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1 Introduction

Bogomol'nyi-Prasad-Sommerfield (BPS) Wilson loops (WLs) in supersymmetric gauge the-
ories provide one of the main tools to test the AdS/CFT correspondence, being non-
protected operators that in many cases can be computed exactly at quantum level by
using localization techniques. Matching the weak coupling expansion of the exact result
with a field theory perturbative calculation and the strong coupling limit with the dual
string or brane configuration in AdS provides in fact a strong check of the correspondence.

In this paper we focus on 1/2 BPS WLs in superconformal gauge theories and their
string theory duals, in different realizations of the AdS/CFT correspondence. These WLs
are gauge invariant non-local operators that preserve half of the original supersymmetry
charges.

The prototype example of these operators is the 1/2 BPS WL in four-dimensional
N = 4 SYM theory constructed in [1] and dual to a fundamental string in AdSs x S°
spacetime [1, 2].! It corresponds to the holonomy of a generalized connection that includes
also a coupling to the scalar fields of the theory. Using localization, the exact value for
circular loops is given by a gaussian matrix model [7, 8]. At weak coupling it coincides
with the perturbative result of [7, 9], whereas at strong coupling it reproduces the type I1IB
fundamental string result [1, 2, 7, 9].

A similar approach has led to the construction of 1/2 BPS WLs in three-dimensional
super Chern-Simons-matter (SCSM) theories. In particular, for the ABJ(M) models [10, 11]
this operator has been found in [12] as the holonomy of a superconnection that contains, in
addition to the gauge field, scalar and fermion matter fields in the bi-fundamental repre-
sentation of the gauge group. Less supersymmetric BPS WLs have been also constructed,
which still contain additional scalars and/or fermions. In particular, the bosonic 1/6 BPS
WL [13-15], dual to smeared fundamental strings or D-branes [13], plays an important role
in the exact evaluation of 1/2 BPS WL, since the two operators only differ by a Q-term,
where @ is the charge used to localize the functional integral [12]. The evaluation of the 1/2
BPS WL at weak coupling [16-18] and at strong coupling, via the M-theory AdSy x S7/Z;
dual description [13-15] matches the exact result from localization [19-21].

One important feature of 1/2 BPS WLs in four-dimensional A’ = 4 SYM and three-
dimensional ABJ(M) theories is their uniqueness: for a specific set of preserved super-
charges, there is at most one single operator that is invariant under their action. This is
true both at classical and quantum level, and it is consistent with the uniqueness of the
localization result and the uniqueness of the string or M2-brane solutions in the corre-
sponding dual description.

More recently, the construction of 1/2 BPS WLs in N = 4 orbifold ABJM theory, and
more generally in quiver N' = 4 SCSM theories with gauge group [[;_; [U(Nag—1) x U(Noy)]
and alternating levels [22, 23], has been attacked [24, 25]. 1/2 BPS operators can be
defined locally for each pair of adjacent quiver nodes. Referring to the ¢- and ¢ + 1-nodes
it is given by the holonomy of a superconnection that contains couplings to scalars and

'In this paper we consider only WLs in fundamental representation. 1 /2 BPS operators in more general
representations are dual to D5-branes or D3-branes in AdSs x S® [3-6].



fermions in the bi-fundamental representation of the gauge groups U(Ngs_1) x U(Ngg), or
U(Ngg) x U(Ngpy1), and adjacent nodes.

The novel feature that emerges for the first time in this context is the lack of uniqueness.
In fact, at classical level two different WLs have been constructed that preserve the same
set of four supercharges [25]. The two operators, t1-loop Wy, and 1o-loop Wy, in the
language of [25], are evaluated along the same contour but differ for the matter couplings.
Nevertheless, they are both cohomologically equivalent to the same 1/6 BPS WL, whose
expectation value can be exactly computed using localization.

The existence of two different 1/2 BPS WLs seems to be in contrast with the M-theory
dual description where in principle there should be one single M2-brane solution that is 1/2
BPS (see discussion in [25]). It also seems to be puzzling when compared to the localization
result that in principle provides a unique result, (Wy,) = (Wy,), being both the operators
Q-equivalent to the same 1/6 BPS WL.

In a perturbative setup, this puzzle has been solved in [26] by computing the two WLs
up to three loops.? While at one and two loops they have the same expectation value that
coincides with the localization result [27], at three loops they start being different and the
localization result is matched only by the linear combination (W, +Wy,) [26]. Therefore,
at weak coupling this combination seems to be the true BPS quantum operator. However,
this cannot be the end of the story. For N' = 4 SCSM theories, a deeper comprehension
of the physical mechanism that leads to two different WLs preserving the same set of
supercharges would be desirable, as well as the construction of the corresponding duals in
M-theory and the identification of the actual BPS operator at strong coupling.

Motivated by the above discussion, in this paper we perform a systematic construction
of general 1/2 BPS WLs on the straight line and their string/M-theory duals, using the
heavy W-boson effective theory procedure and its dual counterpart in string/M-theory [1,
2, 9, 28].3 We begin by considering four-dimensional N'= 4 SYM as a guideline, and then
move to three-dimensional SCSM theories with decreasing amount of supersymmetry.

Different 1/2 BPS WL can be obtained by Higgsing along different (independent)
directions in the scalar field space and/or choosing different massive modes corresponding
to heavy particles or antiparticles. Different Higgsing directions correspond to different
positions of the dual fundamental strings or M2-branes in the internal space and lead to
WLs that are simply related by R-symmetry rotations and then correspond to the same
quantum operator. Instead, choosing massive particle or antiparticle modes corresponds to
choosing fundamental string/M2-brane or fundamental anti-string/anti-M2-brane solutions
localized at the same position, and should lead to two physically distinguishable objects.

In all cases we construct two sets of independent WLs, one set (W operators) ob-
tained by Higgsing with heavy W-particles, the second one (W operators) obtained by
Higgsing with heavy W-antiparticles, both with the same mass. We study the overlapping

*Precisely, the result of [26] holds for general N = 4 SCSM [];_, [U(N2¢—1) x U(N2¢)] quiver gauge theo-
ries with different ranks, but it cannot be extended to the case of equal ranks (N = 4 orbifold ABJM theory).

3In this paper we consider the M-theory dual description of three-dimensional SCSM theories. Often it
is more convenient to study SCSM theories in terms of a dual type IIB string theory, as done for example
in [29, 30].



of supercharges preserved by different WLs, as well as the overlapping of supercharges
preserved by the dual fundamental strings or M2-branes. In all the cases we find perfect
matching between field theory and string/M-theory results. In fact, we manage to identify
the supercharges in string/M-theory with the supercharges in field theory, as well as the
supercharges preserved by the M2-/anti-M2-branes with the supercharges preserved by the
1/2 BPS WLs.

While for four-dimensional A/ = 4 SYM, operators in the same set preserve different su-
percharges simply related by an internal rotation, and two WLs along the same line in differ-
ent sets always preserve complementary sets of supercharges, for three-dimensional SCSM
theories the overlapping configuration of preserved supercharges becomes more interesting.

In ABJM theory we find that any couple of WLs in the same set, let’s say W and
Wy with fixed I,J = 1,2,3,4 and J # I, always share two supercharges, Gfr",eUKLﬁfL.
Operators belonging to two different sets, W; and W with J # I, share four supercharges
01K 07K with K # 1, .J.

This overlapping becomes more stringent in N = 4 orbifold ABJM where it is possible
to find one particle and one antiparticle configurations corresponding to different Higgsing
directions in the scalar moduli space, which preserve exactly the same set of supercharges.
These are the remnants of the overlapped ABJM spectrum after the orbifold projection.
In fact, under the R-symmetry breaking SU(4) — SU(2) x SU(2) that implies the index
relabeling I — (4,1), with ¢ = 1,2, i = 1,2, we find that four pairs of operators, say the
pair Wi, Wa, the pair Wi, Wa, the pair Wi, VNVQ, and the pair Wi,WQ, preserve the same
set of supercharges (see table 4 and figure 4a). They are nothing but the ;- and ¥9-type
loops of [25]. Correspondingly, in M-theory in AdSy x S”/(Zx x Z,) background we find
that, contrary to the expectations, there exist pairs of M2- and anti-M2- branes at different
positions that preserve the same set of supercharges (see figure 4b). They are the duals of
1~ and 19-loops.

We generalize this construction to N' = 4 SCSM quiver theories with gauge group and
levels [[j—;[U(Nae—1)k x U(No)—k] and different group ranks. Again, we find that using
massive particles or antiparticles in the Higgsing procedure leads to the definition of two
different classes of WL operators, with special representatives that turn out to preserve the
same set of supercharges. In this case, the dual M-theory description is not known.

Our analysis enlightens the origin of the pairwise degeneracy of WL operators in N/ = 4
SCSM theories, both from a (classical) field theory perspective and from a M-theory point
of view. But at the same time it opens new questions. In fact, on one side the existence
in N’ = 4 orbifold ABJM theory of pairwise M2-brane embeddings that preserve the same
set of supercharges reconciles the WL degeneracy found in CFT with the AdS/CFT pre-
dictions, as both 11- and 1o- WL operators have distinct dual counterparts. On the other
side, since the degeneracy persists at strong coupling, we cannot expect that the classical
degeneracy gets lifted by quantum corrections, as previously suggested [25, 26]. Rather,
the present result seems to point towards the fact that both ;- and - WLs could be
separately 1/2 BPS operators. As already mentioned, this should happen consistently



with the localization result? that predicts the same value for the two quantum operators.
A perturbative calculation for 1/2 BPS WLs in N' = 4 orbifold ABJM could answer this
question, but it is not available yet. This is instead available for more general N' = 4 SCSM
quiver theories with gauge group and levels [ [;_; [U(Nag—1)x x U(Nag)_g] for which we know
that the two results start being different at three loops [26], and the localization result is
matched by the unique BPS operator %(le + Wy,). In this case it would be reasonable
to expect that in the corresponding dual M-theory description no pairwise degeneracy of
M2-brane embeddings would be present. Unfortunately, the M2-brane construction for this
more general case has not been done yet. Therefore, in the absence of further indications
it is difficult to clarify the whole picture and draw any definite conclusion.

The rest of the paper is organized as follows. In section 2 we briefly review the
physical picture of the heavy W-boson effective theory obtained by Higgsing procedure
and its string counterpart. In section 3, 4, 5 we investigate 1/2 BPS WLs and their string
theory or M-theory duals in, respectively, four-dimensional N' = 4 SYM theory, ABJM
theory, and N' = 4 orbifold ABJM theory. In section 6 we consider the 1/2 BPS WLs
and Higgsing procedures in more general NV = 4 SCSM theories with alternating levels.
We conclude with a discussion of our results in section 7. In appendix A we give spinor
conventions and useful spinorial identities in three dimensions. In appendix B we collect
the infinite mass limit for the relevant free field theories. In appendix C we give details
to determine the Killing spinors in AdSs x S® spacetime. In appendix D we determine
the Killing spinors in AdS; x S” spacetime. Appendix E contains the detailed Higgsing
procedure for general N' = 4 SCSM theories. Finally, in appendix F we first determine
the Killing spinors in the AdS7 x S* spacetime and then use these results to construct 1/2
BPS M2- and anti-M2-brane configurations that could be possibly dual to 1/2 BPS Wilson
surfaces in six-dimensional N' = (2,0) superconformal field theory.

2 The Higgsing procedure

The guideline that we follow to identify a BPS WL and its dual in string or M-theory is
the derivation of these operators through the Brout-Englert-Higgs mechanism applied on
both sides of the AdS/CFT correspondence. The idea originates from [1, 2|, and has been
realized explicitly for four-dimensional N' = 4 SYM theory in [9] and for ABJM theory
in [28]. Here we briefly review this technique in the tantalizing example of four-dimensional
N =4 SYM theory.”

In a generic gauge theory, a WL along the timelike infinite straight line z# = 76}
corresponds to the phase associated to the semiclassical evolution of a very heavy quark
in the gauge background. Since in N'= 4 SYM theory there are no massive particles, one
can introduce them by a Higgsing procedure. Precisely, starting from the N' = 4 SYM
theory with gauge group SU(N + 1), one breaks the gauge symmetry to SU(N) x U(1) by

4Comparison with localization results makes sense only once we perform a Wick rotation to euclidean
space and map the straight line to the circle by a conformal transformation.

®The procedures in [9] and [28] are similar but not completely equivalent. In this paper we adopt the
latter one.



(a) A string stretching between a stack of (b) The string in the AdSs x S* geometry.
N Da3-branes and one extra D3-brane.

Figure 1. The Higgsing procedure of four-dimensional A" = 4 SYM theory in the dual string theory
description. In (a) the magenta line is the Wilson loop. In (b) the blue cross on S® represents the
point where the string is localized in the internal space.

introducing an infinite expectation value for some of the scalar fields and eventually gets
N =4 SYM theory with gauge group SU(IV) coupled to some infinitely massive particles.
The corresponding Wilson operator turns out to be the holonomy of the actual gauge
connection that appears in the resulting heavy particle effective lagrangian.

The string theory dual of the Higgsing procedure is shown in figure 1. It corresponds
to starting from a stack of N + 1 coincident D3-branes and then moving one of the D3-
branes to infinity in some particular direction. One can excite one fundamental string that
connects the extra D3-brane with the remaining N D3-branes. The worldline of the end-
point of this string in the worldvolume of the N D3-branes is precisely the Wilson loop.
By taking the near horizon limit of the N D3-branes, we get the AdSs x S® geometry with
a fundamental string stretching from the UV to IR in AdSs spacetime and being localized
in the compact S® space.

There is a one-to-one correspondence between the Higgsing procedure in field theory
and the dual string theory construction. In fact, the direction in which the extra D3-brane
moves, and therefore its localization in the internal space, is related to the direction of
the expectation value in the scalar field space of N'= 4 SYM theory. Moreover, we have
the freedom to excite 1/2 BPS fundamental strings or anti-strings between the stack of
N D3-branes and the extra probe brane. In the field theory language this corresponds to
exciting different massive modes, that is massive particles or antiparticles. As we are going
to show in the next section, fundamental strings and anti-strings localized at the same
position in S° preserve complementary sets of supercharges, and they are dual to different
WLs that also preserve complementary sets of supercharges.

This procedure can be easily generalized to M-theory in AdSy x S7/(Z,1, x Z,) back-
grounds where different configurations of M2-branes or anti-M2-branes give rise to different
sets of Wilson loop operators. A pair of M2- and anti-M2-branes localized at the same point
preserve complementary sets of supercharges, and are dual to different WLs that also pre-
serve non-overlapping sets of supercharges.



3 Four-dimensional N/ = 4 super Yang-Mills theory

As a warm-up, and also to fix our notations, in this section we review the Higgsing procedure
for four-dimensional N' = 4 SYM theory. We construct different (independent) 1/2 BPS
WLs and focus on the spectrum of the corresponding preserved supercharges.

3.1 1/2 BPS Wilson loops

Using ten-dimensional A/ = 1 SYM theory formalism, the field content of the theory is
given by one gauge field A, six scalars ¢; with I = 4,5,---,9 and one ten-dimensional
Majorana-Weyl spinor A, all in the adjoint representation of the SU(N) gauge group. The
corresponding lagrangian is

L= —%Tr(FWF‘”’ + 2Dy ¢rD o1 — [¢1, ¢lb1, ]) + %TI"[S\(V“DM +iverA)] (3.1)

with Fp, = 8,4, — 0,A, +i[Au, Ay], Dudr = 861 + i[Au, ¢1], A = —AT4? and DA =
OuA +1[A,, A]. The bosonic part of the supersymmetry (SUSY) transformations are

§A, = idy, (0 + ztv,0), Sbr = idyr(6 + xtvy,09) (3.2)

Here 6 is the ten-dimensional Majorana-Weyl spinor with positive chirality associated to
Poincaré supercharges, and ¥ is the Majorana-Weyl spinor with negative chirality associ-
ated to superconformal charges.

On a time-like infinite straight line z# = (7,0,0,0), we define the general 1/2 BPS
WL [1, 2, 5]

W= Pexp < i / dTA(T)> (3.3)

with generalized connection

A=Ay — ot (3.4)
and preserved supercharges
Yorn'6 = —, Yorn' 9 =9 (3.5)

1

Here n! is a constant vector in R-symmetry space, with §;yn/n’ = 1.

