[
∆†′T∆′ + ∆†′K∆−∆†K∆′ −∆†Ω2∆

]
. (B.1)
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The exact forms of the matrices can be obtained in a straightforward manner, however,

they are long and complicated, and not particularly enlightening. We do not present their

gory details here.

As in ref. [21], each entry in the matrices is of the form, or is of the sum of entries of

the form ∑
i cik

αi∑
j djk

αj
×

√∑
m c̃mk

αm∑
n d̃nk

αn
, (B.2)

where the sums are finite, and all coefficients ci, di, c̃i, d̃i are slowly varying functions of

time. To perform our numerical evaluations, we expand each of the coefficients in slow

roll in the same manner as described in ref. [21]. Specifically, we replace κ and ψ using

eq. (2.22), and then use eq. (2.25) to replace δ. We then expand each term to leading

order in ε � 1. Obtaining the action, as well as expanding each term is performed using

Mathematica.

To leading order in ε� 1, the matrices have the entries

T11 ' 1 +
6ε2a2H2(2γ +M2)

k2(2 + 2γ +M2)2 + 3a2ε2H2(γ +M2)(2γ +M2)
, (B.3)

T22 '
6a2γH2ε(2γ +M2 + 2)

(
3a2H2ε(2γ +M2) + k2

(
2γ − 2ε(γ +M2 − 1) +M2 + 2

))(
6a2γH2ε+ k2(2γ +M2 + 2)

)(
3a2H2ε2(γ +M2)(2γ +M2) + k2(2γ +M2 + 2)2

) ,
(B.4)

T12 ' −
2
√

3aH
√
γ
√

2 + 2γ +M2ε
(
k2(2 + 2γ +M2) + 3a2H2(2γ +M2)ε

)√
k2(2 + 2γ +M2) + 6a2H2γε

(
k2(2 + 2γ +M2)2 + 3a2H2(γ +M2)(2γ +M2)ε2

) ,
(B.5)

T33 = 1 +
3a2H2k2M2(2 + 2γ +M2)2ε(

k2(2 + 2γ +M2) + 6a2H2γε
)(
k2(2 + 2γ +M2)2 + 3a2H2(γ +M2)(2γ +M2)ε2

) ,
(B.6)

T31 '
√

6aHkM(2 + 2γ +M2)ε
√
k2(2 + 2γ +M2) + 3a2H2(2γ +M2)ε√

k2(2 + 2γ +M2) + 6a2H2γε
(
k2(2 + 2γ +M2)2 + 3a2H2(γ +M2)(2γ +M2)ε2

) ,
(B.7)

T23 ' −
3a2H2k

√
γM(2 + 2γ +M2)3/2M

√
2k2(2 + 2γ +M2) + 6a2H2(2γ +M2)ε(

k2(2 + 2γ +M2) + 6a2H2γM
)(
k2(2 + 2γ +M2)2 + 3a2H2(γ +M2)(2γ +M2)ε2

) ,
(B.8)

for the K matrix, we find

K12 '
√

3a2H2k4M2(2 + 2γ +M2)5/2ε

2
√
γ
(
k2(2 + 2γ +M2) + 6a2H2γε

)3/2(
k2(2 + 2γ +M2)2 + 3a2H2(γ +M2)(2γ +M2)ε2

)
− (2 + 2γ +M2)5/2

2
√

3
√
γ
√
k2(2 + 2γ +M2) + 6a2H2γε

(
k2(2+2γ+M2)2+3a2H2(γ+M2)(2γ+M2)ε2

)
×
(

2k4 +
3a2H2k2(2γ + 3M2)ε

(2 + 2γ +M2)
− 24a4H4γ(γ +M2)(2γ +M2)ε4

(2 + 2γ +M2)4

)
, (B.9)
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K13 ' −
3a2H2kM(2 + 2γ +M2)ε

√
k2(2 + 2γ +M2) + 3a2H2(2γ +M2)ε√

2
3k

2(2 + 2γ +M2) + 4a2H2γε
(
k2(2 + 2γ +M2)2 + 3a2H2(γ +M2)(2γ +M2)ε2

)
+

3
√

6a4H4k3M3ε2
(
k2(2 +M2 + 2γ) + 6a2H2γε

)−3/2√
4k2(2 +M2 + 2γ) + 3a2H2(4M2 + 8γ)ε

(
k2 + 3a2H2(M2+γ)(M2+2γ)ε2

(2+M2+2γ)2

) , (B.10)

