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1 Introduction

Heavy quark pair and dijet production in electron-proton collisions offer direct probes of the

gluons inside the proton. They allow to map out detailed information about the momentum

distribution of the gluons, including the transverse momentum dependence [1, 2]. This is

of particular interest in the case of transversely polarized protons, which are known to

exhibit large left-right asymmetries. Such asymmetries have not yet been studied in heavy

quark pair or dijet production in electron-proton collisions, but form a prominent part of

the physics case for an Electron-Ion Collider (EIC) proposed in the U.S. [3, 4]. Especially

the study of the gluon Sivers effect is of interest here. The Sivers effect [5] refers to the

transverse momentum distribution of unpolarized quarks and gluons inside a transversely

polarized proton, where the transverse momentum forms a sin φ distribution around the

transverse spin direction.

For transversely polarized protons there is a strong analogy between quark and gluon

distributions. For both there is the Sivers effect already mentioned, but there is also a

parallel between the helicity flip distributions of transversely polarized quarks and of lin-

early polarized gluons inside transversely polarized protons, for which there are two each.

Even though the latter distributions have different chirality and T behavior, their trans-

verse momentum structures are such that they lead to the same azimuthal asymmetries

in certain processes. This parallel we will discuss explicitly for the quark asymmetries

in semi-inclusive Deep Inelastic Scattering (SIDIS) process (e p → e′ hX) and the gluon

asymmetries in open heavy quark pair production (e p→ e′QQX).

The transverse momentum dependent distribution functions (TMDs) of gluons inside

transversely polarized protons are also of interest because of their process dependence

and their associated small x behavior. TMDs are inherently process dependent, expressed

through their gauge link dependence. For the processes under consideration here, the

gauge links are exclusively future pointing, and can be related directly to the gluon TMDs

appearing at LHC in Higgs or heavy scalar quarkonium production (see section 4). This
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in principle allows to cross check the results obtained at LHC and EIC for unpolarized

protons and perhaps for transversely polarized protons too in case a polarized fixed target

experiment, called AFTER@LHC [6, 7], will be performed in the future at LHC. The

gluon TMDs appearing in these processes correspond to the Weiszäcker-Williams (WW)

distributions at small x [8, 9]. Recently it was pointed out in ref. [10] that unlike the dipole

gluon TMDs (which have one future and one past pointing gauge link), the WW gluon

TMDs for a transversely polarized proton are suppressed with respect to the unpolarized

gluon TMD by a factor of x. This implies that the transverse spin asymmetries in heavy

quark pair and dijet production in electron-proton collisions will become suppressed in

the small-x limit. A test of this at EIC would be very interesting, as the EIC can probe

both small and large x regions. At RHIC heavy quarkonia in the forward region are not

accessible, but other processes can be studied that in the small-x limit probe the dipole

distributions that are not suppressed with respect to the unpolarized gluon TMD towards

small x. Such processes may also be studied very precisely at large x at AFTER@LHC [11–

13]. For a further discussion we refer to ref. [14]. Obtaining a consistent picture among

the various processes at small and large x is important for testing our understanding of

transverse spin effects and the TMD formalism in general.

In this paper we will restrict to the WW-type functions that appear in the heavy

quark pair and dijet production at an EIC. The outline of the paper is as follows. In

section 2 we provide the definition of gluon TMDs in terms of QCD operators and discuss

some phenomenological models which are relevant in the small-x region. Details of the

calculations of the cross section for heavy quark pair production in DIS are discussed in

section 3, together with the expressions for the azimuthal asymmetries and their upper

bounds. In section 4 we comment on the process dependence of the gluon TMDs involved.

Our results for dijet production are given in section 5. Summary and conclusions are

presented in section 6.

2 Gluon TMD definitions and small-x expressions

Transverse momentum dependent distribution functions (TMDs) of gluons inside a proton

with four-momentum P and spin vector S are defined through a matrix element of a

correlator of the gluon field strengths Fµν(0) and F νσ(ξ), evaluated at fixed light-front

(LF) time ξ+ = ξ·n = 0, where n is a lightlike vector conjugate to P . Explicitly, the

correlator is given by [15]

Γµνg (x,pT ) =
nρ nσ
(P ·n)2

∫
d(ξ·P ) d2ξT

(2π)3
eip·ξ 〈P, S| Tr

[
Fµρ(0)U[0,ξ]F

νσ(ξ)U ′[ξ,0]

]
|P, S〉

⌋
LF
,

(2.1)

where the gluon momentum p is decomposed as p = xP + pT + p−n, while U[0,ξ] and U ′[0,ξ]
are process dependent gauge links that ensure gauge invariance. The longitudinal and

transverse component of the proton spin are defined through the Sudakov decomposition

Sµ =
SL
Mp

(
Pµ −

M2
p

P · n
nµ
)

+ SµT , (2.2)

with S2
L+S2

T = 1 and Mp being the proton mass. For an unpolarized (U) and transversely

polarized (T ) proton, the following parametrizations for the correlator in terms of gluon
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TMDs will be employed:

ΓµνU (x,pT ) =
x

2

{
−gµνT fg1

(
x,p2

T

)
+

(
pµTp

ν
T

M2
p

+ gµνT

p2
T

2M2
p

)
h⊥ g1

(
x,p2

T

)}
,

ΓµνT (x,pT ) =
x

2

{
gµνT

ερσT pTρ STσ

Mp
f⊥ g1T

(
x,p2

T

)
+ iεµνT

pT · ST

Mp
gg1T

(
x,p2

T

)
+
pTρ ε

ρ{µ
T p

ν}
T

2M2
p

pT · ST

Mp
h⊥ g1T

(
x,p2

T

)
− pTρε

ρ{µ
T S

ν}
T + STρε

ρ{µ
T p

ν}
T

4Mp
hg1T

(
x,p2

T

)}
,

(2.3)

where we have introduced the symmetric and antisymmetric transverse projectors gµνT =

gµν − Pµnν/P ·n− nµP ν/P ·n and εµνT = εαβµνT Pαnβ/P · n, with ε12
T = +1, respectively.

