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1 Motivations and introduction

1.1 Introductory remarks

Black hole entropy has some surprisingly universal properties that are accessible through

semi-classical considerations. The most prominent one is the thermodynamic description,

and among the thermodynamic quantities is the black hole entropy, which unlike other

black hole thermodynamic quantities is observer independent. The black hole entropy in

Einstein gravity theories is given by the Bekenstein-Hawking entropy law [3, 4],

SBH =
A

4G
(1.1)

according to which the black hole entropy SBH is a quarter of the area A of the black

hole horizon in units of Newton’s constant G. The Bekenstein-Hawking law can be derived

e.g. in the saddle point approximation to the Euclidean path integral of Einstein gravity [5]

or as the conserved charge associated with the Killing horizon generating vector field in

the Einstein-Hilbert theory [6].

The area law generically receives subleading logarithmic corrections

S = SBH −Nlog lnSBH + O(1) (1.2)

which are specified by a numerical coefficient Nlog that is accessible by semi-classical means

and does not depend on the details of the UV-completion of general relativity (GR), see [7–

12] and references therein. Since the calculations involved in deriving (1.1) and (1.2) require

only theories and methods that have been tested to high accuracy experimentally, namely

GR and perturbative quantum field theory, these formulas are the closest template to a

positive experimental result we have for gravity beyond classical GR.1

1We inserted the attribute ‘positive’, since there are negative experimental results that rule out already

some speculations about quantum gravity, for instance the absence of certain modified dispersion relations

or Lorentz violations at the Planck scale [13].
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During the past year an alternative representation of black hole entropy has emerged

that requires also only the validity of the semi-classical approximation, see [14] and its

followups. The Bekenstein-Hawking formula (1.1) is replaced by

S = 2π
(
J+

0 + J−0
)

(1.3)

where J±0 are zero-mode charges in some ‘near horizon symmetry algebra’, which we shall

review in later sections. Originally, the result (1.3) was derived for Einstein gravity in

three dimensional anti-de Sitter space (AdS3) [14]. During the past year it was shown

that the same result applies to gravitational theories in AdS3 with higher derivative inter-

actions [15] or massless higher spin interactions [16], and to three-dmensional flat space

Einstein gravity [17] and flat space higher spin gravity [18].

At least in three dimensions, the main focus of the present work, the result (1.3) is

even more universal than the Bekenstein-Hawking law, since it applies also in cases where

Bekenstein-Hawking fails (such as higher derivative or higher spin theories). Moreover,

while (1.3) was derived through analysis at the classical level, its Cardy-like form suggests

a simple dual field theoretical interpretation. This provides a first hint that (semi-)classical

considerations phrased in a ‘near horizon picture’ (we shall be more precise below what we

mean by this notion) may provide insights into black hole microstates. Before continuing

this line of reasoning we need another semi-classical ingredient, asymptotic symmetries and

their near horizon counterpart, that we review in the next couple of paragraphs.

The flip side of the success of semi-classical GR in explaining black hole entropy is the

information paradox, which seems impossible to resolve semi-classically: since black holes

have an entropy and a temperature, they generically Hawking-radiate, which can lead to

their evaporation [6, 19, 20]. This implies that physical information could permanently

disappear in the black hole evaporation, allowing many physical states to devolve into the

same thermal state, which violates unitarity [21].

To avoid loss of unitarity, standard arguments of statistical mechanics suggest the

existence of black hole microstates with a large number of degeneracy. However, black hole

uniqueness and no hair theorems [22–24] rule out simple realization of these microstates as

locally distinct solutions to Einstein gravity. This is why many attempts to construct black

hole microstates rely on some UV completion of GR, such as string theory [25]. However,

in a UV completed theory the universality of the semi-classical results (1.1)–(1.3) is not

obvious, which may suggest that there could be a loophole in these considerations and

it is not implausible to construct microstates semi-classically in a suitable formulation

of the theory. Indeed, it has been stressed in various recent publications [26, 27] that

there is a loophole to the uniqueness results, and one should refine the strict statement of

the equivalence principle allowing a very particular set of diffeomorphic geometries to be

physically distinct.

Developments in GR which started in mid-1960’s led to the conclusion that, like in any

field theory, to fully define dynamics besides the equations of motion we need to specify

boundary behavior of the fields. In contrast to many field theory setups “natural” boundary

conditions, where all fields vanish sufficiently fast near the (asymptotic) boundary, are not
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available in gravity since the field in question is the metric, which cannot vanish in a region

where classical gravity is a good approximation.

In particular, for four-dimensional asymptotically flat solutions to Einstein gravity, it

was noted that there are diffeomorphic geometries which differ by their boundary behavior

and that the conserved charges associated with the diffeomorphisms relating these geome-

tries form an infinite dimensional algebra — the asymptotic symmetry algebra — now

known as BMS4 algebra [28, 29]. This analysis was examined for many other geometries in

various dimensions, in particular for solutions to AdS3 Einstein gravity. In their seminal

paper [30], Brown and Henneaux showed that by imposing appropriate asymptotic behavior

of the metric near the AdS3 boundary one finds the two-dimensional conformal algebra as

asymptotic symmetry algebra, which provided a precursor for AdS3/CFT2. Further analy-

sis has then revealed that there is the possibility of imposing different boundary conditions

than the Brown-Henneaux ones, with different symmetry algebras. These boundary condi-

tions could be more restrictive than the Brown-Henneaux ones, e.g. [31], or less restrictive,

e.g. [32, 33], or simply different, e.g. [14, 34–39].

1.2 Black hole microstates (horizon fluff) as near horizon soft hairs

In our work we will particularly exploit the boundary conditions of [14]. While they may

be formulated as asymptotic conditions on the metric, they take their simplest and most

natural form in a near horizon expansion of the metric, which is one of the reasons we refer

to them as ‘near horizon boundary conditions’ and call the associated symmetry algebra

‘near horizon symmetry algebra’, in order to distinguish it from other asymptotic symmetry

algebras (e.g. that of Brown and Henneaux). We note in passing that the usual analysis of

gauge systems with suitable boundary conditions in the presence of asymptotic boundaries

eventually leads to an expression for the boundary charges and the ensuing asymptotic or

symplectic symmetry algebra [40].

One of the main ingredients that we exploit is the generality of the near horizon algebra

and the simplicity of the semi-classical entropy (1.3) when expressed in terms of zero mode

charges of the near horizon symmetry algebra. The existence of these asymptotic symmetry

algebras calls for a revision of strict general covariance and the equivalence principle [27].2 It

may also open the venue for identifying black hole microstates [1, 2] and possibly resolving

other issues associated with black holes, like the information paradox [26, 43–46] (see

however, [47–49]). A prominent entity in recent discussions is “soft hair” [26], referring to

zero energy excitations with non-trivial canonical charges. One should also note that in a

curved background due to the existence of various possible observers with different notions

of time, “softness” is an observer dependent notion. In particular, here we are dealing with

“near horizon soft hairs” which differ from the “asymptotic soft hairs” discussed in [26].

One of the immediate problems with the idea [50] that soft hair could account for the

Bekenstein-Hawking entropy is that there seems to be no upper bound on the amount of

2By “strict general covariance” we mean the statement that any two geometries locally diffeomorphic to

each other are physically equivalent. The BMS and Brown-Henneaux analyses provide counterexamples to

strict general covariance, since locally diffeomorphic geometries like AdS3 and BTZ black holes [41, 42] are

physically different.

– 3 –



J
H
E
P
0
8
(
2
0
1
7
)
0
8
7

soft hair that a black hole can carry, precisely because of its softness. The “horizon fluff”

proposal improves on the soft hair idea by providing a natural cut-off on the near horizon

soft hair spectrum [1, 2]. Explaining how this works in detail is one of the main goals of

this paper, where we intend to study further and scrutinize the horizon fluff proposal.

The first step towards horizon fluff was performed in [1], where a simple model for

identifying black hole microstates was proposed. A certain class of near horizon soft hairs

are associated with a non-extremal BTZ black hole solution [41, 42] or its conformal de-

scendants [51–53]. These states are identified as the black hole microstates and were called

horizon fluff. One particular outcome was that the soft hair spectrum was cut off, and the

degeneracy of the horizon fluff reproduced in the classical limit the Bekenstein-Hawking

entropy (1.1) in its near horizon formulation (1.3). The analysis was extended for all non-

extremal black holes in the class of Bañados geometries [51] in [2], where it was shown that

the resulting entropy, as expected, is an invariant of Virasoro coajoint orbits.

1.3 Main results and organization of the paper

In the present work we employ the same general setup, but study black hole microstates

from a slightly different angle and refine the horizon fluff proposal. We summarize now the

main results that we shall derive in later sections.

We start in section 2 by providing ‘canonical’ and ‘microcanoncial’ descriptions for

locally AdS3 geometries with certain boundary conditions and an explicit map between the

two. The former is characterized by a function Φ with periodicity property Φ(φ + 2π) =

Φ(φ)± 2πJ0, while the latter is characterized by a function h with h(φ+ 2π) = h(φ) + 2π

and h′ > 0. Their relation is given by

Φ =

∫ φ

J(φ) = ±J0h−
1

2
lnh′ . (1.4)

The two signs in the equation above show that there are two physically equivalent solutions

for Φ for each h, related by J0 → −J0. The quantity J0 turns out to be real for BTZ

solutions and imaginary for conical defects and global AdS (for notational simplicity we

mostly suppress the labels referring to left- and right-moving sectors, but we note that we

have two essentially identical copies of all quantities, e.g. J±0 ).

We then investigate the Hilbert space associated with the canonical (symplectic) sym-

metry algebra, which consists of two û(1)k current algebras Jn,

[Jn,Jm] =
c

12
nδn+m,0, c = 6k =

3`

2G
, (1.5)

with ` being the AdS3 radius and G 3d Newton constant, and divide it into the black hole

subspace HBTZ and the remainder HCG. The former contains BTZ black holes correspond-

ing to real J0, while the latter is characterized by imaginary J0 = iν/2, ν ∈ (0, 1] and thus

describes conical defects and global AdS. To describe the subspace HCG we introduce a

primary field of weight one defined by

W = e−2Φ (1.6)
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for each value of ν. An interesting consequence of our definition is that the W-fields obey

twisted periodicity conditions,

W±ν(φ+ 2π) = e∓2πνiW±ν(φ) (1.7)

where ν (introduced above) is a state-independent quantity parametrizing the conical

deficit. Using consistency of the algebra of operators, we argue that the W-fields should

satisfy canonical quantization conditions to leading order in large c.

We then assume (and give arguments in favor of) two semi-classical quantization

conditions:

1. the central charge c (1.5) is quantized in positive integers;

2. the angular deficit is quantized in integers over c,

ν = r/c with r = 1, 2, . . . , c . (1.8)

The second assumption, our “Bohr-quantization” of conical deficit angles, is perhaps the

less trivial one, but appears to be justified by explicit string theory realizations.

A nice technical aspect of our construction is that all Fourier modes of all Wν-fields

together can be reassembled into two û(1) current algebras Jn,

[Jn,Jm] =
n

2
δn+m,0, (1.9)

which is then used to reconstruct the HCG in a different basis. This Hilbert space is spanned

by the set of all states created by the action of Jn current generators on the vacuum |0〉,
defined through Jn|0〉 = 0, n ≥ 0. States in this Hilbert space provide the basis of our

black hole microstates, as described below.

The main new conceptual ingredient as compared to our earlier works is that we pro-

pose a correspondence in the Hilbert space of the symmetry algebra of conserved charges,

the Virasoro Hilbert space HVir. This correspondence is a map between states in HVir in

the hermitian and anti-hermitian representation of the symmetry algebra. The former in-

cludes BTZ black holes and their descendants and the latter has conic spaces, global AdS3

and their descendants. In particular, we argue that the conic and global AdS3 parts of

the symmetry algebra admit an alternative two-dimensional conformal field theory (CFT2)

free field description (described by Jn) and the correspondence is simply requiring these

two descriptions to be equivalent. The key relation of our proposed black holes/particle

correspondence to leading order in c is given by

1

c

∑
p∈Z

:Jnc−pJp: = inJn +
6

c

∑
p∈Z

:Jn−pJp: (1.10)

which relates the current algebra generators Jn and Jn and hence the corresponding

Hilbert spaces.

Using this correspondence we map black hole states to a collection of conic spaces

described through Jn. This allows us to identify black hole microstates (in a weakly coupled
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dual description) as a gas of coherent states of particles on AdS3. Alternatively, in our

description a BTZ black hole is viewed as a condensate of these coherent states. Explicitly,

the set of all BTZ microstates |B({n±i }); J
±
0 〉 with mass and angular momentum given by

the parameters ∆± = 1
2 (`M ± J) = c

6 (J±0 )2 is labelled by a set of integers {n±i } and reads

|B({n±i }); J
±
0 〉 =

∏
{n±i >0}

(
J+

−n+
i

· J−−n−i
)
|0〉 , such that

∑
n±i = c∆± . (1.11)

Counting the degeneracy of these states reproduces the Bekenstein-Hawking en-

tropy (1.1), (1.3) and also gives the correct numerical coefficient Nlog = −3/2 in the sub-

leading logarithmic corrections (1.2), after taking into account an additional log-term that

arises when switching between canonical and microcanonical descriptions.

This paper is organised as follows. In section 2, we review and construct the phase

space of locally AdS3 black holes and provide two descriptions for them, the canonical and

the microcanonical one. These two are distinguished by which physical quantity is held

fixed by the choice of boundary conditions on the allowed diffeomorphisms. In section 3, we

discuss symplectic symmetries and phase space for the canonical description and discuss the

corresponding Hilbert space. In section 4 we present another free field CFT2 description

for the class of conic spaces and their Virasoro descendants. In section 5, we introduce the

black hole/particle correspondence and present the horizon fluff proposal in light of this

duality. We explicitly construct all the microstates and count them employing the Hardy-

Ramanujan formula. Section 6 contains our main new result for black hole entropy, where

we show that the horizon fluff proposal correctly reproduces also the logarithmic corrections

to the BTZ black hole entropy. For the latter we need to carefully analyze the canonical

and microcanonical descriptions and the interplay between them. Section 7 is devoted to

concluding remarks and insights, comparison with other approaches and possible future

directions. The appendices contain supplementary material on the Bañados geometries

and the corresponding Virasoro Hilbert space (appendix A), conic spaces (appendix B), a

discussion of hermitian conjugation and zero point energies (appendix C) and a derivation

of the Bañados map [54] (appendix D).

