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1 Introduction

In recent years there has been considerable interest in entanglement entropy and its holo-
graphic implementation, following the proposal of [1] that entanglement entropy can be
computed from the area of a bulk minimal surface homologous to a boundary entangling
region. This proposal was proved for spherical entangling regions in conformal field theo-
ries in [2] and arguments supporting the Ryu-Takayanagi prescription based on generalised
entropy were given in [3]. Entanglement entropy has by now been computed in a wide
range of holographic systems, see the review [4]. General properties of the holographic
entanglement entropy are reviewed in [5].

The focus of this paper is on the computation of holographic entanglement entropy
in top down systems. By “top-down” we mean solutions of ten and eleven dimensional



supergravity which are asymptotic to AdS cross a compact space. In the context of phe-
nomenological applications of holography, it is considered important to use top-down mod-
els wherever possible, to ensure that the quantities calculated are consistent. Entanglement
entropy is a novel computable for top down models and, following the pioneering works
of [6, 7], it can be used as an order parameter to characterise confinement and other phase
transitions.

The original Ryu-Takayanagi proposal [1] is applicable to (asymptotically locally) anti-
de Sitter spacetimes which are static. Given an entangling region on a spatial hypersur-
face of constant time in the boundary field theory, the entanglement entropy is computed
holographically from the area A of a bulk minimal surface of codimension two which is
homologous to the boundary entangling region:

A
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where G is the Newton constant. Note that the area of the minimal surface is computed
in the Einstein frame metric. In the subsequent work [8] a covariant generalization of the
Ryu-Takayanagi formula to non-static situations was proposed.

In this paper we will focus on entanglement entropy in top-down models, assuming
that the solutions are globally static. (The latter is a reasonable assumption in many
phenomenological models, in which holographic duals of Poincaré invariant field theories are
being constructed, but the static assumption does exclude finite temperature and density
models.)

Consider a bulk solution which is asymptotic to AdSyy1 X X where X is a compact
space. Given an entangling region on a spatial hypersurface of the non-compact part of the
boundary, then it has been suggested by [1, 9] that the holographic entanglement entropy
can be computed from the area of a codimension two minimal surface which asymptotically
wraps the compact space X and is homologous to the entangling region. Hence

A
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where A is the area of the minimal surface (in the Einstein frame metric) and Gy is
the higher dimensional Newton constant. This prescription for the top-down entanglement
entropy was used in [6] to explore phase transitions in top-down models. Other applications
of the top-down prescription can be found in [10-21].

The purpose of this paper is to explore the relationship between (1.1) and (1.2). In
particular, we will give strong evidence that the two formulae agree whenever we can uplift
an asymptotically anti-de Sitter spacetime to a top-down solution. We will also give a proof
that (1.2) indeed correctly calculates the holographic entanglement entropy in situations
where consistent truncations of the top-down model do not exist, i.e. one does not know how
to calculate the lower-dimensional Einstein metric. Our explicit examples focus primarily
on asymptotically AdSs x S° geometries, although the arguments and methodology could
be straightforwardly generalized to other holographic dualities.

As we review in section 2, the agreement between (1.1) and (1.2) is manifest for top-
down solutions which are globally direct products between an asymptotically locally AdS



geometry and a compact space X. The agreement between (1.1) and (1.2) is far less obvious
even in the context of consistent truncations of top down models to gauged supergravity.
The map between the top-down Einstein metric and the lower-dimensional Einstein metric
is quite complicated for consistent truncations, with warp factors depending non-trivially
on both the lower-dimensional coordinates and on the position in the compact space, see
for example (3.6).

In sections 3 and 4 we show that the top-down entanglement entropy computed via (1.2)
indeed agrees with that computed using (1.1) in consistent truncations to gauged super-
gravities and in consistent truncations involving massive vectors. The agreement involves
non-trivial cancellations of warp factors depending on compact space coordinates.

A generic asymptotically AdSs x S5 solution of ten-dimensional supergravity cannot
be expressed as a solution of a five-dimensional theory which is a consistent truncation. For
example, only special Coulomb branch solutions can be reduced to give gauged supergravity
solutions (see examples in [22, 23]) and only a subgroup of LLM solutions [24] can be
reduced to gauged supergravity solutions. However, in a finite region near the conformal
boundary, one can always systematically reduce the ten-dimensional solutions over the
sphere to obtain the five-dimensional Einstein metric as a Fefferman-Graham expansion;
the reduction uses the methods of Kaluza-Klein holography developed in [25, 26].

In section 5 we use Kaluza-Klein holography to compare the top-down entanglement
entropy (1.2) with that obtained from the five-dimensional Einstein metric using (1.1),
working up to quadratic order in the near boundary expansion. Even though the rela-
tionship between the five-dimensional and ten-dimensional Einstein metrics is extremely
complicated (involving derivative field redefinitions), the expressions (1.1) and (1.2) in-
deed agree.

Entanglement entropy has also been computed for flavor brane solutions (used to de-
scribe flavors in the dual field theory), using both probe branes and backreacted (smeared)
solutions. For probe branes, one can calculate the backreaction of the probe branes onto
the lower-dimensional Einstein metric using Kaluza-Klein holography, see [27], and show
that this gives an equivalent answer to that obtained using (1.2). Entanglement entropy
for backreacted smeared solutions has previously been computed using (1.2). In section 6
we show that the same answer is obtained by extracting the lower-dimensional Einstein
metric using Kaluza-Klein holography and applying (1.1), again confirming the matching
between (1.1) and (1.2).

Having established the agreement between (1.1) and (1.2) in a number of examples, we
give general arguments for why the formulae agree in section 7, building on the approach
of [3]. In particular, assuming that the replica trick may be used, we can express entan-
glement in terms of partition functions for replica spaces. The latter can be computed
holographically to leading order using the onshell action and therefore the equality of (1.1)
and (1.2) is essentially inherited from the equality of ten-dimensional and five-dimensional
onshell actions.

In section 7 we also give an alternative argument for the origin of (1.1) and (1.2),
using the replica trick approach of [3] in combination with old results of Gibbons and
Hawking on gravitational instanton symmetries [28]. The latter suggests that for generic



entangling regions there may be additional contributions to the holographic entanglement
entropy (even at leading order) if the circle direction used in the replica trick is non-
trivially fibered over the boundary of the entangling region. In practice one does not
usually consider entangling regions such that the circle direction is non-trivially fibered
but it would nonetheless be interesting to explore this situation further.

We conclude in section 8 by discussing the implications of our results for top-down
holography and spacetime reconstruction. Extracting field theory data from a top-down
solution is in general very subtle and computationally involved: one has to expand the
ten-dimensional equations of motion perturbatively, and then use non-linear field redef-
initions to obtain the effective five-dimensional equations of motion. Given the effective
five-dimensional equations of motion and the asymptotic expansions of the five-dimensional
fields, one can then read off field theory data using holographic renormalization [25, 26].
We should note that these steps are required even to calculate quantities in the con-
formal vacuum: indeed non-linear field redefinitions between ten-dimensional and five-
dimensional fields were first introduced in [29] for the computation of three point functions
in =4 SYM.

The lower-dimensional metric is a particularly important quantity for holography, as it
relates to the dual energy momentum tensor. One needs to identify the lower-dimensional
metric to compute one point functions and higher correlation functions of the stress en-
ergy tensor in the dual theory. The latter are in turn used in many contexts, including
discussions of a theorems and also of energy correlations, following [30]. Yet, as we review
in section 5, the relation between the lower-dimensional metric and the ten-dimensional
metric is very complicated. The matching of (1.1) and (1.2) implies simple constraints
relating the two metrics which can be used to check Kaluza-Klein holography calculations
and perhaps even to deduce the lower-dimensional metric (see section 6 for an example).

There has been a great deal of interest in relating entanglement to the reconstruction
of the holographic spacetime. Since (1.2) relates the entanglement entropy to minimal
surfaces in the top-down geometry, entanglement implicitly knows about the compact part
of the geometry. It would be interesting to explore further how entanglement can be used
to understand the global structure of the ten-dimensional geometry.

2 Entanglement entropy for AdSs x S°

We begin by reviewing the computation of entanglement entropy for a strip on the boundary
of AdS5 x S° from both ten-dimensional and five-dimensional perspectives.

Consider a strip A defined by x € [0,!] on the boundary of AdSs:

1

ds? =
5 ,02

(dz,dx* + dp?) (2.1)

where z# = (t,z,vy, z), the conformal boundary is at p — 0, and we set the AdS radius to
one throughout for convenience.



To compute the entanglement entropy one calculates the area of a bulk codimension-2
minimal surface ¥ with boundary 9% = JA:

S5 = L / d3¢+/detys (2.2)
4G5 Jisjon—0A}

where 3 is the induced metric on the minimal surface and &; (i = 1,2,3) are the world-
volume coordinates. Since the metric is static we work on a fixed-time slice t = tg, and
the surface is thus given by ¥ = (to, (&), y(&), 2(&), p(&)). By symmetry of the metric
and boundary conditions it is clear that the surface cannot have non-trivial dependence on
the y, z-directions, and (choosing static gauge to identify the & with a subset of the space-
time coordinates) we can thus describe the minimal surface by an embedding of the form
x = z(p) or p = p(x), where it is implicit that the surface extends in the y, z-directions.
Taking x = x(p) for concreteness the induced metric on ¥ is:

ds? = % [dy2 +dz? + ($/2 +1) dp2] (2.3)

and one can thus easily compute the entanglement entropy as:
V2 PO dp
S5 = — —Va?+1 2.4
=3 | e (2.4)

where V5 is the regularised area of 0A, pg is the turning point of the surface, and ¢ is the
UV cutoff.

