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1 Introduction

Within the realm of relativistic quantum field theory, both in flat and curved spacetimes,

the study of time-dependent boundary conditions has been a staple exercise in understand-

ing particle-creation phenomena [1]. A non-inertially moving mirror, for example, induces

the production of real particles out of the vacuum. Within a cavity setting this is com-

monly referred to as the dynamical Casimir effect [2], in which rapidly varying the length



of an optical cavity can dynamically generate photons. This effect has been experimentally
verified with a cQED analogue system [3]. Recently, there has been an increasing interest
in utilizing the effect for quantum information processing and quantum metrology [4—6].

The majority of the existing literature is focused on the effects of moving boundaries.
Here, we wish to properly examine a somewhat different case, and one that has been gaining
interest in a number of areas. Rather than moving a boundary, we will instead create one.
In particular, we take a 14+ 1 dimensional massless scalar field and consider at the origin a
self-adjointness boundary condition that transitions smoothly in time between there being
no boundary to there being a two-sided Dirichlet wall. Physically, one can imagine such
a procedure being implemented via a reflectivity-tunable barrier [7]. Unsurprisingly, such
a procedure also generates quanta out of the vacuum that radiate away from the creation
event. Our goal in this paper is to examine the stress-energy contribution to the field and
the response of a particle detector. As part of this exposition we will take the limit of
instantaneous wall creation.

There are several motivations behind studying such a scenario. For example, as has
been pointed out by Unruh [8], the act of instantaneously creating a mirror produces
regions of spacetime between which field correlations cannot propagate. On the horizon
separating these regions (the future lightcone of the creation event) there is expected to be
a flux of quanta of diverging energy density and diverging total energy (as we will confirm).
Interestingly, this phenomenon is very analogous to the much-debated black hole firewall [9—
15] and related constructs [16—18] in which lack of correlation between the inside and outside
of a black hole is proposed to induce a violent horizon. Indeed, artificially constructing
uncorrelated spatial regions has been used as a simplified firewall model [19, 20]. By
considering the instantaneous limit of mirror creation within our formalism we are able to
gain further insight into the nature of the divergence associated with firewalls.

The rapid creation of a mirror has recently gained further interest in studying the
nature of vacuum entanglement [21-23]. It was shown in [21] that the two bursts of
quanta produced by introducing a mirror are entangled with each other, and that this
entanglement derives exactly from the previously present vacuum entanglement. The UV-
divergent energy of these bursts is seen to be equivalent to the UV-divergence of the
entanglement entropy between connected regions. This protocol has been proposed as a
means of experimentally verifying vacuum entanglement. In any real experiment, however,
the introduction of the mirror will take place over a finite time interval. In addition to
theoretical insights into the sharp limit, considering a smooth transition (as we do here)
may therefore prove vitally important for the development of such a program.

We have several goals in the current work, and give several different results of interest.
First, we present a formalism for analysing a quantised massless scalar field in (1 + 1)-
dimensional flat spacetime under time-dependent boundary conditions that are at each
instant of time given by a specific self-adjoint extension of the spatial part of the wave
equation [24-26], building on previous treatments in a variety of contexts [27-38]. We use
this formalism to analyse the smooth creation of a Dirichlet wall, both in full Minkowski
space and at the centre of a Dirichlet cavity. We in particular compute the renormalized
stress-energy expectation value in the quantum state in which no particles are present



before the wall starts to form. In full Minkowski space, we find that the stress-energy is
infrared divergent everywhere on the light cone of the evolving wall, no matter how slow
the change in the boundary condition, as was previously observed within the perturbative
analysis of [32] (for related observations in the back-reaction context see [29]): in full
Minkowski space it is hence necessary to introduce an infrared cutoff by hand. For a wall
that is forming within a cavity, by contrast, the stress-energy is finite without additional
cut-offs since the cavity already provides an effective infrared cutoff.

Second, we consider the limit of instantaneous wall creation, by taking to zero the
time interval over which the wall is created, while keeping fixed the dimensionless profile
function by which the boundary condition evolves within this interval. We show that in
this limit the stress-energy tensor vanishes everywhere except on the light cone of the
wall creation event, but the limit is too singular for the stress-energy to be describable
as a well-defined distribution with support on the light cone of the wall creation event,
and in particular the total energy emitted into the field diverges. These outcomes are
consistent with the instantaneous wall creation discussion in [8], with the instantaneous
topology change discussion in [27, 28], with the perturbative discussion in [32] and with
the conformal field theory discussion in [22].

