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orthogonality condition. By decomposing the integration momenta along parallel and or-
thogonal directions, the polynomial division algorithm is drastically simplified. Moreover,
the orthogonality conditions of Gegenbauer polynomials can be suitably applied to inte-
grate the decomposed integrand, yielding the systematic annihilation of spurious terms.
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irreducible scalar products of loop momenta and external ones. We revisit the one-loop
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1 Introduction

The decomposition of multiloop scattering amplitudes in terms of independent functions,
together with the subsequent determination of the latter, is a viable alternative - often the
only accessible one - to the direct integration, which, for non-trivial processes, may require
the calculation of a prohibitively large number of complicated Feynman integrals.

Understanding the properties of Feynman integrands has led to the development of
novel algorithms aiming to the automated determination of partonic cross sections for high-
multiplicity processes which have been successfully applied, in the last decade, to one-loop
amplitudes. More generally, the use of wunitarity-based methods and integrand decomposi-
tion algorithms has shown that exploiting the algebraic properties of the integrands may
lead to the discovery of novel properties of the amplitudes, hidden beneath the superficial
look of Feynman integrals’ representation, which, if properly engineered, may turn into
drastic simplifications for their evaluation.

In this paper, we elaborate on a representation of dimensionally regulated Feynman
integrals where, for any given diagram, the number of space-time dimensions d (= 4 — 2¢) is
split into parallel (or longitudinal) and orthogonal (or transverse) dimensions, as d = d|| +
d; [1-6]. Accordingly, the parallel space is spanned by the independent four-dimensional
external momenta of the diagram, namely dj = n — 1, where n is the number of legs,
whereas the transverse space is spanned by the complementary orthogonal directions. For
diagrams with a number of legs n > 5, the orthogonal space embeds the —2¢ regulating
dimensions, d; = —2¢, while, for diagrams with n < 4, the orthogonal space is larger
and it embeds, beside the regulating dimensions, also the four-dimensional complement of
the parallel space, namely d; = (5 — n) — 2¢. For this reason, the decomposition of the
space-time dimensions in parallel and orthogonal directions can be considered as adaptive,
since it depends on the number of legs of the individual diagram.

Decomposing the loop momenta ¢f* in terms of parallel and orthogonal vectors, ¢* =
qﬁ‘i + ¢, has the immediate advantage of exposing a subset of integration variables which
can be trivially integrated away, hence they can be eliminated from the calculation before
applying any reduction algorithm. In fact, multidimensional polar coordinates can be
suitably introduced in order to parametrize the integral over the orthogonal space in terms
of integrations over radial variables \;;(= \;- \;) and a generalised solid angle. This change
of coordinates makes manifest that numerators and denominators of Feynman integrands
do not depend on the same set of integration variables. Indeed, the quadratic Feynman
denominators depend only on the parallel directions, on the radial variables A;; and the
relative orientations X;j, 1 < j, of the transverse vectors, but they do not depend on
their individual components, which can be mapped into a set of angular variables © | .
Conversely, the numerators may depend on all variables. In the case of diagrams with
n < 4, the dependence of the integrand on transverse angles, say 6;, is polynomial in sin 6;
and cos 0;, therefore, the integration over ® can be trivially performed. In this article,
we show how it can be carried out by means of the orthogonality relation for Gegenbauer
polynomials, as an alternative to the Passarino-Veltman tensor reduction used in ref. [2].

After integrating over the transverse angles © |, the integrand will solely depend on
q; and on the A;; variables appearing in the denominators. These variables correspond to
(reducible and irreducible) scalar products between loop momenta and external momenta.

_9_



The integration over orthogonal and parallel space has been used to evaluate multi-scale
Feynman integrals, up to two- and three-point functions [2—6]. The goal of this communica-
tion is instead discussing how the decomposition of space-time into parallel and orthogonal
subspaces simplifies the multiloop integrand reduction algorithm [7-11]. Namely, our ob-
jective is not the evaluation of Feynamn integrals, rather their decomposition in terms of
independent integrals. We show that this procedure can be applied to arbitrarily compli-
cated diagrams. In particular, we consider the decomposition up to two-loop eight-point
planar and non-planar integrals and we discuss how the same procedure can be extended to
higher orders. Previous studies of higher-loop integrands in four-dimensions can be found
in [12-14].

Feynman integrals are multivariate integrals of rational integrands and they can be
decomposed in terms of a set of irreducible integrals (IRIs) by multivariate polynomial
division [9, 10]. In fact, the partial fractioning of Feynman integrands amounts to iterative
divisions (modulo Grébner bases) between the numerator and the denominators, once they
are written as polynomials in the components of the integration momenta in a given basis.
The resulting integrand decomposition is a sum of integrands whose denominators are given
by all the possible partitions of the initial set of denominators, and whose numerators cor-
respond to the remainders of the division w.r.t. the set of denominators they sit on. The re-
mainders of the division contain, by definition, terms which cannot be expressed in terms of
denominators. In fact, since each component of a given integration momentum corresponds
to a scalar product of that momentum with an element of the momentum basis, the remain-
der should contain only irreducible scalar products (ISPs). On the contrary, reducible scalar
products (RSPs) can be decomposed in terms of denominators and external invariants.

The integrand decomposition is effectively a unitarity-based decomposition of the in-
tegrand, since each remainder can be considered as the residue of the cut identified by the
simultaneous vanishing of the corresponding denominators. It should be observed that the
integrand reduction can be applied as well to the case of integrals whose denominators are
raised to powers higher than one [15]. Integrating the decomposed integrand over the loop
momenta corresponds to the decomposition of the original integral in terms of IRIs. In fact,
upon integration, some of the ISPs in the residues may generate vanishing integrals: these
terms are called spurious, because although present in the integrand decomposition, they do
not contribute to the amplitude. Instead, the non-spurious ISPs correspond to the (numer-
ators of) IRIs appearing in the amplitude decomposition. Therefore, within the integrand
decomposition algorithm, the reduction of any scattering amplitude in terms of IRIs turns
into the algebraic problem of determining the coefficients of the monomials of the residues.

The basic elements of the integrand decomposition algorithm are: i) the space-time
dimensions, namely the number of integration variables; 4i) the momentum basis used
for the decomposition of the loop momenta; i) the structure of the numerators and the
variables they depend on; ) the form of the denominators and the variables they depend
on; v) the structure of the residues; vi) the solutions of the cut equations. The integrand
reduction algorithm was originally proposed for one-loop integrals in four dimensions [16,
17] and later extended to d = 4—2e dimensions [18-21], to deal with dimensionally regulated
amplitudes (see [22] for a review). In the one-loop case, the residues were built by using



two driving principles: on the one side, the knowledge of the set of IRIs which could appear
in the decomposition of generic one-loop integrals [23]; and, on the other side, the Lorentz
covariance of spurious terms which could additionally appear in the numerators.

The integrand reduction algorithm for one-loop integrals has been implemented in
several public libraries, like CUTOOLS [24], SAMURAI [25] and NINJA [26, 27], which played
an important role in the development of codes for the automatic evaluation of scattering
amplitudes for generic scattering processes at NLO accuracy, as recently reviewed in [28].
In particular, NINJA implements an ameliorated integrand decomposition algorithm [26],
which introduced the idea of the (univariate) polynomial division for the calculation of the
residues.

In order to extend the integrand decomposition at higher orders [7, 8], the same driving
principles could not be applied. The first reason for this is that the basis of independent
integrals is not known. Moreover, the interplay of more integration momenta makes the
classification of the spurious terms less obvious. One additional difference w.r.t. the one-
loop case, which was indeed to be expected, is the contribution of integrals corresponding to
non-spurious ISPs [7]. Nevertheless, the systematic determination of the residues at higher
order was systematized by means of algebraic geometry methods [9, 10], namely the polyno-
mial division modulo Grébner basis. An implementation of such method is provided by the
public package BASISDET [9]. Integrand decomposition beyond one-loop has been success-
fully applied to a first case of non trivial two-loop five-point helicity amplitude in [29, 30].

One of the main outcomes of the multivariate polynomial division algorithm is the so
called mazimum-cut theorem [10], which can be applied whenever the on-shell conditions
are sufficient in order to constrain all integration variables. In this case, the system of equa-
tions is zero-dimensional and the remainder of the division (of a numerator that depends
on all variables constrained by the cut-conditions) can be cast as a univariate polynomial
of degree ng — 1, being ng the number of solutions of the system. This theorem extends
to all loops and to all dimensions the beauty of the four-dimensional quadruple-cut [31],
which is known to have two solutions and whose residue is parametrized in terms of two
monomials [16]. The number of integration variables depends on the dimensions of the
loop momenta, hence, in order to freeze all of them, the number of denominators to be
put on-shell depends on the space-time dimensions as well. In other words, maximum-cuts
are realized by cutting diagrams with different number of external legs, according to the
dimensionality of the integration momenta.

The use of the d = d| + d . representation of Feynman integrals within the integrand
reduction technique has several interesting consequences. To explore them, we propose a
three-step algorithm, which we will refer to it as divide-integrate-divide.

Divide. First, by separating the physical directions from the (—2¢)-dimensional yields
simpler on-shell cut conditions, hence the division procedure becomes significantly simpler.
In fact, the Grobner basis trivialize, as they are linear in the variables to be reduced and
quadratic in the irreducible variables which will appear in the residues (up to the choice of
monomial order). In this case, the Grobner bases are built from differences of denominators
(basic S-polynomials). Moreover, the form of the cut conditions and of the Grébner bases



are further simplified in the d = d| + d representation, due to the dependence of the
denominators on a reduced set of variables, hence the determination of the cut-residues
becomes computationally less expensive. We can properly talk of adaptive cutting, since
the dimensions of the parallel space, i.e. the number of variables constrained by the on-shell
conditions, depend on the number of legs.

Integrate. Second, after the integrand reduction, the integration over the orthogonal
solid angle of the decomposed integrand allows the automatic detection and annihilation of
the spurious integrals, which vanish because of the orthogonality condition enforced by the
Gegenbauer polynomial integration. Within the proposed parametrization, the spherical
symmetry of the transverse angular integrations offers an explicit geometric interpretation
of the spurious integrals as being related to monomials which are odd under rotation group
transformations, as observed in [32]. Alternatively, if the integration over @ | is performed
before the reduction, the corresponding residue will not contain any spurious term, therefore
the number of non-vanishing coeflicients to be determined through the reduction algorithm
will be significantly smaller.

Divide. Finally, we notice that the integration of the residues over the transverse angles
©® | reintroduces, in general, a dependence on the variables );;. The denominators depend
on these variables and, therefore, the integrated residues may be subject to a second poly-
nomial division, which further simplifies them. In some cases, namely when the variables
Aij form a Gram determinant, this additional division can be shown to be equivalent to
applying dimensional shifting recurrence relations [33, 34] at the integrand level (the di-
mensions of any Feynman integral are controlled by the power of the Gram determinant,
characteristic of each loop).

We now observe that after the integrand decomposition outlined above, the integrand
will depend on a subset of the parallel space variables and on the transverse variables
Aij, which correspond just to irreducible scalar products (ISPs) between loop momenta
and external momenta. Therefore, any scattering amplitude, at any loop order and with
arbitrary kinematics, admits an algebraic decomposition in terms of a set of irreducible
integrals (IRIs), corresponding to these ISPs.

It is important to stress that, although independent under polynomial division, the
IRIs are not a minimal set. Indeed, they can be related through identities which belong to
the general class of integration-by-parts relations (IBPs), hence their number can be further
reduced. The amplitude, in this case, would be finally expressed in terms of a minimal set of
Master Integrals (MlIs). IBPs relation for IRIs can be suitably built by algebraic geometry
methods through sygyzy equations [32, 35, 36]. In particular, the outcome of the proposed
integrand reduction algorithm is suitable for an IBP-reduction in the parallel space along
the lines of [36, 37]. Progress on the improvement of system solving strategies for IBP
equations are under intense development [38, 39]. Moreover, should the reduction to MIs
not be available for the process under consideration, the representation of the amplitudes
in terms of IRIs can be employed together with the numerical integration of the latter.
Promising advances on the numerical integration of Feynman integrals have recently been
applied to a non-trivial two-loop case [40].



The paper is organized as follows. In section 2, we discuss the d = d| + d, represen-
tation of multiloop Feynman integrals and the integration over the transverse directions
by means of the orthogonality relation for Gegenbauer polynomials. Besides analysing the
properties of the transverse space for general topologies with n < 4 external legs, we discuss
further simplifications that can be obtained for factorized and ladder topologies. In fact,
we show that the integration of Gegenbauer polynomials can be used in all cases where the
numerator depends on more variables than the denominators. As an example of the con-
siderably simplified form of Feynman integrands achieved by integrating out the transverse
directions before applying any reduction algorithm, we discuss a four-point contribution to
the helicity amplitude A(gf, 9y s gg,F , g, ) at two loops. In section 3, we present the adaptive
integrand decomposition algorithm for multiloop scattering amplitudes. We revisit the well-
know results for the one-loop integrand decomposition, by showing that, in d = d+d_, all
unitarity cuts are reduced to zero-dimensional systems, and by providing an alternative rep-
resentation of the residues, whiche read as complete polynomials in the transverse variables,
due to the maximum-cut theorem. The novel parametrization of the residues emerging in
d = d) +d yields a different, yet equivalent, decomposition of one-loop amplitudes w.r.t.
to the known decomposition in d = 4 — 2e. At two loops, we provide a classification of
the residues appearing in the integrand decomposition formula for planar and non-planar
topologies with arbitrary kinematics, by considering the top-down reduction from the eight-
point maximum-cut topologies, down to the product of two one-point topologies, namely
two tadpoles. As a concrete example of the application of the adaptive division algorithm,
we provide the explicit expression of the coefficients of the residue of the double-box con-
tribution to A(g;", 95,94 ,9; ). In section 4, we give our summary and conclusions.

We have collected in the appendices the detailed discussion of most of the calculations
leading to the results presented in this work. In appendix A, we propose a new derivation
of the parametric expression of Feynman integrals in terms of parallel- and transverse-
space variables and we discuss the change of coordinates to be performed in the transverse
space in order to map, at any loop order, all integrations over the four-dimensional trans-
verse directions into simple angular integrals. In appendices B—C, we collect some useful
formulae for one- and two- loop integrals respectively, including a list of tensor integrals
which can be reduced by integrating over the transverse angles. In appendix D we recall
the main properties of Gegenbauer polynomials and, finally, in appendix E, we provide
a representation in terms of spinor variables of the momentum-basis to which we refer

throughout the text. The calculations presented in this paper have been performed with
the help of SINGULAR [41] and SQM [42].

2 Parallel and orthogonal space for multiloop Feynman integrals

In this section, we consider generic ¢-loop Feynman integrals with n external legs in a
d-dimensional Euclidean space,

L i, N (g
O[N] = / (1;[1 de2> T lgj{()(li), (2.1)




where N (g;) is an arbitrary tensorial numerator and the denominators D;(g;) are defined as
Dy =12+m3, with 1= aygl+ Y Bipf, (2.2)
i i

being {p1, ..., pn—1} the set of independent external momenta and « and f incidence ma-
trices taking values in {0, £1}. We first recall the usual parametrization of 149 obtained
by formally splitting the d-dimensional space into the four-dimensional physical one, where
external momenta and polarizations lie, and the corresponding orthogonal subspace, whose
dimension is conventionally set to d — 4 = —2e. Later, we show that, when a Feynman
integral has n < 4 external legs which do not span the full physical space, Iﬁf © is more con-
veniently expressed in terms of vectors living in the dj = n—1 dimensional space described
by the external kinematics and a set of transverse variables belonging to its orthogonal
complement with dimension d; = d — n — 1. This alternative parametric representation
of Feynman integrals remarkably simplifies, at any loop order, the integration over the
transverse components of the loop momenta.