K23 '
aHkM(2 + 2γ +M2)3/2

√
k2(2 + 2γ +M2) + 3a2H2(2γ +M2)ε

√
2γ
(
k2(2 + 2γ +M2) + 6a2H2γε

)2(
k2(2 + 2γ +M2)2 + 3a2H2(γ +M2)(2γ +M2)ε2

)
×
{
k4(2 + 2γ +M2)2 + 18a2H2k2γ(2 + 2γ +M2)ε+ 54a4H4γ2ε2

}
, (B.11)

Ω2
11 '

k2

3
+ 2a2H2(1 + γ +M2)− 2k2ε

3(2γ +M2 + 2)
(B.12)

+
2a2H2(2+2γ+M2)2ε2

(
k4(2+2γ−M2)+6a2H2k2(2γ+M2)− 18a4H4(γ+M2)(2γ+M2)2ε2

(2+2γ+M2)2

)
(
k2(2 + 2γ +M2)2 + 3a2H2(γ +M2)(2γ +M2)ε2

)2 ,

Ω2
22 ' k2

(γ − 2)

γ
− 2a2H2M

2

γ
− 6k2ε

γ(2γ +M2 + 2)
(B.13)

+
a2H2(2 + 2γ +M2)6ε(

k2(2 + 2γ +M2) + 6a2H2γε
)3(

k2(2 + 2γ +M2)2 + 3a2H2(γ +M2)(2γ +M2)ε2
)2

×
{
k10
(
2γ(γ − 6) + (4− 5γ)M2

)
+ 6a2H2k8(3γ −M2) +

36a4H4k6γ(8γ +M2)ε

(2 + 2γ +M2)

+
108a6H6k4γ2(14γ + 3M2)ε2

(2 + 2γ +M2)2
+

1296a8H8k2γ3(2γ +M2)(2 + 2γ +M2)2ε3

(2 + 2γ +M2)3

− 3888a10H10γ3(γ +M2)(2γ +M2)2ε5

(2 + 2γ +M2)5

}
, (B.14)

Ω2
21 ' −

aH

4
√

3γ3
(
k2 + 6a2H2γε

(2+2γ+M2)

)3/2(
k2 + 3a2H2(γ+M2)(2γ+M2)ε2

(2+2γ+M2)2

)2
×
{
− k8

(
8γ2 + 3M2 + 4γ(2 +M2)

)
+

3k10M2(2 + 2γ +M2)

k2(2 + 2γ +M2) + 6a2H2γε

−
6a2H2k6γ

(
M2 + 4γ(2 + 4γ + 3M2)

)
ε

(2 + 2γ +M2)
−

36a4H4k4γ2
(
8γ2 +M2 + 2γ(−5 + 4M2)

)
ε2

(2 + 2γ +M2)2

+
864a6H6k2γ3(2γ +M2)ε3

(2 + 2γ +M2)3
− 2592a8H8γ3(γ +M2)(2γ +M2)2ε5

(2 + 2γ +M2)5

}
, (B.15)

Ω2
33 = k2 − 2a2H2

(
1− ε

2

)
(B.16)

− 12a2H2k2M2(2 + 2γ +M2)−1ε(
k2 + 6a2H2γε

(2+2γ+M2)

)3(
k2 + 3a2H2(2γ+M2)ε

(2+2γ+M2)

)(
k2 + 3a2H2(γ+M2)(2γ+M2)ε2

(2+2γ+M2)2

)2
×
{
k10

2
+
a2H2k8

4
− 6a4H4k6γε

(2 + 2γ +M2)
− 9a6H6k4γ(14γ2 + 5M2)ε2

2(2 + 2γ +M2)2

− 54a8H8k2γ2(2γ +M2)ε3

(2 + 2γ +M2)3
+

81a10H10γ2(γ2 +M2)(2γ2 +M2)2(6 + 9γ2 + 5M2)ε6

(2 + 2γ +M2)6

}
,
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Ω2
31 = −

√
1

6

aHkM
√
k2(2 + 2γ +M2) + 3a2H2(2γ +M2)ε√
k2(2 + 2γ +M2) + 6a2H2γε

(B.17)

