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ABSTRACT: The S-matrix of a quantum field theory is unchanged by field redefinitions, and
so it only depends on geometric quantities such as the curvature of field space. Whether
the Higgs multiplet transforms linearly or non-linearly under electroweak symmetry is a
subtle question since one can make a coordinate change to convert a field that transforms
linearly into one that transforms non-linearly. Renormalizability of the Standard Model
(SM) does not depend on the choice of scalar fields or whether the scalar fields transform
linearly or non-linearly under the gauge group, but only on the geometric requirement that
the scalar field manifold M is flat.

Standard Model Effective Field Theory (SMEFT) and Higgs Effective Field Theory
(HEFT) have curved M, since they parametrize deviations from the flat SM case. We show
that the HEFT Lagrangian can be written in SMEFT form if and only if M has a SU(2) 1, x
U(1)y invariant fixed point. Experimental observables in HEFT depend on local geometric
invariants of M such as sectional curvatures, which are of order 1/A?, where A is the EFT
scale. We give explicit expressions for these quantities in terms of the structure constants
for a general G — H symmetry breaking pattern. The one-loop radiative correction in
HEFT is determined using a covariant expansion which preserves manifest invariance of
M under coordinate redefinitions. The formula for the radiative correction is simple when
written in terms of the curvature of M and the gauge curvature field strengths. We also
extend the CCWZ formalism to non-compact groups, and generalize the HEFT curvature
computation to the case of multiple singlet scalar fields.
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1 Introduction

Current experimental data is consistent with the predictions of the Standard Model (SM)
with a light Higgs boson of mass ~ 125 GeV. The measured properties of the Higgs boson
agree with SM predictions, but the current experimental accuracy of measured single-
Higgs boson couplings is only at the level of ~ 10%, and no multi-Higgs boson couplings
have been measured directly. It is important to consider generalizations of the SM with
additional parameters in order to quantify the accuracy to which the SM is valid or to
detect deviations from SM predictions.

Over the past 40 years, many theoretical ideas have been proposed for the underly-
ing mechanism of electroweak symmetry breaking. Theories that survive must be con-
sistent with the currently observed pattern of electroweak symmetry breaking, which is



well-described by the SM. A general model-independent analysis of electroweak symme-
try breaking can be performed using effective field theory (EFT) techniques. Assuming
there are no additional light particles beyond those of the SM at the electroweak scale
v ~ 246 GeV, the EFT has the same field content as the SM. There are two main EFTs
used in the literature, the Standard Model Effective Field Theory (SMEFT) and Higgs
Effective Field Theory (HEFT). In this paper, we make the relationship between these two
theories precise.

The Higgs boson h of the SM is a neutral 07 scalar particle. In the SM Lagrangian, it
appears in a complex scalar field H, which transforms as 2/, under the SU(2) x U(1)y
electroweak gauge symmetry. An oft-stated goal of the precision Higgs physics program is
to test whether (a) the Higgs boson transforms as part of a complex scalar doublet which
mixes linearly under SU(2)r, x U(1)y with the three “eaten” Goldstone bosons ¢, or (b)
whether the Higgs field is a singlet radial direction which does not transform under the
electroweak symmetry. In case (b), the three Goldstone modes ¢ transform non-linearly
amongst themselves under the electroweak symmetry, in direct analogy to pions in QCD
chiral perturbation theory, and do not mix with the singlet Higgs field. In case (a), there
are relations between Higgs boson and Goldstone boson (i.e. longitudinal gauge boson)
interactions, whereas in case (b), no relations are expected in general. An objective of this
paper is to explore the distinction between these two pictures for Higgs boson physics.

The properties of the scalar sector of the SM and its EF'T generalizations can be clari-
fied by studying it from a geometrical point of view [1]. The scalar fields define coordinates
on a scalar manifold M. The geometry of M is invariant under coordinate transformations,
which are scalar field redefinitions. The quantum field theory S-matrix also is invariant
under scalar field redefinitions, so it depends only on coordinate-independent properties
of M. Consequently, experimentally measured quantities depend only on the geometric
invariants of M, such as the curvature. Formulating physical observables geometrically
avoids arguments based on a particular choice of fields. It also allows us to correctly pose
and answer the question of whether the Higgs boson transforms linearly or non-linearly
under the electroweak gauge symmetry. Further, a geometric analysis gives a better un-
derstanding of the structure of the theory and its coordinate-invariant properties.

The UV theory can have additional states, such as massive meson excitations in the case
of theories with strong dynamics. At low energies, the EFT interactions in the electroweak
symmetry breaking sector are described by a Lagrangian with scalar degrees of freedom
on some manifold M, with the Lagrangian expanded in gradients of the scalar fields. The
geometric description captures the features of the UV dynamics needed to make predictions
for experiments at energies below the scale of new physics.

The geometrical structure of non-linear sigma models has been worked out over many
years, mainly in the context of supersymmetric sigma models (see e.g. [2-12]). The appli-
cations to the SM Higgs sector presented here are new, and they provide a better under-
standing of the structure of HEFT and the search for signals of new physics through the
couplings of the Higgs boson.

Some of the results in this paper have already been given in ref. [1]. Here we provide
more explanation of the results presented there as well as details of explicit calculations in



that work, including the derivation of the one-loop effective action for a curved scalar mani-
fold M. For most of the paper, we will assume that the scalar sector has an enlarged global
symmetry, known as custodial symmetry. Also note that we will usually treat the scalar
sector in the ungauged case, referring to the scalar fields as Higgs and Goldstone bosons.
The gauged version of the theory follows immediately by replacing ordinary derivatives by
gauge covariant derivatives. In the gauged case, the Goldstone bosons are eaten via the
Higgs mechanism, becoming the longitudinal polarization states of the massive electroweak
gauge bosons. Thus, the Higgs-Goldstone boson relations we refer to are in fact relations
between the couplings of the Higgs boson and the three longitudinal gauge boson states
Wi and Zp, [13-15].

The organization of the paper is as follows. The relationship between the SM, SMEFT
and HEFT is discussed in section 2 from a geometrical point of view. It is shown that
SMEFT is a special case of HEFT when M is expanded about an O(4) invariant fixed point.
Further, it is shown that the existence of such an O(4) invariant fixed point is a necessary
and sufficient condition for the existence of a choice of scalar fields such that the Higgs
field transforms linearly under the electroweak gauge symmetry. Section 3 presents the
covariant formalism for curved scalar field space. We discuss global and gauge symmetries
in terms of Killing vectors of the scalar manifold, and we derive the one-loop correction to
the effective action for curved M. In section 4, the geometric formulation of G/H theories
is connected with the standard coordinates of CCWZ. We give formulee for the curvature
tensor in terms of field strengths for a general sigma model. We also discuss the extension
of the CCWZ standard coordinates to non-compact groups. As shown in ref. [1], the sign of
deviations from SM values of Higgs boson-longitudinal gauge boson scattering amplitudes
is controlled by sectional curvatures in HEFT. For G/H theories based on compact groups,
these sectional curvatures are typically positive. We compute the sectional curvature, and
show that in certain cases, it can be negative. In section 5, we briefly discuss the SM and
custodial symmetry violation, and the relation between the SM scalar manifold and the
configuration space of a rigid rotator. Section 6 generalizes HEFT to the case of multiple
singlet Higgs bosons. Finally, section 7 provides our conclusions. Additional formulae
are provided in the appendices, including intermediate steps in the computation of the
one-loop correction to HEFT given in refs. [1, 16], and discussion of the complications for
non-reductive cosets.

2 SM C SMEFT C HEFT

In this section, we discuss the scalar sector of the SM and its EFT generalizations, SMEFT
and HEFT, as well as the relationship between these three theories. We begin with a
summary of the scalar sector of the SM.

The SM scalar Lagrangian (with the gauge fields turned off) is

2\ 2
L=0,H'9,H -\ <HTH - l;) . (2.1)

This scalar Lagrangian is the most general SU(2); x U(1l)y invariant Lagrangian with
terms of dimension < 4 built out of a Higgs doublet H that transforms as 2, under



SU(2)r, x U(1)y. As is well-known, the SM scalar sector has an enhanced global custodial
symmetry group O(4) ~ SU(2)r, x SU(2)g. This global symmetry can be made manifest
by writing the SM complex scalar doublet field H in terms of four real scalar fields,

1 ¢2 —{—ngl
H=— 2.2
V2 | 64— io? 22
Substitution in eq. (2.1) yields the Lagrangian
1 A 2
L:§(‘)ﬂ¢-8ﬂ¢—z(¢'¢—v2) , (2.3)

where ¢ = (¢!, 9%, ¢3, ¢*). Lagrangian eq. (2.3) is invariant under G = O(4) global sym-
metry transformations

¢ — O, oTo =1. (2.4)

The scalar field ¢ transforms linearly as the four-dimensional vector representation of the
global symmetry group G = O(4). The minimum of the potential is the three-sphere S of
radius v,

(¢ b) =07, (2.5)

which is the Goldstone boson vacuum submanifold of the SM. The radius of the sphere,
v ~ 246 GeV, is fixed by the gauge boson masses. It is conventional to choose the vacuum

expectation value

(p) =v : (2.6)

o O O

and expand the Lagrangian about this vacuum state in the shifted fields ¢* = v + h and
a — a
=@, a= 17 27 37

2 2, 1
%) 1 e+ 1p
= H:* . 2.7
¢ o3 |’ V2 v+h—ig03] 27)
v+h

The vacuum expectation value (¢) spontaneously breaks the global symmetry group G =
O(4) to the unbroken global symmetry group H = O(3). The Goldstone bosons ¢%, a =
1,2, 3, transform as a triplet under the unbroken global symmetry, whereas h transforms as
a singlet. We will refer to both the enlarged global symmetries G = O(4) ~ SU(2)1, xSU(2)r
and H = O(3) ~ SU(2)y as custodial symmetries. The unbroken global symmetry group
H leads to the relation My, = My cos Oy, which is a successful prediction of the SM. The
experimental success of this gauge boson mass relation implies that custodial symmetry is

a good approximate symmetry of the SM.



The Lagrangian eq. (2.3) in terms of shifted fields eq. (2.7) becomes

1 1 A 2
L= 30up Oup + 5 (8,h)% — 1 (h*+2hv+ - ). (2.8)
The singlet h is the physical Higgs field with mass
mi = 2\, (2.9)

whereas the Goldstone bosons are strictly massless. In the gauged theory, the three Gold-
stone bosons ¢® of the G — H global symmetry breakdown are “eaten” via the Higgs
mechanism, becoming the longitudinal polarization states of the massive W+ and Z gauge
bosons. Note that the O(4)-invariant potential V'(h, ¢) depends on an O(4)-invariant com-
bination of both h and ¢.

Equating the scalar kinetic energy term in eq. (2.8) with

Lyxg = 1!Jz'j (¢) (auﬁf)i) (WW) ? ny=1,2,3,4, (2.10)

2
defines the scalar metric gZSJM(qS) = 0;; for the SM scalar manifold M with coordinates
given by the scalar fields ¢?. Distances on M are determined by ds® = 9ij (¢) dotde? .

The four-dimensional SM scalar manifold M = R* is shown in figure 1. The O(4)
symmetry acts by rotations. The minimum of the potential is the solid red curve, and forms
the three-dimensional Goldstone boson submanifold S of radius v. The parameterization
eq. (2.7) is a Cartesian coordinate system for M centered on the vacuum (black dot),
where h is the horizontal direction, and ¢%, a = 1,2,3, are the three other directions
orthogonal to h. The angular coordinates of S are ¢®/v. The O(4) symmetry acts linearly
on (o', 9%, % v+ h).