As particular cases, we consider a set W of 1/2 BPS WLs with six independent repre-
sentatives W associated to the generalized connections

Ar= Ao — ¢r (3.6)
The corresponding preserved supercharges are selected by
Yor = —0, Yorvt =1 (3.7)
Similarly, we introduce a second set W with representatives W; associated to

A= Ao+ ¢p (3.8)



which lead to preserved supercharges
Yor0 = 0, Yord = =19 (3.9)

Although the six 1/2 BPS WLs in class W are related by SU(4) = SO(6) R-symmetry
rotations, the relation among the corresponding preserved supercharges is interesting. Since
matrices Yoz, Yo With I # J do not commute, there is no overlapping among supercharges
preserved by the W loops. The same is true for the six WLs in class W. Moreover,
W; and W; with the same I-index always preserve complementary sets of supercharges.
In conclusion, there is no overlapping among the supercharges preserved by these WL
representatives. This is a property that we will meet also in the gravity dual construction
of section 3.3.

3.2 Wilson loops from Higgsing

Following the original idea of [1, 2], we now briefly review the Higgsing construction of
WLs in N =4 SYM theory.

Starting with A" =4 SU(N + 1) SYM theory, we break the gauge group to SU(N) by

the following choice®
A, W, R
Au=<_“ “>, ¢>J=<‘?" J) (3.10)
W, 0 Ry vy

where v; = vny, v > 0, 6/nny; = 1. To be definite we choose ny = 6§ with fixed
I=4,---,9. Taking v — oo leads to particles with infinite mass, m = v.

The v-flux breaks half of the supersymmetries. The massive vector field W, has three
complex degrees of freedom, Wy = W; £iW5, W3, while working in unitary gauge (R; = 0),
we are left with five scalars R;, with ¢ # I. These fields build up the bosonic part of the
four-dimensional A/ = 2 massive vector multiplet according to the following assignment

spin | 1 |[1/2 0 -1/2 | -1
degeneracy | 1 4 6 4 1
field | Wy | --- | W3, Ry | -+ | W_

Since we are interested in the low-energy dynamics of massive particles and their
interactions with the SU(N) SYM theory, we focus on terms in the lagrangian that are
non-vanishing in the v — oo limit. Inserting the ansatz (3.10) into (3.1), we obtain the
following lagrangian for the bosonic massive particles

1 _ _ _
L= Wu W - VW, WH 4 20W,p WH
—D#RiD”RZ' — U2RiRi + QURi(ﬁ]Ri (3.11)

where W, = D, W, — D,W,,, D,2W, = 8,W, +iA,W,,, D,R; = 8,R; +iA,R;.

SWe label gauge fields in SU(N + 1) and SU(N) theories with the same letters, as long as this does not
cause confusion.



We now have two possibilities. If we use particle modes

1 : 1
W, = 7(0)w17w2,w3)e_1mt7 Rl =

V2v V2v

the non-relativistic lagrangian can be reduced to the following form (see appendix B)

rieimt (3.12)

L = iw,Dyw, + ir; Dor; (313)
where Dow, = Ogwg + 1Ajwe, Dor; = Ogr; + 1Ar;, and the new connection is
Ar = Ay — ¢5 (3.14)

This is exactly the connection in (3.6) that defines WLs in the W set.
Alternatively, we can use antiparticle modes

1 . .
W, = —(0, wy, wa, w3)e™ | R, = el 3.15
and we get the non-relativistic lagrangian
L = iTrw,Dow, + iTrr;Dy7; (3.16)

where Dyw, = Oy, — iWaAf, DoTy = doF; — i Ay, with the connection A being
Ap = Ag + o1 (3.17)

This is indeed the connection (3.8) that enters the definition of 1/2 BPS WLs in the W set.

W; and W; preserve complementary sets of supercharges and they describe the evolu-
tion of massive particles and their antiparticles, as can be seen in (3.12) and (3.15).

An alternative, but equivalent procedure starts by Higgsing in the opposite direction
in the scalar field space, that is choosing vy = —1)5§ with v > 0 in ansatz (3.10). In this
case, by exciting modes (3.12) we get connection (3.8) that defines the W; loop, whereas
exciting modes (3.15) we obtain connection (3.6) that defines W7.

Since we have two different, but equivalent ways to generate the two classes of WL
operators, we will call them Wl(l), WI(2) and WI(I), WI(2) although they represent the same
operator. While this classification for the N'= 4 SYM case seems quite redundant, it will
become non-trivial when dealing with their string theory duals in the next subsection.

3.3 Fundamental strings in AdS5xS® spacetime

We now determine the fundamental string solutions in AdSs x S dual to the 1/2 BPS WL
we have constructed.
Type IIB string AdSs x S° background with self-dual five-form flux is described by

ds® = R*(dsigg, + ds3s)

4 4
Fﬁﬁﬁ&:\ RN Foiim = — RSkl (3.18)

with e 5% and Eseirm, being the volume forms of AdSs and S®, respectively.



For the unit AdSs we choose the Poincaré coordinates

d 2
dsias, = u*(—dt® + dai + daj + da3) + % (3.19)
u
with 4 — oo being the boundary. Embedding S° in R =C3 as
21 = cosfy et =z, + izg
29 = sin 0 cos 04 elé2 = T5 + irg
23 = sin By sin 0y e = 27 + izg (3.20)
with 612 € [0, 5], &1,2,3 € [0, 27], we get to the unit S® metric
dsgs = df} + cos® 01dE7 + sin® 01(df5 + cos® O2d¢5 + sin® BdE3) (3.21)

Note that the RS 22C3 is along the perpendicular directions of the stack of D3-branes before
the near horizon limit is taken.

The Killing spinors for the AdSs x S° geometry are determined in appendix C, follow-
ing the procedure in [31]. They are given in egs. (C.8), (C.9), (C.10), (C.11).

We now consider a fundamental string embedded in AdSs x S® spacetime as

t =09, z123 =0, u=oc' (3.22)

with 0%! being the string worldsheet coordinates. We localize the string at some point on
S®, that is parameterized by a uniform vector n! in C3 = RS
n* = cos 6y cos &, n® = sin 0 cos 05 cos &, n% = cos 6y sin &

n’ = sin 0 sin 0 cos &3, n® = sin 0, cos By sin &, n® = sin 0 sin 05 sin &3 (3.23)

The supercharges preserved by the fundamental string are given by’
Y04€ = —€° (3.24)

with €© being the charge conjugate of €.
Using the explicit expression (C.8) for the Killing spinor we obtain

h™'yosher = —ef, h™ oshes = €5 (3.25)
where h has been defined in (C.9). Expressing €; and ez as in (C.11), this is equivalent to
h™'y04h8 = 6, h™ y04ht) = 0 (3.26)

where 0, ¥ are constant Majorana-Weyl spinors with respectively positive and negative
chiralities. It turns out that [5]
h_1’704h = ’)/()[n[ (3.27)

"The names string and anti-string are interchangeable, and we choose the sign here for convenience of
comparison to Wilson loops.

8For a generic spinor ¢, € is defined as the charge conjugate € = B~ '¢*, where B is given in terms
of gamma matrices, and satisfies the condition B~'4%B = 4. The explicit form of B can be found, for
example, in [32]. In Majorana basis we have €° = €*.

~10 -



string position preserved supercharges

Fl(l) z21=1 [0 =& =0 Y040 = =0, Y0409 = ¥
FP lza=i |60,=0,&=nr/2 Y060 = —0, 7069 = U
FO la=-1]6=0&=n Y040 = 0, Yout) = —0
FY | z1=—i [ 6,=0,6 =37/2 Y60 = 0, Yog0) = —10
FP | zp=1 [0 =n/2,0=6=0 Y050 = —0, Y050 = 0

F1(6) Zp =1 th =7/2,00 =0, =7/2 | 7080 = —0, Y089 =0
F1(7) 2p=—1|61=7/2,00=0,{a=7 Y050 = 6, Y059 = —0
F1(8) Z2:—i 91 :71’/2,92:0,52:371'/2 ’}/080:9, ’)/0819:—’[9

Fl(g) =1 |6 =0=7/2,{&3=0 Yot = =6, yord =V
F1(10) Zg:i 91:02:7T/2,€3:7T/2 ")/099:—6, ’)/0919:29
F' | ss=—1 |0 =6=n/2,&5=n Vo7l = 0, Yo7 = —0

F' | zg= =i | 0 =0=7/2,6=31/2 | Y090 = 0, v099 = —0

Table 1. The twelve different fundamental strings at different positions and their preserved su-
percharges. A similar table can be constructed for anti-string F'l(l) solutions. The corresponding
preserved charges are obtained by changing the sign of the r.h.s. of the Killing spinor equations.

so that (3.26) becomes
"}/017119 = —0, "}/0171119 = 19 (328)

These equations have exactly the same structure as the ones in eq. (3.5) defining the super-
charges preserved by a general 1/2 BPS WL. Therefore, we are led to identify the Killing
spinor components 6, 9 in AdSs x S° with the Poincaré supercharges 6 and superconformal
charges 9 of four-dimensional SYM theory [5]. The spectrum of preserved supercharges
depends on the particular string configuration, as we now describe.

We consider twelve different string configurations, Fl(i),i = 1,---,12, localized at
twelve different positions in the compact space. Their positions are explicitly listed in ta-
ble 1, both in terms of complex coordinates in C2 = RS and in terms of angular coordinates.
Solving constraint (3.28) for each specific string solution we obtain the corresponding pre-
served supercharges in the fourth column of table 1. In particular, we note that strings
localized at opposite points in S°, that are Fl(i) and Fl(HQ) solutions with : = 1,2, 5,6, 9, 10,
preserve complementary sets of supercharges. In fact, the corresponding Killing spinor
equations always differ by a sign on the r.h.s.

Similarly, we can consider twelve fundamental anti-string configurations, Fl(i), localized
at the same internal points listed in table 1. The corresponding preserved supercharges are
obtained by solving the constraint

’)/OITLIQ = 9, ’yo]nIﬁ = -9 (3.29)

for each anti-string configuration. It turns out easily that the fundamental string and
anti-string configurations localized at the same point preserve complementary sets of su-
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percharges, whereas Fl(i) and F’f”z), or Fl(iH) and F’l(i), with ¢ =1,2,5,6,9, 10, located at
opposite points always preserve the same set of supercharges.

Therefore, organizing the 12412 (anti)string configurations in terms of the correspond-
ing preserved supercharges, we find twelve pairs of fundamental string/anti-string solutions,
such that each pair preserves the same set of supercharges. There is no overlapping of pre-
served supercharges between different pairs. These pairs are in one-to-one correspondence
with the twelve pairs of 1/2 BPS WLs (Wl(l),W[(Q)) and (WI(I),WI(Q)) discussed in sec-
tion 3.1.

In conclusion, each 1/2 BPS operator can be obtained by two different Higgsing proce-
dures in CFT, which in the dual description correspond to localize one fundamental string
at some point in S® and one fundamental anti-string at the opposite point.

4 ABJM theory

In the same spirit of the previous section, we now apply the Higgsing procedure in ABJM
theory [10] to build two different sets of 1/2 BPS WLs by assigning vev to different scalars
and/or exciting different massive modes. Moreover, in the dual AdSy x S7/Z;, description
we identify the corresponding M2- and anti-M2-brane solutions wrapping the M-theory
circle and being localized at different positions in the compact space. Both in field theory
and in the dual constructions we discuss the spectra of preserved supercharges and their
possible overlapping.

The field content of U(N); x U(N)_; ABJM theory is given by two gauge fields
A, and By, four complex scalars ¢! and four Dirac fermions ¢!, I = 1,2,3,4, in the
bi-fundamental representation (N, N) of the gauge group. The corresponding hermitian
conjugates ¢; = (¢!)T and 7 = (1»7)T belong to the bi-fundamental representation (N, N).

The ABJM lagrangian in components can be written as the sum of four terms
ko wp 2i 2i
LCS = EE Tr Auﬁ,,Ap—l—gAuA,,Ap—Buapr—§BMB,,BP
Ly = Tr(_D;L@EIDHd)]‘FhZI'Y“D,u@ZJI)

2
Ly = 4lTr(¢I(EI¢J(Z’J¢K¢EK+¢I&J¢J(Z§K¢K¢;I+4¢I($J¢K<ZEI¢J(Z§K —6¢1¢” 450" prc ")

3k2
2mi - - - - - - - -
Ly = = -Te(016 4705 ~2016"010s = 8o 07 +26 6 yibry? (4.1)
+el KLy oL —ersxnd' v’ ¢ vh)
where e!/EL c; 1101 are the totally anti-symmetric Levi-Civita tensors in four dimensions

(61234 = £1934 = 1) and the covariant derivatives are given by

Duor = 0u¢r +1iA,¢r — 1B,
D' = 0,¢" —i¢' A, +iB,¢’
D" = 9! +iA’ —iy'B, (4.2)
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The ABJM action is invariant under the following SUSY transformations [33-36]

54y = 2T (o1t + e, 6)

5By = 2 (bt + 1,8

Spr = i€ry’, 5¢! = i@ﬁ” (4.3)
5W=7J®¢rw%m+ ' (050" b — Px o™ bs) + “w&m
5%:—mme+%@—%ﬂﬂwwwéwwmﬂ—%@m%mL

with the definitions !/ = 617 + m“’y,ﬂ?”, érg =015 — 1§IJx“'yw and 077 and ¥/ denoting
Poincaré and conformal supercharges respectively. The SUSY parameters satisfy

_ _ 1
ol = —g/1 017y = 6y, Oy = §€IJKL0KL
. _ _ 1
91 = —19‘][7 (19[‘]) =977, Iy = §GIJKL19KL (4.4)

4.1 1/2 BPS Wilson loops
As in [12], one can construct the 1/2 BPS WLs along the straight line I' : 2+ = 76}

Wi ="Pexp < — i/ dTLI(T)>, 1=1,2,34 (4.5)
I

as the holonomy of the superconnection’

L A Azl A=Ay — 2E(¢10" — $id") (4.6)
i, B ’ B=By—Z(¢' 1 — ¢'ei)

In the above formula the I index is fixed and there is summation for index ¢ # I. The

QIJ

corresponding preserved Poincaré supercharges are (note that and 67 are not linearly

independent)

0y, 07, 05, 054 i j#I (4.7)
For BPS WLs along infinite straight lines, the preserved Poincaré and conformal super-
charges are similar, and in this paper we just consider the Poincaré supercharges, and
the conformal supercharges can be inferred easily. Due to relations (4.4), the preserved
supercharges can be equivalently written as

07,69  or 0 6y i AT (4.8)

W operators are class II 1/2 BPS WLs in [37, 38], up to some R-symmetry rotations.
Similarly, there are 1/2 BPS WLs W still defined as in (4.5) but with superconnection

A [yl A= Ao+ 2 (616" — $id)
JEie B )T B= Byt E - o)

9We use spinor decompositions (A.13) and (A.14).

(4.9)
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Wilson loop | preserved supercharges
Wi 9}3, 0}_3, 9_%, 623, 94, 934
W 012, 013, 01, 0%, 63, 6
Wy 012, 633, 921, 913, 911, 634
T 12 923 p24 pl3 pgld p34
Wy 0=, 02,07, 0°, 057, 07
W3 013, 633, 34, 012, 914, 64
T 13 923 p34 pl2 pgld p24
W5 02,02, 0°%, 0.7, 037, 05
Wy 9}}, 014, 93;4, 612, 913, 923
Wi |01, 6% 03, 912, 913, 923

Table 2. The 1/2 BPS WLs in ABJM theory and the preserved Poincaré supercharges. We have
not included ;7 supercharges, since they are not linearly independent from 6.

They preserve the complementary set of Poincaré supercharges
09, 07, 014, ;- i j#T (4.10)

W operators correspond to class I 1 /2 BPS WLs in the classification of [37, 38], up to
some R-symmetry rotations.

Table 2 summarizes the “natural” representatives of the two classes of 1/2 BPS WLs
and their preserved supercharges. Each WL preserves six real Poincaré plus six real su-
perconformal charges, and so a total of twelve real supercharges. W; and W; for a fixed
I-index preserve complementary sets of supercharges. It is important to note that there
are non-trivial overlappings among the supercharges preserved by different WLs. Precisely,
any couple of WLs in the same set, let’s say Wy and W; with I # J, always share two
Poincaré supercharges Hf e n05E. Operators belonging to two different sets, WI and
W41, share four Poincaré supercharges oK GiK , K # I,J. The amount of the overlap-
ping supercharges between each pair of WLs are shown in figure 2a.

The 1/2 BPS WLs introduced above are special cases of a general 1/2 BPS Wilson
loop W with superconnection

Ag + 2%((%] — 20410_4J>(Z5[(5J A/ %@[w_[i_

opr_al By + 226 — 20l &) ¢ b1

L= (4.11)

where a; = (a1, as,as, as), ol = (ar)*, |a|*> = aja’ = 1. The corresponding preserved
Poincaré and conformal supercharges are

54]9_[,_], Oéléjj_, 0_41195_‘], Oéllgjj_ (4.12)

Similarly, we can introduce a 1/2 BPS Wilson loop W with superconnection

- Ao + 2%(*55 + QQI@J)qb]&J A/ 4%5&[’(,05 (4 13)
- 4%&]4-041 By + 2%(—(% + 20(1(17)&‘](]5[
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(a) Overlapping supercharges of 1/2 BPS (b) Overlapping supercharges of M2- and

Wilson loops. anti-M2-branes.

