PUBLISHED FOR SISSA BY €} SPRINGER

RECEIVED: June 22, 2016
ACCEPTED: July 29, 2016
PUBLISHED: August 10, 2016

Exceptional generalised geometry for massive IlA and
consistent reductions

Davide Cassani,” Oscar de Felice,” Michela Petrini,” Charles Strickland-Constable’*
and Daniel Waldram?

“LPTHE, Sorbonne Universités UPMC' Paris 06, CNRS,

4 place Jussieu, F-75005, Paris, France

b Institut de physique théorique, Université Paris Saclay, CEA, CNRS,
Orme des Merisiers, F-91191 Gif-sur-Yvette, France

¢Institut des Hautes Etudes Scientifiques, Le Bois-Marie,
35 route de Chartres, F-91440 Bures-sur-Yvette, France

4 Department of Physics, Imperial College London,
Prince Consort Road, London, SW7 2AZ, U.K.
E-mail: davide.cassani@lpthe. jussieu.fr, odefelice@lpthe. jussieu.fr,
petrini@lpthe. jussieu.fr, charles.strickland-constable@cea.fr,
d.waldram@imperial.ac.uk

ABSTRACT: We develop an exceptional generalised geometry formalism for massive type
ITA supergravity. In particular, we construct a deformation of the generalised Lie derivative,
which generates the type ITA gauge transformations as modified by the Romans mass.
We apply this new framework to consistent Kaluza-Klein reductions preserving maximal
supersymmetry. We find a generalised parallelisation of the exceptional tangent bundle
on S%, and from this reproduce the consistent truncation ansatz and embedding tensor
leading to dyonically gauged ISO(7) supergravity in four dimensions. We also discuss
closely related hyperboloid reductions, yielding a dyonic ISO(p,7 — p) gauging. Finally,
while for vanishing Romans mass we find a generalised parallelisation on S%, d = 4,3,2,
leading to a maximally supersymmetric reduction with gauge group SO(d + 1) (or larger),
we provide evidence that an analogous reduction does not exist in the massive theory.

KEYwWORDS: Differential and Algebraic Geometry, Flux compactifications, Supergravity
Models

ARX1v EPRINT: 1605.00563

OPEN AcCESs, (© The Authors.

Atticle funded by SCOAP®. doi:10.1007/JHEP08(2016)074


mailto:davide.cassani@lpthe.jussieu.fr
mailto:odefelice@lpthe.jussieu.fr
mailto:petrini@lpthe.jussieu.fr
mailto:charles.strickland-constable@cea.fr
mailto:d.waldram@imperial.ac.uk
http://arxiv.org/abs/1605.00563
http://dx.doi.org/10.1007/JHEP08(2016)074

Contents

1

2

3

Introduction
Gauge symmetries of massive 1TA

Type ITA exceptional generalised geometry
3.1 The generalised tangent bundle

3.2 The (massless) generalised Lie derivative
3.3  Generalised frame and metric

The massive generalised Lie derivative

Generalised parallelisations and consistent reductions
5.1 Ordinary Scherk-Schwarz reductions

5.2  Generalised Scherk-Schwarz reductions

5.3 Consistent reduction of gauge transformations

Examples

6.1 S% parallelisation and D = 4, ISO(7),,, supergravity

6.2 Hyperboloids and D = 4, ISO(p, 7 — p),, supergravity

6.3 S* parallelisation with m = 0 and D = 6, SO(5) supergravity
6.4 53 parallelisation with m = 0 and D = 7, ISO(4) supergravity
6.5 Massive algebras on S3 and S4

6.6 S? parallelisation and D = 8, SO(3) supergravity

Conclusions

Notation and conventions

B IIA exceptional generalised geometry from M-theory

B.1 M-theory exceptional generalised geometry
B.2 Reduction to type ITA
B.3 The split frame

Twisted bundle and gauge transformations

Exceptional generalised tangent bundle as an extension of O(d, d) gener-

alised geometry
S? in constrained coordinates

Type IIB parallelisation on S3

10
11

14

16
16
17
22

28
28
32
33
35
37
40

42

44

45
45
48
52

53

55

58

60




1 Introduction

Consistent Kaluza-Klein truncations establish an exact map between supergravity theories
in different dimensions and have been used to embed into string theory interesting solutions
such AdS vacua, black holes, domain walls, and Lifshitz or Schrédinger non-relativistic
backgrounds, to mention only a few. Consistency requires that the dependence of the
higher-dimensional fields on the internal manifold factorises out once the truncation ansatz
is plugged into the equations of motion. This is a highly non-trivial condition, which —
aside from the cases where it is ensured by some symmetry — makes consistent truncations
rare and hard to construct. Dimensional reductions on certain spheres provide prominent
examples of consistent truncations that are not the consequence of a manifest symmetry,
the best known instances being eleven-dimensional supergravity on S7 [1] or $* [2], and type
IIB supergravity on S° [3]. Recently, there has been progress in clarifying the systematics
of these reductions by working with reformulations (and extensions) of higher-dimensional
supergravity theories that make some form of U-duality symmetry manifest, see e.g. [4-13].

An important aspect in dimensional reductions is to establish the precise relation
between the gauge symmetry of the lower-dimensional theory and its higher-dimensional
origin. This becomes even more crucial for compactifications preserving maximal super-
symmetry, since specifying which subgroup of the U-duality group is gauged suffices to
completely determine the truncated theory. Generically, a subgroup of the gauge group
originates from the Killing symmetries of the internal manifold, as is standard in Kaluza-
Klein reductions. However, higher-dimensional supergravities come with p-form potentials,
which carry their own gauge symmetry and also contribute to the gauging of the truncated
theory. The problem is therefore studied more effectively if one can treat diffeomorphisms
and p-form gauge transformations in a unified fashion. A formalism that accomplishes this
and at the same time has E,,) manifest as a structure group is provided by exceptional
generalised geometry.

In exceptional generalised geometry [14, 15|, given a d-dimensional internal manifold
My, one studies geometric structures defined on a certain generalised tangent bundle, which
extends the ordinary tangent bundle. While ordinary vectors generate diffeomorphisms,
sections of this generalised bundle also encode all the gauge parameters of the supergravity
theory on My, and — if one starts from type II supergravity — naturally transform under
the U-duality group Egii(g41) X R*. The full set of internal diffeomorphisms and p-
form gauge transformations is generated by an extension of the usual Lie derivative. This
is denoted by L and is called generalised Lie derivative (or Dorfman derivative). This
operator is a key tool to study the gauge symmetry of a compactification.

In [8] it was observed that consistent truncations with maximal supersymmetry are
related to the existence of a generalised Leibniz parallelisation, namely a globally-defined
frame {E A} for the generalised tangent bundle that also satisfies the property

Ly Ep = Xap“Fo, (1.1)

with constant coefficients X 4g©. A frame satisfying (1.1) defines a Leibniz algebra, hence
the qualification “Leibniz” attributed to the parallelisation. Starting from a generalised



Leibniz parallelisation, one can define a generalised Scherk-Schwarz reduction. As the name
suggests, this is a generalisation of conventional Scherk-Schwarz reductions on local group
manifolds [16] to a larger class of manifolds, which preserves the same amount of supersym-
metry as the original higher-dimensional theory. The constants (X 4)g® correspond to the
generators of the lower-dimensional gauge group, and are tantamount to the embedding
tensor that fully determines the gauged maximal supergravity. The truncation defined by
the generalised Scherk-Schwarz procedure is conjectured to be consistent. Although it has
not been proved in full generality, this expectation is supported by a number of examples.

Examples of spaces that are parallelisable in the generalised sense but not in the
ordinary sense are provided by spheres. It was argued in [8] that all known sphere con-
sistent truncations can be understood as generalised Scherk-Schwarz reductions. It was
shown there that all d-dimensional spheres S admit a generalised Leibniz parallelisation
trivialising the GL(d + 1) bundle T'@ AY2T* and satisfying the SO(d + 1) algebra. For
eleven-dimensional supergravity on S* or S7, or type IIB supergravity on S°, this paralleli-
sation was extended to a Leibniz parallelisation of the full exceptional generalised tangent
bundle, which contains the GL(d + 1) bundle. It was also shown how applying a Scherk-
Schwarz procedure to the generalised frame, instead of the ordinary one, determines the
consistent truncation ansatz for all of the lower-dimensional scalar fields.

A similar approach has been adopted for studying generalised Scherk-Schwarz reduc-
tions using exceptional field theory, see e.g. [9, 11, 12]. In particular the generalised par-
allelisation has been used to define, in addition, the gauge and higher-tensor fields in the
truncation. Formally, under the section condition, the equations of exceptional field theory
and exceptional generalised geometry are the same. In this paper, we will use the latter
formulation, so that our perspective is that the geometric degrees of freedom are precisely
those of ten-dimensional supergravity, and we will not consider any enlargement of the
physical space-time.

In this paper, we use the formalism of generalised geometry to study consistent trun-
cations of type ITA supergravity preserving maximal supersymmetry. In the first part, we
develop further the formulation of generalised geometry relevant for type IIA supergravity,
originally introduced in [14, 17], and we extend it to the case where the Romans mass is
switched on. As first step, we specify the Dorfman derivative for massless type IIA su-
pergravity; this is easily done by reducing the M-theory derivative given in [18]. Then we
extend it to the massive case. This step is non-trivial for the following reason. In gener-
alised geometry, fluxes of the supergravity field strengths are incorporated via a twisting of
the generalised tangent bundle by the respective potentials. However, this cannot accom-
modate the Romans mass, since being a zero-form flux it has no associated potential. We
overcome this limitation by recalling that, while introducing the Romans mass does not
modify the basic degrees of freedom of IIA supergravity, it does affect the gauge transfor-
mations. This implies that the Dorfman derivative needs be modified, so that it generates
the correct massive gauge transformations. We construct the operator accomplishing this,
that we call massive Dorfman derivative. This also implies that the generalised tangent

bundle is patched in a way different from the massless case.



In the second part of the paper, we apply the generalised geometry formalism to
consistent truncations of type ITA supergravity preserving maximal supersymmetry. We
show how starting from a generalised Leibniz parallelisation one can construct a generalised
Scherk-Schwarz truncation ansatz for the scalar fields as well as for the bosonic fields with
external legs, giving explicit expressions in terms of the type ITA fields. We also provide
a partial proof of consistency of the truncation by studying the reduction of the higher-
dimensional gauge transformations, thus setting the reduction on more solid ground.

Then we construct explicit parallelisations of the type IIA Egy(441) X R* generalised
tangent bundle on the d-dimensional spheres S¢, for d = 6,4,3,2. For S%, we recover the
consistent truncation to the four-dimensional, dyonically gauged ISO(7) supergravity [19,
20] recently worked out in [21-23]. In particular, we reproduce the full bosonic truncation
ansatz starting from the generalised parallelisation. In addition, we obtain the ansatz for
the dual type IIA fields. The role of the Romans mass in this truncation is to introduce
a magnetic gauging of the translational part of the group ISO(7). We also discuss closely
related parallelisations where S° is replaced by one of the six-dimensional hyperboloids
HP7=P; these yield dyonically gauged ISO(p, 7 — p) supergravity, where again the Romans
mass entails a magnetic gauging of the translational symmetries. For vanishing Romans
mass, these correspond to the S¢ and HP"~P truncations identified in [24]. Together they
provide the uplift of all dyonic gaugings in the CSO(p,q,r) class [20], aside for SO(8)
(which, in contrast, has been shown not to have a locally geometric uplift [25]).

For massless type IIA on S*, S% and S?, we find generalised Leibniz parallelisations
whose gauge group is SO(5), ISO(4) and SO(3), respectively. This matches previously
known consistent truncations on such manifolds. We also find that when the Romans mass
is switched on, these parallelising frames fail to satisfy an algebra. This is in contrast with
the S case, where the Romans mass modifies the gauge group generators X 43¢ without
spoiling the Leibniz property (1.1) of the parallelising frame. We are thus led to investigate
the existence of alternative frames. We analyse the S? case in detail, and prove a no-go
result indicating the absence of a consistent truncation of massive type ITA supergravity
down to a maximal supergravity in seven dimensions with SO(4) gauge group (or larger).
We also comment on the S* and S? cases along similar lines.

The structure of the paper is as follows. In section 2 we briefly summarise the features
of massive type IIA supergravity that will be relevant for our construction. In section 3 we
present the type ITA generalised geometry for vanishing Romans mass. The deformation
of the generalised Lie derivative accommodating for the latter is given in section 4. In
section 5 we illustrate the generalised Scherk-Schwarz reduction and in section 6 we apply
it to various examples. Section 7 contains our conclusions. Several technical details of our
derivations are relegated to the appendices.

2 Gauge symmetries of massive ITA

In this section we give a brief summary of type IIA supergravity, focusing on its gauge
transformations. We will work with the democratic formulation of [26], which is the natural
framework for applying generalised geometry.



The NSNS sector of type II supergravity is given by the usual two-form potential B,
with field strength H = dB, and a dual six-form potential B. The RR sector contains the
odd potentials C1, C3, together with their duals C7, C5. There is also a nine-form Cy which
does not carry any degree of freedom and whose field strength is dual to the Romans mass
m [27]. In the democratic formulation, all RR potentials are treated on the same footing,
and can be arranged in the poly-form C' = Ei:o Copt1. The field strength?

F =dC—HAC+meP (2.1)
is invariant under an infinitesimal gauge transformation of the NSNS two-form and RR
potentials?

0B = —dA\,

6C = —eB A (dw —m)), (2.2)

where A is a one-form and w = Zi:o wok a poly-form of even degree. When m # 0, the
RR potential C can be gauged away by a suitable choice of the NSNS gauge parameter \.
The field strength F' satisfies the Bianchi identity

dFf = HAF, (2.3)
together with the self-duality relation
x F' = s(F), (2.4)

where s(F,) = (=1)["/2F, is the transposition operator, which reverses the order of the
indices. The Bianchi identity and the self-duality relation together imply the equations of
motion for the RR fields.

The NSNS six-form potential B is defined by interpreting the equation of motion for B,

1
d (e*%5 ¥ H) + 5 [FA+Flg = 0, (2.5)

as the Bianchi identity for the dual seven-form field strength, defined as

H=¢2xH. (2.6)
The [...]s in (2.5) denotes the eight-form component of the poly-form in the bracket. Using
the self-duality relation (2.4), eq. (2.5) can be written as

d(ﬁ[—i—;[s(F)/\C—i—meB/\CL) =0, (2.7)

which is solved by

ﬁI:dB—%[s(F)/\CvLme*B/\C] (2.8)

s

I There exists another common choice for the RR potential, the A-basis, which is related to the C-basis
we use as A = e~ 5 A C'. In this basis the field strength (2.1) reads F = e A (dA +m) .

2Qur sign conventions for the gauge transformations are chosen so that they match the generalised
geometry expressions to be introduced later.



Requiring gauge invariance of the field strength H fixes the linearised gauge transformation
of B as [28, 29]°

5B = —(do +muwg) — % [ A (dw — mA) A 5(C)] (2.9)

6
where o is a five-form, while A and wy; are the parameters of the B-field and RR gauge
transformations (2.2). We thus find that in the massive theory, B is no longer invariant
under B gauge transformations. Also notice that the wg gauge transformation can be used
to set B = 0 in the case where m # 0.

From the infinitesimal gauge transformations above, we infer that the deformation due
to the Romans mass can be summarised into the shifts

dwg — dwg—mA,

do — do+muws . (2.10)

This observation will guide us in the construction of generalised geometry for massive type
IIA.

3 Type ITA exceptional generalised geometry

In this section we give a detailed description of the exceptional generalised geometry for
compactifications of massless type IIA supergravity. Generalised geometry allows to treat
on the same ground diffeomorphisms and transformations of the gauge potentials of type
IT supergravity or M-theory. This is achieved by constructing an extended tangent space
over the compactification manifold whose transition functions are combinations of standard
GL(d) and gauge transformations of the supergravity potentials.

Generalised complex geometry, as originally proposed by Hitchin [30, 31], geometrises
the NSNS sector of type Il supergravity. Hitchin’s generalised tangent bundle, is isomorphic
to the sum T @ T of the tangent and cotangent bundle to the d-dimensional compactifica-
tion manifold My, and is patched by GL(d) transformations and gauge shifts of the NSNS
two-form B. The structure group of this extended bundle is O(d, d), the T-duality group of
the compactification on a d-dimensional torus. From a string theory perspective, 1" and T™*
parameterise the quantum number of the string, that is momentum and winding charge.
Extending this construction to include the RR potentials in type II supergravity [14, 17, 32],
or adapting it to M-theory compactifications [14, 15, 18, 33], leads to exceptional gener-
alised geometry. In this case the structure group of the generalised tangent bundle is the
U-duality group, and the bundle parameterises all the charges of the theory under study,
that is momenta and winding, as well as NS- and D-brane (or M-brane) charges.

While in O(d, d) generalised geometry the structure of the generalised tangent bundle is
the same in type IIA and IIB and does not depend on the dimension of the manifold M, the

3The B in the present paper is related to the ones of [28] and [29] by a field redefinition. The one
in (B.7) of [28] is related to ours as B = (B + 101 A C5)"*. The one in (2.29) of [29] is Bthere —
(B — %Cl A Cs + %B ANC1 A C3)here.



exceptional tangent bundle takes a different form depending on whether one works in type
ITA or type IIB supergravity, and depending on the dimension of My its fibres transform in
different representations of the structure group FEq1(q41) X RT [14, 17, 32]. The exceptional
geometry for ITA compactifications was partly constructed in [17]. In the following, we
extend the analysis of [17] to the construction of the generalised Lie derivative, generalised
split frame and generalised metric. As we show in appendix B, a straightforward way to
obtain these objects is to reduce the corresponding M-theory ones presented in [18, 33].
For definiteness we will focus on structures defined on a six-dimensional manifold Mjg.
However, if one is interested in an internal space of dimension d < 6, the relevant expressions
are easily obtained from those given below by dropping all forms of degree higher than d.