1.4 Conventions

Before starting let us mention some conventions. The theory we choose to study is Einstein

gravity in three dimensions with negative cosmological constant, Λ = −1/`2, parametrized

by the AdS radius ` > 0.

In Einstein-Hilbert-Palatini or, equivalently, Chern-Simons formulation the bulk action

IEHP is given by [55, 56],

IEHP =
k

4π

(
ICS[A+]− ICS[A−]

)
, (1.12)

where A± are sl(2,R) connections, and ICS[A] =
∫ ⟪A ∧ dA + 2

3 A ∧ A ∧ A⟫ is the Chern-

Simons 3-form integrated over some manifold that we assume to be topologically a (filled)

cylinder or torus. ⟪⟫ denotes the associated bilinear form whose value here for sl(2,R) is

⟪L1, L−1⟫ = −2⟪L0, L0⟫ = −1. The only coupling constant is the Chern-Simons level k
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given in (1.5). The metric is obtained from the Chern-Simons connections through

gµν =
`2

2
⟪(A+ −A−)µ(A+ −A−)ν⟫ . (1.13)

The (variations of the) Regge-Teitelboim boundary charges are given by

δQ±[ε±] = ± k

2π

∮
⟪ε±δA±⟫, (1.14)

where ε± is the transformation parameter whose associated canonical boundary charge is

calculated by integrating (1.14), and δA± is in the field space of variations allowed by the

boundary conditions. The integral is over the angular cycle, which we coordinatize by

ϕ ∼ ϕ + 2π. The action of the symmetry on any (sufficiently smooth) function F on the

phase space is given by the Dirac bracket δεF = {Q[ε], F}.
Defining the 1-forms

A± = ζ± dt± J± dϕ, (1.15)

allows to express the near horizon boundary conditions of [14] succintly as

A± = b−1
± (d+a±) b±, a± = 2A±L0, (1.16)

with some conveniently chosen SL(2;R) group elements b± that depend on the radial coor-

dinate r and are not allowed to vary, δb± = 0. The quantity L0 is the Cartan subalgebra

generator of sl(2;R). (Also in the body of the paper we denote generators of various al-

gebras with bold-faced symbols.) The time component of the 1-form A± is fixed as well,

δζ± = 0, so that only its angular component contributes to the charges (1.14). These

charges are then essentially given by ϕ-integrals over the functions J±, whose zero modes

enter in the entropy formula (1.3). Our normalization of these zero mode charges, J±0 , dif-

fers from the one used in the entropy formula (1.3) by the Chern-Simons level, J±0 = J±0 /k.

Other than that our conventions are the same as in our previous work [1, 14, 17].

2 Locally AdS3 black holes in canonical and microcanonical descriptions

Our main focus is on constructing semi-classical microstates of Bañados-Teitelboim-Zanelli

(BTZ) black holes [41, 42]. To this end we first note that all locally AdS3 geometries form

a phase space. A subset of them on which we focus in this work, is associated with unitary

Virasoro coadjoint orbits [57] and contains global AdS3, BTZ [41, 42] and conic spaces,

as well as their conformal descendants [27]. These correspond to constant representative

solutions in the Bañados family of solutions [40, 53]. We also restrict ourselves to cases

where both left and right sectors of the solution are in the same family. Within constant

representative families one may still consider geometries whose left and right sectors are in

different categories. For some background information on Bañados geometries, the Virasoro

Hilbert space and Virasoro coadjoint orbits see [53] and appendix A.

To represent these spacetimes we conveniently use Gaussian normal coordinates [17]

ds2 = dr2 −
[
(`2a2 − Ω2) cosh2 r

`
− `2a2

]
dt2 + 2

[
γΩ cosh2 r

`
+ `2aω sinh2 r

`

]
dt dϕ

+

[
γ2 cosh2 r

`
− `2ω2 sinh2 r

`

]
dϕ2, (2.1)

– 7 –
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where ϕ ∼ ϕ + 2π and ` is the AdS3 radius. Here a, γ, ω and Ω are functions of t and

ϕ. The above metric becomes a solution to Einstein field equations if the near horizon

holographic Ward identities3 (relating these functions) hold,

J̇± = ±ζ ′± with 2ζ± ≡ −a± Ω

`
and 2J± ≡ γ

`
± ω , (2.2)

where dot and prime denote derivative with respect to t and ϕ, respectively. For real

functions a, ω,Ω and γ, the metric (2.1) represents a black hole with a Killing horizon

at r = 0 which is a BTZ black hole (for constant parameters) or a Virasoro descendant

thereof. If these functions are purely imaginary then we obtain instead conic spaces and

global AdS3 (for the special choices −a` = ±i = γ`−1, Ω = 0 = ω, upon replacing the

cycles t↔ ϕ).

In the next two subsections we provide two descriptions of the state-space, one in which

the quantities ζ± are fixed (‘canonical’) and one where `ζ± = J± and J±0 = 1
2π

∫ 2π
0 J± kept

fixed (‘microcanonical’). This thermodynamical nomenclature is justified, since the sum

ζ+ + ζ− ∝ a is proportional to the (Unruh-)temperature

TU =
a

2π
(2.3)

and, as we will discuss momentarily, the canonical boundary charges like the energy and

angular momentum of the black hole are given in terms of J±0 .

It is worth stressing that boundary conditions based on (2.1) with either a,Ω fixed or

γ, ω fixed differ from the usual Brown-Henneaux boundary conditions [30]. Particularly

the canonical description of (2.1) is very natural from a near horizon perspective and

corresponds to the boundary conditions introduced in [14]. To see this explicitly, consider

the expansion of the line-element (2.1) for Ω = 0 (corresponding to a co-rotating frame)

around r = 0,

ds2
∣∣
Ω=0

= dr2 − (ar)2 dt2 + γ2 dϕ2 + O(r2). (2.4)

For real a and γ the leading order metric (2.4) is Rindler space, the universal near horizon

approximation to any non-extremal horizon. In the canonical description the Rindler accel-

eration a is fixed while the horizon area determined by γ is allowed to fluctuate. Another

property worth mentioning is that the AdS radius ` drops out of the near horizon line-

element (2.4). The properties above provide geometric reasons to refer to the boundary

conditions of [14] as ‘near horizon boundary conditions’.

2.1 Canonical description

If we take r = ` ln w
` the metric (2.1) can be written as

ds2 =
`2 dw2

w2
−
(
wA+ −

`2A−
w

)(
wA− −

`2A+

w

)
, (2.5)

3The expression “near horizon holographic Ward identities” refers to the fact that the first equality (2.2)

implies conservation of the canonical charges. Thus, the near horizon conformal Ward identities are analo-

gous to the AdS3 statement that ∂∓T±± = 0 as a consequence of certain on-shell conditions, often referred

to as “holographic Ward identities” [58].
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where we have used the one-forms A± defined in (1.15). The Einstein equations (or near

horizon holographic Ward identities) (2.2) then reduce to dA± = 0.

A general class of solutions discussed in [14, 17] is given by

ζ± = constant and fixed, j± = J±(ϕ) , (2.6)

where J±(ϕ) are periodic functions allowed to vary. This class of solutions corresponds to

fixing both the left and right temperatures T± = ζ±. For this reason we call this setup

canonical description.4 For constant, real J±(ϕ) the above geometries are BTZ black holes,

with mass and angular momentum given by

M =
1

4G

(
(J+

0 )2 + (J−0 )2
)
, J =

`

4G

(
(J+

0 )2 − (J−0 )2
)
. (2.7)

The choice (J±0 )2 = −1
4 yields global AdS3, while for constant J± restricted to −1

4 <

(J±)2 < 0 we have spaces with conic deficits.

2.2 Microcanonical description

In the subsection above we presented the geometries in a canonical description [keeping

fixed the Unruh-temperature (2.3)]. For the microcanonical description it is useful to

rewrite the above class of solutions in a slightly different way. In contrast to (2.6), here we

consider the following solution to dA± = 0 on the cylinder:

`ζ± = J± = J±(x±) , A± = J± dx± , (2.8)

where x± ∈ [0, 2π] are light-cone coordinates on the cylinder. The zero mode solution

`ζ± = J±0 is both in the constant (and fixed) chemical potential family (2.6) and also in

the Bañados family (A.3). This is easy to see by replacing the radial coordinate w in (2.5)

by z through z2 = w2J+
0 J
−
0 which yields

ds2 =
`2 dz2

z2
−
(
z dx+ − `2L−0 dx−

z

)(
z dx− − `2L+

0 dx+

z

)
, (2.9)

where L±0 = J± 2
0 . As discussed, depending on the value of L±0 one obtains three classes of

geometries: L±0 = −1
4 , L±0 ∈ (−1

4 , 0) and L±0 ≥ 0, respectively, correspond to global AdS3,

conic deficits and BTZ black holes. For easier reference and comparison between different

variables we collect the various conditions on free functions (for zero-mode solutions) in

table 1. The most general solution obeying (2.8) is related to Bañados geometries (A.3)

4We note that here the left and right temperatures T± are defined with respect to the near horizon

observer (2.4). However, the standard black hole temperatures (the one which is attributed to the presumed

asymptotic dual CFT2) is defined by conventions in which the asymptotic metric is fixed to the so-called

asymptotic static frame, that is requiring metric at large w to be ds2 = `2 dw2

w2 − w2α2 dx+ dx− with

x± = t/` ± ϕ, x± ∈ [0, 2π] and α being a constant. Then demanding the asymptotic and near horizon

temperatures to match, which is the convenient choice for discussing black hole thermodynamics, we need

to relate ζ± to J± as `ζ± = J±0 ≡ 1
2π

2π∫
0

dϕ J±(ϕ).
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a γ ζ± J± L±

global AdS3 ∓i`−1 ±i` `ζ+ = `ζ− = ± i
2 J+ = J− = ± i

2 L+ = L− = −1
4

Conic imaginary imaginary imaginary, |ζ±| < 1
2 imaginary, |J±| < 1

2 −1
4 < L± < 0

BTZ real real real real L± ≥ 0

Table 1: Conditions on free functions for zero mode solutions in various formulations;

note our normalization J± = J±/k as compared to the entropy formula (1.3).

upon a cumbersome coordinate transformation. The result is relating the functions L±

and J± through a twisted Sugawara construction [14, 17, 53] ,

L± = J± 2 + J± ′ . (2.10)

These most general solutions constitute all Virasoro descendants of the three class of con-

stant J± geometries discussed above.

As another way to find the most general solution in this class we may recall the Poincaré

Lemma and the set of solutions (2.8). Then, the solutions on the cylinder to dA = 0 is of

the form

A± = J±0 dh±(x±), with h±(x± + 2π) = h±(x±) + 2π . (2.11)

The above result has a very simple physical interpretation: the solution (2.8) can be

generated by an orientation preserving conformal transformation on the cylinder,

x± 7→ h±(x±) , h′± > 0, (2.12)

where prime denotes derivative with respect to the argument. Using the finite conformal

transformation of the functions L±(x±) appearing in the Bañados form (A.3) reviewed in

appendix A, we have

L±(x±) = J±0
2
h′±

2 − 1

2

[
h′′′±
h′±
− 3

2

(
h′′±
h′±

)2
]
. (2.13)

This is the most general form of functions L± in constant representative Virasoro coadjoint

orbits [37, 53, 57]. Correspondingly, using (2.10) the J±-fields are obtained in terms of h±
in a conformal family (orbit):

J±(x±) = ±J±0 h
′
± −

1

2

h′′±
h′±

. (2.14)

Note that the above J±
(
x±
)

is not the same function J±(ϕ) defined in the previous sub-

section in the canonical description. In the canonical description the left and right temper-

atures ζ± are constant (held fixed), whereas here we fix corresponding energies J±0 . That is

why we refer to this choice as microcanonical descripition. To distinguish the microcanoni-

cal and canonical descriptions, we denote the canonical degrees of freedom by the functions

J±(ϕ) (as we did in subsection 2.1) and the microcanonical ones by h±, as defined in (2.11)

and (2.14).
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2.3 Canonical to microcanonical map

In [14, 17], it has been shown that the formula (2.10) holds independently of the choice of

our boundary conditions in fixing or varying variables. The L±, which may be viewed as

the energy momentum tensor of a CFT2 on the cylinder, admit canonical or microcanonical

descriptions. The canonical description is appropriately governed by the J± = J±(ϕ) (2.6)

as its dynamical variable (field) and the microcanonical description by the h±(x±) field

given in (2.14). While the two fields h±(x±) and J±(ϕ) are different, we expect these

two to be describing the same physical system at constant time slices. In this part we

discuss how these two descriptions are related to each other. For notational simplicity,

let us suppress the ± index denoting the left-right sectors. Equating Jcan and Jmic we get

the canonical to microcanonical map, which relates the corresponding fields at constant

time slices:

J(ϕ) = ±J0h
′ − 1

2

h′′

h′
, at constant time slice. (2.15)

Note that, as the above also shows, there are two physically equivalent such J(φ) for a

given function h(φ). These two solutions are related through J0 → −J0. As we will discuss

in the next section there are physically sensible and indeed very relevant set of solutions

corresponding to imaginary J0. In such cases the two solutions are complex-conjugate of

each other.

As it will become clear in section 4, it is convenient to define a new field Φ as integral

of J(φ):

Φ ≡
∫ φ

J = Φ0 ± J0h−
1

2
lnh′ . (2.16)

Note that since h′ > 0 the log-term is always real-valued and well-defined; moreover,

Φ(φ+ 2π) = Φ(φ)± 2πJ0 . (2.17)

See also [59] for a similar discussion.

3 Symplectic symmetry and phase space for canonical description

In this section we focus on black holes in the canonical description introduced in section 2.1.