+

√
2

3

aHkM(2 + 2γ +M2)−1ε(
k2 + 6a2H2γε

(2+2γ+M2)

)3/2√
k2 + 3a2H2(2γ+M2)ε

(2+2γ+M2)

(
k2 + 3a2H2(γ+M2)(2γ+M2)ε2

(2+2γ+M2)2

)2
×
{

30a2H2k6 + 2k8 +
9a4H4k4(40γ + 9M2)ε

(2 + 2γ +M2)
+

540a6H6k2γ(2γ +M2)ε2

(2 + 2γ +M2)2

+
1296a8H8γ(γ +M2)(2γ +M2)2ε4

(2 + 2γ +M2)4

}
+

4
√

6a3H3kM(2 +M2 + 2γ)−1ε(
k2 + 6a2H2γε

(2+M2+2γ)

)5/2(
4k2 + 12a2H2(M2+2γ)ε

(2+M2+2γ)

)3/2(
k2 + 3a2H2(M2+γ)(M2+2γ)ε2

(2+M2+2γ)2

)2
×
{
− 4k10 − 6a2H2k8(3M2 + 16γ)ε

(2 +M2 + 2γ)
− 27a4H4k6(M4 + 16M2γ + 32γ2)ε2

(2 +M2 + 2γ)2

− 108a6H6k4γ(2 +M2 + 2γ)3(5M4 + 26M2γ + 32γ2)ε3

(2 +M2 + 2γ)3

− 1296a8H8k2γ2(M2 + 2γ)2ε4

(2 +M2 + 2γ)4
− 3888a10H10γ2(M2 + γ)(M2 + 2γ)3ε6

(2 +M2 + 2γ)6

}
,

Ω2
32 = − 12

√
2a2H2k3M

√
γ
(
k2 + 6a2H2γε

(2+M2+2γ)

)3(
4k2 + 12a2H2(M2+2γ)ε

(2+M2+2γ)

)3/2(
k2 + 3a2H2(M2+γ)(M2+2γ)ε2

(2+M2+2γ)2

)2
×
{
k10 +

a2H2k8(5M2 + 34γ)ε

(2 +M2 + 2γ)
+

3a4H4k6(2M4 + 53M2γ + 138γ2)ε2

(2 +M2 + 2γ)2

+
36a6H6k4γ(5M4 + 39M2γ + 66γ2)ε3

(2 +M2 + 2γ)3
+

108a8H8k2γ2(8M4 + 47M2γ + 62γ2)ε4

(2 +M2 + 2γ)4

+
1944a10H10γ3(M2 + 2γ)2ε5

(2 +M2 + 2γ)5
+

3888a12H12γ3(M2 + γ)(M2 + 2γ)3ε7

(2 +M2 + 2γ)7

}
. (B.18)

Note that, to leading order in slow-roll, we recover the results of [21] in the limit M → 0.

C Details of the vector action

In this appendix, we present the details of the vector action. After making the transfor-

mation in eq. (3.66), the action takes the form

δ2S =

∫
d3k

(2π)3
dτ
[
~W±†′T± ~W

±′ + ~W±†′K± ~W
± − ~W±†K± ~W

±′ − ~W±†Ω2
±
~W±
]
. (C.1)

While it is straightforward to obtain the matrices exactly, they are long and not particularly

enlightening. Each entry in the matrices are of the form of eq. (B.2). To perform the

numerical evaluation, we expand each coefficient to leading order in slow-roll in the same
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way as described in section B. We find

T±11 = 1− 2a2γH2ε(
γ + M2

2 + 1
)
(2a2γH2 ∓ 2a

√
γHk + k2)

, (C.2)

T±22 = 1−
2a2H2M2ε(a

√
γH ± k)2(

γ + M2

2 + 1
)
(2a2γH2 ∓ 2a

√
γHk + k2)

(
a2H2(2γ +M2)∓ 2a

√
γHk + k2

) ,
(C.3)

T±21 = −
4a2√γH2Mε(a

√
γH ∓ k)

(2γ +M2 + 2)(2a2γH2 ∓ 2a
√
γHk + k2)

√
a2H2(2γ +M2)∓ 2a

√
γHk + k2

,

(C.4)

and

K±12 =
a3
√
γH3kM

(2a2γH2 − 2a
√
γHk + k2)

√
a2H2(2γ +M2)∓ 2a

√
γHk + k2

(C.5)

±
2a2H2M

(
2a4γH4(2γ+M2)∓a3√γH3k(7γ+M2)+a2H2k2(8γ+M2)∓ 4a

√
γHk3+k4

)
(2γ +M2 + 2)(2a2γH2 ∓ 2a

√
γHk + k2)

(
a2H2(2γ +M2)∓ 2a

√
γHk + k2

)3/2 .