3.1 The generalised tangent bundle

The exceptional generalised tangent bundle E on Mg is isomorphic (in a way that we will
specify below) to the bundle [14, 17]

E=ToT o NT" o (T @ A°T*) @ AT, (3.1)

where A®VeNT* = ROA?T*OAT*HAST*. Roughly speaking, the first two terms in (3.1) are
associated to the momentum and winding of string states, while AST* and (T* ® AST*) can
be seen as the NS five-brane and Kaluza-Klein monopole charges, respectively. Similarly
AT corresponds to charges of the ITA D-branes.

The structure group of F is Ez(7) X R*, and its fibres, also called generalised vectors,
transform in the 561 representation, where the subscript denotes the RT weight.* The
form (3.1) corresponds to the decomposition of this representation under the GL(6) struc-
ture group of Mg. According to this decomposition, a generalised vector can be written as

V=v+Adt+to+7+w, (3.2)

where at any point on Mg, v € T is an ordinary vector, A\ € T* is a one-form, o € AST*
is a five-form, 7 = 7y ® 74 € T* ® AST* is the tensor product of a one-form and a six-form,
and w = wg + we + wyq + wg € AT is a poly-form of even degree.

It is also useful to consider the decomposition under GL(6) of the adjoint bundle
ad C E® E*,

ad = RA @Ry @ (T @ T*) @ A’T @ A°T* © AST @ A°T* @ A°NT @ A°MT*.  (3.3)
Its sections R transform in the 1330 + 1o of E7(7) x RT, and decompose as
R=Il+¢o+r+B+B+B+B+T+C, (3.4)

where each term in the sum is a section of the corresponding sub-bundle in (3.3). The
adjoint bundle encodes the transformations of the supergravity theory. Specifically, r €
End(T) corresponds to the GL(6) action, while the scalars [ and ¢ are related to the shifts

4One can construct the symplectic and quartic invariants characterising E7(7y and show that they are
indeed preserved when the sections are patched as in (3.8) below.



of the warp factor and dilaton, respectively. The forms B, B and C = C; + C3 + Cj
correspond to the internal components of the NSNS two-form, of its dual and of the RR
potentials. The other elements are poly-vectors obtained by raising the indices of the forms,
and do not have an immediate supergravity counterpart.

There are two other objects that will appear later. The first is N, a sub-bundle of the
symmetric product S?E, whose fibres transform in the 1335 representation of Eq7e7y % RT.
It is given by

N ~ R@AYT* @ A°YT* @ AST* @ (T* @ APT*) @ (AT @ AST* @ A°4T*) @ AST*. (3.5)

The second is K, a sub-bundle of E* ® ad, whose fibres transform in the 912_; represen-
tation. We will not give its GL(6) decomposition here, but it is simple to obtain it from
the expression in [18].

The NSNS and RR supergravity potentials do not need to be globally defined, and can
give rise to fluxes threading non-trivial cycles of the internal manifold. This is encoded in
generalised geometry by a twist of the generalised tangent bundle. If we start from the
bundle E in (3.1), and denote by V = o + X\ + 6 + 7 + & its sections, then we define a
section V' =v+ A+ o + 7+ w on the twisted bundle F as

V =eBeBel .V, (3.6)

where - denotes the adjoint action of the 77y X R* algebra, whose explicit form is given in
appendix B.2.% Tt is this twist that specifies the isomorphism between E and the untwisted
bundle E. Splitting (3.6) in GL(6) representations yields

v =0,

A= A+ 1B,

o = 6+L{,B— |:S<C)/\<LU+;L@C+;5\/\C>:| s
5

1 1. - .
T:7‘+jB/\[6s(C)/\(dmLzL@CnLZ)\/\C’ﬂ +jBA(A+13B)
5

—js(C) A <w+;%0+;x/\0),
w=ePA(@+uC+AN0), (3.7)

where the “j-notation” is explained in appendix A.
Given two coordinate patches U, and Ug on Mg, the patching condition for the gener-
alised vector V' on the overlaps U, N Ug includes p-form gauge transformations and reads

Vi) = e ap) ¢d0(ap) o~ dA(ap) Vi) (3.8)

°In the A-basis of footnote 1, the relation (3.6) between twisted and untwisted generalised vectors is

expressed as V = e?ePe P .V, as it can be checked using the formula (B.30). This is the form of the
twist that was used in [17].



where A(,g) is a one-form, /NX(QB) a five-form, and Q(,g) a poly-form of even degree, all
defined on U, N Ug. Plugging (3.6) into (3.8) and reorganising the exponentials on the
right hand side, one obtains the patching conditions for the supergravity potentials:

By = Bg) +dAag),
Cla) = Cp) + B +dhap) A dQus) ,

5 A 1 B dA
Bla) = Big) + dh(ap) + 5 |dQ(ag) N 7T As(Clo))] (3.9)

6
As we clarify in appendix C, these do indeed correspond to the finite supergravity gauge
transformations between patches (here given for vanishing Romans mass, m = 0). This
construction generalises the standard definition of a gerbe connection.

While here we constructed the twisted bundle E by postulating the patching (3.8) and
showing that with the twist (3.6) it leads to the appropriate supergravity transformations,
in appendix C we take a converse viewpoint and illustrate how one can instead start from
the supergravity transformations and from these derive the patching conditions (3.8).

Formally the twisted bundle E is described as a series of extensions

0—T"— E —T—0,
0 — A" T* — F' - FE —0,
0— AT — E" — E" —0,

0—T*@ANT" — E—FE"—0, (3.10)

where, as above, the exact sequences are split by the supergravity potentials, which provide
an isomorphism E = F. Note that these sequences define a natural surjective mapping
m : E — T known as the anchor map. One can additionally view E as an extension
of Hitchin’s generalised tangent space E’ [30, 31] by O(d,d) x R tensor bundles, as we
describe in appendix D.

When discussing the generalised Scherk-Schwarz truncations we will need sub-bundles
of E'and N that do not fully span a representation of Er(7) X R* and are obtained projecting
out some of the components of the original bundle. A first example is the bundle E"”
in (3.10), which corresponds to projecting out the dual graviton term 7 € T* ® AST* using
the natural map in the last line of (3.10). Hence the sections of E” are simply given by
v+ A+ 0+ w. We will also need a bundle N’, given by

N ~ R@ AYT* @ A°ddT™ (3.11)

which is obtained from the bundle N defined in (3.5) with analogous projections (see
appendix B). Sections of N’ can be constructed pairing two generalised vectors V and V'
into the product

V Qn Vi=wviN+0I)
+vao +v a0+ [wA s(W)a

o1 + AN 0 sw+ N Aw. (3.12)



3.2 The (massless) generalised Lie derivative

On the generalised bundle one can define a generalised Lie derivative (or Dorfman deriva-
tive). This is an extension of the ordinary Lie derivative that generates the infinitesimal
generalised diffeomorphisms, namely the ordinary diffeomorphisms together with the NSNS
and RR gauge transformations [18, 33]. Given two vectors v,v" € T'(T'Ms), the ordinary
Lie derivative £,v" can be written in components as a gl(6) action

(Ly0)™ = 000" — (0 x v)™ " (3.13)

where the symbol X is the product of the fundamental and dual representation of GL(6),
(0xv)™,, = J,v"™. The Dorfman derivative L is defined in an analogous way, with ordinary
vectors replaced by generalised vectors of the twisted bundle E. Namely, using an index
M to denote the components of a generalised vector V in a standard coordinate basis,

M _ m
Ve = {’U s Am Omy..mss Tmymi..mes Wy Wmimas Wmy...my> wmlu.m6}a (314)

and embedding the standard derivative operator as a section of the dual generalised tangent
bundle E*, Opr = (O, 0, ...,0), the Dorfman derivative is defined as [18]

(LyVYM = VNoN VM — (9 xoq V)M NV (3.15)
where X .4 is the projection onto the adjoint bundle
Xad ¢ E*® E — ad. (3.16)

This gives
OXaqaV =0 xv—d\+do+dw. (3.17)

The derivative (3.15) satisfies the Leibniz property
Lv(LV/V”) = LV/(LVV”) + LLVV/V”, (318)

but in general is not antisymmetric, Ly V' # —Ly/V. In the GL(6) decomposition, (3.15)
takes the form

LyV' = L0 + ([,U)\/ — Lv/d)\) + (,CUO'/ — tydo + [s(w') A dw]5)
+ (Lo +jo’' NdA+ N @ do + js(w') A dw)
+ (Lo +dAA W = (b + N N)dw) (3.19)
This can be derived from (3.15) computing the adjoint action or, as we show in appendix B,
by reducing the M-theory Dorfman derivative. It can also be written in terms of natural
derivative operators in O(d, d) generalised geometry (see appendix D).

One can also construct the action of the generalised Lie derivative on the untwisted
bundle F defined in (3.1). The new operator can be denoted by L and is defined as:

LV = e CeP e B. LyV', (3.20)

,10,



where we used the relation (3.6) between twisted and untwisted generalised vectors. L may
be dubbed twisted Dorfman derivative.® Expanding in GL(6) components one can show
that the twisted Dorfman derivative has the same expression as (3.19), where all twisted
components are replaced by the untwisted ones and with the substitutions

d\ — d\—3H,
45 — d& — [s(@) A Flg
do — (d— HN)@ — (15 + AN F, (3.21)

where H is the supergravity NSNS three-form on Mg while F' = Fy + Fy + Fg are the RR
fluxes, sitting in a spinor representation of O(6,6), and both are contained in the bundle
K whose fibres transform in the 912_; representation of Er7) X RT [17]. Applying the
projection 561 ®912_7 — 133¢ to the generalised vector V and the flux part of the 912_
we obtain an element of the adjoint

R=—;H+OANH - (izF+AANF)+OAF (3.22)

and it is the action of this on V' which gives the flux terms (3.21) in the twisted Dorfman
derivative.

The twisted Dorfman derivative is often more useful than (3.19) in concrete com-
putations, as it contains the gauge-invariant NSNS and RR field strengths and not the
potentials.

Since only the gauge-invariant field strengths appear, it is clear that the twisted deriva-
tive LV’ yields a well-definite section of the untwisted bundle £. Hence (3.20) proves
that the twisted vector Ly V' transforms as a section of the twisted bundle E.

In view of the extension to massive IIA, it is useful to stress again that the Dorfman
derivative generates the infinitesimal generalised diffeomorphisms on the internal manifold
M. Interpreting a generalised vector V' as a gauge parameter, the infinitesimal gauge
transformation of any field is given by

Sy = Ly . (3.23)
The Leibniz property (3.18) then just expresses the gauge algebra [0y, dv/] = dr,v'.

3.3 Generalised frame and metric

In generalised geometry the physical fields of a given supergravity theory, dilaton, metric
and gauge potentials, are encoded in the generalised metric G. In the same way as the
ordinary metric on the manifold Mg can be seen as an O(6) structure on T'Mg parameter-
ising the coset GL(6)/SO(6), the generalised metric can be seen as an SU(8)/Zy structure
on the generalised tangent bundle, and parameterises the coset Er(7)/(SU(8)/Z2).

The construction of the generalised metric is a natural extension of what is done for
the more familiar metric g. For instance, G can be defined by its action on two generalised

SWhen the generalised tangent bundle is untwisted, the Dorfman derivative is twisted, and vice-versa.
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twisted vectors V and V' as

3
G(V,V,) = @_1’{)’—}-5\4;\/4-&_16/—|—7V'_|f/—|—Z(IJ2k_|d)ék

k=0
— f}mf}/ +5\m5\/ +7vm1 m5é_l _|_l7v_m,m1 me /!
m m 51 mi...ms 6! m,mi...mg
3
1
- mi...maog ~/
+Y oM (3.24)

where the indices are lowered /raised using the ordinary metric g, and its inverse g
One can also define a generalised frame {E4} on E and then construct the inverse
generalised metric as the tensor product of two such frames

G ' =PE,®Ep. (3.25)

We will give below a precise definition of this product. To construct the generalised frame,
we first consider the untwisted generalised tangent bundle E. Let é,, with a = 1,...,6, be
an ordinary frame, namely a basis for the tangent space at a point of Mg, and let e be
the dual basis for the cotangent space.” Then we can define a frame E 4 for the untwisted
generalised tangent space as the collection of bases for the subspaces that compose it

{EXA} ={eéfu{e’}u{e®Bru{ev%LuU{l}u{em?}U{e*}u{e™ -}, (3.26)

where e = e A---Ae and M™% = et @e™ %, A frame for the twisted generalised
tangent space is obtained by twisting (3.26) by the local Er(7) x R* transformation

Ey = eBeBeCele? . EA, (3.27)

where in addition to the twist (3.6) we also include a rescaling by the dilaton ¢ and warp
factor A, acting as specified in (B.26). Because of the rescaling by A the frame (3.27) was
called conformal split frame in [18]. Note that (3.27) is just a particular choice of frame,
not the most general one. Any other frame can be obtained from (3.27) acting with an
E7(7y x R transformation.

We denote the components of E4 carrying different flat indices as

(B4} = {E Y U{EU{EM Y U {£1m a6  U{EYU{EN2}U{EM -1} U {£M9) | (3.28)

Explicit expressions for each of these terms are given in appendix B.3.
Once we have the generalised frame, we can derive the expression for the inverse
generalised metric G!. Expanded in GL(6) components, the product (3.25) becomes

‘e c ! 1 s
G—l =0YE,REy + 0l REY +ERE + 75a1a’15a2a’25a1a2 & £717h (3‘29)
+ 4'5(11(11 . 6a4a Eal .aq ® gal (l4 + 5'6a1a1 .. 5&5& (c:(l1 .as ® gal a5
+ 6,(5a1a1 ) 5a6a EN16 E01% + 6|6aa’5a1a .. .5%%5’@7&1--.@6 ® EYa1aG

"We are using the hat symbol to distinguish frame vectors, é,, from co-frame one-forms, e®. Similarly,
the hat on F4 indicates that this is a generalised frame vector.
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The full expression for G~! is long and ugly, so we only give the terms that will be relevant
for the next section. Arranging them according to their curved index structure, we have

(Gfl)mn — e2A mn

g
(G—l)m _ eQAgmnCn’
(Gil)mn = _e2Agmpon7
(G—l)m — e2A mq (C —C.B )
np g qnp qPnp) >

- m ms 1
(G " pgr = €29 (Csnpqr = CsppBar) + QCSB[anqr}> ’

(G = A (e*2¢ n gm"C'an> . (3.30)

These terms are sufficient to read off all the supergravity physical fields from the generalised
metric (we are omitting the formula determining By, ms). Some other components of G~
are

(G_l)m = ezAg"pC’anm,
(G mny = € (gmn + 9" Bpm Bqn)
(G_l)[mn} = 28 (e_2¢an — g?Cy (Cpmn — Cmen)> ,
(G mmp = =€ (gmnCp) + 97 By (Crnp — CrBup)) - (3.31)

There is also a density associated to the generalised metric which trivialises the R™
factor of the Ey 111y X R* structure group. In terms of the field content of type IIA it
is given by

D — (det G)—(9—d)/(dimE) _ gl/2 e—2¢>e(8—d)A 7 (3'32)

as can be seen by decomposing the corresponding M-theory density [18]. This equation pro-
vides an easy way to solve relations such as (3.30) explicitly for the supergravity fields. For
example, to solve the first, second and last of equations in (3.30), one can begin by setting

(MHme = (G = *Bg™ (3.33)
The second of equations (3.30) then becomes
Crn = My (G™H)", (3.34)
which can be substituted into the last equation in (3.30) to give
e?Pe20 = (G7Y) = My (GH™GEH" = Q. (3.35)
One then easily obtains the expressions for gmn, Cm,e® and e~ ¢ as

A ( P )1/6 2 _ <Q4\/detM)1/3
Qv det M ’ P ’

® 1/3 .
mn — an e ’ C'm = mn G~ n7
g (Q\/det M) ( )

(3.36)
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where M,,,,Q and ® are given in terms of the generalised metric as above. In particu-
lar, we have expressions for e and g, so that solving the remaining relations in (3.30)
becomes straightforward.

The above method to compute the warp factor from an arbitrary generalised metric
involves evaluating det G, which is in general a slightly difficult computation. A simpler
way to attain the same result is to evaluate the determinant of a subset of the components
of the generalised metric, denoted H, corresponding to the degrees of freedom in the coset

SO(d,d) x RT
Y TaYr 3.37
€ 56(d) x S0(d) (3.37)
Explicitly, we construct H~! in components via
Gfl mn Gfl mn mn _ le mn
gt (EHET ) a9 (9~ B) (3.38)
(G—l)mn (G_l)mn (Bg—l)mn (g _ Bg—lB)mn

where in the second equality we have used (3.30) and (3.31). We recognise the last matrix
as the components of (the inverse of) the O(d, d) generalised metric of [31], which has unit
determinant. Therefore we can immediately write

e® = (det H)~ 4, (3.39)

We comment on the appearance of the O(d, d) generalised metric in appendix D.

4 The massive generalised Lie derivative

One of the main goals of this paper is to give a generalised geometric description of massive
ITA supergravity and apply it to consistent truncations where the Romans mass contributes
to the gauging of the lower-dimensional theory. The difficulty in incorporating the mass
m in this formalism is that the construction of the generalised tangent bundle encodes the
fluxes as derivatives of the potentials which untwist the bundle, while the zero-form flux
m = Fjy is not expressible as the derivative of a potential. This means that it is not possible
to introduce the mass term as an additional twist of the generalised bundle E.