Now consider the calculation of the entanglement entropy from the ten-dimensional
perspective, using the ten-dimensional (Einstein) metric for AdSs x S°:

1
ds?, = 2 (dz,dz” + dp®) + d* + cos*0dQ + sin®0de? (2.5)

The proposed generalisation of the Ryu-Takayanagi prescription in this case is to calculate
the area of a codimension two minimal surface 3, now in the full ten-dimensional spacetime:

1
S = / d®¢/dets (2.6)
4G1o Jizjox=04}
where ~g is the induced metric on the minimal surface and &; (i =1,...,8) are the world-

volume coordinates.

Consider again the case of a strip on the boundary of the AdS5 factor. In a similar
fashion to before we can describe the corresponding minimal surface by an embedding of the
form x = x(p, 0,Q3,®), or p = p(x,0,Q3,¢), or 6 = 0(x, p, s, @) etc., where we again have
chosen static gauge, have assumed no dependence on the y, z-directions, and are working
on a fixed-time slice t = t5. However, due to the S® factor one must refine the boundary
conditions to include the internal space. As before we take the boundary condition that
the surface ¥ is anchored on 0A, and consider further the condition that ¥ wraps the S°
asymptotically. Alternative boundary conditions would describe different quantities in the
dual field theory — see discussions on generalised entanglement entropy [31, 32].
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Figure 1. The entangling surface for a slab boundary region — the conformal boundary is at
p — 0 and the minimal surface is described by z(p). The minimal surface is a direct product of a
codimension two surface in anti-de Sitter with the five sphere (the latter being indicated in red).

Since the S° is a maximally symmetric space and, importantly, the boundary conditions
respect this symmetry, together with the fact that AdSs x S° is a direct product, one can
argue by symmetry as before that the minimal surface cannot depend non-trivially on the
S® coordinates. Thus the embedding is of the form = = x(p) or p = p(x) as in the five-
dimensional case, where it is now implicit that it both extends in the y, z-directions and
wraps the S°, see figure 1. Taking z = x(p) for concreteness as before the induced metric
on X is just:

1
ds? g = 2 [dy® + dz* + (2 + 1) dp?] + d6? + cos®0dQ; + sin®0dg> (2.7)

The entanglement entropy is thus easily calculated to be:

Po q
S10 = VeV / ng/ 2+ 1 (2.8)
é

2Gho

which is identical to the 5-dimensional result since the Newton constants are related as
G5 = GlO / Vss .

In the above example one hence obtains the same result for the entanglement entropy
when computed from both the ten and five dimensional perspectives. This example had a
particularly high level of symmetry, however, and it is not clear that the above equivalence
should carry over to less trivial cases.

The general problem one would like to study is the relationship between the entan-
glement entropy as calculated in a given downstairs metric and the entanglement entropy
calculated in the uplifted solution, in cases where this uplift map is known or can be com-
puted. Certain Coulomb branch geometries, which we study first in the following section,
provide a good example of such a scenario, admitting a known ten-dimensional uplift which
is not a simple product space, instead containing warp factors that depend on both the
holographic radial coordinate and a sphere coordinate.



3 Consistent truncations of the Coulomb branch

In this section we will consider particular Coulomb Branch solutions discussed in [22, 23]
that admit consistent truncations to solutions of five-dimensional gauged supergravity, and
compare the entanglement entropy computed from five and ten dimensions.

3.1 Solutions with SO(4) x SO(2) symmetry

Let us discuss first Coulomb branch solutions which, from the ten-dimensional point of view,
correspond to D3-branes being uniformly distributed on a disc of radius ¢ in the transverse
space. These supergravity solutions hence preserve SO(4) x SO(2) of the SO(6) symmetry
in the AdSs x S° solution. These Coulomb branch geometries admit consistent truncations
to (a particular sector of) 5-dimensional gauged supergravity, with action given by:

_ ! s (Lp Lo (8 (WY _ &
1_167@5/013;( R+ 5(00) <8<8a LW (3.1)

where « is a scalar field, W is the superpotential and ¢ is the coupling constant. The

five-dimensional Einstein frame metric for the solutions can be written as:

ds® = \2w? (dx,,da:” + jﬁ)) A6 = (1 + Z;) : (3.2)
which clearly reduces to an AdSs metric for 0 = 0. (In the latter case the conformal
boundary is at w — 00.)

Consider again a strip on the boundary defined by z € [0,]. As above we can describe
the minimal surface by an embedding of the form x = z(w) or w = w(x). Taking z = x(w)
the induced metric on the surface is easily calculated to be:

1
ds? 4 = Nw? [dy2 +d2? + <x’2 + w4/\6> dwﬂ (3.3)

where 2/ = dz/dw, and thus one finds:

1
Videty = Xp% /272 + NG (3.4)

The entanglement entropy for the slab is thus:

g= 2 Adwﬁw%/x/u ! (3.5)
2G5 wo w4)\6 '

where wq is the turning point of the minimal surface and A is the UV cutoff.

The five-dimensional metric in (3.2) can be uplifted to the following ten-dimensional
Einstein frame metric [22, 23]:

ds?y = A723ds? + ds%, (3.6)



where the warp factor A depends both on the holographic radial coordinate and on one of
the sphere coordinates, while ds% is a metric on a warped sphere. Explicit expressions for
these quantities are:

A2 = < (=1(1+ 0—2 cos® 0 (3.7)
A2 w?
ds?. = 2 (¢2d6? + cos® 0dQ3 + A° sin? 0d¢?) . (3.8)

Note that (,A — 1 as w — oo and thus the solution is indeed asymptotically AdSs x S°.
To compute the entanglement entropy for the strip we now proceed as before, with the
additional boundary condition that the minimal surface wraps the S° asymptotically.
However, in the present case there are non-trivial warp factors that mix the holographic
radial coordinate w and the sphere coordinate #. Thus, although we can continue to assume
the minimal surface has trivial dependence on §23 and ¢, we can no longer a priori assume
that the minimal surface has trivial dependence on . We thus may assume an embedding of
the form z = z(w, #), or w = w(z, ) or § = O(x,w). Choosing x = x(w, ) (as the boundary
conditions will be clearest in this choice) one calculates the induced metric to be:

ds?nd = (w? [dy2—|—dz2+ (a:’2+ )dpQ} +2¢w?a & dpdf + C(1+j:2w2)d92 (3.9)

w6
20 )\6
+ 99700, + 2 sin®0de
¢ ¢
where & = dz/df. One thus finds that the ten-dimensional entanglement functional is
1
S = d®z+/dety (3.10)
4G1o
where
1 1/2
Vdety = y/detgq, cosOsing \3w? [(pr’Z + w2)\6> (1 + #2w?) — 22" w? (3.11)

Notice that all factors of ¢, which depend on the sphere coordinate 6, cancel out and the
spherical prefactors combine to become /detgqn,. The only additional dependence on the
spherical coordinates thus comes through the fact that z(w,6) depends on 6:

> ]
V/dety = /detgq,cos®fsind \3w? \/ng’Q + % + 6 (3.12)

One can immediately make an interesting observation. The equations of motion admit the
solution & = 0, since the action is quadratic in & and 6 does not appear explicitly in the
non-trivial square root part of the action functional. For solutions in which & = 0, the
entanglement entropy is thus:

VaVigs (A 5 5 | 1
S = dw 2 3.13
4G10 /wo A S w4)\6 ( )

i.e. identical to (3.5) since G5 = G10/Vgs.




Although one can thus consistently set & = 0 to obtain a solution to the ten-dimensional
equation of motion, it remains to show that this is indeed the minimal solution. This can
be done using the radial Hamiltonian formalism as follows. One first assumes a given
f-independent solution of the equations of motion and then considers #-dependent pertur-
bations to this background. By computing the Hamiltonian one then shows that these
perturbations lead to a larger Hamiltonian and thus the minimal solution (at least per-
turbatively) is indeed the one that is independent of #. The independence of the minimal
surface on the compact coordinates is a point we will return to in section 5.2.

3.2 Other Coulomb branch solutions

Similar conclusions can be reached for other consistent truncations of Coulomb branch
solutions with different symmetries. In [22, 23| they also consider solutions with SO(3) x
SO(3) and SO(5) symmetry in addition to the SO(4) x SO(2) solution considered above,
corresponding to various symmetric distributions of D3-branes. The SO(3) x SO(3) case
has the following 10d metric:

2

ds?y = Cw?A (dx 4w

1 ~
W) 3¢ <g2d92 + cos20d02 + )\4sin2c9d(2%) (3.14)

o3 _ C
A =3 (3.15)

while the SO(5) case has the following 10d metric:

2 d )\3
ds3y = % (d + 1‘;6) + ? (¢2d6* + cos*0d]) (3.16)
A=23 § (3.17)

In both cases the definitions of A\ and ( are as before, and the expression for A shows
the relationship between the ten-dimensional and five-dimensional metrics cf. (3.6). Given
what has been deduced from the SO(4) x SO(2) case previously, it is immediate that the
same equivalence will occur in these cases, since the factors of ¢ cancel in the determinant
and indeed one can explicitly check that the powers of A come out the same in the two cases.