Third, we compute the response of an Unruh-DeWitt particle detector [39, 40] that
couples linearly to the proper time derivative of the field [19, 41-47], choosing the derivative
coupling because it is less sensitive to the infrared ambiguity of the Wightman function
of a (1 + 1)-dimensional massless field [46]. We take the detector to move inertially in
full Minkowski spacetime. Working within first order perturbation theory, we find that in
the instantaneous wall creation limit the detector’s response has two surprising properties.
First, the response remains finite, despite the divergent total energy through which the
detector passes. Second, the response depends on the infrared cutoff, even though the
response in a number of other states, including the Minkowski vacuum, is independent of
the infrared ambiguity [46]. These results are similar to what was found in [19, 20] for
detectors coupled to a Minkowski spacetime model of a black hole firewall [9], and they
add to the evidence that material systems modelled by the Unruh-DeWitt detector are
significantly less sensitive to quantum field theoretic singularities than might be anticipated
by considering just the local stress-energy of the field.

This paper is organized as follows. We begin in section 2 with an introduction to the
formalism and fully work out the evolution of the quantum field for wall creation that
takes place smoothly over a finite interval of time in Minkowski space. We compute the
stress-energy associated with this process, inserting by hand an infrared cutoff, and we
show that the total energy diverges in the sharp creation limit. In section 3 we perform
the same analysis in the case of a Dirichlet cavity, demonstrating that the cavity acts
as an infrared cutoff. In section 4 we show that similar properties hold for creating a
wall in Minkowski space over an infinite interval of time with a specific profile that allows
computations to be done in terms of elementary functions. In section 5 we go on to use this
specific profile to analyse an inertial particle detector and to demonstrate, among other
results, the response to remain finite even in the sharp-creation limit. Technical material
is deferred to appendices A—C. Appendix D presents a brief discussion of the wall creation



in terms of Bogoliubov coefficients, both in Minkowski space and in the cavity.

We denote complex conjugation by an overline. O(x) denotes a quantity such that
O(z)/z remains bounded as  — 0, O°°(x) denotes a quantity that goes to zero faster than
any positive power of = as © — 0, and O(1) denotes a quantity that remains bounded in
the limit under consideration.

2 Wall creation in Minkowski spacetime

2.1 Classical field

We work in (1 + 1)-dimensional Minkowski spacetime, with standard global Minkowski
coordinates (¢, x), in which the metric reads ds? = —dt?+dx?. In the global null coordinates
uw=1t—x and v = t + z, the metric reads ds®> = —du dv.

We consider a real massless scalar field ¢. Without a wall, the field equation is the
Klein-Gordon equation,

0ip — 93¢ =0, (2.1)

where —0?2 has its usual meaning as an essentially self-adjoint positive definite operator on
Ly(R).

To introduce a wall at © = 0, we replace (2.1) with

o — Doy =0, (2.2)

where {—Ay | 6 € [0,7/2]} is the one-parameter family of self-adjoint extensions of —d?2
on Ly(R\ {0}) described in appendix A. As indicated in (2.2), we allow 6 to depend on t.

The special case —Ay/; is that of the unique self-adjoint extension of —02 on Ly(R),
corresponding to no wall at x = 0. The special case —A is that of an impermeable wall
at x = 0 with the Dirichlet boundary condition on each side. For the intermediate values
of 8, —/Ay interpolates between these two extremes, involving no boundary conditions for
spatially odd wave functions but a two-sided Robin boundary condition [equation (A.3) in
appendix A] for spatially even wave functions.

The spectrum of each —Ay is the positive continuum. The wave equation (2.2) is hence
free of tachyonic instabilities and provides a viable starting point for quantisation.

In physics terms, the wave equation (2.2) can be written for 0 < 6 < 7/2 as

2cot(6(t))

02 — 02 + 7

o(x)| =0, (2.3)
where d(x) is Dirac’s delta-function and the positive constant L of dimension length is
as introduced in appendix A. The wall at x = 0 corresponds hence to a potential term
proportional to §(x) with a f-dependent coefficient. The coefficient is positive for 0 < 6 <
7/2, and it tends to 0 in the no-wall limit § — (7/2)_ and to 400 in the Dirichlet wall
limit 6 — 0.

In the rest of this section we assume that 6(¢) interpolates between no wall and a
fully-developed Dirichlet wall over a finite interval of time. We may assume without loss



of generality that the wall creation begins at t = 0, and we write the moment at which the
Dirichlet wall is fully formed as ¢t = A~! where A > 0. We parametrise 6(t) as

/2 fort <0,
0(t) = | arccot [)\L cot(h()\t))] for0 <t < A1, (2.4)
0 for t > A7,

where h : R — R is a smooth function such that

h(y) =m/2 fory <0, (2.5a)
O0<h(y)<m/2 forO<y<1, (2.5b)
h(y) =0 fory>1. (2.5¢)

