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1 Introduction

Three-dimensional gauge theories with N “ 4 supersymmetry have an SUp2qC ˆ SUp2qH
R-symmetry group, with SUp2qC acting on the Coulomb branch moduli and SUp2qH acting

on the Higgs branch moduli. A large class of three-dimensional N “ 4 gauge theories flow

to interacting fixed points in the infrared limit. These theories possess a remarkable duality

known as mirror symmetry [1], which is the statement that pairs of UV gauge theories flow

to the same infrared fixed point with the action of SUp2qC and SUp2qH exchanged. In par-

ticular the classical (protected) Higgs branch of one theory matches the quantum-corrected
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Coulomb branch of the other theory [2, 3]. The exact results obtained from the technique

of supersymmetric localization provide a privileged testing ground for mirror symmetry. In

particular the full partition function of 3d N “ 4 gauge theories defined on a three-sphere

reduces to a relatively simple matrix model [4]. This matrix model is independent of run-

ning coupling constants and therefore computes the three-sphere partition function of the

infrared fixed point. Mirror symmetry was successfully tested by matching the matrix mod-

els of pairs of mirror-dual theories in [5–7]. More tests of mirror symmetry by matching the

Coulomb branch and Higgs branch Hilbert series of dual theories were achieved in [8–11].

The most studied N “ 4 gauge theories subject to mirror symmetry are infrared

fixed points of quiver theories of type Â, D̂ or Ê, referring to the shape of the quiver as

an extended Dynkin diagram and likewise to the orbifold singularity in their M-theory

realization [12, 13]. It was found in [14] that the mapping between matrix models of

mirror-dual theories of type Â can be expressed as a very simple canonical transformation,

exchanging position and momentum, in the 1d free fermion formalism developed in [15].

The free fermion formalism arises from the observation that the matrix model comput-

ing the three-sphere partition function of N ě 3 Chern-Simons-Matter quiver theories can

be re-expressed as the partition function of a gas of non-interacting fermions in one dimen-

sion with a non-trivial Hamiltonian. This formalism allowed the use of powerful techniques

from quantum and statistical mechanics to solve the matrix models as an ~ expansion, ~

being related to the Chern-Simons levels of the 3d theory. It was found in [15] that the

perturbative part of the partition function at large N takes the form of an Airy function.

This Airy function behavior was first found for the particular case of ABJM the-

ory [16], in [17], based on its original large N perturbative solution [18]. Non perturbative

corrections have been studied intensively for ABJM [19–27], ABJ [28, 29], and some other

examples of Â-quiver theories [30, 31]. Recently, the grand partition function of ABJ(M)

was determined exactly [32, 33], in perfect agreement with numerical results [34].

In this paper we find the free fermion formalism associated to infrared fixed points of

N “ 4 Yang-Mills quiver theories of type D̂ and similar Chern-Simons-matter theories.1

A D̂L`2-quiver is described by a linear chain of pL ´ 1q Up2Nq gauge nodes, connected

by bifundamental hypermultiplets, with pairs of UpNq nodes attached at both ends of

the Up2Nq chain, as shown in figure 1. In addition each node may couple to an arbitrary

number of fundamental hypermultiplets, indicated by the boxes in the diagram. Contrarily

to type Â theories, mirror symmetry does not relate pairs of type D̂ theories. Instead, D̂-

quivers are mapped under mirror symmetry to linear quivers with Up2Nq gauge nodes and
extra symplectic gauge nodes Spp2Nq or antisymmetric hypermultiplets at both ends of

the quiver chain [13, 35–37], that we call generically linear quivers.2

Roughly speaking, the length of the linear quiver mirror depends on the number of

fundamental hypermultiplets coupling to the Up2Nq nodes and the structure of the end

of the linear quiver depends on the number of fundamental hypermultiplets on the UpNq
1Chern-Simons terms generically lead to only N “ 3 supersymmetry, and we mostly set them to zero

after section 2.
2There are many other types of linear quivers, which we do not study in this paper. We use this name

to refer to the quivers as in figure 2 and hope that this will not cause confusion.
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Figure 1: The general D̂L`2-quiver with arbitrary fundamental matter.

Spp2NqSpp2Nq Up2Nq

np0q np1q npLq

(a)

Spp2Nq Up2NqUp2Nq

np0q np1q npLq

A

(b)

Figure 2: Examples of linear quivers that are mirror dual to D̂-quivers.

nodes. When the number of fundamental hypermultiplets on the two UpNq nodes on one

side of the D̂-quiver are equal, the mirror theory has a terminating Spp2Nq node. When

the numbers of fundamental hypermultiplets differ by one, the mirror theory has a termi-

nating antisymmetric hypermultiplet. For instance if the numbers of UpNq fundamental

hypermultiplets are given by np0q “ n1p0q “ 0 and npLq “ n1pLq “ 1 (in the notations of

figure 1), then the mirror theory has Spp2Nq nodes at each end as in figure 2a, while

np0q “ n1p0q “ npLq “ 0 and n1pLq “ 1 leads to a mirror linear quiver with a terminat-

ing Spp2Nq node at one end and an antisymmetric hypermultiplet at the other end as in

figure 2b.3

When the numbers of fundamental hypermultipets on the two UpNq nodes differ by

two or more, we do not know what is the precise mirror dual theory. Naive considerations

on the Hanany-Witten IIB brane setup realizing these quivers [36, 38], lead to ‘bad’ mirror

dual linear quivers [11]. ‘Bad’ quivers are quivers whose gauge group cannot be completely

higgsed and whose three-sphere partition function is divergent. The formal manipulations

leading to a Fermi gas description presented in section 2 can be done for any quiver, however

when we study mirror symmetry, we focus only on duality between ‘good’ quivers.

Our starting point is the matrix model computing the three-sphere partition function of

the quiver theories. This matrix model is expressed as an integral over the Cartan subalge-

3Note that the parameters npaq in figures 1 and 2a, 2b do not get mapped to each other under mirror

symmetry. The actual mirror map is more involved, see section 3.
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bra of the gauge group and the integrand is a product of classical contributions and one-loop

contributions in the (exact) saddle point analysis of supersymmetric localization [4]

Z “ 1

|W|

ż

Cartan

dλZclass ¨ Zvec ¨ Zhyp , (1.1)

where |W| is the order of the Weyl group. The classical contribution depends on Fayet-

Iliopoulos (FI) and Chern-Simons (CS) parameters. These are given by

ZFI
class “ e2πi ζ Trλ , ZCS

class “ eπi kTrλ2

, (1.2)

with ζ the FI parameter, k the Chern-Simons level and Tr the trace in the fundamental rep-

resentation. The one-loop contributions of the N “ 4 vector multiplet and hypermultiplet

in a representation R are

Zvec “
ź

αą0

4 sinh2pπ α ¨ λq , Zhyp “
ź

wPR

1

2 coshpπpw ¨ λ ` mqq , (1.3)

where α runs over the positive roots of the Lie algebra and w over the weights of R. m is a

real mass parameter for the hypermultiplet. We provide in appendix A the explicit matrix

factors relevant to the D̂-quivers and their mirror linear quivers.

By manipulating the matrix models of D̂-quivers we are able to re-express it in the

form

Z
D̂

“ 1

N !

ÿ

σPSN

p´1qσ
2nσ

ż Nź

i“1

dλi

Nź

i“1

ρpλi, λσpiqq , (1.4)

where ρ depends on the content of the theory and nσ is the number of cycles in the

permutation σ. This expression differs from the analogue expression for Â quivers by the

presence of the factor 1{2nσ . Defining the density operator ρ̂ by xλ| ρ̂ |λ1y “ ρpλ, λ1q, we are
able to recast the partition function of theories with vanishing mass and FI parameters into

Z
D̂

“ 1

N !

ÿ

σPSN

p´1qσ
ż Nź

i“1

dλi

Nź

i“1

xλi| ρ̂
ˆ
1 ` R̂

2

˙
|λσpiqy , (1.5)

where R̂ is the reflection operator R̂ |λy “ |´λy. This can be interpreted as the partition

function of N non-interacting fermions on a half line with Neumann boundary condition

at the origin, with a Hamiltonian Ĥ “ ´ log ρ̂. We also find that Z
D̂

can alternatively be

recast into the partition function of N non-interacting fermions on a half line with Dirichlet

boundary condition at the origin, which translates into having the projection 1´R̂
2

instead

of 1`R̂
2

in (1.5). This freedom exists because, as we show in appendix C, the density

operators associated with D̂ quivers have the remarkable property that their spectrum is

pairwise degenerate between even and odd states on the line.

Similarly we find that the matrix models associated to linear quivers can be set in the

same form (1.4) or (1.5), with the same property that the density operator has pairwise

degenerate spectrum. The derivation of the density operators associated to the D̂-quivers

and their mirror-dual linear quivers are presented in section 2.
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Having found the density operators for D̂-quivers and linear quivers, we observe in

section 3 that density operators of mirror theories are the mapped by the transformation

on position and momentum operators

p Ñ q, q Ñ ´p , (1.6)

as was first found in [14] for type Â quivers.4

With a free fermion formalism, we are in a position to evaluate the perturbative part of

the large N expansion of the S3 partition function of D̂-quivers, as was done for Â-quiver

theories in [39]. We present the analysis in section 4 and derive explicit expressions for

theories with vanishing masses and FI parameters. This is conveniently described from the

grand potential Jpµq, which is the logarithm of the grand canonical partition function

Ξpzq “ 1 `
8ÿ

N“1

ZpNqzN “ eJpµq, z “ eµ . (1.7)

Using phase space techniques, the grand potential evaluates to

Jpµq “ C

3
µ3 ` Bµ ` A ` Ope´αµq , α ą 0 , (1.8)

which after inverting the relation (1.7) leads to

ZpNq “ C´ 1

3 eAAi
”
C´ 1

3 pN ´ Bq
ı

` ZnppNq , (1.9)

where Ai is the Airy function and ZnppNq denotes non-perturbative, exponentially sup-

pressed contributions at large N . For quiver theories without CS terms and without mass

or FI deformations, we are able to find the exact values of the coefficients C and B, but not

A, nor the non-perturbative corrections. The method we develop is simplified compared

to earlier literature.

The fact that the result for D̂-quivers is similar to that of Â-quivers is consistent with

the localization calculation of supergravity in AdS4 [40]. That suggests a universal answer

for all conformal 3d theories with enough supersymmetry and an M-theory dual, which

includes both the Â and D̂-quivers.

The free fermion formalism for 3d N “ 4 theories with no Up2Nq and a single Spp2Nq
or SOp2Nq node was studied previously in [41]. We compare our formalism to theirs in

appendix D.5

We conclude with a discussion of some open questions and possible extensions of our

work in section 5. We also include a simple holographic test of our results.

During the course of the work we learned that similar questions were studied by

Moriyama and Nosaka, whose results are published concurrently [42].

4Mirror symmetry for type Â-quivers extends to an SLp2,Zq group of dualities [7, 36]. We are not aware

of a similar extension for D̂-quivers and consequently our discussion concerns only the mirror transformation

corresponding to the so-called S-duality.
5We point out a mistake in their next-to-leading contribution to the grand potential.
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npLq

Figure 3: An ÂL´1-quiver. npaq denotes the number of fundamental hypermultiplets at the

corresponding UpNq node.

Notations. We consider quivers with nodes of rank N or 2N and we use the indices i, j

when the label runs over 1, ¨ ¨ ¨ , N , and I, J when the label runs over 1, ¨ ¨ ¨ , 2N . Moreover

we define

shx ” 2 sinhπx , chx ” 2 coshπx , thx ” shx

chx
“ tanhπx . (1.10)

2 D̂-quivers and linear quivers as free 1d fermions

In this section we show how to re-express the S3 partition function of D̂-quivers and linear

quivers as the partition function of a gas of free fermions on a half line.

2.1 Free fermions formalism for Â quivers

We start by reviewing how the free fermion formalism arises for N “ 3 Â quiver theories

with UpNq gauge groups [15]. The ÂL´1-quiver diagram is presented in figure 3. The

matrix model for these theories is given generically by

ZpNq “ 1

N !L

ż Lź

a“1

dNλpaq ź

i

F paqpλpaq
i q

ś
iăj sh

2pλpaq
i ´ λ

paq
j q

ś
i,j chpλpaq

i ´ λ
pa`1q
j ` mpaqq

, (2.1)

where λ
paq
i , i “ 1, ¨ ¨ ¨ , N are the eigenvalues of the ath node (with the identification λpL`1q ”

λp1q) and mpaq are the bifundamental masses. The factor
ś

i F
paqpλpaq

i q represents all terms

which depend only on single eigenvalues and includes contributions from the CS term with

level kpaq, the FI term with parameter ζpaq and npaq fundamental hypermultiplets with

individual masses µ
paq
α , α “ 1, ¨ ¨ ¨ , npaq

F paqpλq “ eπik
paqλ2

e2πiζ
paqλ

npaqź

α“1

1

chpλ ` µ
paq
α q

. (2.2)
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Using the Cauchy determinant identity
ś

iăj shpλi ´ λjq shpλ̃i ´ λ̃jqś
i,j chpλi ´ λ̃jq

“
ÿ

σPSN

p´1qσ
Nź

i“1

1

chpλi ´ λ̃σpiqq
, (2.3)

the partition function can be re-expressed as a sum over L permutations

ZpNq “ 1

N !L

ÿ

σpaqPSN

p´1q
řL

a“1
σpaq

ż Lź

a“1

dNλpaq ź

i

F paqpλpaq
i q

chpλpaq
i ´ λ

pa`1q
σpaqpiq ` mpaqq

. (2.4)

By relabelling the eigenvalues one can factor out all but one of the permutations, picking

up an overall factor of N !L´1. This gives

ZpNq “ 1

N !