Finally, the entries of the mass matrix take the form

Ω2
11
±=k2

(
1− 1

γ

)
∓ aHk (2 +M2 + 2γ)

√
γ

+ a2H2(M2 + 2γ) (C.6)

− aH

3
√
γ(k2 ∓ 2aHk

√
γ + 2a2H2γ)3

(
k2 ∓ 2aHk

√
γ + a2H2(M2 + 2γ)

)2
×
(
± 3a2H2k9(2 +M2)γ − 24a11H11(2 +M2)γ7/2(M2 + 2γ)2

± 12a10H10k(2 +M2)γ3(M2+2γ)(5M2+18γ)± 6a4H4k7γ
(
M4+57γ + 8M2(1+3γ)

)
− 3a3H3k8

√
γ
(
23γ + 2M2(1 + 5γ)

)
± 3a6H6k5γ

(
M6 + 688γ2 + 10M4(1 + 6γ) + 8M2γ(24 + 37γ)

)
− 6a9H9k2γ5/2

(
12M6 + 332γ2 + 3M4(9 + 32γ) + 4M2γ(51 + 40γ)

)
− 6a5H5k6

√
γ
(
171γ2 +M4(1 + 8γ) +M2γ(35 + 72γ)

)
± 6a8H8k3γ2

(
8M6 + 484γ2 + 8M2γ(29 + 28γ) +M4(23 + 100γ)

)
− 3a7H7k4γ3/2

(
6M6 + 972γ2 + 72M2γ(5 + 6γ) +M4(27 + 136γ)

)
∓ 5k11(M2 + γ)ε2

2 +M2 + 2γ
+

50aHk10
√
γ(M2 + γ)ε2

2 +M2 + 2γ

)
,

Ω2
22
±=k2 + aH

(
aH(M2 − 2)∓ k√γ

)
− a3H3M2

(k2 ∓ 2aHk
√
γ + 2a2H2γ)2

(
k2 ∓ 2aHk

√
γ + a2H2(M2 + 2γ)

)2
×
(
± k7√γ + 4a7H7γ2(M2 + 2γ)2 + aHk6(−5 + 8γ)± 2a2H2k5

√
γ(−11 +M2 + 15γ)

+ 2a3H3k4
(
M2(−1 + 6γ) + 2γ(−11 + 17γ)

)
± a4H4k3

√
γ
(
M4 + 4γ(−12 + 25γ) +M2(−6 + 32γ)

)
+ a5H5k2γ

(
4M4 + 4γ(−7 + 24γ) +M2(−7 + 48γ)

)
± 2a6H6kγ3/2

(
3M4 + 4γ(−1 + 7γ) +M2(−2 + 20γ)

))
, (C.7)

– 43 –



J
H
E
P
0
8
(
2
0
1
7
)
1
3
0

Ω2
21
±=

a2H2M

2
√
γ(2 +M2 + 2γ)(k2 ∓ 2aHk

√
γ + 2a2H2γ)3

(
k2 ∓ 2aHk

√
γ + a2H2(M2 + 2γ)

)7/2
×
(
± k13(1 + 2γ)− aHk12√γ(11 + 24γ)± 2a2H2k11

(
M2(2 + 4γ) + γ(35 + 72γ)

)
− 4a3H3k10

√
γ
(
M2(9 + 20γ) + 4γ(19 + 35γ)

)
± a4H4k9

(
M4(5 + 12γ) + 120γ2(8 + 13γ) + 8M2γ(23 + 50γ)

)
− a5H5k8

√
γ
(
M4(35 + 96γ) + 4M2γ(157 + 320γ) + 8γ2(283 + 408γ)

)
± 2a6H6k7

(
M6(1 + 4γ) + 96M2γ2(8 + 15γ) + 3M4γ(23 + 64γ) + 8γ3(253 + 328γ)

)
− 2a7H7k6

√
γ
(
M6(5+24γ) + 16M4γ(11+30γ) + 64γ3(43+51γ) + 4M2γ2(343+592γ)