2.1 Feynman integrals in d = 4 — 2¢

When dealing with a regularization scheme where the external kinematics is kept in four
dimensions, it is customary to split the d-dimensional loop momenta into a four-dimensional
part and a (—2¢)-dimensional one,

@ = qpy; + K (2.3)

so that, by defining j;; = p; - pj, we have

Qi QG = quayi - qp4)5 + Hig- (2.4)

The vectors u$ lie in a subspace which is completely orthogonal to the four-dimensional
one, (; - p; = 0, hence we can rewrite the denominators (2.2) as

Dj = Uy + D cijong pn +mj, with Uy = agafy +>_Bpf.  (25)

For the same reason, the numerator appearing in (2.1) can depend on qu and p;; only.
This implies that the integrals over the (—2¢)-dimensional subspace can be expressed into
spherical coordinates, and that we can integrate out all directions orthogonal to the relative
orientations of the vectors p*, obtaining

V4
d—5-¢ N(Q4 i i)
Id(e)[]\/] :Qg)/ d4q / dui; [G( ..)]d T [4]i> Mij (2.6)
n [4]1 Hig Hig 0
iI;[l 1§i1;£§g Hm Dm(‘][4]i7ﬂzy)

where G(ui;) = det[(u; - pj)] is a Gram determinant, and

Q(Z) _ H Qga—; QO — 27TnT+1 (2.7)
I i=1 27% ’ r (nTH)



As it is explicitly shown in (2.5), because of this parametrization, the set of denominators
which characterizes each integral depends, in general, on the same ¢(¢ 4+ 9)/2 variables as
the numerator, corresponding to the 4¢ four-dimensional components of the loop momenta,
which are decomposed into some basis of four-dimensional vectors {ef'},

4
G = D wics (2:8)
j=1

and the ¢(¢ + 1)/2 scalar products p;;. It should be noticed that, the denominators of
particular classes of multi=loop Feynman integrals, such as ladder topologies and factor-
ized integrals, might depend on a reduced number of variables p;;, due to the absence of
propagators involving both loop momenta ¢;* and g5

In the following, we first derive an integral parametrization alternative to (2.6), valid for
Feynman integrals with n < 4 external legs, by assuming that the denominators depend on
the maximal number of loop variables, and then we show how a simplified parametrization
for ladder and factorized integrals as well.

2.2 Feynman integrals in d =d| +d.

For a number of external legs n < 4, it is possible to reparametrize the integral (2.1)
in such a way that the number of variables appearing in the denominators is reduced to
£(£ + 2dj + 1)/2. Since the numerator is a polynomial in the remaining ¢(4 — d ) variables,
their integration can be performed straightforwardly, by decomposing the numerator in
terms of orthogonal polynomials. In fact, the choice of the four-dimensional basis {e{'} is
completely arbitrary and, if d;| < 3, one can choose 4 — d|| vectors of such basis to lie into
the subspace orthogonal to the external kinematics, i.e.

€; " pj = 0, 7> dH’ Vj, (2.9&)
ej - €j = 05, 1,5 > dH' (2.9b)
In this way, we can rewrite the d-dimensional loop momenta as
@ = af X (210)
where qﬁ”i is a vector of the d-dimensional space spanned by the external momenta,

d)
qj; = ijzf?, (2.11)
j=1

and
4 4
A = Z xjiejo-‘ + ui, Aij = Z Tyxyy + Mg, (2.12)
j:d”—‘rl l:dH-i-l
belong to the d | -dimensional orthogonal subspace. In this parametrization, all denomina-
tors become independent of the transverse components of the loop momenta,

Dj = lﬁ] + Z Qi Q5 )\il + m?, with lﬁj = Z Oél'qu(lxi + Zﬁijp?, (213)
7 7
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and they depend on a reduced set of £(£ + 2d + 1)/2 variables, corresponding to the /d
components of gj'; plus the ¢(¢ 4 1)/2 scalar products A;j. Once the decomposition (2.10)
has been introduced, it can be shown that all transverse components xj; (j > d)) as well
as the relative orientations of the vectors A can be mapped into angular variables, defined
through a suitable orthonormalization procedure described in appendix A. In particular,
by introducing the angles

O, = {6}, 1<i<j <y,
@L:{Hij}, j§i§j+3—d”, 1<5<Y, (2.14)

we can define a polynomial transformation of the type

{Aij = P [k, sin[©4], cos[©4]], L7, (2.15)

Tj; — P [)\kkaSin[GJ_,A]chS[G)J_,AH s j > d”, k= 1, oA

so that the integral (2.1) can be rewritten as

n—1 Hetl) (4—dy) (qu,A 0,)
O] = /Hd q / A/ e H LDt A (2.16)

where
/ e(z+1)A /H d/\” (Clj_*lfé)/2 (2.17a)
1<i<y
:/ Hdka(Aii)‘dL2)/2/dm21>®m (2.17b)
0 =1
with
1)) ! . d—2—i
d 2z O, = H dcos 0;;(sin ;) *+ ) (2.18)
—Li<icj<e
and

d—dy 4
/ d4=4)fe | / H Hdcos@ (i+j—1) 5 (8SIN 051 i (2.19)
=1 j=1

Egs. (2.17a), (2.18) define the integral over the variables A = {\;;, @}, corresponding to
the norms of the transverse vectors A and to their relative orientations, while eq. (2.19)
parametrizes the integral over the components of A{* lying in the four-dimensional space.
It should be remarked that the integrals defined by egs. (2.18)—(2.19) are dimensionally
regulated through their dependence on d; =d — dj.

The choice of the four-dimensional basis {e'} and the consequent definition of the
transverse space variables A and ®, are determined by the external kinematics and do
not depend on the specific set of denominators which characterizes the integral, therefore,
the parametrization (2.16) can be used for both planar and non-planar topologies. More-
over, it should be observed that, in the case of two-point integrals with vanishing external



momentum p? = 0, the r.h.s. of (2.16) holds for d) = 2, since we can define only two
directions orthogonal to a massless vector.

The decomposition in eq. (2.10) allows us to express a subset of components of qﬁ“i and
Aij as combinations of denominators by solving linear equations. In fact, one can always
build differences of denominators which are linear in the loop momenta and independent
of \;j, while the relation between )\;; and the denominators is always linear by definition,
as can be deduced from eq. (2.13).

More explicitly, at one-loop, all the denominators can be taken to have the form

2
D; = <Q1 + Zﬁz‘jpz) +mi, =1 (2.20)
i

where r is the total number of denominators in the loop integrand. Hence one can choose
any denominator D; and consider r — 1 differences of the form D; — Dj;. These differences
have no quadratic terms in the loop momenta and can thus be used to express r — 1 of
the variables {xi,j < d)} as linear combinations of denominators. By applying one more
independent equation, given by the definition of any of the denominators, the variable
A11 1s written as a linear combination of the variables {xji, 7 < d||}, as one can see from
eq. (2.13).

At higher loops, one can split the r loop denominators into partitions identified by the
subset of loop momenta each denominator depends on, and similarly consider differences
of denominators belonging to the same partition which will again generate a set of linear
relations between physical loop components and denominators. By solving these relations,
one can express a subset of the variables {;;,j < d;} as linear combinations of denomi-
nators. Finally one can, again, consider eq. (2.13) for a representative of each partition of
denominators, completing the set of linear relations which can thus be solved for a subset of
the variables \;;. It is straightforward to see that the complete set of relations is equivalent
to the definition of the loop denominators themselves.

For instance, at two loops, one can have at most three partitions P, P>, P3, which
respectively correspond to denominators having the following forms

2
Dj = <6]1 + Zﬁi]’pi) +m3, J € b,

i

2

Dj = <Q2 + Zﬁijpi) +m3, J € P,

i

2
Dj = <Q1 T2+ Zﬁiﬂh‘) +mj, Jj € Ps. (2.21)
5

where P is the set of denominators depending on ¢; only, P», the set of denominators
depending on ¢o only, and Ps, the set of denominators depending both on ¢; and g¢s.
Therefore one can choose a representative for each partition, say Dj; € P; for i = 1,2, 3,
and observe that for any j € P; the difference D; — Dj, is linear in the loop momenta. This
allows us to write r — 3 linear equations which can be solved for a subset of the variables

~10 -



{7ji,j < dj} in terms of the other physical directions and denominators. One can thus
complete this set of relations with 3 more equations (or possibly less, if any of the partitions
is empty) which are defined by eq. (2.13) applied to one denominator for each partition
P;. In the case when none of the partitions is empty, these three equations can be solved
for the variables A11, A12, Ago which are thus written as a combination of denominators
and irreducible components of qﬁ“i by solving linear relations. If the denominators are
independent of \1s, this variable cannot obviously be written in terms of denominators but
it can be integrated out by means of the techniques presented later on in this paper. As
we shall see in section 2.5, this is true at any number of loops, whenever the denominators
are independent of one of these variables.

The observations made in this paragraph imply that by solving the d-dimensional
cut constraints for the integrand decomposition is as complex as solving a linear system
of equations. Indeedn, a similar procedure can also be applied to the decomposition of
eq. (2.3), the main difference being that the resulting relations for y;; will not only depend
on the components of the loop momenta along the physical directions, but also on the
orthogonal directions.

2.3 Angular integration over the transverse space

As we have explicitly indicated in (2.16), the denominators of Feynman integrals, are com-
pletely independent of the transverse components of the four-dimensional loop momenta,
namely do not depend on any of variables ® |, which are in one-to-one correspondence
with {zj;}, j > d). In addition, since the numerator is polynomial in the transverse vari-
ables, after the change of variables (2.15), the integrand is mapped into a polynomial in
(sine and cosine of) © |, with rational coefficients thed depend on A and on the physical
directions {x;;}, j < d). Finally we observe that all the integrals over ® are factorized
one-dimensional integrals, each being of the type

1
/ dcos 0;;(sin 0;5)* (cos 0,;)° . (2.22)
-1

The values of the exponents o and [ appearing in eq. (2.22) depend both on the angle
0;; under consideration and on the specific expression of the numerator. Nevertheless,
these integrals can be computed once and for all, up to the desired rank, and then re-used
in every calculation where they occur. One algorithmic way to perform these integrals
consists first in expanding the numerator in terms of Gegenbauer polynomials C’,(la) (cos @),
a particular class of orthogonal polynomials over the interval [—1, 1] (see appendix D), and

then repeatedly make use of the orthogonality relation they obey,

217297 (n + 20)
nl(n+ a)l2(a)

1
/ dcos 0, (sin ;)% ) (cos 0i5) C\9(cos 0ij) = dmn (2.23)
-1
In this way, all integrations over @ |, i.e. over all components of the loop momenta orthog-
onal to the external kinematics, are brought back to a unique integral formula which auto-
matically sets to zero all spurious contributions to the Feynman amplitude. Alternatively,
one can show that this angular integration is equivalent to a tensor decomposition of the
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subspace orthogonal to the external legs of the diagram [2]. Consider a topology with n < 4
external legs. A generic term contributing to a £-loop integral of such topology has the form

/(ﬁlij%)/\éq% qj ( H H a”) (2.24)

r= dH-i-lt 1

In the first factor on the right of the integration measure, we collected the dependence on
the variables A;; and on the components of the loop momenta along the directions of the
external momenta, while the second one depends on the transverse components which can
be integrated out. Because of the obvious relation

(gi-ej) = (Ni-ej), ifj>d, (2.25)

the angular integration can also be performed via tensor decomposition, restricted to the
d -dimensional orthogonal subspace. In particular, this decomposition only depends on
the d -dimensional projection of the metric tensor and it is independent of the external
legs of the diagram, which makes it significantly simpler than a full d-dimensional tensor re-
duction. This implies that we can easily perform the transverse integration by considering
the decomposition

l
/ H dd(]’t N(QHH )\’L]) (Azlzll . )\Vlal . )\Vll . AWO@)
m/2 Hj Dj(%’) : !

i=1
Vo(11)Vo(12) Ho(l)o(oy— 1)#o(l)a(al)
B Z Qo 9ia,) "4y (2.26)
g€eS

where a; = >, ¢ (cfr. with eq. (2.24)) and S is the set of non-equivalent permutations
of the Lorentz indexes v; appearing on the 1.h.s.. One can thus solve for the coefficients a,
in the traditional way, i.e. by contracting both sides of the equation with each term on the
r.h.s. side and using the identities

NN = Ng, (gl )P =du, (2.27)

which allow us to replace the second factor in the product of (2.24) with a combination of
variables );;. Notice that this combination only depends on the number n of external legs
and on the powers of loop momenta appearing in the product of the transverse component,
while it is completely independent of the expression of the other factors appearing in the
integrand. As well as the explicit angular integration discussed above, this decomposition
can be performed for the occurring rank once and for all, and it is independent of the
internal details of the topology and of the particular process under consideration.

In the following, we use the integral representation (2.16) and apply the integration
procedure described above in the case four-point integrals up to three loops. We refer the
reader to appendix A, for the derivation of eq. (2.16) as well as of the explicit expression
of the change of variables (2.15). General results for one- and two- loop integrals in all
kinematic configurations, including a list of integrals over the transverse directions, are
collected in appendices B-C.
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Figure 1. Four-point diagrams.

2.4 Four-point examples

As an example, we consider the four-point topologies depicted in figure 1. Due to momen-
tum conservation, the external momenta {pi,p2,p3,p4} span a subspace with dimension
d) = 3 and, as a consequence, we can build a four-dimensional basis {e$'} containing one

single transverse direction ey,
pi-es=0 Vi=1,2,3. (2.28)

Thus, in all the three cases, we can decompose the d-dimensional loop momenta according
to (2.10), where qﬁ‘i = q%]i are three-dimensional vectors, defined as

3
Gi= ) wuef, i=1,...,¢, (2.29)
j=1

and A$* are vectors in the d; = d — 3 dimensional orthogonal space,
A =xged Fu, i=1,..., 0. (2.30)

Upon this decomposition, all denominators become independent of the component x4; of
each loop momentum. The d||+d | parametrization of the integrals can now be read directly
from (2.16) with d) = 3, by choosing ¢ = 1, 2,3, according to the case. The particular form
of the change of variables (2.15), which is needed in order to reduce the integrals over the
transverse directions to the orthogonality relation (2.23), are derived in appendix A.

(a) For the one loop integral of figure la, we define A = {A\11} and ®; = {611}, and we
write

- o

Ij(l)[N] (u /d Q[g}l/o d)\u()\n)% /1d008911(81n911)d_6><

- _
N(qg1,A11,cos b)

[T —0 Dm(ag 1, A1)

In this case, the set of transformations (2.15) is reduced to

T41 = )\11 COS 911, (2.32)

(2.31)
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which expresses the transverse component x4; of the loop momentum in terms of the
single angular variable 611. The numerator of a general Feynman integral corresponding
to the box topology can have at most a polynomial dependence on z4; (and hence on
cosf11), so that the angular integration can always be reduced to the orthogonality
relation (2.23). In particular, for the case of a scalar integral with trivial numerator,
we obtain

40y /d /dA ()2 ! . 2.33
Iy ) = 7T3/2FdT 4311 11(Aun) . D (qgsy15 A1) (2.33)

m=0

Moreover, as we recall in appendix D, odd powers of x4; can be expressed in terms of
(products of) Gegenbauer polynomials with different indices and vanish by orthogonal-
ity, so that only even powers of the transverse variable produce non-zero contributions.
As an example, useful for later use, let us consider the integrals

o0 1 . d—6 2

d(1) 1 / 3 / d—3 / (sinf11)%°(cosb11)
1 T d’q dA1(A 2 dcos 0 ,
3] = A0 (1) SR A 11(M11) g "I, Do 1, A1)

(2.34a)
0 611)*
I (1)[1'41] d /d (J[S]l/ dA11(A1r) kR / dcos 611 (sim 011) ™ (cos 1) .
r(4%) - Hm 0 Dim(qi311, A11)
(2.34b)
After writing the powers of cos #11 in terms of Gegenbauer polynomials,
(cosby1)? = o [C(%)(COSQ )]2 (2.35a)
PO B T 4 (5 ’
(COS 911) = m CO (COS 911) + WCE (COS 011) s (2 35b)
we can use the orthogonality relations (2.23), and obtain
1
W2 = Sld(l)[An] = 5ij”(l)[l], (2.36a)
a1 3 a1 3 d+a(1
I Wla ) = mh( N = ZI4+ D). (2.36b)

In the second equality, we have identified additional powers of A;; in the numerator,

produced by the integration over the transverse component, with higher-dimensional
scalar integrals, as it can be easily checked from the explicit expression of the d-
dimensional integral (2.33). Results for higher rank numerators can be found in ap-
pendix B.