ÿ

σPSN

p´1qσ
ż Lź

a“1

dNλpaq
Nź

i

˜
L´1ź

a“1

F paqpλpaq
i q

chpλpaq
i ´ λ

pa`1q
i ` mpaqq

¸

ˆ F pLqpλpLq
i q

chpλpLq
i ´ λ

p1q
σpiq ` mpLqq

.

(2.5)

This integrand is a series of kernels of pairs of specific eigenvalues of successive nodes

ultimately coupling each λ
p1q
i with λ

p1q
σpiq. This can be encoded graphically by the following

diagram !
λp1q

)
Ñ

!
λp2q

)
Ñ ¨ ¨ ¨ Ñ

!
λpLq

)
σÑ

!
λp1q

)
. (2.6)

One can express the kernels in terms of canonical position and momentum operators

q̂, p̂, which satisfy rq̂, p̂s “ i~. Taking λ to be position eigenvalues, we have

F pλqδpλ1´λq “ xλ1|F pq̂q |λy ,
1

chpλ ´ λ1q “ xλ| 1

ch p̂
|λ1y , e2πimp̂ |λy “ |λ ´ my . (2.7)

Here we used the standard relation between the position and momentum bases |py “ş
dλ?
2π~

e
ipλ

~ |λy and we have xλ1|λ2y “ δpλ1 ´ λ2q and xp1| p2y “ δpp1 ´ p2q. We choose to

normalize p̂ such that ~ “ 1
2π
. This allows one to write the integrand of (2.5) as

xλp1q
i |F p1qpq̂qe

2πimp1qp̂

ch p̂
|λp2q

i y xλp2q
i |F p2qpq̂qe

2πimp2qp̂

ch p̂
|λp3q

i y ¨ ¨ ¨ xλpLq
i |F pLqpq̂qe

2πimpLqp̂

ch p̂
|λp1q

σpiqy .

(2.8)

We obtain the final expression for ZpNq,

ZpNq “ 1

N !

ÿ

σPSN

p´1qσ
ż
dNλ

Nź

i“1

xλi| ρ̂ |λσpiqy (2.9)

with

ρ̂ “ F p1qpq̂qe
2πimp1qp̂

ch p̂
F p2qpq̂qe

2πimp2qp̂

ch p̂
¨ ¨ ¨F pLqpq̂qe

2πimpLqp̂

ch p̂
. (2.10)

This expression coincides with the partition function of N non-interacting fermions6 living

on a line, with a Hamiltonian Ĥ given by ρ̂ “ e´Ĥ . In this language, λi is the position of

the ith fermion on the line.
6The fermionic statistics is understood from the anti-symmetrization over permutations of the positions

λi.
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NN

N n

Figure 4: A D̂4-quiver with n fundamental hypermultiplets on one of the UpNq nodes.

Clearly (2.9) is fully determined by the spectrum of ρ̂. In this formulation there is thus

a natural splitting of the computation of the partition function into two distinct steps. The

first is to find a suitable density operator that encodes the desired quiver theory, and the

second is to solve the resulting quantum mechanics problem. In this and the next section we

concern ourselves only with finding the density operators and studying relations between

them, we deal with the explicit computation of the partition function in section 4

For the remainder of this section we suppress the hats above operators.

2.2 D̂-quiver analysis

We now implement the Fermi-gas formulation to the matrix models computing the S3

partition functions of D̂L`2-quiver theories with unitary gauge groups. These theories are

characterised by gauge group Up2NqL´1 ˆ UpNq4 and a quiver structure as in figure 1.

We work out the full details in a simple example, a D̂4-quiver theory with n fundamental

hypermultiplets attached to a single UpNq node. We do not turn on mass or FI deforma-

tions. The quiver diagram for this theory is shown in figure 4. The generalization to other

D̂L-quivers is outlined in section 2.4.

Our aim is now to find a suitable density operator that repackages the matrix model

for this theory into an expression like (2.9). In order to do this it is useful to collect the

eigenvalues of pairs of terminal UpNq into a single set of 2N eigenvalues. Anticipating

this, we label the eigenvalues of one pair of UpNq nodes respectively by7 λ
p0q
i and λ

p0q
N`i,

i “ 1, ¨ ¨ ¨ , N , and the other pair by λ
p2q
i , λ

p2q
N`i. The eigenvalues of the Up2Nq node are

labelled λ
p1q
I , I “ 1, ¨ ¨ ¨ , 2N . Following the rules from appendix A, the matrix model for

this theory is given by

ZpNq “ 1

N !4p2Nq!

ż 2ź

a“0

d2Nλpaq ź

IăJ

sh2
`
λ

p1q
I ´ λ

p1q
J

˘
(2.11)

ś
iăj sh

2
`
λ

p0q
i ´ λ

p0q
j

˘
sh2

`
λ

p0q
N`i ´ λ

p0q
N`j

˘
sh2

`
λ

p2q
i ´ λ

p2q
j

˘
sh2

`
λ

p2q
N`i ´ λ

p2q
N`j

˘
ś

i,J ch
`
λ

p0q
i ´ λ

p1q
J

˘
ch

`
λ

p0q
N`i ´ λ

p1q
J

˘
ch

`
λ

p2q
i ´ λ

p1q
J

˘
ch

`
λ

p2q
N`i ´ λ

p1q
J

˘ ś
i ch

n λ
p2q
i

.

7This is a slight abuse of our earlier notation where superscripts distinguished gauge group factors.
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Including artificially the factors
ś

i,j sh
`
λ

p0q
i ´λ

p0q
N`j

˘ ś
i,j sh

`
λ

p2q
i ´λ

p2q
N`j

˘
in the numerator

and denominator, one can use the Cauchy identity (2.3), as well as a modified version

ś
iăj shpλi ´ λjq shpλ̃i ´ λ̃jqś

i,j shpλi ´ λ̃jq
“ p´1q

NpN´1q
2

ÿ

σPSN

p´1qσ
Nź

i“1

1

shpλi ´ λ̃σpiqq
, (2.12)

to re-expressed ZpNq as

ZpNq “ 1

N !4p2Nq!
ÿ

σpaqPSN

τ paqPS2N

p´1qσp0q`σp2q`τ p0q`τ p2q

ż 2ź

a“0

d2Nλpaq 1
ś

i ch
n λ

p2q
i

(2.13)

Nź

i“1

1

sh
`
λ

p0q
i ´λ

p0q
N`σp0qpiq

˘
1

sh
`
λ

p2q
i ´λ

p2q
N`σp2qpiq

˘
2Nź

I“1

1

ch
`
λ

p0q
I ´λ

p1q
τ p0qpIq

˘
1

ch
`
λ

p1q
I ´λ

p2q
τ p2qpIq

˘ .

Successive relabelings of the indices allow us to remove the sum over σp0q, σp2q and τ p0q

and compensate for it by an overall factor of N !2p2Nq!

ZpNq “ 1

N !2

ÿ

τPS2N

p´1qτ
ż 2ź

a“0

d2Nλpaq
Nź

i“1

1

chn λ
p2q
i

(2.14)

Nź

i“1

1

sh
`
λ

p0q
i ´ λ

p0q
N`i

˘
1

sh
`
λ

p2q
i ´ λ

p2q
N`i

˘
2Nź

I“1

1

ch
`
λ

p0q
I ´ λ

p1q
I

˘
1

ch
`
λ

p1q
I ´ λ

p2q
τpIq

˘ .

As in the case of the Â-quivers (2.10), we would like to write this as the successive

interaction between pairs of eigenvalues. Defining the reflection permutation R by

Rpiq “ N ` i , RpN ` iq “ i , (2.15)

the integrand of the matrix model can be viewed as a series of kernels pairing eigenvalues

of adjacent nodes in a chain that goes back and forth along the quiver, according to the

diagram (cf., (2.6))

R ý

!
λp0q

)
Õ

!
λp1q

)
τ

Õ
τ´1

!
λp2q

)
üR . (2.16)

Traversing the quiver back and forth we end up with the composite permutation

Rτ´1Rτ , (2.17)

so we can write the partition function in terms of a kernel relating λ
p1q
I and λ

p1q
Rτ´1RτpIq.

Note however that another eigenvalue of the central node λ
p1q
τ´1RτpIq is integrated over to

get this kernel. So for each permutation τ we need to choose half the eigenvalues of λp1q

on which the kernel acts. Let us call the set of N indices of those eigenvalues Kpτq. It is

chosen to be closed under the composite permutation Rτ´1Rτ and such that R takes this

set to its complement RpKpτqq “ Kpτq. The partition function can be expressed in the
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following way

ZpNq “ 1

N !2

ÿ

τPS2N

p´1qτ
ż 2ź

a“0

d2Nλpaq
Nź

i“1

1

chn λ
p2q
i

ź

kPKpτq

1

ch
`
λ

p1q
k ´ λ

p2q
τpkq

˘

ˆ p´1qspτpkqq

sh
`
λ

p2q
τpkq ´ λ

p2q
Rτpkq

˘
1

ch
`
λ

p2q
Rτpkq ´ λ

p1q
τ´1Rτpkq

˘
1

ch
`
λ

p1q
τ´1Rτpkq ´ λ

p0q
τ´1Rτpkq

˘

ˆ p´1qspτ´1Rτpkqq

sh
`
λ

p0q
τ´1Rτpkq ´ λ

p0q
Rτ´1Rτpkq

˘
1

ch
`
λ

p0q
Rτ´1Rτpkq ´ λ

p1q
Rτ´1Rτpkq

˘ ,

(2.18)

where

spkq “
#
0 , k “ 1, ¨ ¨ ¨ , N ,

1 , k “ N ` 1, ¨ ¨ ¨ , 2N .
(2.19)

To be able to write the partition function in terms of a density operator we need to

include the contribution from the fundamental hypermultiplets into the product over k

in (2.18). However, the fundamental hypermultiplets couple only to the eigenvalues λ
p2q
i

with i “ 1, ¨ ¨ ¨N , which depending on τ is either λ
p2q
τpkq or λ

p2q
Rτpkq, but not both. These two

options happen with equal probability for each combined permutation Rτ´1Rτ , so we can

write it as the sum (normalized by 1{2N )8

ZpNq “ 1

2NN !2

ÿ

τPS2N

p´1qτ
ż 2ź

a“0

d2Nλpaq ź

kPKpτq
p´1qspkq`spτpkqq`1 (2.20)

ź

kPKpτq

«
1

ch
`
λ

p1q
k ´ λ

p2q
τpkq

˘
1

sh
`
λ

p2q
τpkq ´ λ

p2q
Rτpkq

˘
1

ch
`
λ

p2q
Rτpkq ´ λ

p1q
τ´1Rτpkq

˘

` 1

ch
`
λ

p1q
k ´ λ

p2q
Rτpkq

˘
1

sh
`
λ

p2q
Rτpkq ´ λ

p2q
τpkq

˘
1

ch
`
λ

p2q
τpkq ´ λ

p1q
τ´1Rτpkq

˘
ff

1

chn λ
p2q
τpkq

ˆ 1

ch
`
λ

p1q
τ´1Rτpkq´λ

p0q
τ´1Rτpkq

˘
1

sh
`
λ

p0q
τ´1Rτpkq´λ

p0q
Rτ´1Rτpkq

˘
1

ch
`
λ

p0q
Rτ´1Rτpkq´λ

p1q
Rτ´1Rτpkq

˘ ,

where we have used
ś

kPKpτqp´1qspτ´1Rτpkqq “ ś
kPKpτqp´1qspkq`1. This expression can now

be recast as

ZpNq “ 1

22NN !2

ÿ

τPS2N

p´1qτ
ż
dNλ

ź

kPKpτq
p´1qspkq`spτpkqqρpλk, λRτ´1Rτpkqq , (2.21)

with

ρpλ, λ1q “ 2

ż 5ź

a“1

dλa
´1

chpλ ´ λ1q

ˆ
1

chn λ1

1

shpλ1 ´ λ2q ` 1

shpλ1 ´ λ2q
1

chn λ2

˙

1

chpλ2 ´ λ3q
1

chpλ3 ´ λ4q
1

shpλ4 ´ λ5q
1

chpλ5 ´ λ1q ,
(2.22)

8In more detail, note that Rτ´1Rτ remains the same if one multiplies τ on the left by any combinations

of two-cycles appearing in R. For a given τ this generates a set of 2N terms, half with τpkq in t1, ¨ ¨ ¨ , Nu

and half in the compliment.
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where we chose the normalization factor for convenience.

The kernel ρ defines a density operator through the relation ρpλ1, λ2q “ xλ1| ρ |λ2y,
which has a representation in terms of canonical position and momentum operators (2.7)

ρ “ 1

2

1

ch p

ˆ
1

chn q

sh p

ch p
` sh p

ch p

1

chn q

˙
sh p

ch4 p
, (2.23)

where in addition to (2.7) we have used

1

shpλ ´ λ1q “ ´ i

2
xλ| sh p

ch p
|λ1y . (2.24)

To make further progress, we need to study the combinatorics of the composite per-

mutations Rτ´1Rτ . We relegate these additional technical calculations to appendix B and

provide the final simplified result, which involves only a sum over permutations of SN

ZpNq “ 1

N !

ÿ

σPSN

p´1qσ
2nσ

ż Nź

i“1

dλi

Nź

i“1

ρpλi, λσpiqq , (2.25)

where nσ is the number of cycles in σ.

Because of the factor 1{2nσ , (2.25) cannot be interpreted directly as the partition

function of N non-interacting fermions. When all FI and mass parameters are turned off,

we find that it can be understood as resulting from a projection onto half of the states of

a fermionic system. We show in appendix C that the density operator ρ commutes with

the reflection operator R̂, defined by

R̂ |λy “ |´λy . (2.26)

Consequently, the Hilbert space can be split into even and odd eigenstates. Furthermore,

the spectra of even and odd eigenstates are identical, allowing us to rewrite ZpNq, using
the projector 1`R̂

2
, as

ZpNq “ 1

N !