In Cartesian coordinates, it seems intuitively clear that ¢ and h interactions are re-
lated, given that the four scalar fields belong to the same Higgs doublet eq. (2.2). However,
the precise relation is subtle. In order to understand this point better, it is instructive to
express the SM Lagrangian eq. (2.3) in polar coordinates as well.

In polar coordinates,’

¢ = (v+ h)n(n), n-n=1, (2.11)

where (v + h) is the magnitude of ¢, and n(w) € S? is a four-dimensional unit vector. The
four shifted scalar fields consist of the three dimensionless angular coordinates 7 = 7% /v
(the direction of n(7) on $3), and the radial coordinate h. The SM Lagrangian in polar
coordinates is

A

1 1
L= 5(” +h)? (9m)* + 5 (9uh)* = 1

(h? +20h)° . (2.12)

An advantage of expressing the SM Lagrangian in polar coordinates is that the three
Goldstone boson fields of n(7) are derivatively coupled. In addition, the scalar potential in

'We use h, ¢ for the fields in Cartesian coordinates, and h, 7 (or h,n) in polar coordinates.



Figure 1. Two-dimensional depiction of the four-dimensional scalar manifold M = R* of the
SM. The SM vacuum is the black dot shown in the figure. The origin (green dot) is an O(4)
invariant fixed point. The left and right diagrams show the fields in Cartesian and polar coordinates,
respectively. O(4) symmetry acts linearly on the Cartesian coordinates. In polar coordinates, h is
O(4)-invariant, and the angular coordinates n () transform non-linearly under the O(4) symmetry.
The scalar manifold M is flat, so the scale A setting the curvature is formally infinite.

polar coordinates only depends on the radial coordinate h, whereas in Cartesian coordinates
it depends on all four scalar fields.

The O(4) symmetry transformations of M in polar coordinates are
h — h, n— 0On, (2.13)

so the Higgs field h is invariant under O(4) transformations, and n transforms linearly
by an orthogonal transformation that preserves the constraint m - n = 1. Due to the
constraint, however, only three of the four components of n are independent. Without
loss of generality, one can take the first three components of n to be the independent
components. Then, the fourth component n? is a non-linear function of the independent
components n!23. The non-linear constraint n-n = 1 turns the linear O(4) transformation
on n into a non-linear transformation when written in terms of unconstrained fields. Thus,
the O(4) transformation on the three independent angular coordinates 7% /v is a non-linear
transformation.

Many different parameterizations of n(7) in terms of the independent unconstrained
coordinates 7% /v are possible. Two natural non-linear parameterizations are the square
root parameterization and the exponential parameterization, which are defined by

T
1 2
= - 2.14
nm=1| T (2.14)
vi—mm



and

0O 0 0 =t 0
1 0 0 0 w2 0

n(m) = exp Lo o0 o0 0 ol (2.15)
—rl —x2 73 0 1

respectively. For most of this paper, we use the exponential parameterization for n(m)

since it corresponds to the standard coordinates of CCWZ.

Rotations in the 12, 13 and 23 planes act linearly on (n',n?,n3), and leave n

However, rotations in the 14, 24 and 34 planes mix (n!,n? n?) and n*. For example, a 14

4 invariant.

rotation gives
ont = 50 nt, 6n? =0, 6n =0, ont = —00n'. (2.16)

In terms of the independent unconstrained coordinates 7% of the square root parameteri-
zation, 12, 13 and 23 rotations act linearly, but a 14 rotation gives

ol =00 /0?2 —m -, on? =0, 673 = 0. (2.17)

The O(4) transformation eq. (2.17) is non-linear. Consequently, eq. (2.13) is called a
non-linear transformation, since it is non-linear when written in terms of unconstrained
coordinates (7!, w2, m3).

In polar coordinates, n and h are very different objects, and it is not at all obvious that
n and h interactions are related. Nevertheless, all we have done is switch from Cartesian
coordinates {¢%, h} to polar coordinates {7 h} while keeping the Lagrangian fixed. This
change of coordinates does not affect physical observables such as S-matrix elements. Any
relations that exist amongst physical observables must be present irrespective of the choice
of coordinates.

We have summarized the standard analysis of the SM in Cartesian and polar coordi-
nates. In Cartesian coordinates, the Higgs field h and the three Goldstone fields ¢* form
a four-dimensional representation which transforms linearly under O(4). In polar coordi-
nates, the Higgs field h is an O(4) singlet or invariant, and the three Goldstone bosons 7
parameterizing the S3 unit vector n(r) transform among themselves under the non-linear
O(4) transformation law eq. (2.13). The Higgs boson field h in polar coordinates is not the
same field as the Higgs boson field h in Cartesian coordinates. The relation between the
two Higgs boson fields is

(0+h)?=(+h?+¢ @ (2.18)
so that

. 1h .
Lichil UL Uk SR

h=h
+ 20 2 2

(2.19)

By the Lehmann-Symanzik-Zimmermann (LSZ) reduction formula, h and h give the same
S-matrix, and both are perfectly acceptable choices for the Higgs boson field.?

2The nomenclature “the Higgs field” is misleading, since there is no unique choice for the Higgs field.



2.1 O(4) fixed point

We now return to the question of whether the Higgs field transforms linearly or non-linearly
under the electroweak gauge symmetry, and whether interactions of the Higgs boson and
the three Goldstone bosons (i.e. longitudinal gauge boson polarizations) are related. As we
have just seen, this question is not well-posed in the SM, since the answer depends on the
choice of coordinates. However, it is intuitively clear that there is an underlying relationship
between the couplings of the Higgs and Goldstone bosons in the SM that does not remain
valid in the general context of HEFT. We need to formulate any coupling relations in a
coordinate-invariant way. There are two conditions which make the SM special — (i) there
is a point ¢ = 0 (or H = 0) of M which is an O(4) invariant fixed point, and (ii) the
scalar manifold M is flat, i.e. it has a vanishing Riemann curvature tensor.® As we now
see, relations in the SM between the couplings of the Higgs boson and the three Goldstone
bosons arise from these two conditions which are no longer true in HEFT in general.

We first analyze whether the Higgs field is part of a multiplet that transforms linearly
under the O(4) symmetry. Even in the SM, the answer to this question depends on the
choice of coordinates. The coordinate-invariant formulation of the question is: does there
exist a choice of coordinates for M such that the Higgs field is part of a multiplet that
transforms linearly under the O(4) symmetry? We now show that the answer is yes if and
only if M has an O(4) invariant fixed point.*

It is clear from the O(4) transformation law eq. (2.4) for ¢ that the origin ¢ = 0 is an
O(4) invariant fixed point. Any other theory that can be formulated using fields ¢ which
transform linearly under the O(4) symmetry also must have an O(4) invariant fixed point
at ¢ = 0. Thus, if there exists a choice of coordinates ¢ which transform linearly under
the O(4) symmetry, then the scalar manifold M has an O(4) invariant fixed point.

Now, we prove the converse statement. Consider a general scalar manifold M, which is
described by coordinates which transform under O(4) transformations and which contains
an O(4) invariant fixed point P. Is there a choice of coordinates such that the scalar fields
transform linearly under the O(4) symmetry? The key result we need for the proof in this
direction is the linearization lemma of Coleman, Wess and Zumino [17], which states that
if P is an O(4) invariant fixed point, there exists a set of coordinates in a neighborhood
of P which transform /linearly under O(4) transformations in some (possibly reducible)
representation of O(4). If this O(4) representation contains the four-dimensional vector
representation of O(4), then the four coordinates ¢°, i = 1,2,3,4, which transform as a
vector, can be combined into a Higgs doublet H, as in eq. (2.2). Thus, the Higgs field
is part of a linear representation H if and only if there is an O(4) invariant fixed point
whose tangent space transforms under O(4) in a representation that contains the vector
representation. In most of our examples, the scalar manifold is four-dimensional, and the
tangent space of P automatically transforms as the vector representation, so we will omit
the condition that the tangent space transforms as the vector representation.

®In Cartesian coordinates, g5} (¢) = d;;, and it trivially follows that the Riemann curvature tensor
vanishes. Since the curvature is coordinate independent, it also vanishes in polar coordinates, even though
the metric is more complicated.

“In theories without custodial symmetry, the fixed point is SU(2)z, x U(1)y invariant.



The condition that M contains an O(4) fixed point divides theories into those which
can and cannot be written in a form where the Higgs boson is part of a multiplet that
transforms linearly under the electroweak gauge symmetry group Ggauge = SU(2)r x U(1)y
(or the larger global custodial symmetry group G = O(4) = SU(2)1, x SU(2)g). There are
theories which satisfy the condition that M contains an O(4) invariant fixed point, but
which do not have relations between the couplings of the Higgs boson and the Goldstone
bosons. To understand this point better, we now introduce SMEFT and HEFT.

2.2 SMEFT

SMEFT is an effective theory with the most general Lagrangian written in terms of SM
fields, including all independent higher dimension operators with dimension greater than
four, suppressed by an EFT power counting scale A. The independent operators at dimen-
sion six, and their renormalization [18, 19], has been worked out in detail [20-27].

In SMEFT, all operators involving scalar fields are written in terms of the Higgs doublet
field H. For simplicity, at present we assume that the custodial symmetry group of SMEFT
is G = O(4). The SMEFT scalar kinetic energy term, which consists of all operators built
out of Higgs doublet fields with two derivatives, is

1 d
Lig = 0,H'0"H + 5 Zciog )

1 *
= 0,H'9"H + —Crp (HT 8HH> (HT 8“H) T (2.20)
where the sum in the first line is over all independent mass dimension d operators built
out of two derivatives and Higgs doublet fields HT and H, and the second line gives the
explicit expression including the leading d = 6 operator. Using eq. (2.2) to write the Higgs
doublet H in terms of four real scalars ¢, yields a scalar kinetic energy term of the form

2
! A(¢'¢) 8u¢'6”¢+3(¢'¢) (¢-0u9)

Lkg = -
KE 2

2 2 K| (2.21)

where the arbitrary functions A(z) and B(z) are defined by power series expansions in their
argument 2 = ¢ - ¢/A%. In the A — oo limit, the kinetic energy term of SMEFT reduces
to the SM kinetic energy term, so the function A(z) satisfies A(0) = 1. Comparison of
eq. (2.21) with eq. (2.10) yields the SMEFT scalar metric

g,»j(¢):A<¢'¢> 5ij+B(¢'¢) 0i0; (2.22)

A? A? A2

The Riemann curvature tensor R;jxi(¢) of the curved scalar manifold M in SMEFT can
be calculated from the above metric. The SM is a special case of the SMEFT in which all
higher dimension operators with d > 4 are set to zero, or equivalently, one takes the limit
A — oo. From eq. (2.22), we see that in this limit the SMEFT metric yields the SM scalar
metric g%M(¢) = §;; in Cartesian coordinates, and M — R?* becomes flat with vanishing
Riemann curvature tensor.