(b) At two loops, the transverse space of the topology shown in figure 1b is described by

— 14 —



the variables A = {11, Ag2, 012} and @ = {611,022} and we have

d—6
d(2) _ 2 3 3 =5
I[N = ST —5) /d q314 Q[3]2/0 dA1dhas(M1) T (Agg) T x

1
X/ dcos 012dCOS (922dCOS 911 (SiIlelg)dit3 (sin911)d_6(sin022)d_7><
-1

N (qi3)is Aii cos 0;, sin 6;)
X .
o Din(q3) i, Aiis cos 012)

(2.37)

In this case, (2.15) reads

A2 = VA1 A2 cos 012
T4l = \//\11 COS 911 (2.38)
T42 = /\22 ( COS 911 COS 912 + sin 911 sin 912 COS 922) s

so that, after the change of variables, any term in the numerator depending on x4;
and x42 is mapped into a polynomial in (sine and cosine of) @, with coefficients
depending on A, which can be easily integrated through the expansion in terms of
Gegenbauer polynomials. In this way we find, for the scalar integral,

IR AR D ddas (A Aa2) ' x
| ]*m q[3]1@ q[3] 2 ) 11dAa2( 11) (22)
1
1
x [ dcos Oy (sinf12)%° . (2.39)
/1 [10,—0 Din(qj3)i, Aiis cos 012)

whereas the first non-spurious monomial in z4; and z42 amounts to

1
1 Vlzgizy,) = ﬁﬁf(”[xﬁ]. (2.40)

Results for higher rank numerators can be found in appendix C.

The transverse space of the three-loop topology shown in figure 1lc is parametrized in
terms of A = {A11, a2, A33, 012,013,023} and © 1 = {011,022, 033},

d (3 —5
14()[/\/] 7r8F(d o T dT /Hd q3]z/ Hd/\” i) (2.41)

! . N iy Nii, COS 05, sin 0;
X/ dcost9ij-(sirleij)d_5_Z ([3] j>sin0j;)

—li<i<j<3

Hg _ Dm(Q[g},i, )\z'z'a COS 912, COS 913, COS 923) .

m=0
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Figure 2. Bow-tie topology 2a and three-loop ladder 2b.

The change of variables

( A2 = VA Az cosbio

A2z = VA2a)33 cos by

A3 = vV A11A33(cos 012 cos O13 + sin 015 sin H13 cos Ha3)

41 = /A1 cosby (2.42)
g2 = VAaa(cos b1 cos b + sin O11 sin O15 cos ba2)

x43 = v/ A33(cos b1 cos b2 cos O3 + sin 017 sin 12 cos Oz cos b13

— sin 011 sin 613 cos 615 cos fa9 cos Ba3 + sin O19 sin H13 cos O11 cos a3

+ sin 911 sin 913 sin 022 sin 923 COS 933)
\

allows us to express the transverse components x4; in terms of the angular variables
and then integrate over ® | with the help of (2.23). For the scalar integral, we have

d—5 3 o 3
d(3)r17 2 / 3 / e
1
. 1
X dcos 6;;(sin 6; ‘)d_5_2 ,
/_1 1<g<3 ! ! ngzo Dm(Q[g}i, Aii, €os 012, cos 013, cos Oa3)
and, similarly to the previous case, it can be verified that
1 ..
IZ(?’)[MMM] == 311(3) Aij] Vi,j=1,2,3. (2.44)

2.5 Factorized integrals and ladder topologies

The d = dj + d parametrization (2.16) applies to all Feynman integrals with n < 4,

nevetheless, there are special classes of multiloop integrals, associated to factorized and

ladder topologies, which allow further simplifications. These integrals are characterized by

a set of denominators which are independent of a certain number of transverse orientations

Aij, i.e. on a subset of the angular variables @,. This implies that, as it can be immedi-

ately understood from the properties of the change of variables (2.15) and the integration

measure (2.17b), the integration via expansion in Gegenbauer polynomials can be applied,

besides to all ®, angles, also the angles ®, which do not appear in the denominators. In

the following, we discuss the d = d| + d parametrization in two explicit cases.
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2.5.1 Factorized integrals

When the loop corresponding to ¢* is factorized, no denominator depends on ¢; - gj, with
j # i. In general, whether a factorized integral originates as a Feynman diagrams or from
the algebraic semplification of denominators, the integrand is not necessarily factorized,
since the numerator can still depend on the (d—4)-dimensional part of ¢;-g;, corresponding
to pij. Nevertheless, it can be shown that, after integrating over p;;, by means of the
orthogonality relation (2.23), the d = d|| + d_ parametrization of a factorized integral is
given by the product of the d = d| + d, parametrizations of the integrals corresponding
to the subtopologies. Remarkably, the transverse space of the factorized graphs can have
a different dimension, since, for each of them, it depends on the number of the legs.

As an example, let us consider a bow tie integral of the type shown in figure 2a, which,
according to the d = 4 — 2¢ parametrization (2.6), reads

d(2 206 o0 o0
I4,§a2t[N] = 7T5F(d5)/d4Q[4]1d4Q[4]2/0 d,ull/o dpg2 X (2.45)
X Hi2{p11p22 — H1g) 2 .
T TT:—0 Di(qpay 1, 11) TT =5 Dj (qpa) 2, p122)

Any tensor numerator admits the generic decomposition,

N (g1 qi4)25 1ij) = (112) “Ni(qu 1, 1) N2(qpay 25 p122), a € N (2.46)

so that, if we introduce the change of variable cos ¢ = u12/\/f11/122, the integral over uqo
can be reduced to an integral of the type (2.22), which can be evaluated by means of the
by-now usual orthogonality relation (2.23),

1 0 for a=2n+1
/ dcos ¢(sin ¢)? " (cos ¢)* = (et )r(452) (2.47)

2 i
—1 W for a=2n.

2

After inserting this result in (2.46), the integral over each loop momentum is completely
factorized and, by comparison with the d = 4 — 2¢ parametrization of one-loop integrals,
we can identify, for the non-trivial case o = 2n,

142 1 (12) NN ] = 2B (H, 5 /ddQ1 (p11) 2 M /dd(D (p122) 2 No
f = = - .
4 fact B (d ééJra, d %ﬂx) 7.‘-d/2 H?:O Di(CIl) 7.‘-d/2 H?:g Dj(Q2)
(2.48)
Each term in the brackets admits a d = d||+d, parametrization (2.16). The decomposition

can be implemented by working with two different momentum bases, each one containing
two vectors orthogonal to the external legs connected to the corresponding loop. In this
case, the factorized graph is obtained from the product of two identical subtopologies. In
general, if the subtopologies have a different number of extenal legs, then their transverse
space is not identical.
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2.5.2 Ladder integrals

Starting from a number of loops ¢ > 3, ladder topologies correspond to integrals whose
denominators depend on a limited number variables A;;. In these cases, the d = d| + d .
parametrization (2.16) reads exactly as in the general case (2.16), but the integration in
terms of Gegenbauer polynomials can be extended to the subsets of angles @, correspond-
ing to the A;; which do not appear in the denominators. As an example, we consider the
three-loop ladder box shown in figure 2b, for which we introduce the same set of transverse
variables as for the three-loop diagram of figure lc,

A = {11, A2, A33, 012, 013, 023},
©, = {611, 022,033}, (2.49)

and parametrize the integral exactly as in (2.41). This integral has no propagator depending
on both ¢f* and ¢5, i.e. the denominators are independent of A13 and hence of 63, as it can
be seen from (2.42). Therefore, the integral over fa3 is reduced to the form (2.22), and it
can be evaluated in the usual way, as

0 for a=2n+1

1
dcos fa3 (sin093)" 7P (cos 093)* = atl\p(d=5+8 2.50
/_1 23 ( 23) ( 23) W for o —on. (2.50)

In (2.50) the indices « and (3 are determined by the specific form of the numerator. In the
scalar case (o = 8 = 0), this additional integration returns

d(3) d—5
I 1 | |d | [ dnis(hi 2.51
41adder[ ] 7T6F(d 4 d2 / Q[3]z/ - ( ) 2 X ( )

1
1
X dcos 612 dcos B3 (sin ng)d_G (sin 913)d—6 .
/_1 Th—o Do (q13)45 Aiis €08 012, cos 013)

2.6 Simplified integrand form

The d = d| + d parametrization of Feynman integrals and the angular integration over
transverse directions can be used in order to decompose scattering amplitudes in terms of
a reduced number of scalar integrals without explicitly performing any tensor reduction.
In fact, transverse integration can be used ab initio in order to obtain a simplified form of
the integrand, free of spurious contributions, which can be more easily reduced to a combi-
nation of a minimal set of master integrals, by means of relations like integration-by-parts
identities. In particular, as we show in the following example, this procedure is suited for
application to helicity amplitudes which, in general, may enjoy better properties than the
form factors defined in the usual tensor decomposition. Alternatively, transverse integra-
tion can be applied in tandem with algebraic methods, such as integrand decomposition, in
order to achieve a step-by-step simplification of the reduction algorithm. The interplay of
transverse integration and integrand decomposition will be the object of the next section.
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Figure 3. Double-box contributions to A271°°P(g{", g5, 95, 91 )-

2.6.1 Example: the four-point integrand for A2—leop (gi",gz_,g;', g1)

As an example, we consider the double-box contribution to a four-gluon color-ordered
helicity amplitude. For this case, we show that the integration over the transverse variables
can lead to a simplified representation of the integrand, before considering the application
of any reduction algorithm. The topology, in d = 4 — 2 € dimensions, is defined by the seven

denominators
Dy = (q1 +p1)°, Dy = g,
D3 = (q1 — p2)?, Dy = (g2 — p3)?,
Ds = ¢3, De = (g2 + pa)?,
Dy = (q1 +q2 +p1 +p4)?, (2.52)

and the four irreducible scalar products

(@1-pa),  (@2-m), (¢-v), (g-vi), (2.53)

where v, is orthogonal to the external momenta and it can be chosen as

vi = —4ie“,,pgp‘1’p§p§ = tr5(pup1 p2 p3). (2.54)

Notice that, conversely to the transverse vector e4 introduced in the general discussion
of section 2.4, with this definition v, is not normalized since, when dealing with realistic
processes, it is convenient to use a representation which can be easily expressed in terms
of spinor variables without introducing spurious square roots. It is worth observing that,
while the first two scalar products in eq. (2.53) live in the physical space defined by the
external momenta, the last two lie along the orthogonal direction and will be integrated
out using the technique previously discussed. Finally, as it is implied by the definition of
the denominators (2.52), all the external momenta p; are taken as outgoing.
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We consider the helicity amplitude A2~1°0p (pf, Dy p;f, py )- The double-box contribu-
tion to the amplitude is given, in a pure Yang-Mills theory, by the sum of the four diagrams
shown in figures 3a-3d, namely a diagram involving only gluons and three diagrams with
ghosts circulating in the loop. The calculation can be easily carried out e.g. in Feynman
gauge and with an explicit choice of polarization vectors in terms of spinor variables such as

@] —u_ 2] +u_ 23] P il L1 S

TR T T ARy P T VREsy Y T e

We remark, however, that the final result for the on-shell residue, which we will discuss in

section 3.5.1, is gauge invariant and thus independent of the previous choices.
After inserting the Feynman rules for each diagram, and decomposing the loop mo-

menta as

qi' = w11 pT + 21 p3 + 131 Py + a1 V] + pf,

g5 = 127 + 225 + 32 P§ + a2 0] + 15", (2.56)

the numerator becomes a function of the coordinates x;; appearing in eq. (2.56) and of the
(—2€)-dimensional scalar products ;5. According to eq. (2.30), the transverse vectors \;
can be identified with

AT =21 0] + 15
Ay = zap 0] + i (2.57)

The d = d)| + d . parametrization of the integrand is simply obtained through the change
of variables

pij = Aij — 245 w4501, (2.58)
which, as we have already observed, makes the denominators independent of the transverse
components 41 and 42, where x4 = (v, - ql)/vi and z49 = (v - qg)/vi.

Unpon the change of variables, the numerator is given by a sum of 2025 distinct terms
in the integration variables

z = {x11, 21, T31, Ta1, T12, T22, T32, T42, A11, A22, A2} (2.59)

The terms proportional to the transverse variables x4; can be integrated out using the
results listed in appendix C. Nevertheless, we want to remark that, when using a non-
2

Pllg-v1)* (g-v2)7]
must be multiplied by a factor (vi)(‘”ﬂ)/ 2. After integrating out the transverse directions,

trivial normalization of v, the right hand sides of the formulas for Iff
the numerator is reduced to a sum of 773 terms in the variables

T = {211, 221, T31, T12, T22, 32, A11, A22, A12}, (2.60)

which, as we will explain in more detailed in the next sections, can be easily expressed in
terms of denominators and physical scalar products.
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3 Adaptive integrand decomposition

3.1 Integrand recurrence relation

In the framework of the integrand reduction method [7-9, 15, 16, 18], the decomposition
of dimensionally regulated ¢-loop integrals

d
d(f dq] 7/ Ly
I, / H 3 Dy - (3.1)

is rephrased as partial fractioning of the integrand, which is finally written as a sum of

residues, i.e. irreducible numerators which cannot be expressed in terms of denominators

D:;

ir.» sitting over all possible subsets of denominators,

Ly i, = ?1. s Z Z Aﬂi]lk) (3.2)

D. .
D, k=1 {j1-ju}Clix-ir} 7t Tk

For an integral with an arbitrary number n of external legs, the integrand decomposition

formula (3.2) can be obtained by observing that both numerator and denominators are

polynomials in the components of the loop momenta with respect to some basis, which we

collectively label as z = {z1,..., z¢e+o) }. Thus, we can choose a monomial ordering, and
2

build a Gréebner basis G, ...;, (z) of the ideal J;,..;, generated by the set of denominators,

Foiy = {th  (a) € Pl . (33)

being P|z] the ring of polynomials in z. By performing the polynomial division of N;...; (z)
modulo G;,..;.(z),

11 i ( ZMl U—10k41 Zr(Z)DZ (Z>+Ai1---ir(z) (3.4)

we obtain the recurrence relation

Ajy.i.(2)

ot = X i By 0

whose iterative application to the integrands corresponding to subtopologies with fewer
loop propagators yields to the complete decomposition (3.2).

The properties of the ideal J;,...;, [43-46] allow us to derive an important result con-
cerning the parametric form of the residues corresponding to mazimum-cuts. We define
maximum-cut a zero-dimensional system of equations

Diy(2) = = D; (z) = 0, (3.6)

which completely constraints the loop variables z. If a maximum-cut admits a finite number
of solutions ng, each with multiplicity one, it satisfies the following [15].
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Theorem 1 (Maximum cut) The residue of a mazimum-cut is a polynomial
parametrized by ns coefficients, which admits an univariate representation of degree (ns—1).

Depending on the choice of variables z and of the the monomial order, the picture pre-
sented in this section can significantly simplify. A particular convenient choice of variables
turns out to be the one presented in section 2.2. Indeed, as we observed at the end of that
section, we can always express a subset of the components of qﬁ‘i and );; as a combination
of denominators by solving linear relations. This set of relations is in turn equivalent to the
definition of the denominators themselves. This implies that if we choose the lexicographic
monomial order with A\;; < xg; for k& < d||, the polynomials in the Grébner bases are lin-
ear in the \;; and in the reducible components of qﬁ‘i. Thus, the polynomial division can
be equivalently performed by applying the aforementioned set of linear relations without
explicitly computing the corresponding Grobner basis.