The key point in solving this problem is to look at the way the gauge transformations
of the NSNS and RR potentials are realised in exceptional generalised geometry. We saw
in section 2 how the mass affects the gauge transformations of type ITA supergravity. Since
the gauge transformations of the supergravity potentials are encoded in the way the twisted
generalised vectors patch, the introduction of the Romans mass requires a modification of
the patching conditions (3.8). Following a similar reasoning as in the massless case, we
find that new patching conditions of the form

_ dA sy ndas 1 Qsias) a—dA (s —m A,
Vig) = €978 BT le(as) e~ =M Mes) . V) (4.1)

reproduce the massive supergravity gauge transformations on overlapping patches U, NUsg.
A first-principles derivation of this is also given in appendix C.
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Although the structure of the exact sequences (3.10) is left intact by this deformation,
the precise details of the twisting (4.1) do change.® An important feature of massive type
ITA is that by virtue of the Bianchi identity we have (globally)

1
H; = —dF, (4.2)
m

so that for m # 0 Hj is trivial in cohomology. The first extension in (3.10) is thus naturally
equivalent to the trivial one.

Also, a pure NSNS gauge transformation no longer acts in the O(d,d) subgroup of
Eqy1(a+1) X RT, simply because it also generates a C1 RR potential. As such, there is no
massive version of Hitchin’s O(d,d) generalised geometry.”

The modification (4.1) of the patching condition also requires a deformation of the
Dorfman derivative. Recall that the latter generates the infinitesimal gauge transforma-
tions, and that these are affected by the Romans mass via the shifts (2.10). It follows that
the massive form of the Dorfman derivative is obtained implementing the same shift in the
massless expression (3.19):

Ly V' = Lo+ (LN = tpdX) + (Ly0" — 1y (do + mws) + [s(w') A (dw — mA)]5)
+ (Lo + jo' NdAX+ XN @ (do + mwg) + js(w') A (dw — mA))
+ (Low" + dA AW = (1 + N A)(dw — mA)) (4.3)

which contains the mass as a deformation parameter. More formally, (4.3) is related to the
massless Dorfman derivative (3.15) (here denoted by L("=%)) as

LV = L=V (V) -V (4.4)
where, given a generalised vector V', we define the map m such that
m(V) = mA—muwg (4.5)
is an object that acts in the adjoint of E7(7) (see (B.26)) as

m(V)- V' = m(—tpws — AN wy+ XN ®ws — AQ wg + tw A+ XN AN) . (4.6)

It is a tedious but straightforward computation to verify that (4.3) satisfies the Leibniz
property (3.18).1°

8A consequence of this is the following. In massless IIA we can project a generalised vector onto its
vector and zero-form parts v 4+ wo, giving a well-defined section of a bundle with seven-dimensional fibre.
This is the dimensional reduction of the M-theory tangent bundle T'M7. However, with the massive ITA
patching rules (4.1), this projection would no longer give a section of a bundle with seven-dimensional fibre.
Hence, the massive patching rules do not arise from a seven-dimensional geometry.

“Though see [34] for a double field theory approach to this, where the Fy flux is generated by introducing
a linear dependence on the additional non-geometric coordinates dual to the winding modes of the string.

10A very subtle point is that neither of the terms on the r.h.s. of (4.4) transforms correctly as a generalised
vector under (4.1), and as a consequence m(V') does not transform as a section of the adjoint bundle.
However, overall Ly V' defines a good section of E.
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To justify further our definition, we rewrite the massive Dorfman derivative in the
untwisted picture. Using (3.20) we find

LV = L0 + (LN — tpd\ + vy H)
+ L56" = 1yd& + [y (s(@) A F) + s(@)A (Ao — H A — (15 4+ A)F)]
+ L7 + 36" A (AN — 1 H) + N ® (do — [s(@0) A Flg)
+7s(@') A (do — H A — (15 + A)F)
+ Lo@" + (AN — s H) A — (b + NA) (Ao — HAw — (15 + AEF),  (4.7)

where F' = Fy + Fy + Fy + Fg is now the complete O(6,6) spinor with m # 0, as in (2.1).
So the twisted version of the massive Dorfman derivative produces precisely the expected
flux terms including the Romans mass. Again, these are given by the action of (3.22), now
with m # 0.

Note that of all the flux terms in (4.7), the mass term is the only one which is
diffeomorphism-invariant. It is also the only true deformation of the generalised Lie deriva-
tive, since it cannot be removed by twisting the generalised tangent bundle.

5 Generalised parallelisations and consistent reductions

In this section we apply the formalism developed above to dimensional reductions of type
ITA supergravity on spheres and hyperboloids. We build on ideas put forward in [8], where
certain sphere consistent truncations were understood as generalised Scherk-Schwarz re-
ductions. This gave evidence that generalised geometry sheds light on the hidden structure
of a class of dimensional reductions whose consistency relies on the conspirancy between
different terms, which seems “miracolous” from an ordinary Kaluza-Klein viewpoint.

In addition to the truncation ansatz for the lower-dimensional scalar fields already
given in [8], we provide the complete ansatz for the fields with one or two legs in the
external space-time. We mainly have in mind reductions on six-dimensional manifolds,
however the expressions we obtain also apply to reductions on spaces of dimension d < 6,
after truncating away all forms of degree larger than d. Moreover, while in this paper we
focus on type ITA supergravity, it is straightforward to adapt the procedure to other higher-
dimensional supergravity theories, such as type IIB and eleven-dimensional supergravity.

5.1 Ordinary Scherk-Schwarz reductions

Before coming to the generalised Scherk-Schwarz reduction, it may be useful to briefly recall
how a conventional Scherk-Schwarz reduction [16] is defined. In this case, the internal
manifold is chosen to be a d-dimensional Lie group, My; = G. It follows that My is
parallelisable, namely there exists a global frame {é,}, a = 1,...,d, trivialising the frame
bundle and thus the tangent bundle T'M,. This frame is constructed by considering a basis
of vectors that are invariant under the (say) left-action of the group G on itself. Under the
Lie derivative, the left-invariant frame satisfies the algebra

Leéy = fapéc, (5.1)
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where f;¢ are the structure constants of G. These vectors generate the right-isometries of
the bi-invariant metric on the group manifold. A truncation ansatz for the internal metric
is defined by “twisting” the original frame on My by a GL(d) matrix U,* depending on the
external spacetime coordinates x*,

™M (w,2) = Us"(x) &™(2) (5.2)
and setting
g (x,z) = 5eb e (x, z) ey (x,2) = M“b(x) éa"(2) e (2), (5.3)

where M® = §4U. U, . As we are free to redefine the frame by x-dependent SO(d)
transformations, the M matrix parameterises the coset GL(d)/SO(d); hence it defines
%d(d 4 1) scalars on the external spacetime. It follows that g, = Mapem®e,?, where My,
is the inverse of M, and, as before, the one-forms e® are dual to the vectors é,. The full
ten-dimensional metric is given by

ds? = g datde” + Mg(e® — A%) (" — AY). (5.4)

The d one-forms A* = A,*(x)dz" gauge the right-isometries on the group manifold, and
are therefore GG gauge fields on the external spacetime. For the RR one-form one takes

~ o

Ci(z) = Cu(z)da! + Co(z) (e — A")+ Cy, (5.5)

where Co’l is the potential for a background, left-invariant two-form flux. This gives an
additional one-form and d more scalars. A similar ansatz is taken for the other form
potentials.

The reduction defined in this way is consistent by symmetry reasons: the dependence
of the type ITA fields on the internal coordinates is fully encoded in the left-invariant
tensors é, and €%, and there is no way the singlet modes can source the truncated non-
singlet modes in the equations of motion. The gauge group of the lower-dimensional,
truncated theory arises from the interplay between the right-Killing symmetries generated
by the left-invariant vectors é, and the gauge transformations of the form potentials with
flux, and corresponds to a semi-direct product of G with a non-compact factor. The full
supersymmetry of the original theory is preserved in the truncation.

We refer to e.g. [35-39] for a detailed account of conventional Scherk-Schwarz reduc-
tions in a context related to the one of this paper.

5.2 Generalised Scherk-Schwarz reductions

Extensions of conventional Scherk-Schwarz reductions to reformulations (or extensions) of
high-dimensional supergravity theories with larger structure groups have been considered
by several authors, see e.g. [4-13]. Here we will follow [8] and define a generalised Scherk-
Schwarz reduction on a d-dimensional manifold My (not necessarily a Lie group) as the
direct analogue of an ordinary Scherk-Schwarz reduction, with the ordinary frame on the
tangent bundle replaced by a frame on the generalised tangent bundle. In particular this
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will allow us to derive an explicit ansatz for the fields with one or two external legs for
type ITA (in analogy to the exceptional field theory expressions for eleven-dimensional and
type IIB supergravity given in [9, 11, 12]).

As in any Kaluza-Klein reduction, we start by decomposing the type ITA fields accord-
ing to the SO(1,9) — SO(1,9 — d) x SO(d) splitting of the Lorentz group. We will use
coordinates z#, u = 0,...,9—d for the external spacetime and 2z, m = 1,...,d for the in-
ternal manifold My, of dimension d < 6. Then the ten-dimensional metric can be written as

g = e*g,,dztdz” + gpnDz"D2" (5.6)

where

D™ = dz™ — h,"da", (5.7)

and the scalar A is the warp factor of the external metric g,,. In this section the symbol
hat denotes the original ten-dimensional fields. The form fields are decomposed as

B = %BmlmQDzmlm2 + Bumdazt A D2 + %Fﬂydx’“’ ,
é = éBmln_mGDzml“mﬁ + %Eumlmmsdx“/\Dzml“'mf’
+ ﬁgwml,“m4dx“”/\Dzm1”'m4 +...,
Cy = C,D2™ + émo da* |
Cs3 = %lem2m3Dzmlm2m3 + %€Mm1m2dx“ A Dzm™Mm2 4 %é,wmdx’“’ ANDZ"™ 4+ ..,
Cs = %C’ml,,mg)Dzml'"m5 + %6#m1,._m4dx“/\Dzm1"'m4
+ ﬁéwﬂmmzmg da* ANDZ™™2Ms
Cr = é@ml_._mﬁdxﬂ A Dz™1-m ﬁ@mlmmsdxﬂ” ADz™-"s 4 (5.8)

where dz"” = da# A da¥ and Dz"™r = Dzt A .- A Dz™. The ellipsis denote forms
with more than two external indices, that we will not need. The expansion in Dz instead
of dz is standard in Kaluza-Klein reductions, and ensures that the components transform
covariantly under internal diffeomorphisms. We stress that at this stage the field compo-
nents still depend on all the coordinates {z#, 2" }: we are decomposing the various tensors
according to their external or internal legs but we have not specified their dependence on
the internal space yet. The only exception is the external metric, which is assumed to
depend just on the external coordinates: g, = g, ().

The barred fields appearing in (5.8) can also be identified by introducing the vector

O+ hy = 0 pm2

@‘f‘ m 6277”’ (59)

,18,



which satisfies ¢(g, 4 4,)Dz™ = 0. For the the fields with one external leg we have

By = L(8u+hu)B ’

By = vg,en0 B,

Cu = Yo+, C| (5.10)
where by the symbol “|” we mean that after having taken the contraction L(D,+hy,), the

forms on the right hand side are restricted to have just internal legs. In other words, we
set dz = 0. Similarly, for the fields with two external legs we find

>

Buv = (0, +h,) (0 +hy)

)

oul®

By = 40, 4h,)Up+hy)

)

o

Cuv = LBy +hw) L (Op+hy) (5.11)

Moreover, we are arranging the RR potentials in the poly-forms

Cu = 611,0 + éu,Q + 6u74 + 6u76 )
6,11,1/ = 6;”/,1 + 6,LLI/,?) + 6,Lw,5 . (512)

These barred fields need a field redefinition. This can be seen by decomposing the gauge
transformations of the ten-dimensional fields and imposing that they are covariant under
the generalised diffeomorphisms so that they will eventually reproduce the gauge transfor-
mation of the lower-dimensional supergravity theory after the truncation is done. Here we
just provide the correct redefinitions, postponing their full justification to the next section.
We introduce the new fields

B, = B,,
Cu = e B /\éu,
By = By 5[Cuns(O)]s. (5.13)
where B, C' are just internal, and
By = By + th, By,
By, = By, — %[@w Ns(C)], + tny, By,
Cuv = € P NCpy+ 1, Cyj + By NGy . (5.14)

Note that we are using a notation where the various tensors are treated as differential forms
on the internal manifold, while we explicitly display their external indices.

Having decomposed the higher-dimensional fields in a suitable way, we are now ready
to construct our truncation ansatz. As a first thing we rearrange the type ITA fields with
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zero, one or two external indices in terms of generalised geometry objects. The fields with
purely internal legs, i.e.

{gmna Bm1m27 Bml...mea Cm; Cm1m2m3> le...m5}7 (515)

together with the warp factor A and the dilaton ¢, parameterise a generalised metric GMY .

The (redefined) fields with one external index are collected in the generalised vector

AMM = {h,umv B;ﬂm Buml...M57 guml...,ms,mv CM,Ov C}Lmlmza Cum1...m4a Cum1...m6} . (516)

Here, § is a tensor belonging to ATT* Mo ®T* M, related to the dual graviton. This is not
part of type ITA supergravity in its standard form and we will thus ignore it by projecting
A, on the E” bundle introduced in (3.10),

AMM ; {h,umv B/Lm7 Buml...mm CM,07 Cm’nlmga Cum1...m4a Cum1...m6} . (517)

Here and below, the = symbol in an equation involving generalised vectors means that
the equality holds after projecting on the bundle E” using the natural mappings (3.10),
namely after dropping the 7% ® AST* component.

The fields with puv indices defined in (5.14) are components of a generalised tensor
BWM N which is a two-form in the external spacetime and a section of the bundle N on
Mg defined in (3.5). They actually correspond to the components of this object living on
the bundle N’ given in (3.11), that is

BMVMN ; {Bum B/wml...m47 C,U,VTVH Cm/mlmgmgn Cul/ml...mg,}- (518)

For the equations involving sections of the bundle N, by the = symbol we mean that the
equality holds after having projected on the bundle N'.
Suppressing the internal indices, the objects introduced above read

Ay = hy+ By + By 4 Cuo+ Cua+ Cua+ Cug
Bu, = By + B+ Cupi1 + Covz + Crus - (5.19)

The construction of a (bosonic) truncation ansatz leading to a (10 — d)-dimensional
theory preserving maximal supersymmetry is then specified by the following steps:

Step 1. One should find a generalised parallelisation {E A}, namely a globally-defined
frame for the Fgyqg41) X R* generalised tangent bundle on My. This means that the frame
{Ea} must be an Eg,(441) frame, namely that it is given by an Eq(441) transformation
of the coordinate frame.'! We will see how this condition applies in the examples below.
In addition, the frame must satisfy the algebra

Ly Ep = Xap“FEc, (5.20)

"By coordinate frame we mean

{EA} = {0t U{dz™}Uu{dz™ U {dz™ " LU {1} U {dz™ ™2} U {dz™ "} U {dz™ 0}
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with constant coefficients X 45°. Following [8], we call this a generalised Leibniz par-
allelisation; the name is due to the fact that since the generalised Lie derivative L is
not antisymmetric, the frame algebra defined by (5.20) is a Leibniz algebra and not nec-
essarily a Lie algebra. The constants X5 correspond to the generators of the gauge
group: in gauged supergravity they are defined by contracting the embedding tensor © ¢
encoding the gauging of the theory with the generators (t,)p® of the U-duality group,
XapY = ©4%(to) B (we refer to e.g. [40] for a review of the embedding tensor formalism).
Using the Leibniz property (3.18) of the Dorfman derivative together with (5.20), we see
that indeed the constants X 45 realise the gauge algebra

[Xa,Xp] = —Xa5“Xc . (5.21)

We emphasise that, provided the dimensional reduction goes through consistently, the
knowledge of X5 alone is sufficient to completely determine the resulting gauged maxi-
mal supergravity.

Step 2. One twists the parallelising frame by an Eg(q41) matrix U 4B depending on
the external spacetime coordinates x*:

E\M(z,2) = UsB(2)EgM(2), (5.22)

and use this to construct a generalised inverse metric:

GMN (2, 2) = 64BE\M (2, 2)ERN (2, 2) = MAB(2)EAM (2)EpN(2) . (5.23)

The matrix
MAB = sCPyAupP (5.24)

parameterises the coset Egyq(441)/K, where K is the maximal compact subgroup of
Egt1(a+1) (indeed, we are free to redefine the generalised frame by z-dependent K trans-
formations). Hence it accommodates all the scalars of the lower-dimensional theory.

Now one equates (5.23) to the generic form of the generalised inverse metric G~*
introduced in section 3.3, whose relevant components are given in (3.30) and (3.31). In
this way we obtain the truncation ansatz for the full set of higher-dimensional degrees
of freedom with purely internal components, which gives the scalar fields in the lower-
dimensional theory. This also provides the expression for the warp factor A. Concretely,
these can be extracted following egs. (3.33)—(3.36). Note that, since the generalised density
® appearing in (3.36) is independent of the twist matrix U4”, it can be advantageously
computed at the origin of the scalar manifold, where MAB = §48_ So at any point on the
scalar manifold the density is given by

B = 1262 BB (5.25)

where the ° symbol denotes the “reference” values of the corresponding fields, namely the
values for trivial twist matrix.
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Step 3. The full set of vector fields in the lower-dimensional theory is specified by taking
the following ansatz for the generalised vector A,M introduced in (5.16)

AM(z,2) = A (@) EaM(2) . (5.26)
The ansatz for the two-forms is

BN (x,2) = - BB (x)(Ea @n Ep)MN(2), (5.27)

N |

where 8,48 = B,,(4B) and the product @y is defined in (3.12).

