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ABSTRACT: QED with a large number N of massless fermionic degrees of freedom has
a conformal phase in a range of space-time dimensions. We use a large N diagrammatic
approach to calculate the leading corrections to Cr, the coeflicient of the two-point function
of the stress-energy tensor, and C'j, the coefficient of the two-point function of the global
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the expectations in 2 and 4 — € dimensions. Using our results in higher even dimensions
we find a concise formula for Cr of the conformal Maxwell theory with higher derivative
action FW(—VQ)%_2F“”. In d = 3, QED has a topological symmetry current, and we
calculate the correction to its two-point function coefficient, Cf]Op. We also show that some
RG flows involving QED in d = 3 obey C’QQV > C%R and discuss possible implications of
this inequality for the symmetry breaking at small values of V.
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1 Introduction and summary

One of the important observables in Conformal Field Theory (CFT) is Cr, the coefficient
of the two-point function of the stress-energy tensor 7}, defined via [1]

2
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If the CFT has a global symmetry generated by conserved currents Jj, then another
interesting observable is C;, the coefficient of their two-point functions:

L (212)
(3«"%2)d_1

In CFTs with a large number of degrees of freedom, N, these observables typically admit

(Ji(@1) T (x2)) = C 5 (1.3)

1/N expansions of the form

B Cj Cpo 3
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The values of Cj; and Cp; have been calculated in a variety of models. Petkou [2] has
used large N methods and operator products expansions to calculate them as a function of
d in the scalar O(N) model. Very recently, these results were reproduced using the large
N diagrammatic approach in [3], where the same technique was also used to calculate Cj;
and C7 as a function of d in the conformal Gross-Neveu model. An important feature of
the diagrammatic approach, which was uncovered in [3], is the necessity, in the commonly
used regularization scheme [4-8], of a divergent multiplicative “renormalization” Zr for
the stress-energy tensor. This factor is required by the conformal Ward identities in the
regularized theory.

In this paper we extend the methods of [3] to calculate Cj1(d) and Crq(d) in the con-
formal QED in d dimensions. This theory, which is reviewed in section 2, may be thought
of as the Maxwell field coupled to N; massless 4-component Dirac fermions continued from
4 dimensions to a more general dimension d. The large NV expansion in this model runs in
powers of the total number of fermionic components, which is N = 4N;. In the physically
interesting dimension d = 3, this corresponds to an even number 2Ny of two-component
Dirac fermions.

Our main results are

e = (5o + 52 (1)
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O(d) =v¢'(d/2) - ¢'(1),  U(d)=4(d—1)+¢$(2-d/2) — (1) —¢(d/2-1),

where ¥ (z) = I'(z)/T'(z). Here n,1(d) encodes the electron mass anomalous dimension;
it is [9]!

2(d — 1DI'(d
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In the physically interesting case of d = 3 we find
736
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4192
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Let us compare our results with the earlier diagrammatic calculations [10, 11], which
were carried out in d = 3 using a regulator different from ours. Our result for Cj;(3)
agrees with that given by Huh and Strack in [11].2 However, our value of C71(3) does
not agree with that given in [11], which after translating to our convention for N is

!We define the anomalous dimension of the electron mass operator O,, = ¥t as Ao,, = d — 1 + N,
where 1m = nm1 /N + O(1/N?).

?In [11] only a numerical value C’Sl) ~ 0.59322699 was given. We have found the exact expression behind
this number: C‘f,” = % — 4, which leads to CT¢S = % — 4. The relative factor of 2 between this and
our (1.8) is due to the different conventions: in [11] N;I&S is the number of d = 3 Dirac doublets. Therefore,

our N = 4Ny = QN}H&S.



C’%f“s = i’g?j — 8~ 0.574024.% The source of the disagreement is the effect of Zr, which
was not included in [11].

A nontrivial check of our results (1.5) and (1.6) comes from comparing them with the
known exact values in d = 2 and the 4 — ¢ expansions, see sections 3 and 5. Had we not
included Zr, there would be no agreement with the 4 — ¢ expansion. In higher even d, the
conformal QED reduces to a free theory of N fermions and a conformal higher-derivative
Maxwell theory with the action (see e.g. [12])

Fl (V22 2Fm (1.9)
Using the value of C'ry in general even dimensions, we extract the Cp of this conformal
Maxwell theory

n axwe ad d
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where S; = I??Td//;).

_ . . 9 - _ 1
In d = 3 the QED has a special “topological” U(1) symmetry current j*P = 5~  F.
In section 4 we calculate its two-point function to order 1/N?2, and obtain the associated
C'?P coefficient, in the normalization (1.3), to be

op 16 1 736
CFP = - (1—|—N<8—97r2> +O(1/N2)>, (1.11)

where N = 4Ny is twice the number of two-components Dirac fermions. The leading order
term is in agreement with [10, 13].