Over the interval 0 < t < A~!, the boundary condition (A.3) then reads

lim %t ) _ +Acot(h(At)) . (2.6)
=0+ ¢(t, x)
The parametrisation (2.4) hence means that A~! is the length of the time interval over
which the boundary condition (2.6) evolves into Dirichlet, while the dimensionless function
h specifies the shape of the evolution in (2.6) over this time interval. The limit in which
a wall is created rapidly but the shape of the evolution is held fixed is the limit of large A
with fixed h.
We emphasise that the coefficient of d(x) in (2.3) tends to +oco when the wall becomes
a fully-developed Dirichlet wall, but the above description in terms of 0(t) nevertheless
provides a control of the smoothness of this approach to the Dirichlet wall, and we shall
verify in subsection 2.2 below that the mode functions indeed remain smooth even when
the Dirichlet wall is reached. It would be possible to consider alternatives to (2.3), such
as [32]

[0,(1 — At)8(2))0, — 02] ¢ =0, (2.7)

where A(t) = 0 for t < 0 and A(t) — 400 as t — A~'; in particular, a potential advantage
of (2.7) is that the wall is softer in the infrared, with implications for the stress-energy
tensor [32]. For (2.7), one would however need to investigate anew the conditions on A(t)
as t — A~! to guarantee an appropriate sense of smoothness on reaching the Dirichlet wall.

2.2 Mode functions

As preparation for quantisation, we need to find the mode solutions that reduce to the
usual Minkowski modes for ¢ < 0, where the wall has not yet started to form.

Since the spatially odd solutions to the field equation (2.2) do not feel the wall, it
suffices to consider the spatially even solutions. It further suffices to write down the ex-
pressions for these solutions in the half-space x > 0; by spatial evenness, the expressions
at x < 0 follow by (¢,x) — (t, —z), or in terms of the null coordinates, by (u,v) — (v,u).



We work in the null coordinates (u,v) and look for the mode solutions with the ansatz

Un(u,v) = [e*“w + Eu(u)] (2.8)

1
V8mk
where k& > 0 and EJ, is to be found. Each term in (2.8) satisfies the wave equation at = > 0,

and the left-moving part of Uy, has the standard form proportional to e v,
Requiring (2.8) to satisfy (A.3a) with 6 = 6(¢) gives

Lsin(é(t))% [e—i’“ - Ek(t)} = cos(0(1)) [e_’kt +E®)] . (2.9)

With 6(t) parametrised by (2.4), the solution is

Ep(u) = Riya(Au), (2.10)
with
e Ky for y <0,
, 2 4 ey
Ry (y) = { e v — / B'(y)e ™Y dy for0<y<1, (2.11)
A B(y) Jo
—e iKY fory>1,
where B(y) is the solution to
B'(y)
= cot(h(y 2.12
Bl = () (212)

for 0 <y < 1 with the initial condition B(0) = 1. An alternative expression for R (y) for
O<y<lis

_ ik 2 2iK [V N —iKy g1
Ri(y) = —e y+B(y)_B(y)/0 By )e ™Y dy' . (2.13)
Using (2.5) and the smoothness of h, it follows from (2.12) that 1/B(y) and all of its
derivatives tend to zero as y — 1_, and this can be used to show from (2.13) that Rx(y)
is a smooth function of y everywhere, including y = 1. It follows that Ej(u) is a smooth
function of w.

At v < 0 and u > A™!, the mode functions U}, reduce respectively to

! p [e_ikv + e_ik“} for u <0,
Up(u,v) = 81” (2.14)
[e_ik” — e_ik“} foru>\"1.
8k

At u < 0, U, have not yet been affected by the wall, and they coincide with the usual
spatially even mode functions in Minkowski, positive frequency with respect to 0;. At u >
A\~1, Uy, feel the fully-developed Dirichlet wall, and they coincide with the half-space mode
functions with the Dirichlet boundary condition. In the interpolating region, 0 < u < A7,
Uy, are given by (2.8) with (2.10)—(2.12). The different regions are illustrated in figure 1.



Recalling that the above formulas hold for z > 0 and the corresponding formulas
for x < 0 are obtained by spatial evenness, it can be verified that Uj satisfy the usual
Klein-Gordon orthonormality relations

(U, Upr) = 6(k — k'), (2.15a)
(U, U ) = =6(k — &), (2.15b)
(Ui, Uy ) =0. (2.15¢)

where (-, -) is the Klein-Gordon (indefinite) inner product [1].

2.3 Quantisation and the rapid wall creation limit

We quantise the field in the usual fashion, adopting Uy, as the positive norm mode functions
in the spatially even sector and the usual spatially odd Minkowski mode functions in the
spatially odd sector. The spatially even part of ¢ is expanded as

%m:/(%w+@%mh (2.16)
0

where the nonvanishing commutators of the annihilation and creation operators are [ak, aL,]
d(k — k). We denote by |0p) the normalised state that is annihilated by all aj and by
all the usual Minkowski annihilation operators of the spatially odd sector. |0j7) is indis-
tinguishable from the usual Minkowski vacuum in the region ¢ < || which is outside the
causal future of the wall.