ÿ

σPSN

p´1qσ
ż Nź

i“1

dλi

Nź

i“1

xλi| ρ
ˆ
1 ` R̂

2

˙
|λσpiqy . (2.27)

This can be readily interpreted as the partition function of N non-interacting fermions at

positions |λi| on a half-line with a Hamiltonian H “ ´ log ρ where the operator 1`R̂
2

is

responsible for the projection onto particle states with even wavefunction on the line, or

equivalently particle states on a half-line with Neumann boundary conditions.

Likewise we can use the projector 1´R̂
2

to express the partition function in terms of

the odd states

ZpNq “ 1

N !

ÿ

σPSN

p´1qσ
ż Nź

i“1

dλi

Nź

i“1

xλi| ρ
ˆ
1 ´ R̂

2

˙
|λσpiqy . (2.28)

In this case we would interpret ZpNq as the partition function ofN non-interacting fermions

on a half-line with Dirichlet boundary condition at the origin.

We did not find a free fermion interpretation of the partition function (2.25) for the

cases with non-vanishing masses and FI parameters.
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np0q np1q

AUp2NqSpp2Nq

Figure 5: A linear quiver with an Spp2Nq node at one end and an antisymmetric hypermultiplet

at the other.

2.3 Linear quiver analysis

We turn now to studying the matrix models of Up2Nq linear quivers terminating at each

end with either an Spp2Nq node or an antisymmetric hypermultiplet. In many cases these

quivers are known to be the mirror duals of D̂-quivers [2].

We perform the analysis in the case of the quiver with a single Up2Nq node which

is coupled to a single Spp2Nq node and has also an antisymmetric hypermultiplet. This

example contains all the ingredients to treat any other quiver of this class, as we elaborate

on in section 2.4.

The Spp2Nq node in our example has eigenvalues labelled λ
p0q
i , i “ 1, ¨ ¨ ¨ , N and np0q

fundamental hypermultiplets. The Up2Nq node has eigenvalues λ
p1q
I , I “ 1, ¨ ¨ ¨ , 2N an

antisymmetric hypermultiplet as well as np1q fundamental hypermultiplets. To simplify the

expressions we do not include any FI terms or masses. Following the rules in appendix A,

the matrix model is given by

ZpNq “ 1

2NN !p2Nq!

ż
dNλp0qd2Nλp1q

Nź

i“1

sh2 2λ
p0q
i

ch2n
p0q

λ
p0q
i

2Nź

I“1

1

chn
p1q

λ
p1q
I

ˆ
ś

iăj sh
2

`
λ

p0q
i ´ λ

p0q
j

˘
sh2

`
λ

p0q
i ` λ

p0q
j

˘ ś
IăJ sh

2
`
λ

p1q
I ´ λ

p1q
J

˘
ś

i,J ch
`
λ

p0q
i ´ λ

p1q
J

˘
ch

`
λ

p0q
i ` λ

p1q
J

˘ ś
IăJ ch

`
λ

p1q
I ` λ

p1q
J

˘ .

(2.29)

A first step is to write the contribution of the Sp node in terms of 2N eigenvalues

satisfying

λ
p0q
N`i “ ´λ

p0q
i . (2.30)

The interaction between the Spp2Nq and Up2Nq nodes combine to a single Cauchy deter-

minant (2.3)

ś
iăj sh

2
`
λ

p0q
i ´ λ

p0q
j

˘
sh2

`
λ

p0q
i ` λ

p0q
j

˘ śN
i“1 sh 2λ

p0q
i

ś
IăJ sh

`
λ

p1q
I ´ λ

p1q
J

˘
ś

i,J ch
`
λ

p0q
i ´ λ

p1q
J

˘
ch

`
λ

p0q
i ` λ

p1q
J

˘ (2.31)

“
ś

IăJ sh
`
λ

p0q
I ´ λ

p0q
J

˘
sh

`
λ

p1q
I ´ λ

p1q
J

˘
ś

I,J ch
`
λ

p0q
I ´ λ

p1q
J

˘ “
ÿ

τ p0qPS2N

p´1qτ p0q
2Nź

I“1

1

ch
`
λ

p0q
I ´ λ

p1q
τ p0qpIq

˘ .
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The remaining terms involving the eigenvalues of the Up2Nq node can be interpreted as a

Pfaffian, rather than a determinant. We can use the identity [6, 43]

ź

IăJď2N

xI ´ xJ

1 ` xIxJ
“ Pf

ˆ
xI ´ xJ

1 ` xIxJ

˙
“ 1

2NN !

ÿ

τPS2N

p´1qτ
Nź

i“1

xτpiq ´ xτRpiq
1 ` xτpiqxτRpiq

, (2.32)

where R is again the permutation Rpiq “ N ` i modulo 2N . Plugging x “ e2πλ
p1q
, we

obtain
ź

IăJ

sh
`
λ

p1q
I ´ λ

p1q
J

˘

ch
`
λ

p1q
I ` λ

p1q
J

˘ “ 1

2NN !

ÿ

τPS2N

p´1qτ
Nź

i“1

sh
`
λ

p1q
τpiq ´ λ

p1q
τRpiq

˘

ch
`
λ

p1q
τpiq ` λ

p1q
τRpiq

˘ . (2.33)

As before, we can remove one of the permutations coming from (2.31) and (2.33) by a

relabelling of eigenvalues, picking up an overall factor of p2Nq!. This gives

ZpNq “ 1

22NN !2

ÿ

τPS2N

p´1qτ
ż
dNλp0qd2Nλp1q

Nź

i“1

sh 2λ
p0q
i

ch2n
p0q

λ
p0q
i

2Nź

I“1

1

chn
p1q

λ
p1q
I

Nź

i“1

1

ch
`
λ

p0q
τpiq ´ λ

p1q
τpiq

˘
sh

`
λ

p1q
τpiq ´ λ

p1q
τRpiq

˘

ch
`
λ

p1q
τpiq ` λ

p1q
τRpiq

˘
1

ch
`
λ

p1q
τRpiq ´ λ

p0q
τRpiq

˘ .

(2.34)

replacing for convenience τ Ñ τ´1, we can again rewrite the expression as a product over

the set Kpτq, consisting of N indices closed under the permutation Rτ´1Rτ

ZpNq “ 1

22NN !2

ÿ

τPS2N

p´1qτ
ż
dNλp0qd2Nλp1q ź

kPKpτq

p´1qspkq sh 2λp0q
k

ch2n
p0q

λ
p0q
k

1

chn
p1q

λ
p1q
k chn

p1q
λ

p1q
Rpkq

1

ch
`
λ

p0q
k ´λ

p1q
k

˘
p´1qspτpkqq sh

`
λ

p1q
k ´λ

p1q
τ´1Rτpkq

˘

ch
`
λ

p1q
k `λ

p1q
τ´1Rτpkq

˘
1

ch
`
λ

p1q
τ´1Rτpkq`λ

p0q
Rτ´1Rτpkq

˘ . (2.35)

The p´1qspτpkqq signs comes from re-expressing sh
`
λ

p1q
τpiq´λ

p1q
τRpiq

˘
in terms of k, while (2.30) is

responsible for the p´1qspkq signs as well as allowing the replacement in the last denominator

λ
p0q
τ´1Rτpkq “ ´λ

p0q
Rτ´1Rτpkq . (2.36)

As in the case of the D̂-quivers (2.21), we obtain a density operator between two λp0q

eigenvalues related by the permutation Rτ´1Rτ

ρpλ, λ1q “
ż
dλ1dλ2

sh 2λ

ch2n
p0q

λ

1

chpλ ´ λ1q
1

chn
p1q

λ1

shpλ1 ´ λ2q
chpλ1 ` λ2q

1

chn
p1q

λ2

1

chpλ2 ` λ1q , (2.37)

in terms of which the partition function is given exactly as in (2.21). Expanding shpλ1´λ2q
and reversing the sign of λ2 allows us again to represent the operator in terms of canonical

position and momentum operators

ρ “ 1

2

sh 2q

ch2n
p0q

q

1

ch p

1

chn
p1q

q

ˆ
sh q

1

ch p
ch q ` ch q

1

ch p
sh q

˙
1

chn
p1q

q

1

ch p

“ 1

2

sh 2q

ch2n
p0q

q

1

ch p

1

chn
p1q

q

ˆ
eπq

1

ch p
eπq ` e´πq 1

ch p
e´πq

˙
1

chn
p1q

q

1

ch p
.

(2.38)
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The same arguments as for the D̂-quiver allow us to express ZpNq as the partition func-

tion of N non-interacting fermions on a half line with Neumann (2.27) or Dirichlet (2.28)

boundary conditions. Indeed, as we show in section 3, the density operators of many linear

quivers are related to those of D̂-quivers by a linear canonical transformation.

2.4 Generalization to longer quivers

It is straight-forward to generalize the analysis to quivers with an arbitrary number of

Up2Nq nodes and arbitrary number of fundamental hypermultiplets on each node. Just

as for the Â-quiver theories, the matrix model contributions from hypermultiplets trans-

forming in the bifundamental representation of pairs of Up2Nq gauge nodes combine with

the vector multiplet contributions to form one Cauchy determinant between each pair of

adjacent nodes. This translates into ch´1 p terms in the density operator. We represent

the contribution from fundamental hypermultiplets and the FI and CS terms of the ath

node again by F paqpqq (2.2). This leads to a piece in the density operator of the form

1

ch p
F p1qpqq 1

ch p
F p2qpqq 1

ch p
F p3qpqq 1

ch p
¨ ¨ ¨ (2.39)

In all of our examples the density operator combines kernels going back and forth along

the quiver. The contribution from the ends of the quivers (UpNq nodes for D̂-quivers and

Spp2Nq/antisymmetric hypermultiplet for linear quivers) are the same as in the previous

sections.

For the D̂-quivers the contribution from going back along the quiver as in (2.16) gives,

¨ ¨ ¨ 1

ch p
F p3qpqq 1

ch p
F p2qpqq 1

ch p
F p1qpqq 1

ch p
. (2.40)

For the linear quivers, the antisymmetric hypermultiplet or Sp node introduce a minus

sign, like the replacement λ2 Ñ ´λ2 that gave (2.38) from (2.37). Therefore the second

part of the density operator includes

¨ ¨ ¨ 1

ch p
F p3qp´qq 1

ch p
F p2qp´qq 1

ch p
F p1qp´qq 1

ch p
. (2.41)

2.4.1 Generalized D̂-quivers

Let us consider a D̂L`2 quiver with arbitrary number of gauge nodes and fundamental hy-

permultiplets on each node,9 as shown in figure 1. We label the Up2Nq nodes by 1, ¨ ¨ ¨ , L´1,

and as in figure 1, we distinguish parameters from pairs of terminal UpNq nodes by primes:

F p0q, F 1p0q,F pLq, F 1pLq. We note that all bifundamental hypermultiplet masses can be set

9Note that in order for the matrix model to be convergent, such a theory must have at least one

fundamental hypermultiplet. With this condition violated the formal manipulations still go through, but

the divergence of the matrix model translates to a density operator which is not of trace class.
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to zero by shifting eigenvalues.10 The above rules lead to the density operator

ρ “ 1

4

1

ch p

ˆ
F p0qpqq sh p

ch p
F 1p0qpqq ` F 1p0qpqq sh p

ch p
F p0qpqq

˙
1

ch p

˜
L´1ź

a“1

F paqpqq 1

ch p

¸
(2.42)

ˆ
F pLqpqq sh p

ch p
F 1pLqpqq ` F 1pLqpqq sh p

ch p
F pLqpqq

˙
1

ch p

˜
L´1ź

a“1

F pL´aqpqq 1

ch p

¸
.

We can easily recover (2.23) by setting L “ 2, F p2qpqq “ ch´n q and all other F paq “ F 1paq “
1.

2.4.2 Generalized linear quivers

We can proceed in a similar fashion to write down the density operators for longer lin-

ear quivers, where each end of the Up2Nq linear chain has either an Spp2Nq node or an

antisymmetric hypermultiplet and any number of fundamental hypermultiplets on all the

nodes.11 Again we note that the masses for all bifundamental hypermultiplets between

Up2Nq nodes can be set to zero by shifts of the eigenvalues. We cannot always do the

same for the mass of antisymmetric hypermultiplets, or for those charged under Spp2Nq,
so we keep these masses as well as the fundamental hypermultiplet masses. We consider a

quiver with L Up2Nq nodes and again package the FI, CS and fundamental hypermultiplet

contributions into F paq. Two instances (out of three) of such general linear quivers are

pictured in figure 2. The density operator is given by

ρ “ Bp0qpp, qq
˜

L´1ź

a“1

F paqpqq 1

ch p

¸
F pLqpqqBpL`1qpp, qq

˜
L´1ź

a“1

F pL`1´aqp´qq 1

ch p

¸
F p1qp´qq ,

(2.43)

where the functions Bpaqpp, qq account for whether the ends of the quiver terminate with

an Spp2Nq node or antisymmetric hypermultiplet.

If the quiver terminates with an Spp2Nq node we have

B
paq
Sp pp, qq “ e2πim

paqp

ch p
shp2qq rF paqpqqe

2πimpaqp

ch p
, (2.44)

where mpaq is the bifundamental mass and rF paqpqq captures the contributions from the CS

term with level kpaq and npaq fundamental hypermultiplets of Spp2Nq with masses µ
paq
α

rF paqpqq “ e2πik
paqq2

śnpaq

α“1 chpq ´ µ
paq
α q chpq ` µ

paq
α q

. (2.45)

10Shifting eigenvalues to remove masses can introduce an overall phase in the matrix model. Such phases

are unphysical, in the sense that they arise from background (mixed) Chern-Simons terms that can be

added to the regularization scheme when computing the partition function of the 3d theories [44, 45].
11While the formal manipulations again go through in all cases (see also footnote 9), convergence of the

matrix model requires a total of at least three fundamental hypermultipets, with at least one coupling to

the terminating nodes at each end of the quiver.
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If it terminates with an antisymmetric hypermultiplet we have

B
paq
A pp, qq “ 1

2

˜
eπq

e2πiM
paqp

ch p
eπq ` e´πq e

2πiMpaqp

ch p
e´πq

¸
, (2.46)

where M paq is the antisymmetric mass.