3.2 Divide, integrate and divide

As we have seen in section 2, when dealing with an integral with n < 4 external legs,
we can introduce the d = d + d parametrization which removes the dependence of the
denominators on the transverse components of the loop momenta. Therefore, if we indicate
with z the full set of £(¢+9)/2 variables

zZ = {X”i?XJ_i))\ij}a Z,]: 1,...6, (37)

where

x| = {zz}, J<d), (3.8)

are the components of the loop momenta parallel to the external kinematics, and
X|i= {Cﬂji}, J> dH, (39)

the four-dimensional orthogonal ones, the denominators are reduced to polynomials in the
subset of variables

T = {x”,)\ij}, T C 2, (3.10)
so that the general r denominators integrand has the form

Niy i (T,%1)
Di (1) Dj. (1)

(3.11)

Tiy . (T,%x1)

For convenience, we make explicit the dependence of the integrand on the component
of the loop momenta 7,x,, and highlight that the denominators do not depend on x .
This observation suggests an adaptive version of the integrand decomposition algorithm,
where the polynomial division is simplified because it involves a reduced set of variables
7, and where the expansion of the residues in terms of Gegenbauer polynomials allows the
systematic identification of spurious terms. The novel algorithm is organized in three steps:
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1)

Divide: we adopt the lexicographic order A;; < x for the 7 variables, and we divide
the numerator N, ;, (7,1 ) modulo the Groebner basis G, ...;, (7) of the ideal J;,...; (T)
generated by the denominators,

Niyecin (1,%10) = Y Nivigin i (7,0 Dip (1) + Agy i (3, x1). (3.12)
k=1

As a consequence of the specific monomial order, the residue A;, ;. depend on the
transverse components x| ;, which are left untouched by the polynomial division, as
well as on x|;, but not on the \;; that are expressed in terms of denominators and
irreducible physical scalar products. The quotient, instead, depends on the full set of
loop variables. As mentioned at the end of section 3.1, the Grébner bases do not need to
be explicitly computed, since, with the choice of variables and of the ordering described
here, the result of the division can be simply obtained by merely applying the set of
linear relations described at the end of section 2.2.

Integrate: we write the contribution of the residue A;, ;. to the integral in the d =
d| + d1 parametrization which, according to (2.15), maps the transverse components
x; to polynomials in 7,sin[® ], and cos[® ],

x,; — P[r,sin[® ], cos[O]]. (3.13)

In this way, we can integrate over the transverse directions through the expansion of
Aj, .4, in terms of Gegenbauer polynomials, which sets to zero spurious terms and
reduce all non-vanishing contributions to monomials in A;;,

diq; Ay i (x),%1) / _— / etn) / (4—dy)e Ay i (T,07)
/H 702 Dy, (7). Dy, (1) Hd i f A e ) D ()

. Alnt ) ( )
= aff / " / QA T
d };[1 I D;,(1)...D;, (T)

It should be noted that, due to the angular prefactors produced by the integration of

the transverse directions, the integrated residue

110y

AR (T )_/d(4d)ZG)J_Ail...iT(T7®J_) (3.14)

is, in general, a polynomial in 7 whose coefficients depend explicitly on the space-time
dimension d. The full set of A™ . (7), obtained by iterating the polynomial division
and the integration over the transverse space on the numerator of each subdiagram,
provides a representation of the integrals of (3.2) free of spurious terms.

Divide: however, since Al™ . (7) depends on the same variables as the denominators
D;, (7), we can perform a further division modulo the Gréebner basis Gj, ...;, (T), and get

Ai?t zr( ) Z'/\/;Tt Te—10kt1-- 1T(T)Dik(7-) +Ai1...ir<x||>7 (315)
k=1
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!/

where, due to the choice of lexicographic ordering, the new residue A (x”) can only

Q1.
depend on x|. Therefore, this additional polynomial division allows1 us to obtain an
integrand decomposition formula (3.2), where all irreducible numerators are function
of the components of the loop momenta parallel to the external kinematics. As in the
previous case, the division modulo Grobner can equivalently be implemented via a set
of linear relations.

!/

The interpretation of the monomials appearing in the residues A (x”) in terms of a

i1ty
basis of tensor integrals can be additionally simplified by making use1 of the Gram determi-
nant G[\j;] (or G|ui;] for cases with more than four external legs, where x| = x). In fact,
as it can be easily understood from (2.6) and (2.17a), G[u;] and G[\;;] can be interpreted
as operators that, when acting on an arbitrary numerator of a d-dimensional integral, pro-
duce a dimensional shift d — d 4 2. Therefore, Gram determinants can be used in order to
trade some of the d-dimensional tensor integrals originating from the residues with lower

rank integrals in higher dimensions.

3.3 Integrate and divide

In the three-step algorithm divide-integrate-divide, outlined in the previous section, the in-
tegration over the transverse angles is performed after the integrand reduction, namely after
determining the residues. This first option follows the standard integrand reduction pro-
cedure, where the spurious monomials are present in the decomposed integrand, although
they do not contribute to the integrated amplitude. Alternatively, if the dependence of
the numerators on the loop momenta is known, then the integration over the orthogonal
angles can be carried out before the reduction. Within this second option, which we can
refer to as integrate-divide, after eliminating the orthogonal angles from the integrands,
the residues resulting from the polynomial divisions contain only non-spurious monomials.
In order to integrate before the reduction, the dependence of the numerator on the loop
momenta should be either known analytically or reconstructed semi-analytically [47, 48].
Such situation may indeed occur when the integrands to be reduced are built by automatic
generators or they emerge as quotients of the subsequent divisions.

3.4 One-loop adaptive integrand decomposition

We hereby apply the adaptive integrand decomposition algorithm in order to determine an
alternative parametrization of one-loop residues. As an exceptional property of one-loop
integrands, we find that by working with 7 variables, all unitarity cuts are reduced to
zero-dimensional systems. Moreover, we show that the last step of the algorithm, i.e. the
further polynomial division after angular integration over the transverse space, provides an
implementation of the dimensional recurrence relations at the integrand level.

One-loop residues in d = 4 — 2e. A general one-loop integral with n external legs is
characterized by a set of n denominators,

d
avy [ d%  Ni.a,
10, - [ S 10

in
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The integrand depends on five variables which, in the standard d = 4 — 2e parametrization,
are identified with

z = {2517252,253,24,25} = {$1,$2,$3,l’4,ﬂ2}, (317)

where x; are the components of the four-dimensional part of the loop momentum with
respect to a basis {e'} of massless vectors [16, 25, 27, 49] (one particular definition of such
basis can be found in appendix E.1). The denominators D;, (z) are quadratic in z, whereas,
for any renormalizable theory, the most general numerator is a polynomial of the type

Ny, ( Z ay 2{12%2,2%32142%5, (3.18)
Jj€J5(n)
with
Js(n) ={7= (1, .-, Js) * ju+J2+js+ja+ 25 <n}. (3.19)

Higher rank numerators, such as the one appearing in effective theories can be treated
in a similar way, along the lines of [15]. The polynomial division of the numerators
N ..i,, (z) modulo the Grobner bases Gy, i (z) = {91(2), g2(2), ... gn(z)} returns the uni-
versal parametrization of the residues [10, 16, 18],

2
Ajjkim = copt”,

2 2 4

Agjkl = o + 174 + copt” + c3Tap” + cqp”,
Asip — 2 3 2 3 2 2 2
ijk = Co + C1Z4 + C2Ty + C3Xy + C423 + 523 + CT3 + Cr” + CRT4U” + CoT3U”,
2 2 2 2
Aij = o+ 121 + cox] + c3T4 + 4Ty + 53 + Cex3 + CTx1X4 + C8T1T3 + Co 7,

A; = co + cix1 + cox9 + c313 + Cazy. (3.20)

Many of the terms appearing in (3.20) are spurious, i.e. they vanish upon integration.
Therefore, we can write the decomposition of an arbitrary one-loop amplitude with n
external legs as a linear combinations of master integrals (IRIs), corresponding to the

non-spurious terms of the integrand,

AD = 3 [t A0 4 it [0 2) 4 o O

ijlm ijlm ijlm
i<<l

(i50) 7d (1 ijl) +d (1
+ Z [ o Iz]l ) +C'(7j )Izgg )[MQ]
i<l

+Z[ IO + 1O (g + pi) - ea] + SV IED (g + pi) - €2)?)
1<<J

i }WLZC . (3.21a)

— 95—



n

ijlm ijlm ijlm
<l
= ijl) +d (1 ijl d (1
30 [P0+ 0 o)
1<l

+y {cé"”fff”m + D1 g+ pi) - ea) + SV IEO (g + i) - e2)?]+

k
+ c&”(—emﬂ] 21, (3.21)

where, in the second equality, we have identified y? numerators with higher-dimensional
integrals [50].

The particular simple form of the five-point residue appearing eq. (3.20) is due to the
fact that the quintuple cut D;(z) = --- = Dp(z) = 0 is a maximum-cut which admits a
unique solution (ny = 1). Hence, Ajjkim, is parametrized by a single coefficient, which is
conventionally chosen as the one corresponding to the p? numerator.

One-loop residues in d = d| +d,.. Ind = 4 — 2¢ dimensions the maximum-cut
theorem can only fix the parametric form of the residue of the quintuple cut, since the cut
conditions for all lower-point integrands form an underdetermined system for the variables
z. However, all these integrands have n < 4 external legs and we can introduce the
d = dj| + d parametrization in terms of the variables

z = {X||,XJ_7)\2}, (3.22)

where x| and x are defined according to the four-dimensional basis given in appendix E.2.
In this way, the n denominators depend on the subset of variables

T = {XH,)\2} (3.23)

containing exactly n elements. Since, as explained at the end of section 2.2, these variables
can be written as combinations of denominators via linear relations, and because the cut
D (t) =--- =D, (1) = 0 with n < 4 is a maximum-cut, the corresponding set of cut
equations is equivalent to a determined linear system and therefore has a single solution
(ns = 1), which constrains all 7 variables. This means that we are in the Shape Lemma
position and, as implied by the discussion at the end of section 3.1, a Grébener basis
Giyin(T)=1{91(7),92(7), ... gn(T)} of J;, i, is found in the linear form

gi(T)=ai+m, i=1..,n (3.24)

Hence, according to the maximum-cut theorem, the residues of all cuts with n < 4 are
constant in 7.

Although it is independent of 7, A, ...;, can still depend on the 4 —d| four-dimensional
transverse variables, which are left unconstrained by the cut conditions. However, the
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parametrization of the residue is terms of x is completely fixed by the renormalizability
condition,

i 7 Ja—d
Ay, (x1) = Z ayelt @y a, Hd\l n <4, (3.25)

TE€ Ja—q)(n)

with Jy_gq, (n) = {7 = (, ""j4_dH) Pttt Jag) < n}. Accordingly, from
the polynomial division of the numerators modulo G;,. ;,(7), with lexicographic ordering
A2 < x,, we find a parametric expression of the residues alternative to (3.20),

Ajjkim = copt?,
Ajjr = co + 174 + CQ$Z + 03xi + 641‘3,
Aijk =cg+ c1x3 + coxyg + 0333% + cax3x4 + 05332 + 063:% + cm%m + csxgxi + c,ga:i,
Aij =g+ c122 + cox3 + 34 + C4m% + c5xox3 + CceT2T4 + cm% + cgxrsxry + ngi,
Aij\pgzo =g+ 11 + C2x3 + 374 + 043:% + C5T1X3 + CeT1T4 + 07:133 + cgr3xy + cm:i,

A; = co + c1x1 + cox9 + c313 + C424. (3.26)

We observe that the two-point integrand with massless external momentum p? = 0, whose
residue is indicated as Az’j’;ﬂ:oa is the only exception to (3.25), since the residue depends
on the components x1 parallel to p. In fact, due to the reduced dimension of the trans-
verse space, the denominators depend on three variables 7 = {1, 22, A} so that, in this
degenerate kinematic configuration, the double cut is not maximum any more.

The residues (3.26) can now be integrated over the transverse directions by means
of the orthogonality relation (2.23) for Gegenbauer polynomials, which removes spurious
terms and reduce non-vanishing contributions to powers of \2. Hence, by making use of
the results collected in appendix B, we obtain the decomposition of a generic one-loop
amplitude in terms of IRIs,

(z]lm d(l)
zylm

G 1 a2
Z |: zgl C7 2 _ 2GIz‘jl [)‘ }:|
1<l
1]

[ IO+ DD (g4 pa) - e0)] + SV TEV (g + pi) - e2)2)+

1]+ fm 1 - (V)32 | ftm) 3 Opy

(1) — ‘
A 1—2¢ lm (1 —2€¢)(3 —2¢) 4im

+eg) )\2] +Z Grn (3.27a)
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Z[ o T (1] + 57 S 15 ]+ 7 1]
<!

9 iglm 4 ijlm
Z [ C(ijl)11d+2(1)[1]}
Ul 7 9%ijl

i<l

3 { 10+ A7 1 i) - o) + 2TV (0 + ) - e2)?)
i<

('L]) d+2(1) (4) d(l)
Tl ] +Z I; (3.27b)

where, in the second equality, we have identified monomials in A? in the numerator with
higher-dimensional integrals.

The number of IRIs in which the amplitude is decomposed can be further reduced by
observing that, due to the choice of lexicographic ordering (which allows us to express A2
as a function of x| ;), A2 is reducible, i.e. it can be rewritten, modulo a constant remainder,
in terms of denominators. Therefore, all higher-dimensional integrals appearing in (3.27b)
are reduced to a combination of the corresponding scalar integral in d-dimensions and
integrals with fewer denominators. As a consequence, this additional polynomial division
can be interpreted an implementation of dimensional recurrence relations at the integrand
level. The final decomposition of the amplitude in terms of the minimal set IRIs reads

n

i'lm d 1) g l (1)
Agzl) = Z Cg)j z]l(m + Z & zgl ]

1<l 1<l
+ 3 @15 + IV + pi) - ea) + SV l(a + pi) - e2)?
1]
+3 1. (3.28)

It should be remarked that, although we have used similar a labelling, the coefficients the
master integrals appearing (3.28) are different from the ones in (3.27a). Moreover, in (3.28),
these coefficients can present an explicit dependence on the space-time dimension, due to
the angular prefactors produced by the integration over the transverse variables. We give a
summary of the results obtained from the application of the adaptive integrand reduction
algorithm at one loop in table 1.

3.5 Two-loop adaptive integrand decomposition

In this section, we use the adaptive integrand decomposition algorithm in order to deter-
mine the universal parametrization of the residues appearing in the integrand representa-
tion (3.2) of the three eight-point topologies shown in figure 4a—4c. The results hereby
presented are valid for arbitrary (internal and external) kinematic configuration.

At two-loops, we generally deal with r» denominators Feynman integrals of the type

74 :/ddQ1ddQ2/\/z‘1--~n(Q1,Q2)
tetr 7Td D“D“ ’

(3.29)
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Ty iy T Ajy i, AV Al i
Tivinigisis . ! - -
TN {1, 22, 23,24, 4%} {1} - -
Liinigia ;[ ° . ’ '
{21, T2, 73, A%} {1, 24,23, 23, 23} {1,22, 0%} {1}
T ] - 10 2 1
{x1, 20, A2} {1, 3, w4, 73, w324, 23, 23, 2324, T323, 23} {1,)\%} {1}
., [ : 10 2 1
{x1,22} {1, 29, w3, T4, 3, 023, Towy, T3, T374, T3} {1,)\%} {1}
T W@ 10 4 3
{Il,l‘g,)\?} {l,xl,:C3,m,x%,:clxg,:vlm,x%,:rgm,xi} {1,x1,x%,/\2} {l,xl,:c%}
{\?} {1, 21,29, 23,24} {1} -

Table 1. Residue parametrization for irreducible one-loop topologies. In the first column, 7 labels
the variables the denominators depend on. A, ..., indicates the residue obtained after the polyno-

mial division of an arbitrary n-rank numerator and A;rllt

. . /
directions. A; .

%

;, corresponds to the minimal residue obtained from a further division of A"

, the result of its integral over transverse

i

In the figures, wavy lines indicate massless particles, whereas solid ones stands for arbitrary masses.