4 Consistent truncations with massive vector fields

In this section we consider the entanglement entropy for particular backgrounds which
admit consistent truncations with massive vector fields, as discussed in [33]. Consider
again type IIB supergravity but now with the metric, the dilaton ®, the 5-form F5, and
the 3-form H = dB switched on. Our conventions for the action in Einstein frame are

1 1 1
= d®zv/ =10 |R — ~04® e ®Hipc HABC — —F 4.1

where as usual we need to impose in addition the self-duality constraint on Fj.



Now consider the following ansatz for the ten-dimensional fields:

ds3y = e_%(4U+V)ds%V[ + eQUdSQBKE + e2Vi? (4.2)
B=AAn+ 0w

Fs = 4e V=V (1 4 %)voly,

where M is the 5-dimensional spacetime with metric ds?w and volume form vol;. Further-
more, d52BKE +n? is a Sasaki-Einstein metric cf. the representation of S° as a U(1) fibration
over CPP?. The scalars U, V and @ are taken to be functions on M, as is the one-form A.
Expressions for the quantities 8 and w will not be important in what follows but may be
found in [33].

Reducing the field equations over the internal space, one obtains equations of motion
which may be derived from the following 5-dimensional action for the fields (g5, U, V, ®, A):

1 15
e /d5a:\/—g5 [R + 247U _ g Oumdv _go=10v _ 5(9y)? — 3(80)2
5 (4.5)
. %(aq))Z . ie—¢+4u+vanan _ 46—<I>—2u—3vAmAm

where F = dA, u = 2(U—V) and v = 1t (4U + V). It was shown in [33] that this reduction
is consistent i.e. any solution of the resulting five-dimensional equations of motion can be
uplifted to a solution of type IIB supergravity using the map (4.2)—(4.4).

Note that from the reduced action (4.5) one finds that the mass of the vector field
A around the AdS5 background is m? = 8, showing these solutions are indeed associated
with massive vector fields. As is clear from (4.2)—(4.3) however, this vector field does not
appear in the ten-dimensional metric but instead appears in the ten-dimensional two-form
field and thus it does not directly contribute to the ten-dimensional entanglement entropy.

We can immediately compute the ten-dimensional entanglement entropy, which as
before is given by:

1
Sio = / d3¢+/detyg (4.6)
4G10 Jisjon=04}

where implicitly we work with the metric in Einstein frame. One can now immediately
obtain the ten-dimensional entanglement entropy for an arbitrary entangling region, only
assuming that we again work on a fixed time slice and that the entangling surface wraps
the internal space asymptotically. Since the warp factors in the metric do not depend at
all on the internal directions the entangling surface will therefore also wrap the internal
space deep in the bulk. Since the entangling surface is consequently codimension two with
respect to the five-dimensional spacetime M one trivially obtains:

Vs = (e—§(4U+V))g (62U)

where volgg is the volume form on the internal space, and thus it is immediate that the

4
2

1
(e2V)? /35 volsg = /75 volsk (4.7)

entanglement entropy as computed from ten dimensions will be equivalent to the five-
dimensional entanglement entropy.

~10 -



A particular example of interest in this solution class is given by backgrounds with
non-relativistic scaling symmetries, in particular the Schrodinger backgrounds discussed
in [33]. These are deformations of AdS that have a metric that can be written in the
following form:

d 2
ds2; = —b*r¥ (dat)? + 7’% + 12 (—dedat + da® + dy?) (4.8)

where z+

are lightcone coordinates, z is the dynamical exponent and b is a parameter that
characterizes the deformation from AdSs. This metric is a solution to the equations of

motion one obtains from the following action:

1

1 m2
=—— [ d°Prdry/—g( R—2A — = F,,, "™ — — A, A™ 4.9
167G pys / vV =y < 1 2 ) (49)

where the vector field solution is A} o 7%, provided that A = —(D + 1)(D + 2)/2 and
m? = z(z + D).

One can check that the metric (4.8) for z = 2 (and D = 2) together with U =V =
® = 0 and Ay = br? is a solution to the equations of motion one derives from (4.5) —
indeed, (4.5) reduces to (4.9) under these conditions, where in the present case m? = 8 as
expected. Checking explicitly the equivalence of the ten-dimensional and five-dimensional
entanglement entropies is trivial in this case since all the warp factors in (4.2) evaluate to
one and thus the metric is a simple product space. Note that an identical analysis can
be performed for consistent truncations that have vector fields with mass m? = 24 found
in [33], and the equivalence between the ten-dimensional and five-dimensional entanglement
entropy carries over in the same way in such cases.

5 Kaluza-Klein holography

A generic ten dimensional supergravity solution which is asymptotic to AdSs x S° cannot

be expressed as the uplift of a five dimensional supergravity solution. However, in the

vicinity of the conformal boundary the ten-dimensional solution can always be expressed

as a perturbation of AdSs x S°. Dual field theory data can be expressed in terms of these

perturbations using the method of Kaluza-Klein holography [25, 26], as we now review.
Let us express the AdSs x S° metric as

1
ds? = % pdrda® = p (dp? + datdz,) + dO2 (5.1)

with the five form flux being
F = F% = nads; + nss (5.2)

where 1 denotes the volume form. The Einstein metric of a solution of the type IIB
equations which is a deformation of AdSs x S° can therefore be expressed as

gAB ZQZB-F}LAB. (53)

- 11 -



The metric fluctuation can always be decomposed in terms of spherical harmonics on the
sphere. The metric fluctuations are decomposed as

hn = > _ WL, Y (5.4)
hma = Y (BRYSr +b],D.Y7);
hany = D (6™¥ 0y + 0 DY + X DDy Y )

hg =y v’

where Y7 are scalar harmonics, Y,/v are vector harmonics and Y({;b are symmetric traceless
tensor harmonics; D, denotes the covariant derivative. We will not need explicit forms for
the spherical harmonics in what follows but note that the defining equations are:

gy’ = A'y! A = —k(k +4) k=0,1,2,--- (5.5)
DYaIv — AIsyaIu AIU - _ (k2 14k — 1) k=1,2,---
I I, I I 2
Oy = A" Ya) AT == (K7 + 4k - 2) k=23,

where [ is the D’Alambertian and D*Y,]v = D“Y(‘Zfb) = 0. The spherical harmonic labels
denote both the degree of the harmonic and additional quantum numbers, i.e. charges
under the Cartan of SO(6).

The fluctuations are not all independent, as some of the modes are diffeomorphic to
each other or to the background. To derive the spectrum around AdS it is usual to impose
a gauge fixing condition such as the de Donder-Lorentz gauge

D(ap) = D% = 0 (5.6)

which sets to zero bl , ¥!v and x!. The remaining modes hl ., Blv ¢! and n! are then
related to tensor, vector and scalar fields in five dimensions. Although this gauge choice is
very convenient for deriving the spectrum, it can be less useful when analysing a generic
solution, as typically such solutions will not naturally be expressed in this gauge. Instead
of gauge fixing the symmetry, one can instead derive gauge invariant combinations of the
fluctuations; the latter are the five-dimensional fields [25, 26].

Working to linear order in the perturbations the five-dimensional Einstein metric g2, =
9on + Hpp is related to the ten-dimensional metric perturbations given above as

1
Hpn =h0  + gnog;;m, (5.7)

i.e. it depends only on the zero mode of the tensor perturbation and the breathing mode
on the sphere. The origin of the second term is the Weyl rescaling needed to bring the five
dimensional metric into Einstein frame.

Working to quadratic order in the perturbations, the expression for the five-dimensional
metric in terms of the ten-dimensional metric perturbations is considerably more compli-
cated and indeed it has not been worked out in generality. At quadratic order the schematic
form of the appropriately gauge-invariant metric perturbation is

1 o

where h(2),, is quadratic in perturbations.
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For example, for modes associated with the scalar spherical harmonics the quadratic
contributions are [25]

1 L1
h(2)mn - - Zz(k) <2AI <th£1n + 2DmXIDnXI> (59)
I
ipl7 I pl 7 I 7pl I 7pl I pI7I o oI 71
+ Db Bl + Db L + P DAL+ Db Db+ g0, — bmbn)
where
) 1
bl =l — =Dt (5.10)

2
h{nn = hgnn - Dmbé - Dnbfn,

are gauge invariant combinations at linear order in the fluctuations. Note that if we work
in de Donder-Lorentz gauge h(2),, = 0.

It is important however to note that h,,,, while appropriately gauge invariant with
respect to the ten-dimensional symmetries and transforming as a five-dimensional metric,
is still not the five-dimensional Einstein metric fluctuation. The combination h,,, satisfies
an Einstein equation

(LE + D himn = T2)mn (5.11)

where Lg is the usual linearized Einstein operator and the effective stress energy tensor
i T(2)mn- This effective stress energy tensor is quadratic in the fluctuations but involves
derivative interactions. For example, terms quadratic in the fields 7! have the general
structure

T2ymn = Y (a1 Dm DDy’ Dy DPD" 1" + by Dy Dy’ D, DPl - ) (5.12)

I
with certain coefficients (ay, by, - -+ ). The effective five-dimensional action does not contain
derivative interactions, and therefore the five-dimensional fields must be related to ten-
dimensional fields by non-linear field redefinitions, as first noted in [29]. In particular
the five-dimensional Einstein metric perturbation H,,, is related to the metric fluctuation

Ry as
Hypm = hon + Y (At D Dy Dy DPr’ 4 By D' Dy’ 4 -+ (5.13)
I

where again the coefficients (Ay, By, - - - ) are computable. Thus the explicit form of the five-
dimensional Einstein metric is extremely complicated at quadratic order since it involves
infinite sums with coefficients (Ay, By, - -+ ) which are very arduous to compute; see [25] for

explicit expressions.