The symmetric part of the correlator ΓT , i.e. (ΓµνT + ΓνµT )/2, is parametrized by three

gluon TMDs that are all T-odd. The naming scheme used here for the gluon TMDs is

based on the analogy with the quarks [16], but it should be emphasized that the quark and

gluon TMDs with the same name are not necessarily linked by evolution and can have quite

different properties under symmetry operations. The h functions for quarks are chiral-odd

and do not mix with the chiral-even h functions of the gluons. Below we will make use of

the combination

hg1 ≡ h
g
1T +

p2
T

2M2
p

h⊥ g1T , (2.4)

which, despite its name, is not related to the well-known transversity distribution hq1 for

quarks that has no gluonic analogue. Although both hq1 and hg1 denote helicity flip distribu-

tions, the quark distribution is chiral-odd, T-even, and survives after transverse momentum

integration, while the gluon distribution is chiral-even, T-odd, and vanishes upon integra-

tion over transverse momentum. Both distributions require another helicity flip somewhere

else in the process, which will require consideration of different types of processes. But as

we will show, the angular dependences in such distinct processes can be the same, which

in our view justifies the naming scheme.

In order to estimate the size of the asymmetries in the small-x limit, we discuss here

some aspects of the small-x behavior of the various gluon TMDs, starting with the linearly

polarized gluon distribution. It has been shown that both the dipole and WW type linearly

polarized gluon distributions can be studied in the small-x formalism as they both have the

same ln 1/x enhancement in the small x-region as the unpolarized gluon distributions. It

is thus possible to compute them using a saturation model. For example, in the McLerran-

Venugopalan (MV) model [17], the WW type linearly polarized gluon distribution is given

by [18, 19]

xh⊥g1

(
x,p2

T

)
=

S⊥
2π3αs

M2
p

2p2
T

N2
c − 1

Nc

∫ ∞
0

dr⊥
J2 (|pT |r⊥)

r⊥ln 1
r2
⊥Λ2

QCD

(
1− e−

r2
⊥Q2

s
4

)
, (2.5)

where the saturation scale is defined as Q2
s = αsNcµAln 1

r2
⊥Λ2

QCD
and S⊥ is the transverse

area of the nucleon/nucleus. In the MV model, there is a relation µAS⊥ = αs2πA, where A
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Figure 1. Ratio of the linearly polarized and unpolarized WW-type gluon TMDs in the MV model.

is the number of nucleons inside a nucleus, which is 1 in our case. Although the MV model

is argued to work better for a large nucleus, its application to a nucleon target turns out

to be quite successful phenomenologically [20, 21]. For numerical estimations a regularized

MV model expression is required for the small-x WW type gluon TMDs [21–23],

xh⊥g1

(
x,p2

T

)
=

(
N2
c −1

)
αs

π2

M2
p

2p2
T

∫ ∞
0

dr⊥
J2 (|pT |r⊥)

r⊥Q
2
s0ln

[
1

r2
⊥Λ2

QCD
+e

]
1−e

− r2
⊥Q2

s0
4

ln

[
1

r2
⊥Λ2

QCD

+e

],
(2.6)

where Q2
s0 is a starting saturation scale to be taken from fits to experimental data. The

ratio between linearly polarized and unpolarized gluon distributions in the MV model is

then given by

p2
T

2M2
p

h⊥ g1

(
x,p2

T

)
fg1 (x,p2

T )
=

∫∞
0

dr⊥
r⊥

J2 (|pT |r⊥) ln−1

[
1

r2
⊥Λ2

QCD
+ e

] 1− e
− r2
⊥Q2

s0
4

ln

[
1

r2
⊥Λ2

QCD

+e

]
∫∞

0
dr⊥
r⊥

J0 (|pT |r⊥)

1− e
−

r2
⊥Q2

s0
4

ln

[
1

r2
⊥Λ2

QCD

+e

]
.

(2.7)

Numerically we find that Q2
s0 should be larger than about 1.1 times CAΛ2

QCD/(4CF ), in

order for the ratio to stay below 1 for all pT values (this is contrary to the claim in [19]).

Alternatively one could consider replacing e in the numerator by ec · e, and take ec to

be sufficiently larger than 1. In figure 1 we show the ratio for the case Q2
s0 = CA/CF ×

0.35 GeV2 at x = 0.01 and ΛQCD = 0.2 GeV. Here the value 0.35 GeV2 is based on the GBW

model fits to HERA data [24]. If one uses instead the value 0.104 GeV2 in combination with

ΛQCD = 0.241 GeV, as in [21], the resulting function would violate the positivity bound in

a restricted region of intermediate transverse momentum. As can be seen from the figure,

unlike the dipole case for which the ratio is saturated for all pT [18], the ratio in this WW
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case is not saturated for pT values below 10 GeV, but still sizeable except for very small pT
values. Sizeable asymmetries may thus also be expected at EIC at small but not too small x.

Now we turn to discuss the behavior of the WW type T-odd gluon TMDs in the

small x limit. At large pT , three T-odd WW type gluon TMDs inside a transversely

polarized target can be perturbatively computed [10] following the standard collinear twist-

3 approach [25, 26]. As mentioned in the introduction, these calculations have suggested

that the WW gluon TMDs are suppressed by a factor of x as compared to the corresponding

dipole type ones. However, in ref. [10], only the asymptotic small-x behavior of the WW

gluon TMDs is discussed in the context of the collinear twist-3 approach without giving the

full expressions. Below we present the complete results for these gluon distributions, which

are relevant at moderately small x. One notices that such sub-asymptotic behavior can

not be studied in the MV model, as in general, only the leading logarithm contribution is

taken into account in saturation models. For the WW type gluon Sivers function, one has

f⊥ g1T

(
x,p2

T

)
=
C1Mp

p4
T

{∫ 1

x

dz

z

∑
q+q̄

{
TF,q(z, z)

1 + (1− ξ)2

ξ
− TF,q(z, z − x)

2− ξ
ξ

}

−16πMp

∫ 1

x

dz

z2

{(
ξ2 − ξ + 1

)2
ξ(1− ξ)+

[N(z, z)−N(z, 0)] +
1 + ξ2

2ξ(1− ξ)+
N(x, z)

− 1 + (1− ξ)2

2ξ(1− ξ)+
N(z, z − x)− ξ2 + (1− ξ)2

2ξ(1− ξ)+
N(x, x− z)