This set of solutions may be viewed as a phase space [14, 53]. We discuss the corresponding

symplectic symmetries and the Hilbert space associated with the symmetry algebra. Since

all our formulas apply in the same way in the plus and minus sectors, from now on we drop

the ± decorations and treat both chiral sectors simultaneously and on equal footing. The

left figure 1 depicts a BTZ black hole (with horizon radius rh) and the right one a generic

descendant of the same black hole. The wavy line shows the horizon described by r = r(ϕ)

curve in the coordinate system used in (2.1) or (A.3). For the explicit equation for the

horizon curve see [53]. In other words, a generic state in HBTZ may be depicted through

the figure in the right.
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Figure 1: BTZ horizon without (left) and with (right) soft hair excitations

3.1 Canonical symplectic symmetry algebra

It was shown in [14] that the algebra of symplectic symmetries5 associated with geometries

given by (2.5)–(2.6) consists of two commuting û(1)k current algebras, with level k = c/6,

[Jn, Jm] =
c

12
n δn,−m , (3.1)

and c is the Brown-Henneaux central charge (1.5). Geometries with functions J(ϕ) corre-

spond to the states in the Hilbert space of this algebra such that expectation values of Jn
in terms of Fourier modes Jn of the charges J(ϕ) are given by

〈Jn〉 =
c

6
Jn with J(ϕ) =

∑
n∈Z

Jne
inϕ . (3.2)

In accordance with (3.1) and (3.2), one obtains the Poisson bracket between these variables

on the classical phase space J(ϕ),

{J(ϕ1), J(ϕ2)} =
6π

c
· ∂ϕ2δ(ϕ1 − ϕ2) (3.3)

In a similar way one can quantize L(ϕ) or its Fourier modes, using (2.10):

Ln ≡
6

c

∑
p∈Z

Jn−pJp + inJn (3.4)

which are also conserved and satisfy the algebra,

[Ln, Lm] = (n−m)Ln+m +
c

12
n3 δn,−m [Ln, Jm] = −mJn+m + i

c

12
m2 δn,−m . (3.5)

Note also that J0 is a central element of the algebra, i.e., it commutes with all Jn and

Ln. In the language of representation theory, each Virasoro coadjoint orbit is generically

specified by a real continuous number J0 [40, 53, 57].

5In three dimensions there is a simple way to make the boundary charges independent of the radial

coordinate. In that case we refer to the asymptotic symmetries as “symplectic symmetries” [40, 60–62], since

they are a property of the physical phase space, which may be thought to be localized at any hypersurface

of constant radius, not just at the asymptotic boundary. In this context “boundary gravitons” may also be

called “holographic gravitons” [40]. So the usual meme that “the dual field theory lives at the asymptotic

boundary” could be replaced by the statement “the dual field theory lives at the horizon”, without changing

any of the formulas. Which of these interpretations (if any) is more suitable depends on the precise context

and the questions one is asking. For some of the questions we are addressing in the present work the near

horizon interpretation seems more to the point.
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Figure 2: Particle on AdS3 (left) and a Virasoro descendant thereof (right)

Reality and smoothness of the black hole metrics in (2.1) requires J(ϕ) to be in gen-

eral a real periodic function. As discussed in the previous section, the set of geometries

in (2.1) can also describe spaces with conic singularities if we allow for J0
2 to take negative

values. However, unitarity of the corresponding Virasoro coadjoint orbits, i.e. requiring

that the value of L(ϕ) is bounded from below in the orbit, restricts its value as J0
2 ≥ −1

4

corresponding to conic spaces and global AdS. Moreover, reality of other modes in J

functions, i.e. Jn for n 6= 0, requires J−n = Jn
∗. For the associated charge operators Jn,

we then learn that the zero mode generators J0 can be hermitian or anti-hermitian, with

eigenvalues limited by unitarity, and the remaining generators must obey (Jn)† = J−n for

n 6= 0 (see appendix C for more discussions). Since the commutator of two Jn currents is

proportional to c
12 — see eq. (3.1), eigenvalues of the ‘number operator’,

N =
∑
n>0

J†nJn , (3.6)

take values in integer-multiples of c
12 . For integer û(1)k levels k, the Brown-Henneaux

relation (1.5) implies that these eigenvalues are either half-integer or integer. We shall use

the properties summarized above in our proposed correspondence between two different

weakly coupled descriptions in section 5.1 below.

Figures 2 show static conic spaces with deficit angle 2π(1 − ν). The left figure shows

a particle on AdS3 and the right figure its (Virasoro) descendant. In the above the circle

is the Poincaré disk which is the constant time slice on global AdS3 and the conic space is

obtained through identification of the edges of the angle 2π(1−ν). In other words, the left

figure with all possible values for ν ∈ (0, 1] may be viewed as a generic state in the Hilbert

space HCG.

3.2 Hilbert space of geometries in canonical description

As the Bañados family of geometries realizes the representation of two copies of the Virasoro

algebra — see appendix A for a review — the non-extremal family of BTZ geometries

introduced in (2.6) should fall into the representations of the algebra (3.1) and (3.5). Here,

we review the construction of this representation as it will be essential for the precise

statement of the horizon fluff proposal.

Dealing with a simple algebra of creation-annihilation operators (3.1), it is straight-

forward to construct its representations and the corresponding Hilbert space, which in a

– 13 –
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Figure 3: Hilbert spaces HVir (left) and HJ (right)

convenient notation may be denoted as H+
J ⊗H−J . Again concentrating on one sector, HJ ,

following [1, 2], we first define the vacuum states |0; J0〉 as specific highest weight states

Jn|0; J0〉 = 0 ∀n > 0, and J0|0; j0〉 =
c

6
J0|0; j0〉 , (3.7)

with the normalization 〈0; j′0|0; j0〉 = δJ ′0,J0
. A generic state |{ni}; j0〉 is produced by acting

with any number of creation operators J−ni (ni > 0) on this vacuum:

|{ni}; J0〉 = N
∏
{ni>0}

J−ni |0; J0〉 ∀|{ni}; J0〉 ∈ HJ , (3.8)

where N is a normalization factor fixed such that

〈{n′i}; J ′0|{ni}; J0〉 = δ{n′i},{ni}δJ ′0,J0
, (3.9)

and δ{n′i},{ni} is the product of all the Kronecker δn′i,ni .

For the BTZ black hole family J0 is a real number (see table 1 on p. 10), which may

be conveniently chosen to be positive. States or geometries associated with J0 and −J0

are related to each other through parity and are not physically distinct. From table 1

we see that J0 can take imaginary values too, J0 = iν/2. Unitarity of the corresponding

Virasoro representation restricts −1 ≤ ν ≤ 1, which covers precisely the cases displayed

in table 1. One can conveniently restrict ν to non-negative values, 0 ≤ ν ≤ 1. Saturation

corresponds to global AdS3 for ν = 1, and to massless BTZ for ν = 0. The remaining

cases, parametrized by the spectral flow parameter 0 < ν < 1 correspond to spaces with

conic deficits [63], which can be interpreted as massive particles on AdS3.

The left (right) figure 3 sketches the Hilbert spaces HVir (HJ ). Each point in the

colored region of the right figure corresponds to various states in the Bañados family

of black holes (see appendix A). These states include usual BTZ black holes and their

Virasoro descendants (the blue region) and the conic space and global AdS3 and their

Virasoro descendants (the red region). Each point in the colored region of the right figure

shows a Virasoro coadjoint orbit specified with values J±0 . We note that while each point

in the right figure shows a Virasoro orbit, each point in the left figure corresponds to states

in different Virasoro orbits with the same values for L±0 .
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To summarize, all the unitary states in the Hilbert space of the canonical algebra HJ

belong either to the black hole subspace HBTZ or the remainder HCG, i.e.,

HJ = HBTZ ∪HCG, HCG = HConic ∪HgAdS, (3.10)

where HBTZ consists of all states with real-positive J0, corresponding to BTZ black holes

and their conformal descendants, and HCG with imaginary J0 = iν/2, ν ∈ (0, 1]; the

ν ∈ (0, 1) fall into HConic corresponding to conic spaces and their Virasoro descendants

and ν = 1 case corresponds to global AdS3 and its descendants falling into HgAdS. We

note that the HJ , and its three categories, HBTZ, HConic, HgAdS may also be viewed as

Virasoro coadjoint orbits (cf. discussions in appendix A.3 or in [53]). More discussions on

the geometry of conic defects may be found in appendix B.

In figure 3 we have depicted the HBTZ and HCG in two different bases, in L-basis and in

J-basis. Note that each point in the right figure corresponds to a Virasoro coadjoint orbit

with a given J±0 while a generic point in the left figure corresponds to geometries which

have the same L±0 and hence fall in different Virasoro orbits. The points on the positive

(J±0 )2 axis, which have vanishing J∓0 and has been depicted by a thicker line becauase they

may correspond to both extremal BTZ family or self-dual AdS3 orbifold. (See [2, 53] for

more discussions). We also note that, as discussed in [2], states with J(φ) = 6
c 〈J(φ)〉 are

coherent states in HJ , as they are states which diagonalize Jn and are its eigenvectors.

4 Conic spaces, corresponding coherent states, orbits and Hilbert space

Here we focus more on the HCG subspace of the full Hilbert space HJ . Unlike the black

hole family, these states correspond to anti-hermitian J0 and imaginary J0. It is hence

desirable to seek a field representing this family, different than J(φ) or J(φ).6

4.1 Wilson lines as primary fields of weight one with twisted boundary con-

ditions

Given the energy momentum tensor L(φ) = J ′(φ)+J2(φ), the fields J(φ) are quasi-primary.

This is seen from commutation relations (3.5) or more directly by using (3.3) to find that

under a conformal transformation7

δεJ(φ) = (εJ)′ − ε′′/2 , (4.1)

where we used the fact that δεF = {Q[ε], F}. One can instead construct a new field which

is a primary of weight one;

W ≡ e−2Φ , Φ =

∫ φ

J = Φ0 + J0φ− i
∑
n 6=0

Jn
n
einφ. (4.2)

6In our conventions operator-valued fields are defined as J(φ) =
∑
n Jne

inφ such that 〈J(φ)〉 = c
6
J(φ).

7In the semi-classical case of large J , when the anomalous term ε′′ in δεJ may be ignored, the quantity

J also becomes a primary field of weight one and provides an appropriate description for the black hole

family.
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To see that W is indeed a primary of weight one, we use (4.1) to derive δε(
∫ φ

J) = εJ−ε′/2,

yielding

δεW = (εW)′ . (4.3)

Geometrically, cases with J0 and −J0 are mapped to each other by a Z2-symmetry (φ →
−φ) and are hence not physically distinct. That is why we can label the W± fields with the

index ±; here we abbreviate W± ≡W(φ;±Φ0,±J0). However, by imposing an appropriate

condition we relate and identify ± cases. From (4.2) we learn that W± fields have the

following periodicity and hermiticity properties

W±(φ+ 2π) = e∓4πJ0W±(φ) , (W±)∗ = W∓ . (4.4)

The periodicity property in (4.4) shows that while one can define W± fields for real J0

too, they are particularly suitable fields for imaginary J0; namely J0 = iν/2 corresponds

to geometries without horizon but having 2π(1 − ν) conical defects for ν ∈ (0, 1). Since

the primary fields W± have twisted boundary conditions (4.4) we refer to them as “twisted

primaries”.8 The notion of conic deficit is directly related to the twisted periodicity (4.4).

Similar fields have also been introduced and discussed in [59].

4.2 Quantization of the W fields

As noted above, the W-fields under conformal transformation generated by Q[ε] = k
2π

∮
εL

are primary fields of unit weight. One may examine how they transform under Q[η] =
k

2π

∮
ηJ generated by the J-fields. Since we have [14, 17]

δηJ = +η′/2, (4.5)

we get,

δη±W
± = −η±W± (4.6)

with

η± =

∫
η′ ± iη0 , (4.7)

where ±iη0 are zero modes of the functions η±. The first term on the right hand side

of (4.7) follows from the transformation of J (4.5) and the definition of W (4.2). The

second term is less obvious. The imaginary unit as well as the ± sign come from the fact

that the zero mode of J is imaginary and from the consistency of equation (4.6) under

complex conjugation. Thus, the zero mode of the Φ field, Φ0, should be purely imaginary.

We note also in passing that the zero mode of η (essentially η0) does not appear in an

analysis that involves any generic local combination of J(φ) fields. In other words, J0

commutes with any local operator made out of the field J(φ). Note however, that W is

local only in Φ, which in turn is a non-local function of J(φ), see (4.2).

8In general, Ψb = e−b
∫ φ J is a primary field of weight b/2. In particular the case of b = 1 leads to a

fermionic primary field with the periodicity Ψ(φ+ 2π) = e∓iπνΨ(φ). Such fermionic fields are anti-periodic

for global AdS3 (ν = ±1) while for the massless BTZ (ν = 0) they are periodic. One may hence label the

global AdS3 and the massless BTZ states as NS and R-vacuum, respectively [63, 64].

– 16 –



J
H
E
P
0
8
(
2
0
1
7
)
0
8
7

In order to quantize the theory we promote W to an operator. This may be done in a

consistent way through

W+(φ) = (W−(φ))† ≡ :e−2Φ: (4.8)

where : : denotes the appropriate ordering guaranteeing that W is a primary of weight

one. Recalling the definition of coherent states the operator (4.8) (acting on the vacuum)

generates a coherent state in HJ . This coherent state describes a coherent collection

of particles on AdS3 and their Virasoro descendants and geometrically corresponds to

geometries with a given function J(φ) (see [2] for more discussions). Below we make this

picture more precise by analyzing commutators of W and J fields and by introducing a

unique vacuum state.