The QED3 Lagrangian also has an enhanced SU(2Ny) global symmetry, and for small
Ny this symmetry may be broken spontaneously to SU(Ny) x SU(Ny) x U(1) [14, 15]. In
section 6 we present a new estimate for the critical value of Ny above which the symmetry
breaking cannot occur by using the RG inequality CF}N > CITR. It implies that the chiral
symmetry cannot be broken for Ny > 1+ V2. The status of this conclusion is uncertain,
since there are known violations of the inequality in some supersymmetric RG flows [16].
Nevertheless, it is interesting that the critical value of Ny it yields is close to other avail-
able estimates [12, 17-20] and is consistent with the results available from lattice gauge
theory [21, 22].

2 Large N expansion for conformal QEDg,

The action for Maxwell theory coupled to Ny massless charged fermions in flat Euclidean
space

Ny
1 _ o
S = /dd.%' @FMVF“V — E wl'y“(ay—l-lAu)w . (21)
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3In [11] only a numerical value C’;«l) ~ —0.41548168 was given. We have found the exact expression

behind this number: C'(Tl) = 415523 -4




Here the fermions v are taken to be four-component complex spinors. We define the
dimensional continuation of the theory by keeping the number of fermion components fixed.
In other words, we take v* to be 4 x 4 matrices satisfying {v#,~"} = 26" 1, with Tr1 = 4.
All vector indices are formally continued to d dimensions, i.e. §*¥d,, = d, y#v, = d-1, etc.
One may develop the 1/N expansion of the theory by integrating out the
fermions [15, 23]. This produces an effective action for the gauge field of the form

St — / ddxéF‘“’FW—i— / dzdly <;A“(x)A”(y)Uu(x)Jy(y))o+(’)(A3)> (22

where
JM = i/Ji’YMiﬁZ (23)

is the conserved U(1) current. Using the bare fermion propagator

) ) _ 7
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where p = v¥p,,, the current two-point function in the free fermion theory is found to be
oT(2 — H1(4)2 5
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Thus, when d < 4, one sees that the non-local kinetic term in (2.2) is dominant in the low
momentum (IR) limit compared to the two-derivative Maxwell term. Hence, the latter can
be dropped at low energies, and one may develop the 1/N expansion of the critical theory
by using the induced quadratic term

dp (1 - -
S au = [ Gyt (GO, L-0D0A (-9) = duip s it At (26)
Note that this effective action is gauge invariant as it should, due to conservation of
the current.

The induced photon propagator is obtained by inverting the non-local kinetic term
in (2.6). As usual, this requires gauge-fixing. Working in a generalized Feynman gauge,

the propagator is
CA Pubv
Dyp =—F7—(6p— (11— , 2.
wl0) = 4 s (6w - (1 - 2257 (2.7)

where ¢ is an arbitrary gauge parameter ({ = 0 corresponds to Landau gauge 9, A" = 0).

The normalization constant C'4 is given by

B 2T (d)
Car(d)re-9)

=
3

(2.8)

Ca

and in (2.7) we have introduced, as in [3], a regulator A to handle divergences [4-§],
which should be sent to zero at the end of the calculation. This makes the interaction
vertex in (2.6) dimensionful, and one should introduce a renormalization scale p so that

Svertex = _iNA f&i'yuAuwi-



Figure 1. Feynman rules for the Large N QED.

The Feynman rules of the model are summarized in figure 1. In what follows we
calculate the two-point function of the SU(NNy) current and stress-energy tensor, which are

given by*
J8 = =it
T = — 3 (Biru Doyt — D), (29)
where v, D,y = v,Dy + D, and D, = 9, +iA,. Note that there is no Maxwell term

contribution in 7},,, as this term was dropped in (2.6) in the critical limit.
We will work in flat Euclidean d-dimensional metric and introduce a null vector z*,
which satisfies

22 = 2128, =0. (2.10)

From (1.1), (1.3), we see that the two-point functions of the projected operators T'= 22"},
and J = z#J, have the form

3','4
T@TO) = St
_ 2
<Ja({L')Jb(O)> — 6ab ($22)§;71 ;37 (2.11)

where we have introduced the notation x., = 2z#x,. It will be also useful to report the
form of these two-point functions in momentum space, which may be obtained by Fourier
transform and reads

rir@2 - 4 4
TGP = Crap 2 oy

ni0(2—9)  p?

) G d (2:12)

(J(p)T*(—p)) = Cy

where p, = 2z/p,,.

4As it was pointed out in [24], for correlation functions with only gauge invariant operators we can omit
the gauge fixing part and ghost part of the stress-energy tensor. This was explicitly checked in QCD in
d = 4 up to three-loops in [25].
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Figure 2. Diagramatic representation for 7' = T, + T4 and J°.