We are interested in the energy that is transmitted into the quantum field by the
evolving wall. Recall first that the classical stress-energy tensor of a massless minimally
coupled scalar field is given by Ty, = (04,9)(0ud), Tvy = (0y0)(0pp) and T, = 0 [1]. We
point-split the quantised versions of these expressions and express their expectation values
in [0p) in terms of the Wightman function of the field, using (2.8) and (2.16). Subtracting
the Minkowski contribution and taking the coincidence limit, we find that the renormalised
stress-energy tensor (Ty;) is given by

(Tvv> = <Tuv> =0, (2.17&)

(To) = / T (e - #2) (2.17b)

where the constant p is an infrared cutoff which we have inserted by hand.

When g > 0, (T,) is well defined for all u, and vanishing for v < 0 and u > A7,
as is seen from (2.10) and (2.11). The convergence of the integral in (2.17b) at k — oo
for 0 < u < A7! follows because ‘E,’c(u)}Q = k% + O(k:_z) at large k, as can be ver-
ified by repeated integration by parts in (2.11), integrating the exponential factor [48].
When p = 0, (Ty,) is still well defined and vanishing for u < 0 and u > A1, but it
is infrared divergent for 0 < u < A7!: this follows because for 0 < u < A~! (2.10)
and (2.13) give |E,(u)* = 422[B'(u))*[B(Au)]™* + O(k?) at small k, and (2.12) shows
that B'(Au)[B(Au)]? is nonvanishing. The infrared divergence was previously observed
within a perturbative analysis in [32].
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Figure 1. (1+1)-dimensional Minkowski spacetime with a wall evolving at © = 0. The wall starts to
evolve at (t,2) = (0,0) and becomes a fully-developed two-sided Dirichlet wall at (t,z) = (A71,0).
The wall sends a pulse of energy that travels to the right in the null strip 0 < v < A~! and to the
left in the null strip 0 < v < A1, The figure shows also the world line of an inertial detector at
z=d>0.

wall

\/
<
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Figure 2. (1+1)-dimensional Dirichlet cavity of length a with a wall evolving at the centre, x = 0.
The wall evolution is as in figure 1, but the reflections from the boundaries at = +a/2 affect the
evolution of the mode functions for sufficiently late times. The figure shows the case a > 2/, in
which the Dirichlet wall at = 0 has fully formed before the changes in the field due to the wall
evolution reach the boundaries at (t,z) = (a/2, £a/2).



In words, this means that a positive infrared cutoff is required to make (T,;) finite on
the light cone of each wall point where the wall has started to form but has not yet reached
the Dirichlet form. Where (T};) is nonzero, it corresponds to null radiation travelling away
from the wall.

The total energy transmitted into the quantum field during the creation of the wall is

() = [ (T d

1/A
:2/0 (Tu) du, (2.18)

where for ¥ we may take any a constant ¢ hypersurface in the region ¢ > A~!, and the
last expression in (2.18) follows using (2.17) and by including the contribution from = < 0.
Inserting the solution (2.10)—(2.12) in (2.17), we find

(o) = - | idff (/ Ry dy -K?) (2.19)

For rapid wall creation, we consider the limit of large A with fixed h. Recall from (2.13)
that for 0 < y < 1 we have | R} (y)|* = 4[B'(v)]*|B(y)]~* + O(K?), where the first term is
bounded because 1/B(y) and its derivatives tend to zero as y — 1_. From (2.19) we hence
obtain

A 1 / 2
(Fuot) = W<1H(A/u) [ +0<1>) . (2.20)

We conclude that in the rapid wall creation limit the energy transmitted into the
quantum field diverges proportionally to AIn(A/u). The energy comes out as an increasingly
narrow pulse near the light cone of the point (¢,z) = (0,0) but the magnitude of the pulse
grows so rapidly that the stress-energy tensor does not have a distributional limit and the
total energy diverges.

3 Wall creation within a Dirichlet cavity

In this section we adapt the analysis of section 2 to a wall that is created at the centre
of a static cavity whose left and right walls have time-independent Dirichlet boundary
conditions. The main point of this adaptation is to verify that there is no need to introduce
an infrared cutoff by hand since such a cutoff is already provided by the cavity.

3.1 Classical field and mode functions

Following the notation of section 2, we confine the field ¢ to a static cavity whose walls
are at © = £a/2, where the positive constant a is the length of the cavity. We take ¢ to
satisfy the Dirichlet boundary condition at z = +a/2.