In this sector Φ0,J0 are both anti-hermitian while the Jn satisfy the algebra (3.1) and9

[Φ0,J0] = i
c

12
, 〈Φ0〉 = Φ0 . (4.9)

Note that with our conventions the operators associated to the charges Jn and the cor-

responding classical (or expectation) values are related by a factor of c/6 and hence

{Φ0, J0} = 1/2 takes its standard form. Equation (4.6) then yields the following quan-

tum commutators

[Jn,W
±
m] = − iW±

n+m (∀n 6= 0) , [J0,W
±
n ] = ± i c

6
W±

n , (4.10)

where W±
n are Fourier modes of the W±(φ) field. Therefore, W±

n are not in the enveloping

algebra of Jn which has J0 as its center. This may be understood recalling the defini-

tions (4.2) and the commutator (4.9). Note in particular that the [J0,W] commutator is

of order c while [Jn,W], n 6= 0 is of order one. Moreover, we learn that

J0(W±
n |0; J0〉) =

c

6
(J0 ± i)W±

n |0; J0〉, (4.11)

and hence states W±
n |0; J0〉 with real J0 do not fall into HJ , as J0± i is a complex number,

while states in HJ have real or imaginary J0. So, W±
n is not a well-defined operator in the

black hole sector. This latter may also be understood recalling the periodicity relation (4.4)

and that W(φ) in that case receives an exponential scaling every time we shift φ by 2π. For

imaginary J0, with J0 = iν/2, the eigenvalue equation (4.11) implies that the action of J0

on W±
n shifts ν to ν ± 2 and hence takes us out of the unitarity range [−1, 1]. This means

that Jn is not a well-defined operator on the Hilbert space of states constructed through

W±
n and/or |0; J0〉 is not a good vacuum state for this Hilbert space. To construct this

Hilbert space we hence need a different vacuum state other than |0; J0〉. We shall return

9The operator Φ0 moves between the Virasoro orbits, labeled by J0, and thus does not commute with

J0. Using Φ0 one can construct a ‘shift operator’ of the form Uθ ≡ e−θΦ0 , where θ is a continuous real

parameter. This operator generates the ‘spectral flow’ map on the algebra (3.1) and (3.5)

Ln → Ln − iθJn − θ2 c

6
δn,0 Jn → Jn − iθ

c

12
δn,0 ,

which leaves the algebra invariant [65]. Obviously this map is only unitary on HJ when Φ0 is anti-hermitian,

which is the case for the conic space sector where J0 is also anti-hermitian.
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to this issue in the next subsection. We should however comment that it makes sense to

label Wn by ±ν, despite the fact that J0 does not commute with them, because (4.11)

implies that ν is shifted by 2 units and hence values of ±ν in [−1, 1] range are still well-

defined. Hence, hereafter when there is no confusion, we will view W± in a basis where

J0 is diagonal, denoting our fields by W±ν(φ) and their Fourier modes by W±ν
n . We also

note that the right equation in (4.4) yields,

(W±ν
n )† = W∓ν

−n . (4.12)

Next, we need the commutators of the Wn among themselves. To this end, we use

the consistency condition for the algebra with Jn, W
±
n generators, with [J ,J ] and [J ,W]

commutators given in (3.1) and (4.10) and examine the Jacobi identity involving J ,W,W.

We work in the large c limit and drop subleading terms. In that limit we use the scalings

Jn 6=0 ∼ O(1), J0 ∼ O(c), which permit us to ignore the commutation relations of Jn 6=0

with Wn since

[Jn,W
±ν
m ] = ±i c

6
W±ν

m δn, 0 + O(1) . (4.13)

This allows us to focus on the Jacobi identity involving J0,W
ν
n,W

−ν
m , which holds provided

the commutator between two W-fields has the following form

[Wν
n,W

−ν
m ] = cA(n,m) + i B(n,m)J0, (4.14)

with so far arbitrary functions A(n,m), B(n,m). The factor c was pulled out of the central

term A to make both terms of them same order in a large c expansion (also, it is physically

plausible that the central term scales with the central charge c). The factor i was pulled out

of B due to anti-hermiticity of J0. Consistency with hermiticity (4.12) holds if both these

functions are proportional to δn,−m, i.e., A(n,m) = a(n)δn,−m, B(n,m) = b(n)δn,−m, with

a(n)† = a(n) and b(n)† = b(n). With hindsight, we fix the function a(n) linear in n and

b(n) constant, with the following precise values,

[W±ν
n ,W∓ν

m ] =

(
c

12
n∓ iJ0

)
δn,−m . (4.15)

Also the Jacobi identities involving only the fields W then hold to leading order in c, by

which we mean concretely that all terms of O(c2) [but not necessarily O(c)] cancel in this

Jacobi identity.

The fact that the “interaction terms” 〈WWJ〉 and 〈WJJ〉 are suppressed by fac-

tors of 1/c suggests that in this regime W-fields, in parallel to J-fields for the black hole

sector (3.3), can be considered as primary fields of weight one with the most natural

commutation relation,

{W±(φ),W∓(φ′)} =
6π

c
∂φ′δ(φ− φ′) . (4.16)
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The above parallels (3.3) for the black hole sector.10 Upon Fourier expansion,

W(ϕ) =
∑
n∈Z

Wν
ne
i(n±ν)ϕ, Wν

n =
6

c
〈Wν

n〉 , (4.17)

the Poisson-bracket in (4.16) leads to the following commutator,

[W±ν
n ,W∓ν′

m ] =
c

12
(n± ν) δn,−mδν,ν′ , ν, ν ′ ∈ [0, 1] , (4.18)

which reproduces (4.15) when ν = ν ′ (usage of δν,ν′ is well justified in view of the discussion

in the next subsection where ν will be assumed to be quantized). The result (4.18) justifies

(in hindsight) the specific factors chosen in (4.15).

In other words, there is a weakly coupled field theory for W-fields where the possible

interactions with the J -sector are subdominant in the large c limit. This has been made

manifest and will be employed in the particle/black hole correspondence of section 5. For

related discussions on quantization of conic spaces see [66].

4.3 Quantization of conic deficit angle and recovery of the near horizon

algebra

Before moving on to constructing the Hilbert space associated with Wν
n, we would like to

note that from quantum gravity effects [63, 64], it is expected that c is an integer [67] and

ν is quantized in units of 1/c, i.e.

ν = 1
c ,

2
c , · · · , 1 . (4.19)

We have excluded the ν = 0 case which corresponds to massless BTZ. Similar quantization

of the “twist phase” (our ν parameter) has been discussed in [68].

We stress that since our discussions here is at the semi-classical level the quantization

is an input, while it can be an outcome at quantum gravity level. In the known examples

of consistent AdS3 quantum gravity, those which have a string theory realization, e.g. in

terms of D1-D5 systems, c is quantized as it is related to the product of number of D-branes

and (4.19) comes about due to spectral flow between the NS and R vacua [63] (see also

footnote 9). From a different viewpoint, string theory can resolve the conic singularity

of the conic deficits only when the deficit angle ν is quantized as in (4.19). As a rough

semi-classical argument for the quantization (4.19) let us recall the metric for a static

conic space:

ds2 = −
(

1 +
r2

`2

)
dt2 +

dr2

1 + r2

`2

+ r2 dϕ2 , ϕ ∈ [0, 2πν] . (4.20)

Then the smallest ν which can be semi-classically resolved is associated with rϕ ∼ `Pl
for r ∼ `, or ν & `Pl/` ∼ 1/c. That is, our Bohr-type quantization condition (4.19) is

10Equation (4.16) suggests that W(φ) may be viewed as the momentum conjugate to another field,

e.g. called U(φ), i.e. U(φ) =
∫ φ

W. As an intriguing and notable observation, one may readily check

using (2.10) and (4.2) that L(φ) = − 1
2

(
U′′′

U′ − 3
2
U′′2

U′2

)
. That is, the energy momentum tensor of the theory

in terms of U -fields is given by a pure Schwartzian derivative. This may be contrasted with L in terms of

the h field, (2.13) in which there is also a zero mode contribution J2
0 describing ‘hard’ degrees of freedom.
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clever enough to know the essential information about the spectrum of the primaries of

the theory.

To facilitate building the Hilbert space, and especially noting the hermiticity condi-

tion (4.12), we can collectively gather all Wν
n into Fourier modes Jn of a single field J,

Jc(n±ν) ≡
√

6W±ν
n . (4.21)

The commutation relation (4.18) then takes the simple form of a û(1) current algebra

[Jn,Jm] =
n

2
δn,−m , (4.22)

and the hermiticity condition (4.12) implies

J†n = J−n . (4.23)

See appendix C for more discussions on hermitian conjugation and unitarity. The identifi-

cation (4.21) implies that the center element of the algebra is J0 =
√

6Wν=−1
1 =

√
6Wν=1

−1 .

Moreover, all Jnc generators would correspond to ν = 1, and are associated with global

AdS3 while the Jc(n+ν) generators with ν 6= 1 (or Wν 6=1
n ) represent conic spaces.

There is a redundancy in the identification (4.21) under the simultaneous shifts: ±ν →
±ν ± 1 and n→ n∓ 1. We use this redundancy to relate W’s with positive and negative

ν; explicitly,

W±(1−ν)
n = W∓ν

n±1 . (4.24)

We further deduce

[W±ν
n ,W±ν′

m ] =
c

12
(n± ν)δn+m,∓1δν+ν′,1 ν, ν ′ ∈ (0, 1] . (4.25)

Unlike the commutator (4.18), which is also true for ν = 0 here we have ν ∈ (0, 1]. This

means that all the generators with negative ν can be mapped to those with positive ν and

hence each operator in the set of W±ν
n with n ∈ Z, ν ∈ (0, 1] appears twice. To avoid this

doubling we choose to work with Wν
n, W

−ν
−n, n ≥ 0, ν ∈ (0, 1] as independent generators.

The algebra (4.22) is basically the same as the algebra of Jn (3.1) since it is related to it

upon a redefinition and rescaling of the generators. However, physically these algebras are

distinct. In particular, the algebra (4.22) does not involve any information about AdS3 (like

the AdS-radius ` contained in the central charge c) or the black hole background. In fact,

it has been argued [17] that one may obtain (4.22) as the asymptotic/symplectic algebra of

the Rindler space (2.4). This latter provides a strong support for the quantization scheme

adopted in (4.18).

4.4 Hilbert space of near horizon soft hairs

The unitary representations of the algebra (4.22) can be constructed in the same manner

as that of (3.1). We define a unique vacuum state through

Jn|0〉 = 0, ∀n ≥ 0. (4.26)
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Note that in comparison to the black hole case of HBTZ we have chosen the vacuum state

(corresponding to the global AdS3) to have vanishing J0.11 Recalling that the algebra of

Jn and Jn are the same, the choice of J0 = 0 for vacuum may be attributed to working

in the near horizon soft hair sector [1, 2]. Before continuing we make a notational alert.

Since by assumption ν is quantized in units of 1/c hereafter we use the notation

Wr
n ≡Wν

n for νc ≡ r = 1, · · · , c . (4.27)

In terms of the Wr
n generators, the vacuum conditions (4.26) may be written as

Wr
n|0〉 = 0, ∀n ≥ 0 , r ≥ 1 . (4.28)

The condition J0 = 0 means that we are working in the soft hair sector. (Unlike the black

hole case a vacuum state with non-zero J0 would not make sense.) The Hilbert space of

near horizon soft hairs can then be constructed as

|Ψ({ni})〉 =
∏
ni>0

J−ni |0〉. (4.29)

Recalling the identification (4.21), one can then readily show that the Hilbert space of near

horizon soft hairs is exactly the same as HCG for quantized values of ν (4.19). Hereafter,

we will only focus on such quantized ν’s, and by HCG we mean states corresponding to such

conic spaces. As discussed, recalling the definitions of W fields and Jn, (4.8) and (4.21),

states of the form (4.29) describe generic coherent states of particles on AdS3 (i.e. conic

spaces and their Virasoro descendants). Note that only single particle states in the above,

the J−n|0〉 states, have a straightforward geometric interpretation. In particular, if both

left and right sectors are associated with W−r
0 |0〉 states, they correspond to conic space or

global AdS3 geometries [2, 53].

4.5 Virasoro algebra of W-fields

We can construct Virasoro generators in terms of the free fields of twisted boundary con-

ditions Wr
n as follows. Let us define

Lrn =
6

c

∑
p∈Z

:W−r
n−pW

r
p : +

1

2
frδn,0

=
6

c

∑
p≤−1

Wr
pW

−r
n−p +

∑
p>−1

W−r
n−pW

r
p

+
1

2
frδn,0 (4.30)

with r = 1, 2, · · · , c and [69]

fr ≡
∞∑
n=1

(
n− r

c

)
' 1

24
− 1

8

(
2r
c − 1

)2
, (4.31)

11Recall also the discussions below (4.11) and the fact that |0〉 and vacuum states of the J algebra |0; J0〉
should be different and in principle belong to two different Hilbert spaces.
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where we used zeta-function regularization to evaluate the infinite sum to extract its unique

finite part. We note that the r superscript on Lrn does not correspond to twisted boundary

conditions on Lr(φ) ∝
∑

nL
r
ne
inφ; instead Lr(φ + 2π) = Lr(φ) for any r. One may then

show that

L−rn = Lrn +
r

2c
δn,0, (Lrn)† = Lr−n , Lc−rn = Lrn, (4.32)

and that

[Lsn,W
±r
m ] = −1

2

(
m± r

c

)
W±r

m+n(δr,s + δr,c−s) , (4.33)

[Lrn,L
s
m] =

1

2

[
(n−m)Lrn+m

+

(
mfr +

1

2

−1+m∑
p=0

(
p−m+

r

c

)(
p+

r

c

))
δm+n,0

]
(δr, s + δr,c−s)

=
1

2

[
(n−m)Lrn+m +

1

12
n3δm+n,0

]
(δr, s + δr,c−s), (4.34)

where we fixed the zero-point energy fr as in (4.31) such that (4.34) is a Virasoro alge-

bra of central charge one (associated with twisted modes) preserving the vacuum. This

value coincides with (4.31). In computing the above commutators we have extensively

used (4.18), (4.24) and (4.25) or in more explicit form:

[Wr
n,W

s
m] =

c

12

(
n+

r

c

)
δm+n,−1 δr+s,c , [Wr

n,W
−s
m ] =

c

12

(
n+

r

c

)
δm+n,0 δr,s (4.35)

[W−r
n ,W−s

m ] =
c

12

(
n− r

c

)
δm+n,1 δr+s,c , Wr

n = Wr−c
n+1 ,

W−r
n = W−r+c

n−1 . (4.36)

The commutator (4.33), noting that the coefficient on the right hand side is n inde-

pendent, implies that Wr
n is a primary operator of conformal weight one, while the r/c

part in m+ r/c reflects the twisted boundary condition of the W field (4.4). Additionally,

observe that Wr
−1|0〉 = W

−(1−r)
0 |0〉 are primary states of weight 1 − r/c and hence the

unitarity bound implies r ≤ c. This is of course compatible with our earlier discussions

that ν = r/c ≤ 1. We also note in passing that, using the commutators (4.10), one can

show that [J0,L
r
n] = 0. This will be important for our construction of the black hole

microstates.