J<p><>J<p> J<p>@J<p> J<p>@J<p>
Dy Dy Do

Figure 3. Diagrams contributing to C; up to order 1/N.

For the stress-tensor of conformal QED, we may write T' = T, + T4, where the two

terms are given in momentum space by

d
Ty(0) = 5 [ Go—p)in= (G + 20 0+ ),
d
Tatr) =~ [ Goa(—p)in- A -+ ).
d
7(0) = = | SR ). (213)

The diagrammatic representation is shown in figure 2.

3 Calculation of Cjy; and Cr;
The diagrams contributing to (J.J) up to order 1/N
(J*(p)J*(=p)) = Do + D1 + Dz + O(1/N?) (3.1)

are shown in figure 3. Their expressions in momentum space and explicit results are listed
in appendix B.
Putting together the results, we find

Cyr(d) T2 -9)  p?

) = e o (140 S o) it B 62
where Cj1(d) is given in (1.5), and
Cro = Tr1;§ (3.3)
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Figure 4. Plot of Cjy;.
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Figure 5. Diagrams contributing to C7 up to N order.

is the free fermion contribution. A plot of C'j; as a function of d is given in figure 4. The
value in d = 3 was given in (1.8) above. One may also extract the following e-expansions

Onlumree =~ + O(@),  Cnlamie= o+ <Z _ 9g(3)> SO0, (34)
In d = 3 the leading correction is quite small even for small N; for N = 4, corresponding
to Ny =1, it makes C; around 7% bigger than the free fermion result.

Let us now turn to the calculation of Cy. Up to order N9, the stress-tensor two-point
function receives contribution from the diagrams shown in figure 5. Note that for some
topologies we did not draw explicitly diagrams with the opposite fermion loop direction,
but they have to be included. We list the integrands and results for these diagrams in
appendix B. We have

8
(T (p)T™*"(=p)) = ZF(T(p)T(=p)) = Z7 (Z Dy, + 0(1/N)> ; (3.5)
n=0
where we have introduced a “Zp-factor” [3], which is computed in appendix A from the
Ward identity. It reads Zr = 1 + (Zr1/A + Z%,) /N + O(1/N?), with
d(d — 2)nm1 ) (d=2)nm

. k. (3.6)
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Figure 6. Plot of Cp;.

where 7,1 is given in (1.7). Putting together the results for the diagrams given in
appendix B, we obtain

) (p) = O (14 CAD o)

d
2421 (d + 2) (p2)27% ’ '

where C71(d) is given in (1.6), and the free fermion contribution is

d

Cro=N—.
TO QSCQl

(3.8)
As a check of our calculation, we note that the final result does not depend on the gauge
parameter &.

A plot of Cpi(d) in 2 < d < 4 is given in figure 6. We see that Crp is negative for
2 < d < 2.79. This means that the inequality C}N > C%R is violated for the flow from
conformal QED, (which may be thought of as the UV fixed point of the Thirring model)
to the free fermion theory for 2 < d < 2.79. However, it holds for 2.79 < d < 4, including
in particular d = 3.

Near some even dimensions we find

€ € 61le
Crild=24e = =2 — 7 Crildg=a4—e =8 — 6 Cr1ld=6— = —30 + 5 (3.9)
Note that in d = 2 we get
N 2
Crlgmo == (1— =] . 3.10
roes =7 (1 %) 1)

This result is precisely as expected, since the conformal QEDs corresponds to the mul-
tiflavor Schwinger model with 2N; Dirac fermions, which is described by a CFT with
central charge ¢ = 2Ny — 1 [26, 27]. Normalizing (3.10) by the free scalar contribution
C5¢ = d/((d — 1)S3), and recalling N = 4Ny, we obtain precisely this central charge. In
section 5 we will see that C71|4—4_. also agrees with the 4 — e expansion.

Near even dimensions the QED theory is expected to be described by the free fermions
weakly coupled to a U(1) gauge theory with the local kinetic term (1.9). For example, in
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Figure 7. Diagrams contributing to C'’ up to 1/N? order.

d = 6 this higher-derivative theory was explored in [12, 28-33]. We may use (1.6) to extract
the Cr coefficient for the conformal Maxwell theory (1.9). From (1.6) it follows that

d
2(—1)24d! d d
CIQFD|even d= 74 ( )d = 2(_1)2 (d - 1) : (3'11)
: 2

Recalling that the contribution of the free massless fermions is given by (3.8), we find that
the Cr of the conformal Maxwell theory is

con axwe d ED a d d
CT M 11’even d— 2S2 CQ |even d — ( 1)2 SQ ( o 1> (3'12)

In d = 4,6,8,10,... this formula gives 16, —90, 448, —2100, ... times 1/53. In d = 4 this
agrees with the standard answer for the Maxwell theory. In d = 6,8, ..., eq. (3.12) gives
new results for the values of Cr in the free conformal theory with the higher-derivative
action (1.9).