Note that the expression (2.43) assumes there is at least one Up2Nq node. There

are two relevant cases without Up2Nq nodes: for the single node Spp2Nq theory with an

antisymmetric hypermultiplet the density operator is given by12

ρ “ 1

2
shp2qq rF p0qpqq

ˆ
sh q

e2πiMp

ch p
ch q ` ch q

e2πiMp

ch p
sh q

˙
. (2.47)

For the Spp2Nq ˆ Spp2Nq theory the density operator is given by

ρ “ e2πim
p0qp

ch p
shp2qq rF p0qpqqe

2πimp0qp

ch p
shp2qq rF p1qpqq . (2.48)

3 Mirror symmetry

In [14] it was found that pairs of mirror dual Â-quiver theories give rise to Fermi gas

formulations which are related to each other by simple linear canonical transformations

acting on their density operators. In this way, once one understands how to go from a

quiver theory to the Fermi gas density operator, one can with little effort find the mirror

map between dual theories. In this section we show that this continues to hold true for the

mirror pairs involving D̂-quivers and linear quivers. In this section we consider theories

with mass and FI term deformations, since those get mapped to each other under mirror

symmetry. For simplicity we restrict our attention in the remainder of the paper to theories

without Chern-Simons terms

We proceed with a number of examples, starting in each case with a D̂-quiver, and

demonstrating how the canonical transformation

p Ñ q, q Ñ ´p , (3.1)

maps the density operator onto that of the mirror linear quiver theory.

3.1 D̂4-quiver with two fundamentals

The first example we consider is the D̂4-quiver with a fundamental hypermultiplet on

two of the terminal UpNq nodes. This example is somewhat special as there are three

inequivalent ways of pairing up the terminal UpNq nodes, which leads to different density

operators. The canonical transformations of these three descriptions are related to three

different mirror theories. The existence of several mirror dual theories was already noted

in section 4.4.3 of [11].

12This theory was previously studied from the Fermi gas perspective in [41], where a rather different

density operator was obtained. We compare the different formalisms in appendix D.
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Figure 6: D̂4-quiver and its mirror dual theory with Spp2Nq ˆ Spp2Nq gauge group.

The first possibility is to pair the two terminal nodes without fundamental matter and

the two with fundamental matter, as shown in figure 6. Within each pairing we distinguish

the FI parameters of the two UpNq nodes by giving one of them a prime. We do not turn

on masses for the two UpNq fundamental hypermultiplets.13 The density operator of the

D̂4 theory can be read from (2.42)

ρ “ 1

4

1

ch p

ˆ
e2πiζ

p0qq sh p

ch p
e2πiζ

1p0qq ` e2πiζ
1p0qq sh p

ch p
e2πiζ

p0qq

˙
1

ch p
e2πiζ

p1qq

ˆ 1

ch p

1

ch q

ˆ
e2πiζ

p2qq sh p

ch p
e2πiζ

1p2qq ` e2πiζ
1p2qq sh p

ch p
e2πiζ

p2qq

˙
1

ch q

1

ch p
e2πiζ

p1qq .

(3.2)

To map this to the density operator of the mirror dual theory, we first use the relation

e2πiζqfppqe´2πiζq “ fpp ´ ζq , (3.3)

to simplify the terms in parenthesis

eπipζ´ζ1qq sh p
ch p

e´πipζ´ζ1qq ` e´πipζ´ζ1qq sh p
ch p

eπipζ´ζ1qq

“ shpp ` 1
2
ζ 1 ´ 1

2
ζq

chpp ` 1
2
ζ 1 ´ 1

2
ζq ` shpp ´ 1

2
ζ 1 ` 1

2
ζq

chpp ´ 1
2
ζ 1 ` 1

2
ζq “ 2 sh 2p

chpp ` 1
2
ζ ´ 1

2
ζ 1q chpp ´ 1

2
ζ ` 1

2
ζ 1q .

(3.4)

By further commuting exponential factors we get

ρ “ eπipζ
p0q`ζ1p0qqq 1

ch
`
p ` µ̃

p1q
1

˘
sh 2p

ch
`
p ` µ̃

p1q
2

˘
ch

`
p ´ µ̃

p1q
2

˘
1

ch
`
p ´ µ̃

p1q
1

˘
1

ch
`
p ` µ̃

p1q
3

˘

ˆ e´πi rmq

ch q

sh 2p

ch
`
p ` µ̃p0q˘ ch

`
p ´ µ̃p0q˘

e´πi rmq

ch q

1

ch
`
p ´ µ̃

p1q
3

˘e´πipζp0q`ζ1p0qqq .

(3.5)

with

µ̃
p1q
1 “ 1

2
pζp0q ` ζ 1p0qq , µ̃

p1q
2 “ 1

2
pζp0q ´ ζ 1p0qq , µ̃

p1q
3 “ ´ζp1q ´ 1

2
pζp0q ` ζ 1p0qq ,

µ̃
p0q “ 1

2
pζp2q ´ ζ 1p2qq ,

rm “ ´ζp1q ´ 1

2
pζp0q ` ζ 1p0q ` ζp2q ` ζ 1p2qq .

(3.6)

13One of these mass parameters can be removed by shifts of the matrix model eigenvalues. The other

is mapped under mirror symmetry to a “hidden” FI parameter [46, 47], which does not have a clear

interpretation in the mirror gauge theory.
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hypermultiplets.

Now we can act on the density operator by canonical transformation (3.1). In addition we

conjugate the operator to remove the exponential factors at the beginning and end, which

clearly does not alter the spectrum. This gives

ρ̃ “ e2πi rmp

ch p

sh 2q

ch
`
q ` µ̃

p0q˘
ch

`
q ´ µ̃

p0q˘
e2πi rmp

ch p

sh 2q
ś3

α“1 ch
`
q ` µ̃

p1q
α

˘
ch

`
q ´ µ̃

p1q
α

˘ . (3.7)

As advertized we recover the density operator for a linear quiver with two Spp2Nq nodes.

One with a single fundamental hypermultiplet and the other with three (2.48). The re-

lations between the FI and mass deformation parameters of the mirror dual theories are

expressed in (3.6), where rm is the bifundamental hypermultiplet mass and µ̃p0q, µ̃p1q
α are the

fundamental hypermultiplet masses of the dual theory. This mirror map generalises slightly

the one found already in [6], allowing for ζp0q ‰ ζ 1p0q and ζp2q ‰ ζ 1p2q, which translate to

additional mass deformations in the dual linear quiver theory.

A second way of obtaining a density operator for the D̂4-quiver comes from pairing

nodes with and without fundamental hypermultiplet, as in figure 7. After shifting eigenval-

ues to remove masses we are left with only one nonzero mass µ for one of the fundamental

hypermultiplets. From (2.42) we can write down the density operator

ρ “ 1

4

1

ch p

˜
e2πiζ

p0qq

ch q

sh p

ch p
e2πiζ

1p0qq ` e2πiζ
1p0qq sh p

ch p

e2πiζ
p0qq

ch q

¸
1

ch p
e2πiζ

p1qq

ˆ 1

ch p

˜
e2πiζ

p2qq

chpq ` µq
sh p

ch p
e2πiζ

1p2qq ` e2πiζ
1p2qq sh p

ch p

e2πiζ
p2qq

chpq ` µq

¸
1

ch p
e2πiζ

p1qq .

(3.8)

Once again we start by manipulating the expression of the density operator, using the

relation (3.3)

ρ “ 1

4
e´iπζp1qq 1

chpp ` ζp1q

2
q

1

chpp ´ ζp1q

2
q

ˆ
˜
e2πipζ

p0q`ζ1p0q`ζp1qqq

ch q

shpp ` ζ 1p0q ` ζp1q

2
q

chpp ` ζ 1p0q ` ζp1q

2
q

` shpp ´ ζ 1p0q ´ ζp1q

2
q

chpp ´ ζ 1p0q ´ ζp1q

2
q
e2πipζ

p0q`ζ1p0q`ζp1qqq

ch q

¸

ˆ 1

chpp ` ζp1q

2
q

1

chpp ´ ζp1q

2
q
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ˆ
˜
e2πipζ

p2q`ζ1p2q`ζp1qqq

chpq ` µq
shpp ` ζ 1p2q ` ζp1q

2
q

chpp ` ζ 1p2q ` ζp1q

2
q

` shpp ´ ζ 1p2q ´ ζp1q

2
q

chpp ´ ζ 1p2q ´ ζp1q

2
q
e2πipζ

p2q`ζ1p2q`ζp1qqq

chpq ` µq

¸

ˆ eiπζ
p1qq. (3.9)

We now use the identity

e2πiζq

chpq ` µq
sh p ` ζ 1

ch p ` ζ 1 ` sh p ´ ζ 1

ch p ´ ζ 1
e2πiζq

chpq ` µq

“ e´2πiζµ e2πiµp

chpp ´ ζ 1q

ˆ
eπp

e2πiζq

ch q
eπp ´ e´πp e

2πiζq

ch q
e´πp

˙
e´2πiµp

chpp ` ζ 1q ,
(3.10)

to bring the density operator into the form

ρ “ 1

4
e´2πipζp1q`ζp2q`ζ1p2qqµe´πiζp1qqe2πiµp

ˆ e´2πiµp

ch
`
p ` 1

2
ζp1q ` ζ 1p2q˘

1

ch
`
p ` 1

2
ζp1q˘

1

ch
`
p ´ 1

2
ζp1q˘

1

ch
`
p ´ ζ 1p0q ´ 1

2
ζp1q˘

ˆ
˜
eπp

e2πipζ
p0q`ζ1p0q`ζp1qqq

ch q
eπp ` e´πp e

2πipζp0q`ζ1p0q`ζp1qqq

ch q
e´πp

¸

ˆ e2πiµp

ch
`
p ` ζ 1p0q ` 1

2
ζp1q˘

1

ch
`
p ` 1

2
ζp1q˘

1

ch
`
p ´ 1

2
ζp1q˘

1

ch
`
p ´ 1

2
ζp1q ´ ζ 1p2q˘

ˆ
˜
eπp

e2πipζ
p2q`ζ1p2q`ζp1qqq

ch q
eπp ` e´πp e

2πipζp2q`ζ1p2q`ζp1qqq

ch q
e´πp

¸
e´2πiµpeπiζ

p1qq .

(3.11)

Applying the canonical transformation (3.1) and removing the exponential factors at

the beginning and end by conjugation, we obtain (up to an overall phase)14 the den-

sity operator of the (second) mirror dual theory, which is a Up2Nq theory with two anti-

symmetric hypermultiplets of masses ĂM1, ĂM2, four fundamental hypermultiplets of masses

µ̃α, α “ 1, ¨ ¨ ¨ , 4 and an FI parameter ζ̃. The explicit mirror map between parameters is

given by

ĂM1 “ ´ζp0q ´ ζ 1p0q ´ ζp1q, ĂM2 “ ´ζp2q ´ ζ 1p2q ´ ζp1q,

µ̃1 “ 1

2
ζp1q ` ζ 1p0q, µ̃2 “ 1

2
ζp1q, µ̃3 “ ´1

2
ζp1q, µ̃4 “ ´1

2
ζp1q ´ ζ 1p2q,

ζ̃ “ µ .

(3.12)

Finally we may think of other ways to pair the UpNq nodes of the D̂4-quiver which

are similar to the two cases above. For instance we can consider the exchange ζ 1p0q Ø ζ 1p2q

in (3.8). This symmetry, which is completely trivial on the D̂-quiver side, manifests as a

relation between two mirror Up2Nq theories which differ only by the values of their mass

parameters
ĂM1 Ñ ĂM1 ` µ̃1 ` µ̃4 , ĂM2 Ñ ĂM2 ´ µ̃1 ´ µ̃4 ,

µ̃1 Ñ ´µ̃4, µ̃2 Ñ µ̃2, µ̃3 Ñ µ̃3, µ̃4 Ñ ´µ̃1 ,

ζ̃ Ñ ζ̃ .

(3.13)

14Such phases are unphysical, see footnote 10.
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Figure 8: D̂5-quiver and its mirror dual theory.

3.2 D̂5-quiver

The next example of mirror map involves a D̂5-quiver with n fundamental hypermultiplets

on one Up2Nq node and a single fundamental hypermultiplet on one UpNq node. The quiver
is shown in figure 8. Shifting eigenvalues to set all bifundamental masses, and one of the

Up2Nq fundamental masses to zero, we find the density operator (with obvious notations

for the mass parameters)

ρ “ 1

4

1

ch p

ˆ
e2πiζ

p0qq sh p

ch p
e2πiζ

1p0qq ` e2πiζ
1p0qq sh p

ch p
e2πiζ

p0qq

˙
1

ch p
e2πiζ

p1qq

ˆ 1

ch p

e2πiζ
p2qq

ch q
śn´1

α“1 ch
`
q ` µ

p2q
α

˘
1

ch p

˜
e2πiζ

p3qq

ch
`
q ` µ

p3q˘
sh p

ch p
e2πiζ

1p3qq

` e2πiζ
1p3qq sh p

ch p

e2πiζ
p3qq

ch
`
q ` µ

p3q˘
¸

1

ch p

e2πiζ
p2qq

ch q
śn´1

α“1 ch
`
q ` µ

p2q
α

˘
1

ch p
e2πiζ

p1qq .