Most composite Higgs models [28, 29] can be written in SMEFT form. A simple
example is the SO(5) — SO(4) composite Higgs model [30]. The symmetry breaking field
lives on a sphere of radius f in five dimensions, and can be written as

¢
: 2.23
[w‘?—cb-db] 22

¢ is the SMEFT field, and the Lagrangian can be written in SMEFT form. In general,
composite Higgs theories solve the hierarchy problem by vacuum misalignment. There is
a field configuration where the vacuum is “aligned,” so that the electroweak symmetry is
unbroken. This is the point ¢ = 0 of SMEFT, and ¢ measures deviations from this point,
as in eq. (2.23). In the neighborhood of ¢ = 0, ¢ gives a linear representation of O(4).
For HEFT to reduce to SMEFT form, this representation must transform as the vector
of O(4). Composite Higgs models which are consistent with experimental data are of this
type [31, 32].

The SMEFT is the EFT generalization of the SM where the scalar manifold has an
O(4) invariant fixed point, so that the Lagrangian can be written in terms of the Higgs
doublet field H or the four-dimensional vector field ¢ on which the O(4) symmetry acts
linearly. This restriction is not enough to give the same scattering amplitudes of Higgs
bosons and Goldstone bosons (longitudinal gauge bosons) as the SM, which can be verified
by explicit computation using eq. (2.21). In refs. [1, 33], it was shown that the high
energy behavior of the cross sections for W Wy — W Wy and Wy W — hh scattering
depend on two sectional curvatures which can be obtained from the Riemann curvature
tensor Rjjri(¢). The one-loop radiative correction in the scalar sector also depends on
the Riemann curvature tensor R;;x(¢) [1]. The details of these calculations are presented
later in this paper. The important point is that the ¢¢ — ¢ scattering cross sections
and the one-loop radiative correction in SMEFT are equal to the SM values if and only
if M is flat, i.e. the Riemann curvature tensor of SMEFT vanishes. This statement is a
coordinate-independent condition, which is true in the SM using either Cartesian or polar
coordinates. Thus, the intuitive idea that the Goldstone boson and Higgs boson directions
in figure 1 are related in the SM can be formulated precisely as the condition that M in
the SM is a four-dimensional flat Euclidean space.

2.3 HEFT

HEFT is a generalization of the SM using the polar coordinate form of the SM La-
grangian, eq. (2.12). The theory is written in terms of three angular coordinates 7% /v
that parametrize a unit vector n(m) € S3, and one or more coordinates {h;}. As in the
SM, the unit vector n parametrizes the Goldstone bosons directions [34-38]. Here we re-
strict to one additional h field. The case of multiple {h;} is considered in section 6. The
coordinate h is chosen so that h = 0 is the ground state. The HEFT Lagrangian is

L= %vQF(h)Q (0.m)? + % (k)2 = V(R) + ... (2.24)
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Figure 2. The HEFT scalar manifold. There is S® for each value of h. An O(4) invariant fixed
point exists if there is a value of h for which the radius of S vanishes. The fixed point ¢g at h = h,
is shown in a dotted region of M since it need not exist. There is no boundary at the transition
between the solid and dotted regions, if the dotted region does not exist. Instead, the manifold can
extend to infinity, or is smoothly connected without a point where F(h) = 0. SMEFT has a scalar
manifold where ¢ = 0 is an O(4) invariant fixed point that always exists, and are like the HEFT
manifold including the dotted section.

where F'(h) is an arbitrary dimensionless function with a power series expansion in h/v [39],
normalized so that

F0)=1, (2.25)

since the radius of S in the vacuum is fixed to be v by the gauge boson masses. The
HEFT manifold is shown schematically in figure 2. M has a coordinate h, with an S°
fiber at each value of h. While h is often called the radial direction by analogy with the
polar coordinate form of the SM, in HEFT, A is simply a scalar field, and need not be
the radius of anything. HEFT power counting is discussed in [40], and is a combination of
chiral power counting [41, 42] and naive dimensional analysis [43]. The terms omitted in
eq. (2.24) are the NLO operators [44-48].

The O(4) transformation laws for A and n are given in eq. (2.13), so h is invariant and
n transforms non-linearly. The SM and SMEFT are both special cases of HEFT. In the
SM, the radial function is

FM(p) = <1 + h) : (2.26)
v
The SMEFT kinetic energy term eq. (2.21) yields the polar coordinate kinetic energy term
1 1 h)?
L= 5(1} + h)?A(z2) (8Mn)2 + 3 [A(2) + 2 B (2)] (8Hh)2 , z= (U+A2) (2.27)

This kinetic energy term can be put into the standard form of HEFT by performing a field
redefinition on h to make the coefficient of the (9,h)? term equal to 1/2. Thus, the HEFT
scalar metric for one singlet Higgs field is

9:i(9) = (2:28)

0 1

F(h)2gap(r) o]

- 11 -



where the function F'(h) is parametrized by coefficients ¢, n > 1,

2
Fh)y=1+a (Z) + %CQ (Z) +-e (2.29)
The coefficient ¢; is already constrained by experiment to be equal to its SM value ¢; = 1
to a precision of about 10%. The coefficient ¢y is not constrained at present. The HEFT
scalar metric reduces to the SM scalar metric when F(h) = FSM(h) =1+ h/v.

In the SMEFT, the functions A and B in eq. (2.22) are expanded out in powers of ¢+ ¢,
whereas in the HEFT literature, they are treated as arbitrary (unexpanded) functions.

When is it possible to rewrite HEFT in SMEFT form? We have seen that a necessary
and sufficient condition is that there must exist an O(4) invariant fixed point P on M.
One can then define ¢ as coordinates around P and write the Lagrangian in terms of ¢.
The general HEFT manifold consists of h and a sequence of spheres of radius vF'(h) fibered
over each point of h. The HEFT manifold is depicted in figure 2. O(4) acts on the point
n on the surface of S3 by rotation, so that O(4) maps points on the the red curve onto
itself. No point of S? is invariant under the full O(4) group, so the only way to have an
O(4) invariant fixed point is if the sphere has zero radius, i.e. if F'(hy) = 0 for some h,.
Such a point may not exist; its existence depends on the structure of the HEFT manifold.
For example, if F(h) = €™ cosh(1 4 h/f) the HEFT manifold has no O(4) invariant fixed
point. In the SM, F(h) is given by eq. (2.26), and F(hs) = 0 at h, = —v. If there is
an O(4) fixed point, the HEFT can be written as a SMEFT. Some examples are given in
refs. [48-50].

To summarize, HEFT with no O(4) invariant point, i.e. no point where F'(h) = 0,
cannot be written in SMEFT form, and hence cannot be written using a doublet field H
(or equivalently, a four-dimensional vector field ¢) which transforms linearly under the
electroweak gauge symmetry. This statement answers the question posed in the introduc-
tion: when do the scalar fields of HEFT transform linearly or non-linearly under the gauge
symmetry? They transform linearly if and only if F'(h.) = 0 for some h,, so that there is
a O(4) fixed point.

Thus, we have shown that the relationship of the SM, SMEFT and HEFT is described
by the hierarchy SM C SMEFT C HEFT. SMEFT is a special case of HEFT when there is
a value of the Higgs field h, where F'(h,) = 0. The SM is the special case of SMEFT (and
HEFT) when there are no higher dimension operators in the theory, and so M is flat.

One can convert the SMEFT Lagrangian to HEFT form using eq. (2.11) to switch
from Cartesian to polar coordinates. One can attempt to convert from HEFT to SMEFT
form using

¢ _, (2.30)

(¢-)'/2

with (¢ - ¢)'/? some function of h. This substitution gives a Lagrangian L(¢) that need
not be analytic in ¢. However, if there is an O(4) fixed point, then there is a suitable
change of variables such that the resulting Lagrangian is analytic in ¢.
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Scattering amplitudes are evaluated in perturbation theory by expanding the action in
small fluctuations about the vacuum (the black dot) in figure 2. The curvature of M is a
local quantity, given by the metric and its derivatives up to second order, evaluated at the
vacuum state. Scattering amplitudes, and hence experimentally measurable cross sections
depend directly on the curvature [1, 33], so the curvature of the EFT scalar manifold can
be determined experimentally.

Whether there is an O(4) invariant fixed point where F'(h,) = 0 is a non-perturbative
question, since F'(0) = 1 in the ground state. One has to move a distance of at least h ~ v
away from the ground state to probe the existence of a fixed point where F'(h) vanishes.

3 Covariant formalism for curved scalar field space

In this section, we review the well-known geometric formulation of non-linear sigma mod-
els [3, 4, 11, 42, 51]. The use of functional methods for quantum corrections, com-
bined with a covariant formalism sheds light on a number of technical issues identified in
refs. [37, 52]. This covariant formalism has wide applicability — the CCWZ phenomeno-
logical Lagrangian is a special case of the geometric approach in a particular choice of
coordinates, as discussed in section 4.

3.1 Scalar fields on a curved manifold M

Consider N real scalar fields ¢* which are the coordinates of a curved scalar manifold M.
The scalar action for the O(p?) Lagrangian (with no gauge fields) containing all operators
with up to two derivatives is

5= [d Lol = [ds(y50) @0 @F +T@0) . B

where Z(¢) is an invariant scalar density on M. The two-derivative terms define the scalar
metric g;;(¢) of M. Under a scalar field redefinition or change of scalar coordinates ¢’ (¢),
the derivative (8M¢i) transforms as a contravariant vector

o' = @Zj ) O’ (3.2)

and the metric g;; (¢) transforms as a tensor with two lower indices,

/ d¢F\ ([ 94
9ij = <8¢’i> <a¢,j>gkl- (3.3)

Thus, the Lagrangian also is an invariant scalar density. The potential Z(¢) is non-zero,

in general. It is a constant if all the fields ¢° are exact Goldstone bosons of an enlarged
global symmetry.

The first variation of the action yields the equation of motion for the field ¢. Under
an infinitesimal variation ¢ — ¢ + 7, the linear in n variation of the action is

S = /d4x (—gz-j (Du(8“¢))i+1,j) i, (3.4)
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where
(Dun)i = uni + F?cj (aud))k 77j (3.5)

is the covariant derivative on a vector field * and F;'-k(qb) is the Christoffel symbol. From
eq. (3.4), one obtains the classical equation of motion

Ej = i (Du (")) = L5 = g (96" + T (9,0)" (9u0)') =T, =0, (36)

which is the wave equation for ¢ on the curved manifold M.
The second variation of the action under an infinitesimal variation ¢ — ¢ + 7 is

528 = 3 / d*z [gz‘j (D) (Dun)’ — Rijra ' (0,8 1% (0,0)' — E; T "' +Z,45m 77]] , (3.7)

where R;ji; is the Riemann curvature tensor and

0*T kT
DPiOps U Pgk’

Lij = ViV;T = (3-8)
Eq. (3.7) is not covariant because of the third term which depends explicitly on the connec-
tion I‘;k This term, however, vanishes on shell since it is proportional to the equation of
motion F;. The non-covariant term leads to non-covariant divergences in Green functions
which vanish in S-matrix elements. Even though they have no physical consequences, the
appearance of non-covariant terms is puzzling since the original theory is covariant. The
non-covariant terms occur because the infinitesimal variation ¢ — ¢ + 7 is not a covariant
parameterization of fluctuations to second order in 7, as was explained in ref. [3, 4].°

The variation of the scalar field n = ¢’ should transform as a vector under a change
of coordinates. However, under a change of coordinates,