Using the Lrn we can define a Virasoro algebra at central charge c by summing over

all allowed values of the integer r:

Ln =
c∑

r=1

Lrn =
1

c

∑
p∈Z

:Jnc−pJp: −
1

24c
δn,0 (4.37)

yielding

[Ln,Lm] = (n−m)Lm+n +
c

12
n3δm,−n , [Ln,W

r
m] = −

(
m+

r

c

)
Wr

n+m . (4.38)
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Thus, the Ln generate a Virasoro algebra at central charge c and the Wr
m are primaries

with respect to these Virasoro generators. To arrive at (4.38) we have used (4.21) and the

fact that
c∑

r=1

fr = − 1

12c
. (4.39)

Given the algebra (4.38) one can readily check that the vacuum state |0〉, for which

Lrn|0〉 = 0, n > 0, is not an SL(2,R) invariant vacuum. However, starting from Jn and

using the usual Sugawara construction yields a Virasoro algebra at central charge one

with generators Ln. This latter has been carried out in appendix D and as shown there,

Ln = 1
c (Lnc− 1

24δn,0). The vacuum state |0〉 is the SL(2,R) invariant vacuum state in this

algebra, as Ln|0〉 = 0, n ≥ −1.

To summarize, we have given two descriptions for the Virasoro algebra at the Brown-

Henneaux central charge, (3.4) and (4.37). In the next section we exploit the relation

between these two descriptions and propose a black hole/particle correspondence that lies

at the heart of the horizon fluff proposal.

5 Black hole/particle correspondence and the horizon fluff proposal

In the previous section we noted that in the canonical description we have the family of

black holes and the family of conic plus global AdS, respectively associated with HBTZ and

HCG. Similar two classes may of course be recognized in the microcanonical description.

Moreover, we argued that there are two different descriptions, one in terms of J fields

and the other in terms of their coherent states J’s. The key assumption promoted in this

section is that both descriptions are equivalent.

In section 5.1 we state the black hole/particle correspondence that is suggested by

our analysis in the previous sections and relate the operators in the black hole sector, J ,

with the operators in the particle sector, J. In section 5.2 we use this correspondence to

revisit the horizon fluff proposal [1, 2]. The main improvement over the original proposal

is that we do not have to assume a Bañados-type map (see appendix D) between Virasoro

generators; rather, we can derive this relation from our set of assumptions that we have

spelled out above. The actual counting of our BTZ microstates, recalled in section 5.3, is

then straightforward and works exactly as in previous work.

5.1 Two free fields and black hole/particle correspondence

As discussed in section 2.1, the canonical description is naturally described in terms of the

field J(φ). The discussions in section 3.1 and especially the commutation relation (3.3)

indicate that J(φ) has a natural interpretation in terms of the momentum conjugate to a

free field, which was denoted by Φ in (2.16). Since,

[Φ(φ1),ΠΦ(φ2)] = 2πiδ(φ1 − φ2), ΠΦ(φ) = − c

12
J(φ) (5.1)

the pair (Φ,ΠΦ) provides a good canonical pair for real J0 [recalling the periodicity prop-

erty (2.17)], i.e., the case of black holes. For this case Fourier modes of the energy-
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Figure 4: Schematic depiction of horizon fluff proposal

momentum tensor of the corresponding field theory are given in terms of Ln (3.4). In

this sector the operators Jn,Ln are defined on HBTZ.

For the case of conic spaces it is desirable to provide another natural free field. As

discussed in section 4, the primary field of twisted periodicity W(φ) is the natural choice.

The Fourier modes of the energy momentum tensor for this sector are given in (4.37). In

this sector, as discussed, the operators Wr
n,Ln are defined on HCG. As mentioned the

W operators may be viewed as non-local functions of J , cf. (4.2). In other words, states

in HCG are composite states in HBTZ and vice-versa. This means that black holes may

be viewed as composite states in HCG. We will use and exploit this to identify the black

hole microstates.

Having two different descriptions of the same energy momentum tensor together with

the discussions above suggests that the two expressions for Ln, (3.4) and (4.37), provide

two dual descriptions for the same theory. This correspondence is similar in spirit to Sine-

Gordon/Thirring model duality where solitons of the former appear as fundamental degrees

of freedom of the latter and vice-versa [70, 71]. The statement of our correspondence in the

leading order in central charge c is then obtained from equating (3.4) and (4.37). That is,

1

c

∑
p∈Z

:Jnc−pJp: = inJn +
6

c

∑
p∈Z

:Jn−pJp: (5.2)

As the zeroth order evidence we note that both sides in the correspondence (5.2)

generate a Virasoro algebra at central charge c. Next, we note that the commutator of

both sides with Wr
n fields leads to the same result. The commutator of the left hand side

is given in (4.38). The one on the right hand side is the quantized version of (4.3). As

further evidence we note that both sides of (5.2) commute with J0. This latter will be

crucially used in our discussions of the microstates in the next subsection. In particular,

the physical charges of black hole like mass and angular momentum are specified by J0

eigenvalues and — as discussed and stressed in [2, 40, 53] — entropy should be an invariant

of Virasoro coadjoint orbits, and hence can only be a function of J±0 .

Finally, we justify the name near horizon soft hair for the states of the form (4.29).

Namely, note that the algebra of Jn and Jn are essentially the same, and that J0 is

the energy as measured by the near horizon observer. Thus, what remains to be shown

as a justification is to show that the vacuum state |0〉 is the same as the vacuum state

|0; J0 = 0〉. This can be readily verified by acting with both sides of (5.2) on |0〉 and noting

that |0; J0 = 0〉 is the only state on which the right hand side of (5.2) vanishes.
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Schematically our horizon fluff proposal is displayed in figure 4. A BTZ black hole (left

figure) is a collection of coherent states of particles on AdS3 (the conic spaces and their

Virasoro descendants). The exponentiation in the right figure is to demonstrate dealing

with coherent states. This coherent states are among soft hairs, as they have vanishing J0

and their ‘near horizon energy’ is equal to c∆, related to mass and angular momentum of

the BTZ black hole through (5.3) below.

5.2 Horizon fluff proposal, revisited and tested

The correspondence equation (5.2) relates the HBTZ and HCG sectors of the Hilbert space

HVir. In particular, one can view it as an equation which specifies a given AdS3 black hole

state (which is in general a coherent state in HBTZ [53]) in HCG. For a given black hole

state there is a sector of HCG which solves (5.2). This sector is exactly what we identify as

black hole microstates.

Our proposal is now realized in a very simple way. Let us denote the BTZ black hole

of mass M and angular momentum J by |0; J+
0 〉 ⊗ |0; J−0 〉 where mass M and angular

momentum J satisfy the relations

〈L±n 〉
∣∣

BTZ
can.

=
c

6
(J±0 )2δn,0 , ∆± =

1

2
(`M ± J) =

c

6
(J±0 )2 . (5.3)

The subscript “BTZ can.” refers to the fact that the above provides a definition of the

BTZ black hole in our canonical description, cf. section 2.1. In this canonical description

we are dealing with diffeomorphisms and associated charges on a background black hole

of fixed horizon temperature, while the expectation value of charges and in particular J±0
specify the mass and angular momentum of the black hole. We shall return to this fact in

the next section when we compute the log-corrections.

Microstates of this black hole, the “horizon fluff” [1, 2], are the set of all states in

HCG that satisfy the duality relation (5.2). If we denote them by |B({n±i }); J
±
0 〉, they

satisfy [1, 2]

〈B′({n±i }); J
±
0 | L

±
n |B({n±i }); J

±
0 〉 =

c

6
(J±0 )2δB,B′δn,0 , (5.4)

and hence

|B({n±i }); J
±
0 〉 =

∏
{n±i >0}

(
J+

−n+
i

· J−−n−i
)
|0〉 , such that

∑
n±i = c∆± , (5.5)

or linear combinations thereof.

Note that |B({n±i }); J
±
0 〉 involves ni < c as well as ni > c states. The states may

be viewed as a collection (or condensate) of coherent states of particles on AdS3 or their

Virasoro excitations. The set of all states |B({n±i }); J
±
0 〉 form a vector space over HCG. A

schematic presentation of the horizon fluff has been shown in figure 4.

We note that the discussion above, valid for BTZ black holes, can be extended to a

generic AdS3 black hole, which is a Virasoro descendant of generic BTZ black holes, with

the result that the number of microstates (just like the horizon temperature and angular

velocity) is independent of the Virasoro excitation, see [2]. This is of course expected since

– 25 –



J
H
E
P
0
8
(
2
0
1
7
)
0
8
7

the laws of black hole thermodynamics are orbit-invariant relations [53]. In other words, in

the figure 4, one can replace the figure on the left with the picture with wavy line horizon

in figure 1.

5.3 Microstate counting and black hole entropy

Given the BTZ black hole microstates (5.5), we can count them and obtain the entropy.

The number of microstates for a BTZ black hole of given ∆± is the number of partitions

p(c∆±) into non-negative integers. For large c∆± one may use the Hardy-Ramanujan

formula to evaluate p(c∆±) (see e.g. [72] and refs. therein). The details of the computation

may be found in [1, 2]. The entropy is the logarithm of the number of microstates,

Sfluff = ln p(c∆+) + ln p(c∆−) = 2π

(√
c∆+

6
+

√
c∆−

6

)
− ln(c∆+)− ln(c∆−) + · · · (5.6)

where we have assumed c∆± � 1, and · · · denotes sub-leading terms in c∆±. The first,

leading terms in (5.6) is nothing but the standard Cardy formula which reproduces the

BTZ black hole Bekenstein-Hawking entropy [73]. The above, however, has logarithmic

corrections that we analyze in the next section.

6 Horizon fluff and logarithmic correction to black hole entropy

In previous sections we have presented two descriptions of the geometries in (2.1), a canon-

ical description discussed in sections 2.1 and 3, and a microcanonical description in sec-

tion 2.2. We have shown above that to leading order our horizon fluff proposal reproduces

the Bekenstein-Hawking area law (1.1), which is a semi-classical consistency check. As

pointed out in the introduction (see there for references) also the subleading logarithmic

corrections are accessible by semi-classical means and therefore provide a non-trivial test

of our proposal. In particular, our horizon fluff proposal should be able to reproduce the

correct numerical coefficient Nlog in (1.2). The purpose of this section is to check whether

or not this is the case.

There are generally two types of contributions to Nlog. One (type 1) is a genuine 1-

loop correction where e.g. zero modes contribute. The other (type 2) is a contribution that

depends just on the ensemble that one uses to express the entropy. In the pertinent case of

BTZ black holes with Brown-Henneaux boundary conditions the former contribution van-

ishes, while the latter vanishes in the canonical ensemble.12 Transforming from canonical

to microcanonical ensemble leads to the famous contribution of 3
2 to Nlog [9, 10]:

SBTZ
can = SBH + . . . , SBTZ

mic = SBTZ
can − 3

2 lnS + . . . (6.1)

Note that under the log we refrain from labelling the entropy, since to the order of inter-

est it does not matter which entropy is used here, SBH, Scan, Smic or some other entropy

12By “canonical” we mean the ensemble where temperature and angular potential are fixed; by micro-

canonical we mean that the energy and angular momentum are fixed. In this section we focus only on one

chiral sector, so that we have only one charge and one associated chemical potential. The log-corrections,

similarly to the leading order part, are expected to be the sum of left and right movers (e.g. see [10]).

– 26 –



J
H
E
P
0
8
(
2
0
1
7
)
0
8
7

that coincides with the Bekenstein-Hawking result up to subleading corrections. The re-

sult (6.1) is also obtained microscopically from a Cardy-type of computation [9, 10] where

the modular invariance yields a high/low temperature duality for the partition function.

The analysis of section 5.2 established the result (5.6) which may also be written as

Sfluff = SBH − 2 lnS + . . . , (6.2)

differing from the log contributions contained in (6.1). To resolve the apparent discrepancy,

we note the key issue that our microstate counting was based on the charges defined in

what we called a canonical description of the black hole. That is, as discussed in section 2.1,

we defined the charges Jn by choosing the boundary conditions of metric fluctuations to

those keeping the horizon temperatures fixed. However, in sections 3 and 5 we defined

the state of BTZ black hole with the expectation value of Jn over a state for which the

mass and angular momentum is fixed, which corresponds to the microcanonical ensemble.

Explicitly, in our canonical description 〈Jn〉can = cJ0/6 δn,0 for the BTZ black hole. [See

also the discussion below (5.3).] Therefore, our description in terms of Jn is a hybrid of

microcanonical and canonical descriptions.

In the next two subsections we disentangle our hybrid construction and then re-derive

the result (6.2) in two conceptually quite different ways. In section 6.1, we resolve the

issue by modifying the hybrid description in favor of a fully microcanonical one. That

is, using (2.15) we map the canonical part of the hybrid description, the Jn, to their

microcanonical counterpart. This is mostly a type-1 derivation. In section 6.2, we take a

different route to verify the log-corrections of the fluff proposal. This subsection is based

on the S-type of dualities for theories with Lifshitz-type of scaling for z = 0 and z = 1

discussed in [74, 75] and on our black hole/particle correspondence (cf. section 5.1) to

derive (6.2), so it is exclusively a type-2 derivation. The final results in both sections agree

with each other and with the results (6.2) and (6.1).

6.1 From hybrid to purely microcanonical ensemble, log-corrections from

replica trick

In this subsection by the subscript BTZ we exclusively mean the microcanonical ensemble

associated with a BTZ black hole (in contrast with canonical or hybrid description). The

microcanonical entropy is obtained through replacing J0 in (1.3) with

J0 →
〈 1

2π

∫ 2π

0
dφJ(φ)

〉
BTZ

(6.3)

where 〈J(φ)〉 = c
6J(φ) (cf. footnote 6). With the above the microcanonical fluff en-

tropy (5.6) or (6.2) reads as

Sfluff
mic =

〈∫ 2π

0
dφJ(φ)

〉
BTZ

− 2 ln

(〈∫ 2π

0
dφJ(φ)

〉
BTZ

)
+ · · · (6.4)

To compute the above we use the analysis in section 2.3 and (2.15) to map the J fields

onto the microcanonical fields h, which in the quantum version reads as

J(φ) =
c

6
J0h

′(φ)− 1

2

h′′(φ)

h′(φ)
. (6.5)
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In writing the second term in principle one needs to assume a specific ordering. However,

the leading order in the final result which we are interested in here does not depend on

this ordering. One may integrate both sides and take the expectation value over the BTZ

state: 〈∫ 2π

0
dφJ(φ)

〉
BTZ

=
c

6
J0

〈
h(φ)

∣∣2π
0

〉
BTZ
− 1

2

〈
ln(h′(φ))

∣∣2π
0

〉
BTZ

. (6.6)

Recalling the definition of h(φ) and discussions of sections 3 and 5, we learn that

〈h(φ)
∣∣2π
0
〉BTZ = 2π.