(a) IF234567891O 11-

NP2
(¢) T12315678910 11

Figure 4. Maximum-cut topologies.
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with 71 denominators depending on ¢f* only, 72 denominators depending on ¢5 only and
rio = r — r1 — ro depending on both loop momenta. The general numerator of a non-
factorized integrand (ri2 # 0) of a renormalizable theory is given by a polynomial of the

type

Ny (z) = Z aptz? AT (3.30)
J€J11(51,52,5t0t)
where z = {z1,..., 211} labels the full set of loop variables (which will be later specified
according to the number of external legs) and Ji1(s1, $2, Stot) denotes the vectors of integers
7= (j1,-..,J11) satisfying the renormalizability constraints
(4
ij‘ + 2j9 + Jju < s1, with  s3 =71 + 712 (3.31a)
i=1
8
> i+ 210 + Jn1 < sa with sy = ry + 1o (3.31b)
i=5
8
Zji +2(jo + j10 +j11) < 812, With  spor =71+ 712 + 112 — L. (3.31c)
i=1

As we have already observed in the one-loop case, the present discussion can be easily
extended to the case of higher rank numerators. Depending on the number of external
legs, we determine the residue parametrization in two different ways:

e For the parent topologies Z} ;;, ZN}, and Z)P2, as well as for all subtopologies with
n > 4 four external legs, we use the d = 4 — 2¢ parametrization. Accordingly, we
define z as

z ={x11,... 241,212, . .., Ta2, 11, 122, 12}, (3.32)

where {x1;,...,24;} are the components of the four-dimensional vector qﬁ]i with
respect to the basis defined in appendix E.1. In these cases, the denominators depend
on the full set of variables z and the parametric form of the residues is determined
through a single polynomial division of N, ...;,(z) modulo a Groebner basis G;, ;. (z)
of the ideal generated by the denominators. The results obtained for the eight-
seven- six- and five-point integrands are summarized in tables 2-3. We observe that,
according to the maximum-cut theorem, the residues of the master topologies Z}_ ;;,
ZNPL and ZNP2 contain one single coefficient, since the zero-dimensional systems
Di(z) =--- = D11(z) = 0 admit only one solution.

e For any subdiagram with n < 4 external legs, we introduce the d = d| + d,
parametrization and define z as

z = {X||1, X1 1,X||2, X1 2, A1, A22, A12}, (3.33)
where x|; = {3711‘7---,3301”1‘} are the components of the vector qﬁ‘i lying in the
space spanned by the external momenta, and x| ; = {«Td”—i-li; ..., 24} are the four-

dimensional components of the transverse vector A{ (see appendix E.2 for the explicit
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definition of the basis). In these cases, the denominators depend on the reduced set
of variables
T = {X||1,X||2, A1, A22, A12}, T C 2, (3.34)

and we can go through the full adaptive integrand decomposition algorithm described
in section 3.2. We refer the reader to the appendix C for the most relevant formulae
regarding the d = d| + d | parametrization of two-loop integrals and the integration
over transverse variables. It should be noted that, differentlt from the one-loop
case, the n-ple cut D;, (7) = --- = D; (7) = 0 is, generally, non-maximum, since
it does not constrain all variables 7. However, the choice of lexicographic ordering

Aij < X ; guarantees that the final residues A (XHZ-) appearing in the integrand

i1dy
decomposition formula (3.2) depend on the components of loop momenta parallel to

the external kinematics only. All results are summarized in tables 4-7.

Finally, in the case of an integrand factorized into two one-loop diagrams, respectively with
n1 and no independent external legs, we can assume, as discussed in section 2.5.1, the most
general numerator to have the form

./\fifff.tir (z1,22) = Z ajljzz{lll . zgilz{g ... zggz, (3.35)
J1 € J5(n1)
72 € Js(n2)
where z; = {z1;,..., 25} labels the set of variables parametrizing ¢; and J5(n;) is defined
by (3.19). In this way, we can introduce the d = d| + d . parametrization independently
in any of the two loops, and then proceed with the adaptive integrand decomposition
algorithm. As expected, the resulting residues, which are shown in table 8, are simply
given by the product of the corresponding one-loop residues collected in table 1.

We would like to mention that the residues A;;...;, (%)) of non planar topologies, which
are written in terms of a minimal set of physical components, produce an apparent vio-
lation of one of the renormalizability conditions (3.31a)—(3.31b) satisfied by the original
numerators. This effect is due to the fact that, when the cut conditions are imposed, the
presence of a number 715 > 1 of denominators depending both on ¢; and g2 implies the
existence of linear relations between the physical components of the two loop momenta.
This means that, up to subdiagrams contributions, the residues can always be rewritten
in terms of a larger number of variables, in such a way to satisfy all renormalizabilty
constraints (3.31a)—(3.31c).

3.5.1 Example: the four-point residue for A2-1°°p (gf,gz_,g;,gZ)

As an explicit application of the adaptive integrand decomposition, we go back to the
helicity amplitude A2*1°°p(pf, Dy ,p;,pz) discussed in section 2.6.1 and we compute the
residue of the double-box topology. We start from the full numerator, which contains 2025
terms up to rank four with respect to each loop momentum and rank six in total and we
determine the residue three steps:

1) Divide: an easy way to perform the first division step of the procedure consists in
observing that, since denominators are independent of x4, all coordinates x;; with i < 3
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Table 2.

I“Zn Ail"'ir Iil'“ir A’il"'ir
» oy 1 - Y 6
123456789101~ - 124567891011
{1} {1,241}
INPI 1 INPI 10
123456789101 1245678910 11
{1} {1, 242}
NP2 Rt 1 NP1 E 6
1234567891011~ - 123456891011
{1} {17$42}
IP 6 INPQ 10
2345678910 11 1245678910 11
{1,241} {1, 242}
- 10 . N 15
2345678910 11 245678910 11
{1,249} {1,231, 241}
NP2 6 7P T § 33
1234578910 11 12347891011 oo
{1,240} ‘ {1,241, 242}
N 7-/
NP2 10 NP1 > 39
1231678910 11 124568910 11 JJ .
{1,242} ‘ {1,241, 242}
P ] 15 NP1 S 15
Z534678910 11 T133456810 11 S
{1,231, 241} {1,239, 242}
IP } 33 INPZ —E 45
23457891011 ™, 12467891011 | —
{1,241, x40} {1,241, 242}
7 T
7NP1 39 7NP1 —J 7 20
23457891011 -~ 247891011
' {1, 241, 242} {1, z21, w31, 241}
INPl O— 15 INPl 76
123456910 11 ~ 23478910 11 J L s
{1,232, 242} # R {1,231, 241, 242}
Do0n N BEhoon | <L e
ATTN {1,241, x40} T {1, 241, 232, 242}
NP1 e 80
12457810 11
{1,231, 241, 242}

Residue parametrization for irreducible eight- and seven-point two-loop topologies.
Denominators depend on the variables z = {11, Z21, 31, T41, T12, T22, L32, Ta2, 411, 22, B12}. In
the second column we list the number of monomials of each residue and the set of variables
appearing in it.
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Iil..%, Ail'“ir Iil..%, Ail'“ir
. 15 L 20
p p
3567891011 : Tise78910 11 !
{1, 31,241} {1,221, 231, 241}
, g 62 , 76
Tioas6791011 e Tiss67910 11 —
{1, 241, 42} ' {1, 31, 241, 242}
NP1 . 39 NP1 y& 80
23568910 11 15678910 11
{1, 241, 42} {1, 31, 241, 242}
15 = 15
NP1 , p
T133156910 11 Tiersor011 Ty
{1, x32, 242} {1,211, x21, 231, Ta1 }
\ |4 N 25
NP2 W N 45 NP1 Bt 116
135678910 11 N 13568910 11 N )
{1, 241,40} {1, 231, 232, 242}
20 94
p p 9 :
Trserso1011 Tiaer910 11
{1, 221, 231, Ta1} {1, 21, %31, 41, T4}
R 76 s 66
p : p /
T5356891011 /J- e Tigrs911 N
‘ {1,231, 41, 242} {1, 211, @21, T31, Ta1, Ta2}
80 — 160
NP1 o p
Iosersoro1r v T1a56910 11
{1,231, 41, 242} {1,231, 41, Y32, a2}
116 W A 185
NP1 NP1 S
Tou568910 11 Tiss701011 S
{1, z41, 232, 42} {1, z31, T41, %32, T42}
15 N— 180
p p o
T367891011 ' Zios6011
{1, 211, T21, %31, T41 } {1, z11, 231, Ta1, T32, T42}
> < 94 - A 246
257891011 24691011 7"/ -
{1, zo1, 31, %41, T2} {1, 231, T41, T22, T32, T2}
. T 160
Tos5791011 L
{1, 231, T41, %32, Ta2}
| 185
NP1 W N
Tous791011 N
{1, z31, T41, %32, T2}

Table 3. Residue parametrization for irreducible six- and five-point two-loop topologies. Denomi-

nators depend on the variables z = {11, 21, 31, 41, T12, T22, T32, Ta2, f11, o2, f12}. In the second
column we list the number of monomials of each residue and the set of variables appearing in it.

can be written in terms of differences of denominators and irreducible scalar products
by solving a linear system of equation. Moreover, the variables A;; can also be easily
written as combinations of denominators and scalar products by solving simple linear
relations. After this manipulations, the numerator on the cut (i.e. imposing D; = 0) is
given by a sum of 70 vanishing terms in the components of the four dimensional loop
momenta X = {X”,X 1 }. The expression of the integrand on the cut found agreement
with the results of [8].

Integrate: after integration over the transverse directions, the numerator acquires

again a dependence on \;; and it is expressed a sum of 39 non-vanishing terms in the
variables x = {x, Ai;j }, whose coefficient now also depend on the dimensional regulator d.
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Iilu.q;,,. Azli, A;?t . A;l i
. 94 53 10
Iisero011 L
: {1,221, %31, 41, T42} {1, ma1, z31, A1, Aoz, Aia} {1, 21,231}
: 160 93 22
Tiosc91011
' {1,231, 241, %32, 42} {1,231, 232, A1, Aoz, Adi2} {1,231, 232}
N
ye 184 105 25
I¥Sbor011
{1,231, 342, T32, 42} {1, w31, 232, A1, Aoz, A1} {1, 31,32}
TP 180 101 39
1356811 -~
{1,231, %41, 222, 232, 242} {1,231, 222, 32, A1, Ao2, A2} {1,231, 220, 32}
7 66 35 10
IF6891011 [
- {1,211, @21, 231, Ta1, T2} {1, @11, 21, 31, A1, A2z, A1} {L, 11,221, 231}
7 245 137 55
Ihebr011
/ {1,231, %41, 221, T32, 242} {1, z31, x22, w32, A1, A2z, A2} {1, 31, 292, w32}
7P r‘ 115 66 35
3681011
{1,231, 41, 212, T22, 32, Ta2} | {1, @31, T12, 22, T32, A1, Ao, A} | {1, 231, 212, T2, 232}
. ~ 180 103 60
Thses11 \
. {1, 211, 231, %41, T2z, T32, Ta2} | {1, 11, T31, T22, T32, A11, A2z, M2} | {1,211, 31, T2, T32}

Table 4. Residue parametrization for irreducible four-point two-loop topologies. Denominators de-
pend on the variables 7 = {11, Z21, 31, Z12, T2z, 32, A11, A2z, A\12 }. For every step of the reduction
algorithm, we list the number of monomials of each residues and the set of variables appearing in it.

Ty, Aiys, At AL
B
1%56911 I 180 22 4
{1, 31, 41, T22, T32, Ta2} {1, w22, A1, Moo, Ao} {1, 22}
o< o » "
’ {1, 231, 41, T22, 232, T42} {1,222, A1, Moo, Ao} {1, z22}
wy
Ifg,non I 180 33 13
' {1,221, %31, 41, T12, 232, T42} {1, w21, 212, A1, A2, A1} {1,221, 212}
"
Tiso1011 P 15 20 0
' {1, x31, T41, T12, T22, T32, T42} {1, 211, 2211, A2z, A12} {1,212, z22}
o \[‘:. 100 26 16
4 {1, x11, %21, T31, a1, T2z, T32, Ta2} | {1, %11, T21, Taz, A1, Aoz, A2} | {@11, X1, 222}

Table 5. Residue parametrization for irreducible three-point two-loop topologies. Denominators
depend on the variables T = {211, %21, T12, T22, A11, A22, A12}. For every step of the reduction
algorithm, we list the number of monomials of each residues and the set of variables appearing in it.
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L.y AV Ai;rl‘?% Al
I1P561011~:: / 10 ° :
{1, 221, 31, T41, 722, T32, T42} {1, M1, Aoz, A1} {1}
Tie1011 _6} 10 ® i
{1, 211, w21, 231, 4, T22, Y3, Ta2} {1,211, A1, Aoz, M2} {1,211}
Iﬁn011"”%fi:%”‘ 100 26 16
{1, 211, 721, Z31, T41, T12, T32, T2} {1, 211, 221, 212, A11, Aoz, A1} {1, 211, 221, 212}
Zhon @ 45 0 0
{1, 211, 221, 31, T41, T12, T22, T3, T2 } {1, z11, 212, A11, Aoz, A2} {1, 211, 212}
- "N%EEE>”” 45 18 15
{1,211, T21, %31, Ta1, T12, T22, T32, Taz} | {1, Z11, T21, 12, T22, A1, A2z, M2} | {1, 211, 22, Ta1, T22}

Table 6. Residue parametrization for irreducible two-point two-loop topologies. Denominators
depend on the variables 7 = {211, 212, A1, A\22, A12} in the case of massive external momenta and
on T = {x11, T21, T12, T22, M1, A2z, A12} in the case of massless one. For every step of the reduction
algorithm, we list the number of monomials of each residues and the set of variables appearing in it.
In the figures, wavy lines indicate massless particles, whereas solid ones stands for arbitrary masses.

L. Ajyoi AR Al
) ; Co
11011
{1, M1, A2, A2} | {1}

{1, 11, x21, T31, Ta1, T12, T22, T32, Ta2}

T T

Table 7. Residue parametrization for the irreducible one-point two-loop topology. Denominators
depend on the variables T = {\11, A22, A12}. For every step of the reduction algorithm, we list the
number of monomials of the residue and the set of variables appearing in it.

3) Divide: using the same relations as in the first step, the \;; can be expressed in terms
of denominators, completing the final division step, after which the numerator of the
integrand on the cut is expressed as linear combination of 15 terms depending on the
physical directions x| left unconstrained by the cut conditions, i.e. on the two irreducible
scalar products (q1 - p4) and (g2 - p1).