}}
, (2.8)

where ξ = x/z and C1 = Nc
2

αs
2π2 . Here TF,q(z, z) is the collinear twist-3 quark-gluon

correlation function, commonly known as the Qiu-Sterman function [27], while N(z1, z2)

is a tri-gluon correlation function in which three gluons are in a symmetric color singlet

state [28–30]. The tri-gluon correlation function has the symmetry properties: N(x1, x2) =

N(x2, x1), N(x1, x2) = −N(−x1,−x2), which below will be used to simplify the expres-

sions. Terms proportional to δ(1−ξ)[N(z, z)−N(z, 0)] are ignored, as they are suppressed in

the limit x→ 0. The large-pT expression of the gluon TMD h g1T (x, p2
T ) takes a similar form,

h g1T
(
x,p2

T

)
= C1

Mp

p4
T

2

{∫ 1

x

dz

z

∑
q+q̄

{
TF,q(z, z)

2− 2ξ

ξ
− TF,q(z, z − x)

2− ξ
ξ

}

−16πMp

∫ 1

x

dz

z2

{
1− ξ
ξ

N(z, z)− ξ2 + (1− ξ)2

ξ(1− ξ)+
N(z, 0) +

1− ξ
2ξ

N(x, z)

− 1 + (1− ξ)2

2ξ(1− ξ)+
N(z, z − x)− 1

2ξ(1− ξ)+
N(x, x− z)

}}
, (2.9)

where again the term proportional to δ(1−ξ) is ignored. Finally, the gluon TMD h⊥ g1T (x, p2
T )

is given by

h⊥ g1T

(
x, p2

T

)
= C1

Mp

p4
T

2M2
p

p2
T

∫ 1

x

dz

z

{∑
q+q̄

TF,q(z, z) + T
(+)
G (z, z)

}
4− 4ξ

ξ
, (2.10)

where the tri-gluon correlation function T
(+)
G (z, z) is defined as T

(+)
G (z, z) ≡

−8πMp [N(z, z)−N(z, 0)] /z. With these results, we can study the small-x asymp-

totic behavior of the WW T-odd gluon TMDs. First of all, as observed in [10], there
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is a complete cancelation between the soft gluon pole contributions and the hard gluon

pole contributions in the leading power of 1/x for the gluon distributions f⊥ g1T (x, p2
T ) and

h g1T (x, p2
T ) in the small-x limit. The leading contribution to the gluon TMD h⊥ g1T (x, p2

T )

also vanishes by invoking the Burkardt sum rule [31, 32],∫ 1

0
dz

{∑
q+q̄

TF,q(z, z) + T
(+)
G (z, z)

}
= 0 , (2.11)

which is stable under QCD evolution [33]. However, beyond the leading logarithm ln 1/x

approximation, there is no exact cancellation among the various contributions. In the

small-x limit, the subleading contributions to the gluon TMDs are given by

f⊥ g1T

(
x,p2

T

)
≈ −C1Mp

p4
T

∫ 1

x

dz

z

{∑
q+q̄

TF,q(z, z) + 2T
(+)
G (z, z)

}
, (2.12)

h g1T
(
x,p2

T

)
≈ −C1Mp

p4
T

2

∫ 1

x

dz

z

{∑
q+q̄

TF,q(z, z) + 2T
(+)
G (z, z)

}
, (2.13)

h⊥ g1T

(
x,p2

T

)
≈ −C1Mp

p4
T

4
2M2

p

p2
T

∫ 1

x

dz

z

{∑
q+q̄

TF,q(z, z) + T
(+)
G (z, z)

}
. (2.14)

We emphasize that the calculation presented here is based on the large-pT DGLAP-type

formalism. Unlike the T-odd dipole type gluon TMDs [10, 34], these T-odd WW type

gluon TMDs cannot be treated in the small-x formalism due to the lack of the leading

logarithmic contribution, at least not in a conventional way [35]. Nevertheless, we will use

these compact results as guidance for modelling the WW gluon TMDs at small x for all

pT . For example, if we assume the Burkardt sum rule were satisfied at each value of z, i.e.∑
q+q̄ TF,q(z, z) + T

(+)
G (z, z) = 0, one obtains the simple result

f⊥ g1T

(
x,p2

T

)
=

1

2
h g1T
(
x,p2

T

)
, h⊥ g1T

(
x,p2

T

)
= 0 ⇒ hg1

(
x,p2

T

)
= 2f⊥ g1T

(
x,p2

T

)
(Model I).

(2.15)

If, on the other hand, we assume that the tri-gluon correlation were zero at some low

initial scale and is purely dynamically generated by the Qiu-Sterman function TF,q, one

would have (note that p2
T = −p2

T )

f⊥ g1T

(
x,p2

T

)
=

1

2
h g1T
(
x,p2

T

)
=

p2
T

8M2
p

h⊥ g1T

(
x,p2

T

)
⇒ hg1

(
x,p2

T

)
= −2f⊥ g1T

(
x,p2

T

)
(Model II).

(2.16)

Finally, if for some reason it turns out that
∫ 1
x dzT

(+)
G (z, z)/z �

∑
q+q̄

∫ 1
x dzTF,q(z, z)/z,

one obtains:

f⊥ g1T

(
x,p2

T

)
=

1

2
h g1T

(
x,p2

T

)
=

p2
T

4M2
p

h⊥ g1T

(
x,p2

T

)
⇒ hg1

(
x,p2

T

)
= 0 (Model III).

(2.17)

These models will be used below to obtain simple estimates for some ratio of asymmetries.

All three models differ from the leading logarithmic result for the T-odd dipole functions

f⊥ g1T = 1
2h

g
1T =

p2
T

2M2
p
h⊥ g1T = hg1.
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The T-odd gluon TMDs have to satisfy the following positivity bounds [15]

|pT |
Mp

∣∣∣f⊥ g1T

(
x,p2

T

)∣∣∣ ≤ fg1 (x,p2
T

)
,

|pT |
Mp

∣∣hg1 (x,p2
T

)∣∣ ≤ fg1 (x,p2
T

)
,

|pT |3

2M3
p

∣∣∣h⊥ g1T

(
x,p2

T

)∣∣∣ ≤ fg1 (x,p2
T

)
. (2.18)

In none of the three models we presented, one can satisfy the bounds for all three functions

at the same time. This is in contrast to the dipole model for which all bounds can be

saturated simultaneously.