)
± 2a8H8k5γ

(
M8+360M2γ2(5+8γ)+2M6(7+36γ)+8γ3(353+390γ)+2M4γ(157+408γ)

)
− 4a9H9k4γ3/2

(
2M8+4M6(3+16γ)+15M4γ(13+32γ)+4γ3(267+280γ)

+4M2γ2(213+320γ)
)

± 8a10H10k3γ2(M2 + 2γ)
(
2M6 +M4(7 + 32γ) + 2γ2(71 + 72γ) +M2γ(69 + 128γ)

)
− 8a11H11k2γ5/2(M2 + 2γ)2

(
2M4 + 24γ(1 + γ) +M2(5 + 16γ)

)
± 8a12H12kγ3(M2 + 2γ)3(2 +M2 + 2γ)2 +

32a13H13γ7/2(M2 + 2γ)3ε

(2 +M2 + 2γ)

)
. (C.8)

D Density fluctuation

In this appendix we present the details of the computation of the density fluctuation. We

work in spatially flat gauge, where the curvature perturbation is given by

ζ = −H
ρ̇
δρ =

δρ

6
[
(ψ̇2 +Hψ)2 + g2ψ4 + g2ψ2Z2

0

] ' δρ

3H2ψ2(2 + 2γ +M2)
. (D.1)

The perturbation to the energy density is found from the perturbed stress tensor, ρ = −T 0
0,

where

Tµν = 2 Tr[FµαFνβ ]gαβ − gµν
2

Tr[FαβF
αβ ] (D.2)

− 1

12
κTr[FαβF

αβ ] Tr[(Fµ
αF̃να + Fν

αF̃µα)] + gµν
κ

32
Tr[FαβF̃

αβ ]2

+2g2Z2
0 Tr

[(
Aµ−

i

g
U−1∂µU

)(
Aν−

i

g
U−1∂νU

)]
−gµνg2Z2

0 Tr

[(
Aµ−

i

g
U−1∂µU

)2]
.

Inserting the field configuration in eqs. (3.14)–(3.17), we find

δρ = 3
(aψ)′

a3
(1 + κg2ψ4)δψ′ − k2 (aψ)′

a3
(1 + κg2ψ4)M ′

+ 3

[
g2ψ(2ψ2 + Z2

0 ) + (1 + 3κg2ψ4)
a′2

a4
ψ + (1 + 5κg2ψ4)

a′ψ′

a3
+ 2κg2ψ3ψ

′2

a2

]
δψ

− k2

[
g2ψ(2ψ2 + Z2

0 ) + (1 + 3κg2ψ4)
a′2

a4
ψ + (1 + 5κg2ψ4)

a′ψ′

a3
+ 2κg2ψ3ψ

′2

a2

]
M

+
g2Z2

0ψ

a
k2ξ + k2 (aψ)′

a3
(1 + κg2ψ4)Y − 3

(aψ)′2

a4
(1 + κg2ψ4)α . (D.3)
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Next, we insert the solutions for the constraints, and expand to leading order in slow roll,

to find

δρ '
√

2H2MPl
√
ε(2 + 2γ +M2)3/2

k2(2 + 2γ +M2)2 + 3a2H2ε2(γ +M2)(2γ +M2)
(D.4)

×
{

3
(
9a2H2(M2 + 2γ) + k2(6 +M2 + 2γ)

)
δψ + 3

(
2k2 + 3a2H2(M2 + 2γ)

)δψ′
aH

− k2
(
9a2H2(M2 + 2γ) + k2(4 +M2 + 2γ)

)
M− 3aHk2(2γ +M2)M′

+ 2
k2M2

(
k2(2 +M2 + 2γ) + 3a2H2(M2 + 2γ)ε

)
aH(2 + 2γ +M2)

ξ + 6Hk2M2ξ′
}
.