5.1 General Coulomb branch solutions

As an example of solutions which can be understood using Kaluza-Klein holography, we
consider general Coulomb branch solutions i.e. solutions that do not necessarily admit a
consistent truncation. The metric for such solutions takes the following form:

ds® = H(y)71/2dxudx“ + H(y)?dy;dy’ (5.14)
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where xz,, are the brane directions and y; are transverse directions, and H(y) is a harmonic
function on RY. Near the conformal boundary the harmonic function takes the form

L aly!
H=—"p |1+ 7 (5.15)
k>2
where we have written
dy;idy’ = dr® 4 r*d32 (5.16)

while YkI are scalar harmonics of degree k on S° and aé are coeflicients defining the brane
distribution. Implicitly we have taken the decoupling limit of the brane solution, i.e.
dropped the constant term in the harmonic function.

We can now express the Coulomb branch metric asymptotically as a perturbation of
AdS5 x S°. The background asymptotes to

2 L2
ds? = ¢4 pdatda® = %dmud:ﬂ“ + ﬁdr2 + L2d0? (5.17)

To match with earlier conventions we set L? = 1 (the curvature radius can be reinstated
in final formulae if required). Near the conformal boundary

948 =gap + hap (5.18)

where working to linear order in the coefficients a!, we can read off:

a; Yyl
b = — Z Wﬁum (5.19)
E>2
Iy
_ ap Yy |
e = 3 Y
k>2
Iy
_ i Yy
hay = Z ok Jab:
k>2
Hence the non-zero perturbations are
5al
I k
= _k 5.20
i 2rk ( )
and ; ;
I _ ay I _ 9%
h,, = k2 hy.,. = kT2 (5.21)

for harmonics of degree k > 2.
These perturbations are consistent with the diagonalised equations of motion at linear
order found in [34]. Let
7l = 10kes! (5.22)

where € is a small parameter and k is the degree of the associated spherical harmonic with
k > 2. The equation of motion for s’ is

Os! = k(k — 4)s! (5.23)
where O is the d’Alambertian in AdSs.
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The supergravity field equations at linear order then imply that such perturbations
are necessarily accompanied by

4 6k
I _ 1 _ 1 v .I o
R = eh(l)mn =€ <(/~€ n 1)D(mDn)s 3 s gmn> (5.24)
4 2% .
= € <(k_}_1)DmDn81 — m(k - 1)Slgmn>

If one switches on only these modes at linear order, as in the Coulomb branch solutions,
other metric perturbations are induced at order € or higher. In other words, other ten-
dimensional perturbations can be induced by expanding the field equations to quadratic
order in € but these perturbations are not present at linear order. Comparing with (5.20)

we find that
I ai
€ =k (5.25)

which indeed satisfies (5.23).
For later use, let us note that if s/ depends only on the radial coordinate, p, then

1 1
D,D,s' = (aﬁsf + ;apsf ) D,D,s' = —;nwapsf (5.26)

are the only non-vanishing components of D, D,s!. Moreover, one can show that
p? (Dprsl + T]'LWDMDVSI) = p23[2)8[ — 3p0,8" = k(k —4)s’ (5.27)

for onshell s/ depending only on the radial coordinate.

The general map between five-dimensional fields (and equations of motion) and ten-
dimensional fluctuations was worked out to quadratic order in e in [25]. In particular,
working in de Donder-Lorentz gauge, the map between the five-dimensional Einstein metric
perturbation H,,, and ten-dimensional fields to quadratic order is

1
Hpn = h?nn + gﬂ-og?rm + 620’(2)mn (528)

where hY  is the ten-dimensional metric perturbation associated with the trivial harmonic
(to order €2), 7 is the trace of the metric perturbation on the S° associated with the trivial
harmonic (to order €2)! and

Copmn = 3 (k) (AIDposI DPDys’ + Bys' Dy Dys’ (5.29)
I

2
+D; (Dys") (DPs") g + Er (") g5 )
where the coefficients (Ay, By, D1, Er) depend on the degree of the harmonic. Explicit
values for the coefficients in the case of k = 2 were given in [25]:

4 20 20 64
: = =-= By=—. (5.30)

'Note that 7° vanishes at linear order in the Coulomb branch solutions.
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Restricting to the fields depending only on the radial coordinate and working onshell we
find that

0@ = Y (k) {(16141 +D)(9p5")” + (8k(k — 4) Ar + 431)‘“’:0,)31
' (81)2
By + k(= 4) (k= )41 + 1) ] (5:31)
)2 s (s")?
@) = O ) _ (k) [(AI + D) (0ps")" — BIF(?,)S + EIpQ}

I

We should note however that the field redefinition (5.29) gives the reduced metric in a
specific gauge: we can always make a diffeomorphism &, which is quadratic in s’ such that

§Hyn = Dinn + Dyéom. (5.32)

In the case of interest, such a diffeomorphism must respect the Poincaré invariance and hence

&m = Dim (Zz(k:)Fz(sI)2> (5.33)

1

with F7 being arbitrary. The effect of such a diffeomorphism is to shift the coefficients
arising in (5.31), but the form of the expression remains unchanged. (A natural way to fix
the gauge would be to impose a Fefferman-Graham gauge on the resulting five-dimensional
metric but this condition was not imposed in [25]).

We also know from [25] that we can express the terms to quadratic order in 7°, which

we denote as 7r?2) as

7r(02) = ¢ Z z(k) (J[ (81)2 + Lj (Dmsl) (Dmsl)) (5.34)
I

where the coefficients (J7, L) can be determined explicitly from the ten-dimensional field
equations at quadratic order. For k = 2 these coefficients are

Jy=—T2  Ly=38. (5.35)

Note that the coefficients (Ay, By, Dy, Er, Jr, L1) were not calculated for general values of
k in [25].

5.2 Entanglement entropy

Consider a solution which can be expressed as a perturbation of AdSs x S° and which
preserves full Poincaré invariance of the dual field theory. Then the metric can be written as

ds®> = (g + Pmn )dz™dx™ + (g5, + hab)dy“dyb (5.36)

where the metric perturbations depend only on the radial coordinate p and on the sphere
coordinates y®. Now consider the entanglement entropy for a slab region in the dual field
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theory, with the slab being defined as the region —I < x < I; the slab is assumed to be
longitudinal to the the y and z directions.

We can compute the entanglement entropy from the ten-dimensional metric by finding
an eight-dimensional minimal surface on a fixed time slice for which the boundary con-
ditions are x — =+l as p — 0, with the surface wrapping the whole five sphere. From
symmetry the minimal surface is specified by the function

z(p,y"). (5.37)

We can equivalently express the minimal surface as p(x,y®). Moreover, working with the
leading order metric (which depends only on p) this function is clearly independent of the
spherical coordinates. Thus the entangling surface in the perturbed background can be

expressed as
z(p,y*) = xo(p) + z1(p,y") + -+ (5.38)

where implicitly x1(p, y®) is linear in the metric perturbations and the ellipses denote higher
order corrections.
The induced metric on the entangling surface is

Yo = gAgaawAﬁng (5.39)
With the static gauge fixing used above the induced metric is therefore

Yij = 9ij + 922 0ix0jx (5.40)
Yia = gx;taixaax
Yab = Gab + OaTOpT

where ¢ = (p,y, z) are the non-compact coordinates of the entangling surface. Imposing
the further condition that x is independent of y and z we find that

Yyy = Gyy Yzx = Jzx Yop = 9Ypp t Gaz (8px)2 Ypa = gxxapﬂfaax (5.41)

and therefore the determinant of the induced metric is given by

\ﬁ = /' 9yy9zzY9pp det <gab <1 + Zxx(apl‘V) + gmaaacé?bx> . (5.42)

op

The entanglement entropy functional is then

1
S=—— [ &Pzd® ) 5.43
i [t (5.43)

5.2.1 Linear order

For an entangling surface lying near the conformal boundary, so that the metric can be
expressed as a perturbation of AdSs x S°, the leading contribution to the entanglement
entropy is that of a surface in AdS5x.S°. Now consider the contribution to the entanglement
entropy to linear order in the metric perturbations. Since z is independent of the spherical
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coordinates y” to leading order, the term J,z0,x appearing in (5.42) is at least quadratic
in the metric perturbation and can be neglected at this order, so the entanglement entropy
is simply:

S

= 4G / d3$d59\/ Gyy 9= (9pp + 922(0pr)2)\/det(gan), (5.44)

where implicitly we work only to linear order in the metric perturbations. However, since
we integrate over the five sphere only zero mode spherical harmonics can contribute at
linear order and therefore we can substitute

1
o = G+ Wi 9= (14 7). (5.45)

Moreover, we can also express the embedding function in terms of scalar spherical harmonics:
2(p,y*) = wo(p) + Y _x{(p)Y (y") + - - (5.46)
I

and again only the zero mode can contribute at this order. Let us denote

2(p) = zo(p) + 21(p), (5.47)

i.e. the embedding function is to this order only dependent on the radial coordinate p.
The entanglement entropy integral then factorises as

! - 1
S = 4G10 /d5y\/@/d3x\/gyygzz(gpp+gar;x(apx)2) (1 + 27T0> (548)

! - 1

where we use

Ve
Gio Gs

and Vgs is the volume of the five sphere.