It should be emphasized that for small x the maximal values are not expected for the

WW-type functions that are probed at EIC in heavy quark pair or dijet production. As

mentioned, the WW T-odd gluon TMDs are suppressed by a factor of x with respect to

the WW unpolarized gluon TMD. The WW T-even gluon TMD h⊥ g1 is not suppressed by

a factor of x, but by a logarithm of pT/Qs in the region pT � Qs [18], whereas for pT � Qs
it was found to saturate the bound. This is compatible with the sizeable but not maximal

effects we obtained in the MV model, figure 1. This is why below we will show results for

the MV model, rather than for h⊥ g1 that saturates the positivity bound for all pT .

3 Heavy quark pair production

The calculation of the cross section for the process

e(`) + p(P, S)→ e(`′) +Q(K1) +Q(K2) +X , (3.1)

where the proton is polarized with polarization vector S and the other particles are unpo-

larized, proceeds along the same lines of ref. [2], to which we refer for details. The heavy

quark-antiquark pair in the final state is almost back-to-back in the plane perpendicular to

the direction of the incoming proton and the photon exchanged in the reaction, that we take

as ẑ-axis. Therefore one has |qT | � |K⊥|, where qT ≡ K1⊥+K2⊥ and K⊥ ≡ (K1⊥−K2⊥)/2,

with Ki⊥ (i = 1, 2) being the transverse momenta of the heavy quark and antiquark, sat-

isfying the relation K2
i⊥ = −K2

i⊥. This is often referred to as the back-to-back correlation

limit. In a reference frame in which azimuthal angles are measured w.r.t. the lepton plane

(φ` = φ`′ = 0), denoting by φS , φT and φ⊥ the azimuthal angles of the three-vectors ST ,

qT and K⊥, respectively, the cross section can be written as

dσ

dy1 dy2 dy dxB d2qTd2K⊥
≡ dσ(φS , φT , φ⊥) = dσU (φT , φ⊥) + dσT (φS , φT , φ⊥) , (3.2)

where yi are the rapidities of the quarks, y is the inelasticity variable, and xB = Q2/(2P ·q),
with Q2 = −q2 = −(` − `′)2, is the Bjorken-x variable. At leading order in perturbative

QCD, we find

dσU = N
[
AU0 +AU1 cosφ⊥ +AU2 cos 2φ⊥ +BU

0 cos 2φT +BU
1 cos(2φT − φ⊥)

+BU
2 cos 2(φT − φ⊥) +BU

3 cos(2φT − 3φ⊥) +BU
4 cos(2φT − 4φ⊥)

]
δ(1− z1 − z2) ,

(3.3)
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and

dσT = N |ST |
{

sin(φS − φT )

[
AT0 +AT1 cosφ⊥ +AT2 cos 2φ⊥

]
+ cos(φS − φT )

[
BT

0 sin 2φT

+BT
1 sin(2φT − φ⊥)+BT

2 sin 2(φT − φ⊥)+BT
3 sin(2φT − 3φ⊥)+BT

4 sin(2φT − 4φ⊥)

]
+

[
B′T0 sin(φS + φT ) +B′T1 sin(φS + φT − φ⊥) +B′T2 sin(φS + φT − 2φ⊥)

+B′T3 sin(φS + φT − 3φ⊥) +B′T4 sin(φS + φT − 4φ⊥)

]}
δ(1− z1 − z2) , (3.4)

where zi = P ·Ki/P · q, with q ≡ `− `′. The normalization factor N is given by

N =
α2αs
πsM2

⊥

1

xBy2
, (3.5)

with s = (` + P )2, M⊥ =
√
M2
Q + K2

⊥, where MQ is the (anti)quark mass. The explicit

expressions of the terms A
U/T
l in eqs. (3.3) and (3.4), with l = 0, 1, 2, are given by

AUl = e2
Q TRA

eg→eQQ
l fg1

(
x, q2

T

)
, ATl = AUl

f⊥ g1T

(
x, q2

T

)
fg1 (x, q2

T )
, (3.6)

where TR = 1/2. We note that the three ratios ATl /A
U
l are all equal to each other, i.e. to

the ratio of the gluon Sivers function f⊥ g1T and the unpolarized gluon distribution fg1 . The

hard scattering functions Aeg→eQQl describe the interaction of an unpolarized gluon with a

photon which can be in different polarization states [2],

Aeg→eQQ0 =
[
1 + (1− y)2

]
Aγ
∗g→QQ
U+L − y2Aγ

∗g→QQ
L ,

Aeg→eQQ1 = (2− y)
√

1− yAγ
∗g→QQ
I ,

Aeg→eQQ2 = 2(1− y)Aγ
∗g→QQ
T ,

(3.7)

where the subscripts U +L, L, I, T refer to the specific polarization of the photon [2, 36].

Introducing the notation z ≡ z1, z2 = 1− z, Q2 = −q2, we have

Aγ
∗g→QQ
U+L =

1

D3
− z(1− z)

D3

{
2− 4

M2
Q

M2
⊥

+ 4
M4
Q

M4
⊥
−

[
4z(1− z)

(
2− 3

M2
Q

M2
⊥

)
+ 2

M2
Q

M2
⊥

]
Q2

M2
⊥

− z(1− z)[1− 2z(1− z)]
Q4

M4
⊥

}
, (3.8)

Aγ
∗g→QQ
L = 8

z2(1− z)2

D3

(
1−

M2
Q

M2
⊥

)
Q2

M2
⊥
, (3.9)

Aγ
∗g→QQ
I = 4

√
1−

M2
Q

M2
⊥

z(1− z)(1− 2z)

D3

Q

M⊥

[
1− z(1− z)

Q2

M2
⊥
− 2

M2
Q

M2
⊥

]
, (3.10)

Aγ
∗g→QQ
T = 4

z(1− z)

D3

(
1−

M2
Q

M2
⊥

)[
z(1− z)