At the centre of the cavity, x = 0, we introduce the time-dependent boundary condition
as in section 2, with the same assumptions about 6(t). Again, the boundary condition does



not affect the spatially odd part of the field, and it suffices to consider the spatially even
part. We write down the formulas assuming 0 < x < a/2, with the spatial evenness
providing the formulas for —a/2 < z < 0.

We look for the mode solutions with the ansatz

1
Vamn

where the index n is an odd positive integer and the function F), is to be found. This

Vi (u,v) =

[—Fn(v —a)+ Fn(u)] , (3.1)

ansatz satisfies the wave equation at 0 < x < a/2, and it satisfies V,,(u,a + u) = 0, which
is the Dirichlet boundary condition at = = a/2.
Requiring (3.1) to satisfy (A.3a) with 6 = 6(t) gives

Lsin(&(t))% [Fu(t — a) + Fu(t)] = cos(0(t)) [Fa(t — a) — Fu(t)] . (3.2)

We again parametrise § = 6(t) by (2.4). We choose the solution that for u < min(a, A=)
is given by

Fo(u) = Rm()\a)q()\u) for u < min(a, \71), (3.3)

where Ry is given by (2.11) and (2.12). For u < 0 this implies

Vo (u,v) = [e_”m”/a + e_m”“/a] for u <0, (3.4)

1
Viamn
so that at early times V,, are the standard spatially even mode functions in the Dirichlet
cavity. The domain v < min(a, A™!), where the solution (3.3) holds, is where the time-
dependence due to the evolving wall has not yet come back to x = 0 after being reflected
from x = a/2.

To evolve F, further to the future, one needs to account for the reflections of the
time-dependence that start to arrive to x = 0. The case of main interest for us is when
A > a~!, which occurs when a is considered fixed and we consider a rapid wall formation.
In this case the Dirichlet wall at = 0 is fully formed when the first reflection due to
the wall evolution arrives back to z = 0. Equation (3.3) then holds for u < A™!, so that
Fo(u) = —e~ /e for \=1 < 4 < a, and the evolution of Fj,(u) to u > a is given just
by successive Dirichlet reflections from z = 0 and z = a/2. The case in which A > 2/a is
illustrated in figure 2.

3.2 Quantisation and the rapid wall creation limit

We again quantise the field in the usual fashion and denote by |0.) the vacuum with the
above choice for the above positive norm mode functions. |0.) is indistinguishable from the
usual Dirichlet cavity vacuum in the region ¢ < |z|, where its renormalised stress-energy
tensor has the expectation value [1]

™
<Tuu>(early) - <T1}”L)>(early) - _W 5 (353)

(Tuv) (carly) = 0 - (3.5b)

~10 -



To examine the stress-energy tensor due to the wall creation, we assume A > 2/a,
and we consider the region 0 < x < a/2 and t < a/2, as illustrated in figure 2. In this
region the solution (3.3) holds, and the v-dependent part of V,, has still the standard form
proportional to e~™¥/¢ Writing

<T(1 > = <Tab>(early) + A<T‘ab> ) (36)
we find

A<Tvv> = A<Tuv> =0, (3'73)

ATy = Y ﬁ“FlL(u)F—(Wﬂ/a)Q}, (3.7D)
n>0 odd

where the convergence of the sum in (3.7b) at large n can be verified as in section 2, and
there is no infrared divergence because the sum starts at n = 1. A(Ty,) is vanishing for
u < 0 and for u > A~ L

The total energy transmitted into the quantum field is given as in (2.18) but with
(T,) replaced by A(T,), and ¥ being now any constant ¢ hypersurface at A™' <t < a/2.
Using (3.7b) with (3.3), we obtain

(Etot) = % Z % [/01 ‘R;n(xa)_l(y)de — <7;\Z>1 ) (3.8)

n>0 odd

In the limit of large A\, we may approximate the sum by an integral, and using the properties
of Ry as in section 2 gives

a 1 / 2
(Bror) = j[m(A) / %dy Lo (3.9)

™ [B(y

The energy diverges proportionally to AIn(Aa/7), and comparison with (2.20) shows that
7/a plays the role of an infrared cutoff. The divergence implies that the stress-energy
tensor does not have a distributional limit at A — oo.