. ) 1 ) 2 171 . . .
o (p+n) =" (¢) + (?;Zj ) n” + % (azjg¢k> . =¢"(9)+ 0", (3.9)

p 8¢/z ) 1 82¢/i .
T <a¢j>”]+2 <8¢J’a¢’“>”jnk+”" (310

which is the correct transformation law for a vector at first order in 7, but not at second or-

implies that

der. The solution to this problem is to use geodesic coordinates to parametrize fluctuations
in ¢, as shown in ref. [4]. The equation for a geodesic on M parameterized by A is

_ T 7 —0. A1
Solving this equation in perturbation theory, starting at ¢' = (;56 with tangent vector
n' gives
i i i1 i j
= gp+ A — 5)\2 eldo) 4. (3.12)

5 An explicit calculation of the O(N) model in the linear and non-linear formulations, and a computation
of the non-covariant terms can be found in v1 of this paper on arXiv.org.
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Fluctuations in ¢ are parameterized by picking 1’ to be tangent vector such that the
geodesic reaches ¢ 4+ d¢ at A = 1, i.e. using the variation

1 Z' >
“TLin® + 0(?), (3.13)

¢ = o'+ = 3T

which suffices to restore the correct transformation law for the vector 1’ to second order in

y o /1 )
n'= (82]- ) . (3.14)

Expanding the action in the geodesic fluctuation 7 to quadratic order in 7 yields

the expansion,

8S [, 1., . 525 .
S[¢ +nl =S¢l + 55 (771 - 2F§-kn]77k> * 5oisa" " +0(7°) (3.15)

which shows that there is a quadratic in n term proportional to the equation of motion
operator F; = (55/6&). This contribution exactly cancels the non-covariant term of
eq. (3.7), yielding a second variation of the action which transforms covariantly

1 , . _ , .
528 = 5 /d4x [gij (Dun)" (DFn)? — Riji nl(aﬂqb)Jnk(@“qﬁ)l + (Vi) o'y’ | . (3.16)

An equivalent way to implement the covariant expansion is to promote ordinary functional
derivatives to covariant functional derivatives [11],

oS 528 oS
S =—, VS = —— — k = 3.17
v ot ViV dprod 5k ( )
The second variation of the action enters the one-loop correction to the functional
integral,
i x 0°8
Fone—loop - 5 log det (_g 577k577j> . (3'18)

The one-loop corrections computed using eq. (3.16) are covariant, since 628 is covariant.
The two forms for 629, eq. (3.7) and eq. (3.16), differ in the form for ¢/, eq. (3.10) and
eq. (3.13), i.e. by a field redefinition. Thus the two formulations have the same S-matrix,
but different Green functions. The covariant form eq. (3.16) has covariant Green functions
and S-matrix elements, so the non-covariant version eq. (3.7) has covariant S-matrix ele-
ments (since they are not changed by field redefinitions) but non-covariant Green functions.

The one-loop radiative correction can be computed from eq. (3.18). For renormaliza-
tion of the theory at one-loop in dimensional reqularization, we only require the divergent
one-loop contribution to the Lagrangian. This contribution can be extracted using the
covariant derivative formalism in refs. [11, 53-56], which gives the same result as an earlier
explicit computation by 't Hooft [57]. The results are given in eq. (3.45), after we have
discussed the gauged version of eq. (3.18). Since 629 is covariant, the radiative corrections
are also covariant when computed this way.
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3.2 Global symmetry on M

We now consider the global symmetries of the ungauged action eq. (3.1). The global
symmetries of the scalar kinetic energy term are the isometries of M. These isometries are
specified by a set of vector fields ¢!, the Killing vectors of M, where the different isometries
are labelled by «. The Killing vectors generate the infinitesimal field transformations

dp¢" = 0°t;, (), (3.19)
where 6% are infinitesimal parameters. The gradient of ¢ transforms as

09 (9ug') = 6° (2;) (0ud”) - (3.20)

For the O(N) sigma model, the global symmetries of the scalar kinetic energy term
are G = O(N) transformations on the N-component real scalar field ¢p. The N(N —1)/2
Killing vectors of M are

(0) =i [Ma]'; ¢ =i (Ma ) | (3.21)
where My, 1 <a < b < N, are the N x N anti-symmetric Hermitian matrices
(M) 5 = —i (8a8j, — 8jad"s) , 1<a<b<N, (3.22)

and the label a has been replaced by the bi-index ab. The Killing vectors in eq. (3.21)
are linear in the N Cartesian components of the field ¢, but not in the N polar com-
ponents. The O(N) Killing vectors can be divided into the (N — 1)(N — 2)/2 Killing
vectors of the unbroken subgroup H = O(N —1) and the (N — 1) Killing vectors which are
spontaneously broken,

thy (9) = i (Map §)" = (6'achp — 0'46ba) , 1<a<b< N,

iN(@) =i(Man¢)' = (8'adpy — 6'N0a), 1<a<N. (3.23)

Restricting to the scalar submanifold S™V~! such that (¢ - ¢) = v? with h = 0, yields
N, = (N — 1) independent real scalar fields ¢®. The Killing vectors of S™V~! on the first
line of eq. (3.23) act linearly on the ¢ in both Cartesian and polar coordinates. Those on

the second line act non-linearly, since ¢V = \/m Explicitly,
tiy (0) = i (M @)’ = (8'app — 0'sa),  1<a<b<N,
i (@) =i(Man @) =0'av/12— -,  1<a<N, (3.24)

fori=1,...,N —1.
The infinitesimal field transformations generated by the Killing vectors in eq. (3.19)
leave the action eq. (3.1) invariant, provided that

%.9=0, L.T=0, (3.25)

o
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where %, is the Lie derivative for Killing vector ¢i. The first condition in eq. (3.25) is the
definition of a Killing vector; it is an isometry of the metric. The second condition is that
the potential is invariant.

The Lie bracket [to,ts] of two isometries is also an isometry since

(iur 2] = Ly (3.26)
so the Killing vectors form the symmetry algebra
[tarts]’ = fo5" L. (3.27)
Evaluating the Lie bracket gives
[tou tﬁ]i = t(’;t%,k - tl;}t(ix,k = faﬁ’yt:iy : (328)

Note that the above equation also holds with the ordinary derivative tfl .. Teplaced by the
covariant derivative

i i i g oty i g

bk = ta g+ g th = 90 + I}t (3.29)
since the Christoffel symbol is symmetric in lower indices, and cancels in the antisymmetric
derivative of eq. (3.28). The Killing vectors in eq. (3.24) are a non-trivial example of Killing
vectors which form a closed set under the Lie bracket.

As noted at the beginning of the section, a covariant treatment guarantees that vectors

n' transform the same way as Ougbi under isometries, e.g.

: OtL\
i _ pa o 7

which is a linear transformation law.

3.3 Local symmetry on M

The global symmetries eq. (3.19) can be promoted to local symmetries by replacing the
global symmetry parameters 8¢ by functions of spacetime 6%(z),

3p¢' (x) = 0% (2) £, (6(2)) (3.31)

and introducing gauge fields.
The gauge covariant derivative of the scalar field on the curved manifold M is de-
fined by

(Du())' = 0,9 () + A () th(d(2)) | (3.32)

)

where Ag(x) is the gauge field associated with the Killing vector tﬁ(qb), and the gauge
coupling constant and a factor of ¢ has been absorbed into the gauge field. The gauge
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covariant derivative of the scalar field should transform the same way as 9,¢" in eq. (3.20)
under the local symmetry, which implies the transformation rule

00 (D0 = 0°(@) (55 ) (Do (3.3

Consequently, the transformation law of Aﬁ(:p) under the local symmetry is

) ot 875
AN 8 Jé; B J
(5914”) tﬁ = (8 0 ) tﬁ +6 AV ( YA tﬁ J) (3.34)

Using the definition of the Lie bracket in eq. (3.28), this equation yields the usual trans-
formation law for the gauge field

g A% = —0,0% — f5 “0°A) . (3.35)

fﬂv

The gauged version of the Lagrangian eq. (3.1) is

L= 50i5(9) (Duo)’ (D"6) +(9), (3:30)

where the partial derivatives of the scalar field have been replaced by gauge covariant
derivatives eq. (3.32). The first variation of the Lagrangian gives the gauged generalization
of the equation of motion eq. (3.6),

E: = gij (001 + AJY), k) (D9)* + gaT"y (D"6) (Dy)* —
= 9 (74 (D"9)Y ~ ... (3.37)

The gauge covariant derivative D, ¢ of coordinates @' is given in eq. (3.32), and the gauged
covariant derivative 2, on a vector field 7’ is

(D) = (a,mi + F;;jaugbknj) + AP (tﬁ + rjktﬁ) (3.38)

which is the gauged generalization of eq. (3.5). Eq. (3.38) is the appropriate definition for
covariant derivatives acting on vector fields. It arises in our calculation by a direct calcu-
lation to obtain the equations of motion eq. (3.37) by varying the Lagrangian eq. (3.36).
One can show that eq. (3.38) transforms as

ot
D

S0 (D)’ = 0°(2) ( ) (D) - (3.39)

The derivation of eq. (3.39) relies on two useful identities. The first is obtained by differ-
entiating eq. (3.28),

y ot! B 8275?3 . o2t gl 8t§3 ot B oti, 875%
Jos ™\ ggr | = |\ agiagr | <a¢fa¢k>ﬁ 993 | \ ook <a¢j> a0k ) | -

(3.40)
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The second relation is that the Lie derivative of the Levi-Civita connection vanishes because
to is a Killing vector. The explicit formula is

8FZ ot ott, . ot 82#'
— = M epig et F —a A1

The first and second variations of the gauged action up to second order give the gauged
versions of egs. (3.4) and (3.16),

65 /d4 gzg ( u¢)) J+Iln
528 = 3 /d4$ [gij (Zum)" (2"n) = Rijra (Do)’ (D*¢) in* + (ViV,Z) i | . (3.42)

The gauge field now appears implicitly in every term except for those involving the potential
Z. The second variation 25 depends on the curvature R;jiy of M, but it does not have a
term that depends on the gauge curvature (i.e. field-strength) F),,

The divergent one-loop contribution in 4 — 2¢ dimensions for quadratic actions such as
eq. (3.16) was derived by 't Hooft in ref. [57],

1

A 1—-loop _
£ 32m2e

<112Tr [V, Y] + %Tr [X2]> : (3.43)
where
[YIJV]ij =D, ‘@V]ij? [X]Zlc =- ]kl( @)’ (DM@ +g" Lk - (3.44)

't Hooft’s original derivation is valid when the scalar metric is d;;. Our form eq. (3.43) with
Y, and X given by eq. (3.44) applies for any metric g;;. Eq. (3.44) is the second Seeley-
DeWitt coefficient in the heat-kernel expansion, and has been studied by many authors
(see ref. [58] for a review).

The matrix X is the mass squared term for the fluctuations 7 in eq. (3.42), and Y, is a
field strength tensor constructed from the covariant derivative 2. An explicit computation
using the identities (3.40) and (3.41) shows that Y),, is equal to the sum of the curvature
of M and the curvature of the gauge field,

[Yuu] j = [-@ua @1/] i = R jkl ( ,ud))k (DV¢) + Fﬁéy tfx N (345)

For Goldstone bosons, where Z is a constant, X and Y, are both proportional to
two derivatives of ¢ times the curvature R;ji, i.e. they are order O(R p?), where R is a
typical curvature and p is a typical momentum. Thus, the one-loop correction, which is

proportional to the traces of X2 and Y2, is order O(R?p?), and is O(p*) as one expects

s
in chiral perturbation theory. The O( M) correction is proportional to the square of the
curvature, and vanishes if the manifold is flat, i.e. in a theory such as the SM. Thus,
the SM is renormalizable even in non-linear coordinates; one-loop graphs do not require
four-derivative counterterms. The F),, term in Y),, gives the Goldstone boson contribution
to the gauge coupling S-function of order O(F, 3,,), and the running of operators involving

field strengths of order O(RE,,,p?).