Q2

M2
⊥

+
M2
Q

M2
⊥

]
, (3.11)
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with

D ≡ D
(
z,
Q2

M2
⊥

)
= 1 + z(1− z)

Q2

M2
⊥
. (3.12)

Analogously, the BU
m, BT

m and B′Tm , with m = 0, 1, 2, 3, 4, describe the scattering of a

linearly polarized gluon with a photon. They can be written as

BU
m = e2

Q TR Beg→eQQm

q2
T

M2
p

h⊥ g1

(
x, q2

T

)
, BT

m = BU
m

|qT |
Mp

h⊥ g1T

(
x, q2

T

)
h⊥ g1 (x, q2

T )
,

B′Tm = BU
m

Mp

|qT |
hg1T

(
x, q2

T

)
h⊥ g1 (x, q2

T )
,

where

Beg→eQQ2 =
[
1 + (1− y)2

]
Bγ
∗g→QQ
U+L − y2 Bγ

∗g→QQ
L ,

Beg→eQQj = (2− y)
√

1− y Bγ
∗g→QQ
jI (j = 1, 3) ,

Beg→eQQk = 2(1− y)Bγ
∗g→QQ
kT (k = 0, 4) , (3.13)

with

Bγ
∗g→QQ
U+L =

z(1− z)

D3

{
[1− 6z(1− z)]

Q2

M2
⊥
− 2

M2
Q

M2
⊥

}(
1−

M2
Q

M2
⊥

)
,

Bγ
∗g→QQ
L = −4

z2(1− z)2

D3

(
1−

M2
Q

M2
⊥

)
Q2

M2
⊥
,

Bγ
∗g→QQ

1I = 2
z(1− z)(1− 2z)

D3

[
z(1− z)

Q2

M2
⊥

+
M2
Q

M2
⊥

]√
1−

M2
Q

M2
⊥

Q

M⊥
,

Bγ
∗g→QQ

3I = −2
z(1− z)(1− 2z)

D3

[
1−

M2
Q

M2
⊥

]3/2
Q

M⊥
,

Bγ
∗g→QQ

0T = −z(1− z)

D3

[
z(1− z)

Q2

M2
⊥

+
M2
Q

M2
⊥

]2

,

Bγ
∗g→QQ

4T =
z(1− z)

D3

(
1−

M2
Q

M2
⊥

)2

. (3.14)

The expressions involving h⊥ g1 have appeared before in ref. [2], but here a few redefinitions

are made in order to display the similarity between the contributions of the various h

functions. In particular, the following observable,

|〈cos 2φT 〉| =
∣∣∣∣∫ dφ⊥dφT cos 2φT dσ∫

dφ⊥dφT dσ

∣∣∣∣ =
q2
T |BU

0 |
2AU0

=
q2
T

2M2

∣∣∣h⊥ g1

(
x,p2

T

)∣∣∣
fg1 (x,p2

T )

∣∣∣Beg→eQQ0

∣∣∣
Aeg→eQQ0

,

(3.15)

has been defined, which could provide direct access to h⊥ g1 . Using the earlier MV model

expressions for the ratio between linearly polarized and unpolarized TMDs, in figure 2 we
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Figure 2. Estimates of the asymmetry |〈cos 2φT 〉| in the MV model, as a function of qT ≡ |qT |,
calculated at |K⊥| = 6 GeV, z = 0.5, y = 0.1 and at different values of Q2, for charm (left panel)

and bottom (right panel) production in the process ep→ e′QQX.

show our estimates for |〈cos 2φT 〉| at z = 0.5, y = 0.1, |K⊥|= 6 GeV and Q2 ≥ 1 GeV2, for

both charm and bottom production. For this and the subsequent numerical studies we take

the charm mass Mc = 1.3 GeV and the bottom mass Mb = 4.2 GeV. We observe sizeable

asymmetries in this MV model. Of course, the center of mass energy has to be sufficiently

large for these curves to indeed be in the small-x range. For an EIC the considered
√
s

ranges from about 20 to 150 GeV [3], therefore xB = Q2/(ys) < 0.01 for y ≥ 0.1 requires

Q2 < (10−3 − 10−2)s. For
√
s = 60 GeV one should thus not consider the Q2 = 100 GeV2

curve. We include the large Q2 curves for a high energy EIC or for an analysis of HERA

data which were taken at
√
s = 320 GeV. For larger y and |K⊥| values the asymmetries

decrease. For y = 1 |〈cos 2φT 〉| vanishes identically.

Analogously, in figure 3 we provide our model estimates for the other asymmetry

defined in ref. [2],

|〈cos 2(φT−φ⊥)〉|=
∣∣∣∣∫ dφ⊥dφT cos 2(φT−φ⊥)dσ∫

dφ⊥dφTdσ

∣∣∣∣ =
q2
T |BU

2 |
2AU0

=
q2
T

2M2

∣∣∣h⊥ g1

(
x,p2

T

)∣∣∣
fg1 (x,p2

T )

∣∣∣Beg→eQQ2

∣∣∣
Aeg→eQQ0

,

(3.16)

which is calculated at z = 0.5, y = 0.3, |K⊥|= 10 GeV and Q2 ≥ 1 GeV2. At large qT
values the asymmetry is close to the maximal values allowed by the positivity bound. For

larger y and |K⊥| values the asymmetries decrease again, but the asymmetry does not

vanish at y = 1.

If we introduce the combination hg1 of eq. (2.4), it turns out that the cross section in the

transversely polarized proton case, when integrated over φ⊥, has only three independent

azimuthal modulations: sin(φS − φT ), sin(φS + φT ), and sin(φS − 3φT ). Each one of them

is related to a different T-odd gluon TMD. We observe that these angular structures and

the TMDs they probe, are closely analogous to the case of quark asymmetries in SIDIS

(e p↑ → e′ hX), where the role of φT is played by φh, cf. [37]. The same applies to the
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Figure 3. Estimates of the asymmetry |〈cos 2(φT − φ⊥)〉| in the MV model, as a function of

qT ≡ |qT |, calculated at |K⊥| = 10 GeV, z = 0.5, y = 0.3, and different values of Q2, for charm (left

panel) and bottom (right panel) production in the process ep→ e′QQX.

cos 2(φT − φ⊥) asymmetry considered before.