4 Wall creation in Minkowski space over infinite time

In this section we adapt the Minkowski space analysis of section 2 to a specific one-
parameter family of wall evolution profiles for which the evolution is nontrivial at all finite
times but reduces to no wall in the asymptotic past and to a wall with nonvanishing re-
flection and transmission coefficients in the asymptotic future. The main point is to verify
that passing to an appropriate limit within this one-parameter family allows us again to
model a rapid creation of a Dirichlet wall, and the results for the stress-energy tensor agree
with those in section 2. These properties will justify our use of this one-parameter family
of evolution profiles with a particle detector in section 5.
We take the boundary condition to be as in (2.6) with A a positive parameter and

h(y) = arctan(l +e7Y), (4.1)

- 11 -



so that

0(t) = arctan<1—t\(z/\t> . (4.2)

Since 0 < 6(t) < w/2, the wall exists for all ¢, and it is never Dirichlet. Since 0(t) — /2
as t — —oo, the wall disappears in the asymptotic past, and the wall formation starts
exponentially slowly. Since 6(t) — arccot(AL) as ¢ — oo, the end state of the wall in
the asymptotic future is not Dirichlet, but it can be made arbitrarily close to Dirichlet by
taking AL large.

The parameter A has hence a dual role: it determines both how rapid the wall formation
is and how close the wall is to Dirichlet in the asymptotic future. In the limit A — oo, we
approach the instantaneous creation of a Dirichlet wall at ¢ = 0.

We proceed as in section 2. Equation (2.11) is now replaced by

. 2 Y e
Riy) =0 = o [ B e ay (43)
B(y) )
where (2.12) and the initial condition B(y) — 1 as y — —oco give
B(y)=1+¢€Y. (4.4)

We find that Uy is given by (2.8) with

e~ ihu Atk

For the stress-energy tensor, (2.17) gives

<Tvv> = <Tuv> = O; (4.63,)
A2 > dk
L) = 327rcosh4()\u/2)/“ 1 [1 +( /)\)2}

S ln[l + ()\/M)Q] .
~ 64mcosh?(\u/2) (4.6b)

where the positive infrared cutoff y is again needed to make (T,,) finite.
When A\ — oo, (Ty,) vanishes for v # 0 and diverges for v = 0. To examine the
strength of this divergence, we write

/\ln[l + ()\/M)Q]

(Tuu) = Y Ia(u), (4.7a)
3\
Sa(u) = m, (4.7b)
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and observe that fy(u) — 6(u) as A — oco. The divergence is hence too strong for (Ty,,) to
have a distributional limit. The total energy transmitted into the quantum field is

<Etot> = lim <Ttt> dx

t—o00 po

t
= lim 2/ (Tyw) du

t—o0 — oo

B Aln[l + (A/u)ﬂ ",
n 127 ’ '

where ¥; is a hypersurface at constant ¢, and the final expression comes using (4.7) and
observing that ffooo fa(u)du = 1. In the limit A — oo, the energy diverges proportionally
to (6m) 'Aln(\/x) and comes out as a narrow burst near the light cone of (¢,z) = (0,0).

5 Response of an Unruh-DeWitt detector to rapid wall creation

In this section we consider the response of an inertial Unruh-DeWitt particle detector to
the creation of a wall. We work in Minkowski spacetime with the wall creation profile (4.2).
We are interested in the limit of large A, in which the burst of energy from the wall diverges
on the light cone of (¢,2) = (0,0). We ask what happens in the limit of large A to the
response of a detector that crosses this light cone.

5.1 Detector and its trajectory

We consider a version of the Unruh-DeWitt detector [39, 40] that couples linearly to the
proper time derivative of the field [19, 41-47]. Following the notation of [46], we denote
by x(7) the detector’s worldline, parametrised by the proper time 7. We assume that the
coupling to the field is proportional to a real-valued function y(7) that specifies how the
interaction is turned on and off. We call x the switching function and assume it to be
smooth with compact support.

In first-order perturbation theory, the detector’s probability to make a transition from
a state with energy 0 to a state with energy w is proportional to the response function,
given by

FO(w) = / dr’ / dr" e T =T (T (7)) 0 B W 7Y (5.1)

where the correlation function W is the pull-back of the Wightman function to the detec-
tor’s worldline,

W(T', 7") = (Wlo(x(7)  (x(7")) 1) , (5:2)

and [¢) is the state to which the field was initially prepared. The superscript (1) in (5.1) is
a reminder that the detector couples to the (first) derivative of the field. The derivatives
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n (5.1) are understood in the distributional sense, and integration by parts gives the
alternative expression

/ dT/ dr" Q. (T)QL () W(r', "), (5.3)

where Q,,(7) := e~ ™“7x (7). F is hence well defined whenever W is a well-defined distri-
bution.
We take the detector’s trajectory to be

(t,x) = (r +d,d), (5.4)

where d is a positive constant. The detector is inertial and it crosses the light cone of
the origin at (¢,z) = (d,d). The zero of the proper time has been chosen to occur at this
crossing. The geometry is shown in figure 1.