~19 —



The quadratic invariants that enter eq. (3.43) are

Tr [XQ} = (VIVI)(VIViT) + Réd#@j(dud))deu(b)i(dud)) —2V'VII)R; (du) 3 (dus) » (3:46)

and

Tr [V, Y"] = R'; (dud) (dyqs)Rji(dm) (dy¢) T 2Rji(du¢) (dV¢>)F§u(té);j + Fﬁuny(ti);j(té);%
(3.47)

Eq. (3.47) is universal and applies to many theories. The one-loop correction in HEFT,
which is complicated, and was given previously in refs. [1, 16], is simply an expansion of
eq. (3.47) into component fields. More details about the expansion are given in appendix B.
As explained in ref. [1], the same formula eq. (3.47) applies to HEFT, the SM scalar sector,
dilaton theories, and chiral perturbation theory.

To close this section, we consider spontaneous symmetry breaking in a theory with
an invariant potential .%;,Z = 0, so that we have exact Goldstone bosons. The fields ¢*
have vacuum expectation values (¢'), and transform as d¢* = 6*t/,((¢)). Thus, broken
symmetries t'y satisfy t'4((¢)) # 0, and t*y((¢)) is a vector in the Goldstone boson direction
— i.e. motion along the vector field ¢, (for each broken generator) is motion between
different vacuum states with the same value of the potential Z.

In the gauged case, the Goldstone bosons are eaten, giving a mass term for the gauge
bosons. The Lagrangian of eq. (3.36) gives the gauge boson mass term

ﬁ=?@aﬁﬂﬂ M3 ((9)) = i ((9)) ti((6)) th((6)) . (3.48)

The rank of Méc determines the number of massive gauge bosons, which cannot exceed
the dimension of the manifold M. If the number of isometries exceeds dim M, then there
are unbroken symmetries. This is true in the M = S¥ theory, where there are N (N +1)/2
isometries which form the group G = O(N + 1), and the unbroken subgroup H = O(N)
has N(N — 1)/2 generators. The number of broken generators is N, which is equal to the
dimension of S™.

4 CCWZ and non-compact groups

In this section, we connect the geometric formalism with the explicit formulae of CCWZ [17,
59] for Goldstone boson Lagrangians with symmetry breaking pattern G — H. We are
interested in applying the formalism to non-compact groups, and to sigma models with
non-trivial metrics on G/H. Our presentation thus parallels the discussion in the original
work, while pointing out differences which arise for the case of non-compact groups.
Consider a group G with generators t,, a = 1,--- ,dim G, satisfying the Lie algebra g

Lo, tg] = ifop ty (4.1)

and the Jacobi identity

Fag En" + Fra M oy T + fay fan” =0, (4.2)
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To allow for negatively curved spaces [33, 60], we do not assume that the group G is
compact. Consequently, the Lie algebra eq. (4.1) implies that the structure constants f aﬁw
are antisymmetric in their first two indices, f afﬂ =— fﬁ ., but total antisymmetry of the
structure constants in all three indices, which is true for compact groups, is not assumed.

The group G is spontaneously broken to the subgroup H with generators T,, a =
1,--- ,dimH, satisfying the Lie algebra b,

[T, Ty) = if,, T . (4.3)

The remaining broken generators of the coset G/H needed to span g are given by Xy,
A =1,---,dimG/H. The choice of the broken generators X4 is not unique. In the
familiar example of broken chiral symmetry in QCD, different choices of broken generators
lead to different parameterizations of the chiral Lagrangian, e.g. by &£(x) which transforms
as & — L&RT = hERT, or by U(z) which transforms as LURT [61].

The g commutation relations of the generators t, = {7, X4} in eq. (4.1) decompose
into the following commutation relations for the unbroken and broken generators

[TaaTb] :Z abCTC, (44&)
[T(MXB] = Z-faBC‘XC + Z'faBC,TC? (44b)
(XA, XB] =ifag’ Xc+ifagT.. (4.4c)

The first line eq. (4.4a) is the Lie algebra b of the subgroup H in eq. (4.3), which is closed
under commutation, so the commutator [T}, 73] has no term proportional to the broken
generators X, which implies that the structure constants fabc = 0.

For compact groups, complete antisymmetry of the structure constants then implies
that f,5°=0, so eq. (4.4b) simplifies to

[To, XB] = if.3° Xc, (4.5)

which implies that the broken generators X4 form a (possibly reducible) representation
R(™ of the unbroken subgroup H. The generators T, of H in the R(™ representation are
determined by the structure constants f, BC,

[TR7] €= —ifupC (4.6)
The b commutation relations eq. (4.4a) in representation R(™,
(m) () . (m)
TR TR =i, TR (4.7)

follow from the Jacobi identity eq. (4.2).

For non-compact groups, eq. (4.5) need not be satisfied. For now, we restrict our
attention to symmetry breaking patterns where eq. (4.5) holds, so f,5¢ = 0. Such cosets
are called reductive cosets. Non-reductive cosets are discussed in appendix C. An example
of a reductive coset is the breaking of the Lorentz group down to its rotation subgroup. For
reductive cosets, the broken generators transform as a representation R(™ of the unbroken
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symmetry group H, just as in the compact case. The coset is reductive if H is compact,
even if G is non-compact.

Often, there is a discrete symmetry of the Lie algebra X4 — —X 4 under which the
broken generators change sign. The presence of such a discrete symmetry implies that the
structure constants f,5¢ and f, BC vanish, so the Lie algebra reduces to

[TaaTb] =1 abcTca
[T., X5] =if,5% Xc, (4.8)
[(Xa,Xp)l=ifsp°T..

An example is chiral symmetry breaking in the strong interactions, where the broken
generators are odd under parity. Cosets with such a discrete symmetry are referred to as
symmetric cosets. Symmetric cosets are automatically reductive.

The CCWZ formalism picks elements of G/H cosets using the exponential map of the
broken generators {X 4}

n A
E(z) = ™% 7 X =7Ye) X4 = (TFF(Q;)> X4, (4.9)
™
where ﬁA(az) are the dimensionless spacetime-dependent parameters describing the Gold-

stone boson directions on the vacuum coset G/#H. This exponential map gives a unique
association between a point in the coset G/H and 7 (z) in a neighborhood of the identity
element e. An arbitrary group element g € G in the neighborhood of the identity element
e can be written uniquely as

g = eiﬁ-XeiouT, (410)
where a-T = a*(z)T,. Left action by an arbitrary group element g € G on G/H is given by
T, €(@) = g (), (4.11)

which maps a point in coset space to a new point in coset space. The transformation law

for £(x) is

gé(z) =¢&'(z) h(§(z).9), g€G, heH, (4.12)

where £'(z) is a new coset and h € H is an implicit function of g € G and the original coset
&(x). Using the identity

gé(z) = (9é(z)g7") g, gé(x)g " =exp (iT(z) - (9 Xg7")) . (4.13)

one sees that if g = hg € H is an unbroken symmetry transformation, then h ({(z), ho) = ho.
In addition, & = hoéhg ', which implies that (since the coset is assumed reductive)

7(z) = [DR(”) (ho)} AB 7B (x), (4.14)
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where DR (ho) is the H transformation matrix in the R(™) representation. Note that for
reductive cosets, if g = hg € H, then h (£(x), ho) = ho is a constant (i.e. it does not depend
on z through £(z)).

The CCWZ procedure for building a G-invariant Lagrangian is to map all fields to the
origin of coset space ¢ = 1 with 7(x) = 0 by left-action by g = £, and to define covariant
derivatives in terms of this map. Explicitly, one starts with

§IDLE = EH (O +iAG ta)E (4.15)

where the gauge coupling constant has been absorbed into the normalization of the gauge
field A7;. If only a subgroup Ggauge C G is gauged, then only gauge bosons of Ggauge appear
in the above equation, or equivalently, the gauge bosons corresponding to global symmetry
directions are set equal to zero. In addition, different factor gauge groups in Ggauge can
have distinct gauge coupling constants. Power series expansion of 5_1Du5 shows that it
can be expressed in terms of multiple commutators, so it is an element of the Lie algebra
g which can be decomposed in terms of unbroken and broken generators,

§'DuE = DY+ €' DuE| =iV +i (D) |
D =i V=i VIT,,
§'Dug| =i (D7) =i (D7) Xa. (4.16)

The above equations define V), and (D,7). Usually, one normalizes the generators so that
Trtats = dap/2, and projects out the broken and unbroken pieces of & _1Du§ by taking the
appropriate traces. The decomposition of a vector into a linear combination of basis vectors
does not require an inner product on the vector space, so eq. (4.16) is well-defined even
without this normalization of generators. An orthogonal normalization of generators is not
possible for non-compact G, but eq. (4.16) is well-defined. Under an unbroken symmetry
transformation h € H, V), transforms like a gauge field

V,— hV,h~t—(9,h) K1, (4.17)
and (D, ) transforms by adjoint action by H in the representation R,
(D7) = h (D7) K. (4.18)

These last two equations require the reductive coset condition f,;¢ = 0. The generalization
to non-reductive cosets is discussed in appendix C.

The pion covariant derivative can be decomposed into a purely pionic piece and a
gauge field piece,

(D7) = [e(@)]* 5 (0,75) + F2H(7) AL (4.19)

where [e(7)]" 5 are vierbeins of the G/H vacuum manifold, and F (%) are related to the
Killing vectors of G/H.
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For groups where (D“ﬁ)A transforms as a single irreducible representation R, as in
QCD, the simplest invariant Lagrangian is the O(p?) term

gpc(®) (0,7)° (0'7)C + -+, (4.20)

where F is the Goldstone boson decay constant, and the ellipsis denotes terms depending
on the gauge fields. The Lagrangian eq. (4.20) defines the scalar field metric of the G/H
vacuum manifold,

gBc(T) = F? Z e(™*,. (4.21)

If the representation is reducible, the sum in eq. (4.20) can be divided into sums over the
individual irreducible representations, with arbitrary weights for each irreducible represen-
tation. The most general O(p?) term allowed is

7F2 Z nag (D7) (D7) B (4.22)

where n4p is a symmetric tensor invariant under the adjoint action of H, eq. (4.18). nap is
a positive definite matrix so that the pion kinetic energies have the correct sign. Note that
NAp is a constant, i.e. it does not depend on 7. One can always define a positive definite
kinetic energy if H is a compact subgroup, e.g. by choosing nap = d4p. In summary, the
most general scalar metric for G/H is

gon(T) = F2 Z nap [e(®)]" ¢ [e@)p, (4.23)

and the Killing vectors in section 3.2 are given by

) = [ @]y FE (), (4.24)

where [e‘l(ﬁ)] is the inverse vierbein, which satisfies the identity

Y B ()P =04 (4.25)

e (7)]

Eq. (4.24) can easily be derived by looking at the shift 7 — 7 + 07 for an infinitesimal G
transformation.

For the HEFT example, we need to evaluate the curvature tensors at the vacuum field

configuration 74 = 0, which requires knowing the metric tensor to quadratic order in 7.