Putting everything together, after factoring out a contribution proportional to the tree-
level result by means of some spinor algebra, the gauge invariant decomposition of this cut
(i.e. ignoring contributions proportional to denominators) can be written as

2—loop/, 4+ ,— .+ . — — <2 4>4 d(2) . o .

g

)

(3.36)
where the non-vanishing coefficients c, g only depend on the invariants s12 and sq4, as well
as on the dimension d of the loop integration. By putting s;o = 1 and s14 = t for brevity
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Iil“'ir Ail'“ir A}Lrlltlr Agl“'ir
|
N 1 — _
Thhsasers010- N (1} B _
NS Y 5 3 1
i X ]
1245678910 Y - {17 I41} {1’ )\11} {1}
Tios678910 J>// 0 2 !
N {1, 231,241} {1, M1} {1}
10 2 1
5 g { [
10678910 " N {1,221, 231, 241} {1, M1} {1}
—~ T 10 4 3
Ay X [
12678910 < {1,211, 231, 241} {1,211, M1} {1,211}
Tiors910 (/ ° ' B
N {1, 11, w21, 231, 41 } {1} —
56780 s \/ 25 9 1
i {1, 241, 42} {1, A1, Aa2} {1}
Tss67s9 /> 0 ‘ X
2N {1, 231, 241, 242} {1, M1, A2} {1}
Thserso (. /> »0 0 !
B {1, 291, %31, Z41, Ta2} {1, M1, A2} {1}
]
L6780 (X > »0 2 s
Ty {1, 211,231, 241, a2} {1,211, M1, A} {1,211}
Tierso /> ? ’ :
Y {1, 11, T21, T31, Ta1, Ta2} {1, A2} {1}
T5)5689 Ty/\J 1 ! X
. {1, z31, 242, x32, Ta2} {1, A1, Aa2} {1}
> ~ 100 4 1
2689\ {1, 221, @31, T41, 232, T4} {1, M1, A2} {1}
— 100 8 3
IP P N 1
45689 \/§< {1, 11, 231, 241, 232, Ta2 } {1,211, A1, Ag2} {1,211}
il 50 2 1
iy ="
2689 J\ {1,211, %21, 231, T41, 232, T2 } {1, A2} {1}
7P C /( R 100 4 1
2569 T {1, z11, 231, Ta1, 22, T32, Ta2 } {1, A1, Aa2} {1}
If mf;/ \/‘p 100 8 3
569 j {1, 211, 231, Ta1, 12, T32, Ta2 } {1,211, A1, Ao} {1,211}
> 2 100 16 9
4568 j {1, %11, x21, ¥31, Ta1, T32, Ta2} {1,211, x12, Ad11, Ao} | {1,211, 212}
¥ 50 2 1
IP
269 ks {1,211, %21, €31, T41, T22, T32, T42} {1, X2} {1}
" g7 50 1 3
268 - {1,211, x21, T31, Ta1, T12, T32, Ta2} {1, z12, A22} {z12}
(% 25 1 —
IP
29 N {1, 11, @21, T31, a1, T12, T22, T32, T42 } {1} —
Table 8. Residue parametrization for factorized two-loop topologies. For every step of the

reduction algorithm, we list the number of monomials of each residues and the set of variables
appearing in it. In the figures, wavy lines indicate massless particles, whereas solid ones stands for
arbitrary masses.
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(the dependence on s12 is unambiguously determined by dimensional analysis) they read

(A =22t+1)? (ds—-2) (22 -2t-1) 3(ds — 2)
O T+ )Y (d—3)t(t+ 1) 2(d— 1)(d — 3)t(t + D’
_ 3(ds —2)(2t + 1) (ds —2)(2t +1)  2(ds —2) (4> + 2t + 1)
Bl T A Dd=3)it L)t 4Dt @i+t
 @t+1)(ds - 2) 2(dy — 2) 3(ds — 2)
€80 (t+1)3 d—3)(t+1)2 (d—1)(d—3)(t+ )3’
~ 3(ds—2) (8t +8t+3)  32t2+ 32t + 3(d, — 2)
22T T —)(d -3t +1)F 26(t + 1)
32t3 4 16t2 4 12(ds — 2)t — 16t + 3(ds — 2)
- (d—3)i(t 1 1)° !
_ 3(ds—2)(4t +3) (ds —2) + 8t + 4
T T A D@ -3)t+1P  (t+1)
4 (8t% 4 2(ds — 2)t + 2t + 2(ds — 2) — 3)
* d—3) i+ 17 !
B 3(ds — 2)t(2t + 3) (ds —2)t + 8t + 4
AOT T D)[d-3)(t+1)B  2t+1)?
16t3 + T(ds — 2)t? 4+ 16t? + 4(ds — 2)t + 4t + 4
2(d —3)(t + 1)
3(ds —2)(2t + 1) (ds —2)(2t +1)  2(ds —2) (462 + 2t + 1)
AT @D+ )T Tt + 1) (d—3)u(t+ 1)1
B 3(ds — 2)(4t + 3) (ds —2)+8t+4
2T T A3+ (t+1)
4 (8t% +2(ds — 2)t + 2t + 2(ds — 2) — 3)
(d—3)(t+1)3 ’
C202t+1)  3(ds — 2)t(4t + 3)
W=7+ 02 T d-1D)d-3)t+ 1)
32t3 4 4(dg — 2)t% + 3212 + 7(ds — 2)t + 2t + 2
- [d—3)i+ 1) !
_ 3(ds — 2)t? (8t + (ds —2)t + 6t +2)t 2t
0= T D=3+ 12 (d—3)(t+1)2 T
C (ds—2)2t+1)? (ds-2)(2P-2t-1) 3(ds — 2)
AT T+ DY (d-3)t(t + 1) 2(d— 1)(d — 3)t(t + DV’
@2t+1)(ds - 2) 2(ds — 2) 3(dy — 2)
O3 =TT 1)3 d-3)(t+1)2 (d—1d-3)t+1)%
B 3(ds — 2)t(2t + 3) (ds —2)t + 8t + 4
2T 0@ -Dd-3)(t+1)7  20t+1)
1613 + 7(ds — 2)t% + 16t% + 4(ds — 2)t + 4t + 4
* 2(d—3) (i + 17 !
B 3(ds — 2)t? (8% + (ds —2)t + 6t +2)t 2t
O TS D@ —3) i+ 12 d—3)(t+ 1) Tir

— 37 —



_ 3(ds — 2)t3 (2t + 1)t t
00 = T d—)(d=3) ¢+ 12 T d=3)+D) 2’ (3:37)

where ds is the number of dimensions of the internal gluons, i.e. ds = d in the 't Hooft-
Veltman scheme and ds = 4 in the four-dimensional helicity scheme. The integrals appear-
ing on the r.h.s. of eq. (3.36), which only depend on the momenta defined by the external
kinematic, can then be reduced to a minimal set of master integrals by means of traditional
methods such as integration by parts. It is worth noticing that, while the original integrand
had terms up to total rank six in the loop momenta, after the reduction the maximum rank
is reduced down to four.

4 Conclusions

We presented the integrand reduction of dimensionally regulated integrals in the parallel
and orthogonal space, where the number of space-time dimensions d = 4—2¢ is decomposed
as d = d| +d. According to the external topology of each diagram, characterized by the
number n of legs, the parallel space is spanned by the external momenta, dy = n — 1, while
the orthogonal space is spanned by the complementary directions. For diagrams with a
number of legs n > 4, the orthogonal space is generated by the regulating directions,
d; = —2¢, while for n < 4, it embeds also the four-dimensional complement to the parallel
space, namely d; =5 —n — 2e.

Owing to the representation of Feynman integrals in parallel and orthogonal space,
numerators and denominators of integrands with n < 4 appear to depend on different
sets of variables, since the former can depend on transverse angles which are absent from
the latter. Therefore, the integration over the subset of transverse variables which do not
appear in the denominators can be carried out, before any reduction, simply by employing
the orthogonality relation of Gegenbauer polynomials.

Because of the reduced number of variables appearing in the denominators of the
diagrams with n < 4 legs, the integrand reduction algorithm, which is based on the mul-
tivariate polynomial division, is simplified. In particular, the Grobner bases generated by
the denominators are linear in the variables reduced by the division algorithm, and the
multivariate division is reduced to a mere substitution of the solutions of a set of linear
equations, which is a consequence of the separation of the physical directions from the
extra-dimensional ones. Moreover, the residues, namely the remainders of the polynomial
divisions, present a novel, simpler structure. If the integration over the orthogonal di-
rections is performed before the reduction, then the residues contain only monomials that
correspond to non-vanishing integrals. On the contrary, if the polynomial division is applied
to the complete numerator, the residues will contain also spurious monomials. In the latter
case, the integration of the decomposed integrand over the transverse directions by means
of Gegenbauer polynomials automatically detects and annihilates the spurious terms.

The outcome of the proposed algorithm is the decomposition of multiloop amplitudes
in terms of a set of integrals which, beside the scalar ones, contains tensor structures
corresponding to irreducible scalar products between loop momenta and external momenta.
These integrals depend on the parallel directions and on the lengths of the transverse
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vectors only. We have shown that the integration over the transverse angles, which can be
systematically implemented by using Gegenbauer polynomials, plays an important role in
eliminating the superfluous degrees of freedom of multiloop integrals any time that a certain
subset of integration variables do not appear in the denominators. We have discussed how,
in the case of factorized diagrams and ladder topologies, such integration can be applied,
besides to the transverse angles, to a larger number of variables. In addition, we have shown
that the integration over the transverse directions leads to integrals which can be subject
to additional polynomial divisions, which in some cases correspond to dimension-shifting
recurrence relations implemented at the integrand level.

We have revisited the one-loop integrand decomposition and we have shown that it
is completely determined by the maximum-cut theorem in different dimensions. We have
also considered the complete reduction of two-loop planar and non-planar integrals for arbi-
trary kinematics, classifying the corresponding residues and identifying the set of integrals
contributing to the amplitude. We have discussed how the whole algorithm can be simply
extended to higher loops, by giving explicit examples of four-point integrals at three loops.

The dependence of the denominators, hence of the cut-conditions, on a subset of vari-
ables determined by the number of legs suggested us to introduce the concept of adaptive
cuts. We believe that the idea presented in this article of cutting diagrams in different
space-time dimensions, according to the topology under consideration, can be applied, in
general, to any unitarity-based algorithm.

It is known that the number of integrals emerging from the integrand reduction is not
minimal. In fact, because of the properties of dimensional regularization, the number of
integrals appearing in the amplitude decomposition can be further reduced by applying
integration-by-parts identities and ensuing relations. We believe that novel reduction al-
gorithms, explicitly built for decomposing integrals that depend on parallel directions and
on the lengths of the transverse vectors, may lead to simplified integration-by-parts solving
strategies.

As it stands, the proposed variant of a simplified integrand reduction algorithm can
be used in tandem, on the one side, with automatic diagram generators and, on the other
side, with codes dedicated to the automatic integrals evaluation by means of numerical or
semi-analytical routines.
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A Spherical coordinates for multiloop integrals

In this appendix we give a derivation the d = d + d representation (2.16) of multiloop
Feynman integrals,

Cdlg N (g
1EON] = / (11_[1 7rd32> i lgj()(h)’ n < 4, (A1)

presented in section 2. We provide explicit formulae up to three loops and we show how
these results can be extended to higher orders. We start by studying the properties of a set
of auxiliary integrals that we will later identify with the integrals over the transverse space.

e For one-loop calculations, it is useful to consider integrals of the type
I = /dm)q Zi (A1), (A.2)

where Ap is a vector of an Euclidean space, whose dimension m is first assumed to
be an integer and the analytically continued to complex values. We suppose A; to
be decomposed with respect to an orthonormal basis {v;} as

)\1 = Zailvi. (Ag)
=1

Regardless of the symmetries of the integrand, we can reparametrize [; in terms of
spherical coordinates in m dimensions which, being {v;} orthonormal, are defined by
the well-known change of variables

ai1 = VAj1cosbg,

a1 = VA1 cos Ok [ sin (A4)

m—1 _.
Lam1 = VA [ sin 61,

where v/A1; € [0,00) and all angles range over the interval [0, 7], except for 6,11 €
[0, 27]. Hence, by introducing the differential solid angle in M dimensions

dQp—1 = (sin 91)M_3dcos 01 (sin 02>M_4dCOS 0o ... dOp—_1, (A.5)
such that
271'%
QM—l = /dQM_l = e (AG)
(%)
we can write (A.2) as
1 [ m—
Il = 2/ d/\n()\u)Tz /de_lzl()\n,COS Gil,sin 911) (A7)
0
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If the integrand is rotational invariant, i.e. it depends on A;; = Ay - Ay only, we can
integrate over all angular variables in such a way to obtain, by specifying (A.6) for
M=m

T2

I = )/OoodAu(An)"fL(Au). (A.8)

(3

However, in general one-loop applications, the integrand can show an explicit depen-
dence on a subset of kK < m — 1 components of A; which, with a suitable definition
of the reference frame, can always be chosen to correspond to {aii, ..., ax1}. In
this way, according to (A.4), the integrand will depend only on A = {A;;} and
®, = {611, ..., 0,1} while all angles 6;; with ¢ > x can be still integrated out by

using (A.6) with M =m — &,
IT = Q1) /dA/d“@LL(A, 0,), (A.9)
with

) K 1
/dA :/ A1 (A1) "7, /d”@L = H/ dcos 0;1(sin 0;1)™ "2, (A.10)
0 =171

In two-loop computations, we encounter multiple integrals of type
Iy = /dm)\ldm)\gl()\l,)\g), (A.11)

where we suppose the two vectors A; to be decomposed in terms of the same or-
thonormal basis {v;},

Al = Z a;1Vy, (A.12a)
i=1

)\2 = Z a;9Vi. (A12b)
=1

Analogously to the one-loop case, we would like to map all integrals associated to
a subset of kK components of each vectors A; into angular integrals. For [I;, due
to the choice of an orthonormal basis, this mapping was immediately achieved by
parametrizing the integral in terms of spherical coordinates. In this case, there is an
additional direction, corresponding to A2 = Ay - A2, we need to trace back after the
change of coordinates is performed, since the integrand will generally depend on it.
The simultaneous factorization of the integral over the relative orientation A1o and
over all relevant components of the two vectors can be obtained by expressing Ao into
a new orthonormal basis {e;}, containing the vector e; o< A;. From (A.12a) we see
that, indeed, the set of vectors

vi} ={x, Vi v} (A.13)
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is a basis, although it is not an orthogonal one. Nevertheless, we can apply the Gram-
Schimdt algorithm to pass from the arbitrary basis {v;} to an orthonormal one {e;},

given by
up ’
€1 = ) u; = vy,
|
u k—1
k
e, = Tl u, =vi,— » (vi-eje;, k # 1. (A.14)

1

<.
I

By construction, the first vector of the new basis exactly corresponds to the direction
of A1. Applying the change of basis to (A.12b), we get

Ay = Z bizei, (A.15)
i—1

where the coefficients {b;2} are related to the components of both A; and Ag with
respect to {v;} by
A12

bio = T

_ aizMi1—aiidi2

by =
VAiiy/A1—a?,

_ %12 (/\ufzgf ‘1121) —k-11 ()‘12721:12 a“bi?) (A-16)
\/)\11*21?;12 %21 \/)\11*21?:711 a?l

. Aml1am—12"Am—-11am 2

bm2 —
\ v agnﬁ'a?n—ll

Since both A; and As are now decomposed in two different but still orthonormal

basis, we can introduce the change of variables

a1 =+ i1cosbfiy (D12 = v Agzcos b
arr = v cos Oy [172] sin 0,1 bz = vAzzcos e [[17] sinbn (A17)

am1 =V )\11 szl sin Hﬂ bmg = )\22 H?;_ll sin 0i2

and express the integral I into spherical coordinates as

m—2
2

I, = 4/ dA11dA22(A11)
0

()\22)%72 /dQ(m_l)dQ(m_l)IQ(/\ij,COS Qij,sin 9”)

(A.18)
By combining (A.16) with the transformation (A.17), we immediately see that, as
expected,

)\12 =V )\11)\22 COSs 912. (Alg)
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In addition, with some more algebra, we can express back the components of Ay with
respect to {v;} in terms of the angular variables,

a1z = VA (cos iz cos b1y + cos by sin b1 sin f1)
I \/)\722[(305 012 cos ;1 H;;ll sin 01 + cos ;412 sin 01 H§:1 sin 09
—cos b1 22:2 cos Oy cos 0,11 H;‘;% sin 09 ((L-k + (1 —di) H};]f sin B4y 1 1)], 1% 1.
(A.20)

In this way, the integral over each component a;1 & {am—11,am1} of A1 is mapped into
the integral over the angular variable 0;; whereas each component a;o ¢ {am—12,am2}
of A2 can be expressed in terms of the angles 0;; with j <1 and 0,5 with 7 <4+ 1.
Therefore, if we are dealing with and integrand depending on x < m — 1 components
of both vectors, which we can always choose to correspond to {aii, -, ax1} and
{a12, - -+, ax2}, we can integrate out all angular variables 6;1, j > k and 60;2, j > k+1.
Hence, if we define

O, = {012},
@J_ = {911, RN 951,922, cey 0,{+12}, (A21)
we can rewrite Iy as
I5 = Q1) Qm—r—2) / d3A / d*"© T,(A,©)), (A.22)

with
/d3A:/ d/\11d>\22(>\11)m2_2()\22)m2_2/d@m
0
1
/d@A :/ dcos@lg(sinﬁlg)m_?’,
-1