4 C%P® for the topological current in d = 3

In d = 3, it is interesting to compute C:“]Op for the “topological” U(1) current

Jop = ﬁe"”Fm (4.1)
where the factor of i arises because we are working in Euclidean signature, and the nor-
malization is such that the associated charges are integers. The diagrams contributing
to the current two-point function up to order 1/N? are shown in figure 7. The diagrams
Dy and D; have the same structure as the corresponding ones in figure 4 for the SU(Ny)
current,” with the difference that at the external points we now have the gauge U(1) cur-
rent, to which we attach the two induced photon propagators. Thus, using the results from
appendix B, we find

{Jtop(P)Jtop(—P)) = e e M (ppAs(P) — PoAp(p)) (prAr(—p) — PAAL(—D)))

47r)?

5In fact these diagrams can be extracted from the evaluation of the polarization operator, which was
computed in case of QCD in [34].



Ny 1 2 3 4 5 10 20
Cr/Cro | 1.3597 | 1.1798 | 1.1199 | 1.0899 | 1.0719 | 1.0360 | 1.0180
Cy/Cyo | 10715 | 1.0357 | 1.0238 | 1.0179 | 1.0143 | 1.0072 | 1.0036

8772030p 3.0106 | 1.5632 | 1.0550 | 0.7961 | 0.63919 | 0.3219 | 0.1615

Table 1. Results for Cr, Cy and C’}Op in d = 3 for different values of V¢, the number of 4-component
fermions (half the number of 2-component Dirac spinors). Cp and C; are normalized by the free
field values in (3.8) and (3.3). To facilitate the comparison with [13], C'’® is normalized by the free
fermion contribution (3.3) for 2-component spinors (Tr1 = 2), which is Tr1/52 = 1/(872).

where Cy and Cj1(d) are given in (2.8) and (1.5), which yield C4]4—3 = 32 and the value
of Cy1(3) given in (3.4). Therefore, we finally get

o itnl-2) =~ (1 1 (8- 25 ) + 0N ) (8- 222). (a3)

Comparing with the momentum space normalization in (2.12), we find the result given in
eq. (1.11). We note that this is related to C; in (1.4)—(1.8) by an inversion, C4 ~ 1/C}.
This essentially follows from the fact that in the large N critical QED, A, and J, are
related by a Legendre transformation [35, 36], see eq. (2.6).

The conformal bootstrap constraints on the values of Cy, Cr and C}Op in QED3 for
Ny =1,2,3 were recently discussed in [13]. In table 1 we summarize our results for these
coefficients in d = 3 and for different values of Ny (the number of 4-component fermions).
These results appear to fall within the regions allowed by the bootstrap for Ny = 1,2, 3.

5 4 — € expansion of C; and Cr

To find Cj in the 4 — € expansion to the leading non-trivial order, we have to compute
diagrams with the same topology as those in the large N approach, figure 3, but now the
photon propagator is the standard one obtained from the Maxwell term. It reads

D) = 5 (@w a- »s)p;;éi’“) , (5.1)

where we have introduced an arbitrary gauge parameter (¢ = 1 is the usual Feynman
gauge, and £ = 0 Landau gauge).

The renormalization of the electric charge is well-known, and in minimal subtraction
scheme it reads [37]:

. AN; €3 8N} 2Np\ €
= b ), 5.2
= n <e T3 (47)? * ( 32 e (4m)4 * (52)

where e is the renormalized coupling, and the corresponding beta function is

ANy €3 ANse®  2N;(22N;+9) €7
fo oy My e ANjel AN(2N;49)
2 3 (4n) (4m) 9 (4m)
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Then, one finds an IR stable perturbative fixed point at

[ Ge 9 3(44Nj+207) , ,
. = —(1- . A4
ex =T Nf< 16Nf6+ 512]\7? e+ O(e’) (5.4)

Computing the diagrams in figure 3 with the photon propagator (5.1), taking a Fourier

transform to coordinate space, and setting e = e, at the end, we obtain in d =4 — ¢

¢
Oy /Ot =1 ¢ SN, +O(1/N}), (5.5)

which precisely agrees with (3.4) (recall that in this case we have N = N;Trl = 4Ny).
To calculate the 4 — € expansion of Cr to order €, we will use as a shortcut the fact
that in d = 4 the Cp coefficient may be obtained as (see e.g. [38, 39])

640
CT - ?Ba, (56)

where 3, is the beta function for the Weyl-squared term, which is known to be [40, 41]

Ny+2 TNy €

Ba:20<4ﬂ_>2+ 36 (47[')4—’_.“'