The curvature at any other point can then be obtained using left-action by G. Expanding
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eq. (A.4) and using the most general Lie algebra relations eqs. (4.4a), (4.4b) and (4.4c),
one obtains

1 1
(D7) = 9,7 + 5]’03‘4%08“%3 + ngaAfCB%DﬁcﬁﬁB + ...
1
+ AL 4 fp AP AY + ifCﬂAfBa'BﬁBﬁCAZ‘ +.... (4.26)

The term Aﬁ‘ only involves the broken generators, and it is the square of this term in the
kinetic energy which results in the broken gauge bosons acquiring a mass proportional to
F2. From eq. (4.19), the vierbein is

1 1
@], =5 + §fCBAﬁC + 6fDaAfEB“ﬁDﬁE . (4.27)

Using eq. (4.23), the metric gop(7) is

1

1
F29cp(T) =ncp+g (napfec*+ncsfep®) 7 (4.28)
i

+ <éUCBfEanFDa+ énADfEaAfFCa+inABfECAfFDB> Rl +0(7).
For a compact group, the structure constants are completely antisymmetric, so the linear
term in 7 vanishes if nap o< d4p5. However, in some cases, such as the SM with custodial
symmetry violation, the linear term is non-zero.

The geometric quantities we need can be computed directly from the metric eq. (4.28).
The Christoffel symbol is

1
I3 = 577AG (neefpa” +nefoc”)

+ (fGBET)Ec+fGCE,7EB) (fDHAnHG + fDHGnAH)ﬁD

(Fuc€foB® + focC fus®) n* nee
1 _
+ 15 (foo foB® + f3a fo0®) T°

1 . _
+ 5 (fea e + fpc*nce) 1% fpo P70 + O(7), (4.29)

B s |

where 78 is the inverse of 145, and the Jacobi identity has been used to simplify the final
result. The Riemann curvature tensor is

1
T Raep = (fas“fpa"ncs — fap“foa"mpE + fop® e nae — fop®faa nBE)
iy
1
+1 (Fap©fec® = fac€fep® —2fafon®) nee
1
+ EUGE [(fAGHnDH + fDG’HnAH) (fBEInCI + fCEIﬁBI)

fecnpu + focneu) (Fag'ner + fog'nar)] (4.30)

—~
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where we recall that the sum on « runs over both broken and unbroken generators, whereas
the sums on FE, etc. are only over the broken generators. The Ricci curvature is

Rip = § (Fag®Foa + FanToa™ = Fan*Fea“noan™® = fap®foaPnsan’®)
- zfABGfCDHnACnGH
+ EUGH (fac™pr + foa™ar) (fern™ncr + founer) ¢
- % (fse™nor + foe™nsr) fan ", (4.31)

and the scalar curvature is

1 1
F2R=fa5°foanPC - EfABCfGHDnAGnBHnCD‘i‘ifACBfBDAnCD_fACAfBDBnCD :
(4.32)

The scalar curvature does not have a definite sign unless the group is compact. Eqgs. (4.28),
(4.29), (4.30), (4.31) and (4.32) are valid even for non-reductive cosets.

The results simplify considerably in a number of special cases. For a symmetric coset,
fag® =0, and the curvatures eqgs. (4.30), (4.31) and (4.32) reduce to

1 1
ﬁRABCD =1 (Fas®fpanoe — fap®feaSnmpe + fop® feanac — fop®faa“nBc) |
1
Rpp = 1 (fABafDaA + fADafBaA - fABafcaGTIDGTIAC - fADafcaGTIBGﬁAC) )
FgR = fABafCaAnBC ) (433)

where the sum on o = {a, A} can be restricted to the unbroken generator index a only.

Another special case is G compact and nap = dap. For a compact group, the gener-
ators can be normalized so that Trit,tg o< dng, so the structure constants are completely
antisymmetric tensors in their three indices. Writing the structure constants with three
lower indices in the usual notation for compact groups, egs. (4.30), (4.31) and (4.32) sim-

plify to
1 1
FT%RABCD = faBafoDa — ZfABGfCDG = faBgfcpg + ZfABGfCDGv
Rpp = faBgfapg + ifABGfADG»
F2R = fapgfapg + ifABGfABG. (4.34)

An interesting feature is the relative 1/4 for the sum over broken generator index G relative

to the sum over unbroken generator index g.
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If one adds the additional restriction that the coset of the compact group G is sym-
metric, so fapc = 0, the formulae eqs. (4.34) simplify further to

1

ﬁRABCD = faBgfcpg,

™

1
Rpp = faBgfapg = §CA(g)5BDa
1
F2R = 5Ca(G)Nx, (4.35)

where C4(G) is the Casimir in the adjoint representation of G, and N; = dimG/H is the
number of broken generators.

Finally, if the gauge group is compact and completely broken, so that G/H = G, and
NAB = 0AB, €qs. (4.34) become

1
FT%RABCD = ZfABGfCDG,
1
Rpp = ZCA(Q)(SBDa
1
F2R = ZCA(g)J\f,T. (4.36)

4.1 Matter fields

We refer to all non-Goldstone boson or gauge fields generically as matter fields. The CCWZ
transformation for matter fields 1 under the group transformation law eq. (4.12) is

¢ — DW (b)), (4.37)

where D()(h) are the H representation matrices for ¥. Note that D*)(h) is assumed to
be an irreducible representation, so if it is reducible, one must first decompose it into its
irreducible representations. The different irreducible representation components are then

treated as separate matter fields. One can define a chiral covariant derivative for matter
field 3 by

Dyt — (au n z‘TéWV,f) " (4.38)
()

where T," are the generators of the unbroken subgroup # in the representation D) (h)
of H. The chiral covariant derivative transforms as

(Dyb) = D) (h) (Dyuib) - (4.39)

The covariant derivative eq. (4.38) is derived in CCWZ. The argument relies on defining
it as the ordinary derivative at £ = 1, and then using G action to define it for arbitrary
&. The key point (which is not true for non-reductive cosets) is that if g € H, then h in
eq. (4.12) is a constant, so the ordinary derivative transforms the same way as the field,
eq. (4.37). Using this result at £ = 1, the transformation eq. (4.39) for arbitrary ¢ follows.

The covariant derivative eq. (4.38) is based on eq. (4.16), and hence on the Maurer-
Cartan form g~'dg. This is the canonical connection on the principal H-bundle G — G/H,
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and makes no reference to a metric, i.e. to n4p. One can also define covariant derivatives
based on the metric (Christoffel) connection eq. (4.29), which does depend on n4p. The
two are equivalent if nap = dap, i.e. if the G-invariant metric on G/#H is obtained from
a G-invariant metric on G. The difference in the connections transforms as a H-invariant
tensor [62], so that the change in connection can be compensated by a change in coefficients
of invariant terms in the sigma model Lagrangian. The exponential map &(\) = exp(X\)
is geodesic for the Maurer-Cartan connection, but not for a general 14p metric connection.

4.2 Sectional curvature

The sectional curvature K(Y,Z) in the plane spanned by tangent vectors Y and Z is
defined by

RapcpYAZBYC©zP
<KY> <Z7Z> - <Y7 Z>2

K(Y,Z) = (4.40)
where the inner product (x,#) is w.r.t. the metric g4p. The Cauchy-Schwartz inequality
implies the denominator is positive, so the sign of the sectional curvature depends on
the sign of the numerator. The sign of the sectional curvature is important, because, as
shown in refs. [1, 33, 60], the sign of deviations in Higgs-gauge boson scattering amplitudes
from SM amplitudes is determined by the sign of the sectional curvatures of the HEFT
sigma model.

From eq. (4.30),

1

2

™

1 3
RapcpY 2Py 7P = nyza (fZaAYBnAB - fYaAZBUAB) 1 frzfyz"nas

1
t1 (fYGAZBTIAB + fZGAYBnAB) (fyuZPnep + f2°YPnen) n“H
— fya ™ Fzu Y P ZPnapncon (4.41)

and we have used the definition
Y, Z] = [YAT4, ZPT5] = fy 1 ta (4.42)

for fy,*. The general form eq. (4.41) does not have a definite sign.
For compact groups with nap o« d4p, antisymmetry of the structure constants implies
1 1
ﬁRABCDYAZBYCZD = fyz 'ty + ZfYZGfYZG >0 (4.43)
s
is positive definite for any pair of vectors Y, Z. For compact groups with nap # dap,
the sectional curvatures need not be positive. A simple example is G = SU(2) completely
broken, with nap = diag(n1,n2,73), and Y = (1,0,0), Z = (0, 1,0), in which case

2 _ 2 3 2
K(Y,Z) = (m + m2)m3 Jgr (11— m2) 3 (4.44)
4FzZmnans
which is negative for 13 > 7 .
In HEFT applications where there is only a single h field, the possible sectional cur-
vatures are:
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(a) Both Y and Z are in the Goldstone boson directions. Since the Goldstone boson
manifold S is a maximally symmetric space, K(Yy, Z,) is independent of the choice
Yy, Zr, and is the quantity K (Y, Z;) = Ry in ref. [1].

(b) Y is in the Goldstone boson direction, and Z is in the h direction. In this case
K(Yz, Zp,) is independent of the choice Y and Zj, (since there is only one direction
Zy) and is K (Y, Zp) = Rop, in ref. [1].

As shown in ref. [1], deviations in W, Wy, — W W, were proportional to t4 = Ry(h =
0), the sectional curvature where Y and Z are in Goldstone boson directions. The longi-
tudinal gauge bosons at high energies are related to the Goldstone bosons, and so probe
the Goldstone boson directions in M. The Wy W — hh scattering amplitudes is propor-
tional to vy, = Rop(h = 0), and probes the sectional curvature where Y is in a Goldstone
boson direction, and Z in the Higgs direction. If the HEFT is based on a composite Higgs
theory [28], where h is itself a (pseudo) Goldstone boson of some strong dynamics at a
scale f > v, then we see from eq. (4.43) that 84 and PRy, are both positive if the com-
posite Higgs model is based on a compact group. On the other hand, if the sigma-model
group is non-compact, it is possible to get negative values [33] for these curvatures because
eq. (4.41) has no definite sign.

We also consider multi-Higgs theories in section 6. In such theories, the possible
sectional curvatures are Ry = K(Yr, Zr), Ron1r = K (Y, Z1), where Z; runs over the
possible Higgs directions, and K (Y7, Z;) over distinct pairs of Higgs directions I # J.

5 The Standard Model and custodial symmetry violation

The SM sigma model for the custodial symmetric breaking pattern SU(2); x SU(2)g —
SU(2)y can be written in the CCWZ formalism, choosing the broken generators to be
TL. Let

Ulz) = ™" @)7Ta (5.1)

be a 2 x 2 matrix, where T4 are SU(2);, generators, and 7 are dimensionless.