Figure 2. Amount of overlapping supercharges between each pair of 1/2 BPS WLs in ABJM
theory and between each pair of M2- and anti-M2-branes in AdS, x S7 /Z. A red solid line means
that the two WLs or branes share 2/3 of preserved supercharges. A blue dashed line means that the
two WLs or branes share 1/3 of preserved supercharges. Two WLs or branes that are not directly
connected by any line have no common preserved supercharges.

where |a|? = 1, and preserved supercharges
6&]957, CKIQ_]J+, O_é]’lgI_J, Oél'l§]J+ (4.14)

When a; = §7 with fixed J = 1,2, 3,4, the general operator W coincides with W in (4.6),
while W is exactly W in (4.9).

4.2 Wilson loops from Higgsing

The Higgs construction of fermionic 1/2 BPS WL in ABJM theory has been proposed
in [28]. We now review this construction by generalizing it in order to obtain both W and
W kinds of operators.

We start with U(N + 1) x U(N + 1) ABJM theory and break it to U(N) x U(N) by

choosing the following field configurations

Aﬂ_(;u vg) Bﬂ_@ Z())
7 7
[ 95 Ry N
¢J_<5'J 7)])7 ¢ _<RJ v‘]>
v’ Q7 - vy Sy
J_ = 4.15
¢ (i‘] 0)7 ¢J (QJ O> ( )
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with vy = vay, |a|? = 1, v > 0. In principle, we could perform Higgsing along this general
direction. However, in order to be definite and avoid clutter of symbols, we consider the
special case &y = 6}.

It is convenient to work in the unitary gauge where we set Ry = R! = §' = 8; = 0.
We are then left with three-dimensional massive N = 3 vector multiplets

(W, Q' R;, QY and (Z,,%:, 5%, %1), i=2,3,4 (4.16)

. 2
with mass m = 2”7”

Inserting this ansatz into the ABJM lagrangian and taking the limit v — oo the terms
relevant for the dynamics of the massive particles can be organized as

L= Lot Lot Ly +Lpst Ly (4.17)
where we have defined
L, = %6“VP(WMDVWP—ZMDVZP) W, (v + ¢ YWH—-2Z 7, (v +olor)zH
+20W, 01 ZF+20Z,,p' WH (4.18)
Ly =—-D RiD“Ri—DuSiD”Si—47;€2v4 (R'R;+5;S) (4.19)
47T2”2 i 71 7j i Tj o 71 7j i O 7 j
12 (2R (—¢10" +¢;¢) ) Ri— R'¢; ¢ Rj+28;(—p 1+ ¢ ¢;)S" — Si ' $;57)
L1 = iy"D,0 + ”;“ 0 QH—?Ql( $16"+ 30 ) + Qv Z,+ Z,b v QT (4.20)
+HEYD, 5~ 2mi0 gy, %21(—&@ +¢ 93 D1+ B A W+ W 8
Ly = iQi’Y“DuQi—%;UQ QiQi%—%(QiéﬁJﬁin—QQi%J’in+2UQi¢15i+2U§i¢;19i)
4isi “D#EpLZTFI:} SiS, —%(z%% JSi— 25 6%+ 2051, R+ 20 RS,
AT ik, 5 — e S HON) (4.21)
Lz = —%(Ql@élﬂi%-@%&ﬁl—215%1&—2%1@21) (4.22)

Before choosing the non-relativistic modes, one has to redefine the subleading orders
of fields [28]. There is some freedom in doing it. We choose the following field redefinitions

1 1
WM—><1+¢21¢2>W +¢1Z Zu—><1+¢2¢1>2 +¢W
¢ i i ') o
R—>R+22R S—>S+2U2S
, 1 1 o
Q' - 0, QZ—>QZ+;€”k¢jzk+ﬁ¢j(¢lQJ—<Z5JQZ)
1 . 1 _.
i — X, Zz‘—>Zi‘f‘;gijk(bjgk"i‘W¢](¢izj_¢j2i> (4.23)

which are slightly different from but equivalent to that in [28].
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As for the N/ =4 SYM theory, we can now choose the modes either corresponding to
particle or antiparticle excitations. Exciting particles amounts to choose

= y_wleTimt
k1 _
R =\ ——rje ™
4 v ’
1 1 —imt
Q' =uyw'e ,

Z, = \/Z(o, 1,i)ze ™

—imt
Ei = U40;€
. k1. .
St = Z~ Zste imt
47 v
—imt

Yi=u_oje

(4.24)

where ug are bosonic spinors defined in (A.9).
The Higgsing procedure breaks half of the supersymmetries. The non-relativistic mode
excitations organize themselves in N' =3 SUSY multiplets as follows [28§]

spin | 1 | 1/2 0 -1/2 spin | —1 | —1/2 0 1/2
degeneracy | 1 3 3 1 degeneracy | 1 3 3 1
mode | w | w?3* 72,34 wl mode | 2z | 0234 234 | oy

Inserting expressions (4.24) in the previous lagrangian, after some long but straight-
forward calculation, we obtain the non-relativistic lagrangian

L = i(wDyw +fi’D07’i +a)[D0wI+2DOZ+§iDOSi +5’ID00[)

. _ _ . S o
?(—W/f}ral —@1py 2= 1w — 2w+ PP o @i 8T+ i+ Snh-w')

(4.25)

where for w, r; and w! we have defined Dy = 9y + iA, whereas for z, s* and o; we have
Do = 0y + 1B, with A and B defined in (4.6) and acting on the left. Defining

w wl =1 w gl
U, = : ol =
o1 Z w1 z

r: _w’L . ,,7@ _~1
v,= " Y, Tl — 7 (4.26)
—o0; s —W; 8
the previous result can be written in the compact form
L=iTrv D0, (4.27)
with DoW; = ¥ +iL; ¥ and Ly being just the connection (4.6).
Similarly, we can choose antiparticle modes
™ . imt
W, = O, 1,i)w Z, = E(O’ 1,—i)ze
Q = u, wz 1mt Ez = u_o; eimt
k1 . ) L1 ..
R: = - imt St = v 1 imt
T 47 v
Ql =u_whe™, Y1 =uyope™ (4.28)
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Inserting these expressions in lagrangian (4.17), in the limit v — co we obtain
L= iTI“(w’D()’U_)—i-T’Z"Do??i—I—CUID()(D]—i—Z’DoE—!—Si'Dogi—i—U[Do&I) (4.29)
4m — 1 S ~1.7 15,7 i1 i gl _i T iz
+ ?Tf(glwl/}_—zwﬂ_—WU Y14 +w 21 +oir Pl — s —ric i Fw'Si )

where we have defined Dy = 9y — iA for w, 7 and &y , and Dy = dy — iB for z, 5, and 57 ,
with A and B given in (4.9) and acting on the right. With definitions

i w —w! 3! w ot
1 = 5 =
o1 =z —W1 Z

ri —w' . 7o
\1}7; — ¢ ) s \117' = (430)
o; s —Ww; 8
the previous result can be written in the following compact form
L =iTr¥ ;00! (4.31)

with ©gU! = 9@ — 1%/ L;, and L; being exactly the connection in (4.9).

Applying the same procedure with vy = U(Sf,,i = 2, 3,4, or equivalently applying R-
symmetry rotations, we generate all W and W previously defined in section 4.1. Further-
more, Higgsing in the general direction with vy = va; we could get the general 1/2 BPS
Wilson loops W and W corresponding to superconnections (4.11) and (4.13), respectively.

An analogue procedure can be used to construct 1/2 BPS WLs in the more general
U(N)g x U(M)_; Aharony-Bergman-Jafferis (ABJ) theory with N # M [11, 34]. The
general structure of the operators is still the one in (4.5), (4.6), (4.9) with the matter fields
now in the bi-fundamental representation of U(IN) x U(M). The Higgsing procedure works
exactly as for the ABJM theory and we can classify WLs in two main sets, depending
whether we excite particle or antiparticle modes. The configuration of preserved super-
charges can be still read in table 2 and the overlapping of the preserved supercharges can
be seen in figure 2a.

4.3 M2-branes in AdS4X S7/Zk spacetime

For the ABJM theory we now investigate the gravity dual of the Higgsing procedure by
constructing different M2-brane embeddings that correspond to the previous 1/2 BPS WLs.
In particular, we will be interested in classifying M2-brane configurations in terms of their
sets of preserved supercharges.

ABJM theory is dual to M-theory on the AdSy x S7/Z; background with self-dual
four-form flux, described by

1
2 2 2 2
dS = R (4d8AdS4 +dSS7/Zk>
6
Fﬂgf,& = E&ﬂl)ﬁ& (432)

with €555 being the AdS4 volume form.
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We use the AdS, metric in the form

du?
whereas, in order to write the unit S7 metric, following [13], we embed it in C* = R® with
coordinates z;, i = 1, 2, 3,4, parametrized as

6, . 1
21 :cosécos—lelgl, L=—C2h+x+)
2 2 4
6, . 1
29 = COS B sin —16152, & =——(—201+x+()
2 2 4
G- . 1
23:sin§cos§el&’, 53:—1(2<Z52—X+C)
Qo . 1
24 = sin g sin 526164, & = —Z(—2¢2 —x+) (4.34)

with 8,012 € [0,7], {1234 € [0,27], and so ¢12 € [0,27], x € [0,47], ¢ € [0,87]. The ¢
direction is the M-theory circle. The metric of unit S7 is then

1
dsi. = 1 [d,BQ + cos? g(daf + sin® §1dy3 ) + sin? g(deg + sin® f2dp3)

g

+ sin? g cos? §(dx + cos B1dpy — cos Badps)?

1 1 2
+ <2d§ + cos? g cos 01dp; + sin? g cos Oadpo + 3 cos 6dx> } (4.35)

2mi

The quotient space S7/Zy, is generated by the identification z; ~ exp ( T) zi, or equivalently

8
C~C— (4.36)

We now study M2- and anti-M2-brane configurations and the corresponding preserved
supercharges.

In appendix D we provide the Killing spinors of AdSy x S7, eq. (D.8), in terms of two
constant spinors €; and e that can be decomposed in two different ways, one way given
in (D.12), and the second way given in (D.22). The first decomposition is more suitable
when constructing explicitly M2- and anti-M2-brane configurations that have the same
properties of the 1/2 BPS Wilson loops W and W obtained by Higgsing. The second way
is instead more suitable to perform the correct identification of Killing spinors in M-theory
with Poincaré and conformal supercharges in field theory. It is also useful for identifying
the supercharges preserved by the M2- and anti-M2-branes at a general position with the
supercharges preserved by the general 1/2 BPS Wilson loops W and W corresponding to
superconnections (4.11), (4.13). Therefore, it is worth analyzing the two decompositions
separately.

For Killing spinors in AdSy x S7/Z, the quotient (4.36) leads to

(735 + V58 + 747 + Y69)€1 = (V35 + V58 + 747 + Ye9)€e2 = 0 (4.37)
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Decomposing €; and €3 as in (D.12) this constraint corresponds to
$1+83+83+84=0 (4.38)
so that only six of the eight states in (D.12) survive
(s1,82,83,84) = (+ 4+ ==), (+ = +=), (+ = =+), (= + +=), (= + =4), (= = +4) (4.39)

This is consistent with the fact that there are 24 real supercharges in ABJM theory, with
12 real Poincaré supercharges and 12 real conformal supercharges.

We want to realize M2-brane embeddings preserving half of the supersymmetries, which
are dual to the 1/2 BPS WL operators W7, W constructed in section 4.2. To this end, we
consider a M2-brane with coordinates (¢, o', 0%) embedded in the AdS, x S7/Z;, space-
time (4.32) as

t =0, 21 =29 =0, u=o', ¢ =02 (4.40)

and localized in S7/Z.
In the presence of this M2-brane supersymmetry is broken by the condition [13]

Yogge =€ = h 'yoagher = e, h™ ' ozpher = e (4.41)
with h being defined in (D.9). Explicitly, we have

(91 92 0

_ B . o0 .o . 909
h 1703uh = cos 5 {703 cos? 0y +70588in* By +sin? 5 (047 cos? > +"0695in> 5

0, . 0 .
2 500851sm51 [(038+7055) cos(€1 —E€2) + (Y035 — Y08 ) sin (&1 — &2) |

0 0
2 gCOS 52811152 [(7049+7067) cos(E3 — Ea) + (Yous +079) sin(E3— E4) ]

+cos
—+sin

0 0
JrCOSé Sing { cos = €S — [ (037 -F045) c08(€1 — €3) + (Y34 —Yo75) sin (€1 — €3)]

2 2 2
01 . 0 )
Feosrsin - (039 +7061) cos(€1—Ea) + (Y036 — Y091 ) sin(E1 —&a) |
.0 6 .
+sin 51 cos 52 [(v048 +7057) cos (€2 — E3) — (045 +078) sin (o — 3|

—I—sin%sin% [(059+7068) c0os(€2—&4) + (Y056 +Yos9) sin (&2 — 1) } (4.42)

In general, a M2-brane localized in S7/Z;, except for the M-theory circle is 1/2 BPS.
In order to make the discussion more explicit, we consider four special configurations and
classify the corresponding preserved supercharges.

1) For a M2-brane at position |z1| =1, 2234 =0 (8 = 61 = 0), we have
Y03p€1 = €1, Y03p€2 = €2 (4.43)

which leads to the constraint s; = 4. According to (4.39), it preserves three states.
The M2-brane is 1/2 BPS, and we call it M".
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2) Similarly, for a M2-brane M2(2) localized at |z2| =1, 2134 =0 (8 =0, 6, = m) we
have

7Yo58€1 = €1, Y058€2 = €2 (4-44)

and this leads to the constraint so = +. This is still compatible with three states
in (4.39). We call this 1/2 BPS solution MQ(Q).

3) A M2-brane at position |z3] = 1, 2124 = 0 (8 = 7, 62 = 0) corresponds to the
condition

Yo47€1 = €1, Yo4r€2 = €2 (4.45)

which is solved by s3 = +. We call this 1/2 BPS solution MQ(S).

4) Finally, we consider a M2-brane localized at |z4| =1, 2123 = 0 (8 = 02 = m), which
gives

Yoe9€1 = €1, Yo69€2 = €2 (4.46)

This is solved by s4 = +. We will call it M2(4) solution.

In addition, we can consider anti-M2-brane solutions. In the presence of an anti-M2-
brane supersymmetry is broken by

Yo3p€ = —€ —> h_1’703hh61 = —€1, h_l’yoghheg = —€2 (4.47)

The classification of solutions works as before with all the plus signs on the r.h.s. of (4.43)—
(4.46) replaced by minus signs. We can then construct four 1/2 BPS anti-brane solutions
localized at the same positions as the previous brane solutions. We will call these solutions
M 1=1,23,4.

In table 3 we summarize the eight different M2-brane/anti-M2-brane solutions together
with their positions and preserved supercharges, i.e., components of the Killing spinors.
It turns out that, while M2(I) and Mz(l) solutions always preserve complementary sets
of supercharges, there are non-trivial overlappings of supercharges corresponding to M2-
and anti-M2-branes located at different points. The precise structure of this overlapping is
shown in figure 2b. Notably, this reproduces exactly the same configuration of overlappings
for W; and W; WLs in ABJM theory, given in figure 2a. The fact that the two pictures
are identical strongly supports the conjecture that W7 2 3 4 operators are respectively dual
to M2(1’2’3’4) M2-branes, and V~V17273,4 WLs are dual to ]\_42(1’2’3’4) anti-M2-branes. As a
further confirmation, in section 4.2 it was shown that the pair (W;, W;) emerges from
Higgsing in the ¢ direction, and correspondingly here we have shown that the pair (M2(1),
MQ(I)) is localized at the same position |z7| = 1, z; = 0, j # I. Therefore, there is
one-to-one correspondence between the Higgsing direction in the scalar field space in the
superconformal field theory and the position where the M2-/anti-M2-brane resides.