(5.7)

The first term corresponds to the contributions of the free fermions and of the Maxwell
field, while the second one encodes the leading interaction corrections. The second term,
when evaluated at the IR fixed point (5.4) in d = 4 — ¢, gives 6(1767;)2. However, this is not
the only contribution of order € because the free field contributions need to be evaluated
in 4 — ¢ dimensions. The contribution of free massless fermions is given in (3.8). The
contribution of the Maxwell field is more subtle, since this theory is scale invariant but not
conformal away from four dimensions [42]. However, defining the projected stress-tensor
Taxwell = 272" o I, (this selects the traceless part of 7),,), and using the field strength

two-point function [42]

i = B (o)) o]

we find that (Thyaxwen (Z)TMaxwell (0)) takes the form (2.11), just as in a conformal field
theory, with the normalization given by

axwe d2 d—2

This serves as the natural definition of Cp for the Maxwell theory (in d = 4, it agrees with
the well-known result [1]). Putting these results together we find

d(d — 2) + 35¢/6 8—¢€/6
CIQED:C,%eeferm<1+ ( ) + 35¢/ +m>:c§£eeferm<1+ ¢/ +...>,

N N
(5.10)
which exactly agrees with (3.9). This gives a highly non-trivial test of the dimension

dependence of Cp.

- 11 -



6 A new estimate for symmetry breaking in QEDj

In d = 3, the QED Lagrangian has SU(2Ny) global symmetry. For Ny < Ny it it may
be broken via the generation of vacuum expectation value of the operator Z;V:f1 1/;j1/)j
(this is written using the 4-component spinors 9" and gamma-matrices) [14, 15]. This
operator preserves the 3-d time reversal symmetry, but it breaks the global symmetry to
SU(Ny) x SU(Ny) x U(1).

In an earlier paper [12], using the F-theorem inequality F'VV > F™® [43-47] we showed
that theories with Ny = 5 and higher must be in the conformal phase. The F-theorem
method is inconclusive, however, for theories with Ny < 4. There is lattice evidence that
theories with Ny = 1,2 are not conformal [21, 22],% but little is known about theories
with Ny = 3,4.

Let us now consider a different RG inequality:

cPV > o, (6.1)

which is sometimes called “the Cp theorem”. While there is a known d = 3 counter-
example to this inequality [16], which involves theories with A" = 2 supersymmetry, many
known RG flows appear to obey (6.1). For example, it is obeyed for flows involving the
scalar O(N) [2, 3] and the Gross-Neveu model [3]. If we think of the conformal QEDs3
theory as the UV fixed point of the Thirring model, then the inequality (6.1) is obeyed by
the flow to the free fermion theory because Cri1(3) > 0. We may also test this inequality
for the flow from the QED theory in the extreme UV, which consists of the free decoupled
Maxwell field and Ny 4-component fermions, to the conformal QED3. For the former we
find using (5.9) and (3.8)

12N +9
cyV =2 6.2
For the interacting conformal phase, using our result (1.8), we have
6N 4192 _ g
CIR = 2L (14 45n O(1/N?) ] . 6.3

We see that at large Ny (6.1) is obeyed to order N}(c) because 9 > 3 (3;793 —8) ~4.32.

Let us now try applying (6.1) to the d = 3 flow from QED in the extreme UV to the
broken symmetry phase. For the former we have (6.2). The latter is a free conformal field
theory of 2NJ% + 1 scalar fields; therefore, it has

3(2N% + 1
CR = (32];;) (6.4)
We find that the two expressions are equal for Ny = Ny oy = 1+ V2 ~ 2.414. This suggests
that theories with Ny = 3 and higher are in the conformal phase. The inequality (6.1),
however, does not require the Ny = 1,2 theories to be conformal, and indeed there is lattice

evidence that they are not [21, 22].7

6See, however, the recent lattice work [48] suggesting that they are conformal.

" A more stringent value Ny criv = 3/2 follows from the RG inequality based on the coefficient of the ther-
mal free energy [49]. This appears to be in contradiction with the lattice gauge theory work [22] claiming
that the Ny = 2 theory is not conformal. However, both Ny cit =3/2 and Ny crie = 14++/2/2.414 are con-
sistent with the recent paper [48] claiming that the symmetry breaking does not take place even for Ny=1.