(3.14)

Using the identities (3.3), (3.4) and (3.10), we can write the density operator as

ρ “ 1

2
e´2πipζp3q`ζ1p3qqµp3q 1

ch p
eπipζ

p0q`ζ1p0qqq sh 2p

chpp ` 1
2
ζp0q ´ 1

2
ζ 1p0qq chpp ´ 1

2
ζp0q ` 1

2
ζ 1p0qq

ˆ eπipζ
p0q`ζ1p0qqq 1

ch p
e2πiζ

p1qq 1

ch p

e2πiζ
p2qq

ch q
śn´1

α“1 ch
`
q ` µ

p2q
α

˘
1

ch p

ˆ e2πiµ
p3q

p

chpp ´ ζ 1p3qq

˜
eπp

e2πipζ
p3q`ζ1p3qqq

ch q
eπp ` e´πp e

2πipζp3q`ζ1p3qqq

ch q
e´πp

¸
e´2πiµ

p3q
p

chpp ` ζ 1p3qq

ˆ 1

ch p

e2πiζ
p2qq

ch q
śn´1

α“1 ch
`
q ` µ

p2q
α

˘
1

ch p
e2πiζ

p1qq . (3.15)

– 20 –



J
H
E
P
0
8
(
2
0
1
5
)
0
7
1

Further commuting exponential terms using (3.3) we obtain

ρ “ 1

2
eπipζ

p0q`ζ1p0qqq ch
`
p ` µ̃

p0q
3

˘
ch q e2πi rmq e´2πipζp3q`ζ1p3qqµp3q

ˆe´2πi rmq

ch q

sh 2p
ś3

β“1 ch
`
p ` µ̃

p0q
β

˘
ch

`
p ´ µ̃

p0q
β

˘
e´2πi rmq

ch q

˜
n´1ź

a“1

e2πiζ̃
paqp 1

ch q

¸

ˆ e2πiζ̃
pnqp

ch p ch
`
p ` µ̃

pnq˘
˜
eπp

e´2πiĂMq

ch q
eπp ` e´πp e

´2πiĂMq

ch q
e´πp

¸
e´2πiζ̃pnqp

ch p ch
`
p ´ µ̃

pnq˘

ˆ
˜

n´1ź

a“1

1

ch q
e´2πiζ̃pn´aqp

¸
e´2πi rmq

ch q

1

ch
`
p ` µ̃

p0q
3

˘e´πipζp0q`ζ1p0qqq,

(3.16)

with

rm “ ´1

2
ζp0q ´ 1

2
ζ 1p0q ´ ζp1q ´ ζp2q, ĂM “ ´ζp3q ´ ζ 1p3q

µ̃
p0q
1 “ 1

2
ζp0q ´ 1

2
ζ 1p0q, µ̃

p0q
2 “ 1

2
ζp0q ` 1

2
ζ 1p0q, µ̃

p0q
3 “ 1

2
ζp0q ` 1

2
ζ 1p0q ` ζp1q,

µ̃
pnq “ ´ζ 1p3q,

ζ̃p1q “ µ
p2q
1 , ζ̃pnq “ µ

p3q ´ µ
p2q
n´1, ζ̃paq “ µp2q

a ´ µ
p2q
a´1, a “ 2, ¨ ¨ ¨ , n ´ 1 .

(3.17)

Applying the canonical transformation (3.1) and removing terms at the beginning and

end of (3.16) by conjugation, we obtain up to an overall phase (see footnote 10) the density

operator of the mirror theory. This is a linear quiver with one Spp2Nq node with three

fundamental hypermultiplets, connected to n Up2Nq nodes, where the last Up2Nq node

has one antisymmetric and two fundamental hypermultiplets. By shifting eigenvalues the

masses of hypermultiplets transforming in the bifundamental representation of two Up2Nq
nodes and the mass of one of the Up2Nq fundamental hypermultiplets can be set to zero.

This leaves us with the masses: rm for the Spp2Nq ˆUp2Nq bifundamental hypermultiplet,
ĂM for the antisymmetric hypermultiplet, µ̃

p0q
1,2,3 for the three Spp2Nq fundamental hyper-

multiplets, µ̃
pnq

for one Up2Nq fundamental hypermultiplet. Moreover the theory has FI

parameters ζ̃paq, for a “ 1, ¨ ¨ ¨ , n. The mirror map between parameters is given by (3.17).

This general approach to finding mirror maps can be easily extended to more general

D̂-quivers. For mirrors involving a ‘bad’ linear quiver, proposed in [11] the matrix model of

the linear quiver is divergent,15 while the matrix model of the D̂ quiver is still finite. As we

mention in the discussion section, the density operators of the ‘bad’ linear quivers can be

matched to those of the ‘good’ D̂-quivers with a simple replacement, alas, this replacement

is rather ad hoc and we do not know whether it represents a true regularization of the non

trace class density operator of the ‘bad’ quiver.

15It was proposed in [5] that the divergence of ‘bad’ quiver matrix model is related to a mismatch

between the R-symmetry group in the UV localization computation, and the R-symmetry group at the

infrared fixed point.
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4 Computing the partition function

Having re-expressed the S3 partition function of D̂-quiver theories as a free fermion parti-

tion function, we proceed now with its evaluation following the technique developed in [15].

More precisely we compute the perturbative part in the large µ expansion of the grand po-

tential J and extract from it the perturbative part in the large N expansion of the partition

function Z, which turns out to be the Airy function (1.9). Our strategy to compute J has

new ingredients compared to [15], in particular we use a simplifying recursion method to

compute the perturbative expansion of Tr ρl, for arbitrary l ě 1. This method can be used

for any density operator ρ. We also rely on the integral representation of J , following [48],

to evaluate its perturbative part. Masses and FI parameters introduce extra difficulties in

the computation and we set all of them to zero in this section.

We proceed to present this strategy and provide the exact evaluations for all the D̂-

quivers considered in this paper.

4.1 General strategy

The starting point for our computation of the perturbative part of the D̂-quiver (and linear

mirror) partition functions (2.25) is the Fermi gas reformulation

ZpNq “ 1

N !

ÿ

σPSN

p´1qσ
2nσ

ż Nź

i“1

dλi

Nź

i“1

ρpλi, λσpiqq , (4.1)

where we recall that nσ counts the number of cycles in σ. The standard analysis [49] is to

factor the integral into its closed loops

ż
dλ1 ¨ ¨ ¨ dλl ρpλ1, λ2qρpλ2, λ3q ¨ ¨ ¨ ρpλl, λ1q “ Tr ρl ” Zl . (4.2)

These loops of course correspond to the cycles of the permutation σ, and so the summand

of (4.1) depends only on Zl and the conjugacy class of σ. Conjugacy classes of SN can be

labelled a set of integers tmlu, where ml is the number of cycles of length l. In terms of

this labelling we have
1

2nσ
“

ź

l

1

2ml
, (4.3)

and the number of permutations in a given conjugacy class is given by

N !ś
l ml! lml

. (4.4)

With these combinatorics (4.1) becomes

ZpNq “
ÿ

tmlu

1 ź

l

p1
2
Zlqml p´1qpl´1qml

ml! lml
, (4.5)

where the primed sum denotes a sum over sets that satisfy
ř

l lml “ N .
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The computation of ZpNq thus boils down to the evaluation of Zl. To compute results

for large N , the standard approach [49] is consider the grand canonical partition function

Ξpzq “ 1 `
8ÿ

N“1

ZpNqzN “ eJpµq, z “ eµ , (4.6)

where µ is the chemical potential, and Jpµq the grand canonical potential, given by

Jpµq “ ´
8ÿ

l“1

p´1qlZle
µl

2l
. (4.7)

The strategy is to first find an expression for Zl, then to resum the expression and obtain

Jpµq using (4.7), and finally to recover ZpNq by computing

ZpNq “ 1

2πi

ż µ0`πi

µ0´πi

dµ eJpµq´µN , (4.8)

where µ0 can be chosen arbitrarily without affecting the result.

In practice, computing Zl exactly for arbitrary l is highly non trivial. To make the

problem tractable it is useful to reformulate it within Wigner’s phase space [15]. For a

general review of Wigner’s phase space see [50]; here we simply summarise the properties

that we require.

The Wigner transform of an operator16 Â is given (with ~ “ 1
2π
) by

AW pq, pq “
ż
dq1

B
q ´ q1

2

ˇ̌
ˇ̌ Â

ˇ̌
ˇ̌q ` q1

2

F
e2πipq

1
. (4.9)

Some important identities are

pÂB̂qW “ AW ‹ BW , ‹ “ exp

„
i

4π

ˆÐ
B q

Ñ
B p ´

Ñ
B q

Ð
B p

˙
, TrpÂq “

ż
dpdqAW .

(4.10)

In the language of phase space Zl becomes

Zl “
ż
dpdq

lhkkkkkkkkkikkkkkkkkkj
ρW ‹ ρW ¨ ¨ ¨ ‹ ρW . (4.11)

We generate an expansion for the integrand of (4.11) by performing a derivative expansion

of the star products (4.10). To this end, we introduce into the star product an expansion

16To avoid confusion between phase space variables p, q, and the canonical position and momentum

operators, we give all operators hats for the remainder of this section.
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parameter ǫ which will be set at the end to 1.17

‹ “ exp

„
iǫ

4π

ˆÐ
B q

Ñ
B p ´

Ñ
B q

Ð
B p

˙

“ 1 ` iǫ

4π

ˆÐ
B q

Ñ
B p ´

Ñ
B q

Ð
B p

˙
´ ǫ2

32π2

ˆÐ
B2
q

Ñ
B2
p `

Ñ
B2
q

Ð
B2
p ´ 2

Ð
B q,p

Ñ
B q,p

˙
` Opǫ3q .

(4.13)

In [15], the role of the expansion parameter ǫ was played by the Planck constant ~,

which was proportional to the Chern-Simons level of the ABJM theory. We do not have a

tunable ~ here, however it still proves useful to consider the derivative expansion associated

to ǫ, as we now explain.

The ǫ expansion of the integrand of (4.11) takes the form

pρ̂lqW pp, qq “
ÿ

ně0

ǫn ρlpnqpp, qq. (4.14)

Note that the ǫ factors come from the expansion of the star products present in (4.11), as

well as those arising when replacing the density operator (2.42) by its Wigner transform.

Zl can then be evaluated order by order in ǫ

Zl “
ÿ

ně0

ǫnZlpnq, Zlpnq “
ż
dpdq ρlpnq . (4.15)

Resumming each term using (4.7) then generates an ǫ expansion for Jpµq

Jpµq “
ÿ

ně0

ǫnJpnqpµq, Jpnqpµq “ ´
8ÿ

l“1

p´1qlZlpnqe
µl

2l
. (4.16)

As for the Â-quivers [15], we anticipate that for D̂-quivers (and their linear mirrors),

Jpµq also admits an asymptotic expansion of the form

Jpµq “ Cpǫq
3

µ3 ` Bpǫqµ ` Apǫq ` Ope´αµq , α ą 0 , (4.17)

where each of the coefficients A, B and C are given by power expansions in ǫ. In principle,

to obtain a meaningful result for A, B and C we should now compute and then resum

an infinite series of corrections in powers of ǫ, which are really all of the same order since

ǫ “ 1. From the study of Â-quivers, it is expected that the expansions of Cpǫq and Bpǫq
truncate at orders ǫ0 and ǫ2 respectively, so that the first few orders of the ǫ expansion are

sufficient to compute them exactly. We give a proof of this truncation for D̂-quivers with

17In addition to the differential expression for the star product (4.13), it also has an equivalent integral

representation

pf ‹ gqpp, qq “
4

ǫ2

ż
dq

1
dp

1
dq

2
dp

2
fpp ` p

1
, q ` q

1qgpp ` p
2
, q ` q

2qe4πi{ǫpq1p2´q2p1q
. (4.12)

In some cases (for instance when f or g involve delta functions) (4.12) produces an exact result that is non

perturbative in ǫ [51]. In these cases extra care should be taken, because the perturbative star product (4.10)

is not valid.
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equal number of fundamental hypermultiplets on each pair of terminating UpNq nodes in

appendix E. We assume that it holds for the other quivers as well.18

It remains to plug the result (4.17) into (4.8) to extract the perturbative part of Z at

large N . In practice the evaluation is done by setting the contour integral parameter µ0 to

the saddle point µ˚ of the integrand and by extending the contour along all the imaginary

axis to pµ˚ ´ i8, µ˚ ` i8q. As explained in [15, 22], this change of contour does not affect

the perturbative part of the result. The integration leads to the Airy function behaviour

of the partition function at large N , which is our main result

ZpNq “ C´ 1

3 eAAi
”
C´ 1

3 pN ´ Bq
ı

` ZnppNq , (4.18)

where ZnppNq denotes non-perturbative, exponentially suppressed contributions, and we

note that the undetermined coefficient A only affects the overall prefactor.