(5.49)

Now let us compare to the entanglement entropy computed directly from the five-
dimensional Einstein metric g2 .. This is very similar to the expression above:

1 " -
S =1 [ o/, + 2@, (5.50)

If we now recall that (up to linear order)

0
™
gg’m = g1onn + h?nn + ?ggﬁm (551)

we find that the ten-dimensional and five-dimensional expressions precisely agree.
An alternative derivation of this result can be given using the fact that the change in
the entanglement entropy is

1 .
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where T4p is the energy momentum tensor of the original minimal surface (with induced
metric v°) and h4p is the change in the background metric. Using the explicit form of the
energy momentum tensor we then find that

05 = 8Gllo / d*zd’yy/7° (goabhab + 9% hyy + 97 hae + 47 (hpp + o (5@)2)) '
(5.53)
As above the integration over the five sphere picks out the zero modes in the harmonic
expansions of the metric perturbations, resulting in

1 3 ) 0 o 0 0z21,0 o 0 0 —\2
4SS = R /d T\ (7r + g hy, + g7 h,, + 4 (hpp + hgy, (0,7) )) (5.54)
=L [y ( VYL, + ¢ H,, + PP (H + Hyy (0 5)2))
= G- Y\ g yy TG zz T pp zz \¥p

where H,,, is the five-dimensional Einstein metric perturbation to linear order, see (5.7).

The latter expression is exactly equivalent to

1
68 = — / d3x/4°T™ Hyp (5.55)
8G's

where T™" is the energy momentum tensor of the minimal surface in five-dimensional
anti-de Sitter, thus demonstrating the equivalence between the five-dimensional and ten-
dimensional computations.

5.2.2 Quadratic order

Now let us consider the entanglement entropy to quadratic order in the metric perturba-
tions. Since the embedding function is independent of the sphere coordinates to at least
quadratic order (cf. (5.47)), the expression (5.44) is still valid. Moreover, if we expand the
embedding as

2(p,y") = zo(p) + exd(p) + € >z (p)Y () + -+ (5.56)
I

we can see that again only the zero mode of the second order term can contribute after
integration over the five sphere. Thus z is also independent of the sphere coordinates to
this order, and using recursion we see that x depends only on the radial coordinates to all
orders in the expansion.

Thus the entanglement entropy computed from ten dimensions is

1
5= 4G10 /d3xd5y\/gyygzz(gpp + ng(aﬂx)2)\/ma (557)

1
= /d3xd5y\/det%j\/det(gab),
4G1o

where ;; is the non-compact part of the induced metric and implicitly x is now taken to
depend only on p.

To show the equivalence between (5.57) and (5.50) we need to know the explicit map
between the five-dimensional Einstein metric and the ten-dimensional metric fluctuations
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to quadratic order. Since this map is not known in full generality, we will focus on the
case of general Coulomb branch solutions, using the expressions for perturbations given in
section 5.1.

We can use the standard identities for expanding determinants to write
o 1 a 1 a\2 1 ab
det(gap) = y/det(g2) | 1+ §ha + g(ha) - Zh hap + -+ (5.58)
where
hab — goachbdhbd- (5‘59)

Now using the expressions given in section 5.1

hg=e> (10ks )Y '+ mlyVi+--o, (5.60)
1 I

where we will need only the constant harmonic term at quadratic order, 7'('?2), which is given
in (5.34). Similarly

hhap = 2062 (krs'Y!) (kys'Y7) + O(?) (5.61)
1,J

and thus to order €2

1 15
Vdet(gap) = y/det(g2,) | 1+ 562 ks'y! + 5627'(’?2) + ?62 Z krs'kys’ YV ...
I 1,J
(5.62)

Here the ellipses denote terms of €2 and higher, as well as terms at order €2 which are linear
in spherical harmonics (and hence integrate to zero over the five sphere).

The non-compact components of the metric can be expressed as

Imn = gfnn te Z h{l)mnyl + ¢ Z h{2)mnyl +e (563)
1 I

where hé)mn is quadratic in s. The explicit form can be determined by the ten-dimensional
supergravity equations at quadratic order in €, see [25], but will not be needed here. The
non-compact part of the induced metric inherits an analogous expansion in powers of e:

Yij = Vi T €Yy + 627(2)z‘j +oe (5.64)
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where
Vi = Gij + 9o, 0ix° 052 (5.65)
V(Wij = (Z (hgl)ij + i1z (9i°) (31'900)) YI) + 95, (02°0j2 (1) + Oi(1)0j2°) ;

I
=2 ¥
I
V@i = (Z (hfzm + h{g)ze (9i2°) @‘xo)) YI) + 9%, (0205w (2) + 0i7(2)02°)

1
+9220i7(1)057 (1);

= VoY (5.66)
I

(In the case of interest we have already shown that the embedding function depends only
on the p coordinate but we write the above expressions more generally.)
Expanding out the induced metric determinant then gives

1 i i i V€
\/det(%j) = \/det(%oj) <1 T3 (W(Ui + 627(2)i> t3 (7(1)@') - Z’Y({ﬂu)ij + - >
(5.67)

where
’Y(Z{) = 7"y ’Vfé) = 7%y ) (5.68)

Substituting (5.62) and (5.67) into (5.57) and integrating over the five-sphere we then
obtain to linear order in €

1 ..
=16 /dggf\/@ (1+ey™ 95205 ()) , (5.69)

i.e. all terms linear in metric perturbations vanish since they are associated with degree k >
2 spherical harmonics which integrate to zero over the sphere. Since the five-dimensional
Einstein metric is unchanged to this order, the entangling surface is also unchanged i.e.
z) = 0.

Dropping terms involving z (1), the contributions to the entanglement entropy func-
tional at order 2 are

_ € 3 o (2 I (. Ii I 1 ri )2

i
1 Tij 1 L o L o
=1 22BN Wi + 570 + 57
I
where we define z(k) as the spherical harmonic normalisation

/d5y detg?, Y'Y = 2(k)6" Vgs. (5.71)
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The corresponding expression for the contribution to the five-dimensional entanglement
entropy at quadratic order is:

0.5 = 46G5 d?’w\/ﬁ ( H(Q)z + 1H(2)oc:c (8 X )(azflfo) + 8"30081-95(2)) (5.72)

where H(3),,, is the quadratic correction to the five-dimensional Einstein metric and im-
plicitly indices are raised with v°. Let us split H (2)mn 88

1
H( 2)m h(?)mn + 37T(2)gmn + 0(2)mn (573)

where 0(3),,, defines the field redefinition and is quadratic in s, while 7T?

) is also quadratic

in s.
To match (5.70) and (5.72) one requires that

022)i + 0(2)zx (8i$0) (81-:50) (574)
=5 Z kz(k ( ; +3ks ) i Z z(k) (’y(lli)i>2 - % Z z(k)fy{g’y([l)ij
I I

To interpret this relationship, it is useful to consider first the case of an infinite strip. For
an infinite strip, the entangling surface in AdS is described by constant x° and extends
throughout the bulk. In this case the entangling surface extends beyond the asymptotic re-
gion in which the geometry can be expressed as a perturbation of AdSsx S®, but nonetheless
one can match the integrands for the five-dimensional and ten-dimensional entanglement
entropy in the asymptotic region by setting z° to be constant in (5.74).

In the case of an infinite strip x° is constant and dropping these terms gives

Ol = > (k) <5k:sf (fhyi +3ksT) + (h(l)z) hf;h(l)”> (5.75)

where now indices are raised by 7°Y = ¢°¥, i.e. the hyperbolic metric. This expression

reduces to

Olay; = ; m (—8p2 (0ps) + k(15 — k)psTDps” + K2 (k —7) (51)2) (5.76)

However, using (5.31) in section 5.1, one can show that for perturbations sT which depend
only on the radial coordinate

Oty = Y 2(k) [(18A, +3D1)p*(0,5")? + (8k(k — 4) A + 2Br)ps’ 9,8’
I

F(3Er + k(k — 4)(k(k — 4)A; + By)) (51)2}, (5.77)

where the coefficients (Ar, By, Dy, Ef) for k = 2 are given in (5.30). Taking into account
an appropriate choice of diffecomorphism F7, defined in (5.33), this indeed matches (5.76).

For general k the coefficients (Ay, By, Dy, E7) were not computed in [25]. Nonetheless,
it is apparent that (5.77) has the same structure as (5.76) and we can argue as follows that
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these expressions agree, mode by mode, even without knowing the explicit expressions for
the coefficients. We have already shown that the ten-dimensional and five-dimensional
entanglement entropies agree for Coulomb branch solutions which admit consistent trun-
cations. For such solutions (5.76) agrees with the result that one gets from direction reduc-
tion (5.77). Moreover, the matching between (5.76) and (5.77) arises mode by mode, as the
fields s’ associated with spherical harmonics of different rank & have different functional
dependence on the radial coordinate, see (5.25), and cannot cancel each other.

Since the agreement between (5.76) and (5.77) holds for all consistent truncations with
different symmetry groups and different profiles for the scalar fields, this implies that the
coefficients of the terms (9,s!)2, s8,s’ and (s;)? must match between the left and right
hand sides of (5.76). However, since these coefficients match for all solutions with consis-
tent truncations, they also match for solutions which do not admit consistent truncations
and therefore the matching of five-dimensional and ten-dimensional entanglement entropy
holds for entangling surfaces in all Coulomb branch solutions, up to quadratic order in
the expansion parameter. The same argument can be used for strip entangling regions,
i.e. (5.74), and indeed for generic shape entangling regions.