- 12 —



7 Cr for large Ny QCDy

To the leading nontrivial order, the large Ny computations for QCD look similar to those
in the QED case. The results for large Ny QCD at the critical point can be deduced from
the lagrangian [8, 33, 34, 50-55]

_ . N
Leit qop = —iy* (0, + ARt )Y + Q—g(m<d*4>/QaA)2 + 0,80 + freore Ab e, (7.1)

where ¢ withi=1,...,N ¢ are the quark fields belonging to the fundamental represen-
tation of the colour group G, Aj is the gluon field and ¢ and ¢* are the ghost fields in
the adjoint representation of the colour group. We will use the following notation for the
Casimirs of the Lie group generators t® ([t%,t?] = i febetc):

tr(t%%) = C(r)d®, %% = Co(r)- I, [frlfbd = Co(G) - T (7.2)

and also tr(I) = d(r) and §%6% = d(G). The stress-energy tensor is (2.9) with D, =
O, + 1Ajt", and as we mentioned above we can omit the gauge fixing and ghost parts
of T},, when computing correlation functions of gauge invariant operators. The diagrams
contributing to Cr to order 1/Ny are the same as in the QED case (see figure 5). It is not
hard to show that the relations between QED and QCD diagrams are

DY — d(r) DL, DI — 4(@)DYFP, n=1,...,8, (7.3)
where for some diagrams we used the identity d(r)Ca(r) = d(G)C(r). Therefore, we find

1 d(G)
Qceb _ 1+ == 1/N? 4
Cr d(T)CT()( + N d(r) Cr1+ O(1/N )), (7.4)
where Cpg and Cp; are the results for QED given in (3.8) and (1.6). For SU(V.) gauge

group we have d(r) = N, and d(G) = N? — 1, thus

1 N?2-1
C,I(%CD = N.Crg (1 + I C]V Cr + O(l/N2)> . (7.5)

Let us check that this agrees with the known exact result for central charge in d = 2
gauge theory with massless flavors. The conformal limit of SU(N,) gauge theory has central
charge [26, 27, 56, 57|
(N2 - 1)k

k + Nc

The subtraction of the second term is due to the gauging of the SU(N,) Kac-Moody algebra

(7.6)

C = Cfree —

with level k. Since there are 2Ny 2-d Dirac flavors in the fundamental representation of
SU(N.), we have k = 2Ny. This theory may be described by a SU(2Nf)n, x U(1) WZW

c

model [26, 27]. Its central charge is

2NyN: +1 2(N? —1)Ny

1 N?2-1
=oN; LT NN, — c
CTEVON N, T YT TaN N

— 2NN (1 - —— ),
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which is in agreement with (7.5) evaluated in d = 2. For a general gauge group G we have

G
c=2Nyd(r) — m = 2Nyd(r) <1 - 2]1\71062((%) +.. ) , (7.8)

which agrees with (7.4). Analogously, one can easily see that we have the same relation
between C'y in QCD and QED:

09 _ 4(r)Cio (1 i jlv‘flf))cﬂ " 0(1/N2>) , (7.9)

where C'jo and Cj; are the results for QED given in (3.3) and (1.5).

Note added. After the first version of this paper appeared, the value of Cp for the d = 6
conformal Maxwell theory was calculated directly in [58]. The result is in agreement with
our (3.12), providing a check of our methods.
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A Calculation of Zr

In this appendix we present the computation of the Zr factor for the stress-energy tensor
in the theory of Critical QED. As we show below, a non-trivial Zr is required for the Ward
identity to hold. We define the “renormalized” stress-energy tensor 1), by

T 2) = Zr Ty (), (A1)

where Zp = 14 (Zp1/A+ Z},) /N + O(1/N?), and T}, is the “bare” stress-tensor. To find
Z7 we will use the three-point function (T35 (71)O55" (22) 0" (23)), where O™ = Zo,, O,

is the electron mass operator, Zp,, is its renormalization constant and the bare operator is
Om = 1510 . (A2)

This three point function is gauge invariant. So using conformal invariance and conservation
of the stress-tensor, one has the general expression for the three-point function

ren ren ren . - CTOm Om 1 2
<T#1/ (xl)om (xZ)Om ($3)> - (I%Z‘T%S)gfl(w%3)AonL*%+l (X23)P«(X23)V - g(sw,(ng) 5
(A.3)
where (212) (213)
T12)v 13 )v
(Xo3)y = —5— — —5—. (A.4)
T12 13
The conformal Ward identity gives
1 dA
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On(p) On(=p)  Om(p) On(=p) Owm(p) Opn(—p)

Figure 8. Diagrams contributing to (O,,(p)O,(—p)) up to order 1/N.

where Cp,, and Ap,, are two-point constant and anomalous dimension of the operator O,,

in coordinate space:
Co,,

(05 (2)05,"(0)) = (22)Bon

(A.6)

Taking the Fourier transform of (A.3) and setting the momentum of the stress-energy
tensor to zero for simplicity, one finds in terms of the projected stress tensor T' = z/2"T},,