4.2 Recursive formula for pρ̂lqW
In this subsection we present a simple recursive approach for evaluating the coefficients in

the ǫ expansion of pρ̂lqW (4.14). This comes from the ǫ expansion of

pρ̂l`1qW “ pρ̂lqW ‹ ρW . (4.19)

One first needs to evaluate the ǫ expansion of ρW (which is due to replacing all operator

products by star products)

ρW pp, qq “
ÿ

ně0

ǫn ρpnqpp, qq , (4.20)

which also serves as the initial conditions for the recursion ρ1pnq “ ρpnq.
At order ǫ0, equation (4.19) gives

ρl`1p0q “ ρlp0qρp0q , (4.21)

which is solved by

ρlp0q “ ρlp0q . (4.22)

At order ǫ1 we get

ρl`1p1q “ ρlp0qρp1q ` ρp0qρlp1q ñ ρlp1q “ lρl´1
p0q ρp1q . (4.23)

At order ǫ2 we then get

ρl`1p2q “ ρp0qρlp2q ` ρlp0qρp2q ` lρl´1
p0q ρ

2
p1q ´ 1

32π2
ρl´2

p0q l
”
2
`
ρp0qρ

2
p0q :ρp0q ´ ρp0q 9ρ12

p0q
˘

` pl ´ 1q
`

:ρp0qρ
12
p0q ` ρ2

p0q 9ρ2p0q ´ 2ρ1
p0q 9ρp0q 9ρ1

p0q
˘ı
,

(4.24)

where
9fpp, qq ” Bp fpp, qq , f 1pp, qq ” Bq fpp, qq . (4.25)

18We checked that C and B do not receive contributions at order ǫ4 for all D̂-quivers.
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Solving the recurrence relation, with initial condition ρ1p2q “ ρp2q yields

ρlp2q “ lρl´1
p0q ρp2q ` 1

2
lpl ´ 1qρl´2

p0q ρ
2
p1q ´ 1

96π2
ρl´3

p0q lpl ´ 1q
”
3
`
ρp0qρ

2
p0q :ρp0q ´ ρp0q 9ρ12

p0q
˘

` pl ´ 2q
`

:ρp0qρ
12
p0q ` ρ2

p0q 9ρ2p0q ´ 2ρ1
p0q 9ρp0q 9ρ1

p0q
˘ı
.

(4.26)

This procedure can be straightforwardly continued to higher order in ǫ. Finally we plug

the expansion coefficients into (4.15) to obtain the ǫ expansion of Zl. In particular this

gives

Zlp0q “
ż
dpdq ρlp0q ,

Zlp1q “
ż
dpdq lρl´1

p0q ρp1q ,

Zlp2q “
ż
dpdq

ˆ
lρl´1

p0q ρp2q ` 1

2
lpl ´ 1qρl´2

p0q ρ
2
p1q ´ 1

96π2
l2pl ´ 1qpl ´ 2qρl´4

p0q 9ρ2p0qρ
12
p0q

˙
.

(4.27)

Where the last line follows from integrating (4.26) by parts, and using the fact that for Â

or D̂ quivers we always have the decomposition ρp0q “ tppqupqq.
We stress that this algorithm is very general and can be applied to any Â or D̂-quiver.

All one needs in order to compute Zl is to plug into (4.27) the ǫ expansion of the density

operator itself.

4.3 Computing ZpNq for D̂-quivers

We now show how to apply the approach outlined in the previous sections and compute

ZpNq for a generic D̂-quiver with arbitrary number of nodes and arbitrary number of

fundamental hypermultiplets on each node. We set here all masses and FI parameters

to zero, as this simplifies the explicit evaluation of the phase space integrals. The quiver

diagram is shown in figure 1, and the density operator is given by (2.42) with

F paqpqq “ 1

chn
paq

q
, F 1paqpqq “ 1

chn
1paq

q
. (4.28)

We first work out the ǫ-expansion of ρW itself, which is then plugged in to the result

of the recursive formula (4.27).

Using manipulations similar to those used in section 3

1

chn
p0q

q
‹ sh p

ch p
‹ 1

chn
1p0q

q
` 1

chn
1p0q

q
‹ sh p

ch p
‹ 1

chn
p0q

q

“ 1

chminpnp0q,n1p0qq q
‹ 1

ch p
‹

ˆ
sh p ‹ 1

ch|np0q´n1p0q| q
‹ ch p ` ch p ‹ 1

ch|np0q´n1p0q| q
‹ sh p

˙

‹ 1

ch p
‹ 1

chminpnp0q,n1p0qq q

“ 1

chminpnp0q,n1p0qq q
‹ 1

ch p
‹ 2 sh 2p

ch|np0q´n1p0q| q
‹ 1

ch p
‹ 1

chminpnp0q,n1p0qq q
, (4.29)
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where in the last step we evaluated the expression inside parentheses using the exact star

product (4.12). This allows us to write the Wigner transform of the density operator (2.42)

as19

ρW “ eT ppq ‹ eU1pqq ‹ eT ppq ‹ eSppq`2U0pqq ‹ eT ppq ‹
ˆ λ´1ź

k“1
‹e

Ukpqq ‹ eT ppq
˙

‹ eSppq`2Uλpqq

‹
ˆ λ´2ź

k“1
‹e

T ppq ‹ eUλ´kpqq
˙
,

(4.30)

where

Sppq “ log sh 2p, T ppq “ log
1

ch p
, Uipqq “ log

1

chηi q
, (4.31)

and

η0 “ 1

2
|np0q ´ n1p0q| , η1 “ minpnp0q, n1p0qq , ηi “ npi´1q , i “ 2, ¨ ¨ ¨ , L

ηλ “ 1

2
|npLq ´ n1pLq| , ηλ´1 “ minpnpLq, n1pLqq , λ “ L ` 2 .

(4.32)

A first useful manipulation is to conjugate20 the density operator into a more symmetric

form that resembles a palindrome

ρW « ‹
a
eSppq`2Uλpqq ‹ eT ppq ‹

ˆ λ´1ź

k“1
‹e

Uλ´kpqq ‹ eT ppq
˙

‹ eSppq`2U0pqq

‹
ˆ λ´1ź

k“1
‹e

T ppq ‹ eUkpqq
˙

‹ eT ppq ‹ ‹
a
eSppq`2Uλpqq ,

(4.33)

where ‹
?

is the star square root, and its expansion gives

‹
a
eSppq`2Uλpqq “ e

1

2
S`Uλ

ˆ
1 ` ǫ2

128π2

`
2 :SU2

λ ` 2 :SU 12
λ ` 9S2U2

λ

˘
` Opǫ4q

˙
. (4.34)

The reason for making this conjugation to palindromic form is that the ǫ expansion of (4.33)

is purely in even powers of ǫ. The easiest way then to compute the ǫ expansion is to build

it up from the central eSppq`2U0pqq piece. We first compute

eT ‹ eS`2U0 ‹ eT “ e2T`S`2U0

ˆ
1 ´ ǫ2

8π2
:T

`
U2
0 ` 2U 12

0

˘
` Opǫ4q

˙
. (4.35)

By plugging this result in, we can then easily compute

eU1 ‹
`
eT ‹ eS`2U0 ‹ eT

˘
‹ eU1 (4.36)

“ e2T`S`2U0`2U1

ˆ
1 ´ ǫ2

8π2
:T pU2

0 ` 2U 12
0 q ´ ǫ2

16π2
U2
1

`
2 :T ` :S ` p2 9T ` 9Sq2

˘
` Opǫ4q

˙
.

19
ś

‹ is defined by ordered star multiplication.
20Since we are ultimately computing Zl “ Tr ρ̂l we can use cyclicity of the trace to make conjugations

ρ̂ Ñ V̂ ´1ρ̂V̂ , which in the language of phase space becomes ρW Ñ pV̂ ´1qW ‹ ρW ‹ VW .
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Continuing this procedure we find the full expansion of (4.33) up to Opǫ2q

ρW “ e2λT`2S`2
řλ

k“0
Uk

«
1 ´ ǫ2

8π2
:T

λ´1ÿ

k“0

˜
kÿ

j“0

U2
j ` 2

ˆ kÿ

j“0

U 1
j

˙2
¸

´ ǫ2

16π2

λÿ

k“1

U2
k

´
:S ` 2k :T `

`
9S ` 2k 9T

˘2¯

´ ǫ2

16π2

˜
:S

ˆ λ´1ÿ

k“0

U2
k ` 2

λ´1ÿ

k“0

U 1
k

λÿ

j“0

U 1
j

˙
` U2

λ
9S
`

9S ` 2λ 9T
˘
¸

` Opǫ4q
ff
.

(4.37)

The coefficients of this expansion are ρp0q and ρp2q (4.20), which serve as the seed for the

recursion and can be plugged directly into (4.27). We find that Zlp0q is given by

Zlp0q “
ż
dpdq ρlp0q “

ż
dpdq

th2l p

ch2lpλ´2q p ch2lν q
, ν “

λÿ

k“0

ηk . (4.38)

The expression for Zlp2q is considerably more involved, but it can be simplified by

integrating by parts to remove all double derivatives. Integrating by parts the first term

in Zlp2q (4.27) gives

ż
dpdq lρl´1

p0q ρp2q

“ 1

4π2

ż
dpdq l2e2lpλT`S`řλ

k“0
Ukq

«
2 9T

`
9S ` λ 9T

˘ λ´1ÿ

k“0

kÿ

j“0

U 1
j

ˆ kÿ

i“0

U 1
i ´ l

λÿ

i“0

U 1
i

˙

` 1

2

λÿ

k“1

U 1
k

`
9S ` 2k 9T

˘`
9S ` 2k 9T ´ 2l

`
9S ` λ 9T

˘˘ λÿ

j“0

U 1
j

´
ˆ

9S
`

9S ` λ 9T
˘
pl ´ 1q

λ´1ÿ

k“0

U 1
k ´ 1

2
9S
`

9S ` 2λ 9T
˘
U 1
λ

˙ λÿ

j“0

U 1
j

ff
.

(4.39)

The second (non zero) term in Zlp2q gives

ż
dpdq

´1

96π2
l2pl ´ 1qpl ´ 2qρl´4

p0q 9ρ2p0qρ
12
p0q

“
ż
dpdq

´1

6π2
l2pl ´ 1qpl ´ 2qe2lpλT`S`řλ

k“0
Ukq

ˆ kÿ

j“0

9Uj

˙2

p 9S ` λ 9T q2 .
(4.40)

Combining these expressions, substituting (4.31) and simplifying leads finally to

Zlp2q “
ż
dpdq l2

π2

24

th2l´2 p th2 q

ch2lpλ´2q p ch2lν q

„
3p2l ´ 1q∆ν ´ p4l2 ´ 1qν2

` 2 th2 p
´

p4l2 ´ 1qpλ ´ 1qν2 ´ 3∆νplpλ ´ 2q ` 1q ´ 6Σ1

¯
(4.41)

´ th4 p
´

p4l2 ´ 1qpλ ´ 1q2ν2 ´ 3λ2ν2 ` 3∆νp2lpλ ´ 1q ` 1q ´ 12pΣ2 ´ Σ1q
¯

,

– 28 –



J
H
E
P
0
8
(
2
0
1
5
)
0
7
1

where
∆ “ η0 ` ηλ, Σ1 “

ÿ

iąj

ηiηjpi ´ jq,

Σ2 “
ÿ

iąj

ηiηj
`
pλ ´ iq2 ` j2 ` λ2

˘
´

λÿ

i“0

η2i ipλ ´ iq.
(4.42)

In order to evaluate the integrals appearing in Zlp0q and Zlp2q, we require only the

identity

ż
dx

tha x

chb x
“ p1 ` eiπaqΓ

`
a`1
2

˘
Γ

`
b
2

˘

2b`1πΓ
`
a`b`1

2

˘ , Repaq ą ´1, Repbq ą 0 (4.43)

Integrating (4.38) and (4.41) using (4.43), simplifying by shifting the arguments of Gamma

functions and choosing to express the result in terms of L “ λ ´ 2 we find

Zlp0q “ 1

22lpν`Lqπ3{2
Γpl ` 1

2
qΓpνlqΓpLlq

Γpνl ` 1
2
qΓppL ` 1ql ` 1

2
q ,

Zlp2q “ π1{2

3 ¨ 22lpν`Lq`3
l2F plq Γpl ` 1

2
qΓpνlqΓpLlq

Γpνl ` 3
2
qΓppL ` 1ql ` 3

2
q ,

(4.44)

where

F plq “ ν2p1 ` pL ` 1qpL ` 2qq ´ 3∆ν ´ 3pΣ1 ` Σ2q
` l

`
ν2pL`2qpL`3q´6∆νpL`1q´6pL`1qΣ1`6Σ2

˘
´2l2ν2LpL`1q .

(4.45)

Having computed the ǫ expansion of Zl, we can now compute the ǫ expansion for Jpµq
by resuming each term using (4.16). As for the Â quivers, this gives some complicated

hypergeometric functions [15, 39], from which we can then extract the large µ asymptotic

expansion (4.17). Ultimately, we are interested only in the perturbative part of this ex-

pansion. A recent paper [48] pointed out a very elegant and simple way to extract this

perturbative piece of Jpµq, just by evaluating a single residue involving Zl.

The first step is to write a Mellin-Barnes integral representation for the infinite

sum (4.16)

Jpnqpµq “ ´
8ÿ

l“1

p´1qlZlpnqe
µl

2l
“ ´

ż c`i8

c´i8

dl

4πi
ΓplqΓp´lqZlpnqe

lµ , (4.46)

where c can be chosen arbitrarily in p0, 1q, and Zlpnq should now be regarded as a function

of l, analytically continued to the complex plane. To see how this integral representation

reproduces the infinite sum (4.46), note that for µ ă 0 we can close the contour of inte-

gration around the region with Replq ą c. Since Zlpnq itself has no poles in this region, the

only enclosed poles are the simple poles of Γp´lq for l “ n P N
`. Using the fact that

Res
l“n

Γp´lq “ p´1qn
n!

, (4.47)

we recover (4.46).
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Since we are interested in the asymptotic region µ " 0, we close the contour of inte-

gration around the region Replq ă c. In this region there can be poles due to both Zlpnq
and Γplq. The residue at l “ 0 turns out to be the only one giving a contribution that is

not exponentially suppressed at large µ. Therefore we can immediately evaluate

Jpnqpµq “ ´1

2
Res
l“0

ΓplqΓp´lqZlpnqe
lµ ` Ope´αµq, α ą 0 . (4.48)

Evaluating in this way the perturbative contributions to Jpµq from Jp0qpµq and Jp2qpµq, we
find the asymptotic expansion of the form (4.17), with C and B coefficients

C “ 1

4π2Lν
,

B “ 1 ´ 3∆ν ` 2ν2 ` Lp3 ` Lqpν2 ´ 1q ´ 3pΣ1 ` Σ2q
12Lν

.