A few comments are in order. Although the conditions in Step 1 above are definitely
non-trivial to satisfy, they are not as constraining as requiring that M, is a Lie group
as needed in ordinary Scherk-Schwarz reductions. In fact, one can see that a necessary
condition for the existence of a generalised parallelisation satisfying (5.20) is that My is a
coset manifold, My = G/H for some G and H C G [8].

In the particular case that My is a Lie group, a generalised Scherk-Schwarz reduction
coincides with an ordinary Scherk-Schwarz reduction if the chosen generalised paralleli-
sation uses just left-invariant tensors.'? However, when reducing the NSNS sector, it is
possible to obtain a generalised parallelisation which realises a G x G gauge group rather
than just G [41]. In the next section we will provide a frame for the full type ITA excep-
tional generalised geometry on S which gives rise to an SU(2) x SU(2) gauging (this has
also appeared in [13]).

The spheres S¢ = SO(d + 1)/ SO(d) provide examples of generalised parallelisations
that are not based on Lie groups. In [8], the ideas above were applied to give evidence
that the sphere consistent truncations based on eleven-dimensional supergravity on S” [1],
eleven-dimensional supergravity on S* [2], type IIB supergravity on S° and the NSNS
sector of type II supergravity on S2, can be interpreted as generalised Scherk-Schwarz
reductions. In section 6 we will provide additional examples.

5.3 Consistent reduction of gauge transformations

We now provide a partial proof of the consistency of our generalised Scherk-Schwarz trun-
cation ansatz by showing that the internal diffeomorphisms together with the NSNS and
RR gauge transformations consistently reduce to the appropriate gauge variations in lower-
dimensional maximal supergravity.'® This will also justify the field redefinitions performed
in (5.13) and (5.14). The reader not interested in the details of this computation, which is
rather technical, can safely skip to the next section.

12Gee [8, appendix C] for a discussion. In this case, adopting a generalised geometry approach still has
some advantage in that (5.20) directly provides the full embedding tensor.

13 A more thorough proof would require studying the reduction of the supersymmetry variations or the
equations of motion.
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The gauge transformations of the ten-dimensional fields were given in section 2. In-
cluding also the diffeomorphisms, they read
6 = Ls9,
6B = L£;B —d)\,
5C = L0 — B A (dd —m)),
2 1 & ~ ~
6B = LB — (d6 +m ) — 5[eB A(d —mA) A s(C)]g - (5.28)
We can immediately see why the redefinition of the RR potentials in (5.13) is needed:
for the gauge transformation of C, to start with J,w (as required for a gauge field in
supergravity), we need to remove the B-terms with internal legs appearing in front of dw.

The same argument determines the redefinition of the six-form NSNS potential in (5.13).
In order to decompose the gauge transformations, we express the gauge parameters as

0

3 = = mi
0 v v 5m
A= A+A = Apdz™ 4 X dat

1 1
6=0+0,+0, = gaml‘,,m5dzm1"'m5 + Iﬁﬂml,,,mdx“ A dzmme

1
+ ﬁﬁwmlmmsdx“” AdgMs 4 (5.29)

where the ellipsis denote terms with more than two external indices, that we will ignore.
Note that the vector ¢ is purely internal, that is the diffeomorphisms we consider are just
the internal ones. Similarly for the RR poly-form gauge parameter we find

W=wtw, +wW, = (wo + w2 + wyg + we) + (w,u +wus3+ @75)
+ (W0 + w2 + Wy a + Wpve) + - - - - (5.30)
As in (5.8), initially we impose no restriction on the dependence of the components of the
gauge parameters on the coordinates {z#, 2™ }. However, differently from (5.8), note that
the expansion of the gauge parameters is made in dz" and not in Dz = dz™ — h,dz".
The fields marked with a bar require a redefinition, which will be introduced below.
The gauge transformations of the fields with purely internal legs maintain precisely
the same form as in (5.28). As for the fields with one external leg, redefined as in (5.13),
after some computation we find that their variations are
ohy, = —0v+ Lyhy,
6B, = =0\ +d"N, + LBy, — ty, d™A,
6B, = —0u0 +d"G, — mwys + LBy — up, (A0 + muwg) + [Cp A s(d"w — m\)|;
6C, = —Ouw + d™@, + mA, + L,Cy + Cu Ad"A = (tn, + BuA)(d"w —m),  (5.31)
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where the exterior derivative d™ := dz™0,, and £ act on the internal coordinates only.
The fields with two external legs have the following gauge variations

5B,ul/ = _Qa[uxy] + Lh[uay]A - Lh[udinxy} + ‘C'UB/U/ - La[M’UBlI] )

5BMV = _28[#51/] o din?ﬂ” I thyy, (811]0' — dinﬁy} + mwl’]f’) + ’CUB/W a La[u”BV]
+ [Cp A s(d™w — mA) + (0w + dinw[u +mAy) As(Cy)], (5.32)

and (we give the transformations for the barred fields, as those of the unbarred field C,,,
are more cumbersome)

(5(673 N ﬁuy) = — 28[uw,,] - 2Lh[udinwy} + ZL;W(?,,}w - /,hVLthinw — dinw;w
+Ly(ePACL) +d"AA (e BACL) — Bu(d™w —m))
+ 2B[M A Lhy, (dinw —mA) + 23[# A (81,](,0 — din@l,] — le,])
+ By A B, A (d"w —m) . (5.33)
The gauge parameters with purely internal indices can be arranged into a generalised
vector with the T* @ AST* component projected out,
AM = {Um’ )\my Omi..msr W0y, Wmimsos Wmy...myg> wml...ms}a (534)

while the gauge parameters with one external leg form a section of the bundle N’,
e = {)\/1,7 Ouny..ngs Wuny Wuninangs Wunl...ng)} . (535)
The transformations for the fields with two external legs will be discussed below.
The gauge transformation of the fields with purely internal indices is given by the

compact expression

ZG! = LyGt, (5.36)

where L, is the massive Dorfman derivative (4.3). The gauge variation (5.31) of fields with
one external leg can be repackaged into

SA, = —9A+ LaA, + dwZ,, (5.37)

where it is understood that the differentials in the generalised Lie derivative act on the
internal coordinates only. The operator dy, is defined on any element W = Wy+ W4+ Woaq
of the bundle N’ as

dpW = dW + m(W() — W5) R (5.38)

and can be seen as an exterior derivative twisted by the Romans mass. Then in the present
case we have
dwZu = d"E +m(Ay — Dpups) - (5.39)

It is easy to verify that for W =V @p/ V/,

AW = Ly V' + L/ V . (5.40)
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If we now redefine the gauge parameter with one external leg as

[1]]

L =5, — A, @nA, (5.41)
and use the property (5.40), we obtain

dnZp = dnZp — La, A — Ly A, (5.42)
This redefinition allows to cast (5.37) in the form

0Ay = =0y — La, A+ dnZ,, (5.43)

where one recognise the derivative (9, + L.a,)A, covariant under generalised diffeomor-
phisms. This is the appropriate form for matching the gauged supergravity covariant
derivative after Scherk-Schwarz reduction.

We need to express the gauge transformations (5.32) and (5.33) of the external two-
form fields in generalised geometry terms. This requires a rather complicated redefinition
of the gauge parameters W, = Wy,,0 + Wu,2 + Wy and 7,

W = Wy + (Lo + AN)Cpy — w By + (2)\[“ + Lh[u)\ + LUB[M)CV]
+ (Lh[H + BN ) 2wy + wCy) + ANCy + Lh,,w + By Aw)
Tuv = Opw + 20,00 + Lhyth, T + LU(BW - Lh[uéy]) + 16C4Ch 0
— O AN Cy2 + 2N A (Clu2C,)0)
— [(Cw — thy, Co) + B A Cyp) A s(w) = 2C), A s(wy)]; - (5.44)
We repackage the new parameters o, and wy,, = W0 + W2 + W4 into
Q= O + W - (5.45)

This object lives in a sub-bundle of a bundle transforming in the 912 representation of E7(7),
and collects the gauge parameters of the potentials that are three-forms in the external
spacetime. One can then show that, with the identifications (5.44), the gauge transforma-

tions for B, ,, By, (5.32), and C),, (these follow from (5.33) and the last in (5.14)) can
be expressed as
0B, = —20,5,) — 2L A[ﬁy] — dwZ, @nr Ay — A @nr Ay + dwB, ©nr A
Y —dm®u , (5.46)
where the action of dy, on an element of N’ is given in (5.38), and we define
Adm® = din(o'w, + W) F Mwppa (5.47)
The tensor Y),, is given in terms of W, = A, @n' A by
Y = d(en, Wy + Bl AWyjoaa = CuWao = CluoWay s + Clu2 Wi 1)
+m(en, W5+ Bu AWy s — CuaWio) - (5.48)

— 25 —



After some manipulations, this can be re-expressed as
Y = La, Ay @i A+2La, MA@ Ay + LyAj, @v Ay, (5.49)
which in turn allows to rewrite (5.46) as
0By = —201,5y) — 2L .4, Z) — dnZjp @Ay — A @nr Ay + dmBpy @nr A
— L, Ay On A =24, A®N Ay — LaAp, Qv Ay — A @y - (5.50)
Introducing the gauge field strength
Huw = 203, A, + La, Ay + dmBpuw (5.51)

and recalling the expression for 6.4, given in (5.43) and the redefinition of the gauge
parameter =, in (5.41), the variation of B, eventually takes the compact form

(55’“1, = —QG[MEV] — 2L.A[HE’V] + A QN Huw + ‘A[M RN (5./4,,] —dm®Puy . (5.52)

We can now plug in our truncation ansatz and show that it reproduces the correct
lower-dimensional gauge-transformations. For the gauge parameters we take an ansatz
similar to the one for the physical fields, that is

AM(z,2) = =AM (2)EsM(2),

EMN(z,2) = —iE“AB(:c) (EqonEg)MN(2). (5.53)

Plugging the ansatz into the variation (5.36) of the generalised metric, and using the
action (5.20) of the generalised Lie derivative on the parallelisation, we obtain

SAMAE = A XopAMPE 4 XopB MAP)Y (5.54)

which is the correct variation of the scalar fields in gauged maximal supergravity, see
e.g. [40].

In order to write the variation of A, let us first observe that the ansatz together with
the property (5.40) implies
*

(Lg,Bo+ L, Ep)E."C = =2 3c 2% Ea, (5.55)

— 1
dm:,u —5

where we introduced the symmetrised structure constants Z4gc = X BC)A. Then, in-

terpreting the variation of A, in eq. (5.43) as (5AMA)EA and plugging the ansatz in, we
obtain

SAN = OuA + AT X pctAC — 2450 E,5C (5.56)

This is the correct gauge variation of the gauge fields in maximal supergravity (see
again [40]).
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Finally, we need to consider the transformation of B,,. Eq. (5.51) yields
Hyw = Hin B, (5.57)

with
i, = 20, A0  + X AP AL S + 2450 B PC (5.58)

This is the expression for the covariant field strengths used in gauged supergravity. We
also obtain

i 1 o . )
LAM.:,V = —5.,4#0 :VABLEC(EA ®N’EB)

= —.AMC EV(DA)XCDBEA KR N7 EB s (5.59)

where to pass from the first to the second line we distributed the Lie derivative on the factors
of the ® v product and used the Leibniz property of the generalised frame. Therefore:

— 20,8, — 2La, 5, = D, PEs@n Eg, (5.60)

where

DLENYP = 0,5, + 24,95, PV Xcp?. (5.61)

Putting everything together, (5.52) eventually takes the appropriate form to describe
the two-form gauge transformations in gauged supergravity:

I

0BuwP = 2D),2,*P — 20U, P +2.4,A6A4,7 + . (5.62)
where ’ny was given in (5.58). The ellipsis denote a term coming from expressing dm®,,,
in (5.52) by means of the parallelisation that we will not discuss in detail. This eventually
gives the two-form gauge parameters in the lower-dimensional supergravity theory, con-
tracted with the gauge group generators X. In four-dimensional supergravity, this term
drops from all relevant equations, because the two-forms BWAB always appear contracted
with the embedding tensor, namely as Z4 BCBWBC [42], which implies that the term in
the ellipsis is projected out due to the quadratic constraint. From a generalised geometry
perspective, the corresponding statement is that in a reduction to four dimensions (5.52)
always appears under the action of the exterior derivative twisted by the Romans mass, duy;
given the definitions (5.47) and (5.38), it is immediate to check that dm(dm®,.,) = 0, hence
the gauge parameters with two external indices drop from all relevant equations. This is
no longer the case in reductions to supergravities in dimension six or higher, where the
tensor hierarchy stops at one form degree higher, so that the three-form gauge potentials,
as well as their two-form gauge parameters, also play a role.

In conclusion, we have shown that under the generalised Scherk-Schwarz ansatz, the
(massive) type IIA gauge transformations consistently reduce to the correct gauge trans-
formation in lower-dimensional supergravity.
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6 Examples

In this section, we apply the generalised Scherk-Schwarz procedure to study consistent
reductions of massless and massive type ITA supergravity on the spheres S%, S4, S3 and 52,
as well as on six-dimensional hyperboloids. While for the massless case it is always possible
to find generalised parallelisations that reproduce the known reductions to maximal gauged
supergravities in lower-dimensions, for the massive theory we could only find a suitable
generalised parallelisation on S% and the six-dimensional hyperboloids. We propose a
general argument of why this is the case.

6.1 S6 parallelisation and D = 4, ISO(7),, supergravity

We start our series of examples by revisiting the consistent reduction of type ITA super-
gravity on the six-sphere S¢ down to D = 4 maximal supergravity with ISO(7) gauge group
that was recently studied in detail in [21-23]. For vanishing Romans mass, this reduction
can be understood as a limit of the consistent truncation of eleven-dimensional supergrav-
ity on S7 (or on a seven-dimensional hyperboloid), where the seven-dimensional manifold
degenerates into the cylinder S® x R [24, 43]. In that case the group ISO(7) is gauged
purely electrically [44]. This means that only the 28 electric vector fields participate in
the gauging, while the 28 magnetic duals do not appear in the Lagrangian. When the
Romans mass m is switched on, the truncation ansatz remains consistent with no modifi-
cations required. However one finds that the magnetic vectors now also enter in the gauge
covariant derivatives [23], thus providing a dyonic gauging. The resulting four-dimensional
supergravity is not equivalent to the theory with purely electric ISO(7) gauging [20]; for
this reason, we will denote it as the ISO(7),, theory. This is an example of symplectic
deformation of maximal supergravity of the type first discovered for the D = 4, SO(8) the-
ory in [19]. The ISO(7),, theory admits several supersymmetric and non-supersymmetric
AdS, solutions [22, 45, 46], which all disappear when the parameter m is sent to zero. 14
The structure of the ISO(7),, theory was analysed in detail in [22].

In the following, we introduce a parallelisation of the Er(7) x R* tangent bundle on S°.
Then, evaluating our massive generalised Lie derivative on the frame we obtain precisely
the embedding tensor characterising the dyonic ISO(7),, gauging. We also re-derive the
truncation ansatz for the four-dimensional bosonic fields from generalised geometry.

A generalised parallelisation on S% is defined as follows. Let y*,i = 1,...,7, with
5Z-jyiyj = 1, be the constrained coordinates on S% describing its embedding in R” (see
appendix E for some useful details about spheres in constrained coordinates). Let v;; be

1 Specific formulae uplifting these AdS4 vacua to massive type ITA supergravity were given in [21, 23, 47].
Three of them are Go-invariant and also included in the truncation of massive IIA supergravity on S° ~
G2/SU(3) of [48].
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the SO(7) Killing vectors and define the following forms

w¥ = R*dy’ A dy’ e A’T*,
pij = * (R*dy; A dy;) € A'T*,
ki = — % (Rdy;) € A°T*,
7 = R(y'dy’ — ¢/ dy")® VE)IG € T* @ AST™. (6.1)

Here and in the rest of this section, the symbol °© means that the corresponding quantity
is computed using the reference round metric of radius R. The index on the coordinates
y' is lowered with the R” metric 0i;. We also twist the generalised tangent bundle with a

five-form RR potential Cs such that
o o 5 o
F6 = dC5 = E VO]G, (6.2)
with all other p-form potentials vanishing; the reason for this choice will become clear soon.
The generalised frame can be split according to the decomposition

E7(7) D) SL(S,R) D SL(7,R)
56 — 28 +28 — 21+ 7+21'+ 7 (6.3)

as
(Ea} = {E15, EY} = {Ei, Bis, B9, E®Y} . (6.4)
We will call “electric” the Ey; frame elements, transforming in the 28 of SL(8), and
“magnetic” the Bl transforming in the 28’
A generalised parallelisation is given by

,

Eij = vij + pij + t0,; Cs

_ Eis = yi +r; —y; Cs,

Bl = — i — 7 + 5 C5 N |

EB = Rdy' — VZ)IG +Rdy'A CO'5 .