~ 2
(T OO O (-9) = (4 = 280)Con g (A7)

where Cp_ is the two-point constant of (OIF"OF™) correlator in the momentum space:
m m m
Co,,
(p2)! =2

and Ap,, = d— 141, where 7, = 11 /N +O(1/N?). In order to find Co,,, Zo,, and 1,1
up to 1/N order, we have to calculate the diagrams depicted in figure 8. The expressions

(0" (P)OR"(—p)) = : (A.8)

for the diagrams are

d
Do = [ GRS G+ m)G), (A9)
d d
Dy =200 [ RS ING 0 + )G o G i) Deals = 1)
d d
Do = (i [ SRS DTG 0 + 912" Glo -+ p2) o2y Glon)) D11 — )

and
(O (P)O5™ (=) = Z,,(On(p)Om(=p)) = Z5,, (Do + D1 + D2 + O(1/N?)) . (A.10)

Computing these diagrams one finds

L 2(d — 1)I'(d)
QZOml =MNm1 = F(%)2F(g + 1)F(2 _ %) (A.ll)
and
L At 1 (3dd-2) -2

where O(d) = ¢/(d/2) — ¢/(1) and U(d) = ¥(d — 1) + (2 — d/2) — (1) — ¥(d/2 — 1).
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Now we can calculate the three-point function (T7"(0)O"(p)Oy™(—p)) using Feyn-
man diagrams, namely we have

(T (0)ORM (P) O™ (—p)) = Z1 28, (T(0)Om(p)Om(—P)) (A.13)

and the diagrams contributing to (7°(0)Op(p)Om(—p)) up to order 1/N are shown in
figure 9, and the explicit results are listed in eq. (A.14) below. Putting these diagrams
together and equating the expression (A.7) required by conformal symmetry with the
diagrammatic result for (A.13), we find that the required Zp factor is the one given in (3.6).
As a check of our calculation, we note that dependence on the gauge parameter & drops
out from the final result.

Let us end this section by listing the results for the diagrams in figure 9. They are
given by

1 1 p? d—4 d¢ d—4 d¢
o (3 () (S )+ (5 i o
&> —8d*+16d - 16 d*¢ ))

4(d—2)d 4(d—2)d—1)

1 1 p2\\ (d®—Td2+10d—8  de 43— 7d2+10d—8
2=y Dot (‘ (A‘k’g(m)) (8<d “D(d+2) +8<d—1>> - (( Sd-1(d+2)

d€ 2d" —21d%+63d° —68d* —60d3 +192d% — 160d+64 (2d3 —7d*+12d—8)¢
8(d—1) 8(d—2)(d — 1)2d(d + 2)° 8(d—2)(d—12 ))

o (0 (2) ) (o (5255 )

B —d?+2d-4 (3d*—6d+4)¢
Hd- 212 " a{d-2){d- >))

1 1 2 d—4 de d—4 de
1= sypom (5 =106 () ) (55~ + wamy) + (57 5w 7@
3d® — 16d> + 32d — 16 d’¢ >>

8(d—2)(d—1)d  8(d—2)(d—1)2

p= oo (= (5 =2 (32) ) (7 ) ~ (- e
 (d—2)(5d" —9d° +4d* +28d —16)  (d— 1)5 >)

A(d—1)%d(d + 2)?2 2(d— 1)?
De JifDO”m@?c(ld—j?)@(d) + 4(dd—21) - 2((dd— 1))§2> ’
Dz = %Donml @é(zd—_j?)@(d) * 2(d1— 1) 2(d€— 1)) ’
pe= o (5102 (52) ) (=) * (a5~ ‘5-ma * 20
o= oo (- (5 -20s(15)) (s ) - Gy~ i)
Do = %Donml ( - m@(d) - 2(25__13)2 2((‘2__21)52) , (A.14)
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m D2 D3 D4
D5 D6 D? DS
Dg DlO

Figure 9. Diagrams contributing to (T(0)O,,(p)Om (—p)) up to order 1/N.

where O(d) = ¢/'(d/2) — /(1) and ¥(d) = ¢(d—1) + (2 —d/2) — (1) —¢(d/2 — 1) and
Nm1 is given in (A.11). We notice that

Do (d — 2)

D7+ Dg + Dg + Dqg = NA 4(d—1) (A15)

B Results for (JJ) and (T'T) diagrams

The diagrams for (J.J) shown in figure 3 are given explicitly by

Dy = tr(tatb)/ éjgld (=) Tr(v.G(p1)y-G(p + p1)) , (B.1)

d d
Dy = 2tr(t*®) (i )QMM/d(g;c)lg?(—1)Tr(sz(p+pl)sz(pl)v”lG(pz)v”"‘G(m))Dm(p1—pz)7

dp,d?
Dy = tr(t*®) (i )zum/ (g;)ﬁ? (—=1)Tr(v:G(p + p1)V"* G(p + p2)7:G(p2)7"> G(p1)) Dy vy (01 —p2)
and the results are
d