5.2 Preliminaries: Minkowski vacuum and Dirichlet half-space

For comparisons to be made below, we record here the response in Minkowski vacuum and
in Minkowski half-space with the Dirichlet boundary condition.

When there is no wall and the field is in the usual Minkowski vacuum, the response
function is given by [19]

Fihw) = —w0(-) [ dulx(w)?

—00

+1 /000 ds CoS(;«US) /oo dux () () — x(u— 3)] . (5.5)

T s o

J:IE/}i)nk is independent of the infrared cutoff, and its asymptotic form at large |w| is [19]

]:ﬁi)nk(w) = —wO(—w) /00 du [x(u))* + O (w™) . (5.6)

—00

When there is a static wall at x = 0 and the field is in the usual vacuum state with
Dirichlet conditions at this wall, we show in appendix B that the response function is

Pt = Fatie + BoaF (5.7)

where

1 .
Apip FD(w) = 2Re{e—2wd itGy(2d)
T

+/ gs & Gu(2d + s) — e“*Gy(2d — s) ]}7 (5.8)
0

S

= /_OO du [X'(u) — iwx(w)]x(u—y), (5.8b)
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which is again independent of the infrared cutoff. We also show that the asymptotic large
|w| form of Apie FO is

App FD(w) = O(—w) [w cos(2dw) /_ Y x(u)x(u — 2d)
+ sin(2dw) /00 dux'(u)x(u—2d)| +0®(w™!). (5.9)

5.3 Evolving wall

When the wall is present with the profile (4.2), we write the response function as
FOZFD L AFD (5.10)

We show in appendix C that AF /(\1) has a finite limit as A\ — oo, given by

AFD(w) = / dr’ / dr" QL (T QL (") AW(', ") | (5.11)
where AW(7',7") is given by the following expressions:
1 -
AN 0, S0 — E B, (6 + iM(T/ A Qd)) ) (6 + i/J(T’ — 7"y Qd))] , (5.12&)
1 r
>07"<0: — e _El (e+in(r' — 7" —2d)) + E1 (e + ip(r' — T”))] , (5.12b)
1 r
<0, 7>0: — e _El (e+ip(r —7") + Ey(e+ip(r' — 7" + 2d))] , (5.12c¢)
otherwise: 0. (5.12d)

Here p is the infrared cutoff and is assumed positive. Fj is the exponential integral in the
notation of [49], taking values on its principal branch in the sense of ¢ — 0. We further
show in appendix C that when w + p # 0, AF() can be put in the form

AFD (w) = Mlnu + (w/p)|

2
S e [
b [T as R0 (o) o) - xs] - [auun- 9)

1 .
+ oo Re{e—zwd [me (2d)
T

00 —i(ptw)s _ pi(ptw)s _
+/ g € H,(2d+s)—e H,(2d — s) ] } ’
0 S

(5.13a)

Hu(y) = /0 " du (X' (u) — iwx (u)] x(u—y) . (5.13b)
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Four observations are in order.

First, given that y is assumed positive, equations (5.11) and (5.12) show that AF()
is manifestly finite. The detector’s response remains finite when the wall creation becomes
instantaneous, even though the detector passes through an infinite pulse of energy.

Second, AFM) has a finite g — 0 limit if and only if x(0) = 0. This is seen from (5.13a)
where the only potential divergence at 4 — 0 comes from the first term. The infrared cutoff
can hence be removed if and only if the detector does not operate at the moment of crossing
the light cone of the wall creation event.

Third, as a consistency check, we note that if x(7) vanishes for 7 < 0, the first three
terms in (5.13a) vanish, and comparison of (5.13) and (5.8) shows that AF() reduces to
Api FD if 11 is taken to zero. If the detector operates only after crossing the light cone
of the wall creation event, the response is identical to that in a half-space with a static
Dirichlet wall.

Fourth, we verify in appendix C that the asymptotic form of AF() at large energy

gap is

2
AFD () = [ngr)] (e Y1+ (w/p)))

+O(—w—p) [w cos(2dw) /000 du x(u)x(u — 2d)

+ sin(2dw) /000 dux'(u)x(u—2d)| +0(w™). (5.14)

The terms proportional to w cos(2dw) and sin(2dw) are as expected from the corresponding
terms in Apy FMZ (5.9). The additional term, proportional to [x(0)]?, comes strictly from
the moment of crossing the light cone of the wall creation event. This term is dominant
for w — oo and subdominant for w — —oo.

6 Discussion

The purpose of this work has been to present a formalism for discussing the smooth creation
of boundary conditions in quantum field theory, and to highlight some preliminary findings
of interest. Specifically, we have examined several properties of the energy flux resulting
from the smooth creation of a Dirichlet boundary condition for a massless scalar field in
flat (1 4+ 1)-dimensional spacetime, and the resulting response of a particle detector. We
have paid particular attention to the sharp creation limit of such a procedure. This type
of scenario has gained interest recently from a number of different perspectives, and is
markedly different from the more standard setting of a moving boundary condition. Our
primary findings from this work are the following.