Supported by this first evidence, we now investigate the identification of supercharges in
gravity and field theory for more general configurations.'? To this end, it is worth using the

10We thank the JHEP referee for suggesting the possibility to perform this general analysis.
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brane position preserved supercharges
(1)
M. =+ | (++— + - —+
Z L PR P e L e N s
M2 S1 = — ( )7 ( +)7 ( ++)
M =+ | (++—=), (= ++-), (—+—+
,2(2) ’22‘:1 5:0,91:7T 52 ( ) ( ) ( )
M2 §2 = — (+ +— )7 (+ +)a ( - ++)
(3)
M. =+ | (+—+-), (—++-), (- —++
1| m g [ [ G o
My s3=— | (++—=), (+——4), (—+—+)
M si=+ | (+— =), (- + =), (- —++)
= lz4| =1 | B=0=m
M, sp=— | (++—), (+—+—), (= ++-)

Table 3. The 1/2 BPS M2- and anti-M2-branes in AdS, x S7/Zk spacetime, their positions, and
the supercharges they preserve.

second way of decomposing Killing spinors, given in (D.22). Using decompositions (D.13)
and (D.14), constraints (4.37) lead to

(T35 + T'ss + Ta7 + Teg)n =0 (4.48)
In terms of the eigenstates (D.16) this amounts to
t1+to+t3+t2=0 (4.49)
and only six of the eight states (D.17) for the 1 spinor survive
(t1,t2,ta,ta) = (++ —=), (+ —+—), (+ = =), (= ++-), (= + —+), (= — ++) (4.50)

In the present order we call them 7;, i = 2,3,4,5,6,7. We rename 7;, #° and 9 in (D.22) as

2 ="nN2 = —1n21, N3 = M3 = —131, T4 = T4 = —T41
N5 = 7123 = —132, Ne = —M24 = 142, nr =734 = —143
92 _ 912 — _9217 93 —_ 013 — _‘9317 04 — 014 — _041
65 _ 923 — _9327 96 — _924 — 0427 07 — 034 _ _943
192 —_ 1912 —_ _,l9217 193 —_ 1913 — _1931’ 194 — ,014 — _1941
795 _ 1923 _ _1932’ 196 — _1924 _ 1942’ 197 — 1934 — _1943 (451)

Then, defining 77 = n$,, 075 = 617¢ = (677)* and J;; = ¥1/¢ = (¥1/)* we write €1, €2 as

4

= ' 0. i) — Lol _1; _1J
1=
S 5 ; 1 1-
€ = Z;(W @n+9;00) = 519”@77” = 519”@)77” (4.52)
1=
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where 677 077 satisfy relations (4.4) as a consequence of (D.21). It is therefore tempting
to identify 67/, 6;;, 917, 9;; components of the Killing spinors in AdS, x S7/Zk with the
supercharges in ABJM theory.

To perform the exact identification, in C* =2 R® we use complex coordinates

2= x3 + iz,

2% = x5 + ixg,
z° = x4 + ix7,

Z° = xg + ixg,

Elzilzxg—il‘u

_ 3 .

Z9 = 27 = XI5 — 1T8

_ 3 .

23 = 2 = T4 — 17
24224:l‘6—il‘9 (4.53)

The metric then reads dsé4 =dzldz = g; jdzI dz? with non-vanishing components g7 =
925 = gs3 = g4 = 1. Correspondingly, we introduce gamma matrices

g1 =

g2 =

g3 =

g4 =

that satisfy the algebra {gr,9s} = {97,957} =0, {91,957} = 29;

we also define gy = vo.

\}5(73 — i),
1

\ﬁ(% - 1’78)
1

ﬁ(% —iy7),
1 .
ﬁ(% — i9),

- (73 +1im)
T 1
g1 = NG Y3 T 1Yy
- (75 +i78)
5 1
93 = \/§ 5 8
71( + iy7)
2 1
g3 = \/§ Y4 Y7
1
1= —= +1i 4.54
g1 = \/5(76 Y9) (4.54)

7. For later convenience,

Considering the decomposition (D.14), we also define

Gy = \2(1“3 iy, G = 12(r3 4Ly
Go = \}5@5 — i), Gz = 12(F5 +ils)
Gs = }(1—2 —il'7), G3 = 12(F4 +il'7)
Gy = \2@6 —iry), Gy = 12(r6 +ily) (4.55)
In C* we introduce the unit vector
ol = <cos§cos€2 i1 cosgs 92 12 smgcose2 i€s smgsme;ei&l) (4.56)
a; = (a!) = al = (cosgcos{g2 e i cosgs 02 e i smgcose2 e it sm§s1r1922e154>
that satisfies a’a; = g;jafa’ = 1. Localizing the M2- or anti-M2-brane in the compact

space at the point described by this vector, it turns out that (4.42) can be written as

h ™ q0s5h = —igg o' &’

=iy, @ I'Gja et (4.57)

~ 93 -



whereas (4.52) becomes

61 = a0'% a‘]nJK + a0 ® @JﬁJK

€y = 07179IK ® OéJ??JK + Oéllng (= @JﬁJK (4.58)
Inserting in (4.41) and using

(TG yy0’a’) (0 nir) = (o'ncs)
(TGl al)axnh) = ~(axn'™) (4.59)

we find that the (677,9!7) supercharges preserved by a generic M2-brane satisfy

vyoar!' = —ia; 0", Yool Oy = ia'0;,

")’00_4119]J = —iO_é[ﬁIJ, ")’00611§1J = iOéI'l§]J (4.60)

These are indeed supercharges (4.12) preserved by a general Wilson loop W. Similarly, a
general anti-M2-brane at the position specified by a! preserves supercharges satisfying

Yoar0' =ia 0", Yoo 01y = =i’ 0y,
’7007[19[‘] = id[’ﬁ]‘], ’70a1’1§1J = —ial’gjj (4.61)

which are supercharges (4.14) preserved by a general W operator.

In summary, we have proved that the supercharges in AdSy x S7/Z;, preserved by a
M2- or anti-M2-brane embedded as in (4.40) and localized in the internal space at a point
described by vector (4.56) can be identified with the Poincaré and conformal supercharges
in ABJM theory preserved by general W or W 1 /2 BPS operators.

5 N = 4 orbifold ABJM theory

In all the previous examples, we have given evidence of the fact that different, independent
1/2 BPS WL operators can share at most a subset of preserved supercharges. Therefore,
for each configuration of 1/2 conserved supersymmetries there is at most one WL operator
that is invariant under that set. The same property emerges in the spectrum of string/M2-
brane solutions dual to these operators.

We now consider N/ = 4 SCSM theories where, as we will discuss, such a uniqueness
property is lost and one can find pairs of different WL operators or dual brane configurations
sharing exactly the same preserved supersymmetries. We begin by considering the N' = 4
orbifold ABJM theory and postpone to the next section the discussion for more general
N = 4 SCSM theories.

The N = 4 orbifold ABJM theory with gauge group and levels [U(N)g x U(N)_g]" can
be obtained from the U(rN); x U(rN)_; ABJM theory by performing a Z, quotient [39)].
To begin with, the field content is given by /N x rN matrix fields A,, By, ¢r, P! with
I =1,2,3,4. Under the Z, projection each matrix is decomposed into r x r blocks and
each block is an N x N matrix. Moreover, the R-symmetry group SU(4) = SO(6) is broken
to SU(2) x SU(2) = SO(4), and consequently the I index is decomposed as

I1=1,243—i=1,2i=1,2 (5.1)
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2/-2
¢( ) ll/(z/ 2) K

2-1)
¢EA )¢’l(2/-1)

-k

- >
(2/-1) (/)
> -

— —(2/-2)
D2-2) ¥;

¢(2/- 1)

—(2/ 1)

2/ N
¢ W
- —2)
¢(2/) y;

Figure 3. A slice of the quiver diagram of A/ = 4 orbifold ABJM theory with gauge group and

levels [U(N
(2r) =

)k X U(N)—x]"
(0) are understood.

. The quiver diagram is closed, so index identifications (2r+1) =

(1) and

In particular, the SUSY parameters are now labeled as Poincaré supercharges 6%, 6;; and
superconformal charges 9, ¥;;, and they are subject to the constraints

(912)* = Vi, 6” = Eijain
(19 ) = 1§ ﬁzi = 6ij€gjl9jj (5.2)
where the antisymmetric tensors are defined as €12 = €45 = 1.
Explicitly, the original ABJM fields are decomposed as
A, = diag(AM, AP, ... ARD), B, = diag(B"), BY), .-, B )
¢i = dlag(d)z(())v ¢52)7 e 7¢§2T_2))7 gEZ = dlag( (0)7 ¢(2)a e 7&22r—2))
0 ¢§1) 0 7%%—1)
0 % O
& = - ) o= ¢Z(3)
o 0
(2r-1)
¢1 0 (2r-3) 0
0 ¢z1) 0 &527«71)
i 7(1)
0 Vs vin O
0 w%Qr—i’)) . 0
djé?r—l) 0 1/_}1(27’_3) 0
W' = diag(vo), Uiy Yiar2))s U = diag(@” 9P PPy (5.3)

A slice of the corresponding necklace quiver diagram is shown in figure 3, where arrows indi-
cate that matter fields are in the fundamental representation of one gauge group (outgoing
arrow) and in the anti-fundamental of the next one (incoming arrow).

5.1 1/2 BPS Wilson loops

1/2 BPS WLs in N' = 4 orbifold ABJM theory can be easily obtained by taking the Z,
quotient of ABJM 1/2 BPS WLs constructed in section 4.1.
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We start by considering W; operator, i.e., (4.5) with I = 1. Its connection (4.6)
decomposes as

AW o sV

A®) 0o ¥

A(2r=3) 0 1(27"*3)
A(2r71) 1(27'—1) 0
1
oo B
A
0 B(Qr—4)
f2(27’—3) 0 B(2r72)
with the definitions
_ 20—-1) | 2T 20-2) 7 20-2) 7 20-1) 73
ACED = AP 4 S (0" P Gos ) + 05" ey + 0 Bl )
20 2, - 20 T 20 i 20—
B = B(() )y ?(—&2@)% )+ ¢%2£)¢é )+ ¢(2z_1)¢z( 1))
201 Am 201 [AT —(20-1
f1( ) = ?1/}(12571)% fg( ) = ?1&%_ ) (5.5)
The connection can be re-organized as
(2¢—1) p(2¢-1)
. 1 2 r . Y4 A f
Ly = dlag(Lg )aLg )7 T 7L(1 )) with Lg) = ( f2(2€—1) ;(25) ) (56)

This time we have the freedom to define double-node operators Wl(é), with £=1,2,--- ,r,
corresponding to the ng) superconnection localized at quiver nodes 2¢ — 1 and 2¢. One
can eagsily show that all these WLs preserve Poincaré supercharges (Hf, 6%, 01—, O).
Therefore, we can define a “global” W; operator as the holonomy of the complete L su-
perconnection. This is nothing but Wy = ,_; Wl(z), and preserves the same supercharges.

With a similar procedure, but starting from W in eq. (4.5) we can construct 1/2 BPS
WL Wy = >, WZ(E) preserving Poincaré supercharges (6%, 01, 0y, 61;1). From Wy

operator in eq. (4.5) we construct Wi = >, Wi(g) with preserved Poincaré supercharges

<03r17 02, §i177 HiQJr

supercharges (Gf, 61, 9_1.2_, §i1+).

). Finally, from W3 we obtain W5 = >, WQ(Z) preserving Poincaré

Alternatively, we can do the orbifold projection starting from the ABJM superconnec-
tion Ly, i.e., (4.9) with I = 1. The corresponding superconnection in N' = 4 SCSM theory
then reads

Ly = diag(L{V, L ... | L{) (5.7)
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Wilson loop | preserved supercharges

Wl 0_1‘_1 9_12 921 92@

" 1T, 912, g2, 622

W 03!, 632, o', 01

Wa 0%, 622, 911, 012

Wi 913 9%} 91@ 92@
Wi 011 021 9}? ‘93?

12 p22 p1i poi

W 0=, 03, 02, 0~

5 012, 622, 6", 63

Table 4. The 1/2 BPS WLs in N/ = 4 orbifold ABJM theory and the supercharges they preserve.
We have not shown 6;; supercharges, since they are not independent.

where

o _ Jee-1) fl(%—l) (20-1) 4T 4 F(20-1) _ (2¢-1)

o e gen ) fi =\ % Y- 2 wH
2
s 2%-1) | 2T, (20—2 (2¢-2) 20—1) 73
A = A 4 SR T Bl — 68 By — 67 Bl y)
o n L (-
B2H — Bé €) : ((;5 2@)‘751 ¢22€) §2 )~ ¢ 20—1) <f’(2 Y ) (5-8)

We then define double-node WLs Wl(é) with £ = 1,2,--- ,r as the holonomy of the igé)
superconnections, and the “global” operator Wy = >t Wl(z). They all preserve super-
charges (6", 9?&, Oy, 027 ).

From WLS Wg 4,3 of the ABJM theory, we obtain 1/2 BPS operators W = Py V~V2(€),

=YW % and W S W, é) respectively, with corresponding preserved Poincaré
supercharges glven in the summarlzmg table 4.

According to the classification of [37, 38], W; and W5 operators (and the corresponding
double-node operators) belong to class II, up to some R-symmetry rotations; W, and
Wo belong to class I, whereas WLs Wj, Wi, Wi and WQ were not considered therein.
In particular, W7 (or the double-node version Wl(e)) is the ¥-loop that was constructed
in [24, 25]. Wilson loop Wy (or WQ(K)) corresponds to the 9-loop of [25].

Each WL preserves four real Poincaré plus four real superconformal charges. Therefore,
they are all 1/2 BPS operators. From table 4 it is easy to realize that there is non-trivial
overlapping of preserved supercharges among different WLs, as shown in figure 4a. In
particular, we see that there are four pairs of WLs that preserve exactly the same set of
supercharges (WLs connected by a red line in figure 4a). Therefore, as already mentioned,
in the N' = 4 orbifold ABJM theory the uniqueness property of WLs corresponding to a
given set of preserved supercharges is no longer valid. This is in fact the result already
found in [25] for the (¢1-loop, ¥s-loop) pair.
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(a) Overlapping supercharges of 1/2 BPS (b) Overlapping supercharges of M2- and
Wilson loops. anti-M2-branes.

Figure 4. Amount of overlapping supercharges between each pair of 1/2 BPS WLs in N = 4
orbifold ABJM theory and between each pair of M2- and anti-M2-branes in AdSy X S7/(ZT;,C X Zy).
A red solid line means that the two WLs or branes preserve exactly the same supercharges. A blue
dashed line means that the two WLs or branes share 1/2 of preserved supercharges. Two WLs or
branes that are not directly connected by any line have no common preserved supercharges.

Starting from W; or Ws operators defined above, we can apply a R-symmetry rotation
and obtain a 1/2 BPS Wilson loop W with connection

A1) f(%*l)
. ) 72 r ¢ !
L = dlag(L( L AC P A ))7 L = < (20-1)  p(20)
_ 2—1 27 i i— 2@ 2 20-1) 73
A1) — A(() ) 4 - {(5]- — a])(b )¢(25 o) T ¢£ )¢(25*1)}
20) | 27 [ g ia) el b0 4 g 2t
B(2H — B(() )+ & {(53' — 2a'ay) %2@)@( )+ (ls(2ffl)¢g )}
01 4w . 201 (26-1) i
2 = \/Zaiw(%—l)—i-’ 520 = ¢ : (5.9)

where a; = (ai,as), o = (@)*, |a|> = @;a® = 1. The corresponding preserved super-

charges are

a0y, a0y, a7, o'y (5.10)

Similarly, we can construct the 1/2 BPS Wilson loop W, with connection

" (2) ) ® B(20) fl(ze)
L/\ = dlag(L/\ 7L o L/\ )7 L/\ - <f2(2€) A(2£+1)>

2) 2T (2 2 i~ \ 7 26-1
B = B 1 27 [, 4 (5} - 2005) 6>V
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1) _ 0+1) | 2T (20) 5 i iq;) 2 3l
ACHD — A2 - [qbi Sap + (0] — 20'a;)¢; ¢f2e+1)}

A 4777 1A 2 Y4 47[-7 2
0 = e, - Fasiy, G

where a; = (a3, a3), o' = (@)*, |a|? = &’ = 1, and preserved supercharges
dieﬁf, Oéie_ﬁ_, 545’193%_, aiﬁii_ (5.12)

Furthermore, we can obtain the 1/2 BPS Wilson loop W with parameters &;, o' and
preserved supercharges

@i 91—2 ) aiéﬁ—l— ) 077/79@ ) Oéi@ii-i— (5 13)
as well the 1/2 BPS Wilson loop W, with parameters &;, ! and preserved supercharges
5[59?, Oéiéipr, (jéﬂgij, aiﬁiH (5.14)

The corresponding connections can be easily figured out, and we will not bother writing
them out.

It is interesting to note that if we apply the orbifold projection directly to the general
1/2 BPS WLs in ABJM theory corresponding to connections (4.11) and (4.13), we obtain
new fermionic 1/4 BPS operators. We will report the results, as well as their M2-/anti-
M2-brane duals, elsewhere [40].