We need to compute the log-term. We first note that the log-term in (6.6) is classically

zero due to the periodicity of h′(φ) and hence a nonvanishing contribution from this log-

term is a quantum effect, it is a 1-loop result (hence type-1). To this end, since we

are only interested in the leading log-correction we can safely work in the large-J0 limit,

where h(φ) provides a convenient free-field representation with the Hamiltonian (2.13)

L(φ) ' J2
0h
′(φ)2. We use the replica trick to convert the log-term into a monomial,〈

ln(h′(φ))
∣∣2π
0

〉
BTZ

=
d

dn

〈
(h′(φ)n)

∣∣2π
0

〉
BTZ

∣∣
n=0

. (6.7)

The above, in the large-J0 limit is a straightforward free field theory computation of an n-

point function in the pinching limit. One can regularize it using the point-splitting method.

Explicitly, (6.5) may be conveniently written as

h′ ' 6

cJ0

(
Σ(φ) + J0

)
, (6.8)

where the quantity Σ(φ) is defined by

Σ(φ) =
∑
p>0

(
Jpe

ipφ + J†pe
−ipφ), (6.9)

The regularized n-point function of h′ may be written as〈
(h′)n

∣∣2π
0

〉
BTZ

= const.+
1

Jn0
Fn(φ1, . . . , φn) + . . . (6.10)

where φi−φi+1 is a small angle (related to the point-splitting regulator) and φn−φ1 = 2π.

The const. piece is an irrelevant n-independent constant. We introduced the definition

Fn(φ1, . . . , φn) =

(
6

c

)n 〈
Σ(φ1) . . .Σ(φn)

〉
. (6.11)

The ellipsis in the n-point function (6.10) denotes terms of higher order in n that do not

contribute to the n → 0 limit in the replica trick (6.7). To compute Fn for generic large

n we use the above mentioned point-splitting and then analytically continue the result to

n→ 0, yielding F0 = 1. Insertion of (6.10) into (6.7) then establishes the result〈
ln(h′(φ))

∣∣2π
0

〉
BTZ

= − ln J0 + J0 -independent terms. (6.12)

Plugging (6.6) and (6.12) into (6.4) we obtain

Sfluff
mic =Sfluff +

1

2
lnS + · · · = SBH −

3

2
lnS + · · · = SBTZ

mic . (6.13)
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We have hence established that entropy coming from our horizon fluff proposal, once com-

puted in a fully microcanonical description matches with the BTZ black hole microcanonical

entropy including the log-corrections.

6.2 Log corrections from Lifshitz scaling

We present now an alternative derivation that requires only type-2 log corrections, albeit

of two different sources. To this end we quote a result [74–77] that applies to black holes

with anisotropies of Lifshitz-type with dynamical scaling exponent z (so that t→ λzt and

φ→ λφ) [77]:

Szmic = Szcan −
(
z +

1

2

)
lnS + . . . (6.14)

We need this result only for two special cases, the isotropic one z = 1 and the Rindler

one z = 0.

The z = 1 case corresponds to the usual BTZ black hole in Brown-Hennaux description

which is dual to an isotropic CFT2 and hence,

Sz=1
can = SCFT

can = SBTZ
can = SBH, (6.15)

whereas the z = 0 case corresponds to the Rindler geometry which describes the near

horizon region [17, 74, 75]. As argued in [75] and as evidenced by the microscopic matching,

the correct scaling properties and the correct ground state energies, the leading order

contribution Sz=0 indeed reproduces the desired leading order result (1.3). Our analysis in

this paper and in particular in section 5 suggests that this matching should extend to the

subleading log corrections,

Sfluff = Sz=0
mic + . . . (6.16)

where as before · · · stands for corrections subleading to log-corrections. Equation (6.16)

may be viewed as an alternative reading or statement of our proposal, recalling our discus-

sions in previous sections. Therefore, verifying that (6.16) indeed holds, provides another

check for our proposal. That is what below we argue for.

To this end we recall the duality statement in our horizon fluff proposal (5.2) and that

it implies the canonical entropy in our near horizon picture should be identified with the

microcanonical BTZ entropy in the usual asymptotic picture:

Sz=0
can = Sz=1

mic . (6.17)

This is so, since we fixed the asymptotic eigenvalues (5.3) and thus are using the micro-

canonical ensemble on the right hand side of (5.2), but we fixed the chemical potentials (2.6)

and are thus using the canonical ensemble on the left hand side of (5.2). [Recall (4.22) and

that J are appropriate near horizon charge operators.] This remarkable feature captured

by (6.17) is a consequence of our proposal. Next, we note that Sz=0
can = Sz=0

mic + 1
2 lnS and

that Sz=1
mic = SBTZ

can − 3
2 lnS where we used (6.14) and (6.15). Putting these together (6.2)

implies that (up to terms subleading to log),

Sz=0
mic = Sz=1

mic −
1

2
lnS = SBH − 2 lnS = Sfluff , (6.18)

establishing another non-trivial test of our horizon fluff proposal.
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7 Concluding remarks

In our concluding section we start with a brief summary of key steps in section 7.1. Then we

compare with other approaches that address black hole microstates in section 7.2. Finally,

we conclude with selected future research directions in section 7.3.

7.1 Discussion and summary

In this work we refined the statement and some details of the horizon fluff proposal put

forward in [1] and discussed further in [2]. The general picture coming out of our proposal

is that black hole microstates, the horizon fluff, belong to a certain subset of near horizon

soft hairs that are not distinguishable by the observers away from the horizon. In order to

work through our proposal in practice one needs to implement the following three steps:

1. Work out the asymptotic symmetry algebra and the corresponding Hilbert space.

The black hole is described by a single state in this Hilbert space.

2. Work out the near horizon algebra and the associated Hilbert space of soft hairs.

Reviewing arguments of [14, 17] we expect to find (copies) of the algebra (3.1) or (4.22)

for generic black holes.

3. Write down a correspondence map [in our case (5.2)] that relates operators/states in

the asymptotic Hilbert space and hence the state of the black hole, to operators/states

in the Hilbert space of near horizon soft hairs. Solving the equation obtained from

this map we get the microstates, the horizon fluff.

In the present work we implemented all three steps for BTZ black holes. There are

well-established semi-classical frameworks and techniques to work out steps 1. and 2. How-

ever, in addition to these semi-classical considerations and computations we need to make

some ‘mild’ quantum assumptions. For the AdS3 black hole example, these mild quantum

assumptions are assuming that the Brown-Henneaux central charge c is quantized and that

the conic deficit angle ν is quantized in units of 1/c. Both of these assumptions have back-

ing in the cases where we know its full quantum description in the AdS3/CFT2 dualities

realized in string theory. Quantization of the deficit angle ν is also expected by a usual

(and rough) intuition: the smallest semi-classical resolution of angles on constant time slice

of AdS3 (e.g. on Poincare disk) is expected to be `Pl/` ∼ 1/c (where ` is AdS3 radius).

Regarding the third step and the correspondence map (5.2) we already gave different

arguments in its favor. This map was also introduced and used, though with a conceptually

different argument by Bañados [54, 68]. Equation (5.2) essentially says that the near

horizon and asymptotic energy scales differ by a factor of 1/c. As an alternative, intuitive

argument one may show that in the large c limit this is closely related to the infinite

redshift factor at the horizon. This redshift factor becomes finite but large at the stretched

horizon [78] which is at physical distance `Pl from the horizon. For the case of AdS3 this

ratio becomes 1/c. More concretely for a generic black hole

ds2 = −f(r) dt2 +
dr2

f(r)
+ · · · , (7.1)
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the generic redshift formula is

ω∞ =
√
f(r) ωr, (7.2)

where ωr and ω∞ are respectively the frequency/energy scale at radius r and the boundary.

The near horizon is well described by the Rindler space

ds2 = −f
′(rh)2

4
ρ2 dt2 + dρ2 + · · · = −ρ2 dτ2 + dρ2 + · · · , τ =

1

2
f ′(rh)t , (7.3)

where black hole temperature Tbh is

Tbh =
f ′(rh)

4π
, r − rh =

f ′(rh)

4
ρ2. (7.4)

Now let us put the stretched horizon at physical distance `Pl from the horizon, i.e. it is

sitting at coordinate distance ∆rstretched from the horizon

∆rstretched = `2Plf
′(rh). (7.5)

Therefore, the energy scale at the stretched horizon ωNH and the asymptotic one are re-

lated as

1

c
ωNH(2π`Tbh) = ω∞, (7.6)

where c is the Brown-Henneaux central charge and we took 3`Pl = G. The 2π`Tbh factor

may be understood as the conversion of units between τ and t cf. (7.3). The above provides

an intuitive reasoning to understand the factor of 1/c in (5.2).

Each microstate (5.5) can be viewed as the semi-classical limit of a particular full

quantum state describing a BTZ black hole with given mass and angular momentum. For

future applications it is interesting to further classify microstates into ‘typical’ and ‘atypical’

ones, using standard statistical arguments. For instance, a very atypical microstate is one

where all the integers n±i labelling the microstate are of order unity n±i ∼ O(1). There

are very few such microstates. At the other end of the spectrum one can have atypical

microstates labelled by an order unity number of integers n±i , so that at least one of them

is of order of c∆±. Again, there are only few such microstates. By contrast, the typical

microstates have a large number of integers n±i most of which are of order of that number.

Explicitly, we obtain for typical microstates

n±i
∣∣
typical

∼ O(
√
c∆±) ∼ O(1) c |J±0 | . (7.7)

While the motivation for our microstate proposal was geometric, guided by large diffeo-

morphisms that preserve near horizon boundary conditions, the actual construction of the

microstates was purely algebraic. As a consequence, we have no deeper geometric under-

standing of the ‘typical’ microstates given by (5.5) with (7.7) other than saying that they

are a condensate of coherent states of conical defects (see the schematic figure 4). It is,

however, of some interest to consider whether or not some observer can detect these mi-

crostates. Even though we have no complete picture yet of dynamical processes like black

– 31 –



J
H
E
P
0
8
(
2
0
1
7
)
0
8
7

hole evaporation, based on our algebraic results we can provide the following interpreta-

tion. A near horizon observer (someone with access to measuring devices that can, at least

in principle, detect correlation functions of the near horizon generators Jn) can in principle

resolve the precise microstate by performing sufficiently many experiments that effectively

act with annihilation operators Jn on the microstate. By contrast, an asymptotic observer

(someone with access to either the Virasoro algebra at Brown-Henneaux central charge or

the û(1) current algebras generated by Jn) has no semi-classical way of resolving the mi-

crostates (5.5). For such an observer a UV completion like string theory seems unavoidable

for the purpose of resolving microstates.

The horizon fluff proposal provides a formulation of the intuition and understanding

that for a statistical mechanics description of thermodynamical relations we need not have

a full knowledge of the underlying quantum theory and some basic knowledge about the

presumed microscopic degrees of freedom (microstates) should suffice. Explicitly, in our

horizon fluff proposal, as discussed above, we just used semi-classical results and some ba-

sic Bohr-type quantization rather than a detailed UV completed quantum gravity descrip-

tion.13 Remarkably, within this semi-classical setting we not only derived the Bekenstein-

Hawking entropy but also the logarithmic corrections, which are known to provide an IR

window to UV information [7].

7.2 Comparison with other approaches

With the above, we hence arrive at the general picture that the horizon is a like a fluffball,

covered by the near horizon fluff and that the black hole is in fact a condensate (or solitonic

state) of the fluff, which does admit a free (weakly coupled) field description in terms of Wr

fields. This free description is a good one only for the soft hair and when we are very close

to the horizon. Moving away from the horizon the theory of Wr fluff becomes strongly

coupled, where the other picture, the J field description is weakly coupled. This is close to

the black hole complementarity picture of Susskind et al. [78, 80]. In (an imprecise) sense

our proposal is close in spirit to the well-established Strominger-Vafa construction [81]

where the black hole in string theory (in the weakly coupled regime) is modeled as a bound

state of D-branes (recall that D-branes are solitonic states in string theory). There is,

however, some important conceptual differences with the Strominger-Vafa setting. Here

we do not rely on supersymmetry or (near-)extremality; moreover, our states are labeled

by residual diffeomorphism charges that are not distinguishable within a supergravity or

string theory setting (which respects the strict notion of the equivalence principle where

diffeomorphic geometries are viewed physically equivalent, see [27] for more discussions).

It is interesting to compare with [82]. Starting with the D1-D5 system the usual Brown-

Henneaux type of diffeomorphisms were exploited to construct a state space ‘living at the

AdS3-boundary’ corresponding to c = 6, while the remaining states (i.e., nearly all of them)

‘live’ near the region that semi-classically corresponds to the black hole horizon. Those

states require some input from complicated UV physics and have a description in terms of

fuzzballs (see next paragraph), whereas our approach remains entirely semi-classical in the

near horizon description.

13See also [79] for similar ideas.
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Our fluffball proposal despite some similarities (including the name) has important

conceptual (and also technical) differences with the fuzzball proposal [83–85],14 which we

now list.

1. The fuzzball proposal requires an explicit UV completion to construct the microstates,

whereas our fluffball is entirely semi-classical. Conceivably, fluffballs could be a ‘poor

man’s description’ of fuzzballs.

2. As a consequence, there are obvious limitations to our approach that the fuzzball

proposal does not have: we will not be able to reliably address very small black holes

or the ‘final flicker’ of an evaporating black hole.

3. Conversely, there are several advantages to our approach due to its simplicity; in

particular, we could exhaustively list all microstates for non-extremal BTZ black

holes, which is a hard problem for fuzzballs and also explain the universality of the

Bekenstein-Hawking entropy and its log corrections.