It is not hard to see that this is globally defined. For instance, Eij is nowhere vanishing as
the Killing vectors v;; vanish at y; = y; = 0, while the four-forms p;; vanish at y? + %2 =1.
Moreover, Eig never vanishes as the locus k; = 0 does not overlap with y; = 0; similar
considerations hold for the magnetic part of the frame. The frame is also orthonormal
with respect to the generalised metric (3.24). Indeed, invoking the contraction formulae
in (E.16), we have

G(Eij, Er) = vij ovm + pij spra = 0ixdji — 0udji
G(Eis, Exs) = viyg + ki skx = Oir.,
G(EU, Ekl) _ wij _lwkl + Tij _lTkl _ 52]65][ o 5zl53k’ 7

G(E™, E*) = R2dy Ldy" + 'y vol s volg = &%, (6.6)
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with all other pairings vanishing.
We now evaluate the massive Dorfman derivative (4.3) between two arbitrary frame
elements, making use of various properties of the round spheres given in appendix E. In

particular, we need identity (E.13), which together with our choice (6.2) for C5 implies
Lvij F6 = d,OZ'j . (67)

We find that the electric-electric pairings give

R 9 R .
L, Er = E((Si[kEl]j — 6 kEi)
. 2 .
Ly Ers = _Edkz[iEj]Sv
. 2 .
Lg Ea = RoikEys
Lg Ews =0, (6.8)

while for the electric-magnetic ones we have

Ly E* = —%5ﬁ5j]j,Ej’8,
Ly EM =0,
Ly EF = —%@-jﬁﬂﬂ (6.9)

for the magnetic-electric

L=

pisBr = Ly Ers = LpisErs = 0,

Eii

LEiSEkl = -2 m 5EkEA1l]8 ; (610)
and for the magnetic-magnetic

Ly BEM = Ly BM = Ly EM =0,

LywE™ = mE™* . (6.11)

We thus obtain that condition (5.20) is satisfied, namely the frame defines a Leibniz algebra
under the massive Dorfman derivative. The non-vanishing constants X 45 read in SL(8)

indices
X[II’][JJ’][KK,] = _X[II’}[KK/}[JJ’] = 855( 011 55/]/}7
XU KK X UTIRRY, 85[{1] ¢lIK 5%], (6.12)
with 1 m
Ors = g diag(l. . 1,0), & = Fdiag(0,....0.1). (6.13)
Y 7
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These match precisely the embedding tensor given in [22] (modulo renormalising the gen-
erators by a —1/2 factor, see appendix C therein). The latter determines a dyonic ISO(7),,
gauging of maximal D = 4 supergravity, where the SO(7) rotations are gauged electrically
while the seven translations are gauged dyonically. When m = 0, we have £// = 0 and the
ISO(7) gauging becomes purely electric.

Following the procedure for a generalised Scherk-Schwarz reduction described in the
previous section, we can use our generalised parallelisation to deduce the truncation ansatz
for the bosonic supergravity fields. We start from the scalar ansatz. In four-dimensional
maximal supergravity, the scalar matrix MA5 parameterises the coset Er(7)/SU(8). Under
the decomposition (6.3), this splits as

AB I,y Il 7
M7 ={M , M g, M, Myp g}
Wi il 8
— (MO M Miss) (6.14)

Equating the components (3.30) of the inverse generalised metric to those constructed from
the parallelisation as in (5.23), we obtain

ezAgmn _ leMu 435" U“, Ug]
—e2Agmpon = ;M” s vl Rony’
e?Agma (Conp — CqBrp) = _iMﬁjJ” Vi w% )

A (e +gm"0mcn) = My,
. 1 i
g™ <Csnqu— Cisnpgr —CsinpBar) + C BinpB qr]> - ZM“ Yo (pjs Inpar > (6.15)

where we recall that the indices 7,4, 7,5/ = 1...,7 label the constrained coordinates while
m,n,...=1,...,6 are curved indices on S®. The scalar ansatz obtained in this way agrees
with the formulae given in [23] (cf. egs. (3.14)—(3.18) therein). The additional relations
appearing in egs. (3.19)—(3.22) of [23] can also be retrieved in the same way. The last
equation in (6.15) does not appear in [23], and determines how the four-dimensional scalars
enter in Cy,, . m,. Dualising its field strength F,,,  n, it should be possible to derive the
expression of the Freund-Rubin term.

One can disentangle the different supergravity fields in (6.15) by following the proce-
dure in egs. (3.33)—(3.36). We recall that the generalised density ® appearing in (3.36)

5AB

can be computed at the origin of the scalar manifold, where MAB = , and is

given by eq. (5.25). Evaluating the first, second and second-last line of (6.15) with

M = §iligil o AMENIS = 0, M8 = §% ) we find that ﬁzgjﬁ: 0. Hence for the

present truncation the generahsed density is simply & = gz,
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We can also provide the ansatz for the vector fields as explained in section 5.2. Sepa-

rating the components of eq. (5.26), we obtain

1

hy = §Auii Viit 5
B‘u = -A,uz'S Rdyi,
CM,O = A,uig Yi
1 , o
Cuo = —5,4,”-1-/ R2dy* Ady® | (6.16)

which again agrees with [23]. Here, A/ = {A¥, A®} are the electric one-form fields in
the four-dimensional theory while Aj; = {A;;, Aig} are their magnetic duals. We can also
provide an ansatz for the type IIA dual fields with one external leg

Cua = %Auiil (piir + Loy, 5’5) ;
Ce = Ayis(— 1y volg +Rdy'A Cs ),
BM = A,fg (m- —y; Co'g, ) ) (6.17)
Finally, the ansatz for the fields with two external legs follows from the general for-
mula (5.27)
B = B sy,

~ 1/1 L .
Bu, = § (2&/”“381/] Yl Cizia) ks — Buuklkz,k3k4> Ridy™ A dy* A dy*s ndy™,
C,uz/,l = (B,uy ijkj + BuyiSks)yk’Rdyi )

1

1 o ,
Cuw3z = (123;”/” Iy i Y — 2B,wk1k2,k38> R3dy" A dyP2 A dyfs,

Cuvs = B js(—ri+viCs ). (6.18)
6.2 Hyperboloids and D = 4, ISO(p, 7 — p),, supergravity

The generalised Leibniz parallelisation on S presented above can be adapted to con-
struct a similar one on the six-dimensional hyperboloids HP>"~P. This leads to a consistent
truncation of massive type IIA supergravity to four-dimensional ISO(p, 7 — p),, maximal
supergravity. The existence of the purely electric gaugings goes back to [49, 50], while their
relation to type ITA on HP"~P was first given in [24].

The hyperboloid HP+? is the homogeneous space

SO(p, q)
szq — ,

and can be seen as the hypersurface in the Euclidean space RPT? defined by the equation

(6.19)

miiy'y =1, (6.20)
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where i,5 =1,...,p+ q and

77’LJ = diag(+17'"7+17_17-~-7_1) . (621)

~-
q

p

Clearly, taking ¢ = 0 yields the sphere SP~1.

Let us focus on the six-dimensional hyperboloids HP"~P, with 1 < p < 7. A paralleli-
sation on these manifolds can be introduced following the same path as for S%, replacing
the Kronecker d;; by 1;; where appropriate. In particular, the Killing vectors v;;, that for
the six-sphere satisfy the s0(7) algebra (E.7), now respect the so(p, 7 — p) algebra,

Evijvkl = 2R (ni[kvuj - Uj[kUZ]i) . (6.22)

The equations (E.8)—(E.12) also need to be modified by replacing d;; with 7;; everywhere.
We can keep the definitions (6.1), noting however that they now transform in represen-
tations of SO(p, 7 — p) instead of SO(7). Then (6.5) defines a generalised parallelisation
on HP"~P. The Dorfman derivative between two frame elements satisfies (5.20), with the
non-vanishing embedding tensor components being still given by (6.12), where however now

1
Oy = —di 1,...,1,—-1,...,—1,0 6.23
1J °R la'g( ) 5 Ly 9 ) ) )7 ( )

P 7—p
while ¢!/ remains unchanged. This corresponds to an ISO(p,7 — p) ~ CSO(p,7 — p,1)
frame algebra, where the seven translational symmetries are gauged dyonically.

The truncation ansatz remains formally the same as for the reduction on S®. We
thus infer that there exists a consistent truncation of massive IIA supergravity on the six-
dimensional hyperboloids H?"~P, down to ISO(p,7 — p),, gauged supergravity. As above,
the subscript m emphasises that the translational isometries are gauged dyonically. Setting
m = 0, one recovers a truncation of massless type IIA supergravity on H”"~P down to the
ISO(p, 7 — p) theory with purely electric gauging [24] (see also [9]).

It was found in [19] that the only gaugings of four-dimensional maximal supergravity
in the CSO(p, ¢,r) class (with r > 0) admitting a symplectic deformation are CSO(p, 7 —
p,1) ~ ISO(p, 7 — p).!> Here we have established that all these symplectic deformations
arise as consistent truncations of massive type IIA supergravity: while for p = 7 the internal
manifold is S°, for 1 < p < 7 the internal manifold is the hyperboloid HP7—P.

The same ideas could be applied to products of hyperboloids and tori, HP? x T", with
p+ q+r=7. In this case, the parallelisation would satisfy the CSO(p, ¢, + 1) algebra.

6.3 S* parallelisation with m = 0 and D = 6, SO(5) supergravity

The U-duality group for type ITA on a four-dimensional manifold My is E5@) =~ SO(5,5)
and the generalised tangent bundle is

E ~ ToT RO AT @ AM'T* . (6.24)

5For these gaugings, the symplectic deformation is of on/off type: all non-zero values of the parameter
controlling the magnetic gauging are equivalent.
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A section of F
V=v+A+wy+ws+wy (6.25)

transforms in the spinorial 16" representation of SO(5,5).

We are interested in the case where My is the four sphere S* and we describe it using
constrained coordinates y* in R®. It is then convenient to consider the decomposition of
the generalised frame F4, A =1...,16 under SL(5,R)

SO(5,5) D SL(5,R)
167 — 10+5+1, (6.26)
so that {E4} = {E;;} U{E;} U{FE}, with 4,5 =1,...,5.
For massless type IIA supergravity on S%, we take the frame
Eij = Vij + Pij + Loy Co'g ,
Ey = EAl = Rdy; +v; v2)14 +R dy; /\Co'g, (6.27)
= 1’

)

where v;; are the SO(4) Killing vectors and

2

o R
pij = * (deyi Ndy;) = - €ijky koks ykldy’€2 A dyk3 . (6.28)

Note that we have twisted the frame by a background RR potential C3, that is the super-
gravity potential whose field strength threads the whole S*.16 This is chosen such that

o o 3 o
F4 =dC5 = E 014, (629)
which, recalling (E.13), implies
Lvij F4 = dpij . (6.30)

We will not twist by C; or B instead, as there are no two- or three-cycles on S*. Following
similar reasoning as for S, it is easy to see that the frame above is globally defined and
orthonormal with respect to the generalised metric (3.24), thus it specifies a generalised
parallelisation.

In four dimensions (or lower), the massive generalised Lie derivative simplifies consid-
erably and reads

LyV' = L + (Ev)\' — Lv/d/\) + (Lvdwé — Ly (dwo — m)\))
+ (Lowh — tydwg — A A (dwg — mA) + whdA)
+ (vafl — tyrdwy — N A dws + wh A d)\) ) (6.31)

18 The twist by C3 acts on a vector V of the untwisted generalised tangent bundle £ on My as (cf. eq. (3.7)):

V=e .V = 04X+ + (024 15Cs) + (01 + AACs) .
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Using the relations in appendix E, we compute the massless Dorfman derivative (that
is expression (6.31) with m = 0) between the frame elements. We find that the only

non-vanishing pairings are
. 4 . .
BB = 2R (O By — OBy
Ly By = —2R7'6,,E; . (6.32)

This defines a Leibniz algebra since L By Ey, #* —L o Eij = 0; the associated gauge algebra,
following from (5.21), is the SO(5) algebra.

A consistent truncation of massless type IIA supergravity on S* preserving maximal
supersymmetry has been constructed in [51, 52| by simply reducing on a circle the seven-
dimensional theory defined by eleven-dimensional supergravity on S*. The gauge group
of the resulting N' = (2,2) six-dimensional theory is indeed SO(5) (see also [53] for a
discussion of the gauging in six dimensions). This theory does not admit AdSg vacua: the
most symmetric solution is a half-BPS domain-wall, originating from a circle reduction of
the AdS7 x S* vacuum of eleven-dimensional supergravity, and describing the near-horizon
geometry of D4-branes.

Following the example of S®, one might expect that the same frame (6.27) would lead
to a generalised parallelisation for m # 0 with a modified gauge group in six-dimensions.
However, it is easy to check by direct computation that with the massive Dorfman derivative
the frame (6.27) does not satisfy a Leibniz algebra. We will further comment on this in
section 6.5.

6.4 S3 parallelisation with m = 0 and D = 7, ISO(4) supergravity

The U-duality group of type IIA supergravity on a three-dimensional manifold Mj is
Eyu4) ~ SL(5,R), and the corresponding generalised tangent bundle is

E ~TeT &R AT, (6.33)

with sections
V=v+A4+w+w (6.34)

transforming in the 10 of SL(5,R). A generalised frame {EA}, A=1...,10, can equiva-
lently be denoted as {EU = E[Iﬂ}, with I,J = 1,...,5. We consider again Mz = S2 in
constrained coordinates y* in R?, and we decompose the frame under SL(4,R) as

SL(5,R) D SL(4,R)
10 — 6+ 4 (6.35)

so that {Er;} = {Ey, Eis}, withi,j =1,...,4.
For vanishing Romans mass, m = 0, we can easily construct a generalised parallelisa-
tion that realises the ISO(4) algebra. We choose the frame

Eij = Vij + pij + toy; B,

Ery = (6.36)

o

Eis = Yit+ ki —Yi B,
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where v;; are the SO(4) Killing vectors and
pij = * (R*dy; Ady;) = Rejmytdy’,
o R2 j k 1
ki = * (Rdy;) = ?Gz‘jkly dy” Ady' . (6.37)

Here, we have twisted the frame by the B field,!” chosen in such a way that

o o 2 o
R
which, again recalling (E.13), implies
v, H = dpij - (6.39)

This frame is globally defined and orthonormal; hence it defines a generalised parallelisa-
tion. Recalling appendix E and relation (6.39), one can check that the Dorfman derivative
with m = 0 yields

Lp En = 2R (6B — 05 Eni)

LEijEk5 = _2R_15k[iEj]5a
LEisEkl = 2R 16,3, Ey5
Lg Eps =0, (6.40)

and the relation (5.20) is satisfied, with structure constants

Kl

KK'] _ [ ]
[KK'] _ 9§ o

i Y10

2 .
X[II’HJJ’] Y][/ = Edlag(l, ]., ]., 1,0) . (641)

Note that, as the Dorfman derivative is antisymmetric on this frame, it realises a Lie algebra
(rather than just a Leibniz algebra), which in this case is the ISO(4) ~ CSO(4, 0, 1) algebra.

A consistent truncation of massless type ITA supergravity to maximal D = 7 super-
gravity with gauge group ISO(4) has been known for some time. This can be obtained
starting from the well-known reduction of eleven-dimensional supergravity on S*, which
yields maximal D = 7, SO(5) supergravity [2], and implementing the limiting procedure
of [24]. In the limit, S* degenerates into R x S3; correspondingly, the SO(5) gauge group
of the seven-dimensional theory is contracted to ISO(4).!® The bosonic part of this S?
reduction was worked out in detail in [52] (where the SO(4) subgroup of the gauge group
was emphasised). A discussion of the resulting maximal supergravity can be found in [54].
In seven dimensions, the embedding tensor determining the gauging transforms in the

'"The twist by B acts on a vector V of the untwisted generalised tangent bundle £ on Mj as

V=e?V=04+A+wB)+d+ (02 —0B) .

18 This is analogous to the way the ISO(7) reduction of massless IIA supergravity on S® is obtained from
the SO(8) reduction of eleven-dimensional supergravity on S”.
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15 + 40’ representation of the global symmetry group SL(5) [54]. For the ISO(4) gauging,
its non-vanishing components are solely in the 15, and match those in (6.41) obtained from
the parallelisation. In addition to the metric, the fourteen SL(5)/SO(5) scalars and the ten
ISO(4) gauge vectors, the bosonic field content of the seven-dimensional theory is made of
a massless two-form and four massive self-dual three-forms. The scalar potential does not
admit stationary points, and the most symmetric ground state solution is a domain wall,
describing the near-horizon geometry of NS5-branes.

We would now like to see whether the frame (6.36) gives a generalised parallelisation
also for m # 0. In this case the problems appear even before considering the action of the
massive Dorfman derivative. Indeed the frame (6.36) requires the existence of a non trivial
field strength H, while we know from (4.2) that for m # 0 H is exact.

6.5 Massive algebras on S$2 and §*

In the previous sections we saw that, contrary to the case of S®, the massless frames for 3
and S* do not lead to good parallelisations when the Romans mass is turned on. In this
section, we provide some understanding of why the frame on S is the only one that satisfies
a good algebra also in the massive Dorfman derivative. We also explore the possibility of
finding other parallelisations that do satisfy an algebra of the desired type. For S3 we
derive a no-go theorem showing that, under mild assumptions, one cannot find a frame
which gives rise to a maximally supersymmetric consistent truncation with gauge group
SO(4) (or larger).

Given a d-dimensional sphere S¢ with a non-zero flux for a d-form field-strength, one
can build a GL(d + 1) generalised tangent bundle, which is isomorphic to T' @ A%~2T*.
Since this admits a global generalised frame, the sphere is generalised parallelisable [8]. This
generalised frame is a GL(d+1) rotation of the coordinate frame. For spheres, the GL(d+1)
generalised tangent bundle is always a sub-bundle of the full Egqqq1) ¥ R* bundle and, in
fact, it is possible to decompose the whole generalised tangent bundle into representations
of the GL(d + 1) subgroup. Moreover, all the parts of the parallelisations of the bundle E
are related to the corresponding coordinate frames by the same GL(d + 1) transformation.