5.3 Summary and interpretation

Let us summarise what has been proven in this section. We considered solutions of ten-
dimensional type IIB supergravity which respect the Poincaré invariance of the dual field
theory; the Einstein frame metric in ten dimensions is therefore of the form

ds® = gpp(0, y*)dp* + g (p, y*)datdz” + gap(p, y*)dy*dy’, (5.78)

where we choose a gauge in which g,, = 0. We also assumed that the geometry is asymp-
totic to AdSs x S® so that as p — 0

1 1
9pp — p7 Juv — ﬁﬁuv Gab = Gap (5.79)

where g9, is the metric on the unit S5,

We then computed the entanglement entropy for a strip region in the dual field the-
ory by finding a codimension two minimal surface on a surface of constant time which
asymptotically wraps the five sphere. Working in the region near the conformal boundary
in which all metric coefficients can be expanded perturbatively in a Fefferman-Graham
expansion in the basis of spherical harmonics, we showed that such an entangling surface
depends only on the radial coordinate p to all perturbative orders, i.e. it is described by
x(p) with the width of the strip being [ on the conformal boundary p — 0.

As an immediate consequence of the minimal surface being described by z(p), the
induced metric 7,4 on the minimal surface factorises:

Yop = 9pp + Gzz (CL',)Q Yyy = Gyy Yzz = Gzz Yab = YGab- (580)

The eight-dimensional minimal surface is therefore topologically a product of a three-
dimensional surface and a five-sphere, see figure 2. It is nonetheless non-trivial to show
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Near boundary region

Interior region

Figure 2. We consider entangling surfaces which are contained within the near boundary region
where the Fefferman-Graham expansion of the metric may be used. At each point on the three-
dimensional Ryu-Takayanagi minimal surface (shown in blue), there is a five-dimensional compact
space (shown in red) which is topologically a five sphere.

that the area of this minimal surface gives the entanglement entropy computed from the
five-dimensional perspective.

The induced metric depends explicitly on both the radial coordinate and the spherical
coordinates, so one cannot trivially integrate over the spherical coordinates. In addition,
the relationship between the five-dimensional Einstein metric g2, occurring in the Ryu-
Takayanagi formula and the ten-dimensional Einstein metric is extremely complicated,
involving derivative field redefinitions.

The induced metric on the co-dimensional two Ryu-Takayanagi surface is

5 5 5 2 5 5 5 5
Yoo = 9op + Goe(2) Yoy = Gyy Yoz = Gaze (5.81)

Working up to quadratic order in the perturbation relative to AdS x S°, i.e. to order (hap)?
in gap = g9 + hap, we showed that the ten-dimensional entanglement entropy

1

indeed agrees with the five-dimensional Ryu-Takayanagi computation

_L 3 5
S = e /d /7 (5.83)

when we take into account the reduction map. More precisely, the Ryu-Takayanagi inte-
grand matches the top-down integrand once the latter is integrated over the five-sphere:
the volume form of the Ryu-Takayanagi minimal surface matches the volume form of the
top-down minimal surface, once the latter is integrated over the spherical coordinates.
Before leaving this section, we should mention another related test of the top-down
entanglement entropy formula using Kaluza-Klein holography. Entanglement entropy for
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asymptotically AdS3 x S® geometries corresponding to 1/4 and 1/8 BPS geometries asso-
ciated with black hole microstates was computed in [21]. The entanglement entropy was
computed using both the top down prescription, i.e. codimension two minimal surfaces
in six dimensions, and by applying the Ryu-Takayanagi formula to the three-dimensional
Einstein metric extracted using Kaluza-Klein holography. The results were in agreement,
working up to quadratic order in perturbations around AdSs x S3, as in the asymptotically
AdSs x S° case analysed above.

6 Unquenched flavor solutions

Another example for studying top down entanglement entropy is provided by unquenched
flavor solutions, i.e. systems of flavor branes in which the backreaction of the branes onto
the metric has been computed, working perturbatively in the ratio of flavors to colors.

The computation of the backreaction is most tractable when the branes are smeared
over transverse directions. In particular, [35, 36] discuss the case of the massless D3/D7
system in which probe D7 branes are smeared over the transverse S? space. The system is
type IIB supergravity coupled to D7-brane sources, and [35, 36] takes the following ansatz
for the Einstein frame metric in the supersymmetric (zero temperature) case:

ds?y = h™3dw,da? + h3 [F2de? + S2ds% p + F2 (dr + AKE)Q] (6.1)

where the functions h(p), S(e), F(p) only depend on the radial coordinate g, and the five-
dimensional Sasaki-Einstein manifold X° is written as a U(1) fibration over a 4d Kihler-
Einstein base. For X = S° the KE base is C'P?.

To compute the entanglement entropy for a strip in the z-direction from 10d we follow
the usual procedure. By symmetry the embedding is given by x = x(g) and the induced
metric on the embedding surface is:

ds? = h™3 [dy? + d2® + 2%do®] + h? [F2dg2 + S%ds?% 5 + F2 (dr + Axp)?|,  (6.2)

where ' = dx/dp. Note that the minimal surface wraps the entire internal space.
One thus finds that the entanglement entropy functional is:

S

= drdPy\/d .
4010/ xd’y+/detyg (6.3)

where
Vdetys = h2 FS4/ 22 + hF2/detg ys. (6.4)

Since this determinant factorises we can immediately integrate over the internal space to

g = x / dBrh2 FSYW 22 + hF? (6.5)

4Gy

where the integration is over (o,y, z) and we define

Vys = /d5y\/deth5. (6.6)

obtain
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Explicit expressions for the metric functions were calculated in [35, 36] working per-
turbatively in the number of flavors:

o=

=a 269(14-6* (1/6+Q* —0))°%;
F=a2e? (1 + e (o —Q))2 (1+ e (1/6+ 04— 0)) 3;

dh -3
i —Qea' 2 (14 ¢, (1/6 4 0, — 0)) 5 .

(6.7)

Jun

Here o, is a scale that is introduced for convenience; (). is proportional to the number of
colors and €, = @ fe‘I’* is the small expansion parameter: () is proportional to the number
of flavors and &, is the value of the dilaton at o..

The equation for dh/dp can be integrated up to express h(p) in terms of incomplete
gamma functions, with integration constant being determined by the requirement that the
metric is asymptotically anti-de Sitter. Using the explicit expressions above and expanding
in €, one finds:

Qc Qc Q§(19 + 480 — 48@*)62 +O®d) (6.8)

€ + *
4f 322 1536v/2

Note that to order €, this expression is independent of the radial coordinate.

higip =

Now let us turn to the calculation of the entanglement entropy from the five-dimensional
perspective. Let us first note that it is clear that the five-dimensional Einstein metric can-
not be identified as just the non-compact part of the above metric, i.e.

ds? = h™2dz,da” + h2 F2dg?, (6.9)

Using the latter metric the computation of the entanglement entropy from five dimensions

= 1/d3m\/detfyg (6.10)
4G5

would be

where
3
Vdetys = h™ 4/ a2 + hF?2. (6.11)
This does not agree with the ten-dimensional result; the latter contains also an additional
5
factor h1 S*F which as we showed above depends on the radial coordinate p.
6.1 Linear order

To extract the correct five-dimensional Einstein metric we can again use Kaluza-Klein
holography. Working to zeroth order in €* the metric is

e*edx, dat + fchQ + ;26

ds?y = [dskp + (dT + Akg)?] . (6.12)

O[/
VQe
By rescaling the coordinates one can pull out an overall factor as
V@

5 |

ds?, = e2dz, di" + do? + dskp + (dr + Agp)?] (6.13)
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where
Y
Z, = VR
For computational convenience, and to match the conventions of earlier sections, we will
set VQc/2 = V! = 1; these factors can be reinstated if required. The leading order metric
is therefore the produce of AdSs (in domain wall coordinates) with the Sasaki-Einstein

z, (6.14)

space.
Now let

S=8°1+4S); F=F(1+6F);  h=h"1+3dh), (6.15)

where the superscript refers to the value in the AdSs5 x S° background and the perturbations
are expressed as power series in the parameter €,. The explicit forms for the perturbations
are:

5 = e, (1 + 0. — g)> T (6.16)

The metric can as before be written as

gap = gap + has (6.17)
where
20 1 3 2
by = €% ( =50+ S (60 + - ) i (6.18)
1 1
= 6296* <_36 + g(Q* - Q)) Nuw + -
1 1
hoo = = 20F + 50h + SF? — §5h2 + 0h6F (6.19)
o
T
while along the compact space
hapdy®dy® = hicpds 5 + her(dr + Agp)? (6.20)
with 1 1 1
hicw =208+ S0h+ 68% — §5h2 +0h0S = Seat (6.21)

and h;r = hy,. Here the ellipses denote terms of order €2 and higher.

As in previous sections, the metric perturbations can be expressed in the complete basis
of harmonics. For the metric perturbations in the non-compact directions, this expansion
involves only the constant harmonic, i.e.