In order to single out separate φS dependent terms, we define the following azimuthal

moments

A
W (φS ,φT )
N ≡ 2

∫
dφT dφ⊥W (φS , φT ) dσT (φS , φT , φ⊥)∫

dφT dφ⊥ dσU (φT , φ⊥)

= 2

∫
dφT dφ⊥W (φS , φT ) [dσ(φS , φT , φ⊥)− dσ(φS + π, φT , φ⊥)]∫

dφT dφ⊥ [dσ(φS , φT , φ⊥) + dσ(φS + π, φT , φ⊥)]
, (3.17)

where the denominator is given by∫
dφT dφ⊥ dσU (φT , φ⊥) ≡

∫
dφT dφ⊥

dσU (φT , φ⊥)

dy1 dy2 dy dxB d2qTd2K⊥
= 4π

α2αs
sM2
⊥

1

xBy2
AU0 ,

(3.18)

and, since AU0 = AT0 f
g
1 /f

⊥ g
1T , we obtain

A
sin(φS−φT )
N =

|qT |
Mp

AT0
AU0

=
|qT |
Mp

f⊥ g1T

(
x, q2

T

)
fg1 (x, q2

T )
, (3.19)

A
sin(φS+φT )
N =

|qT |
Mp

B′T0
AU0

=
2(1− y)Bγ

∗g→QQ
0T

[1 + (1− y)2]Aγ
∗g→QQ
U+L − y2Aγ

∗g→QQ
L

|qT |
Mp

hg1
(
x, q2

T

)
fg1 (x, q2

T )
,

(3.20)

A
sin(φS−3φT )
N = −|qT |3

M3
p

BT
0

2AU0
= −

2(1− y)Bγ
∗g→QQ

0T

[1 + (1− y)2]Aγ
∗g→QQ
U+L − y2Aγ

∗g→QQ
L

|qT |3

2M3
p

h⊥ g1T

(
x, q2

T

)
fg1 (x, q2

T )
.

(3.21)

Note that the asymmetries in eqs. (3.20) and (3.21) vanish in the limit y → 1 when the

virtual photon is longitudinally polarized, which for s/Q2 → ∞ corresponds to the limit
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Figure 4. Upper bounds |AWN |max on the asymmetries A
sin(φS+φT )
N and A

sin(φS−3φT )
N for charm

(left panel) and bottom (right panel) production in process ep → e′QQX. Estimates are given as

a function of y, at different values of K⊥ > 1 GeV (chosen in such a way that the asymmetries are

maximal) and Q2, with z = 0.5.

x → 0. Based on the absence of the leading logarithmic term for the WW T-odd gluon

TMDs, it is expected that also eq. (3.19) vanishes in this limit, but it does not do so

automatically through a kinematic suppression term as for the other two asymmetries.

We note that a measurement of the ratio

A
sin(φS−3φT )
N

A
sin(φS+φT )
N

= − q2
T

2M2
p

h⊥ g1T

(
x, q2

T

)
hg1 (x, q2

T )
(3.22)

would probe directly the relative magnitude of h⊥ g1T and hg1 without dependences on any

of the other kinematic variables in the process. In the small-x models discussed in the

previous section, one would obtain for this ratio: 0 in model I, −2 in model II, and ∞ in

model III. These cases are all distinguishable from the dipole case, which would give 1.

Note that this ratio need not be bounded between −1 and +1.

As mentioned before, the WW T-odd gluon TMDs are not expected to satisfy the

positivity bounds, but the latter can be used to determine the maximum values of the

above defined asymmetries, and thereby exclude less promising kinematic regions. It can

be easily seen that the Sivers asymmetry is bound to 1, while the asymmetries in eqs. (3.20)

and (3.21) have the same upper bound, which we denote by AWN . The maximal values of

|AWN | for the latter are shown in figure 4 for charm and bottom production as a function

of y, at z = 1/2, Q2 = 1, 10 and 100 GeV2. These maximal values are attained at some

specific values of |K⊥|, which in this case corresponds to the lowest |K⊥| value considered.

The charm and bottom production upper bounds on |AWN | as a function |K⊥| are shown

in figure 5, again at z = 1/2, y = 0.1 and Q2 = 1, 10 and 100 GeV2. The upper bounds

of these asymmetries are equal to the R′ bounds of the weighted cross section 〈cos 2φT 〉,
which are presented in figure 2 of ref. [2] for y = 0.01.
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Figure 5. Estimates of |AWN |, with W = sin(φS + φT ), sin(φS − 3φT ), for charm (left panel) and

bottom (right panel) production in the process ep → e′QQX, calculated at z = 0.5, y = 0.1 and

different values of Q2, as a function of |K⊥| (> 1 GeV).

Alternatively, one can define the azimuthal angles w.r.t. φ⊥ instead of φ`, which can

then be integrated over. In this case, only the terms AT0 , BT
2 and B′T2 will contribute to

the cross section in eq. (3.4). After introducing again the combination in eq. (2.4), one

finds, in analogy to eqs. (3.19)–(3.21),

A
sin(φ⊥S−φ

⊥
T )

N = A
sin(φS−φT )
N =

|qT |
Mp

AT0
AU0

=
|qT |
Mp

f⊥ g1T

(
x, q2

T

)
fg1 (x, q2

T )
, (3.23)

A
sin(φ⊥S +φ⊥T )
N =

|qT |
Mp

B′T2
AU0

=

[
1 + (1− y)2

]
Bγ
∗g→QQ
U+L − y2Bγ

∗g→QQ
L

[1 + (1− y)2]Aγ
∗g→QQ
U+L − y2Aγ

∗g→QQ
L

|qT |
Mp

hg1
(
x, q2

T

)
fg1 (x, q2

T )
,

(3.24)

A
sin(φ⊥S−3φ⊥T )
N =

|qT |3

M3
p

BT
2

2AU0
=

[
1 + (1− y)2

]
Bγ
∗g→QQ
U+L − y2Bγ

∗g→QQ
L

[1 + (1− y)2]Aγ
∗g→QQ
U+L − y2Aγ

∗g→QQ
L

|qT |3

2M3
p

h⊥ g1T

(
x, q2

T

)
fg1 (x, q2

T )
.