1 K
/d%@L :/ Hdcos 0;1dcos 9i+12(sin0i1)m_1_2(sin 011 g)m_’_3. (A.23)
—li=1

For three-loop applications, we consider integrals of the type
I3 = /dm)\ldm)\gdm)\glg()\l, A2, A3) (A.24)

and, as usual, we assume the vectors A; to be initially decomposed in terms of the
same orthonormal basis {v;},

m m m
AL = Z ai1vi, Ao = Z a;2Vi, Az = Z ai3Vv;. (A.25)
i—1 =1 i—1

When moving to spherical coordinates, we want to keep trace of the three relative
orientations

A2 = A1 A2, A3 = A2 A3, A31 = Az Ay, (A.26)

together with the usual subset of x components of each A;. The proper change of
variables can be reach in two steps:
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1) First we express the vectors Ay and Az in terms of the basis {e;} defined by
eq. (A.14), which contains the vector e; o Ay,

Ay = Z bizei, (A.27a)
i=1

Az = Z bize, (A.27b)
i=1

where, similarly to (A.16), {b;2} and {b;3} are defined in terms of the components
with respect to the basis {v;} as

A1 A1:

bia = - bis = -

bog = a1pA11—a11 M2 bog = aj3A11—a11 M3
VAV Ai—a

VAV Ai—a3

k-2 k—2 k-2 k—2
agp—12 ()\11*21‘:1 a?l) —agp—11 (/\12*2,:1 ailbﬂ) ap—13 ()\11*21‘:1 a?l) —ag_11 (/\13*2,:1 ai1a13)

b2 = bz = -
\/)‘11*25;12 af \/All*ngll af \/)‘11*25:712 a3 \/)‘1172::11 a3
b — Am10m—12—"Am—110m2 b — Am10m—13—"Am—110m3
m2 a?n,ﬁafm 1 ’ ms3 a?n,ﬁflfm 1 ’
(A.28)
2) Then we use the fact that the vectors
/
e, = {)\2, €1, ..., em_l} (A29)

form a (non-orthogonal) basis which can be orthogonalized by applying the
Gram-Schmidt algorithm in such a way to obtain an orthonormal basis {f;},

fl — ﬂ, w1 = ell7
(w1
w k—1
k
e w6 EAL (A0
7j=1

whose first element is f; o< Ao, and decompose A3 as

m
)\3: E Cigfi, (A?)l)
i=1
with
A
o =
Co3 = b13A22—bia A3
VA224/A22—b3,
¢ bk713(/\22—2f:712 b?g)_bk—l2(A23_Z§;12 bi2bi3) (A'32)
k3 =
k— k—
\/A22_21:12 b?z \//\22_Z¢:11 b122
Cm3 = bm2bm—13—bm—12bm3
" \/b3n2+b3nfl2
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Eqgs. (A.25), (A.27a) and (A.31) give us a decomposition of the three vectors A; in
terms of three different but still orthonormal basis. Hence, we can introduce spherical

coordinates
al] = v )\11 COSs 911 b12 = )\22 CcOoSs 912 C13 =V )\33 CcOoSs 923
a1 = vV )\1 CcOoSs Hkl H 1 sin (9Z1 bkz = )\22 CcOoSs 6k2 Hf;ll sin 91'2 Ck3 =V /\33 CcOoSs ekg Hl?;ll sin 91'3
am1 = V /\1 H =1 bln 911 me = /\22 H:’;}l sin 91'2 Cm3 = V /\3 H =1 blIl 923
(A.33)
and rewrite I3 as
1 o0 m—2 o0 m—2 o0 m—
I3 = - / dAi1(A11) 2 / dAa2(A22) 2 / dA33(A33) 2 x
8 Jo 0 0
X /dﬂ(ml) /dQ(ml) /dQ(ml)Ig()\ij, COS Gij, sin 923) (A34)

By construction, the relative orientations of between the vectors A; are mapped into

A2 = V A11A22 cos 012,
A23 = \/ AaaA33 cos B3,

)\31 =\ )\11 )\33 (COS 912 COS 913 + sin 012 sin 913 COS 923) N (A.35)

and by inverting (A.28) and (A.32) one can obtain the expressions of {a;2} and {a;3}
as polynomials in (sine and cosine of) the angular variables. In particular, one can
verify that, as in all previous cases, each integral over a;; ¢ {am—11,am1} is mapped
into the integral over the angular variable 6;; and, as we have seen for I, each
component a;z ¢ {am—12,am2} can be expressed in terms of the angles 6;; with j <4
and 6o with j < i+ 1. Moreover, each a;3 ¢ {am—13,am3} turns out to be function
of the angles 61 with j <4, 65 with j < i+ 1 and 60;3 with j < 74 2. Therefore,
if we are dealing with and integrand depending on kK < m — 1 components of all A;,
which can be always chosen to correspond to the first x ones, we can integrate out
all angular variables 0,1, 7 > K, 0;2, 7 > k+ 1 and 0;3, 7 > k + 2 and obtain

3
15 = [ Qn—n-i / d°A / A, T5(A, 0 1), (A.36)
i=1
with
/al6 / dM1dhoadaz(M1) 7 ()\22) (/\33) ) /d3@A,

/ 3O, = / dcos 012dcos 013dcos Oa3(sin 912)”*3(5111 912)"“3 (sin 923)"74,
-1

1 K
/di’m@l :/ HdCOS HildCOS 9i+12dCOS 6i+23><
—Lli=1

X (sin Gil)m7i72 (Sin 0it1 2)m7i73 (Sin 012 3)m7i74‘ (A37)
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e [t is now clear how integrals I, involving a number £ of vectors A;,

0
I = / [T Az, (A.38)
=1

can be treated in order to define a change of variable which maps a subset of x com-
ponents of each vector as well as their £(¢ — 1) relative directions \;; into angular
variables. Starting from the decomposition of all vectors in terms of a single orthonor-
mal basis, one can define, by recursively applying the Gram-Schimdt algorithm, £ —1
auxiliary orthonormal basis carrying information both on k < m — 1 directions of
the original basis and on the relative orientations \;;. After all vectors have been de-
composed into the proper orthonormal basis, we can introduce m-dimensional polar
coordinates and, by inverting the nested chain of transformations, we can obtain the
expression of the components of all A; with respect to {v;} in terms of the angular
variables. The final transformation has the form

Xij  — Py, sin[®,], cos[@,]], 1# ] (A.39)
aji = P[Au,sin[@ 4],cos[@1 4], j <k, .
where @, and @ label the sets of angular variables
@A:{Qi]’}, 1§Z<]§€,
@l:{ﬁij}, j<i<tl+r—1, 1 <50 (A.40)

Therefore, if the integrand Z, only depends on k components of each A;, all angles
0;j, © > j + Kk can be integrated out, producing

¢
Iy = HQ(m—H—i)/dw;l)A/den@LIe(A, ©,), (A.41)
=1

where

e / HdA“ i) / 1o,

/dZ(EQ = @A = / H dcos Gij(sin eij)m—2—i’

_11<i<j<£

/dm@l / HHdcosHZﬂ 1 (sin @451 ;)™ I (A.42)

11]1

We can now go back to an arbitrary ¢ loop integral with n < 4 external legs and, after intro-
ducing the ¢ = qﬁ‘i + A\¥ parametrization of the loop momenta, we can rewrite eq. (A.1) as

¢ dn—lq N(q 7A )
oW = [ K (A.43)
1]‘;[1 /2 H D; (q”z’ zy)
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where we have explicitly indicated that the denominators depend on the d-dimensional
momenta ¢|; and on the scalar products A;; between the transverse vectors living in d
dimensions. We now observe that the numerator can additionally depend only on the
four-dimensional components of each A{,

N(qﬁi’ A = N(qﬁi» >\ij7$du+1i, ey T4i) (A.44)

Therefore, the integral over the transverse vectors A* corresponds to a d-dimensional
integral of the type I} with x = 4 — d| so that, by substituting (A.41) in (A.43), we obtain

¢
IEON] = fo)/ Hd"lq”i/dWA/d(‘ldV@LN(%”’W
i=1

I1; Dilgyi A)”
0 _ ﬁ La-1-i) (A.45)
4 = ord .
i=1 T2

which reproduces (2.16).

B One-loop integrals

In this appendix we collect some useful formulae for one-loop integrals in d = d; +d. In
order to make the notation more intuitive, we hereby indicate as qﬁfl ] the component of
the loop momentum lying in the space spanned by the d| independent external momenta
and we denote by X[)éh] (A2 = Ald,] - Aja,]) the transverse vector living in d; dimensions.
The explicit definition of the basis vectors {e'} can be found in appendix E.2.

e Four-point integrals (£ =1, d|| = 3)
d
d(1) dlq  N(q)
1 = B.1
] /wdﬂ DyD1DyDs5’ (B

- Loop momentum decomposition, ¢* = q[oz‘,)} + )‘fé—?)}:

3

gy =D _mief, Ayg = zaef +p%, (B.2)
=1

- Denominators:
Dy = gy + A\* + mg, Dy = (gt +p1)? + A* +mi,
Dy = (qfg+p1+p2)° + X +m3, D3= (g +p+pa+p3)’+X\+mj, (B3

- Transverse variable:

x4 = Acos by, (B.4)
- d =d) + d, parametrization
o] 1
d(1) _ 1 3 2/y2y4=2 . d—6
I4 [N] = 71_21_\(1154)/d Q[3]/O' d\ ()\ ) 2 /_ldcosel(smel) X

N (g1, N2, 0

y (q3), A%, cos 1)’ B5)
DyD1D2 D3
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- Transverse tensor integrals:

I Ofadrtt) = o,

(2ng — 1) (2ng — D!

[Z(l)[mim] _ Ij(l)[)\QM] - IZ+2M(1)[1]. (B.6)

[T, (d—5+2i) g
e Three-point integrals (£ =1, d; = 2)
d
d(1) dq N(q)
I Nl= | %=+, B.7
O = [ St (B.7)
- Loop momentum decomposition, ¢* = q[‘;} + )‘[05172}:
2 4
qa] = inefixa A([)él—Q] = Z:Eie? + p%, (BS)
i=1 =3
- Denominators:
D() = Q[22] + )\2 + m%
Dy = (Q[Qz] —I—p1)2 + )\2 + m%
Dy = (gt + p1 + p2)* + X* + mj, (B.9)
- Transverse variables:
= Acosf
I3 COS U7 (B.l())
T4 = Asinfq cosbs,
- d =d + d . parametrization:
1V ! /d2 /OodV(A?)d?“/ld 61 dcos 0o x
= — q cos 01 dcos 6
s gy ) e, .
N (qja1, A2, {cos 01, sin 61, cos B2 })
. d—5/ - d—6 (2] ) 1, 1 2
B.11
X (sin #1)*°(sin 62) DoD1 D, , ( )
- Transverse tensor integrals:
Ig(l)[x?3xT4] =0 if mgVmy odd,
4
- 2(2n; — DI
B0 aeai) = et = e
127" (d — 4+ 24)
4
zni( o ) pdr2matn) My (B.12)
i=3
e Two-point integrals with p? # 0 (£ =1, d,=1)
d
d(1) d’q N(q)
I = | —>= B.13
0w = [ SES D, (B.13)
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- Loop momentum decomposition, ¢ = qﬁ} + )\[Oé_l}:

4
Qﬁ] = T1€7, )‘([)él—l} = Z ziej + po, (B14)
=2

- Denominators:
Dy = qﬁ] + A% 4+ md, Dy = (qq +p)2 + X2+ m?, (B.15)

- Transverse variables:
T9 = Acos by
x3 = Asin 6 cos s, (B.16)

T4 = Asin 6 sin 65 cos 03,
- d =d + d . parametrization:
JS — 1 N N
o [N = =775 [ dap dX\*(\°) 2 dcos 01 dcos Oadcos 3 x
T (%) 0 =
x (sin @)% % (sin B2)% 5 (sin A3) 4 x

N (qpy, M1, cos b1, sin 01, cos o, sin O, cos 63)
X

B.17
Do , (B.17)
- Transverse tensor integrals:
Ig(l)[$?2x?3xT4] =0 if moVm3zVmy odd,
4
d(1); 2n9 2n3 2n4 Hz’:2(2ni — 1)” d (1)1 y2(na+nz+ng)
I x5 Pas P = I A2
4
(271—1)” d+2(na+ns+ 1
= [ e (B.18)
i=2
e Two-point integrals with p2 =0 (£ =1, d| =2)
d
d(1) [ d%q N(q)
BOW oo = [ SET . (B.19)
- Loop momentum decomposition, ¢* = q[%} + )\%72}:
2 4
qfé] = Z IL‘iE?, Aﬁl—?] = Z 1’16? +p17, (BQO)
i=1 1=3
- Denominators:
Do =gy + X +m,  Di=(qfy+p)>+ \+mi, (B.21)
- Transverse variables:
= Acosf
T3 cos 6 (B.22)
T4 = Asin#q cos 0o,
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- d =d) + d parametrization:

o) 1
d (1) _ 1 / 2 / 2012 “/ . d—>5
I Nllpeeo=—+ [ d AN (\7) 2 dcos 01 (sin @ X
2 [ ]|p2—0 WQF(%) q[2] ) (A7) . 1( 1)
! N (qa1, A2, {cos 01, sin 01, cos O })
dcos 0o (sin )46 1222 b B.2
x/_l cos 02 (sin 03) DoDiDs ,  (B.23)
- Transverse tensor integrals:
Ig(l)[a:g”:”xTﬂ 2o =0 if m3zVmg odd,
2n3 — DN(2ny — N d(1)
Id(]-) x2n3$2n4 = ( 3 I )\2(n3+n4) _
2 [ 3 Y4 ”pQ—O H?:‘?’Tm(d— 4+ 2i) 2 [ ”pz—O
4
-11 (27”)1; (ratna) Mg, (B.24)
i=3
¢ One-point integrals (£ = 1, d| = 0)
d
dW) v [ d% N(q)
LN = /Wd/g Dy (B.25)
- Loop momentum decomposition, ¢* = )\[Oél]:
4
¢ =Ny =Y afed + p, (B.26)
i=1
- Denominator:
Do = X2 +m, (B.27)
- Transverse variables:
r1 = Acosb,
T9 = Asin 6 cos 0s, (B.28)
r3 = Asin #7 sin 65 cos 65
T4 = Asin #; sin 65 sin 03 cos 04,
d = d| + d, parametrization:
d(1) 1 > otz [
LYVIN] = w70 dA\*(\%) 2 dcos 01dcos Oadcos O3d cos 04 ¥
T (45%) Jo -1
x (sin 82)473(sin 02) 4 (sin 03) %5 (sin 64)4 6 x
o N (N2, cos 01, sin 1, cos 0, sin 0, cos 03, sin O3, cos ) (B.29)

Dy ’
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- Transverse tensor integrals:

If(l)[lexQ”2x?3xT4] =0 if miVmagVmsVmy odd,
4
. IT—(2n; — 1! d(1
Il ( )[x%nlxgngxgngxim ] _ Hn1+n2:_nl3+n4l(d —a 21_) ]2 ( )[/\2(n1+n2+n3+n4) ]
=1
3
2n; — !
_ H (%T)I2d+2(n1+n2+n3+n4)(1)[1]' (B'3())
=1

C Two-loop integrals

In this appendix we collect some useful formulae for two-loop integrals in d = d)| + d.
As for appendix B, we indicate as qﬁl”]i the component of the loop momenta lying in the
space spanned by the d| independent external momenta and we denote by Aﬁh]i (Nij =
Ald,]i* Ad,];) the transverse vectors living in d| dimensions. The explicit definition of the
basis vectors {ef} can be found in appendix E.2. In all cases, the relative orientation of
the transverse vectors is defined as