L (6.22)

—97 —



since (6.18)—(6.19) are independent of the compact space coordinates. Now consider the
perturbations along the compact space. The trace of the metric perturbation

hg = g°hap = Ahip + her (6.23)
is independent of the compact space coordinates, and therefore the expansion of the trace
in harmonics involves only the constant harmonic

1
he =0 = 16+ (6.24)
We will discuss the decomposition of the traceless part into harmonics below.
To linear order in the metric perturbations the correction to the five-dimensional Ein-

stein metric is

1
Hpp = hgmn + g”ogzm (625)
and therefore to linear order in e,
1 1 2 9
Hyy = e 18 + g(é’* —0) ) e + -+ Hop = O(€5) (6.26)

This defines the five-dimensional Einstein metric to linear order.

We already showed that the entanglement entropy for a strip computed in the ten-
dimensional metric gap = 995 + hag is always equivalent, to linear order in the pertur-
bations, to the entanglement entropy computed using the five-dimensional Einstein metric
9o = 9% + Hpmn. This general result implies that (6.5) is indeed equivalent to

1 3
S =i | oG+ o (6.27)

at linear order in the perturbations. Omne can show the equivalence directly using the

identifications
4
3

F383, (6.28)

Wl

921/ = h3F S%nm, gf’)p:h

to linear order in e,.

6.2 Non-linear order

The traceless part of the metric perturbation on the compact space is

h hrr 4h.r  4h
iy dy*dy’” = (ng - 5) dsfp + < = §E> (d7 + Axp)’ (6.29)

Working to linear order in the perturbations

1 2
hapydy®dy® = (306* + > ds%  + <—15€* + - > (dr + Agp)? (6.30)

We can now project this onto harmonics:

By = D (6"Y 0y, + 0" DY, + X DDy YT ). (6:31)
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For example
I

/D“h(ab)DbYIdQ = 4T (j; - 1) 2(k)x?, (6.32)

where
Oy’ = ATy! (6.33)

and df is the volume element on the Sasaki-Einstein, with z(k) the harmonic normalisation.
While % (qp) does not depend on the Sasaki-Einstein coordinates, all individual harmonics
depend on the coordinates and h(.) is therefore decomposed into an infinite series of
harmonics, as one would have anticipated, given the smearing.

As in section 5, the perturbations associated with non-trivial harmonics do not con-
tribute to the entanglement entropy at linear order, but they do contribute at non-linear
order. Unfortunately the non-linear relation between the five-dimensional Einstein metric
and the ten-dimensional metric is not known for general perturbations in which ¢t, !
and x! are non-zero and therefore we cannot check the equivalence of five-dimensional and
ten-dimensional entanglement entropy to non-linear order.

It is interesting to note, however, that the ten-dimensional entanglement entropy (6.5)
can be expressed in five-dimensional form (6.27) provided that one makes the identifica-
tions (6.28). This suggests that the five-dimensional Einstein metric at non-linear order is
simply

ds® = h3 F355 (hF2dg® + ny,dada”) . (6.34)
One could explore whether this is indeed the correct expression for the five-dimensional
Einstein metric by checking whether it gives the expected forms for e.g. one point function
and higher correlation functions of the holographic stress energy tensor.

Finally, we should note that very similar analysis should be applicable to smeared solu-
tions in other dimensions including [17]; one would need to set up Kaluza-Klein holography
for ABJM to explore this case.

7 General case

In this section we consider ten-dimensional asymptotically AdSs x S° type IIB solutions
which respect the Poincaré invariance of the dual field theory. The ten-dimensional Einstein
metric therefore takes the form

ds? = gppdp* + gupdatdz” + 2g,adpdy® + gapdy®dy® (7.1)

where g, o 1,,, and all metric components depend on (p,y®). For simplicity let us focus
on the case in which the SO(6) symmetry is broken to SO(5), so that the metric depends
only on p and a single angular coordinate 6. (Examples of such supergravity solutions
would be D3-brane Coulomb branch solutions in which all branes lie along a line.)

Suppose we make a coordinate redefinition (p,6) — (r,9) to bring the metric into the
following form

ds? = 2B0) (dﬂ + 62A(r)dx“da:u) + 2A(r, 9)drdd + ggg(r, 9)d9? + gga(r,0)dQga,
(7.2)
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with r being the radial coordinate of the five-dimensional metric in Einstein frame:
ds? = dr? 4+ AW dztdz,. (7.3)

For consistent truncations, we know the explicit form of the map between five and ten-
dimensional solutions, i.e. the explicit form of B(r,d) etc. In the vicinity of the conformal
boundary one can use Kaluza-Klein holography to work out the map as a power series in
the radial coordinate.

Deep in the interior of a general such spacetime we do not know the explicit form
of the map, but such a map must exist. Note however that the causal structures of the
five-dimensional Einstein metric and the ten-dimensional Einstein metric do not necessarily
agree: even in consistent truncations, the former can be singular while the latter is smooth.
The choice of a specific ten-dimensional radial coordinate adapted to the five-dimensional
Einstein metric corresponds to identifying the RG scale of the dual field theory. The five-
dimensional Einstein metric would in general be supported by the stress energy tensor
associated with the entire tower of Kaluza-Klein modes.

Next consider the simplest possible entangling surface in this geometry, corresponding
to the half plane entangling region x > 0 in the dual field theory. On symmetry grounds, the
bulk entangling surfaces are codimension two surfaces = 0 at constant time. Agreement
between the ten-dimensional and five-dimensional entanglement entropies requires

1 3,.,79 1 / 3
= — v/ 4
4Go /d Tdyy 4G's IV (74

which in turn requires that

1
/drdﬁeQB+2A (e*Bgpg — A?)? \/detggs = 7T3/dT€2A. (7.5)

In this paper we have effectively checked that this relation holds in all cases in which we
can independently calculate the five-dimensional Einstein metric. In cases where the five-
dimensional Einstein metric is not known, one may be able to deduce the five-dimensional
Einstein metric by insisting that this expression hold.

7.1 Relation to Lewkowycz-Maldacena derivation

In this section we will explain the origin of the top down entanglement entropy formula,
using a similar approach to Lewkowycz-Maldacena in [3].
The entropy associated with a given density matrix p can be computed using the replica
trick as
S = —noy [log Z(n) —nlog Z(1)],_, (7.6)

where

Z(n) =Tr(p"). (7.7)

Here Z(1) can be computed by considering (Euclidean) evolution on a circle, i.e.

p=Pexp <— / e dTH(T)> (7.8)

0
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Figure 3. The half space entangling region > 0, with boundary the y-axis. The coordinate 7 is

the polar coordinate in the plane of  and the Euclidean time z°.

where H is the Hamiltonian and the periodicity of the 7 direction is 2w. Z(n) is then com-
puted by considering the evolution over a circle of n times the length of the original circle.

In the context of thermal density matrices the circle direction is Euclidean time. For
entanglement entropy, the appropriate circle direction is that enclosing the boundary of the
entangling region, see the example shown in figure 3. The well-known CHM map relates
certain thermal entropies to entanglement entropies in conformal field theories [2].

To compute the entanglement entropy holographically (to leading order in 1/N), one
considers a dual spacetime whose Euclidean onshell action gives minus log Z(1). The replica
holographic dual is constructed by considering a boundary theory in which the circle has
period n times the length of the original circle. Then log Z(n) is minus the action Ig(n)
for a smooth solution of the bulk field equations in which the circle has a periodicity of n
times the original periodicity. Hence we can use holography to rewrite (7.6) as

S =noy [Ig(n) —nlg(1)],_, (7.9)

The second term in (7.9) is associated with the solution at n = 1 but with the circle having
periodicity of n times the original length; this solution has a conical singularity but the
contribution of the conical singularity to the onshell action is not included.

In [3] the main focus was implicitly asymptotically anti-de Sitter geometries, i.e. so-
lutions of lower-dimensional gauged supergravity theories, in which the bulk actions are
Einstein gravity coupled to matter fields. However, the general arguments given in [3]
apply equally to any holographic dual and therefore, in particular, apply to solutions of
type IIB supergravity in ten dimensions which asymptote to AdSs x S°.

In cases where a consistent truncation exists, one obtains the same result for working
out the onshell (Einstein frame) action from ten dimensions using the Euclidean continu-
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ation of (4.1)

1 1
Ip=———— [ d¥° R— —F2 +--. 7.10
P = " 16nGho / 9 [ po5 )T (7.10)
as one does using the five-dimensional Euclidean action:
1
Ip=— d R 7.11
b=t | PV R+ (7.11)

where the ellipses denote the matter contributions to the consistent truncation. In cases
for which no consistent truncation exists, it remains true that the onshell action computed
from ten dimensions, by construction, gives the same result as the five-dimensional onshell
action. However, when no consistent truncation exist, the ellipses in (7.11) include the
complete tower of Kaluza-Klein modes.

We now need to argue that (7.9) localises on a minimal surface and is given by

A A
S_4G10_4T;5

(7.12)

where A is the area of the Ryu-Takayanagi surface and A is the area of the codimension
two minimal surface in ten dimensions.

Let us first give an argument following the approach of [3]. Let M,, be the regular bulk
geometry corresponding to 7 being periodic with period 27n and let M; be the geometry
with a conical singularity. Note that the conical singularity extends to the conformal
boundary, in contrast to the black hole setup discussed in [3] in which it was localised in
the interior of the bulk geometry.