In the previous sections we constructed the frame F,4 and the respective Leibniz
algebra for type ITA on S¢, d = 3,4,6. We consider now the effect of adding the Romans
mass to the massless Dorfman derivative. As the given frame on S¢ already satisfies a
Leibniz algebra for the massless Dorfman derivative with constant structure constants
X ABC, the structure constants of the same frame with the massive Dorfman derivative
will be X45¢ + YABO, where

Yap® = EAMEgNEC pmy T (6.42)

are the frame components of the Romans mass map m,, ! defined in section 4. The
frame E4 will thus give a generalised Leibniz parallelisation in the massive Dorfman
derivative if the additional coefficients Y45 are constant.

A natural way for this to happen would be if the components Y45¢ are equal to
the components m !, which are constant by definition. This would mean that the
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6 GL(7) 35 7

5 SL(5) x SL(2) x R (10,2) 11 (5.1)1s
<4 CUXRY (T8 (NT), (M)

Table 1. Constituents of the stabiliser group of m,, y*.

frame E4™ must lie in the stabiliser group of the Romans mass, namely in the subgroup
of Eqi1as1) X R* that leaves m,,; ' invariant. The stabiliser can be determined by
combining (B.26) and (B.27) with

(R-m)(V) = [R,m(V)] —m(R- V), (6.43)

where R is an element of the adjoint of Egyi(41) X R*, see (3.4). For instance, in six

dimensions we find that R -m = 0 for R of the form'®

R=I1l+p+r+B+B+T5+C, (6.44)

where [ = —p and I's5 is a five-vector, while C' = C 4+ Cs + C5. The stabiliser group is the
semi-direct product of a Lie group G with a nilpotent group G’. The Lie algebra g of G is
generated by r, I's, C5 and | = — in (6.44). The Lie algebra of G’ is ¢ = g} @ ¢, where
g1 and go are generated by 8 and Cs, and Cy and B, respectively. The algebra g’ is graded
so that the commutator of two g1 elements is in go and all other commutators vanish. The
stabiliser groups of m for the dimensions of interest in this paper are summarised in table 1.
In the table, R; and Ry denote the representations of G in which g} and g5 transform.

It is noteworthy that only for d = 6 the group G coincides with GL(d + 1). Since the
frame E4M is an element of GL(d+1), we see that for S the frame does lie in the relevant
stabiliser group.?? Hence the massless frame remains a good Leibniz parallelisation when
the Romans mass is switched on. However, for d < 5 it does not, and this provides a partial
explanation for why these frames do not give Leibniz parallelisations in massive IIA. By
this reasoning, one is not surprised that S is the only case which works in massive ITA
without modifying the frame.

However, the above argument does not rule out the possibility that there are alternative
Leibniz generalised parallelisations of the lower-dimensional spheres in the massive ITA. In
what follows, we explore this possibility focusing on the case of S2, for simplicity. As noted
before, in massive type IIA Hz must be trivial in cohomology. As S® has only a non-trivial
3-cycle, this means that there can be no cohomologically non-trivial field strengths. We
thus assume that the background field configuration has non-zero Romans mass and all
other fields are zero. This implies that the generalised tangent space has no twisting and
is just given by the direct sum

E=FE=ToT o AT o AT (6.45)

YFor lower-dimensional spheres it is enough to truncate to the relevant potentials.
20Note that for d = 6 the full stabiliser group is isomorphic to the geometric subgroup of Eq7y x R for
M-theory.
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Suppose now that there exists a generalised Leibniz parallelisation E 4 that gives an SO(4)
algebra

L, Er = 2R (S By — 0 Ei)

LE~ Ek5 = —QR_l(Sk[iEj]g,,
Ly En =0,
Ly Eys =0, (6.46)

where L is the massive Dorfman derivative. This implies that the generalised metric G~ =
§ABE 4R E B is preserved by the Dorfman derivative so that the E 4 are generalised Killing
vectors [25, 55]. Thus the gauge transformations of the background fields generated by the
E4 all vanish. As we have no gauge fields, this leads to the conditions

L,,9=0, dAa =0, dwa —mAs =0, (6.47)
which imply that the Dorfman derivative reduces to the Lie derivative term only
LEA =Ly, . (6.48)

As the vector parts of the Eij satisfy the SO(4) algebra, these must be the S® Killing
vectors (up to an overall constant automorphism), and we have that

Ly, = Lo, (6.49)

is the action of the SO(4) isometry group. The second of (6.46) then says that the Ejs
components of the frame transform in the vector representation. This implies that

Eis = ark; + agyi + azdy; + ay *dy; (6.50)

for some real coefficients a,, where 4, with i = 1,...,4, are the constrained coordinates
on R*, while k; are the standard conformal Killing vectors on the sphere (cf. appendix E).
As LEisEj5 = 0 we have a1 = 0 and (6.47) gives us ag = masz and ay = 0. One can then
see that

~

Eij = vij + R*dy; A dy;

Ey=FEpy = (6.51)

Eis = R(my; +dy;)
where R is the radius of S2, is the unique frame giving a parallelisation of the generalised
tangent bundle on S® which satisfies the SO(4) algebra (6.46).2! If mR = 1, the frame is
also orthonormal in the generalised metric. However, the frame (6.51) fails to be in the
SL(5,R) x R" generalised frame bundle. We recall from [18] that the generalised frame
bundle is defined to be those frames which are related to the coordinate frame by an
Eq1(as1) X RT transformation. In the SL(5,R) x RT case, this means that there must also

2 appendix F we show that in type IIB it is possible to find a parallelisation for the generalised tangent
bundle on S® that satisfies the same Leibniz algebra (6.46).
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be a parallelisation E; of the bundle W ~ (det T)~*2 ® (T + det T), discussed in [8], such
that
E]J = E[/\EJ. (6.52)

It is simple to show that our frame (6.51) is not of this form, and is thus outside of the
generalised frame bundle. This means that one cannot use it to describe a consistent
truncation of supergravity. For example, the Scherk-Schwarz twist of this frame does not
define a generalised metric which can be parameterised in terms of supergravity fields, and
as such it does not provide a scalar ansatz for such a reduction via eq. (5.23).

Having ruled out the possibility of the algebra (6.46), one could still wonder if there are
other frame algebras containing SO(4) which could fare better. The obvious alternatives
would be the ISO(4) algebra (6.40) or SO(5). The latter is immediately excluded as it is
impossible for the vector parts v4 of the frame to generate an SO(5) isometry group in three
dimensions. The following argument will show that the ISO(4) algebra is also excluded.

For the Eij parts of the frame, we can use the same generalised Killing vector arguments
as above to deduce that L By = Ly,;;, so we can again decompose the frames into SO(4)

representations. This decomposition implies that the one-form part of E; is closed, and,
together with the generalised Killing vector condition, that the one-form part of Eij van-
ishes. From (6.40) we have the constraint L E¢5E15 = 0 which implies that L = —(dwa,)-
is the adjoint action of dwe; € A3T* C ad, where wy; is the two-form part of E;5. However,
this contradicts another of the hypothesised algebra relations L EisEkl = 237151'[1@EA1]5 as
the image of dwy; € ad is contained in A’T* C E, while FE;5 must feature one-form parts
in order for EI J to give a parallelisation.

We have thus shown that the most likely frame algebras featuring SO(4) in the gauge
group cannot be realised in massive type 1A parallelisations. While these arguments do not
systematically rule out all possibilities, they are highly suggestive that there is no maximally
supersymmetric consistent truncation of massive type ITA on S3 with gauge group SO(4)
(or larger). It seems that a similar conclusion can be reached for the S* case. We note
that (6.51), augmented by an additional piece E= voly, also yields a Leibniz parallelisation
of the type ITA generalised tangent bundle on S*, satisfying the SO(5) algebra. However,
again one can prove this is not an SO(5,5) x RT frame. One can construct an SO(5,5) x R+
covariant projection acting on four generalised vectors E* — A*T*. This is done by taking
the projections to the bundle IV of the two pairs of generalised vectors and then contracting
the resulting sections of N, which transform in the vector representation of SO(5,5), using
the SO(5,5) invariant metric. Due to the RT weights, the inner product is in fact a volume
form and transforms under R", but it is SO(5,5) invariant. By explicit computation, one
can check that the components of this quartic SO(5,5) invariant on E are not preserved,
or rescaled, when one moves to the frame (6.51) combined with E = voly, showing that
this frame is not an SO(5,5) x RT frame.

6.6 S? parallelisation and D = 8, SO(3) supergravity

We conclude our set of examples by considering type IIA supergravity on the two-sphere
S?. Again, we will see that while it is easy to define a generalised Leibniz parallelisation
for m = 0, in the massive case the most likely frame does not work.
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On a two-dimensional manifold, the U-duality group is SL(3) x SL(2), and the gener-
alised tangent bundle reads

E~TaeT &Re AT, (6.53)
which factorises as
E~RedtT*)@(TeR) =UW, (6.54)

where U transforms as an SL(2) doublet and W as an SL(3) triplet.
An SL(3) x SL(2) frame is specified by {Em}, where i = 1,2,3 is an SL(3) index while
a = =+ is an SL(2) index. According to the factorisation (6.54), it can be written as

Eia - Ecx K £y (6'55)

where E,, is a frame for U and E; is a frame for W. This guarantees that the scalar

matrix M8 defined by the generalised Scherk-Schwarz ansatz parameterises the seven-

dimensional coset S(I;(é)) X S(IS((?)v as expected for maximal supergravity in eight dimensions.

For vanishing Romans mass, a generalised Leibniz parallelisation on S? is given by

B = Vi 4+ yi + Ly, C1 (6.56)

B = dy; +y; volp —dy; A C1
where v; = %eij kvjk are the SO(3) Killing vectors and voly is the volume on the round S?

of unitary radius. Notice that (before twisting by C) the factorisation condition (6.55) is
satisfied by taking

Ei = vi+uyi,

E, = (V;Q) R (6.57)

Moreover, choosing the two-form flux as

o o 1 o
FQ == dCl == E 012, (658)

so that ¢,;,dC1= ¢ Rdy;, the massless Dorfman derivative yields

N 1 N R R
Lg., Eiv = _EeijkE’H’ Ly, Ej- = _EeijkEk+7
[lmm]Ls Ejy =0, Ly Ej =0, (6.59)

which is a Leibniz algebra leading to an SO(3) gauge algebra.

Hence we have an SL(3) x SL(2) Leibniz parallelisation with associated SO(3) gauge
algebra. This can be used to define a generalised Scherk-Schwarz reduction of massless
type ITA supergravity on S?, down to to maximal supergravity in eight dimensions with
gauge group SO(3). As pointed out in [43], this consistent reduction on S? is the same

— 41 —



as the conventional Scherk-Schwarz reduction of eleven-dimensional supergravity on the
group manifold SU(2) ~ S3, presented long ago in [56]. The explicit truncation ansatz for
the metric, dilaton and RR two-form on S? can be found in [57, section 6], and its relation
with the $3 reduction of eleven-dimensional supergravity is explained in [58].

When the Romans mass is switched on, the frame (6.56) fails to satisfy an algebra under
the Dorfman derivative with m # 0. One could consider the alternative generalised frame

Eiy = v; +y;voly, (6.60)
Ei = dyi +yi,

which compared to (6.56) has the role of the R and A?T* terms exchanged, and is not

twisted by C. This frame is still globally defined, orthonormal and can easily be checked
to satisfy the SO(3) algebra under the massive Dorfman derivative for mR = 1. However,
it cannot be put in the form (6.55), so it is not an acceptable SL(3) x SL(2) frame. This
means that a Scherk-Schwarz reduction based on (6.60) would not define a generalised
metric of the type given by the supergravity degrees of freedom (3.29), so it would not
make sense to define an ansatz like (5.23). The S? case is thus on the same footing as S°
and S%, that is it does not seem to allow for a consistent truncation of massive type IIA

supergravity preserving maximal supersymmetry.

7 Conclusions

In this paper we derived the exceptional generalised geometry formalism for type ITA
supergravity on a manifold M, of dimension d < 6, completing and complementing the
work in [14, 17] and in particular showing how to include the Romans mass in the formalism.
The Romans mass defines a deformation of the massless generalised Lie derivative which
generates the internal diffeomorphisms and gauge transformations of the supergravity fields.

We then applied this formalism to the construction of generalised Scherk-Schwarz
reductions of type IIA supergravity. These reductions are based on the existence of a gen-
eralised Leibniz parallelisation of the Eg (g41) X R* generalised tangent bundle on My,
and are conjectured to yield consistent truncations down to (10 — d)-dimensional maxi-
mal gauged supergravities. The Leibniz algebra satisfied by the generalised parallelising
frame directly determines the embedding tensor of the lower-dimensional theory, and thus
completely specifies it. While the truncation ansatz for the lower-dimensional scalar fields
was already discussed in [8], our derivation of the ansatz for the fields with one or two
external legs from the generalised parallelisation is new in generalised geometry. For these
latter objects, the corresponding anséatze for Scherk-Schwarz reductions have appeared in
recent work studying dimensional reductions of the exceptional field theory description of
eleven-dimensional and type IIB supergravity in [9, 11, 12]. Here, however, we gave explicit
expressions in terms of type IIA supergravity fields, directly truncating the supergravity,
without enlarging the dimension of the space-time or introducing additional degrees of
freedom. We also gave a partial proof of the consistency of the generalised Scherk-Schwarz
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truncations by showing that the bosonic gauge transformations reduce consistently and
yield the gauge transformations of maximal gauged supergravity.

We applied our construction to concrete examples, and found generalised Leibniz par-
allelisations on d-dimensional spheres and hyperbolic spaces. In particular, we obtained a
generalised parallelisation on S% satisfying the ISO(7) algebra, and spelled out the corre-
sponding truncation ansatz as obtained from the generalised Scherk-Schwarz prescription.
As recently described in [21, 23], the Romans mass introduces a magnetic gauging of the
ISO(7) translations in the truncated four-dimensional theory, yielding a symplectic defor-
mation [20] of the type first found in [19] for the SO(8) gauging. We found the same
phenomenon for type IIA supergravity on the six-dimensional hyperboloids H?"~P: on
these spaces one can define a consistent truncation down to ISO(p,7 — p) supergravity
in four-dimensions; switching the Romans mass on leads to the symplectically-deformed
ISO(p,7 — p) gauging described in [20]. We also obtained generalised Leibniz parallelisa-
tions on S*, S and S? for vanishing Romans mass, reproducing the Leibniz algebra of
known consistent truncations of massless type IIA supergravity on these manifolds. When
the Romans mass is switched on, these parallelisations no more satisfy a Leibniz algebra.
We offered an explanation of why this is the case by showing that the frame lies in the
stabiliser group of the Romans mass only for the parallelisation on S®. For massive type
ITA on S3 we presented a no-go result indicating that a consistent truncation including the
SO(4) algebra does not exist. It would be interesting to see whether similar no-go theorems
can be proved for the S* and S? cases.

In this paper we focused on consistent truncations that preserve maximal supersym-
metry. In the last few years a vast literature was devoted to the construction of consistent
truncations with less than maximal supersymmetry, which are interesting per se and for
applications to the AdS/CFT correspondence. An approach similar to the one of this
paper, but employing a non-trivial G-structure on the generalised tangent bundle rather
than the identity structure associated with a parallelisation, may help clarifying the general
structure of such consistent truncations preserving a fraction of supersymmetry.

It is also noteworthy that there is an alternative massive type ITA theory [59] which can
be obtained from eleven-dimensional supergravity by gauging a combination of the GL(1)
global symmetry and the trombone symmetry of the equations of motion.?? As such, this
theory does not have an action. In [60] it was argued by superspace methods that this
theory and Romans’ original massive theory exhaust all possibilities. It is natural to ask
how this deformation appears in our formalism. To be diffeomorphism invariant any defor-
mation parameters must appear as GL(6) singlets with zero RT weight. There are precisely
two such singlets in the 912_; representation of Er(7) X R*, one of which we have already
identified as the Romans mass deformation. There is also a singlet in the 56 _; representa-
tion, which is another part of the generalised torsion [18], and which could also be used to
deform the Dorfman derivative. When performing generalised Scherk-Schwarz reductions,
this additional 56_1 part of the embedding tensor is generated by gauging the trombone
symmetry [61], and the resulting theory does not have an action. It is natural to conjecture

22We thank Paul Richmond for bringing this case to our attention.
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that deforming the Dorfman derivative by switching on a combination of the second singlet
in 912_7 and the singlet in 56_7 would give the relevant gauge algebra for the theory
described in [59]. One could also try to argue that there are no other singlet deformations
by considering the closure of the gauge algebra, thus corroborating the result of [60].

The formalism developed in the first part of this paper may also be applied to inves-
tigate problems different from consistent truncations, for instance the study of marginal
deformations of superconformal gauge theories with a (massive) type IIA dual. We hope
to come back to these interesting directions in the near future.

Note added. On completion of this work, we became aware of [62], which provides an
analogous construction of the massive generalised Lie derivative in the context of excep-
tional field theory and reproduces massive type IIA supergravity upon imposing the section
condition.
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A Notation and conventions
The indices used in this paper are:

u, v : external spacetime indices,
m,n : curved indices on the internal manifold M,
a,b : frame indices on M,
i,7 : indices for the embedding coordinates of S in R4+ (or HP? in RPT?)
I,J : SL(d+ 2,R) indices,
M, N : curved indices for the Egyqg41) X R" generalised tangent space on My,

A, B : frame indices for the Ey 441y X R™ generalised tangent space on M .