(3.25)

As before, the asymmetries in eqs. (3.24)–(3.25) have the same upper bound AW⊥N , presented

in figures 6 and 7 for different values of the kinematic variables |K⊥|, y, z, Q2. This bound

is equal to R, the upper bound of 〈cos(2φT − φ⊥)〉 discussed in figure 1 of ref. [2] for

y = 0.01. From figure 6 one sees that in this case the asymmetries do not need to vanish

when y → 1. This means that for small-x studies the asymmetries AW⊥N may be of more

interest than AWN . Due to the zero crossing that occurs in the maximal value of |AW⊥N |, for

charm production the asymmetry in the region of Q2 between 5 and 10 GeV2 is expected

to be small. For bottom production this would apply to Q2 closer to 100 GeV2. Although

these conclusions are based on the maximal asymmetries and therefore robust, the exact

location of the zero crossing in y may be affected by higher order corrections and thus may

be a different function of Q2 than obtained here.
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Figure 6. Same as in figure 4, but for the upper bounds |AWN |max of the asymmetries A
sin(φ⊥

S +φ⊥
T )

N

and A
sin(φ⊥

S−3φ
⊥
T )

N .
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Figure 7. Same as in figure 5, but for the asymmetries AW⊥
N , with W⊥ = sin(φ⊥S + φ⊥T ),

sin(φ⊥S − 3φ⊥T ).

4 Sign change test of the T-odd gluon TMDs

In this section we discuss the gauge link structure of the gluon TMDs in the process e p↑ →
e′QQ̄X and its consequences. The subprocess γ∗ g → QQ̄ probes a gluon correlator with

two future pointing Wilson lines, commonly referred to as + links, at small x corresponding

to the WW type functions. In contrast, the process p↑ p→ γ jetX in the kinematic regime

where gluons in the polarized proton dominate, effectively selects the subprocess q g → γ q,

which probes a gluon correlator with a + and − link (future and past pointing), at small

x corresponding to the dipole type functions. These two processes thus probe distinct and

entirely independent T-odd gluon TMDs. In this way processes in ep collisions and pp

collisions can be completely complementary. However, it is important to also note that
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one can study processes in pp collisions that are fully related to the ones in ep collisions.

For example, the process p↑ p → γ γ X in the back-to-back correlation limit [38], probes

T-odd gluon TMDs with two past-pointing Wilson lines, which are related by an overall

sign change to the ones with two future-pointing links. As a result, we can make the new

TMD-formalism prediction that the gluon Sivers function probed in e p↑ → e′QQ̄X is of

opposite sign to the one probed in p↑ p→ γ γ X:

f
⊥ g[e p↑→e′QQ̄X]
1T

(
x, p2

T

)
= −f⊥ g[p

↑ p→γ γ X]
1T

(
x, p2

T

)
, (4.1)

and the same relation applies to the other two T-odd gluon TMDs, hg1 (or h1T ) and h⊥1T .

Here one can consider instead of a γ γ pair any other color singlet state in gg-dominated

kinematics, such as J/ψ γ or J/ψ J/ψ pairs [39, 40]. This is the gluonic analogue of the

famous sign change relation between the quark Sivers TMD probed in SIDIS and Drell-

Yan [41]. In our view this provides additional motivation to study gluon Sivers effects

at RHIC or AFTER@LHC and compare it to EIC studies in the future, irrespective of

any theoretical expectations about WW-type gluon TMDs at (very) small x. For T-even

functions there is no sign change, such that the process pp → HX [42, 43] at LHC (or

instead of the Higgs boson a (pseudo-)scalar heavy quarkonium state [44]), probes the same

h⊥ g1 function as the process e p→ e′QQ̄X at EIC:

h
⊥ g[e p→e′QQ̄X]
1

(
x, p2

T

)
= h

⊥ g[p p→HX]
1

(
x, p2

T

)
. (4.2)

The l.h.s. involves the gluon TMDs with two − links and the r.h.s. with two + links, which

for T-even functions are equal. On the other hand, a process like Higgs+jet production

probes a more complicated link structure [45]. The same applies to heavy quark-antiquark

pair production in proton-proton collisions or proton-nucleus collisions [46], although that

process is expected to be TMD factorizing at small x only.

In conclusion, the comparison between TMD observables that can be studied at LHC

and at EIC can be related or complementary depending on the process.

5 Dijet production

The angular structure of the cross section for the process

e(`) + p(P, S)→ e(`′) + jet(K1) + jet(K2) +X , (5.1)

is the same as in eqs. (3.2)–(3.4), with

N =
α2αs
πsK2

⊥

1

xBy2
. (5.2)

The terms A
U/T
l at LO receive contributions from two subprocesses, eq → e′qg and eg →

e′qq̄. They can be written in the form

AUl =
∑
q,q̄

e2
q CF A

eq→eqg
l f q1

(
x, q2

T

)
+
∑
q

e2
q TRA

eg→eqq̄
l fg1

(
x, q2

T

)
,

ATl =
∑
q,q̄

e2
q CF A

eq→eqg
l f⊥ q1T

(
x, q2

T

)
+
∑
q

e2
q TRA

eg→eqq̄
l f⊥ g1T

(
x, q2

T

)
, (5.3)
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where CF = (N2
c − 1)/2Nc, with Nc being the number of colors. The hard scattering

functions Aeq→eqgl are the same as the ones calculated in ref. [2] for unpolarized scattering.