Note that, as expected, we recover the results of ref. [21] in the limit M → 0. The curvature

is then of the form

ζ = c1δψ + c2M+ c3ξ + d1δψ
′ + d2M′ + d3ξ

′, (D.5)

where

c1 '
(2 + 2γ +M2)3/2

√
2MPl

√
ε

(
9a2H2(M2 + 2γ) + k2(6 +M2 + 2γ)

)
k2(2 + 2γ +M2)2 + 3a2H2ε2(γ +M2)(2γ +M2)

, (D.6)

c2 ' −k2 (2 + 2γ +M2)3/2

3
√

2MPl
√
ε

(
9a2H2(M2 + 2γ) + k2(4 +M2 + 2γ)

)
k2(2 + 2γ +M2)2 + 3a2H2ε2(γ +M2)(2γ +M2)

, (D.7)

c3 ' 2

√
(2 + 2γ +M2)

3
√

2aHMPl
√
ε

k2M2
(
k2(2 +M2 + 2γ) + 3a2H2(M2 + 2γ)ε

)
k2(2 + 2γ +M2)2 + 3a2H2ε2(γ +M2)(2γ +M2)

, (D.8)

and

d1 '
(2 + 2γ +M2)3/2

√
2aHMPl

√
ε

(
2k2 + 3a2H2(M2 + 2γ)

)
k2(2 + 2γ +M2)2 + 3a2H2ε2(γ +M2)(2γ +M2)

, (D.9)

d2 ' −
(2 + 2γ +M2)3/2

√
2MPl

√
ε

aHk2(2γ +M2)

k2(2 + 2γ +M2)2 + 3a2H2ε2(γ +M2)(2γ +M2)
, (D.10)

d3 '
(2 + 2γ +M2)3/2

√
2MPl

√
ε

2Hk2M2

k2(2 + 2γ +M2)2 + 3a2H2ε2(γ +M2)(2γ +M2)
. (D.11)

Our numerical solutions are not in terms of the variables ~X = {δψ,M, ξ}, but are in terms

of ∆, which are related to the ~X via the redefinition at eq. (3.22). The power spectrum is

then given by

Pζ =
k3

2π2

3∑
i=1

∣∣(~c ·U + ~d ·U′) · ~Qi + ~d ·U · ~Q′i
∣∣2, (D.12)

and the sum runs over the independent solutions of the equations of motion. That is, the

solutions initialized on the independent initial conditions in eq. (3.41). Explicitly,

(~c ·U+ ~d ·U′)1 =

√
ε
√

2 + 2γ +M2
(
6a2H2(2γ +M2) + k2(4 + 2γ +M2)

)
a
√

3
(
k2(2γ +M2 + 2)2 + 3a2H2ε2(γ +M2)(2γ +M2)

) , (D.13)
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(~c ·U+ ~d ·U′)2 = −

(
36a4γH4(2γ+M2)

(2γ+M2+2) + 3a2H2k2(2γ +M2) + k4(2γ +M2 + 4)
)

6a2H
√
γ
√
ε
√

6a2γH2ε+ k2(2γ +M2 + 2)
(
k2 + 3a2H2ε2(γ+M2)(2γ+M2)

(2γ+M2+2)2

) ,
(D.14)

(~c ·U+ ~d ·U′)3 =

√
2k3M(2γ +M2 + 2)5/2

3a2H
√
ε
√

3a2H2ε(2γ +M2) + k2(2γ +M2 + 2)
(D.15)

×
(
k2(2γ+M2+2)(k2−3a2H2)−36a4γH4ε

)(
6a2γH2ε+k2(2γ+M2+2)

)3/2(
k2(2γ+M2+2)2+3a2H2ε2(γ+M2)(2γ+M2)

) ,
and

(~d ·U)1 =

√
2γ +M2 + 2

(
k2(2γ +M2 + 2) + 3a2H2ε(2γ +M2)

)
√

3a2H
√
ε
(
k2(2γ +M2 + 2)2 + 3a2H2ε2(γ +M2)(2γ +M2)

) , (D.16)

(~d ·U)2 = −
(2γ +M2)(2 + 2γ +M2)

√
k2(2 + 2γ +M2) + 6a2γH2ε

2
√
γ
√
εa
(
k2(2 + 2γ +M2)2 + 3a2H2ε2(γ +M2)(2γ +M2)

) , (D.17)

(~d ·U)3 =
kM(2γ +M2 + 2)3/2

√
εa
√
k2(2γ +M2 + 2) + 6a2γH2ε

×
√

2k2(2γ +M2 + 2) + 6a2H2ε(2γ +M2)(
k2(2γ +M2 + 2)2 + 3a2H2ε2(γ +M2)(2γ +M2)

) . (D.18)
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