The £ field of the CCWZ formalism given by exponentiating the broken generators is

£z) = (Uéx) 12><2> ’ (5:2)

where the first 2 x 2 block is the SU(2); transformation, and the second is the SU(2)r
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transformation. From this £ field, one finds

_ B U(z)~!
() lDuf = < 0 12X2)

_ U(z)719,U(x) + U(z) ligaW 2T, U(x)
0 191 B,T3

0,U(x) n igaW i T U(z)
0 0 0 ig1B,T3

_ ingMTg
0 inguTg

N (U(m)_lauU(x) + U(w)‘léngﬁTaU(w) — 1918, T3 0) ’ (5.3)

where the last line projects onto the unbroken and broken spaces, respectively. Thus,
we obtain

(D7) T = U(z) 19, U(z) + U(z) ligaW e ToU(z) — ig1 B, Ts, (5.4)

and, using the results in appendix A,

sin |7 1 —cos|m | —sin |7
(D7) = ( |7r| |> dz + <|7T|2||> eapcTldTC + <’|’7T|3|> TA(7 - A7)

sin |7
+92W,14 cos 7| + g2 ( |7r|‘ |> GABCWBW,Ej
1 —cos|m|\ _ _
+ g2 <|2||> (7T . WM)TFA - ngu(SAB (55)
i
with |ﬁ|2 = 7 - 7. Decomposing (Duﬁ)A into gauge and non-gauge pieces as in eq. (4.19)
yields
(D7) = et g 7P + FAW! + FfZ, + F' A, (5.6)
where
- <Sin|7r|> A — <1 - C02S |7r\> e + (W - s'gn W) 7A7B
7| 7] ||
o 1_ _
Fi = £ [55‘ cos |7 + (Sm|ﬂ> eappTl + (COZSW> 77671"4] , B=1,2
sW 7] 7]
o 1_ _
Fé‘ - _ ¢ [53A (S%V + C%/V cos |ﬁ\) + C%V <Sm|77|> eApsTl + 612/‘/ (CO2S ‘W|> 7T37TA:| ,
Swew 7| 7|
= 1_ _
FA=e [-5? (1 - cos [7]) + <S“|“’|”’> a3 + <’C"’§’W|> ﬁﬂ : (5.7)
m ™
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with ey = cos Oy and sy = sinfy,. The Ff can be used to construct the Killing vectors
using eq. (4.24). Expanding these equations gives

1 1
ep = — 56,430%0 +5 [ﬁAﬁB - m?ag} +...
FA — € 54 1 _p _D 1f5ﬂ4 B
A € A Lo 2 2 B, 1o 34
Fj = 05 | 1— —ciy |T|” | +ciyeapsm + zeppym @ | +...,
SWew 2 2
1 1
Fl=e {—2 172 64" + eapsm? + 27T37rA] +.... (5.8)
In unitary gauge, 7 = 0 and
e e
Fi=—6}, p=1,2 Ff = &4 Ft=0 5.9
B sw B 5 ) 4y Z - 3 o7 ’ ( )
so the photon is massless, and W, Z acquire mass.
The most general O(p?) Lagrangian is
1
L=y > nap(DyT)(Dy)” (5.10)
AB

where 14 p is a H-invariant tensor. For the SM with custodial SU(2) symmetry, the breaking
pattern is SU(2)r x SU(2)g — SU(2)y. The tensor nap must be invariant under the
unbroken H = SU(2)y symmetry, so

2

v
NAB = £ 04B, (5.11)

where v ~ 246 GeV is chosen to give the correct gauge boson masses.
If custodial symmetry is not exact, the breaking pattern is SU(2)r, x U(1)y — U(1)em,
and n4p must be invariant under the unbroken H = U(1)¢, symmetry. In this case,

5 ({100
v
NAB = & 010 ], (5.12)
00p
where p is the p-parameter
M%C%/V
= , 5.13
P=0, (5.13)

which is no longer equal to one. The experimental constraint on the p parameter is an
extremely stringent constraint on custodial symmetry violation, since it requires |[p — 1| <
0.01. A simple example of custodial symmetry violation is the SM with an additional
triplet scalar field [63]

++
Xt —x
X:[ﬂo 1 +]. (5.14)
2X
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If the doublet and triplet vacuum expectation values are

(H) = [O] , 00 = [fT 8] 7 (5.15)

V2

then the values of the n4p parameters in eq. (5.12) are

2

2 2
v + 4v
v :U%+2v%, =D T

= . 5.16
v% + 21}% ( )

The geometry of the scalar manifold with metric eq. (5.10) has been studied in other
contexts [64]. The configuration space of a rigid body with one point fixed is given by the
rotation matrix R(6,¢,1) € SO(3) parameterized by three Euler angles, and, up to Zo
factors, is the same as the Goldstone boson manifold of the SM. Rotations of the body
about space-fixed axes correspond to SO(3), rotations R — g1, R, g1, € SO(3), and rotations
about the body-fixed axes correspond to SO(3)g rotations R — Rgr', gr € SO(3). The
body-axis angular momenta are given by wAT4 = R™'R. The kinetic energy for a rigid
body is then given by the analog of eq. (5.10),

L= % XA: Iy (™), (5.17)

where n4p can be chosen to be diagonal by picking the body axes to coincide with the
principal axes of the body. The kinetic energy for a spherical top with all three principal
moments of inertia equal, I; = I, = I3, is the analog of the SM with custodial symmetry.
The configuration space of the top is the (undeformed) three-sphere S3. The custodial
symmetry violating case is analogous to I; = I # I3, which is the configuration space
of a symmetric top. This space is known as the squashed three-sphere, and also occurs
in the metric for the Taub universe [64]. The asymmetric top with all I; different would
correspond to the SM with electromagnetism broken.

6 HEFT with multiple singlet scalar bosons

The HEFT formalism can be extended to the case of multiple singlet (under custodial
SU(2)) Higgs fields k!, I = 1,2, ---, which involves adding additional singlet scalars to the
SM field content. The generalization of the HEFT Lagrangian eq. (2.24) to multiple singlet
scalar fields is

L= SPF (Y @um)® + Sors(h) (0,41 (@7) ~ VR) + . (6.1

where F(h) is an arbitrary function of the dimensionless singlet scalar fields h!/v. The
coordinates {h!} are chosen so that h = (0,0,...,0) is the ground state, and the HEFT
function F'(h) is normalized so that

F(0,...,0)=1 (6.2)

since the radius of S? in the vacuum is fixed to be v by the gauge boson masses.

~32 -



Consider the O(4) — O(3) symmetry breaking pattern of the SM, with multiple scalar
fields h! which are singlets under the unbroken custodial O(3) symmetry. The most general
metric of the scalar fields ®* = {74, h!/} has the form

F(h)’gap(m) 0

w10 am

(6.3)
where 74 /v are coordinates on the coset space G/H = O(4)/0(3) = S3, and gap(n) is
the metric on the unit 3-sphere. O(4) invariance implies that the off-diagonal metric terms
gar and gra vanish, and that grs(h) has no dependence on the 7 fields. An easy way to
prove that the general metric takes the form eq. (6.3) is to note that a point on S% is
given by a four-component unit vector n. The entry gr;(h) can depend on m, but not on
its derivatives; O(4) invariance then requires it to be function of n - n = 1, and therefore
independent of 7. Similarly, g[AaMT('A is an O(4) invariant function of n and d,n with
one derivative; the only invariant object is d,n - n = 0, so the off-diagonal entries vanish.
The 11 entry has the form F(h)?gap(m) because G-invariance requires that h dependence
is an overall multiplicative factor, since there is only one G-invariant metric on S%. We will
consider the geometry of the metric eq. (6.3), with a general metric g45(7), so the results
are valid for a general G/H manifold as long as the off-diagonal terms of g;;(®) vanish as
in eq. (6.3).
Using the metric eq. (6.3), the Christoffel symbols are

F i
FgC = ’7§Ca FgK = ]7;' 5AB? F?K =0,
The = —FFug™gpe, I'hr =0, Phx =ik, (64)

where 7§C and 7§K are the Christoffel symbols computed from the metrics gap(m) and
gr7(h), respectively. Similarly, in the expressions below, rA BCD, 'Bp and 7, are the
curvatures computed from the metric gap(7), whereas r! srr, vy and rp, are the curvatures
computed from the metric gy7(h). The Riemann curvature tensor is

Rpep =r*pep — MV FuF N (5AC 9o — 0 pgsc), Rpcr =0,

RAgkr =0, R jep =0,

Rl jxp =0, R jr =1l ki,

R 5cp =0, Rk =0,

Rlpep =0, R'skp = —gp5 ¢"™ Fuk,
RIBKL =0, RAJCL = —5AC F.r. (6.5)

The covariant derivatives of F' are w.r.t. 7§ - The Ricci tensor is

Rpp =rpp — gRSERES(Nﬂ' —1)gBp — gBDgRSFF;R~97
Rpr =0,
Ry, = —NF.jr +rjL, (6.6)
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and the curvature scalar is

1 L " Rs L gs
R = 45rn = Ne(Nx = 1) 759" FrEs — 2Nz 197 Eips + 1. (6.7)
If G/H is a maximally symmetric space,
1 1 1
rpep = 152 (0*c98p — %D gBC), TBD = ﬁ(Nw —1)gBp, Tx= ﬁNW(NW —1).
™ ™ ™

(6.8)

The above expressions reduce to the formulae given in ref. [1] for one Higgs singlet field h
and G/H a symmetric space, which used

B 1 [(h)®
g[J(h) =1, F(h) =14 <> + —cC2 () + ... (6.9)
v 2 v
with F; = v.

The above expressions can be further simplified if one picks one h field to be the radius
of 83, F({h}) = h!, in which case F does not depend on h, I # 1. The radial direction
is in general not a mass-eigenstate direction. Letting p be the radial direction, with p =1
in the vacuum, and letting the remaining directions still be called k! (there is one less h
now), with I, J, K running over p, {h}, one gets a simpler version of the above equations,
where F g =1 if K = p, and zero otherwise. For example,

F = p, GSFRpFs = G, FRs = —Vps: (6.10)

etc.

7 Conclusions

In this paper, we have discussed the relation between the SM and two of its generalizations,
SMEFT and HEFT, and have shown that HEFT can be written in SMEFT form if and only
if there is an O(4) invariant fixed point of the scalar manifold in a neighborhood of which
the scalar fields transform as a vector of O(4). We have shown that the SM can be written
using scalar fields transforming either linearly or non-linearly under SU(2) x U(1)y, and is
renormalizable with either choice. Whether “the Higgs transforms linearly or non-linearly”
is not observable; the correct question, which can be resolved experimentally, is whether
the SM scalar manifold M is flat or curved.

We have discussed the formulation of scalar fields on a curved manifold, including the
case with gauge symmetry, reviewed the computation of one-loop corrections in terms of
the curvature, and applied these known results to the case where the manifold is a coset.
The general expressions were used to obtain the one-loop renormalization of HEFT [1, 16],
and details of the computation are given here.

Deviations of Higgs and longitudinal gauge boson scattering amplitudes from their SM
values are given by sectional curvatures of the scalar manifold. In simple examples based on
G/H symmetry breaking with compact groups, the sectional curvatures are positive, which
fixes the signs of deviations from the SM. We are investigating examples where sectional
curvatures can be negative, and have given the generalization of the CCWZ formalism to
non-compact groups.
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A Exponential parametrization of the O(IN) model

The real antisymmetric Goldstone boson matrix is given by

0 ... 0 7
0 = 0 ... 0 7
P ™ . . .
HEZ(W-X):[_WT()]: : : N (A.1)
0 ... 0 7N
—7wt ... —=7Ne 0
where 74 = 14 /F,. € is
f=el=14 <S”’“"”‘> IT + (1_‘“”;“') 12, 72 = 7AFA, (A.2)
U T
The Maurer-Cartan form is
£19,6 = (S“‘“"”‘> i (0,7) X + <|”‘_|T;1’”|> (70, 78) iw- X
T T
n 1 —iOQS 7\ | — (0,7 78 + 74 (9,75) 0 ’ (A.3)
i 0 0

where the first two terms are linear combinations of the broken generators, and the last
term is a linear combination of the unbroken generators. The indices A, B in the last term
are the row and column indices of the N, x N, submatrix in the upper 11 block. Using
eq. (4.16),

(D7) = (S”;”> (0,7 + (T) (7P0,75) 74, (A.4)
and
_ . 1—cos7\ | — (0, 7)) 7B + 74 (0,7B) 0
el = m = (L) [FOIE O g

B One-loop renormalization of HEFT

In this appendix, we provide some intermediate results in the computation of the one-loop
renormalization of HEFT [1, 16].