Our tensor conventions are the same as in [33]. We collect here the ones relevant for our
computations. On a d-dimensional manifold My, given a form A € APT* and a poly-vector
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w e AT,

_ 1 mi m. _ 1 mi...m 0 0
)\—H)\mlmpdl' /\/\dl’ p, U}—aw qa:[jml /\m

we define the contraction

1 .
(U} B A)m1...mpfq - awnlmnq)\n1...nqm1...mp,q if q < p,
1
(w E )\)ml...mq,p _ awml...mq,pnl...np)\nlmnp if p<q. (AQ)

The contraction of a vector v € T with a form A is also denoted by t,A = v 1 A.
The contraction of a poly-vector w with a tensor 7 € T* @ AYT* is defined as

1

_ ni
(w—IT)ml---md—q+1 - (q — 1)!

I Tni, na.ngmi..ma_qgy1 - (Ag)

Moreover, for A € APT* and p € AYPHT* we define the “j-operator” giving jAA p €
T @ AT* as:

. d!
(])‘ A M)m,ml,,,md = (p — 1)'(d —pt 1)‘ )‘m[ml...mp_lump...md] . (A4)
This is the same as jA A p = dz™ @ (¢, A A ). Upon exchanging A and p one has
GAAp = (—1)PEAPFDFL 5 A N (A.5)
For the Hodge star we take
1 ni..n
N myomg_, = ol 9 €my-ma_, P Ay s (A.6)

with €19 4 = +1.
The action of a gl(d) element r € T®T™ on a vector v € T" and on a p-form is defined as

(T‘ . v)m = Tmn’l)n y (7“ . /\)m1...mp = —D Tn[ml)‘|n|m2...mp] . (A7)

B IIA exceptional generalised geometry from M-theory

In this section we derive the exceptional generalised geometry for type IIA supergravity
on a six-dimensional manifold Mg by dimensional reduction of the M-theory exceptional
generalised geometry on a seven-dimensional space My.

B.1 M-theory exceptional generalised geometry

The M-theory exceptional generalised geometry was constructed in [14, 15, 18, 33]. While
we refer to these papers for a detailed discussion, here we briefly summarise the main
structures that are needed to derive their type IIA counterpart. We use the same notation
and conventions as [18, 33].
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In M-theory compactified on a seven-dimensional manifold M7, the fibres of the gen-
eralised tangent bundle E transform in the 564 representation of the Er(7) X R* structure
group. Under GL(7), E decomposes as

E ~ E = TM; ® N*T*M; @ N°T*M; © (T*M; @ A'T* My) . (B.1)
A section can be written as
V =v4+w+to+T, (B.2)

where at each point on My, v € T My is an ordinary vector, w € T*My, o € AST* My and
7€ (T*® N'T*)Mj.
The adjoint bundle ad decomposes under GL(7) as

ad = R@ (TM; @ T*My) & A3T* My & AST* My @ AT M, @& AST M, (B.3)
with sections transforming in the 133¢ + 1o representation of E7(7) X R* given by
R=I1I+r+a+a+a+a, (B.4)

where [ € R gives the shift of the warp factor, r € End(TMy7), a € A3T*Mjz is related
to the three-form potential of M-theory, @ € AST*M; to its dual, while & € A3TM; and
& € ASTM; are a three- and a six-vector.

The adjoint action of the Er7y x R* algebra on a generalised vector is denoted as
V! = R -V and reads:

v =lv+rvt+asw—aao,

W =lw+r-wH+voa+aso+aaT,

o =lo+r-c+viatarhwt+alT,

¥ =lr+r-71—jahw+jaio. (B.5)

The E7(7) subalgebra is given by $tr(r) = . The adjoint commutator R” = [R, R] is

1 2
" = *(a—'a,*a/_'a)Jr*(oz,_lafoz_:a'),
3 3
" / . .-/ . . 1 / /
= [rr]+jasjd - ja _lja—g(CL’Ja—Oé sa)l
A L~ ) 2 ~!  ~ ~  ~/
+]06J]a—]OéJ]a—g(OéJ(L—OZ_Ia)]l,
" / / !~ ~/
a =r-a—7r-a+o1a—qJia ,
~ /! ~/ /o~ /
a =r-a—r-a—alha,
Vi / / ~/ ~ /
o =r-o —r-ao+oi1a—aoaa,
~ Il ~/ /o~ /
a'=r-d—r-a—-ana . (B.6)
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The generalised tangent bundle E is actually twisted to take into account the non-
trivial gauge potentials of M-theory, and this is why it is only isomorphic to £ in (B.1).
Given a section V of the untwisted tangent bundle F, a section V of E is defined as

Vo= eAtALY, (B.7)
where A + A is an element of the adjoint bundle. The patching condition on the overlaps
U, N Uﬁ is i

Vig) = ettentdhas . g (B.8)

where A5y and A(aﬁ) are a two- and five-form, respectively. This corresponds to gauge-
transforming the three- and six-form potentials in (B.7) as

Afa) = A(p) + dA(ap) »

~ < ~ 1

Afa) = Ap) + dhap) — 5dA@p) AN A - (B.9)
The respective gauge-invariant field-strengths reproduce the supergravity ones:

F = dA,

F = d[l—%A/\F. (B.10)

The Dorfman derivative is constructed as a generalisation of the Lie derivative. The
Lie derivative between two ordinary vectors v and v’ of T M7 can be written in components
as a gl(7) action
(L") = 0" 00" — (O x v)" V', (B.11)
where the symbol x denotes the product of the fundamental and dual representation of
GL(7). Similarly, indicating by V™ the components of V in a standard coordinate basis,
and embedding the standard derivative operator as a section of the dual generalised tangent
bundle £*, one can define the Dorfman derivative as

(LyVYM = VNoN V™M — (9 xoq VIM NV (B.12)
where X .4 is the projection onto the adjoint bundle,
Xad : E*®@FE — ad. (B.13)
In the GL(7) decomposition, (B.12) becomes

LyV' =L, + (va’ — Lvldw) + (EUU’ — tydo —w' A dw) + ([,vT/ —jo' ANdw — jw' A da) .
(B.14)
Note that this is not antisymmetric under the exchange of V and V’.
Another object we will need is the bundle N first introduced in [18]. This is a sub-
bundle of the symmetric product of two generalised tangent bundles, N C S?FE, and can
be expressed as

N ~ T*M; @ A*T*M; & (T* M; @ AST*My)
© (M3T* M7 @ A"T*M) @ (AST* M7 @ A"T*My) . (B.15)
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Formally, N can be described via a series of exact sequences
0 — A*T*M; — N — T* — 0,
0 — T*M7; @ AST*M7; — N — N’ — 0,
0 — ATT* Mz @ A3T* M7 — N — N” — 0, (B.16)
0— A'T*M ® A°T*M — N — N”" — 0.
Under E7(7) X RT, sections of N transform in the 1335 representation. Their expression
in terms of the symmetric product of generalised vectors can be found in [18].

The simplest of the intermediate bundles appearing in (B.16) is N’, whose type ITA
counterpart will be relevant for the scopes of this paper. This can be expressed as

N’ =~ T*M; & A*T* M. (B.17)

Given a basis {EA}, A=1,...,56, for the generalised tangent bundle E, a section S of N’
has the form
S = S4Bk, N Ep, (B.18)

where S48 are functions on the manifold and the map ®x+ : E ® E — N’ is defined by
VonV = @wid+viw)+@wid +9 10 —wAw). (B.19)

We make this definition as it is the result of taking the Er(7) x R* covariant projection
of V.® V' onto N (from [18]) and then projecting onto N’ using the natural mappings
in (B.16). We stress that the sections of N’ themselves do not transform in a definite
representation of Er(7y x RT.

B.2 Reduction to type ITA

We can now proceed and reduce the structures above to type IIA supergravity (in string
frame) on a six-dimensional manifold Mg. Decomposing the E7y x R* generalised tangent
bundle £ under the GL(6) structure group of Mg, we obtain

E ~ ToT ®NT @ (T @ A°T*) @ AvT™, (B.20)

where A®VPT* = R @ A2T* @ A*T* & AST* and each term in the direct sum is now on Mg.
A section, transforming again in the fundamental of Er7) x R*, can be written as

V = v+ A+o+7+4w, (B.21)

where w = wg + wa + wq + wg is a poly-form in ASVET™.
The GL(6) decomposition of the adjoint bundle is

adF = RA®R, @ (TRT*) @ AT @ AT @ AT @ A°T* @ AT @ A°dT* | (B.22)

with section
R=I1I+p+r+p+b+B+b+a+ta, (B.23)
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where o = a1 + az + a5 € A°YT and a = a1 + a3z + a5 € A°YT* are antisymmetric
poly-vectors and poly-forms, respectively.

Let us now derive the action of the adjoint of E7(7) X RT on a generalised vector and
the commutators of two adjoints in type IIA language. Denoting by z the coordinate along
the seventh direction, a type ITA generalised vector is related to an M-theory generalised
vector as

oM = U+ wo0s,
wM = Wy — AAdz,
oM = 04wy Ndz,

™ = TAdz+dz® (ws Adz), (B.24)

where 7 = 71 ® 76 and the subscript M denotes the M-theory quantities defined in sec-
tion B.1. Similarly, the M-theory adjoint (B.4) decomposes as

1
am :ng—l—b/\dZ 7’+%Q0]l —oy
amy = b+asNdz ™ = 9 (B'25)
aj —3¢

am = az+ B A0,

am = B4as A0,

where the identification Iy = [ — %(p follows from the relation between the M-theory and
ITA warp factors Ay = Ajppa — %(f).

Decomposing the M-theory adjoint action given in (B.5) yields the ITA adjoint action
on a generalised vector. Denoting this by V/ = R -V, we have

v =lv+7r-v—[assw) 1 —Bir— B0,

N =I\+r-A—vib—|ais(w)— BT,

o' = (1-2p)o+7r-04+vib—[wAs(a)s— BT,

= (=207 +7 T4+ jansw)+jbAN—jbAT,

O =(l-pwtr-wt+tbAwtvia+ANa+Biwtasoc+alT, (B.26)

where s is the sign operator s(wy,) = (—1)"/Zw, for w, € A"T*, and [...], denotes the
form of degree p in the formal sum inside the parenthesis (by —1 we mean we pick the
vector component). The E7y subalgebra is specified by %tr(r) = [ — . In particular, the
0(6,6) C Ey() action is generated by r,b and 3, also setting ¢ = —%tr(r) and all other
generators to zero.
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Reducing the M-theory commutator (B.6) with the decomposition (B.25) we find that
the ITA adjoint commutator R” = [R, R'] reads

1 1 1 . . -
l”:—ﬁ(al_naﬁ —04’1_|a1)+§(043_|ag—04g_|a3) — 5(0454@%—ag_na5)+(5’_nb—54b’)
g(o/l_nal —al_nall)—l—%(ozg_nag—@g_nag)—
—<5_lb/—5/Jb)+(B/JZ;—BJ5/)

" = [r, v+ jai ajar — joay Jjay + jas Ljay — joly s jaz — jos 1 jag + jak o jas

¢// —

5(0/5_1615 — a5 Jay)

+jﬁ_|jb/—jﬁ'_njb—jB_:jl;'%—jB/_:jl;ﬂ—%]l(a'l_nal—al _|a/1)+%]l(ag_|a3—a3_|ag)
+31(a} sas — a5 sab) + L3 — F D)
b//:T'b/—’f‘/'b—f—Oél_lag—Oéll_lag—Oég_ICL/E)—f—Oéé_ICL5
Vi=r b —r"b—2p0 +20'b+ a1 Aas —a) Aas —as A aj
=r-d—ra—gd+oa+brd -V ANa+Bid — B 1a—asb +a b
"=r. B —r"-B+asia1 —azid) — ol as+ as sah
”:r-B'—r'-B—I—ngB’—24,0’5—}—0[1/\ag—ag/\ag+a5/\a'1
=r-o/ —r' - a+9d —gda+BAd =B Na—alib +dib—Fod +3L0a. (B.27)

We next obtain the explicit expression for the Dorfman derivative between two type
ITA generalised vectors V and V'. By plugging (B.24) into (B.14) we find:

Ly V' = L'+ (LN = tdX) + (todwf — tyrdwp)
+ (Lowy — tydws — N A dwp + whdA)

oWy — tyrdwy — N A dwg + wh A d)\)

wwi — N A dwg + wy A dN)

+
+ (Lyo" — tydo + whdwy — wh A dws + w) A dwp) (B.28)
+

(
+(£
(£
(
(Lo +jo’ AdA+ N @ do + dwo ® wg + jwy A dws — jwh A dwy) -

This expression can be cast in the more compact form given in (3.19).

As in M-theory, the presence in type ITA of non-trivial gauge potentials leads to the
definition of a twisted generalised tangent bundle whose sections are related to (B.21) by
the twist (3.6). In order to derive the explicit form of the twist we need to exponentiate
the E7(7) adjoint action on a generalised vector (B.26) with [ = p =7 = = B=a=0.
This corresponds to exponentiating a nilpotent subalgebra of the E7(7) algebra, comprising
precisely the form potentials of type ITA supergravity. We find that the series expansion

1
V’:eR-VEV+R-V+§R-(R-V)+... (B.29)
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truncates at fifth order, and is given by

/
v =,

N=\— b,

- 1
o' =0+ 1,b— [B(l) A s(a) Aw+ B® A s(a) /\Lya}5 + a1 ANas A\ <)\ — 3%1)) ,
=74 jbA <)\ - ;va) —js(a) A (B(l) Aw~+ B A (pa+AAa)+ BB Aan va>

~ 1 1
—jb A (U + %va —B@ A s(a) Nw — BB A s(a) A tpa + §a1 Aaz A (/\ — 4va>> ,

W=e"ANw+BYA (ya+AAa)+BPD AaA b, (B.30)
where we introduced the shorthand notation
B = ebb_l = 1+%b+%b/\b+... ,
b
B® = 3%%gf :A%+$b+£&Ab+””
B®) :(¥_212X§bAb::§r+Lb+;&Ab+.“. (B.31)

We can also reduce to type ITA the bundle N C S*FE given in (B.15). In terms of
bundles on Mg, we obtain

N ~ ROAT* @ ANT* o AT @ (T* @ AST*) @ (A*T* @ AST* @ AV T*) @ A°T*. (B.32)
The full N bundle in type IIA is described as a similar set of exact sequences to those in
M-theory (B.16). Again, these provide us with a natural projection onto a smaller bundle

N’, which is isomorphic to
N' ~ R@ AYT* @ A4 (B.33)

(note that this also includes A°T* and is thus not just the reduction of the M-theory N’
bundle given in (B.17)). Given a basis {E4}, A = 1,...,56, for the generalised tangent
bundle E, a section S of N’ has the form

S = SYBE,oNn Ep, (B.34)
where S4B are functions on the manifold and the map
@y :E®QE — N’ (B.35)
is defined as
VeonV =viXN+02)
+vio’ +v a0+ [wAs(w))s
+oaw + AN U swH N Aw. (B.36)

As for (B.19), this is the Erepy % R* covariant projection to N further projected onto N’.
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B.3 The split frame

As discussed in section 3.3, a convenient way to compute the generalised metric is starting
from the conformal split frame, namely a specific choice of frame on the generalised tangent
bundle (3.1). Here we derive the type IIA conformal split frame by reducing the M-theory
one given in [18]. The latter reads

-1 < 1
Eva = A (é& +iédA+’L.é&A+ §A/\iédA—|—jA/\iédA+ 6jA/\A/\iédA) ,
. U U ~ U 1 .
g2 = ohu (e‘““? + AN — AN + 2jA/\A/\6“1“2> ,

5&1..@5 — Au (eal...a5 +jAAe&1"'&5> ’

gl(\z/[,al...a7 _ eAM 6(1,111...0«77 (B37)

where Ay is the M-theory warp factor and A and A are the three- and six-form potentials
of M-theory. é; is a frame for TMy, e; is the dual one and e % = e A ... A % and
eM01:81 — ol @ 01407 The index G goes from 1 to 7 and, not to clutter the notation, we
omitted the subscript M on é; and e®.

In reducing to type IIA, we decompose the M-theory potentials as

A=C3—BANdz,

- 1 1
A:B—205A01+<C5—2B/\03>/\d2, (B38)

where z denotes again the circle direction along which we are reducing, and B, B and C}, are
the ITA potentials. As already recalled, the IIA and M-theory warp factors are related by

Ay = A—¢/3. (B.39)

To reduce the split frame (B.37), we also need to decompose the seven-dimensional indices

as a = (a,7), with a = 1,...,6, and write the seven-dimensional frames as
/3 (& —¢/3 ,a
e €q + Co0 R e e
ena = (o + Cads) el = (B.40)
e=20/39, ??3 (dz — Cy)

where é, and e® are basis for the ITA frame and dual frame bundle, respectively, while C,

denotes the components of the one-form Cy. The reduction gives

{Ea} = {&JU{Em u{em 5 UM~ U{EFU{EM @2 U{EM 4 U{Em 0}, (B.41)
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with
E, = e (éa + 1, B+e B A (C1+C3+C5) 41, B+jBAw,B
1 1 1 1.
— 501 A LéaC5 + 503 AN LéaC?, — 505 VAN Léacl — 5]05 A LéaC:g
1. 1. 1.
+ §]B A Cs A LéaCQ, — §]B A Cs A Léacl — QJB ANCT A LéaC5 ,
£ = eA<ea—e_B/\(Cl+03—|-C5)/\€a+jé/\€a—CgACl/\ea

1 1 1
—JBANC3NCy /\€a+§j01 A Cs /\ea—ijC;J, A Cy /\€a+§j05 A C1q /\ea> ,

50,1...0,5 — eA*Qd) (eal...a5 +]B /\ eal...as) ,

)

gwa1-as eAf2¢> (ea,al...aﬁ)

E=er?(eP-C5-jBACs),
£1 = B (7B A€M 4 Oy A ™92 — jC5 A e + jBACs A e™2)
garas _ A9 (e B ) pa1..a4 _ Ch A ¥ 4 j05 A % — B A Cy /\eal...a4)7
gaias _ A ¢>(ea1 a6 _ O A e |

(B.42)
These expressions can be summarised in the twist given in (3.27).