(4.49)

As explained before, the coefficients C and B do not receive contributions from higher

order terms in the ǫ expansion, so that (4.49) provides the exact result. These coefficients

characterize the full perturbative part of ZpNq as an Airy function (4.18), up to the overall

coefficient A which is undetermined by our analysis.

5 Discussion

One of the main applications of our results concerns holography. We have found the

complete large N perturbative result for the partition function of (good) D̂-quivers as an

Airy function (4.18). The large N expansion of the free energy starts with the terms

´ logZpNq “ 2

3
?
C
N

3

2 ´ B?
C
N

1

2 ` ¨ ¨ ¨ . (5.1)

The leading term has the famous N3{2 behaviour and its coefficient depends only on the

parameter C. This coefficient has a simple geometric interpretation when the theory admits

an M-theory holographic dual of the form AdS4 ˆ SE7, where SE7 is a tri-Sasaki-Einstein

manifold. Holography predicts the relation [52]

C “ 6

π6
VolpSE7q . (5.2)

This coefficient was already computed for D̂-quivers with fundamental hypermultiplets

and Chern-Simons terms by saddle point techniques in [53]. Our result for C (4.49) agrees

with their computation after setting to zero the CS levels. The D̂-quivers studied in this

paper (with vanishing masses and FI terms) can be engineered as the low-energy limit of

a stack of 2N M2-branes at an orbifold singularity in C
2{Z2ν ˆ C

2{DL [12, 13], where Z2ν

and DL are discrete subgroups of SUp2q of type A and D respectively. The additional

data describing the distribution of fundamental hypermultiplets in the quiver should be

encoded in four-form fluxes on vanishing cycles at the orbifold singularity [13], however the

precise dictionary is not known. The mirror-dual linear quivers have the same M-theory

holographic backgrounds. These M-theory backgrounds can be reduced to type IIA and
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T-dualized to type IIB in two ways by exchanging the M-theory and T-duality circles,

leading to two IIB backgrounds in S-dual frames.

The backreacted geometry in the large N limit takes the form AdS4 ˆ S7{pZ2ν ˆ DLq,
where the two orbifolds act separately on the two S3 » SUp2q inside S7. Recalling that the

volume of S7 is π4{3 and the order of the Z2ν and DL quotients are 2ν and 4L respectively,

we obtain the holographic prediction

C “ 6

π6

π4

24νL
“ 1

4π2νL
, (5.3)

in perfect agreement with (4.49). It would be interesting to find a similar nice geometrical

interpretation in holography for the coefficient of subleading term B{
?
C in (5.1) but this

coefficient is very subtle and not even fully understood in the case of ABJM [54].

A localization calculation in AdS4 [40] suggests that the result would be universal for

any conformal 3d theory with an M-theory dual and enough supersymmetry. The D̂-quivers

(and their mirrors) studied in this paper fall into this class, and indeed we found the Airy

function behavior, like for the Â-quivers. Note that this calculation does not predict the val-

ues of the C and B coefficients, rather they serve as arbitrary parameters of the calculation.

In our analysis of mirror symmetry, we left aside the D̂-quivers whose naive mirror

duals are bad linear quivers [11]. These are D̂-quivers with numbers of fundamental hyper-

multiplets in a pair of terminating UpNq nodes differing by two or more. The bad linear

quivers have a divergent matrix model leading to a non trace class density operator. One

example considered in [11] for instance, is the naive duality between a D̂4-quiver with two

fundamental hypermultiplets on an external UpNq node, and an Spp2Nq2 linear quiver with
four fundamental hypermultiplets on one Spp2Nq node, and zero on the other. Manipula-

tions as in (4.29) give the Wigner transformed density operator of the D̂4-quiver as

1

ch2 p
‹ sh 2p

ch2 q
‹ sh 2p

ch6 p
. (5.4)

The Wigner transformed density operator of the naive mirror dual linear quiver is

1

ch p
‹ sh 2q ‹ 1

ch p
‹ sh 2q

ch8 q
. (5.5)

these operators would be related by the canonical transformation (3.1) (and conjugation

by 1

ch2 p
), if we also included the replacement (with n “ 1 and m “ 0)

1

chn p
‹ sh 2q

chm p
‹ 1

chn p
Ñ sh 2q

ch2n`m p
(5.6)

This is an ad hoc regularization of the partition function, transforming a non trace class

density operator to one that is trace class, based on the assumption that the regularized

partition function should satisfy the naive mirror symmetry. In fact, the replacement (5.6)

(with suitable n, m) easily regularizes and identifies a mirror dual for any bad linear

quiver with no fundamental hypermultiplets on one or both terminal nodes, provided the

theory has in total at least four fundamental hypermultiplets.
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It would be interesting to understand if (5.6) can be derived from a proper regulariza-

tion of the divergent integrals in the matrix model.

One can think of several extensions to our work. Having found a Fermi gas formalism

for the Â and D̂ quivers, it is natural to ask whether a Fermi gas formalism for the quiver

theories of type Ê6,7,8 exist. To study these theories one needs to find suitable identities to

put the corresponding matrix models in the form of a partition function for non-interacting

particles in 1d.

Further generalizations involve necklace quivers with alternating Sp and SO groups.

Likewise one can consider linear quivers with terminating SO nodes or symmetric hyper-

multiplets (see [41]). One could also try to find generalizations of the D̂-quivers, replacing

one of the D̂ ends with some other gauge groups or matter fields.
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A Matrix models for quiver theories

We provide in this appendix the factors appearing in the D̂-quiver and linear quiver matrix

models. Each factor is associated to an N “ 4 multiplet of the theory and is a function of

the eigenvalues of the matrix model.

For UpNq nodes we have the ingredients

Eigenvalues: λi i “ 1, ¨ ¨ ¨ , N ,

Weyl group order: |W | “ N ! ,

Vector multiplet: Zvec “
ź

iăj

sh2pλi ´ λjq ,

Fundamental

hypermultiplet:
Z fund
hyper “

ź

i

1

chpλi ` µq ,

Antisymmetric

hypermultiplet:
Z

asym
hyper “

ź

iăj

1

chpλi ` λj ` Mq .

(A.1)

The expression for Up2Nq is the same with the obvious change N Ñ 2N , and where we

use the convension of upper case I, J for the indices.
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For Spp2Nq nodes the analogous expressions are

Eigenvalues: λi i “ 1, ¨ ¨ ¨ , N ,

Weyl group order: |W | “ 2NN ! ,

Vector multiplet: Zvec “
ź

iăj

sh2pλi ´ λjq sh2pλi ` λjq
ź

i

sh2p2λiq ,

Fundamental

hypermultiplet:
Z fund
hyper “

ź

i

1

chpλi ` µq chpλi ´ µq ,

Antisymmetric

hypermultiplet:
Z

asym
hyper “

ź

iăj

1

chpλi ` λj ` Mq chpλi ` λj ´ Mq
ź

i,j

1

chpλi ´ λj ` Mq .

(A.2)

Finally for the bifundamental hypermultiplets we have

UpNq ˆ UpMq: Zbifund
hyper “

Nź

i“1

Mź

j“1

1

chpλi ´ λ̃j ´ mq
,

Spp2Nq ˆ Up2Nq : Zbifund
hyper “

ź

i,J

1

chpλi ´ λ̃J ´ mq chpλi ` λ̃J ` mq
,

Spp2Nq ˆ Spp2Nq : Zbifund
hyper “

ź

i,j

ź

˘

1

chpλi ` λ̃j ˘ mq chpλi ´ λ̃j ˘ mq
.

(A.3)

B Combinatorics of the permutations Rτ´1Rτ

In this appendix we show how we can simplify the partition function (2.21)

ZpNq “ 1

22NN !2

ÿ

τPS2N

p´1qτ
ż
dNλ

ź

kPKpτq
p´1qspkq`spτpkqqρpλk, λRτ´1Rτpkqq , (B.1)

by studying more closely the composite permutation Rτ´1Rτ and the set Kpτq ofN integers

in 1, ¨ ¨ ¨ , 2N such that RpKpτqq “ Kpτq and Rτ´1RτpKpτqq “ Kpτq.
Let us label the N integers in Kpτq by k1, ¨ ¨ ¨ , kN , such that the action of Rτ´1Rτ on

Kpτq can be represented in terms of a permutation στ P SN as

Rτ´1Rτpkiq “ kστ piq . (B.2)

We can immediately see that Rτ´1Rτ acts on elements Rpkiq in the compliment of Kpτq
by the inverse permutation σ´1

τ

Rτ´1RτpRpkiqq “ RpRτ´1Rτq´1pkiq “ Rpkσ´1
τ piqq . (B.3)

This property means that Rτ´1Rτ is composed of pairs of cycles that take the form21

pk1k2 ¨ ¨ ¨ klqpRpklqRpkl´1q ¨ ¨ ¨Rpk1qq . (B.4)

21Indeed there is a freedom in choosing the set Kpτq by including the elements of either one of each pair

of cycles.
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For a given σ P SN we can easily find τ P S2N such that σ “ στ by for example taking for

each l-cycle in σ the 2l-cycle in τ

pklRpklqkl´1Rpkl´1q ¨ ¨ ¨Rpk1qq . (B.5)

This particular choice of τ is useful because τpkiq “ Rpkiq, and it is made up of only cycles

of even length, so we can easily compute

p´1qτ
ź

kPKpτq
p´1qspkq`spτpkqq “ p´1qnτ p´1qN “ p´1qnστ p´1qN “ p´1qστ , (B.6)

where we recall that

spkq “
#
0 , k “ 1, ¨ ¨ ¨ , N ,

1 , k “ N ` 1, ¨ ¨ ¨ , 2N ,
(B.7)

and nτ counts the number of cycles in τ . The second equality in (B.6) follows because

each cycle in τ gives rise to a cycle in στ , and in the third equality we recognised that the

expression appearing is nothing but the signature of στ .

Of course, there are many possible choices of τ giving rise to the same Rτ´1Rτ and

we should check that all of them reproduce (B.6). From any particular τ we can generate

all τ giving rise to the same Rτ´1Rτ by taking

τ Ñ πτ , π´1Rπ “ R (B.8)

To solve this condition, π can be any permutation of the form π “ π1π2, where π1 is any

combination of the two cycles appearing in R (2N possibilities), and π2 acts as two copies

of some SN permutation (N ! possibilities)

π2piq “ σ1piq, π2pN ` iq “ N ` σ1piq, i “ 1, ¨ ¨ ¨ , N, σ1 P SN . (B.9)

It is easy to check that any deformation (B.8) leaves the left-hand side of (B.6) invariant,

and so the right-hand side indeed holds for any τ . With this simplification we can rewrite

the partition function (B.1) as

ZpNq “ 1

22NN !2

ÿ

τPS2N

p´1qστ

ż
dNλ

Nź

i“1

ρpλki , λkστ piq
q , (B.10)

The summand of (B.10) depends only on the conjugacy class of στ , determined by the

number of cycles ml of length l. This means we can convert the sum over S2N permutations

to a sum over conjugacy classes of SN , if we know the combinatorics of the map from τ

into the conjugacy class of στ .

We have already counted how many τ give rise to any given Rτ´1Rτ permutation

(2NN !), so we just need to compute how many distinct Rτ´1Rτ permutations are associ-

ated with a στ of a given conjugacy class. We know that Rτ´1Rτ generates all possible

permutations made up of pairs of cycles as in (B.4), and we should count how many of

them have ml pairs of cycles of length l. Suppose we fix how we assign to k1, ¨ ¨ ¨ , kN
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and Rpk1q, ¨ ¨ ¨ , RpkN q the integers 1, ¨ ¨ ¨ , 2N . With this restriction we are just left with

counting the number of ways to distribute the ki among the cycles, which is the same as

counting the number of SN permutations in a given conjugacy class

N !
śN

l“1 l
mlml!

. (B.11)

We then have the added possibility of generating more distinct Rτ´1Rτ (without altering

the conjugacy class) by exchanging ki Ø Rpkiq. Note however that simultaneously ex-

changing all of the ki within a given cycle leaves Rτ´1Rτ invariant, so this generates just

an additional factor of
2N

2nστ
, (B.12)

Putting all this together and relabelling λki Ñ λi, (B.10) becomes

ZpNq “ 1

N !

ÿ

σPSN

p´1qσ
2nσ

ż
dNλ

Nź

i“1

ρpλi, λσpiqq , (B.13)

where we have absorbed the factor (B.11) to promote the sum over SN conjugacy classes

to a sum over SN permutations.

C Degeneracy of the spectrum

In this appendix we show that for vanishing masses and FI parameters the expressions for

the partition functions found in the main text in terms of density operators (2.25) (which

is identical to (B.13) above), correspond to the partition function of fermions on a semi-

infinite line (2.27). We do this by proving that the spectrum of ρ splits into odd and even

states whose spectrum is identical.22

The first statement amounts to ρ commuting with the reflection operator R̂ which acts

on states by R̂ |λy “ |´λy. For vanishing masses and FI parameters the density operator

ρ in (2.42) is given by a sequence of even or odd functions of p or q, with precisely two

odd functions. Since R̂fpqq “ fp´qqR̂, R̂fppq “ fp´pqR̂, for any function f , we see that

R̂ commutes with ρ.