— 35 —



The metric for the scalar manifold M in HEFT is

v2F(h)2gap(T7) O]

gi(e)= | T (B.1)

where F'(h) is a dimensionless function with a power series expansion in h/v, and gq,(7) is
the metric on the Goldstone boson manifold G/H = S3. The field h has mass dimension
one, 7 is dimensionless, and ¢ runs over indices a, h. The scalar kinetic term in HEFT is

given by
1 iaud L2 2 =y A =aqu=b , L
L= §9ij(¢)8u¢ ote) = v F(h)* gap(T) 0,07 + iauh o'h
- %F(h)2 o2 Oum - ' + %auh o"h, (B.2)

where the unit vector n(7) is a dimensionless function of the the three independent coor-
dinates 7@ = /v on S3. Note that we have chosen to normalize 7 to be dimensionless
coordinates, which differs from ref. [1] by a rescaling by v. Eq. (B.2) implies that the $3
metric g.(7) is given in terms of the unit vector n(7) by

pute) = 2nim) ont)

The Riemann curvature tensor R;;x(¢) obtained from the scalar metric g;;(¢) consists

(B.3)

of the non-vanishing components

Rabcd(¢) = [1 - U2(F/(h))2] UQF(h)2 (gac(ﬁ)gbd(ﬁ) - gad(ﬁ)gbc(ﬁ)) ;
Ranon(9) = —0?F(R)EF" (h)gay(T), (B.4)

and components related to these by the permutation symmetry of the Riemann tensor.
Rapea(¢) is proportional to the tensor (gacgsd — Jadgse) because S3 is a maximally symme-
tric space.

The quantities X and Y, from egs. (3.44) and (3.45) that appear in the one-loop
correction eq. (3.43) contain terms depending on the Riemann curvature tensor. The
Riemann curvature tensor components contributing to [X]°  and [Yw]ij, respectively, are

R ju(Dyo)’ (D)
[ [1—v*(F")?] [(Du7)? 68 — (D) (Dyr)e] — S (9,h)(01h)5¢ L2 (D7) (9,h)
i V2 FF"(8,h) (D). W FF' (D7) |

R'j1a(Dug)* (D, )’
[ [1 - v*(F')?] (D7) (Dy7)p — (D7) (D)) L (D7) 4(8uh) — (D7) (0 h)]

i —v2FF" [(8,h) (D7), — (0,h) (D7) 0
(B.5)
The Lagrangian term Z(¢) containing the potential and Yukawa couplings is
Z(¢p)=-V(h)+ K(h)n - W (B.6)
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where W is a constant, in the notation of ref. [1].

gap [2FF' (W -nK' V')~ W .-nK| F(EYW.n,

ViV,I =
! F(5)Y'W.ny V" +K'"n-W

(B.7)

where n o = On /07"
The field strength Y}, is

102 (F")2] (D) (D) — (D) (D )s) By [(8,h) (D7)~ (Dyh) (D)

[YW]ij =
—2FF"[(0,h)(DyT)p—(0y)h(D,7)s] 0
+ AR (1), (B.8)
with
A 0 —FF'(opn)T m
T8I 2F" ac T ac T
Vg (&ﬂ) Muun g (acn) Myl/(abn)
and
30 gW3 + 4B, —9W1'3 gWé
—gW? —¢'B
o, = IV 29 h 0 ) W inV“/ (B.10)
W, g, 0 gW,, — g By,
—gW —gW2  —gW2+4'B, 0

in terms of the electroweak gauge bosons. The field strength tensor 7, is given by

eq. (B.10) with the replacements W — W3

ww» By = Buy. The covariant derivative Dy,n

is given by
o “w o

treating n as a four-component column vector, and using matrix multiplication. The
covariant derivative on 7 is defined implicitly through

D,un - DFn = gab(ﬁ)(Duf)a(Dﬂﬁ)b (B'12)

Substituting the above equations into eq. (3.43) gives eq. (59) in ref. [1].

C Non-reductive cosets

In this appendix, we comment briefly on the CCWZ formalism when [T}, Xp] contains a
piece proportional to the unbroken generators, so that the coset is non-reductive. Such
examples are relevant for constructing G/H theories with negative sectional curvature [1].

One can still define the CCWZ ¢ field as in eq. (4.9) which transforms as in eq. (4.12).
The complication for the non-reductive case is in eq. (4.13). For g € H,

g (m(x)Xa) g (C.1)
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is no longer a linear combination of the broken generators, but also has a component along
the unbroken generators,

- A
g (@) Xa g™ = Xa DR ()] pr? + T, (C2)

where DR™ is the R(™ transformation matrix constructed out of f.5¢, as in eq. (4.6),
and M&m? is the component in the unbroken direction. The exponential of eq. (C.2) can
be schematically written as

X = Xl (C.3)

where X, X’ are linear combinations of broken generators, and T', 7 are linear combinations
of unbroken generators, and the primed and unprimed quantities are connected by the
Baker-Campbell-Hausdorff formula. Thus one gets eq. (4.12) with some important changes
even if g € H: (a) The relation between 7 and 7’ is non-linear. Eq. (4.14) only holds for
the linear term, i.e. for the transformation of the tangent vector to the Goldstone boson
manifold at the origin, and (b) h'(£(z), g) depends on £ and hence x, even if g € H.

The transformation of (D,m) and V), in egs. (4.17) and (4.18) is also changed,

(Dum) = h(Dym)h ™| (C.4)

Vi = hVh ™t = 9uhh™ + h(Dum)h ™, (C.5)

(Dym) transforms by adjoint action by # in the representation R(™, as before. However,
V,, picks up an additional piece and no longer transforms as a gauge field under H. One can
still define Goldstone boson kinetic terms as before, eq. (4.20). However, since V,, does not
transform as a gauge field, it is not possible to define covariant derivatives on matter fields
1 which transform as arbitrary irreducible representations of H, as was done in CCWZ.
Nevertheless, some matter fields are allowed in the EFT. For example, if 1 transforms as
a representation R of the full group G,

Y — D(g), (C.6)
then
(Ou + itaAfj) ) (C.7)

is a covariant derivative, where the generators t, are in the R representation. Following
CCWZ, we can define new fields x by

x = DNy (C8)
which transform as

x — D(h)x, (C.9)
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where h is given by eq. (4.12). The covariant derivative eq. (C.7) turns into
(O + €' Dué)x = [0p + i(Dyum) X a + iV To] x (C.10)

on x using eq. (4.17). The sum (D,m +V,,) in the covariant derivative transforms as a
gauge field

(Dum+V,) = h(Dyr + V)bt = 9,hh7 1, (C.11)

and the covariant derivative eq. (C.10) is well-defined. For compact groups, where (D, )
transforms as

(Dym) — h(Dym) R, (C.12)

and does not mix with V,,, one can omit (D,7) in eq. (C.10) to get the CCWZ covariant
derivative. In this case, for the covariant derivative on x to make sense, it is only necessary
to define the action of the unbroken generators T; on Y, i.e. one can restrict x to only
be in an irreducible representation of H; it does not have to form a representation of G.
Baryons in QCD are an example — they form a representation of the unbroken SU(3)y
symmetry, but not of chiral SU(3)z, x SU(3)r. However, for the non-reductive case, it is
necessary to retain the (D7) term in the covariant derivative, to cancel the extra piece
in the transformation of V,,, the last term in eq. (C.5). In this case, we need to define the
action of T, and X4, which requires y to form a representation of the full symmetry G,
not just its unbroken subgroup.

The main difficulty for sigma models with non-compact A is unitarity. The 1 kinetic
energy term for compact groups H is

S (D) (DR (C.13)
a
if ¢ is a complex scalar. If H is non-compact, then the unitary representations are in-
finite dimensional. For a finite dimensional non-unitary representation, the kinetic term
eq. (C.13) is not an invariant, since ¥ does not transform as the inverse of 1. One can
construct invariant terms. For example, if H is SO(3,1), and ¢ transforms as the (real)
vector representation,

Y (Duthi) (D*4i) — (Dytpa) (DMeba) (C.14)

i=1,2,3

is invariant, as should be familiar from the Lorentz group. Eq. (C.14) has a wrong sign
kinetic term, and leads to ghosts. We do not know, in general, whether there are finite
dimensional representations for a non-compact group H with a positive definite H-invariant
kinetic energy term. This is possible for a trivial example: if H is a non-compact U(1), i.e.
of the form h = exp a1, —oo < a < 00, one can pick the fermion to transform as exp iqa,
and the kinetic energy eq. (C.13) is H-invariant.

One can construct a suitable kinetic energy term if H is compact even if G is non-
compact, since 9 transforms under #H, not G. An example of this type based on SO(4,1) —
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SO(4) was studied in ref. [33]. In this case, the low energy EFT is unitary. However,
implementing a unitary UV theory in which G invariance is manifest is problematic, and
we do not know of any examples where this is possible.5
C.1 Example of a non-reductive coset
A simple example of a non-reductive coset is the 2-parameter group of matrices

10

[ ] , y >0, (C.15)
Ty

under multiplication. The generators (absorbing a factor of i) can be chosen as

- 00], leo 0], (©16)

10 0 -1

with the commutation relation
T,X]=T. (C.17)

If the matrices act on a vector

v= [(1)] , (C.18)

then Tv = 0, Xv # 0, so that T is an unbroken generator and X is a broken generator.
The matrices are sufficiently simple that the CCWZ formulee can be computed explicitly.
The exponential of a Lie algebra element is

g = etTHX _ [‘g(l _1 o eob] 7 (C.19)
so that
=X = [é eoﬂ] : (C.20)
and

el = [1 O] . (C.21)

The CCWZ multiplication rule

gemX =" X' (C.22)

A simple argument due to S. Rychkov is to look at G-current correlators <Jg‘ Jg > in the UV theory. G
invariance requires the correlator to be proportional to the Killing form B,g, which is not positive definite
if G is non-compact, so that unitarity is violated. However, the low-energy EFT correlators are unitary, so
it might be possible to construct theories where the G symmetry of G/H arises only in the low energy limit.
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with ¢ in eq. (C.19) gives

m
/_ﬁ b ™
w=\e 1)8. (C.23)

U (z) = ae™®), (C.24)
so that v/ depends on x through 7(z). Eq. (C.22) becomes
0T TX _ Xy,

, h(z) = e (@71 (C.25)

and h depends on z even for an unbroken transformation.
The Maurer-Cartan form is

£lde = d7 X, w=¢1dg], vV =¢ldg|,, (C.26)
so that
w = d7T X, V =0. (C.27)

Under a global unbroken transformation g = exp a7,

¢de — ¢ 71de’ = d7 X. (C.28)
Using eq. (C.22),
W= w, V' =0. (C.29)
The transformation laws are
w' = hwh™| V' = hwh™'|, +hVh~" = dhh™! (C.30)

with A in eq. (C.25). These equations are satisfied because of the extra hwh™! term in the
V' transformation.
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