5.2 Wilson loops from Higgsing

The easiest way to obtain the previous WLs via the Higgsing procedure is to perform the
orbifold projection of the construction done for the ABJM theory. In fact, orbifolding the
Higgsing reduction of U(rN + r); x U(rN + r)_; ABJM theory to U(rN), x U(rM)_y
ABJM theory, is equivalent to directly Higgsing a [U(N+1), x U(N+1)_,]" N' = 4 orbifold
ABJM theory to a [U(N); x U(N)_g]" N = 4 orbifold ABJM theory. Since the procedure
is similar for all the WLs, we will show it explicitly only for the Wj operator.

We consider the low energy non-relativistic particle modes of the ABJM theory given
in eqs. (4.24) and (4.26) and write them in terms of fields in /' = 4 orbifold ABJM theory

1 ) i
v =", e D (5.15)
o1 z o —0; s

where we have defined

w= diag(w(1)7w(3)7 Ty w(2ril))7 zZ = dlag(z(0)7 2(2)7 : ; 2(21“72))
ro = diag(r§0)7r§2)7 cee 7*§2r_2))7 52 = dlag(S(O), 3%2), s 8%27472))
Wi - diag(w%o)’ w&)’ T ’w§2r—2))7 0; = diag(ai((])v Ui(2)’ 70'2(27“72))
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0 7’5(1) 0 S(2r—1)
5 R
0 rlg ) sy 0
r; = ) , s* 5%3) (5.16)
0 T7§2r73) . 0
(2r-1) A
" 0 5221"—3) 0
. (2r-1)
0 ‘*’21) (()) o
, 1
0 wz3) op 0
O.)i = T ) 0 = U’L(3) '
0 szr—s) .0
. 2r—3
Wigr—1) 0 z( Y0
The non-relativistic lagrangian then becomes
L =iTr¥'DoW; + iTrv' D v; (5.17)
with
DoV, = OV; +i1L1Y;, DoV; = OgV; +i1L1Y; (518)
and Ly being the connection in eq. (5.4).

It is convenient to re-organize the L connection as in (5.6) and modes (5.15) as

\Iji = dlag(\I/z(l)’ \P§2)7 Tty \Ilz(r))
B (26—2)
\Ijgg) . (w(% 1) w(12€—1)> \I/gf) o Ty —OJ(22€71) (5 19)
= 20—1 ) = 20—1 :
R o
and
(2e=1) _ i
. 1 2 T l 2 —
U; = diag(v!, 02 ... wl), vl = on D (5.20)
—0; S(20—1)
so that we can write
Tl L0 = Trd, 10w, T L0 =y Tedl, L vl (5.21)
/=1 (=1

Therefore, using these new definitions we can rewrite lagrangian (5.17) as

£=i> T (B Dow!? + U, Deu”) (5.22)
/=1

where the covariant derivatives are given by

900" = opw +ir)wl?, D0 = 9pu!) +iV o (5.23)
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We have then obtained the generalized connections L, Lg@) that need to be used to define
the 1/2 BPS Wilson loops Wy, W,

Replacing particle excitations with antiparticle ones in eqgs. (4.28), (4.30) and per-
forming the orbifold quotient we obtain a non-relativistic lagrangian with derivatives co-
variantized by generalized connections El,igg), which enter the definitions of Wl,Wl(Z)
operators.

The Higgsing procedure breaks half of the supersymmetries. It is then interesting to
analyze how the non-relativistic modes organize themselves in N/ = 2 SUSY multiplets.
Exploiting the fact that in three-dimensions a N/ = 3 massive vector multiplet can be
written as a N’ = 2 massive vector multiplet plus a A/ = 2 massive fermion multiplet, in
N = 4 orbifold ABJM theory the non-relativistic modes of the original ABJM theory can
be re-organized in N = 2 massive super multiplets as follows

spin 1 1/2 0 12
degeneracy 1 9 1
degeneracy 1 9 )

mode W) Tg_l) Wiae-1)
spin | —1 ~1/2 0 1/2
degeneracy | 1 9
mode | 229 | o) S0
degeneracy 1 9 1

Therefore, 1/2 BPS WLs in A = 4 orbifold ABJM theory emerge from the low energy
dynamics of N' = 2 massive supermultiplets.

5.3 M2-branes in AdS4xS"/(Z,rxZ,) spacetime

The N = 4 orbifold ABJM theory is dual to M-theory in AdSy x S”/(Z,x x Z,) space-
time [39, 41, 42]. We use the AdS, metric in (4.33) and parametrize the S7 unit sphere with
the z; complex coordinates given in (4.34). The quotient Z,j X Z, is obtained by identifying

2mi
(21, 20, 23, 24) ~ €7 (21, 22, 23, 24)

27i 27i

(21, 22,23,24) ~ (e ™ z1,€ v 22,23, %24) (5.24)

or equivalently, in terms of the angular coordinates

8T 47 47
T r r

Note that this quotient convention is consistent with conventions on the R-symmetry in-
dices decomposition (5.1). Acting with the orbifold projection on the AdS, x S7 Killing
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brane position preserved supercharges
(1)
M. =+ | (+—+—), (+——+
T Y DR I [ s
My s1=— | (=++=), (= +—+)
M =+ | (= ++-), (—+—+
72(2) |22 =1|B=0,0 =7 i ( ). )
I == | (+—+-), (+——F)
(3)
M. =+ | (+—+-), (—++—
2o el =1 B=m, 0=0 ( h { )
M, s3=— | (+——+), (= +—+)
MY si=+| (==, (+-+)
=) lz4| =1 | B=0y=m
M, sg=— | (+—+-), (= ++-)

Table 5. The 1/2 BPS M2- and anti-M2-branes in AdSy x S7/(Zrk x Z,) spacetime, their positions
and the preserved supercharges.

spinors (D.8) we obtain the following constraints

(’Y3u + v58)€1 = 0, (Va7 + Y69)€1 = 0
(735 + ¥58)€2 = 0, (Va7 + v69)€2 = 0 (5.26)

Using decomposition (D.10), we get
s$1+ 82 =0, s3+54=0 (5.27)
Therefore, only four of the eight states (D.12) survive
(s1,52,83,84) = (+ = +=), (= + +=), (+ = =F), (= + =+) (5.28)

The Killing spinors in AdSy x S7/(Z,i x Z,) spacetime have 16 real degrees of freedom, and
this is consistent with the fact the N’ = 4 orbifold ABJM theory has eight real Poincaré
supercharges plus eight real superconformal charges.

Following what has been done in section 4.3 for the ABJM theory, we construct 1/2
BPS M2- and anti-M2-brane solutions preserving eight real supersymmetries. These con-
figurations wrap the M-theory circle and are embedded in AdS4 as in (4.40). Different
positions in the internal space lead to different M2-brane configurations that preserve dif-
ferent sets of supercharges.

A set of independent solutions is listed in table 5. For M2U), I =1,---,4 solutions
localized at |z7| = 1, constraints in (4.41) give respectively s; = +. For the anti-M2-branes
MQ(I), localized at |z7| = 1, the constraints give respectively s; = —.

As it turns out from this table, there is non-trivial overlapping among the sets of
preserved supercharges. In particular, there are four pairs of M2-branes and M2-anti-
branes localized at different positions, which preserve exactly the same supercharges. This
is shown in figure 4b where red solid lines connect elements of the same pair.

It is important to note that figure 4a showing the overlapping scheme of supercharges
preserved by the 1/2 BPS WLs in table 4 is exactly the same as figure 4b representing
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the overlapping scheme of supercharges preserved by M2- and anti-M2-branes in table 5.
Precisely, to each pair (W7, WQ), (W, Wl), (W, VVI) and (Wj, WQ) of BPS WLs preserving
the same set of supercharges correspond pairs (MQ(I), ]\7[2(2)), (MQ(Q), MQ(I)), (M2(3), M2(4))
and (M2(4), M2(3)) of M2-/anti-M2-branes that preserve the same supercharges. In each pair
of WLs, one operator is dual to an M2-brane configuration, while the other one is dual to
an anti-M2-brane at a different position.

In particular, it follows that if W7, the ;-loop in [24, 25], is made dual to the M2(1)
brane localized at |z1| = 1, then Wy, the to-loop in [25], is dual to the ]\_42(2) anti-brane at
position |zg| = 1. The 11- and ¥9-loops are different operators that happen to preserve the
same supercharges. Correspondingly, they have a dual description in terms of two different
M2- and anti-M2-brane configurations located at different positions.

Therefore, the WL degeneracy found in [25] for the ;- and 12-loops is also present in
their dual description and no contradiction with the AdS/CFT correspondence emerges.
In particular, our construction of dual M2-, anti-M2-brane pairs seems to indicate that no
degeneracy uplifting should occur at quantum level and points towards the possibility for
both - and 9-loops to be separately BPS operators. However, as already mentioned in
the introduction, this may have problematic consequences, in particular when compared
with the localization result that seems to be unique. We will come back to this point in
the conclusions.

Using decomposition (D.22) we can identify the supercharges in M-theory and field
theory. For n in (D.16), (D.17), the orbifold constraints (5.26) lead to

ti1+to=ts3+t4 =0 (529)
so that only n3, 74, 15, 6 survive. In (D.22) we redefine

M=M= M= =0, ==, 6=y =1

3 12 4 22§ 5 11_ 5 6 21§
0° =0 = —0., 0" =07 =05, 0°=0" =0, 0° = -0 =04 (5.30)
and rewrite the Killing spinor decompositions as

=Y (@n+007)=0"2n=>0;7"
i=3.4

=Y (Pen+07)=9"0n;="0;7q" (5.31)
i=3.4

Since 0%, 0, 9%, 9;; satisfy (5.2), we can identify them with the Poincaré and conformal
supercharges of the A/ = 4 orbifold ABJM theory.

In fact, the analysis in section 4.3 of the spectrum of conserved supercharges for a
generic M2- or anti-M2-brane configuration can be easily applied to the present case, simply
setting

012 =03 =019 = 034 = 092 = 93 =915 = 934 = 0 (5.32)

and using the redefinition of compact space indices as in (5.1).
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We first consider a M2-brane solution. Using complex coordinates (z!, 22, zi, zé) for
the C2 x C? internal space, parametrized as in (4.34), we choose a M2-brane configuration
determined by the constant vectors in S7/(Zx x Z;)

» 01 ; 01 ; ; O ; 02
a'= <cos s cos 516151 ,COS g sin 216152) , o= (sin B sin 526154 ,sin g cos 2261£3> (5.33)

2 2
B 0 _ B B . 02 g b

. 0, . . .
;= <COS20082€ 151,COSQSin216152>, oy = (sin2sin2e154,sin20082e‘53>

satisfying ;o' + aza' = 1. From (4.60), the corresponding preserved supercharges are
given by

’)’Oaieﬁ = —ic_tieﬁ, ’yoaiéﬁ = iaiéﬁ, ’yoo_ngﬁ = —iaiﬁﬁ, ’yoaiéﬁ = iaie_ﬁ

’}’Odi’ﬁﬁ = —idiﬂii, ’Yoai2§ﬁ = iaiﬁﬁ, ’Yodi’ﬁﬁ = —idi’ﬁﬁ, ’yoaizgﬁ = 1aiz§li (534)
We discuss three different configurations.

1) When 8 = 0, we have &; = 0 and the M2-brane wraps only the first C2. The preserved
supercharges are

’)’Oﬁiaﬁ = —i@iﬁﬁ, ’yoaiéﬁ = iaiéﬁ, ’)’Odiﬂﬁ = —i@iﬁii, ’yoaiﬁﬁ = iaiﬁﬁ (5.35)

These are exactly supercharges (5.10) preserved by the W operator with supercon-
nection (5.9).

2) When 8 = m, we have @; = 0 and the M2-brane wraps only the second C2. The
preserved supercharges are

")/Odigii = —iO_éitgii, "}’00429_1‘5 = iaiﬁ_ﬁ, ")’O@iﬁii = —iO_éilsmA, ‘yoaiﬁﬁ = iaiﬁig (5.36)

These are exactly supercharges (5.12) preserved by the W, operator with supercon-
nection (5.11).

3) When 3 # 0 and B # 7, we have a;a! # 0 and a;a’ # 0. Such M2-branes are 1/4
BPS, and they are dual to the new 1/4 BPS WLs [40].

For an anti-M2-brane, the analysis is similar. When 8 = 0, it preserves the same super-
charges (5.13) as the W operator. When 8 = m, it preserves the same supercharges (5.14)

as the W, operator. For generic §, it is 1/4 BPS and it is dual to a 1/4 BPS WL [40].

6 General N' =4 SCSM theories with alternating levels

Finally, we study 1/2 BPS WL operators in more general N’ = 4 SCSM theories with
gauge group and levels [[;_; [U(Nag—1)x X U(Nag)_g], where the Ny, No, - - - N, integers are
generically different from each other [22, 23]. The quiver diagram is the same as the one for
the N = 4 orbifold ABJM theory in figure 3 with the boundary identification No,;1 = N}
and Ny, = Np.!!

1A = 4 SCSM theories with vanishing Chern-Simons levels have been introduced in [43] and the BPS
WLs were studied in [25]. They turn out to be very different from the ones considered in this paper.
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In order to apply the Higgsing procedure to construct 1/2 BPS WLs we can follow two
different strategies.

The first strategy is based on the initial observation that a general N' = 4 SCSM
theory with gauge group [[,_;[U(Nar—1)r X U(Na¢)_i] can be obtained by a quotient of
the U(N), x U(M)_x ABJ theory where we decompose N = Ny + N3 + -+ + No,_; and
M = No+ Ny+ -+ Ny.. As a consequence, WL operators can be easily obtained from
the ones for the ABJ theory (see section 5.2) by performing the orbifold projection on the
excited non-relativistic modes. This is exactly the procedure we have used in the previous
section to obtain WLs in the N' = 4 orbifold ABJM theory from the ones of the ABJM
theory. Therefore, we will not repeat it here.

The second strategy consists instead in applying the Higgsing procedure directly on the
lagrangian of the N/ = 4 SCSM theory along the lines of what we have done in section 4.2
for the ABJ(M) theory. The calculation is straightforward but tedious, and we report it in
appendix E only for Wy, Wl(é), WA, V~V1(Z) operators.

As for the N' = 4 orbifold ABJM theory, we can define double-node operators Wi(i)m,

w9 5 and the corresponding global WLs

i=1,

<

Wiz12 = Z Wi(i)lg ) Wilis = W (6.1)
—1

(=1

They are given by the holonomy of superconnections in eqgs. (E.13), (E.14), (E.16), (E.17),
and the superconnections that can be got from by R-symmetry rotations, and these su-
perconnections contain gauge fields corresponding to the nodes of the quiver diagram plus
scalar and fermion matter fields that coupled to them. The spectrum of the preserved
supercharges is still given in table 4. As for the orbifold case there is a pairwise degeneracy
of WL operators that preserve exactly the same set of supercharges. Since we do not know
the M-theory dual of general N' = 4 SCSM theories with alternating levels, we cannot
identify the gravity duals of these WLs and discuss this degeneracy at strong coupling. We
will be back to this point briefly in section 7.

7 Conclusions and discussion

For superconformal gauge theories in three and four dimensions we have investigated 1/2
BPS Wilson loops and their string theory or M-theory duals. Using the Higgsing procedure,
for each theory we have constructed two sets of WLs, W and W, that can be obtained by
exciting particle and antiparticle modes, respectively. Correspondingly, each WL in the W
set has a string or M2-brane dual, whereas each WL in the W set has a dual description
in terms of an anti-string or anti-M2-brane.

In general, different WLs may share some preserved supercharges. We have studied
the configuration of overlappings of preserved supercharges both for the operators and for
the corresponding dual objects. In all cases there is a perfect matching between the two
configurations. In particular, we have found confirmation that in N' = 4 SYM theory in
four dimensions and three-dimensional ABJM theory different WLs have only a partial
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overlapping of preserved supercharges, so that for a given set of supercharges there is at
most one single operator that is invariant under their action. For three-dimensional N' = 4
orbifold ABJM theory we have solved the degeneracy problem raised in [25] concerning
the existence of two different WLs, ;- and ws-loops, preserving exactly the same set
of supercharges, apparently in contrast with the expectation that there should be only
one 1/2 BPS M2-brane dual solution. In fact, we have found that the two operators are
respectively dual to a M2-brane and an anti-M2-brane localized at different positions in
AdSy x S7/(Z,, x Z,) but preserving exactly the same set of supercharges.

This WL degeneracy may have problematic consequences when compared with local-
ization predictions. We then devote a careful discussion to this point, focusing on ABJM
theory first and then on its orbifold projection.