They read

Aeq→eqg0 =
[
1 + (1− y)2

]
Aγ
∗q→qg
U+L − y2Aγ

∗q→qg
L ,

Aeq→qg1 = (2− y)
√

1− yAγ
∗q→qg
I ,

Aeq→eqg2 = 2(1− y)Aγ
∗q→qg
T , (5.4)

where

Aγ
∗q→qg
U+L =

1− z
D2

0

{
1+z2+

[
2z(1− z)+4z2(1− z)2

] Q2

K2
⊥

+
[
z2(1−z)2

][
1 + (1−z)2

] Q4

K4
⊥

}
,

(5.5)

Aγ
∗q→qg
L = 4

z2(1− z)3

D2
0

Q2

K2
⊥
, (5.6)

Aγ
∗q→qg
I = −4

z2(1− z)2

D2
0

[
1 + (1− z)2 Q2

K2
⊥

]
Q

|K⊥|
, (5.7)

Aγ
∗q→qg
T = 2

z2(1− z)3

D2
0

Q2

K2
⊥
, (5.8)

with

D0 ≡ D0

(
z,
Q2

K2
⊥

)
= 1 + z(1− z)

Q2

K2
⊥
. (5.9)

Only the process eg → e′qq̄ contributes to the terms BU
m, BT

m and B′Tm , which can be

written as

BU
m =

∑
q

e2
q TR Beg→eqq̄m

q2
T

M2
p

h⊥ g1

(
x, q2

T

)
, BT

m = BU
m

|qT |
Mp

h⊥ g1T

(
x, q2

T

)
h⊥ g1 (x, q2

T )
,

B′Tm = BU
m

Mp

|qT |
hg1T

(
x, q2

T

)
h⊥ g1 (x, q2

T )
.

The explicit expressions for Aeg→eqq̄l and Beg→eqq̄m can be obtained from the corresponding

ones for the process eg → eQQ, presented in the previous section, by taking the limit

MQ → 0.

For the process under study it is possible to define azimuthal moments similar to those

introduced in the previous section for heavy quark pair production. The denominators of

the various asymmetries for dijet production will be given by

AU0 =
∑
q,q̄

e2
q CF A

eq→eqg
0 f q1

(
x, q2

T

)
+
∑
q

e2
q TRA

eg→eqq̄
0 fg1

(
x, q2

T

)
. (5.10)

In a kinematic region where x is small enough, such that the quark contributions can be

neglected, the maximal values of the asymmetries for dijet production will be the same as

the corresponding ones for heavy quark pair production in the limit MQ → 0. We then

recover the expressions of [8, 18] for the linearly polarized gluon asymmetries. In [47] the
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Figure 8. Upper bounds |AWN |max, with W = sin(φS + φT ), sin(φS − 3φT ) (left panel), and

|AW⊥
N |max, with W⊥ = sin(φ⊥S + φ⊥T ), sin(φ⊥S − 3φ⊥T ) (right panel), for the process ep→ e′jet jet X.

Estimates are given as a function of y, at different values of K⊥ ≥ 4 GeV (chosen in such a way

that the asymmetries are maximal) and Q2, with z = 0.5.

effects of the WW h⊥ g1 in a CGC-formalism calculation including BK evolution with and

without running coupling effects were studied for dijet production at EIC. The results for

v2 ≡ 〈cos 2(φT − φ⊥)〉 were found to be large for
√
s = 100 GeV, y = 1, z = 0.5 and

Q2 = 4K2
⊥, reaching values up to 0.4 at larger transverse momentum of the dijet pair, close

to the bound of 0.5. Although the selected kinematics do not correspond to small x values

unless K⊥ is rather small for dijet production considerations (K⊥ < 5 GeV in order for

xB < 0.01), the theoretically predicted logarithmic suppression [18] for pT � Qs may thus

only become apparent for much smaller x values when Qs is much larger than typically

considered for EIC.

Our MV model estimates for |〈cos 2(φT − φ⊥)〉| and |〈cos 2φT 〉| in the dijet case are

very similar to the charm production case for Q2 ≥ 10 GeV2. For smaller Q2, which

corresponds to smaller x values, the asymmetries are unfortunately significantly smaller

than the Q2 = 1 GeV2 curves for MQ = Mc. For this reason we do not include separate

plots for those asymmetries. Note that upon inclusion of the quark contributions to the

denominator, the asymmetries will decrease further in magnitude.

For the T-odd gluon TMD asymmetries, upper bounds (without quark contributions)

are shown in figures 8 and 9. Again they are similar to the MQ = Mc case for large

Q2 and substantially smaller for small Q2. We emphasize that at small x these bounds

are not expected to be satisfied. The simple models presented could be used to scale the

asymmetries to more reasonable values in the small-x case. We have selected K⊥ ≥ 4 GeV

based on the multijet analysis of small xB HERA data in [48].

6 Conclusions

We have studied the azimuthal asymmetries in heavy quark pair and dijet production in DIS

process, which provide direct access to the WW-type gluon TMDs. We found that in these
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Figure 9. Estimates of |AWN |, with W = sin(φS + φT ), sin(φS − 3φT ) (left panel), and |AW⊥
N |, with

W⊥ = sin(φ⊥S + φ⊥T ), sin(φ⊥S − 3φ⊥T ) (right panel), for the process ep→ e′jet jet X. The asymmetries

are calculated at z = 0.5, y = 0.1 and at different values of Q2, as a function of |K⊥| (≥ 4 GeV).

processes the gluon TMDs arise in the same way as the quark TMDs do in semi-inclusive

DIS. The measurements of these azimuthal asymmetries at an EIC would allow a sign

change test of the T-odd gluon TMDs by comparing to corresponding observables at RHIC

and AFTER@LHC. Furthermore, it was shown that the asymmetries maximally allowed by

the positivity bounds are rather sizeable, except in some kinematic limits. Although WW-

type gluon TMDs suffer from suppression in the small-x region, the effects from linearly

polarized gluons are still expected to be sizeable in heavy quark pair production at an EIC,

but less so in dijet production because of the requirement that the transverse momentum

of each jet must be large. For the Sivers gluon TMD the bounds are always maximal and

provide little guidance, especially in the small-x region where the WW-type function is

suppressed by a factor of x with respect to the unpolarized gluon TMD. For the other

two T-odd gluon TMDs that arise with sin(φS +φT ) and sin(φS − 3φT ) modulations, their

ratio can be exploited to test small-x expectations. We have provided some simple model

expectations for that ratio. It will also be interesting to compare these quantities to the

dipole type T-odd gluon TMDs that arise in other processes, such as virtual photon plus

jet production in polarized proton-proton collisions at RHIC. This allows to experimentally

test the theoretical expectation that the WW and dipole type T-odd gluon TMDs have

different small x asymptotic behavior. Hence, the studies of these asymmetries could form

a prominent part of both the spin physics program and the small-x physics program at a

future EIC.
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