4. In the fuzzball picture the black hole, which is a geometry with horizon, is viewed

as a superposition or average of geometries, each of which are smooth and horizon-

free [86, 87]. In the fluffball picture the black hole is viewed as a collection of coherent

states of particles in AdS3, see the schematic figure 4.

5. Fuzzballs are not diffeomorphic to each other in any obvious way, while fluffballs

differ from each other (and from the vacuum) through soft hair excitations, which

corresponds to geometries that are deemed locally identical within a strict GR setting.

6. At this stage the fuzzball proposal offers more on the dynamical aspects of black

hole mechanics (including the information paradox). Addressing dynamical aspects

is among the open problems to be analyzed in the future within the fluffball proposal.

7.3 Future research directions

The statement of our horizon fluff proposal is based on established frameworks for comput-

ing charges for residual gauge symmetries plus some (in our view well-justified) assumptions

and proposals that we explained. The first set of future projects should naturally involve

providing further evidence or proof for these assumptions. To this end we may need to

invoke quantum gravity proposals (e.g. for quantization of ν parameter) or further ana-

lyze the properties of dual CFT2 and/or conserved charges (for the black hole/particle

correspondence we proposed in section 5). There are also some aspects of our proposal

to be studied and explored further. Another line for future works comes from under-

standing better the nuts and bolts of our current proposal through applying this proposal

to other generic black holes. Below we list some of them that we find more pressing or

more interesting:

14The fuzzball proposal has been put into test in the D1-D5-P setups. Fuzzball geometries were con-

structed in supergravity on AdS3×S3×T4 or K3. Within this setup, which heavily relies on supersymmetry,

the full identification of microstates has been possible only for the so-called two-charge case (see [86] for

more discussions).
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• In section 4.2 we discussed quantization of the primary of weight one operators W

defined in (4.2) and (4.3). From the Chern-Simons formulation of AdS3 gravity

viewpoint we have the SL(2,R) Wilson lines15 Pexp
(
−2
∫ φ

J(φ)
)

. On the other hand

the commutation relations discussed in section 4.2 hold for an appropriate ordering.

It is interesting to check if this appropriate ordering is the same as path ordering.

• We argued that consistency and closure of the algebra with J operators restricts

commutation relation between W fields. We worked to leading order in large c. It is

desirable to explore this direction further and specify the theory governing W fields.

It is also interesting to understand the composite (solitonic) nature of states described

by W (J) operators from J (W) viewpoint. This question is ultimately related to

better understanding of the correspondence proposed in (5.2). In this regard the

observation discussed in footnote 10 can be useful.

• While we motivated the black hole/particle correspondence by showing that there

are two different descriptions, both of which lead to a Virasoro algebra at Brown-

Henneaux central charge (in one construction this was a classical central charge com-

ing from a twist term, while in the other one it was a large sum of quantum central

charges coming from normal ordering of Sugawara terms), we did not prove the cor-

respondence relation (5.2). Moreover, as stated this correspondence is expected to

receive 1/c corrections. It is intriguing to explore the possibly of extending it to a

fully fledged duality within the dual CFT2. The correspondence (5.2) imposes strong

restriction on the spectrum of the presumed dual CFT2. On the other hand modular

invariance also imposes (strong) restrictions on the spectrum of CFT2’s. It is hence

intriguing to check whether the correspondence implies modular invariance.

• The black hole/particle correspondence (5.2), relates the free field limit of the black

hole and near horizon soft hair sides. A remarkable fact about this correspondence

is that the two sides have a limit where each side admits a free field description.

Moreover, as mentioned in section 4, the closure of the algebra implies that the

W sector (the particle side) and the J sector (the black hole sector) should have

interactions which are suppressed by a power of 1/c. Here we restricted ourselves

to free field descriptions and deduced kinematical information regarding microstates

and their counting. These interactions are necessary if we want to address more

dynamical questions like black hole evaporation or information paradox, which is an

obvious direction to pursue in the future.

• We assumed quantization of the central charge c = 6k, which semi-classically trans-

lates into a quantization of Newton’s constant G in terms of the AdS radius,

G−1 = 4k/`. Since we are interested in the large c limit only, this is not a seri-

ous loophole in our analysis. While there is no proof that c has to be an integer,

it may be argued in the Chern-Simons formulation that the level k (and thus the

central charge c) should be positive integers. Moreover, modular invariance — which

should be a property of any CFT2 with classical AdS3 gravity dual — implies that

the central charge should be multiple of 24 [88] (see also [89–91]). Note also that con-

15Recall that the charges J(φ) are directly related to SL(2,R) gauge fields of the Chern-Simons theory.
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ceivably our arguments might generalize to situations in which the central charge is

not quantized in positive integers, but some suitable set of positive rational numbers.

• We postulated quantization of the conical deficit parameter ν in integers over the

central charge, ν = r/c, with r = 1, . . . , c. This assumption was crucially used

in (4.21) to introduce the J fields, which then in turn facilitated the introduction

of the correspondence (5.2). Quantization of the deficit angle, as we discussed has

backing in string setups where it is argued that a resolution of the conic singularity

can take place for these values [63, 64].

• As a consequence of the quantization of ν and the black hole/particle correspondence,

we learned that the mass of the BTZ black holes should also be quantized: ∆± ∈ Z/c.
This feature of our proposal cries for a better understanding and may also be related

to restrictions on the spectrum arising from modular invariance of the CFT2.

• The main ingredient which led us to propose the black hole/particle correspondence

was the realization of W fields as weight one primaries with twisted periodicity

(cf. discussions in section 4). In the footnote 8 we pointed out that one can construct

fermionic primary fields of weight 1/2, Ψ = e−
∫ φ J that have periodicity phase e∓πνi.

These fermionic fields are anti-periodic for global AdS3 (ν = ±1) and periodic for

massless BTZ (ν = 0). The fermionic fields solve Hill’s equation Ψ′′ − LΨ = 0.

The doublet formed out of the two solutions of the Hill’s equation form an SL(2,R)

doublet [52], i.e. fermions in the Chern-Simons formulation for AdS3 gravity. In

this regard the theory of Ψ fields may be relevant to the free limit of the 1 + 1

dimensional generalizations of the SYK model [92, 93]. It is interesting to explore

if the SYK theory is indeed related to the theory of near horizon soft hairs, and

thereby connecting the ‘black hole type’ features uncovered from the SYK theory to

the horizon fluff proposal.

• Our proposal is based on the notion of ‘near horizon soft hairs’ and that when we

have a surface of infinite redshift the notion of softness and associated conserved

charges can differ at or away from this surface. In our analysis here we focused on

black hole horizons; however, our general arguments and analysis should also work

for cosmological horizons. We hope the horizon fluff proposal eventually clarifies

issues about the de Sitter entropy and thermodynamics.

• The obvious ultimate target is to construct the Kerr black hole microstates and

understanding the microscopic basis of its thermodynamics. While the outline of

how the horizon fluff proposal may work for this case was given in [1], it is desirable

to work out this proposal in detail. However, before that one may try applying

our proposal to other, perhaps simpler, examples of three- or four-dimensional

geometries that have event or cosmological horizons.

We hope to report on some of the questions and issues discussed above in future

publications.
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A Bañados geometries and Virasoro Hilbert space

AdS3 Einstein gravity is classically defined through the Einstein-Hilbert action

IEH =
1

16πG

∫
d3x
√
|g|
(
R+

2

`2

)
+ boundary terms (A.1)

with the three-dimensional Newton constant G and the AdS3-radius `. Variation of (A.1)

establishes the Einstein equations

Rµν = − 2

`2
gµν . (A.2)

All solutions to the equations of motion (A.2) are locally AdS3, so they are completely

specified by the choice of boundary condition. In other words, these solutions are all

locally diffeomorphic to each other and can become distinct solutions only through their

residual diffeomorphism charges (if they exist). The widely used and studied boundary

conditions are the Brown-Henneaux boundary conditions [30] and the class of solution

with Brown-Henneaux boundary conditions are the Bañados geometries [51] summarized

in this appendix, see also [40, 52, 53] for more detailed discussions.

A.1 Locally AdS3 geometries in Bañados coordinate system

The most general set of locally AdS3 geometries obeying the standard Brown-Henneaux

boundary conditions [30], are given as [51]

ds2 = `2
dr2

r2
−
(
r dy+ − `2L−(y−)

r
dy−

)(
r dy− − `2L+(y+)

r
dy+

)
, (A.3)
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where L±(y±) are two arbitrary periodic functions L±(y± + 2π) = L±(y±). We call the

metrics (A.3) “Bañados geometries”. The conformal/causal boundary of these geometries

is a cylinder parametrised by t, φ, where

y± = t/`± φ, φ ∈ [0, 2π].

As discussed in [53] in principle r2 can take positive or negative values. Some parts in the

r2 < 0 region may be excised due to presence of closed timelike curves.

For general L±(y±), Bañados geometries include black holes with event and Killing

horizons and geometries that are not black holes [53]. The special case of constant, positive

L± constitute the BTZ black hole [41] family, while constant −1/4 < L± < 0 family are

the conic spaces and L± = −1/4 is the global AdS3.

A.2 Symplectic symmetry algebra

As discussed in [40] the family of Bañados geometries form a phase space with a well-defined

symplectic two-form on it. The family of transformations under which this symplectic two-

form remains invariant is called symplectic symmetries. The symplectic symmetry group

of the Bañados geometries (A.3) is two copies, left and right sector, of Virasoro algebras

at the Brown-Henneaux central charge [40]:

[L±n , L
±
m] = (n−m)L±n+m +

c

12
n3 δn,−m,

[L+
n ,L

−
m] = 0, c =

3`

2G
.

(A.4)

The Bañados geometry with L±(y±) is then related to state(s) in the representation of the

above algebra such that the expectation value of L±n over those states are specified as

L±(y±) =
∑
n∈Z

L±n e
iny± , L±n =

6

c
〈L±n 〉. (A.5)

Note that the above expectation value is computed based on the vacuum state where

massless BTZ has vanishing L0. The global AdS3 vacuum state which is the SL(2,R)

invariant one has L0 = −1/4.

A.3 Virasoro coadjoint orbits, Bañados geometries and Virasoro Hilbert space

Bañados geometries fall into a one-to-one relation with the coadjoint orbits [57, 94] of its

symplectic symmetries [53]. Since it is relevant to our discussions in this paper we give

a brief account of the Virasoro coadjoint orbits. A more detailed account may be found

in [40, 53, 57, 94]. The geometries in Bañados family (A.3) specified with L± functions

related through

L̃(x) = h′2L(h(x))−S[h(x);x], h(x+2π) = h(x)+2π, S[h(x);x] =
h′′′

2h′
− 3h′′2

4h′2
, (A.6)

for any function h, are said to be in the same Virasoro coadjoint orbit. When there is no

confusion we will drop the ± subscript to avoid cluttering. One can recognize two major
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classes of orbits: constant representative orbits for which there exists an h(x) where L̃ be-

comes a constant, which will be denoted by L0, and non-constant representative orbits for

which L cannot be mapped to a constant. There are two kinds of non-constant representa-

tive orbits, those which are labeled by only an integer and those labeled by an integer and

a real-positive number. While a thorough discussion may be found in [53], here we briefly

discuss constant representative orbits which is relevant to our discussions in this paper.

These orbits are specified by the value of their representative L0 and fall in four categories:

1. Circular orbits with L0 = −n2

4 , n ∈ N. The corresponding geometries (once consid-

ering left and right sectors) are generically conic spaces on multiple covers of AdS3.

The special case of n = 1 (in both left and right sectors) corresponds to global AdS3.

2. Elliptic orbits with L0 = −ν2

4 , ν /∈ Z. If both the left and right sectors are in the

elliptic orbits, the corresponding geometry is a conic defect or a conformal descendant

thereof. If 0 < ν < 1, the representative geometry is a conic space (a particle) on

global AdS3, while if ν > 1 we have conic singularities on multiple cover of AdS3.

3. Hyperbolic orbits with L0 = b2, b ∈ R. These correspond to the family of BTZ

geometries and their conformal descendants. All the geometries in this class have

Killing and event horizons; mass and angular momentum of the corresponding BTZ

is specified by values of b2±. The special case of b± = 0 corresponds to massless BTZ.

4. Parabolic orbit with L0 = 0. If both of the sectors are in parabolic orbits we are

dealing with null-self-dual orbifold of AdS3; if one sector is in parabolic and the other

in hyperbolic orbits we are dealing with self-dual AdS3 orbifold. The former may

be obtained from the near horizon limit of massless BTZ, while the latter from the

near horizon limit of generic extremal BTZ [95]. The L± = 0 case may correspond

to massless BTZ or null-self-dual orbifold; the difference between the two is in their

global symmetries.

Hilbert space of Virasoro unitary representations. Given the classification of the

Virasoro (coadjoint) orbits one may then construct the associated Hilbert space HVir. Rep-

resentative of any given orbit may be viewed as the vacuum state or lowest weight state and

all the other states in the orbit are constructed by the action of all possible combinations

of L−n, n > 1 on this vacuum state. Explicitly, in general the lowest weight state of a

given orbit is specified as

Lowest weight (representative) state: |(n,L0)〉X , n ∈ Z, L0 ∈ R, (A.7)

where X denotes category of the orbit, circular, elliptic, hyperbolic or parabolic. The most

general state in the orbit is then

|L({pi}); (n,L0)〉X = NL

( ∏
{pi>1}

L−pi

)
|(n,L0)〉X , ∀|L({pi}); (n,L0)〉X ∈ HVir,

(A.8)
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where NL is an appropriate normalization factor. The full Hilbert space of Bañados ge-

ometries is then HBañados = H+
Vir⊗H−Vir. In this work, we deal with constant representative

orbits, which correspond to |(0, L0)〉X states and their conformal family/orbit.

The set of Bañados geometries form a phase space with Virasoro algebra (A.4) at

Brown-Henneaux central charge as its symplectic (and hence, also asymptotic) symmetry

algebra. By “Virasoro Hilbert space” HVir, hereafter and elsewhere in the main text,

we mean the set of all Virasoro coadjoint orbits whose states have a well-defined norm

on the single cover of AdS3. These are all unitary representation of the two-dimensional

conformal group, i.e., primary operators with ∆ ≥ −c/24 and their conformal descendants.