ABJM theory can be localized to a matrix model [19], and using this approach one
can compute the expectation values of bosonic BPS WLs exactly [12, 19-21]. In particu-
lar, since classically 1/2 BPS WLs differ from bosonic 1/6 BPS WLs by a Q-exact term
where @ is the supercharge used to localize the model [12], localization predicts the same
vacuum expectation value for all 1/2 BPS and 1/6 BPS operators (note that we have to con-
sider circular BPS WLs in euclidean space to have non-trivial expectation values). At weak
coupling, expanding the exact result one obtains total agreement with the perturbative cal-
culations, both for the 1/6 BPS WLs [13-15] and 1/2 BPS WLs [16-18], once the framing
factor is appropriately subtracted.!? Regarding the two sets of WL operators that we have
constructed in ABJM, 1/2 BPS Wilson loops Wi=1234 are expected to have the same ex-
pectation value, being related by R-symmetry rotations. In the same way, 1/2 BPS Wilson
loops W[:1,273,4 should have the same expectation value. Using results in [16-18], one can
easily see that W and W have the same expectation value up to two loops. More generally,
from the results in [26, 27], we may infer that (W) and (W;) should be the same at any even
order in perturbation theory, while they should be opposite at any odd order. Therefore,
consistency with the matrix model result implies that odd order terms should be identically
vanishing. Unfortunately, this has not been directly checked in perturbation theory yet. At
strong coupling, Wr and W operators are dual, respectively, to a M2-brane and an anti-M2-
brane localized at the same position. The corresponding classical actions in euclidean space
have the same Dirac-Born-Infeld (DBI) term and the opposite Chern-Simons (CS) terms

IMQN/d3a\/§+1/H, Imw/d?’o—\/ﬁ—i/H (7.1)
Y ¥ ¥ ¥

where H is the three-form field in M-theory. Classically the CS term is vanishing, but it
may be no longer true when including quantum corrections. This may be related to the
possibility that W; and W operators have opposite expectation values at odd orders.
For the N' = 4 orbifold ABJM theory the situation is even more unclear, given the ap-
pearance of WL degeneracy. In fact, both 1- and s-loops are cohomologically equivalent
to a 1/4 BPS bosonic WL [24, 25] for which we know the matrix model result [26, 27, 45—
47]. Therefore, we should expect (W, ) = (Wy,) at any perturbative order. However, even
in this case, using the results in [26, 27] we conclude that this identity certainly breaks

12In fact, even for the bosonic 1/6 BPS WLs the framing factor is non-trivial at high orders [44].
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down at odd orders where the two expectation values should have opposite sign, unless they
vanish. In [12] it was proposed that the failure for the two operators to separately match
the matrix model result could be an indication that the actual quantum BPS operator
should be given by a suitable linear combination of the two, matching the matrix model
result. However, our present result about the existence of different M2-brane configura-
tions dual to the two operators gives strong indication that the two WLs are different BPS
operators also at quantum level and no degeneracy lifting should be expected from quan-
tum corrections. If this is true, the only possibility for being consistent with the matrix
model prediction is that the two expectation values vanish at any odd order. An explicit
calculation to check this prediction at three loops would be desirable. If this were not the
case, then the interesting question about the validity of the cohomological equivalence of
the two operators at quantum level should be addressed.

There are several interesting generalizations of our results both in field theory and grav-
ity sides. In field theory the generalizations are straightforward. From the U(N ) xU(N)_
ABJM theory we can easily obtain results for the U(N); x U(M)_; ABJ theory with
N £ M [11, 34]. Similarly, results for A' = 4 orbifold ABJ theory, as well as for a general
N = 4 SCSM theory with alternating levels are obtained using techniques close to the ones
used for N/ = 4 orbifold ABJM theory, as we have discussed in section 6 and appendix E.

The gravity generalizations are instead less trivial. The ABJ theory is dual to M-theory
in AdS, x S7 /Zy, background with additional torsion flux [11], and so it is possible that the
N = 4 orbifold ABJ theory is dual to M-theory in AdSy x S7/(Z,, x Z,) background with
some possibly more complex torsion flux. We do not know the M-theory dual of a general
N = 4 SCSM theory with alternating levels. It is supposed to be dual to M-theory in AdS4x
X7 spacetime, with X7 being some non-trivial deformation of S, and with some nontrivial
flux turned on. It would be very interesting to investigate the supercharges preserved by
M2-brane BPS configurations in these backgrounds. In particular, it would be interesting
to construct the gravity duals of 1/2 BPS WLs W1 o, Wi:i,év Wizm and WE:LQ that we
have discussed in N = 4 orbifold ABJ theory and more general N’ = 4 SCSM theories with
alternating levels. Since the pairwise degeneracy problem of WLs is present also in these
theories, it would be crucial to establish whether a similar pattern is also present in the
dual description. At the moment, comparison between the matrix model result and the
perturbative calculation [26, 27] shows that at quantum level there should exist only one
1/2 BPS WL given by the linear combination 3(W; + W1). This should be reflected by the
appearance at strong coupling of one single 1/2 BPS M2-brane configuration. If this were
not the case, it would mean that the cohomological equivalence may be broken quantum
mechanically. We hope to come back to this interesting problem in the future.

In /=6 SCSM theories fermionic 1/6 BPS WLs have been also constructed [37, 38],
which depend on continuous parameters and interpolate between the bosonic 1/6 BPS WL
and the fermionic 1/2 BPS operator. Similarly, in N' = 4 SCSM theories there are also
fermionic 1/4 BPS WLs [37, 38]. In both cases, it would be nice to investigate whether
these less supersymmetric fermionic WLs can be obtained using the Higgsing procedure
and whether their string theory or M-theory duals can be identified. This is a project we
are currently working on [48].
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A Spinor conventions in three-dimensional spacetime

In three-dimensional Minkowski spacetime we use (— + +) signature and gamma matrices
P = (i0?, 0, 0°) (A.1)

with 01?3 being the usual Pauli matrices. Throughout the paper we use boldface font to
indicate gamma matrices in three dimensions. They satisfy

Ay = g 4 ey, (4.2)

012 _

with € —ep12 = 1. We have a two-component spinor and its complex conjugate

0 o
0= ', N (A.3)
0, 0

The spinor indices are raised and lowered as

0> = P04, Oo = €apb” (A.4)
where £12 = —g15 = 1. We use the following shortening notation
0 =0, 07" = 0" Y (A-5)

We define the hermitian conjugate

07 = (0,)" = 67, (A.6)

and the Dirac conjugate
6=—0"" (A7)

These definitions lead to
0 =0 (A.8)

The Dirac conjugate is the same as the complex conjugate in our convention.
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We define the bosonic spinors

1 (1 o L
U:ta_ﬂ<:!:i>a v = 5 (Fi,-1) (A.9)

They satisfy useful identities

ul = uz, You+ = Fiug, Uty = Fiu
upu_ = —i, u_uy =i, Usty = u_u_ =0 (A.10)
Introducing
1 .
v =0 £y (A.11)

we have

yru_=iuy, u_yT=—iuy, Y up=—iu_, uiy =iu_, u_ v u_=u vy uy=-1

Yruy=uyT =y u_=u_v" =0, uiytu_ =u_ vy uy=usy u_=u_~v u,=0 (A.12)
A generic spinor can be written as
9 = U+9_ + U_9+ (A13)

with 6+ being one-component Grassmann numbers. A similar decomposition holds for its
conjugate

0_ = UJréf + U70+ (A14)

Since u} = uz, we have the following conjugation rule
0 = (65)" (A.15)
Useful identities are
upf = —if4, u_f =if_, Ouy =if,, Ou_ = —if_ (A.16)
Moreover, the spinor product becomes

0o = (01 — 0_vy) (A.17)

B Infinite mass limit in free field theories
As in [28], we summarize the infinite mass limit in various free field theories. Similar

infinite mass limit has also been discussed in [49, 50]. Note that the fields are not totally
free in the sense that they are coupled to an external gauge field.
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B.1 Scalar field

For a complex massive scalar d-dimensional spacetime we have the lagrangian

L =-D,®D'D — m*dD (B.1)
with covariant derivatives
D,®=0,®+iA,® (B.2)
In the m — oo limit we can set .
D= ———ge ™ (B.3)

V2m

and get the non-relativistic action

L = ipDyo (B.4)
Alternatively, we can set
1 .
d = ——pe™ B.5
Vam? (B5)

and get
L = —i¢pDyp = ip Dy (B.6)

In the second equality we have omitted a total derivative term, as we do in other parts of
the paper.

B.2 Vector field in Maxwell theory

For a complex vector field in d-dimensional Maxwell theory we have the lagrangian
1 _
L= =W W - m2W, Wk (B.7)
with
Wy =D W, —D,W,, D W, =0,W, +iA,W, (B.8)

This describes the propagation of d — 1 complex degrees of freedom. We can then set

W,u = (O, Wi, ,wd_l)e_imt (Bg)

1
V2m
and we obtain

L = iw,Dow, (B.l())

where the sum over a is understood. Alternatively, we can set

1 .
W, = ——(0,w, - ,wg_1)e™ B.11
o \/%( 1 d 1) ( )
and obtain
L = —iw,Dow, = 1waDow, (B.12)
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B.3 Vector field in Chern-Simons theory

For a complex vector field in three dimensions there is the possibility to write the Chern-

Simons lagrangian

k _ _
L= e W,D, W, - V2 W, WH (B.13)
where we choose k > 0. The vector field has mass
2 2
m = 7;: (B.14)

This describes the propagation of one complex degree of freedom. We have then two options

for the choice of massive modes in the lagrangian. One is

W, = \/i(o, 1, —i)we ™ leading to L = iwDyw (B.15)
whereas the other is
W, = \/i((), 1,i)we™ leading to L = —iwDyw = iwDyw (B.16)
Similarly, for the lagrangian
L= —%5‘“”’WNDVWP — VW, WH, k>0 (B.17)
we can choose
W, = \/i(o, L,i)we ™  leading to £ =iwDow (B.18)
or
W, = \/i(o, 1, —)we™  leading to £ = —iwDow = iwDow (B.19)

B.4 Three-dimensional Dirac field

Finally, the lagrangian for a three-dimensional Dirac field is
L =iVy"D,¥ — im¥¥ (B.20)
We can choose the massive modes as
U = y_tpe Mt leading to L = iy Doy (B.21)

or

U =uppe™  leading to £ =iyyDyy = iy Dot (B.22)

Similarly, for the lagrangian

L =iVy"D,¥ +im¥ ¥ (B.23)
we can choose
U = ypgpe Mt leading to L =iy Doy (B.24)
or
U =y_tpe™  leading to £ =iyDyy = iy Dyt (B.25)
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C Killing spinors in AdSsXxS® spacetime

Killing spinors in AdSs x S?, AdS,;xS”, and AdS7 x S* spacetimes have been determined in,
for example, [13, 31, 51-53]. However, since we use different sets of coordinates, we rederive
them. In this appendix we focus on the AdSs x S° case, whereas we devote appendix D to
the calculation for AdSy x S7 and appendix F to AdS7 x S*.

In AdS5 x S° we assign curved coordinates z = (2, 27), where 2% and z* belong to
AdSs and S°, respectively.’® In tangent space we use flat coordinates z4 = (2%, 2P) with
a=0,1,2,3,4 and p = 5,6,7,8,9.

Given the AdSs and S® metrics (3.19), (3.21), we can easily read the vierbeins
4 du

¥ = udt, e' =udx, e? = udxs, e3 = udxs, e

(C.1)

U
ed = df, eb = cos 01d¢q, ¢’ = sin 01do-, e® = sin 64 cos OodEo, ¢? = sin 6y sin O2ds

The AdSs x S° vierbein components are then given by
E% = Re! E? = Re? (C.2)

From the constraint dE + w A E = 0, we obtain the nonvanishing components of the spin

connection
04 _ 14 _ 24 _ 34 _
Wy = Wy, = Wy, = Wy, = U
wg’lﬁ = sin#, wg’z = —cos 6y, wg’f = — cos 01 cos O
wgzs = sin 69, wg? = —cos 1 sin 0, wgf = —cosfy (C.3)

From the SUSY variation of the gravitino in type IIB supergravity we obtain the Killing
spinor equation
i

F, IVPQRST e = 4
920 NPQRS me=0 (C.4)

Djyre +
with € being a Weyl spinor with positive chirality and Dyse = Opre+ iwﬁBVABe. Note that
we have gamma matrices

INVES Eﬁ’m, Vi = 6,[3%, v = €e&vp (C.5)
and I'y = Ry, I't = Ry;. We write the Killing spinor equations (C.4) as

i i,
PRALE Dre = ——4ye (C.6)

Dpe = —
A€ 9

131n this paper we use z* = (¢, 1, z2, x3) to denote the worldvolume coordinates of the stack of D3-branes
before taking the near horizon limit, i.e. coordinates of the four-dimensional N = 4 SYM theory. Moreover,
we use o' = (z4, x5, 6, T7, T8, T9) to denote the directions perpendicular to the D3-branes. The ¢ index
corresponds to the SO(6) R-symmetry index I in SYM theory.
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with 4 = 401234, Defining 4 = 49123, they can be rewritten as
u - 1.
Oue = —5Vua(l +17)e, Oue = —5-7¢
. 1 o : -
8916 — *%’3/756, 8926 — 5,}/576101“{%56’ 3516 — 7%,?766101“{756
1 -
Og € = §(’y58e161'y'75 cos 0y — y7g sin B )e
1 o s
O € = 5(fy79 cos B + 750e %1775 sin By )€ (C.7)

The solution to these equations has been found in [31]. In our conventions it reads

1 1
e =u2h(ey + zt'y.€2) —u” 2y4her (C.8)
where
4 0.
h = e717456727576%’7466%"/58e%’)779 (C.9)

and €1, €2 are constant spinors subject to the constraints

’~)/€1 = 161, '~y€2 = —i€2 (C.lO)
Since € is a positive chirality spinor, i.e. ve = € with v = 71...9, it follows that ve; = €;
and yeg = —ey. From constraints (C.10) it follows that the two Weyl spinors €1, €3 can be

further written in terms of two Majorana-Weyl spinors 6, ¥, with respectively positive and
negative chiralities

- 1 .
e = (1-19)0, 0= 5(61 + €7)
1
eo = (1 +1i9)9, 9= 5(62 +€5) (C.11)

As described in the main text, # and ¢ can be identified respectively with the Poincaré
supercharges 6 and superconformal charges ¥ of the four-dimensional SYM theory [5].

D Killing spinors in AdS,xS” spacetime

Killing spinors in AdS, x S” spacetime has been obtained in, for example, [13, 51, 53]. In
this appendix we review the derivation in the background

1
ds®> = R? (4dsids4 + ds§7>
6
Frvps = pEnnps (D.1)

with metrics (4.33) and (4.35). Since we use the same S” coordinates as the ones used
in [13], the results therein will be useful to us.
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We denote the AdSyxS” coordinates as 2™ = (x#, 27), with 2% and #? being coordinates
of AdS,; and S7, respectively, and tangent space coordinates as x4 = (2% 2P) with @ =
0,1,2,3 and p = 4,5,6,7,8,9,1.4 For the AdS; metric (4.33) we use the vierbeins

2

du
e = udt, el = udz, e = udxo, e = —

(D.2)

u

whereas the vierbeins e? for S” metric (4.35) can be found in [13] and we avoid rewriting
them here. The vierbeins of the AdSy x S7 background (D.1) are then given by

Ed E?P = Rel (D.3)

m o 56717 i
The non-vanishing components of the spin connection for AdS, are

03 13 23
Wy =Wy =Wy = U (D.4)

and those for S” can be found in [13].

The Killing spinor equations now read

1
DMe = @FNPQR(FMNPQR — 8GMNTPRR), (D.5)

with € being a Majorana spinor. Note that I'; = g’yﬁ, I'; = Rv;. We rewrite (D.5) as

1, 1.
D,;e = i’y’yﬁe, Dge = 5"}/")/56 (Dﬁ)

with 4 = 74?123, Defining 7 = y%12, these equations in the AdS, directions become

_u 1

27#3(1 - '?)ea Oue = —e (D7)

0,
ne 2u

whereas the ones in the S7 directions can be found in [13].
In our conventions the general solution reads

€= u%h(el + 2ty e) — U7%73h62 (D.8)
with constant Majorana spinors €1, €5 satisfying 7e; = €1, Je2 = €9, and

0 0
h= e%(’734—“/7u)671(735—Vsu)e%(’746+"f79)e%1%u 6%27586%3’7476%4769 (D.9)

We have in total 32 real degrees of freedom, 16 from ¢; and 16 from es.
For our purposes it is convenient to decompose €1, €5 in two different ways.
First, we decompose them in terms of eigenstates of o34, Y058, Y047, Yo69. We write!?

Y034€i = S1€i,  Y058€i = S2€i,  Y047€i = S3€i,  Y069€i = S4€i, i=1,2 (D.10)

!Before taking the near horizon limit, for the stack of M2-branes we use worldvolume coordinates z* =
(t,21,72) and tangent space coordinates x with a = 0,1,2. For the orthogonal directions we use =’ =
(z3, 24, -+ ,29,2y) and tangent coordinates P with p = 3,4,---,9,14.