)\12 =V )\11)\22 COS 912. (Cl)

e Four-point integrals (¢ = 2, d|| = 3)

d?q1d?gs N(q1.q
DR b e ©

- Loop momenta decomposition, ¢* = q%]i + )\[02_3] I

3
Ay = D wiicf,  Ay_g; = vaied +uf, (C.3)
j=1

- Transverse variables:

{$41 = VA1 cosfyy

C4
T4z = VA2 ( cos 011 cos 015 + sin 617 sin f15 cos 922) , (C4)

- d = d) + d . parametrization:

2d—6 d—5

oo a
)/d?’q[3]1d3q[3]2/ dA1dAar (A1) T (Ae2) T x
0

IZ(Q)[N] - m(d -5

1
X / dcos 012dcos Oaadcos 011 (sin 912)d76 (sin 911)d*6 (sin 922)d77 X
—1

y N(Q1,Q2)

Dy...D,’ (C5)
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- Transverse tensor integrals (unless otherwise stated, we assume i # j):
1

I} P agiza; ) = mﬁm)[)\zj] Vi, J,
O] = g 1N i
1P admyy) = (Cl_?))g(d_l)ff @2,
{222, = (d—3)3(d—1)IZl 1222, + A1 Aoal,
1) = g mar O
1 Oladiyg ] = d-3)(d . GRS e
IZ(Q)[:ciiij] = 3)(d§ e 1)—72[(2) i (4MT3 + A1 ha2)],
I{ P adpady | = ’ I{ P A12(203 + 3A11Aa2))-

(d—=3)(d—-1)(d+1)

Moreover, in general we have
IOy —0, if ag+fi=2n+1.

e Three-point integrals (£ = 2, d;| = 2)
Id(Q)[/\/'] _ / diq1d%qe N(q1, q2)
7Td D1 e Dn’

- Loop momenta decomposition, ¢ = qfy; + Afy_g);:

2 4

- Transverse variables:

31 = VA1 cosfy

g1 =V )\11 sin 911 COS 921

T3 = VA2 ( cos 612 cos 011 + sin 15 cos Oa2 sin 911)

Tyo = \/TQQ[ c0s 012 cos fo1 sin 011 + sin H19 ( €0s 039 sin 097 sin G99

— cos 011 cos 091 cos 022)] ,
- d =d + d . parametrization:

9d—6
T wI(d-5)

d—4

I{[N] /d2Q[2]1dQQ[2}2/0 d)\ud)\m()\n)%()\m)TX

-1

d—7 N(Ql’ CI2)

X (sin fz1)? (sin Ba) 4% (sin 632 Dy...D,’

~52 -

(C.10)

1
X / dcos 012dcos 011 dcos 021 dcos Oaadcos O35 (sin 012)d75 (sin 911)d*5 X

(C.11)



- Transverse tensor integrals

(unless otherwise stated, we assume i # j):

13 P [wgiwg;] = I3 P [wgiay ] = (d12)1§l(2)[/\z’j] Vi, j,
O] = 5 Plah] = =5 PN
13wy ] = 15 P [adizay] = @ 32)d $ O i),
g(Z)[x?,le%z] 15(2)[3331954212} (d 12)d d(g)[”\ 12 + A11A22),
I3 ;0 )[3731954213 | = = S)Ed — 2)dI3 TP 1223, + (d — D)Ari ),
I3 [adaainy ] = I3 P [ wging; | = (d12)df§i @2l
5O annrnre] = o= 3)gd 5715 1@ =20 = dudml. (C12)
Moreover, in general we have
I8 a8 =0, if o+ Bi=2n+1 (C.13)
e Two-point integrals with p? # 0 (£ = 2, dy=1)
o0 fEfesen e
- Loop momenta decomposition, ¢* = [1]% + )\[d 14
4
any; = wuet, Ay = ijiei‘l + p5, (C.15)
j=2

- Transverse variables:

x21 =+/A11 cos b1,

922 =1/ )\22 ( COS 912 COS 91

T42 =1/ /\22 [COS 912 COS 931

31 =+ )\11 sin 911 COS 921,
Tyg1 =V /\11 sin 911 sin 921 COS 931,

1 + sin 615 cos 099 sin 911)

I32 =1/ /\22 [COS 912 COS 021 sin 911 + sin 912( COS 932 sin 921 sin 022

— cos 011 cos B21 cos b )]

sin (911 sin 921 + sin 912(COS 942 sin 031 sin 922 sin 932

— cos 011 cos 031 cos Oz sin Ba1 — cos fa1 cos 031 cos B33 sin O22)],

(C.16)
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- d =d) + d parametrization:

2d—6 %) 73
d
LIN] = BT(d—5) /dQ[1]1dQ[1]2/0 Aoz (An) 7 (Ma2) T

1
X / dcos 019dcos 011dcos 021 dcos 031 dcos Oaodcos Ozodcos 049 X
—1

X (sin ng)d_4 (Sin 011)d_4(sin 921)d_5(sin 931)d_6(sin 922)(1_5 X

. 6/ . = N{(q,
X (sin f35)? % (sin f40)? 7131(?7.1.(1531, (C.17)
- Transverse tensor integrals (unless otherwise stated, we assume i # j):
1 ..
1P wgima; ] = I3 P waims ] = I§ O [ mgiway] = mlg@)[)\ij]’ Vi, J,
d(2 d(2 3 d(2
a1 =13 Pad ] = Pl ] = mfz( N2,
d 2 d(2 d(2 3 d(2
Oladizg;] = I3 P[adas; ] = I3 P2ty ) = m%( [ iAra,
7l d
3 PNagiad] = I Pladad;] = I Pladal]
1 (2
7@ 21 _ 72 2 d2) 2 27 _ 1 d(2)r 2
2 [1" x?)l]_IQ [x2zx4z]_‘[ [33311‘%] (d*l)(dﬁLl) 2 [ ]
d d
I, (2)[$§i$§j] =1, (2)[$%z$4]] I ;¢ )[xgix?lj]
1 d(2
d d(2 1 74
Oladiasizs;] = I P adaniesy ] = m @ A2,
d d(2 1
@ )[955@33213723] IZ( )[90:231'9%954]‘] = m " )[/\12)\u]
d 1
I, @ )[554@50%3%] = [2( )[miixsz‘x?:j] = ml 3 )[/\12)\u]
1
Ig(Q)[;E21$31$22I32] = (d — 2)(d — 1)(d + 1)[5(2)[ (d —_ 1))\%2 — )\11)\22],
1
15(2)[x21x41$22x42] = (d - 2)(d — 1)(d n 1)[3(2)[ (d — 1))\%2 — )\11)\22],
1
13(2)[l‘31$41.7}32x42] = (d _ 2)(d _ 1)(d T 1)15(2)[ (d — 1))\%2 — )\11)\22]. (0.18)
Moreover, in general we have
18 a92a8aviaBaB05) =0, if o+ B =20+ 1 (C.19)
e Two-point integrals with p? =0 (£ = 2, d| =2)
d, gd
d(2) [ d%qd%e N(q1, q2)
BOWlpny = [ TLGR T (c.20)
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- Loop momenta decomposition, ¢* = [2] ; )\[ d—2)i’

2 4
q2)i = Zwiie?v Aa—2i = Z%‘ief‘ + s (C.21)

- Transverse variables:

31 = VA1 cosbiy
41 = \/)\11 sin 911 COS 921
T3y = )\QQ(COS 012 cos 011 + sin 615 cos Oa9 sin (911) (0.22)

T42 = )\22 [ COS 912 COS 921 sin (911 +sin 912 ( COS 032 sin 921 sin 922

— cos 011 cos B91 cos 922)] ,

- d =d| + d parametrization:
2d—6
T (d — 5)

da—4

N = /dZQ[2]1d2Q[2]2/0 dA1dAas(A1) T (Aa2) T x

1
X / dcos 012dcos 011 dcos 021 dcos Oaadcos O35 (sin Glg)d_5 (sin 911)d_5 X

-1
a7 N(q1, ¢2)

X (sin 021)? % (sin f22)? =% (sin f32) Dy...D,’

(C.23)

- Transverse tensor integrals(unless specified we assume ¢ # j):

(2 (2 1 ae .
13 )[$3i$3j]|p2:o = 13! )[$4il‘4j]|p2:o = - 2)12( )[)‘ij”pQ:O Vi, j,
(2 (2 3 742
15 Wil = 13 ol o = (7= g50a INil=o,
d(2 (2 3 (2
IQ( )[3731'9533‘”;;2:0 = IQ( )[miix4j”p210 = mfz( )[)‘ii)\ij”pQZ()v
(2 (2 1 (2
2 31432 ]Ip?2=0 = {2 41242 llp2=0 = 77 oy 7742 12 11A22]p2=0;
¢ 2222 14322 22 = @222, + A1 Al
d(2)r, .2 1

d
1P ada? om0 = CEBICETT @22, + (d — DA11daa) |20,

1

d
((1—72)(1[2 (2) [A2Aii][p2=0,

d(2 d(2
12( )[$§i$4i$4j]|p2:0 = Iz( )[55421#’3@'1”3]'] =

1
12O 33100123073 2 = TR I5P[(d — 2)M2, — Miidaallep. (C-24)

Moreover, in general we have
Ig(Q)[JJngIZfJJ§SIE42 llp2=0 =0, if a;+ B8 =2n+1 (C.25)
e One-point integrals (£ = 2, d| = 0)

d d
@) v e [ d@d%q2 N(q1,q2)
1 [N]—/ @ Di...D. (C.26)
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- Loop momenta decomposition, ¢¢ = Aﬁl]it

4
=Y wel + pf, (C.27)
j=1

- Transverse variables:

r11 = \/)\11 COS@H
ro1 = )\11 sin 911 COS 921
r31 =V )\11 sin 011 sin 921 COS 931

(

g1 =V )\11 sin 911 sin 021 sin 931 COS 941
Tr12 = )\QQ(COS 012 COS 911 + sin 912 COS 022 sin 911)
Too = VA9 [ cos 015 cos 027 sin 611 + sin 012 ( €0s 039 sin 097 sin G99

— cos 011 cos 091 cos 922)]
T3z = v/ Aaz[cos b12 cos O3 sin O11 sin O2; + sin 12 (cos O42 sin b3 sin Oy sin O39
— cos 011 cos 031 cos Oz sin Oa1 — cos fa1 cos O31 cos B33 sin O22))]
T4 = )\22 [COS (912 COS 941 sin 911 sin (921 sin 931
+ sin B12(cos O52 sin O3 sin Oz sin O39 sin O49
— cos 011 cos 0471 cos Oa9 sin B9 sin 031

— ¢0s 021 cos 041 cos O35 sin Oy sin O3

{ — 08 031 cos 041 cos B9 sin Oy sin O32)],

- d =d + d  parametrization:

2d—6 d—2

o0 d—2
)/ dA11dA22(A11) 2 (A1) 2 X
0

BN = S5t =)

1
X / dcos 012dcos 811 dcos 091 dcos 031 dcos 41 dcos O99dcos O3odcos O59 X
-1

X (sin 012)d_3 (sin 911)d73(sin 921)d73(sin 031)d’5(sin 941)d76 X

X (sin f20)4 4 (sin 032)9 75 d cos B0 (sin O42)% 6 (sin 652)d*7M, (C.28)
Dy...D,
- Transverse tensor integrals:
1 .
[P ayan] = 17 P wowa; ] = 1P [wgiws; ] = 1] P [wgiway ] = d TP, il
(C.29)
Moreover, in general we have
If (2)[x‘ffx%fx?fxi‘fz%x%x%x%] =0, if a+pi=2n+1. (C.30)

D Gegenbauer polynomials

In this appendix we recall the most relevant properties of Gegenbauer polynomials. Gegen-

bauer polynomials C’fla)(a:) are orthogonal polynomials over the interval [—1, 1] with respect
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to the weight function
wa(z) = (1 — 22)*2 (D.1)

and they can be defined through the generating function

1 00
_ (a) n
A omtr e nE:O CyM (x)t". (D.2)

These polynomials obey the orthogonality relation

1 1—2a
/_ o) CL (2)CL () = B zn! - fgg (20)‘). (D.3)
The explicit expression of the first Gegenbauer polynomials is given by
G () = 1.
C%a) (x) = 2ax,
Céa) (z) = —a +2a(1 + a)z?,
(D.4)

and it can inverted in order to express arbitrary powers of the variable x in terms of
products of Gegenbauer polynomials,

r = —C @) (@),

L (a
7 = 507 @),
1
3 _ (a) (a) (a)
7 = s e @eC @) + 6 @)
1
4

I S P ) (@) (12
r= 402(1 +a)2[0400 () + Cy " (2)]7,

(D.5)

These identities can be used in order to evaluate the integral of any polynomial in x,
convoluted with the weight function w, (), by means of the orthogonality relation (D.3).

E Four-dimensional basis

In this appendix we provide the explicit definitions of the four-dimensional basis {e$'} used
throughout the text to decompose the four-dimensional part of the loop momenta gy,

q[cfx]i = poi T T1ie] + 205 + T3€5 + Tgi€]. (E.1)
In the following, for any pair of massless vectors ¢f' and g5, we denote by &g, ., the spinor
product
1
531#12 = 5(‘1170&(]2]- (E.2)
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E.1 d =4 — 2¢ basis

In the d = 4 — 2¢ parametrization of Feynman integrals we choose, independently from the
number of external legs, a basis of massless vectors {e?} defined in terms of two adjacent
external momenta p; and py by

1 1

T O ), G ), =, =, (B9
where
2 2.2
D; . pip;
ri==—"t with y=@1-p2) |(1+4/1 - — = |. (E.4)
Yy (p1 - p2)?

In the case of two-point integrals, p; corresponds to the external momentum and ps is an
arbitrary massless vector. In the case of one-point integrals, both p; and po are chosen to
be arbitrary massless vectors.

E.2 d= d|| + d | basis

In the d = d)| + d, parametrization of Feynman integrals with n < 4 external legs, the
four-dimensional basis {e{'} is chosen in such a way to satisfy the requirements

ei-p; =0, i1>n—1, Vj=1,...n—1, (E.5a)
€i - €5 :52']', i,j >n—1, (E5b)
where {p1,p2,...,pn—1} is the set of independent external momenta.

e Four-point integrals
In case of four-point integrals {ef'} is defined as

1
e — O 2
LS (pf 193);
1
ecx — a r « ,
. (P 2PY)

(67

1

eg = W [(662751 p3) 531,62 + (861,62 'p3)€€2,61] )
1

62 = ﬁ [(652761 p3) 531,62 - (861732 p3) 6?2,61] . (E6)

with 71 9 given by (E.4) and 8 = 2e; - €2 (¢ e - P3) (€ey,e0 - P3)-

e Three-point integrals
For three-point integrals {e'} is defined as

1 1

. o « — (O (03
T it (pT — r1p3), ©2 =1, 1o (p3 — r2p?),

1
i\/ﬁ (531762 + 52[2761) ) ef = \/ﬁ (5?1,62 o 8?2,61) ) (E.7)

with 71 2 given by (E.4).

e§ =

— H8 —



e Two-point integrals with p? # 0
For a two-point integral with massive external momentum p, we introduce two mass-

less vectors g1 and g9 satisfying

S (E8)
2q1 - q2

and we define the massive auxiliary momentum gq

2

p o
qa = qa —_ q . Eg
Y (E.9)
The basis {ef'} is therewith defined as
1 1
e = pa’ ey = qav
1 /2 2T 2
1 1
= i ) = i —ha) (B0

e Two-point integrals with p? = 0
In the case of two-point integrals with massless external momentum p, we introduce

a massless auxiliary vector ¢; and we define the basis {e{'} as

1 1
es = 7(€a + €a ), 62 = \/ﬁ(Eg’ql — 631710)‘ (Ell)

3 i m p,q1 q1,p

e One-point integrals
For one-point integrals we introduce two arbitrary independent massless vectors ¢
and g2 and we build a completely orthonormal basis {e$},

1 1
eaziqa_’_qa7 ea:‘iqoz_qoz7
1 m( 1 2) 2 Zm( 1 2)
1 1
eg - im(gqal’QQ + 632741)’ eZé - m(E?th B 82[2’(11). (E12)
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