C Twisted bundle and gauge transformations

In this appendix, we show how one can derive the patching conditions (3.8) of the gen-
eralised tangent bundle starting from the supergravity gauge transformations. The key
requirement will be that the generalised vector generates the diffeomorphism and gauge
transformations that act on the supergravity fields. We include the Romans mass in our
computation, the massless case simply follows by setting m = 0.

We start imposing that in each patch U of the manifold Mg, a generalised vector V' gen-
erates a diffeomorphism and gauge transformation of the type ITA supergravity potentials:

SyB = L,B —dX\,
oyC = L,C —eB A (dw—m)\),

SyB = L,B— (do +muws) — %[GB A (dw — mA) A s(C)] (C.1)

6
where all the fields are defined on U. In these expressions, the diffeomorphism is generated
by the ordinary Lie derivative £ along a vector v, while the remaining terms correspond
to the supergravity gauge transformation.

We next require that the generalised diffeomorphism (C.1) be globally well-defined.
This means that on the intersection of a patch U, with another patch Ug, the new field
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configuration defined by (C.1) is patched in the same way as the original one, so as to
preserve the global structure (which cannot be changed by an infinitesimal transforma-
tion). The patching conditions for the gauge potentials on U, NUg are given by the gauge
transformation of the supergravity fields. At the linearised level, these read

B(a) = B(g) + dA(ap) »
Clay = Cg) + e"® A (AQ(ap) — MA(ag))

(C.2)

Bia) = B(g) + dA(ap) + mQg(ap) + % [€7) A (dQag) = mA(ag) A 5(Ca)]
where the labels (a) and () indicate fields on U, and Ug, respectively, while (a/3) denotes a
field defined just on U,NUg. Note that these gauge transformations have the opposite signs
with respect to those in (C.1), as that equation describes an active transformation which
shifts the field configuration to a physically equivalent one; contrastingly, equation (C.2)
describes a patching relation needed to define the fields on the whole manifold, similar to
coordinate invariance in general relativity, which is a passive transformation. From (C.2)
we construct the corresponding finite transformation. Its form is not uniquely determined,
since it depends on the order one chooses for the exponentiation of the infinitesimal trans-
formations. We choose to exponentiate first the action of the RR transformation with
parameter €, then the NSNS transformation by A and finally the one by A. This gives:

B(a) = Bg) +dA(ap) ; (C.3)

dA 1
— Bgy+dA(ap) —meB® ©
C(a) C(g) +e AN dQ(a[g) me AN A(ag) A ( aA >(a5) s

- - < 1 _B edh—1
B(a) = B(Ig) + dA(alg) + m& (aB) + 5 mA(ag) A [e BN <dA >( . A C(ﬂ):| )

Lo Biay+dAag) A 5(C 9 A 1
+5 | Map Ne N 5(Cg)) —mdQap) A Aag) A wsls

where we used the shorthand notation
e:I:dA -1

dA
Imposing that the new field configurations (C.1) in two overlapping patches U, and

1 1
=£14 JdAE GdAAdA £ (C.4)

Up are still related in the intersection U, N Upg by the transformation (C.3), and working
to first order in the components of V', we obtain

Ve Ba) = 0V B(g) »

dA
_ B(gy+dA B et -1
5V<Q)C(a) _5Wﬁ)0(5)+e (8) A(S‘/(ﬁ)B(ﬁ)/\deme (ﬂ)/\(SV(ﬁ)B(ﬁ)/\A/\ < aA ),

—dA

- - 1 _B e 1
WiayBla) = 0viy Bg) + gm AN [e A (dA ) N (V) C(g) = Vi) By N C(ﬂ))L

1
+ 5 dQ A eBetdA A (8(5\/(5>C(/3)) + 5‘/(6)B(5) N S(C('B))>]6 , (C.5)
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where for ease of notation we are omitting the label (o) on A, A and Q. This equation
can be solved to give relations between the components of V(,) and V(gy. Also requiring
that these relations are linear in V,) and V|g), we obtain the following patching rules for
the generalised vector:

V(a) = U(B) ;
Aa) = A@) T toge dA

O(a) = 0(B) + Loy (d]\ + mQ(;) + dQop A dQ2s A (/\(5) + Lv(ﬁ)dA)

_ emdA ] 1
_ [S(dﬂ)/\(e dA/\w(/B)—Fm(dA) /\(Lv(ﬁ)A—i-)\(/B) A A))+§S(dQ> A Lv(ﬂ)dQ:| .
emdh 1 o e —1+dA
- [m(dA> AN +m (w) ““vaL’

w(a) _ e—dA A (.U(ﬁ) + Lv(ﬁ)dQ + ()\(ﬂ) -+ Lv(ﬂ)dA) A dQ

e_dA —1 e_dA -1+ dA
=+ T)’L(M> A ([/'U(B)A -+ A(,B) A A)—i—m(M) A A A LU(mdA . (CG)

Setting m = 0, these terms match precisely those following from eq. (3.8) for the patching
of the twisted generalised tangent space relevant to massless type ITA. Keeping m # 0, we
recover the corresponding terms of equation (4.1).

Note however that by this procedure, one can construct the full twisted bundle F
only for compactifications on manifolds M, of dimension d < 5. Indeed one can directly
deduce the patching of the differential form parts of the generalised vector (which form
a section of the bundle E” in (3.10)), but not the dual graviton charge, as there is no
known treatment of the (non-linear) gauge transformations of the dual graviton field in an
arbitrary background. One can nevertheless infer the transformation of the 7 component
of the generalised vector by insisting that the patching is an Eg(441) adjoint action. In
particular, for m = 0 this yields:

Ta) = T(g) T JAA N o(g) + JAA A (A(g) + Loy dA)

1 1
— js(dQ) A (ed/\ Aw(gy + 5LU(B)dQ + 5()\(5) + Lyge dA) A dQ) . (C.7)

D Exceptional generalised tangent bundle as an extension of O(d,d)
generalised geometry

In the formulae for exceptional generalised geometry for (massive) type ITA, one can identify
combinations of terms familiar from Hitchin’s generalised geometry [30, 31]. We devote this
appendix to showing how the exceptional generalised tangent space can be formulated as an
extension of that introduced by Hitchin, by O(d,d) x R™ tensor bundles. This clarifies how
exceptional geometry constructions like the Dorfman derivative (4.3), are built out of ob-
jects and operators naturally associated to these O(d, d) xR™ generalised geometric bundles.
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Recall that Hitchin’s generalised tangent space [30, 31], which we denote by E’, has
the structure of an extension

0—T"" B 5T —0. (D.1)
The supergravity B-field provides a splitting of the sequence and thus an isomorphism
E=2TaoT*. (D.2)

As in [32], we will view E’ as an O(d,d) x R vector bundle with zero R*-weight. We
normalise the RT weight by fixing the line bundle L = A%T* to have unit weight. The
spinor bundles associated to E’ with weight %, denoted S*(E') 1, can then be represented
as local polyforms

S:I:(E/) ~ Aeven/oddT* ’ (D3)

N

while (in six dimensions) there is also an isomorphism
E'®L = AN°T* @ (T* @ A°T*). (D.4)

The bundles S*(E') 1 and F’ ® L are themselves naturally formed from extensions, and
the isomorphisms (D.3) and (D.4) are also provided by the supergravity B field.
The (massive) type IIA exceptional generalised tangent space E then fits into the exact

sequences
0— SHE) — E" — E —0, .5
2 D.5
0—F®L— E—E"—0.
These give us a mapping
7:E— E
(D.6)
Ve X=v+A,

which serves as an analogue of the anchor map when viewing the exceptional generalised
tangent space E as an extension of E’.

Some useful O(d,d) x Rt covariant maps can be defined as follows. First, given a
section b € L, one has the mapping

b:E - E®L
5 5 (D.7)
VAN igh—A@b

There is also a natural derivative
0:BFxL— L

- (D.8)
X=0+717—(0,X)=do,

which is the analogue of the (covariant) divergence of a vector density in Riemannian

geometry, and a covariant pairing of spinors of opposite chirality
O O ) ST(EN)L®S (B — E'®L
()T SHE) © 5™ (), o

)
(W, TWG) = —[s(w) A 0]5 — [js(w) AB]16.
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The supergravity fields?® A and B are naturally collections of local sections of S~ (E')1 and
2
L respectively, patched by the relevant supergravity gauge transformations. These provide
splittings of the sequences (D.5) and thus an isomorphism
Ex2E oSt E) @ (E®L)

1
i (D.10)
Ve X+0o+ X

which is given explicitly in terms of the maps above as

>

=X

&«

sw—X-A (D.11)

)?:X—B-X—(w—%X-A,ﬂ”A)

where X - A is the Clifford product.

Let us now show how to write the massless type IIA Dorfman derivative (3.19) in terms
of natural operations in O(d,d) x RT generalised geometry. Denote by X = 7/(V) = v+ A
and X' = 7/(V') = o'+ X the projections of the generalised vectors V and V’ onto E’ using
the mapping (D.6). The vector and one-form parts of (3.19) correspond to the O(d, d) Dorf-
man derivative Ly X" = L£,0" + (L,\' — 1,sd)), so that one has 7'(Ly V') = L' (V7).
This is reminiscent of the situation for the usual anchor map 7 : £ — T'M, which satisfies
m(LyV') = Lyym(V') so that the Dorfman derivative descends to the Lie derivative. Here,
the mapping 7’ preserves the Dorfman derivative structure. We remark that the map 7’
and the Dorfman derivatives can be viewed as providing a generalisation of the notion of an
algebroid, where one replaces the tangent bundle with Hitchin’s generalised tangent bundle.

The poly-forms w and ' are local sections of the O(6,6) spinor bundle S™(E’) 1 and
these are treated in an O(6, 6)-covariant way in (3.19). Indeed, Lxw’ = (£, + dA\)w' is a
spinorial Lie derivative in O(d, d) generalised geometry, while (¢, + A\ )dw is the Clifford
action of the O(6,6) generalised vector X on dw.

In six dimensions, the last two parts o and 7 form a local section X of E'®L as in (D.4).
We see that the O(d, d) x RT Dorfman derivative Lx X’ = L0+ Ly +jo’ AdX accounts for
some of the terms involving these in Ly V', From (D.8), one can write do = (9, X), a section
of L, which can act on X’ via the map (D.7), to give (9, X)(X') = i,ydo — N ®@do. Finally,
the exterior derivative gives the natural O(d,d) x R* Dirac operator S+(E’)% -5 (E’)%
and the pairing between w’ and dw in the first and second lines of (3.19) is the O(6,6) x R™
invariant given in (D.9).

Putting all of this together, we can write the Dorfman derivative in terms of O(d, d) x
R* objects as

LyV' = Lx X'+ (Lxw' — X' dw) + (Lx X' — (0, X)(X') — (', TWdw)).  (D.12)

This can be easily enhanced to include the mass terms in (4.3). The mass can be viewed

as a local section of the spinor bundle ST(E’)1 & A®V"T* and we can write the massive

1
2

#3Tn this appendix we use the A-basis for the RR fields (see footnote 1) as we wish for the B field to
appear purely in the twisting of the O(d, d) bundles in (D.5) and not in defining the isomorphism (D.10).
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version of (D.12) as

LyV' = LxX' + [wa’ X (dw— X - m)}
- ~ (D.13)
+ [LXX' — (0, X) + (w,m)) (X') = (w/, TV (dw — X - m)>] .

Finally, we remark that the projected generalised metric appearing in (3.38) is formalised
by the construction of this appendix as H~! € S?(E’), which is the image of the exceptional
generalised metric G~ € S?(E) in the anchor-like mapping ' : E — E’ from (D.6). This
is much like the first line of (3.30), where e?2¢g~! € S*(TM) is seen to be the image of
G~ in the anchor map 7 : E — TM.

E S?in constrained coordinates

In the following we provide some useful formulae for the embedding coordinate description
of the round sphere S, mostly taken from [8]. These are needed to study the parallelisations
of the exceptional tangent bundle presented in the main text.

We parameterise R*t! in Cartesian coordinates as 2 = ry*, i = 1,...d + 1, with

5@']' yiyj =1. (El)

Then the d-dimensional sphere S of radius R is obtained by fixing » = R. The standard
metric and volume form on R4+ induce the following round metric and volume form on S¢:

9= R?6;;dyidy’ (E.2)
o R4 L .
voly = i €iyoig ¥ 1Y A Adytat (E.3)

The Killing vector fields generating the SO(n + 1) isometries can be written as
Vij = R_l (ylki] - y]kil) s (E4)
where k; are conformal Killing vectors, satisfying

L9 =-2y"9, (E.5)

ki(y;) = w,dy; = 0ij — viyy - (E.6)

The index on the coordinates y is lowered using the R4 metric ;5. The Killing vectors
v;; generate the so(n + 1) algebra,

Lo,om = R (S — vk — S0 + 600k) (E.7)

while the constrained coordinates y; and their differentials dy; transform in the fundamen-
tal representation of SO(n + 1) under the Lie derivative,

‘C’Uijyk = Lm‘jdyk =R (yléﬂf _yjdik) )
Ly, dyy = R (dyibj — dy;dik) - (E.8)
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The (d — 1)-form

d—1

ki = —* (Rdy;) = -1

€ijroa YIAY2 A - A dyle (E.9)

transforms under L, exactly as dyy, (since L,,; preserves the round metric (E.2), it com-
mutes with the Hodge star):

Ly, K = Rt (Iii(gjk — K;j(sik) . (E.10)

J

We also introduce the forms

wi; = R?dy; A dy;,

o Rd—2 . N .
S m €ijlrka 1Y Ay A AdyTT
7ij = R(yidy; — y;dyi) ® vola, (E.11)

which transform in the adjoint representation of SO(d + 1) under £,,;. Namely,
Lo, wp = R (Sipwij — Sqwig — Sjpwis + 6j1wii) (E.12)

and similarly for the others, with the same overall factor R~1.

Furthermore, one can show the relations

° R
Lvij VOld = ﬁdpz], (E13)
dr; = d ; vol (E.14)
i = Ryz d > .
d ey, ke = —d (Yrpij) , (E.15)

which are proven by making use of the trivial identity yj; €. 4,,,] = 0.

When computing the norm of our generalised frames, we will need the following
“squares” of the forms defined above:

Vij 3k = YiYkOj1 — YiYkOi — YiYiOjk + Yiyilik »
wij Jwkl = pij 2Pk = OikGjt — 0udjk — (YiykGjt — Yiyrdit — YiSjk + Yiyidin)
Tij ATl = YiYk0ji — YjYrlit — Yiyidjk + Yjyidik ,
kiakj = R*dy;ady; = 6ij — yiy; - (E.16)

o
Here, the round metric g and its inverse are used to lower/raise the indices; for instance,

wij Jwi = 3 gmp énq(wij)mn(wkl)pq, and so on.
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F Type IIB parallelisation on S3

In this appendix, we present a parallelisation of the type IIB generalised tangent bundle on
S3 which satisfies an SO(4) gauge algebra. A consistent truncation of type IIB supergravity
on S3 down to SO(4) maximal supergravity in seven dimensions has recently been worked
out in [13] adopting an exceptional field theory approach. This was related to the S®
reduction of massless type IIA by an external automorphism of SL(4) exchanging the
10 C 15 and the 10" C 40’ representations. Here we show that this type IIB truncation
can also be understood in terms of generalised parallelisations.
The type IIB generalised tangent bundle E on a three-dimensional manifold Mj is

E~ToT T @ AT, (F.1)

and has structure group Eyq) x RT ~ SL(5,R) x R*. A generalised vector transforms in
the 107 representation and can be written as

V=v+A+p+(,

where v € T, A\ € T*, p € T*, and ¢ € A3T*. The relevant Dorfman derivative can
be obtained by truncating to three dimensions the type IIB, five-dimensional Dorfman
derivative given in [8, 63]. This yields

Ly V' = L 4+ (LN = tdA) + (Lop’ — trdp) + (Lo’ +dAAY) . (F.2)

As in the type ITA example discussed in section 6.4, we decompose the generalised
frame E;y, I,J =1,...,5, under SL (4,R) as {Eyj, Ess}, with i = 1,...,4. Then we define
a generalised parallelisation on S® as

Eij = vij + pij + Lo B,

Ery = (F.3)

Eis = Rdy; + y; volz +Rdy; /\é,

with
pij = (R*dy; Ady;) = Reyjray*dy'. (F.4)
Here, Eij parallelises T' & T, that is the part of the generalised tangent bundle common

to type IIA, while E; is a parallelisation on the complement T* & A3T*. As in section 6.4,
the background two-form potential B is chosen such that

o o 2 o
H=dB = = ol3 (F.5)

(we could also have twisted by a background RR two-form potential Co'g ).
Evaluating the Dorfman derivative on the frame (F.3), we obtain

LEi].Ekl = 2R (0 By — 0y Enyi)

LEZ,],Ek5 = —2R 6, Ey5,

Ly En =0,

Ly Ews =0, (F.6)
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which corresponds to an SO(4) frame algebra.?* This is consistent with the SO(4) gauging
of D = 7 maximal supergravity originally discussed in [54]. To see this, it is convenient to
dualise F;; to E;j = %eijklEkl. Also renaming E;5 = Ej;5, the frame algebra now reads

Ly, Erp = =X Exg, (F.7)
with
/ ! 1 .
Xy FET = —465,I,L[JwL[K5§]], w!’ = 5 diag(1,1,1,1,0). (F.8)

which matches the embedding tensor given in [54] for the SO(4) gauging.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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