15We note that these equations are compatible with the Majorana nature of e; [54].
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with s; = £1, I = 1,2, 3,4. From the constraint ye; = ¢; and the identity Yo1234567895 = 1,
it follows that
51898384 = 1 (D.11)

Therefore, both €; and €2 are decomposed into eight possible states

(81,82,83,84) = (++++),(++——), (+ —+—), (+ — —+),
(—+4+-),(—+—4),(——++),(————) (D.12)

and each state has two real degrees of freedom.
Alternatively, we can decompose €1, €2 as direct product of Grassmann odd spinors 6
and ¢ in R1? and Grassmann even spinors 7 in C* = R®. Schematically we write

eg~0®mn e2~1URn (D.13)
To this end we decompose the eleven-dimensional gamma matrices as

fYa:_’Ya@F? a:07172
7}7 = 1 ® Fp7 p = 3’47576a7a8a9ah (D14)

where ~, are given in (A.1) (therefore ¥ = 4°'2 = -1 ®TI') and
I' = I'sys6780; = —'3pl'ssTarl6o (D.15)
The n spinor can be decomposed in terms of eigenstates
gy = itan, Lssn = itan, Ly7n = itsn, Leon = itan (D.16)

with t; = £ for I = 1,2,3,4. The constraint 7e; = €1 is equivalent to I'n = —n, and this
leads to titotsty = 1. The 7 spinor is then decomposed into eight states

(t1,ta,t3,t4) = (++++),(++—),(+ —+-), (+ — —+),
(= +) (= + =), (= = +4). (= = =) (D.17)

and we name them in the present order as n;, ¢ = 1,2,--- ,8. Taking the charge conjugate
of (D.16), we obtain (7 = n°, 7 = n¢ in R®)

Lapn = —it11, [sg7 = —ita1, Ly7i) = —itan, Loon = —itan ~ (D.18)
We normalize 7; in such a way that

= ns, 0 =, 7 = ne, 7t =mns (D.19)

Then we write €1, €5 as

8
qzzei@)m, 62:Z§i®77i (D.QO)
=1
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Since they are Majorana spinors, we can define §; = 0 = (%)* with the assignment

0, = 68, 0y =07, 03 = 6%, 0, = 6° (D.21)

Finally we can write

4 4

=) (0"'©n+001), =Y (¥ @n+0; 07 (D.22)
i=1 =1

where the eleven dimensional Majorana spinors have been expressed in terms of four inde-
pendent Dirac spinors in three dimensions.

E Higgsing procedure in general N' = 4 SCSM theories

In this appendix we give details about the Higgsing procedure for Wilson loops W7, Wl( ),
Wi ,Wl( ) in a general N' = 4 SCSM theory with alternating levels.

As can be inferred from the quiver diagram, figure 3, in a general N’ = 4 SCSM theory

with alternating levels we have gauge fields Afl%_l), Bﬁw and bi-fundamental matter fields

(20)

6P, Wl s Figeyy = (@7, Y = (wé o) 07, g, By = (67,
1/1(%) (7,/}(% )T that couple to them. Here £ = 1,2, - ,r with identifications (2r41) = (1),
(2r) = (0), and i = 1,2,7 =1,2.

We write the lagrangian as a sum of four terms

L=Lcs~+ Lr+Ly+ Ly (E.1)
Explicitly, the Chern-Simons part is given by
k : ng 20—1 20—1 2i 20—1 2¢0—1 2¢0—1 2¢ 2/ 2i 2¢ 20 20
Los= Ky mamon, <A; 29, 4300+ 2 A3 4= p2e-1_p0g, pie0 2 pien pen o
- (E.2)
The kinetic part of the scalars and fermions is

ck:ZTr( Dylas—ny D 0 VHE Py Dytlog1y-Dudlan D' 6 H0 7 Dyl ) (E-3)
=1

with covariant derivatives being

¢(2471) _ Md)(zzfl) I 1A 20— 1)¢(2€71) _iégzé—l)B/(Ee)

Dyblor—1y = Oublor_1) +1BE) blor_1) — ilar 1y ALY
Mv/’(ze 1) = /ﬂb(%fl) IA;(z )w(%fl) ”/’(2@ nB %)
M(b(?f _ u@('%)"‘iA;(feH)‘bz(%) —i%( B ;828)
m(% _ #$12é)+13(2£)($2% _iggi%)A(%—l—l)
Dytplor) = Outbloe + 1AL plop — ithlyy BEY (E.4)
The potential part is
L, = 3k2 ZT (£ + £29) (E.5)

(=1
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with
LEY = ¢§2£71)5?2471)¢§2l71)<$€2271>¢,(;2Z71)<51(;2471)+¢ 1>¢(% 1)¢(A2€71)¢75fce 1)¢<~2£71>¢3E2271)
+4¢§”‘”a‘sfgg_l@g"“‘”é%% 10T a1y 66 VBl 6P T Blor 10 T Bl
+3¢§2Z71)¢§§24—1)¢§2Z7 2g 1)¢(2Z 2 ¢(2£ 2)+3¢ ¢gg 1)¢§217 ¢(25—1)¢fc )125(‘2[)
+126%9 Gy 1) 8%V Bl 07T Blarsny — 667 Glop 1y TV Blaem1y 07V Ble—s)
600 Bl 0V Biag 6D Blari 1) 663V B0 6P Bae- )8V Blaen) (E.6)

and
(22 ¢(2z ¢(%) 9! (20) 7j qb(% ¢k ¢ by + ) (26) ¢3% ¢(24 ¢ g ¢](€2€) qu'%
+4¢(2) o % 2 B 052 Blgy — 60 2%(% 0% B0 Bl
+36%) 610057 By 6T Blpin) + 3065V bl 670y, <z>('” Broe1)
119 d)(ge ¢32@ %%H ¢(2@+2 ¢(2z+2 gb(%ﬂ) _6 d);e) ¢;2£) ¢(~% ¢2€) qu2zz+1 ¢(2€+1
66 Gy 0D Bl ) 88 Blagy — 6017 By 0 Bl d By (BLT)

The part containing Yukawa couplings is

27l (24 (20+1) (20+1) 7(2641)
Ly = ZTr(qS 2@@&(2“1 1!} +¢; ¢(2z+1 (zz+1 ¥

+¢’ ¢ 2£)¢]2E)¢ (20) +¢ (20+1) ¢ 2z+1)1/’ %)w (20)

— 24 2£)¢J% W2€+1)¢ (204+1) 2¢ (20-1) (% 7!}(2@15](-%_1)
_2¢i%)¢{2¢fl)w(2€*1)¢j 2¢ ) (2@+1)¢E2€)&£2€)
_(231(-25)¢Z(2£)1/;j(2£+1)l%éﬂ) . (Z;§2£+1)¢(2e+1)¢ 2e+1)1/}]2€+1
_qu'%) ¢(2€)¢g22)¢j2£) _ a)i%-i—l) ¢g2@+1) W” W%)
+2¢Z25)¢ 7 ¢(%+1 W%H + 26 (20) d)(% ! ?/)(% Y (2£)

24 e 1)¢ (20) w(zz ng o+ 25! o ¢(2£+1 w(?ﬁ »

+25”€kl¢i%)¢j% 1(751(%% 1%@@) _Eljgkl(blgzz w}g qu%)wlgzz)

+2€7jj€k;[¢§2€+1)&é?ﬁ—&-l)(bl@()d—}é?f) B 6gj€kl¢§2e+1)1;l(€2e+1)¢§zz+1) —l(2£+1)

—2sij51;2€5€2Z)1/’j2e+1)‘51;2“1)1/’225 + Eijgzziqgi% W(%%) 5){%)@0{24)

—2eskBlae_1yPae_1)Pla0) Yl o0) T EERP(20_1)¥ 2@4)%2@4)%2@4)) (E.8)
with &;5, €, €, ¥ being antisymmetric and e19 = ¢'2 = €95 = g2 -1,

The lagrangian (E.1) is invariant under the following SUSY transformations:

— Gauge vectors.
_ 27 20-2) 7(20—2 20-1) 7(20—1 i, = 7 i i 71
514,8% D= —?[(aﬁﬁ )%( )—¢§ o )>7u6 +€ii’7u(w(ze—z)ﬂs(%—g)—w(ze—nfb(%—m)}

2 [/ —(20—1) ,(26=1) 7(26) ,(2¢ i - i i i i
531322) — _?K?’Dg )¢§ )_1/%( )¢§ ))7u€ +€ii’7u(Qb(gg)w(u)_¢(2€—1)w(2€—1)):| (E.9)
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— Scalar fields.
5¢§2€71):_i€ii¢7(;28—1)’ 595%26_1):_11/2‘(%71)4@7 5(/51(%):161'“/’?26)’ 5‘5225) “Lz(%) " (E.10)
— Fermion fields.
51/}(25 b= e“’Duqb (20-1) +19¢@¢§21371)_4%6]-5@?471)@%@(2@) ¢ (20— 2)(;51% ) ¢(2e 1))
+2]:6 (¢ (20— 1)¢J% ) qb(% 1) +¢ (2¢-1) (2€)¢(2€)
_¢j2£ 1) ¢]% 1)(;5 (2¢-1) ¢A2872)¢%%_2)¢§2e71)>
5@55%_1) = —&Y" Duﬁzgq +1§z‘i<5225_1)+%Ejj(5222_1%('%_2)45{2@—2)_ _{24)@(%)
—%Eiz(ﬁf) 20— 1)¢ 2y {25—1)‘“5524—1 ¢('2€72)¢3€2z 2)
—¢z2e_1)¢§%_1)¢(2e 1) ¢2z)¢ ¢2€ n)
Sl = —7"ED, o2 _git ¢§2€)—% i ( ¢(2z+1 Biaesn g{)(25)_ qbgge) Fae ¢ (26-1) )
—%eii(gb(%)ggj%_l ¢g212 1) qb(% %)Qﬁ (20)

(20+1) 75
I 2£+1)¢ ] (2£ )

5’{2@—1))

o B - 47 (20—1) 7j j 20+1) 73
6%( ) _ eﬁ'y”Dﬂqb 20)— i’ (0T - €3 <¢]2£ 0 gb Cf) —¢ 2g)<25§ )¢Z2€+1))
2m (20+1) 75 Ti (20) 7
+?6m (¢ 20)9; (2z+1 qub(%)d’j #%)

2@ 1 79 20) 7
ize 1) ¢ )¢ ¢€2g)¢§‘ )d)(gg)) (E.11)

Here we have the SUSY parameters e = Hii+x“'y#?9ii, € = 0; —'l%:ﬁ“’y#. The parameters
6% 0;; are Poincaré supercharges, and 9", J;; are superconformal charges, and they are
Dirac spinors subject to the following constraints

(0" =0, Oiy = eijeit’!
(99 = 9y, Dy = eije179%? (E.12)

In analogy with what has been done for the orbifold ABJM theory (see section 5), we
consider the 1/2 BPS Wilson loop W; defined as the holonomy of the superconnection

Ly = diag(z$V, L ... L") (E.13)
with
10 _ (A(%_l) f1(2£_1)> (20-1) _ 41¢1 o1 _ 4T —(20-1)
1 fz(gg_l) Beo | 1 i Ve-1)+ 2 e Vi-
ACED = ARV 2% (— §2£_2)¢5(2£ 2) + oy Plre—2) +¢<2€ 1)‘25(212 1))
B0 = B + 2% <—<5%24)¢§2 + G 05 + Blap ot 1)> (E.14)
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Given the diagonal nature of superconnection (E.13), we can write Wi = ), Wl(é) where

(0

Wl(f) operators are nothing but WLs associated to L;’ superconnections. Wj; and Wl(e)

operators all preserve half of the supercharges
9-11?7 0327 e_li—v é2i+ (E 15)

Wilson loops Wa, WQ(Z), Wi, Wi(z), W, WQ(Z) and their preserved supercharges can be
obtained by acting with R-symmetry rotations on W7, Wl(e) and the corresponding super-

charges.
We can also introduce the 1/2 BPS Wilson loop W1 defined in terms of the supercon-

nection

Ly = diag(L{V, 2 ... [ L{) (E.16)
where we have defined

~ _ ~(20—
7o - A1) feen oD 1/1 H(20-1) _ wze 1)
f(% 1) B(%) ’ 1 20—1)— 2 1+

~ (20— 2w—1) | 2T [, (20—2) 20—2 20-1)
AR = Af )+?< i )¢%2472) — 00 Gy + 6Vl 1))

~ 20 2m /- n 2/ T2 2¢0—1)
B0 — B((] )_|_ 3 <¢ %)le ¢%2£)¢é )+¢(2£_1)¢§ ) (E.17)

Again, we can write Wy = Yo Wl(e) where Wl(e) is the WL associated to the f/ge) supercon-
nection. All these WLs preserve half of the supercharges

91—57 03»27 éli—l—v é2i— (Elg)

Wilson loops Wa, Wy), V~V1, VNVi(E), WQ, VVQ(Z) and their preserved supercharges can be
obtained by applying R-symmetry rotations.

We break the gauge group [[;_; [U(Nag—1+1) x U(Nog+1)] to [T, [U(Nas—1) x U(Noy)]
by Higgsing with the ansatz

20—1 20—1 20 2¢
4201 _ A Y B0 _ B 72
i “ ey poo= _,S%) 0
o
(20) (20) i i
420 — <¢,@) R; > Blop = ¢j('ze) Slae)
S; i Ré%) v’
20—1 20—1 )
52D _ (Cbli% 1)) Rzg )> &%_1) _ ?{2[—1) Slae—1)
S; 0 Rigeqyy 0
i T(20-1) (261
@bf% y= ¢2e 1) (2e—1) ?l_}(%_l) _ <1/’1( : E( )>
~1) = ; i | 5@e-1)
Sy O ) 0
7 7(20) §~(20)
Yo Vlan Pieo PP = <¢§2@ i ) (E.19)
Sl 0 o o
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where v; = vél, v > 0, and v — oo. We work in the unitary gauge where Rgm R(%)
S(M) S(%) = 0. Inserting ansatz (E.19) into the lagrangian (E.1) we can read the terms
that are relevant for the dynamics of massive particles in the v — oo limit. Explicitly, for

the vector part we have

~ [k e (15201 20-1) _ (202 202
£,=% [%gu P (W=D D, WD — -2, 72-2)
— e (v + 22 Blne 2)+¢ze 1) ¢(2€71)>W;§2€—1)

~Z7? (”2 + ¢3224—2)¢§2e72) + QE%%—?))@Z)E%??))) Zg?
(20— (20-2) =(20—2) T
+2vW2 1)¢ Zé‘% 2)+2vzlg2 2)¢%2£_2)W(2£ 1)} (E.20)

while for the scalar part

- 20 20—1 a(2¢ a(20+1 i
L, = Z{ DR, D' RSV~ D, Rl D*RP™Y —D, 839 D1S%, ~ D, STV DrSL, )
(=1

Aot /- 2) =i 20-1) | &(20) (20+1)
—?(R?ﬂ)Ré )—i—RE%,l)R; )+S( 5(24 S 5(2z+1))
47rv 20 20) (26+1 20) 20 20
7z [QR(zz ( & )¢(2e +¢5" Plar) +9L )¢(2e+1))R( R(%)(b( )cﬁ(%)Ré )

) (2¢-2) 20—2 (2¢-1 20—1
+2R(2e—1)( o ¢2e 2)+¢( )¢(2e 2) +¢ )¢(ze 1)>R( )

3 (2¢—1 20—1 3 20—1 —2 20—1) T 20
~Riar 0 VBl BTV = Ry 68 Blar iy RV = Riggo 1y 60 RS

4?7 20) 20) 20) | T 201 =(20) = 20
s [255 ( ¢(2fz)¢( +¢(24)¢( +¢(2@—1)¢§ ))5(225)*55 )d’%zz)‘bé )5(2213)
a(20+1 20+2) 20+2 2041 )
+255( )( ¢(2e+2)¢( +¢(2e+2)¢( )+¢]%+1 ¢( ))5(2£+1) (E.21)

2041 2041 2) — 2041) i =(2041) 75 20
8D G Sl =S B 87 Sl = 5Dy |

The fermion part is further split into a sum of three parts, L; = L1 + L2 + L3 with

I

Lf1 = Z {iQﬁQe*l)'y”D#Qégg,l)Jr

=1

2miv?