The corresponding geometries are BTZ black holes, conic spaces and global AdS3 and their

conformal descendants. Explicitly, the Virasoro Hilbert space decomposes as

HVir = HBTZ ∪HConic ∪HgAdS . (A.9)

In terms of Virasoro coadjoint orbits, these are (respectively) hyperbolic, elliptic and cir-

cular orbits:

• HBTZ whose states are labelled by |{ni}; J0〉 where |0; J0〉, J0 ∈ R+ denotes the

corresponding BTZ state and {ni} its generic conformal (Virasoro) excitations.

• HConic whose states are labelled by |{ni}; ν〉 with 0 < ν < 1. |0; ν〉 de-

notes the corresponding particle on (global) AdS3 and {ni} its generic conformal

(Virasoro) excitations.

• HgAdS whose states are labelled by |{ni};NS〉 where |0;NS〉 denotes the global AdS3

geometry and corresponds to J0 = i/2 or L0 = −1/4 state. This vacuum state

is the NS vacuum of the corresponding dual CFT2 [63, 64]. In this notation the

massless BTZ state |0; J0 = 0〉 is the R vacuum. The {ni} shows generic conformal

(Virasoro) excitations.

These unitary Virasoro coadjoint orbits contains states for which L0, the expectation value

of average of L, L0 = 1
2π

∫
dφ〈L(φ)〉, is bigger or equal to the value of L0 for the represen-

tative state [57]. These orbits are depicted in the left figure of 3.

B Conic spaces, their metric, symplectic charges and Hilbert space

Given the importance of conic spaces for our horizon fluff proposal and for completeness,

here we briefly discuss some aspects of the conic space geometries. More discussions may

be found in [53, 64, 96].

B.1 Particles on AdS3

Let us start with the simple example of particles on AdS3 with given mass and angular

momentum. These geometries may be obtained from BTZ black holes in the usual BTZ

coordinates via an analytic continuation of the parameters. This is the same as taking
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real J0 to imaginary J0 values (cf. discussions in sections 3.2 and appendix A). Explicitly,

consider

ds2 = −f(r) dt2 +
dr2

f(r)
+ r2

(
dϕ− r+r−

`r2
dt
)2

, f(r) =
(r2 − r2

+)(r2 − r2
−)

`2r2

= −
(
r2

`2
− 2M`

)
dt2 +

dr2

f(r)
+ r2 dϕ2 − 2J` dϕ dt . (B.1)

with M` =
r2
++r2

−
2`2

and J = r+r−
`2

. One can then recover geometries with conic (or surplus)

singularities by the following analytic continuation

r± → i`ρ± . (B.2)

After changing variable as ρ2 = (r2/`2 + ρ2
−)/(ρ2

+ − ρ2
−) the resulting geometry is

ds2 = −
(
ρ2 +

ρ2
+

ρ2
+ − ρ2

−

)
dτ2 + `2

dρ2

ρ2 + 1
+ `2

(
ρ2 −

ρ2
−

ρ2
+ − ρ2

−

)
dφ2 +

2`ρ+ρ−
ρ2

+ − ρ2
−

dτ dφ

= `2
dρ2

ρ2 + 1
−
(
ρ2 + 1

)
(ρ+ dt− `ρ− dϕ)2 + ρ2 (ρ+` dϕ− ρ− dt)2 (B.3)

where τ = t
√
ρ2

+ − ρ2
− and φ = ϕ

√
ρ2

+ − ρ2
−. While ϕ coordinate here has 2π periodicity,

φ in general has 2π
√
ρ2

+ − ρ2
−. We would like to emphasize that there is a one parameter

family of global AdS3 spaces, for which ρ2
+ − ρ2

− = 1. As one may see from the above

metric these cases may be conveniently called global AdS3 in rotating frame. The mass

and angular momentum of the conic deficit is given by

∆± = (M`± J)/2, ∆± = −
ν2
±
4

where ν± = ρ+ ± ρ− . (B.4)

Note that here we are assuming that 0 ≤ ν− ≤ ν+ ≤ 1. This choice is covering 1/4 of the

parameter space, the other three sectors are essentially physically equivalent to this sector.

B.2 Conic spaces in Chern-Simons formulation

In section 2 we assumed that the computation and the algebra of charges for the family of

geometries associated with Virasoro descendants of conic spaces goes through in the same

way as the one for black holes. Due to presence of conic deficit in the former and the

horizon (with fixed temperature) in the latter, it is desirable to directly work through the

computation of the charge for the conic space family. To this end, one uses the Chern-

Simons description, following the methods and notation employed in [14, 17] — for related

conventions see section 1.4. In an appropriately chosen gauge, the sl(2,R)+ × sl(2,R)−
gauge fields associated with conic space family is given as in (1.16) of section 1.4 (to avoid

cluttering we have suppressed ± index on the gauge fields of sl(2,R)± gauge groups and

concentrate on one sector).

Let us study the holonomy of the gauge field associated with conic space family

which has

A = ζ dt+ J dϕ,

∫ 2π

0
J dϕ = πiν, (B.5)
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around the cycle S1 with ϕ ∈ [0, 2π]

Holϕ(A) = P exp

(∮
S1

A

)
= exp

(∫ 2π

0
Aϕ dϕ

)
= b−1e2πiνL0b = b−1

(
e−πiν 0

0 eπiν

)
b .

(B.6)

The Holϕ(A) in the Chern-Simons description, as the above equation explicitly shows,

determines the SL(2,R) monodromy used in classification of Virasoro coadjoint orbits [57].

Considering a circle with φ ∈ [0, 2πν] yields a trivial holonomy. Therefore, the above

holonomy explicitly reflects the nature of the conic deficit and also the periodicity condition

on the allowed gauge transformations. We will use the latter to compute the charges. (Here

we also do not consider the holonomy along the Euclidean time, as we are not dealing with

black holes here.)

The resulting gauge connection associated to conic spaces and its preserving gauge

transformation δεA = dε+ [A, ε] are,

δA = δJ(ϕ) dϕ , ε = L0 η(ϕ) , (B.7)

where we have assumed δζ = δν = 0 [where ν is defined in (B.5)] and consequently

δηJ(ϕ) = η′(ϕ)/2. The δν = 0 condition comes from the fact that the charges are ought

to be computed in a sector with a given holonomy. The canonical charges associated with

the Chern-Simons theory is [14, 17],

δQ[ε] =
k

2π

∮
S1

⟪ε δA⟫ =
k

2π

∫ 2π

0
dϕ δJ(ϕ)η(ϕ) . (B.8)

The above yields the algebra (3.1) where now J0 is anti-hermitian and takes imaginary

expectation values.

B.3 Hilbert space for conic and global AdS3 spaces

It is straightforward to see that the charge algebra analysis of [14] carries over after the

analytic extension (B.2). For the case of conic spaces we get the same algebra as (3.1), but

now J0 is anti-hermitian with eigenvalues ±iν/2, ν ∈ (0, 1). The case of ν = 1 corresponds

to global AdS3.

One may construct Virasoro algebra generators as in (2.10) or (3.4), however, now∫ 2π
0 L(φ) can take negative values. The associated Hilbert space of unitary representations

may be constructed along the same lines discussed in section 3.2. States in the Hilbert

space of conic spaces HConic can hence conveniently be denoted by ν and a collection of

integers {ni}, that is |{ni}; ν〉.
In a similar manner, one can construct the algebra and Hilbert space of global AdS3,

which may be denoted as HgAdS. The union of HgAdS and HConic forms HCG, cf. section 3.2.

C Hermitian conjugation and unitarity

C.1 û(1)k current algebra and hermitian conjugation

The û(1)k current algebra (3.1) permits different options for hermitian conjugation, namely

J†n = σJ−n for n 6= 0 with σ2 = 1 and J†0 = σ0J0 + β with σ0 and β undetermined. Since
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the generators Ln are twisted Sugawara constructions of Jn’s (3.4), we determine their

hermitian conjugation in terms of J†n:

L†0 = L0 +
6

c
(σ2

0 − 1)J2
0 +

12

c

(
σ0βJ0 +

β2

2

)
(C.1)

L†n = L−n +
12

c
(σσ0 − 1)J0J−n +

12

c
σβJ−n − (σ − 1)inJ−n n 6= 0 (C.2)

We always assume hermiticity of the zero-mode Virasoro generator, L†0 = L0, which

implies σ2
0 = 1 and β = 0. (In the other case, β 6= 0, the latter plays the role of a background

charge so that the norm has to be defined as 〈σ0J0 + β|J0〉 = 1.) For vanishing β we

have the following four scenarios for the hermitian conjugate of the symmetry generators

on the plane,

σ = σ0 = 1 , and L†n = L−n n 6= 0 , (C.3)

σ = σ0 = −1 , and L†n = L−n + 2inJ−n n 6= 0 , (C.4)

σ = −σ0 = 1 , and L†n = L−n −
24

c
J0J−n n 6= 0 , (C.5)

σ = −σ0 = −1 , and L†n = L−n −
24

c
J0J−n + 2inJ−n n 6= 0 . (C.6)

In conclusion, assuming hemiticity of the zero mode Virasoro generator L0 (implying σ2
0 = 1

and β = 0) and (anti-)hermiticity of Jn’s (implying σ2 = 1), the hermitian conjugates of

Ln 6=0 are fixed as above. Note that only in the first case the hermitian conjugate of the

Virsoro generators Ln can be expressed solely in terms of Virasoro generators, while the

other three cases also require combinations of current algebra generators.

C.2 Unitary highest weight representations

For unitary theories, the norm of all states has to be non-negative. Let us consider a

Virasoro primary state |φ〉 which is also highest weight state with respect to the current

algebra (3.1). We thus have,

L0|φ〉 = h|φ〉 , Ln>0|φ〉 = 0 and J0|φ〉 =
c

6
J0|φ〉 , Jn>0|φ〉 = 0 (C.7)

where h = c
6J

2
0 . Using the hermitian conjugates obtained as in (C.3), the norm of the state

L−1|φ〉 can be computed using the algebras (3.1), (3.5) which are defined on the cylinder

as follows.

σ = σ0 = 1 , ||L−1|φ〉||2 = 〈φ|L1L−1|φ〉 =
c

3

(
J2

0 +
1

4

)
〈φ|φ〉 (C.8)

σ = σ0 = −1 , ||L−1|φ〉||2 = 〈φ|(L1 + 2iJ1)L−1|φ〉 = − c

12
(ν + 1)2 〈φ|φ〉 (C.9)

σ = −σ0 = 1 , ||L−1|φ〉||2 = 〈φ|
(
L1 −

24

c
J0J1

)
L−1|φ〉 =

c

12
(ν + 1)2 〈φ|φ〉 (C.10)

σ = −σ0 = −1 , ||L−1|φ〉||2 = 〈φ|
(
L1 + 2iJ1 −

24

c
J0J1

)
L−1|φ〉

= − c
3

(
(J0 − i)2 +

1

4

)
〈φ|φ〉 (C.11)
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In cases where σ0 = −1 we used J0 = iν/2. The last option σ = −σ0 = −1 obviously has

no chance of being unitary. In the second and the third case this state is null if ν = −1. We

are specifically interested in the case σ = −σ0 = 1 in which the norm is positive definite for

ν 6= −1. This algorithm can be continued for the rest of higher level states in the Verma

module in terms of the Kac determinants.

On the plane we have

(Ln)cyl = (Ln)plane −
c

24
δn,0 and (Jn)cyl = (Jn)plane +

ic

12
δn,0 (C.12)

and the conformal algebra on the plane becomes

[Ln, Lm] = (n−m)Ln+m +
c

12
(n3 − n) δn,−m

[Ln, Jm] = −mJn+m +
ic

12
(n2 + n) δn,−m . (C.13)

This is consistent with the fact that the twisted Sugawara construction on the plane is

Ln ≡
6

c

∑
p∈Z

Jn−pJp + i(n+ 1)Jn . (C.14)

D J,L-algebras and proof of the Bañados map

In section 4 we introduced the Jn generators obeying the û(1)k algebra (4.22). The gen-

erators may be viewed as creation-annihilation operators for a free two-dimensional boson

theory on R × S1 which is a CFT2. One may then construct the corresponding Virasoro

generators Ln’s

L±n ≡
∑
p∈Z

:J±n−p J
±
p : , (D.1)

where : : denotes normal ordering (J−n = J†n and Jn, n > 0 are the annihilation operators)

and using (4.22) one may readily show that

[L±n ,L
±
m] = (n−m)L±n+m +

1

12
n(n2 − 1)δn,−m , [L±n ,J

±
m] = −mJ±n+m , (D.2)

and [X+,Y−] = 0 for any X,Y. The near horizon algebra consists hence of (two copies

of) the Virasoro algebra at central charge one, plus a û(1) current. The vacuum state

|0〉 defined through Jn|0〉 = 0, n ≥ 0, then satisfies Ln|0〉 = 0, n ≥ −1 and is hence the

SL(2,R) invariant state of the free boson CFT2.

In the Sugawara construction (4.37) we introduced generators of Virasoro algebra at

charge c which recalling the identification (4.21), one can rewrite them as

Ln =

c∑
r=1

Lrn =
1

c

(
Lnc −

1

24
δn,0

)
. (D.3)

This is indeed the map discussed in [54] for relating two Virasoro algebras, one at central

charge c and the other at central charge one. The Ln algebra includes an additional set
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of generators Lnc+r. Inclusion of these operators will reduce the central charge from c to

one. We comment that unlike the Wr
n’s and Jn, which are related through the identifi-

cation (4.21), Lrn are not related to Lnc+r; the former for any given r are Fourier modes

of periodic functions while the latter are Fourier modes of fields with twisted perioidicty.

In a sense our analysis here provides a different viewpoint on the discussions of Bañados

in [54]. Moreover, our discussion clarifies how the Hilbert space of states for the CFT2 dis-

cussed above, i.e., the set of parabolic orbits of the Virasoro algebra of Ln is in one-to-one

correspondence with HCG, the Hilbert space of the Virasoro algebra at central charge c.

Open Access. This article is distributed under the terms of the Creative Commons

Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in

any medium, provided the original author(s) and source are credited.
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