Now the argument given in [3] goes as follows. Consider a smooth offshell configuration
with geometry M,, which regularises the conical singularity of M;. Away from the fixed
point surface the geometry of M, agrees with that of M; and M,, is chosen such that the
offshell configuration differs by order (n — 1) from a solution of the equations of motion.
Let I g(n) be the onshell action of the configuration with geometry M,,. Since the offshell
configuration can always be viewed as a first order variation of an onshell configuration
(working perturbatively in the expansion parameter (n—1)), its action is equivalent to Ig(n)
up to quadratic order in (n — 1) and therefore we can replace I (n) by Ig(n) in (7.9):

S =nd, |Ig(n) — nlg(1) (7.13)

n=1

Since the geometries only differ at the fixed point set, it is then apparent that this expression
localises on the fixed point set. Moreover, the contribution is extensive in the area of the
codimension two fixed point set and is proportional to the integral over the cone directions

/d2x\/§72 ~4r(1l —n). (7.14)

Thus we can write

_ A ([ 2 _ A
S = 67Gn < n@n/d x\/§R>n_1 = 16y’ (7.15)

where G is the Newton constant.
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This general argument clearly does not depend on the spacetime asymptotics, and is
thus equally applicable to asymptotically AdS and asymptotically AdS xS geometries. The
overall constant of proportionality obtained in (7.15) can always be fixed by exploiting the
CHM map, relating spherical region entanglement entropy to hyperbolic black hole entropy.
The latter is given by the standard expression, the area of the horizon (in the Einstein frame
metric) divided by 4Gy.

Starting with (7.13) we can give a different argument that this expression localises on
fixed point sets of the vector d; using the work of Gibbons and Hawking [28]. We consider
the case in which 0. is a Killing vector both on the boundary and in the bulk.? Since 7 is
a circle symmetry we can always write the metric locally as

ds> = V(dr +w)? + V sy (7.16)

where the scalar V and the one form w take values on the base space B, which is the
space of non-trivial orbits of the circle symmetry. The fibering is trivial if the one form
w is globally exact; we have implicitly assumed this above. By construction the onshell
Euclidean action can be expressed as an integral over B:

IE——/}th1xv@£——57/1f91xvaan¢: (7.17)
B

where 3; is the periodicity of 7, \/gp is the base metric determinant and L is the onshell
Lagrangian.

The circle symmetry k& = 0, has fixed points wherever V' = 0. The action of the
symmetry is generated by the antisymmetric matrix Djy; Kyj; such matrices have even
rank, i.e. rank (2,4...). (The zero rank case would imply that the Killing vector is zero
and acts trivially.) When Dj; Ky has rank 2k the action of the symmetry leaves fixed a
(D — 2k)-dimensional submanifold. Note that when w is globally exact the only possible
fixed point sets are of dimension (D — 2).

Gibbons and Hawking showed in [28] that for four-dimensional Einstein gravity the
onshell action (7.17) can be expressed as the divergence of a Noether current J*® associated
with a dilation symmetry:

Ig = /87'/ dP o\ /gD J* = ﬁT/ P 2gJ* (7.18)
B

0B

and hence the action localises on the (D — 2)-dimensional boundary 0B of the base space.

The boundary 0B consists of (D — 2)-dimensional boundaries surrounding each fixed
point together with the spatial boundary at infinity (if B is non-compact). When 7 is the
imaginary time, contributions from infinity are associated with conserved charges (mass
M etc) while contributions from the fixed point sets give the entropy S:

Ig=B M+ -8 (7.19)

where the ellipses denote contributions from additional conserved charges.

2Throughout this paper we have assumed Poincaré invariance of the dual field theory. In the case of the
half space entangling region shown in figure 3 this guarantees that 0. is indeed a Killing vector.
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The entropy S includes not only the usual area terms but additional contributions
associated with a scalar potential ¢ dual to the one-form w, see [28]:

dip = V? %3 dw (7.20)

where the dual is computed on the base space B. In four dimensions the fixed point sets are
either two-dimensional bolts, characterised by their self-intersection Y, or zero-dimensional
nuts, characterised by relatively prime integers (p,q). The entropy contributions are then

given by
A B2 B2 ¥
= — T Y T - 21
S 4G4 + 167TG4 bzol;sw + 167TG4 I%t:s pq (7 )

where the scalar potential 1 is invariant over a bolt.

The scalar potential contributions are zero if w is globally exact, and then the entropy
reduces to the usual form:

_ A
e

with A the sum of the areas of (D — 2)-dimensional fixed point sets. The expressions (7.18)

S (7.22)

and (7.19) are believed to apply to Einstein gravity coupled to matter in all dimensions
although explicit expressions for the terms in the entropy depending on the one-form w are
not known in general dimensions.

In the case at hand, the circle direction is not the imaginary time but the approach
of [28] can still be applied, provided that the circle direction is a symmetry. Thus the
onshell action can be expressed as

Ip =8 ®Qa—S (7.23)

where ®, and @Q, are conjugate potential and conserved charge pairs, respectively, and S
is again associated with fixed point sets of the circle symmetry. By construction we choose
M,, to be such that the charge terms cancel between the two terms in (7.13) leaving

S =[ndp(n—1)]p=1S8 =S, (7.24)

i.e. the entanglement entropy is equal to the geometric entropy, which is given by (7.22)
when the fibration in (7.16) is trivial.

Note that the derivation using (7.18) relies on 0; being a Killing vector. While 7 is
periodic, it is not necessarily a symmetry direction even for generic entangling regions on
flat spatial hypersurfaces of constant time. For example, consider the spherical entangling
region w = R in a four-dimensional quantum field theory in the flat background

ds® = (dz°)? + dw? + w? (d6? + sin® 0de?) (7.25)
where 20 is the imaginary time. By changing coordinates as

w=R+wcosT  x°=1wsinT (7.26)
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to
ds* = di? + *dr* + (R + 1w cos 7)* (d6? + sin® 0dp?) (7.27)

we note that the boundary of the entangling region is at @ = 0, with 0, having a dimension
two fixed point set at @w = 0. Here 7 is the circle direction used in the replica trick, but
it is not a symmetry. In most previous discussions of holographic entanglement, the circle
direction 7 was trivially fibered but not necessarily a symmetry.

On the other hand, the approach of (7.18) raises the interesting possibility that there
may in general be additional leading order contributions to the holographic entanglement
entropy, beyond the area of the extremal surface. Suppose that the following metric de-
scribes the geometry near the boundary of an entangling region (in a three-dimensional
field theory):

ds? = dw? + w?(dr + a(w)d¢)? + b(w)dd?, (7.28)

with b(0) # 0. Here 0; is a Killing vector with a two-sphere fixed point set at @ = 0, which
is interpreted as the boundary of the entangling region. Note that for suitable choices of
(a(w),b(w)) one can obtain (7.28) as a limit of the Euclidean Kerr-de Sitter metric.

Given the boundary metric (7.28) in the vicinity of the entangling region boundary,
one can then reconstruct the asymptotic expansion of the 4-dimensional bulk metric:

dp*> 1
2 _ S 7.t
with
gstdar®dzr’ = diw?® + W (dr + a(w)dp)? + b(w)de* + O(p?) (7.30)

where terms at order p? can be computed from the curvature of the boundary metric,
see [37]. Thus, the fixed point set of O, is extended to a two-dimensional surface in the
bulk. Following the logic above, the associated entanglement entropy should depend not
just not on the area of this surface but also on the non-trivial fibration of this circle direction

over the surface. From (7.29) one can deduce that the potential (7.20) satisifes
w3 o

P* Vb

and hence the potential 1 is indeed constant on the surface defined by w(p) with @ — 0 as

dyp = (7.31)

p — 0. Integration of this equation to find the potential and hence apply the formula (7.21)
would however require the full bulk reconstruction and we postpone this analysis for fu-
ture work.

8 Conclusions

In this paper we have presented evidence that the entanglement entropy computed from
top-down (1.2) is equivalent to that computed using the Ryu-Takanagi formula (1.1); we
showed that the formulae agree in a wide range of examples and used general arguments
based on the replica trick. Both formulae, (1.1) and (1.2), are applicable to time inde-
pendent situations. It would be interesting to generalise the analysis of this paper to the
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covariant holographic entanglement entropy [8] and, in particular, to understand whether
contributions associated with non-trivial fibration of the circle coordinate over the entan-
gling region boundary can indeed arise.

The relationship between the ten-dimensional solution and the lower-dimensional
asymptotically AdS solution is in general very complicated. To calculate quantities re-
lated to the dual stress energy tensor, one needs to extract the asymptotic form of the
lower-dimensional metric, which is related to the ten-dimensional metric by derivative field
redefinitions. It is computationally complex to extract the required field redefinitions. The
agreement between (1.1) and (1.2) imposes constraints on the field redefinitions which
can be used both to check Kaluza-Klein holography calculations and, in symmetric situa-
tions, to infer the lower-dimensional fields, without going through the entire Kaluza-Klein
holography procedure.

In this paper we have focussed primarily on backgrounds which are asymptotic
to AdSgz11 x X but the general arguments of section 8 are equally applicable to any
gauge/gravity duality for which the conformal boundary is timelike and the bulk theory is
described by Einstein gravity. Thus in particular the top-down entanglement entropy (1.2)
is applicable to top-down realisations of Lifshitz and Schrédinger (with one example of
the latter being given in section 4). The formula (1.2) is also applicable to non-conformal
brane dualities [38], in the regimes where supergravity is a valid description.

Our results have implications for the long standing question of how the compact part
of the bulk spacetime is reconstructed from field theory data: entanglement entropy tells us
about minimal surfaces in the top-down geometry. One could use these surfaces to explore
how global features of the top-down geometry are reconstructed.
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