T CSC (7

)T (3) pz(“
(4m)%(d — )I(d — 2) (p2)*2
p

2)
1= 50w (51 (7)) (5 T ) (5 ) e
3d® — 16d? + 32d — 16
TTad-d-nd  a(d- 2)( >>>
ot (- () (i) (55 o
)d

3d(d — 2) (d—4 d2§
Sd—1) DT g1 a2 ><d—1>2>)' (B:2)

Dy = tr(t%°)Tr1
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The diagrams for (T'T) depicted in figure 5 are given explicitly by

d
Do = Nf( 5 ) / (C; p)1 (2p12 + p2)* (1) Tr(v:G(p + p1)1:-G(p1)),

_i\2 d, 7d
Dy :2]\ff,u2A <2) (Z) /d(glc)im(Qplz +pz) (*1)

x Tr(7v.G(p + p1)7:G 1)y G(p2)v* Gpy ) Doy (P1 — D2)
NS d?pydp,
Dy = Nyt () 07 [ S e+ p2) o + ) (1)
X Tr(v.G(p 4+ i)Y G(p + p2)7-G(02)7"*Gp, ) Dirws (01 — D2)

-\ 2 d, d. d
. d®p1d®pad®ps
D3 NJ% 4A< B > (2)4/ (2 )3d (2plz +pz)(_1)

X Tr(v.G(p + p1)v"* G(p1 — p3)y"*G(p1))
X DV1V3 (p+p3)DV2V4 (p3)(2p22+pz)(_ )Tr(VZG(p2)7V4G(p2 - pS)’VVBG(p+p2)) +...,
—3 d d
Dy = 2N 8 <2>(—i)(z)/d(§lcjpz(2 P12+ p:)(—1)
X Tr(v.G(p 4 p1)7-G(p2)v"* G(p1)) Dy, 2 (p1 — p2),

i d gd. id
Ds = 2Nju*? (2> (—i)(i)?’/W(—l)
x Tr(v.G(p1 — p3)7" G(P1)) Dvyis (03) Dzvs (p + p3)
X (2p2z + p2) (=) Tr(7.G(p2)v? G (p2 — p3)v*G(p + p2)) + .. -,

Do = N0 [ LR TG+ p =G Deslr — ).
d d d
D7 = Njpu*®(—i ‘)Q(i)Q/CW(—l)TT(%G(m — p3)7" G (p1)) D=2 (p + p3) Duyy (13)
X (=1)Tr(7:G(p2)v"*G(p2 — p3)),
d d d
Dg = Nfu‘m(—i)?(i)?/(w(—1)Tr('yzG(p1 — p3)7" ' G(p1)) Doy 2 (p3) D2y (p + p3)
X (=1)Tr(v.G(p2 — p3)Y"*G(p + p2)) (B.3)

where dots mean that there is also an expression which corresponds to the opposite direction
of the fermion loop. After carrying out the momentum integrals using techniques similar
to the ones described in the appendices of [3], we find
1-¢ d\T(d
2 ese(ng)I(§) pl
d
431 (d = 1)(d+ 1)I(d — 2) (p?)*~
2

Dl:w«;—mg<;>><d;4+4<;:>>+<<d-4+4<f:>>w>
1)
2

Dy=—-N

2d* —10d® +15d° +4d -8 d(2d —
2(d —2)(d — 1)d(d + 1) 2(d —2)(d—1)
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! 1 p? d3 —7d*>+10d — 8 dé¢ 3d(d — 2)
D2 = g Do (‘ <A s (w))( d-Dd+2) ad- 1)) ! ( sa-1) oY
d3 —7d* +10d — 8 d¢ T 5d° — 27d* + 44d> — 30d? — 12d + 16
( Hd—D(d+2) 4 1)> Dt = A+ )+ 2)

A RT))

pu= ;0w (= (=210 () (s 00 vm) * (@ v 0
d(d® —8d+11)

T d-1)2(d+ 1)(d+2)+2(d_1))>+dD0/(2N)7 (B.4)

1 1 d 2)¥(d) d*-4d’+5d°+2d-2 ¢
o= oo (5w ) (5 T o))

A
o= gy (~(5-25(33)) (37 (d f-”i(‘” R )

—dDy/N ,
1 -1
D¢ = NDonm1(— 50— 1)> ;
1 -1
D7 = NDOUm1<2(d_1)>a
Dg = dDg/(2N), (B.5)

where O(d) = ¢'(d/2) —4'(1) and ¥(d) = ¢(d — 1) + (2 —d/2) — (1) —(d/2 — 1) and
Mm1 is given in (A.11). We notice that

Donm1 (d —2)
NA 2(d—1)

Dy+ Ds+ Dg+ D7+ Dg = —dDo/(QN) (BG)
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