To show that the spectrum of odd and even states is the same, we prove that TrpρlR̂q “
0 for all l. Let us focus first on the case l “ 1. We notice that the density operator takes

the specific form

ρ “ B
p0q
D pp, qq ρ̃ BpLq

D pp, qq ρ̃: , (C.1)

with ρ̃ a sequence of even functions of p or q, ρ̃: is the Hermitean conjugate and

B
paq
D pp, qq “

ˆ
F paqpqq sh p

ch p
F 1paqpqq ` F 1paqpqq sh p

ch p
F paqpqq

˙
, a “ 0, L . (C.2)

Using the properties23

R̂: “ R̂ , fpqq: “ fpqq , fppq: “ fp´pq , (C.3)

22Apart for a single even zero-mode, which is non-normalizable.
23Here : acts as transposition, since we consider only real operators.
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we can derive the chain of equalities

TrpρR̂q “ Tr
´

pρR̂q:
¯

“ Tr
´
R̂ρ:

¯
“ Tr

´
R̂ ρ̃ B

pLq
D pp, qq ρ̃: Bp0q

D pp, qq
¯

“ ´Tr
´
B

p0q
D pp, qq ρ̃ BpLq

D pp, qq ρ̃: R̂
¯

“ ´TrpρR̂q ,
(C.4)

where we have used pBpaq
D pp, qqq: “ ´B

paq
D pp, qq, the cyclicity of the trace and commuted R̂

and B
p0q
D pp, qq, producing a minus sign. This yieds TrpρR̂q “ 0. The argument generalizes

easily l ě 2.

To derive (2.25), notice that the effect of the projection 1˘R̂
2

in (2.27), (2.28) is to add

a factor of 1{2 to every cycle in a given permutation σ P SN ,

ż lź

k“1

dλik xλil | ρ
ˆ
1 ˘ R̂

2

˙
|λi1y

l´1ź

k“1

xλik | ρ
ˆ
1 ˘ R̂

2

˙
|λik`1

y “ Tr

˜ˆ
ρ
1 ˘ R̂

2

˙l
¸

“ Tr

ˆ
ρl

1 ˘ R̂

2

˙
“ 1

2
Tr

´
ρl

¯
.

(C.5)

The same results hold for density operators of linear quivers (2.43) at vanishing masses

and FI parameters. The arguments are the same except that one must consider the mo-

mentum space basis |py, with for instance Tr Â “
ş
dp xp| Â |py.

D Relation with previous Fermi gas formulation of Spp2N q quivers

In this appendix we compare our results to those in [41], which also developed a Fermi gas

approach to Sp quivers. As we show below, the two formulations are equivalent, but in the

final expression for the coefficients B in the Airy function, we disagree with their results

and explain why.

The overlap between theories discussed in [41] and our work is the single node Sp

quiver with an antisymmetric hypermultiplet and n fundamental hypermultiplets. The

partition function is given by the matrix model

ZpNq “ 1

4NN !

ż
dNλ

Nź

i“1

sh2 2λi ch 2λi

ch2n λi

ś
iăj sh

2pλi ´ λjq sh2pλi ` λjqś
i,j chpλi ´ λjq chpλi ` λjq

. (D.1)

In [41] the matrix model (D.1) was manipulated with a modified Cauchy identity

ś
iăjpxi ´ xjqpyi ´ yjqpxixj ´ 1qpyiyj ´ 1q

ś
i,jpxi ` yjqpxiyj ` 1q “

ÿ

σ

p´1qσ
ź

i

1

pxi ` yσpiqqpxiyσpiq ` 1q . (D.2)

This identity, with the usual the usual replacements xi Ñ eλi , yi Ñ eλi , gives

ZpNq “ 1

4NN !

ÿ

σPSN

p´1qσ
ż
dNλ

Nź

i“1

ś
i sh

2 2λi ch 2λiś
i ch

2n λi

1

chpλi ´ λσpiqq chpλi ` λσpiqq
(D.3)
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Using the relations24

chπλ1 chλ2

chpλ1 ´ λ2q chpλ1 ` λ2q “ xλ1| 1 ` R̂

2 ch p
|λ2y ,

shλ1 shλ2

chpλ1 ´ λ2q chpλ1 ` λ2q “ xλ1| 1 ´ R̂

2 ch p
|λ2y ,

(D.4)

from which one immediately has the corollary

1 ´ R̂

2 ch p
“ sh q

ch q

1 ` R̂

2 ch p

sh q

ch q
, (D.5)

they rewrite the partition function in two equivalent forms

ZpNq “ 1

N !

ÿ

σPSN

p´1qσ
ż Nź

i“1

dλi

Nź

i“1

xλi| ρ˘

ˆ
1 ˘ R̂

2

˙
|λσpiqy , (D.6)

where

ρ` “ sh2 q ch 2q

ch2n q

1

ch p
,

ρ´ “ ch 2q

ch2n´2 q

1

ch p
.

(D.7)

Indeed, this looks very similar to our rewriting of the matrix model as (2.27) or (2.28)

ZpNq “ 1

N !

ÿ

σPSN

p´1qσ
ż Nź

i“1

dλi

Nź

i“1

xλi| ρ
ˆ
1 ˘ R̂

2

˙
|λσpiqy , (D.8)

but with a different density operator (2.47)

ρ “ 1

2

sh 2q

ch2n q

ˆ
sh q

1

ch p
ch q ` ch q

1

ch p
sh q

˙
. (D.9)

All those expressions are in fact equivalent, since we can show that the spectrum of

even states of ρ agrees with that of ρ` and the spectrum of odd states to that of ρ´. Indeed
the projected operators are similar to each other by the simple manipulations

ρ
1 ´ R̂

2
“ 1

2

sh 2q

ch2n q

ˆ
sh q

1 ´ R̂

2 ch p
ch q ` ch q

1 ` R̂

2 ch p
sh q

˙

“ 1

2

sh 2q

ch2n q

ˆ
sh q

1 ´ R̂

2 ch p
ch q ` ch2 q

sh q

1 ´ R̂

2 ch p
ch q

˙

“ ch 2q ch q

ch2n q

1 ´ R̂

2 ch p
ch q “ 1

ch q

ˆ
ρ´

1 ´ R̂

2

˙
ch q ,

(D.10)

where in the first line we used that R̂ commutes with even and anticommutes with odd

functions of q, and in the second line we used (D.5). Similar manipulations lead to the

relations

1

ch q

ˆ
ρ´

1 ´ R̂

2

˙
ch q “ 1

sh q

ˆ
ρ`

1 ` R̂

2

˙
sh q “ ch q

ch 2q sh q

ˆ
ρ
1 ` R̂

2

˙
ch 2q sh q

ch q
. (D.11)

24Note that R̂ commutes with 1

ch p
, and so we can write 1`R̂

2 ch p
( “ 1

ch p

1`R̂

2
) which would otherwise be ill

defined.
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We can also derive the Airy function expression for these theories based on our analysis

in sections 3 and 4. The mirrors of this class of theories are D̂ quivers with pn´ 3q Up2Nq
nodes and and a single fundamental hypermultiplet on one UpNq node. The asymptotic

expansion of the grand potential (4.49) for this theory (L “ n´2, ν “ ∆ “ 1
2
, Σ1 “ Σ2 “ 0)

is given by25

C “ 1

2π2pn ´ 2q , B “ 1

8

ˆ
´ n ´ 1 ` 1

n ´ 2

˙
. (D.12)

The coefficient C is the same as found in [41], but B is not. The reason for the

discrepancy is that in our formulation, the operator ρ has degenerate odd/even spectrum,

as shown in appendix C. While the odd and even spectra agree with ρ` and ρ´ of [41],

those latter operators do not have degenerate spectra. The saddle point calculation of [41]

based on the Fermi surface of ρ´ considered the full spectrum of this operator and divided

the end result by 2. Since the operator does not have a degenerate spectrum, this is merely

an approximation that is good enough to evaluate the leading order term C, but fails for

the subleading coefficient B.

E Truncation of the ǫ expansion

Here we show that the ǫ expansions of C and B coefficients in (4.17) truncates at order ǫ0

and ǫ2 respectively, adapting a similar proof from [15] for Â quiver theories.

We recall that corrections to C, B and A coefficients at order ǫn can be computed

from a single residue involving Zlpnq

Jpµq “
ÿ

ně0

ǫnJpnqpµq, Jpnqpµq “ ´1

2
Res
l“0

ΓplqΓp´lqZlpnqe
lµ ` Ope´αµq, α ą 0 .

(E.1)

From this expression it is clear that if Zlpnq vanishes at l “ 0, then Jpnqpµq can only correct

the A coefficient. We should prove then that Zlpnq has at least a simple zero at l “ 0 for

all n ą 2.

It is useful to consider the Wigner-Kirkwood expansion of Zl [15]. The idea is to

express Zl in terms of the Fermi gas Hamiltonian, HW “ ´ log‹ ρW

Zl “
ÿ

rě0

p´lqr
r!

ż
dpdq e´lHW Gr, Gr “

`
pĤ ´ HW qr

˘
W

. (E.2)

We recall that the D̂ density operator is given by (4.33)

ρW “ ‹
a
eSppq`2Uλpqq ‹ eT ppq ‹

ˆ λ´1ź

k“1
‹e

Uλ´kpqq ‹ eT ppq
˙

‹ eSppq`2U0pqq

‹
ˆ λ´1ź

k“1
‹e

T ppq ‹ eUkpqq
˙

‹ eT ppq ‹ ‹
a
eSppq`2Uλpqq .

(E.3)

25We thank Silviu Pufu for correcting a mistake in this formula.
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Since (E.3) has an expansion in purely even powers of ǫ, HW likewise takes the form

HW “ Hp0q ` ǫ2Hp2q ` ǫ4Hp4q ` ¨ ¨ ¨ . (E.4)

This gives

Zl “
ÿ

rě0

p´lqr
r!

ż
dpdq e´lHp0q

˜
1 ´ l

ÿ

ně1

ǫ2nHp2nq ` l2

2

ˆ ÿ

ně1

ǫ2nHp2nq

˙2

` Opl3q
¸
Gr .

(E.5)

We know that all of the integrals that appear in this expansion are of the form (4.43)

ż
dx

tha x

chb x
“ p1 ` eiπaqΓ

`
a`1
2

˘
Γ

`
b
2

˘

2b`1πΓ
`
a`b`1

2

˘ . (E.6)

The coefficients a and b are given by linear functions of l and so the integrals over p and

q in (E.5) can each produce at most a simple pole at l “ 0, from the Γ
`
b
2

˘
. Therefore,

we need only concern ourselves with terms in (E.5) with prefactors of at most order l2.

Discarding also (most of) the terms of order ǫ2 or less, we are left with26

ż
dpdq e´lHp0q

˜
´l

ÿ

ně2

ǫ2nHp2nq ` l2

2

ˆ ÿ

ně1

ǫ2nHp2nq

˙2
¸

` l2

2

ż
dpdqe´lHp0qpHW ‹ HW ´ H2

W q ,
(E.7)

For simplicity let us now restrict the density operator (E.3) to cases with U0pqq “ Uλpqq “
0.27 With this restriction, the exponentials in (E.3) can be freely exchanged with star

exponentials, and we can straightforwardly evaluate the star logarithm by the star product

version of the Baker-Campbell-Hausdorff expansion. The leading term gives

e´lHp0q “
ˆ

th2 p

ch2L p ch2ν q

˙l

. (E.8)

All ǫ corrections to HW are then given by nested star commutators involving T ppq, Sppq
and Ukpqq. An example of such a term contributing to Hp4q would be

rT ppq, rT ppq, rT ppq, rT ppq, Ukpqqssss‹ “ ǫ4

16π4
9T 4U

p4q
k ` Opǫ6q , (E.9)

where we have used

rf, gs‹ “ f ‹ g ´ g ‹ f “ i
ǫ

2π
tf, gu ` higher derivative terms . (E.10)

26The final term pHW ‹ HW ´ H2

W q has still some ǫ2 piece, but as we shall see this also has at least a

simple zero at l “ 0.
27This corresponds to restricting the D̂ quiver theories shown in figure 1 to a subclass with np0q “ n1p0q

and npLq “ n1pLq. We expect that theories outside this subclass also have B and C coefficients truncating

at ǫ2. We have verified that this holds true up to ǫ4.
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As illustrated in (E.9), in order to have a term at order ǫn with only single derivatives

acting on functions of p (or q), such a term has a single function of q (or p) with an nth

derivative.

This is important, because every term in the epsilon expansion has therefore at least

one multiple derivative of S, T or Uk. From (4.31) it follows that these derivatives take

the form

U
pnq
k pqq “ 1

ch2 q

ÿ

aPZ

ÿ

bě0

Cab
tha q

chb q
, n ě 2 , (E.11)

and similarly for S, T with q Ñ p.

We now should combine these derivative terms with (E.8) in (E.7), and integrate

with (E.6). It is clear that since the derivative terms contribute always a 1

ch2 q
or 1

ch2 p
, the

resulting Gamma functions can contribute at most a simple pole at l “ 0. This guarantees

the terms in (E.7) with an l2 outside have at least a simple zero, leaving us with

´ l

ż
dpdq e´lHp0q

ÿ

ně2

ǫ2nHp2nq . (E.12)

By the same reasoning, terms with multiple derivatives on both a function of p and a

function of q have an overall 1

ch2 q
1

ch2 p
which kills both of the poles one could get from

integrating. The remaining terms in (E.12) which don’t obviously have a simple zero are

those where all derivatives on functions of p (or q) are first order, like (E.9). But such

terms can be integrated by parts, for instance (E.9) would give

´ l

ż
dpdq e´lHp0q

ǫ4

16π4
9T 4U

p4q
k “ l2

ż
dpdq e´lHp0q

ǫ4

16π4
9T 4U

p3q
k H 1

p0q . (E.13)

Integrating by parts pulls down an additional factor of l, which guarantees that there is an

overall simple zero at l “ 0, since the integral on the right hand side still produces just a

simple pole. Since we have shown that at order ǫ4 and higher Zl has at least a simple zero

at l “ 0, this concludes the proof that C and B do not get contributions beyond order ǫ2.
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