2
) E%%H)E(lzul)

qu 1) Q(ze ” +12<2é+1)7 D, E(2Z+1

271 = (20— -
+EQPY (*¢§2£>¢%2z)+¢ & )¢(2Z)+¢< ¢ 20— 1))@224)

k
+Q§2eil)’)’u’lﬁf2271)zﬁ2l)+Q§2Z)’)’N¢22£)Zﬂ2[)+Z£2e)w£2271)7ugf2e71)+Z£2[)1,Zi(2£)’7“9%2e)
27 = - - -3
_TE%%H) (—¢%2e+2)¢52“2) +¢?2z+2)¢g2“2) +¢(22+1)¢>§2£+1)) n(h (E.22)

+222z+1)7“1/j§2[+1> Wfﬂl) + Szzéﬂ’”’@?@ Wﬁ%) + Wﬁ2l+l>¢z2e+1)’)’uzg2z+l) +W£2£>¢(i%)7# ZSZ)]

Lyr = 2{10(228_1)7“17“9?2[—1)+iQ§25)7uDMQ§2@_
=1

27iv?

(QéQZ_I)Q%QZ—l)+Q,(22[)Q§25))

2mi [ (20— ) 7i 0-1) T3 ~(2¢ 0) 75 041) 75 3
+*[Q(22 1)(¢§2)¢§2@+¢§2 1)¢224—1>>Q?24—1>+Q§2>(¢§2>¢f2e>+¢§2 +1)¢?2e+1))9§2a

k
—25_2%%71) ¢’é%) é%zz) 9524—1) - 20;2271) ¢§2£71) 627%24) Qizz) - 2052@ ¢’§2£) &%24—1) 9?22—1)
—20 63D Gl 1) Q) + 2008 T a0 1) Stary + 200 Uae 1) Staet)
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_’_21}552@)1/)(21@ 1)92213 b +2US(2@+1)w(2z+1)Qz2 )}

= = 2miv?
+12?2£+1)7H‘DM ) +iX (207" Dy ng +

(2%2“1)252“1) +i§2e>25w)

2mi [ < O ¢ 0 = =5 ¢ o 2
== [Z%QZJrl) (¢>(2e+2)¢52£+2)+¢(2e+1)¢§2 H))Eg +1)+E(2z) (Qﬂwﬁﬁ (2 )+¢(2g 1)¢(2 1))E§ )

k
- - - = Ow(20) oo ¢ ¢
_223?2[+1)¢?2z+2)¢(22£+2)Eg“”—253?2@+1>¢f2e+1)¢§2 SIS )—22224)@2@)(15;2 MR
e _ y = ~(2¢ ¢ (20— o
*22(%)45%2@,1)(255% 1)222 )+2UE?22+1)¢£2 URY >+2UZ(2Z)¢§2 YRV
= ¢ = ¢
+21}R?2e)¢<12z+1>2§2 +1)+2UR(2571)¢(121471)2§2 )}

ATV [ 35 (= (20— - ~ A
n 7];111 [E J(Qéu 1)¢§2z 1)2;25)_ngé)¢gzé)2;2£)+ngz)¢;2e+1)zéze+1))

—&ij (i?%Jrl)‘z’%%H)szz)72?%‘1’( >Q<2e +5 (20) ¢ (20— 1>Q(2£ 1))]} (E-23)

AT = [ A (20— - C(20m1) (26—1) 1 i ~(20—1) ,(20) =
Ly = —TZ<Q§2Z 1)¢§2Z)¢%22)Q?2271>+Q(122 R 1)¢%2e)9224)+9528 Vgl )¢?22)Q(12271>
=1

= = = = ¢ ¢ = Zi £) (26
+Q§2Z)¢§2Z)¢’(24—1)Q%24—1)—2}22+1)¢%24+2)¢;2 Y +1>—232134-1%%5(21&1)‘{25;2 (o

= = i 7 ¢ ¢
*E%QJFM)¢%2Z+2)¢é2é+2>252£+1) 72(24)&24)(;552 Hx H)) (E.24)

It is convenient to redefine the bosonic fields as
(20-2) 11

o ¢(2572)
202

(20-2)
)W(ze O ¢1 Z(2-2)

[

W — <1 +

B B

(20) 71
720 _ < ¢ %)qj )Z(%) 4 ¢(2é’) 26+
I

202 v
B2y OO 4 65 25; 0 R0 (%;:2% ”R,f% 1)
RED L gD o Zi(ze—n R ¢’(2€2:2 o R
v
5(22@ — 5(226) + WS(Q%) + _%%)ii%“) SE%H) (E.25)
70 (2¢-1) (2¢
552271) - S(izeq) + 2%_;);?215{22 n T WS?QZZ)

and the fermion fields as

9%2[71) N Q%2Z71)’ E§2£+1)_>E§2£+1)

1 55 (20—1) (20 1 (2e-1)
a1y = 9%2#1)4‘;5 Ig\ )Eé )+ <l5( (¢(2z)9(2z — 2571)9(225))
; : 1 457 o) w(2041) 20) (2
Qo) = Q?zz)‘F;E” (¢§ Y C/>( ))

11 ez j ] P (20)
+ﬁ{¢j (¢225+1)Q€2€)_¢Z2€+1) fza)""ﬁz (¢ 20— 1)9(% 1)~ ¢(2e 2@ 1))}

2—1 20—-1) 1 4 A 1 4 20—2) (20—2 20—1)(20—1
Y )+5€ij¢(2e—1)9225—2)"‘ﬁ@gé—l) <¢(2 InPD gDt ))

(2t seo 1 o] - j
ZE = 5 ) o5u ((bgze—l)Q%%—l)_dj?%)Q%%)) (E.26)
1 ¢ 0 ¢ ot o+ 0) (20
- [ e <¢(2e 1) 2(2 ) (2 Dy )) 52, ( QU R _ (2052 ))}
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If we now choose the particle modes

k . k )
W/S%fl) — ; (07 1, _1) w(%fl)eflmt’ Z/SQZ) _ \/; (07 1, 1) Z(Qf)eflmt
im 20—1 20-1) _im
Q(% 1) = U w(22€ 1€ ¢ Zg ) = u+a§ )g=imt
Q(%) — w’(L%) imt’ 2525) — ’U,+O'(2€)e_imt
2@) [ k1 (2£ o-imt R _ /ﬁ}r(zz—ne,imt
ar v g vt
k1 —im 2 k1 —im
S(% Vi 21z)e ! 5(25—1) VN arw (21z ne !
i 20—1 20-1) _im
Dfag_1) = urWize_ye ™, D (E.27)
combine them into the following supermatrices
B (20—2) (20-1)
o0 w1 OJ(12z_1) g — T2 _w(22€—1) g® — b ~W(2r—2)
1 (26-1) (20 » T2 (2¢-1) 2 L _ 20 3
2 S(20) 9; (20-1)
(E.28)
and define
U, = diag(¥V, 0P ... o), U; = diag(@V, o ... ol (E.29)
the non-relativistic lagrangian can be put in the following form
—iy (Tr%)goquf) + Tr\p@)@o\pg@) - i(Tr\TliQOIIIi + Tr\TliCDO\I/i> (E.30)
=1
Here covariant derivatives are defined as
D00 = apw!? +iLw, 00" = g +iL{w"
DoV, = OpV; +1iL1Y,, DoV; = 0pV; +1L1Y; (E.Sl)

where ng) are exactly the connections in (E.14) that define Wilson loops Wl(e), and L is

connection (E.13) that defines the W7 operator.
Alternatively, we choose the antiparticle modes

k . k :
ngﬁfl) _ \/;(0’ 1, 1) w(%fl)elmt’ Z/(Ef) _ \/; (07 1, —i) Z(Qf)elmt
9%24—1) = U+W(224—1)e ’ Eg = U—Ué et
i i im 2¢ 20) im
Q(%) = UtW(gp)€ t Eg ) = u_ai( ) gimt

o _ [k 1 20 (20-1) _ \/7 1@e-1) it
R drv 2 ¢ & Ary' b ¢
k1 : . k1, :
2 _ 2 imt 7 _ 1mt
So =\ 1,50 S(ae—1) = \/;U 5(20-1)€

Q%Qﬁ—l) = “fw(lzz_neimta Egﬂ_l) = u+o§2e D) gimt (E.32)
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combined into the supermatrices

_ (20—2) (20-1) 5
o0 — w1 _w(12e_1) g — T2 _W(22Z—1) g [ " ~W(2r—2)
L= (2¢-1) (20) T2 T (26-1) 2 ’ - 20 4
o z p) S(20) 9 S(20-1)
(E.33)
With the further definition
U, = diag(¥, 0P ... o), U; = diag(@M, v ... o) (E.34)
the non-relativistic lagrangian becomes
. d l =i {4 =7 . =i =7
L=i)" (Tr\pf. "Dy, + Trv )90\1/@ - 1(Tr\I/i©0\Il + Tr0, D00 ) (E.35)
=1
with covariant derivatives
= = .xi 7L =7 =7 .77 7L
Doy = Wi, — il L Do, = dWi,, — iU, L1
Dol = Gl — WLy, DoV = G’ — i L, (E.36)

Here zg@) are connections (E.17) that define Wilson loops Wl(g), and Ly is connection (E.16)
that defines Wl.

The other 6(r+1) 1/2 BPS Wilson loops Wa, Wy, Wy, W, Wy, Wi W, Wi W7,
Wi(é), WQ, Wﬁ(@ can be obtained with an identical procedure that we will not repeat here.
F M2-branes in AdS;xS* spacetime

The six-dimensional (2,0) superconformal field theory is supposed to be dual to M-theory
in AdS;xS* spacetime with a four-form flux turned on in S* [55]

1
d32 = R2 <d82AdS7 + 4d8§4>

[ 6

7kl Egijfcf (Fl)

where €5 18 the volume form of S%.

Although in the (2,0) theory a 1/2 BPS Wilson surface could be defined in terms of
the two-form field and possibly other bosonic and fermionic fields [1], in the absence of an
explicit lagrangian and SUSY transformations we cannot construct it explicitly. Still we
can investigate their possible gravity duals, and the corresponding preserved supercharges.
We look for the 1/2 BPS M2-brane configurations in AdS;xS* spacetime, and also discuss
briefly M5-brane solutions at the end of this appendix.'®

For AdS7 we use the metric

d 2
dsias, = u*(—dt* + da? + dad + daj + daf + daf) + U—UZ (F.2)

16Wilson surfaces in six-dimensional (2,0) superconformal field theory and their gravity duals have been
also discussed in, for examples, [56-61].
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We embed S* in R® = R x C? by parametrizing

20 = cos 01 = xg
21 = sin 0y cos Oy €' = 27 + ixg

29 = sin B sin 0y €2 = g + izy (F.3)
with 61 € [0, 7], 62 € [0,7/2], 12 € [0,27]. This leads to the S* metric
dsga = df} + sin® 01 (df3 + cos® O3 dé7 + sin® 0, d&3) (F.4)

We begin by deriving Killing spinors in AdS7 x S%. Given coordinates M = (2, 2%),
with 2, and 2’ being coordinates of AdS7 and S* respectively, and tangent space coordi-
nates 4 = (2% 2P) with @ = 0,1,2,3,4,5,6 and p = 7,8,9, 1, for the AdS; metric (F.2) we
use the vierbeins

du
¥ =udt, e' =udry, €*=udry, € =udrs, e'=udry, € =udrs, ¢ =— (F.5)
u

whereas for S* metric (F.4) we use
el = dbn, e® = sin 01db,, ¢? = sin 6 cos Oad&q, ¢! = sin 01 sin 02dés (F.6)

The vierbeins of AdS7 X S4 (Fl) are then given by
o= eﬂ, 7 = §€i .

The non-vanishing components of the spin connection are

06 _ 16 _ , 26 _ 36 _ , 46 __ 56 _
Wi = Wy, = Wy = W =Wy, =W, = U
wgf = —cos b, wg? = — cos 01 cos Oy, w?? = sin 69
wgs = —cos B sin by, w?j = —cosfy (F.8)

The Killing spinor equations read
1

DMe = — Fnpqrl

o [PMNPQR _ gGMNTPQR) (F.9)

with € being a Majorana spinor. Note that I'; = Ry, ['; = gw. We rewrite them as
1. 1.
Dje = 3R, Die = S e (F.10)
with 4 = 779, We define 4 = 7578% and the explicit Killing spinor equations are

u ~ 1 5
aNE = 7§r}/ﬂ6(1 — ’7)6, 8u6 = %76
1 .
8916 - 5’?7’767 8926 = 577867017776
1 .
Og € = 5 7796791777 cos Oy — 7ygg sin f3)e
&1 9
1 .
Og,€ = = (785 c08 0 + yre 1777 sin s )e F.11
&2 2 f h
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The general solution reads

€= u%h(el + zty,e) — U_%’}/ﬁhGQ (F.12)
where
h = 6671'776769727786%7796%7&1 (F.13)
and constant Majorana spinors €1, €y satisfying ye; = €1, yea = —eo.

Now we consider a M2-brane described by worldvolume coordinates 012, embedded
in AdS; x S* as

t=oY, 1 =o', To =23 =o4 =25 =0, u= o> (F.14)

The brane is localized on the compact space S* that is specified by coordinates (a, B,&1,€2).
The supercharges preserved by the M2-brane are given by the condition

Yo16€ = € (F.15)
which is equivalent to
h™ yo16her = €1, h™ y016hes = €2 (F.16)
It turns out that
Y0160 = ~o1n! 1=6,7,8,9,1 (F.17)

where n! is the unit vector in R

n! = (cos 01, sin By cos O cos &1, sin 0 sin O3 cos Ea, sin 61 cos B, sin &1, sin Oy sin Hs sin &)
(F.18)
The supercharges preserved by the M2-brane are then

7011”161 = €1, 701171162 = €2 (F~19)

In order to discuss possible overlapping of the spectrum of preserved supercharges, we
consider ten different M2-brane configurations MQ(i), 1 =1,---,10, localized at different
positions in the compact S* space. They are listed in table 6, together with their positions
and the corresponding supercharges. Since the five matrices vo16, Y017, 7019, Y0185 Y014 do
not commute with each other, there is no supercharge overlapping among the M2-branes.
We expect them to be dual to non-degenerate Wilson surfaces in the six-dimensional (2,0)
superconformal field theory.

)

Similarly, we can consider ten anti-M2-brane configurations MQ(Z , localized at the

points listed in table 6. The corresponding preserved supercharges can be determined by

Yorrnle = —ey, Yorrnles = —e (F.20)

An anti-M2-brane preserves a set of supercharges that is complementary to the one of the
corresponding M2-brane localized at the same position.
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brane position preserved supercharges

1

MY =1 [6=0 Y016€1 = €1, Y016€2 = €2
2

M2( ) p=—-1|0=m Y016€1 = —€1, 7016€2 = —€2
3

MQ( ) z1=1 01 =7/2,00 =6 =0 Y017€1 = €1, Y017€2 = €2

1 :
Mg( V| =i 6r =m/2,00 =0,& =7/2 | yo19€1 = €1, Yo19€2 = €2

MQ(S) z21=—1]6=7/2,00=0,§{ =7 Yo17€1 = —€1, Yo17€2 = —€2

MQ(G) 21 =—1 | 0 =7/2,00 =0,& = 37/2 | yo19€1 = —€1, Yo19€2 = —€2

7
Mg( V=1 0h=0=7m/2,{&a=0 Y018€1 = €1, Y018€2 = €2
8 )
Mg() 2o =1 th =02 =7/2,60=1/2 Yo15€1 = €1, Yo15€2 = €2
9
Mg( V l zg=—1[6,=0,= /2,6 =T Y018€1 = —€1, Y018€2 = —€2

Mz(lo) zg=—1 | by =0y =7/2,&& = 31/2 Yo1€1 = —€1, V01462 = —€2

Table 6. Ten different M2-branes placed at different positions, and their preserved supercharges.

However, it is easy to realize that there are ten pairs of brane and anti-brane located
at opposite points of S* that preserve the same set of supercharges. These are for instance
(gt wag?y, (v w8, v 8, (a8, (vl wgY), ete. Tt
is then natural to expect that a similar degeneracy occurs also in the spectrum of Wilson
surfaces in SCFT. At this stage it is impossible to establish whether this degeneracy is
trivial as in the four-dimensional N = 4 SYM case, or it actually signals the existence of
two different Wilson surfaces preserving the same supercharges as in the three-dimensional
N = 4 SCSM theories. However, given that the dual picture mostly resembles the case of
four-dimensional A" = 4 SYM, we are tempted to believe that M2-brane pairs describe the
same operator.

A possible M5-brane configuration dual to a 1/2 BPS Wilson surface needs necessarily
to wrap along three directions in the compact space S*. However, since there are no non-
contractible three-cycles in S*, this configuration could not be stable or BPS, unless we
consider some quotient of S* and/or turn on some flux in the M5-brane worldvolume. The
reader can find more details in [60, 61]. We do not further investigate this problem here.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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