First, we have shown that the creation of a wall in Minkowski space induces an energy
flux that is infrared divergent, regardless how slowly and smoothly the creation unfolds.
This divergence was previously observed within a perturbative analysis in [32], and our
results confirm that the divergence transcends the perturbative framework. While the
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Wightman function of the (1 + 1)-dimensional massless field is well known to be infrared
divergent, it may be surprising that in our situation the infrared divergence shows up also
in the stress-energy expectation value, which involves the Wightman function only through
its derivatives. The upshot seems to be that in our time-dependent situation the infrared
divergence of the Wightman function can no longer be thought of as an infinite additive
constant but must be regarded as an infinite function, which does not drop out on taking a
derivative. It should be interesting to give this phenomenon a more precise mathematical
description, especially given its surprising and unintuitive nature.

Second, we have demonstrated that in the sharp creation limit (i.e. instantaneously
producing a mirror) the resulting energy density flux is UV divergent, and diverges stronger
than in any distributional sense. Thus, such a process would input an infinite amount of
energy into the field. Indeed such a result is to be expected [8, 22, 27, 28, 32|, and as
demonstrated in [21] is related to the fact that the entanglement entropy between the two
regions on either side of the created wall is UV divergent.

Third, we have considered the response of an inertial derivative-coupling Unruh-DeWitt
detector that crosses the energy flux emitted from the wall creation. We showed that the
detector’s response remains finite in the limit of instantaneous wall creation, despite the
infinite amount of energy that the sharp creation injects into into the field. We also showed
that in this sharp wall creation limit the detector’s response depends on the infrared cut-
off, even though the derivative-coupling detector is known to be insensitive to the infrared
ambiguity of the Wightman function in a number of other quantum states. Both of these
properties are similar to the response of an inertial detector in a Minkowski spacetime
model [19, 20] of a black hole firewall [9], and they add to the evidence that the prospec-
tive ability of a black hole firewall to resolve the black hole information paradox must hinge
on the firewall’s detailed gravitational structure.

Our detector results were obtained in section 5 under a specific one-parameter family
of wall creation profiles. We conjecture that the same results for the sharp creation limit
ensue within the full family of profiles introduced in section 2. It is straightforward to verify
that within this full family the pointwise sharp creation limit of the Wightman function
is still given by (5.12); to justify the conjecture, it would remain to show that the sharp
creation limit in the response function (5.3) can be taken pointwise under the integral.
This question warrants further consideration.

An interesting next step would be to examine the entanglement structure between the
bursts of particles generated by smooth wall creation, with the aim of showing how the
formalism and results of [21] emerge in the sharp creation limit and comparing with the
conformal field theory treatments of [22, 23]. As preparation for this analysis, we give in
appendix D the Bogoliubov coefficients between the field modes adapted to the boundary
condition before and after the creation of the wall. Another next step would be to examine
how this entanglement may be harvested by particle detectors. Conversely, it would be
interesting to examine how pre-existing entanglement between particle detectors is affected
by the wall creation, in the formalism that was applied to a Rindler firewall in [20].

Finally, we have throughout maintained that the quantum field lives on a nondynamical
Minkowski metric even when the energy in the quantum field became infinite. Allowing
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the metric to become dynamical and to respond to the growing stress-energy could provide
a model for a firewall in an evaporating black hole spacetime, in which the gravitational
aspects near the horizon have had time to become significant.
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A —8? on a line with a distinguished point

In this appendix we collect relevant properties about the self-adjoint extensions of the
operator —02 on Ly(R\ {0}). The general theory can be found for example in [24, 25] and
a pedagogical summary in [26].

We take the coordinate x to have the physical dimension of length. The self-adjoint
extensions of —92 form a U(2) family, specified by the boundary condition [26]

(Lw; - m) . (Lw; + m) | A1)
Ly + i Ly —iy_

where 1) is the (generalised) eigenfunction, ¥y = lim, 0, (), ¥ = limg_0, ¥/ (x), L is
a positive constant of dimension length and U € U(2). The constant L has been introduced
for dimensional convenience and its value is considered fixed. The extensions are then
uniquely parametrised by the matrix U € U(2). Physically, U encodes the reflection and

transmission coefficients across x = 0.
We specialise to the one-parameter subgroup of U(2) given by

U(0) = e * (COSG ism(’) L oeon), (A.2)

7sinf cos 6

and we denote the corresponding self-adjoint extensions of —92 by —Ay. If ¢, = =0
and ¢/, = ¢, (A.1) is satisfied as an identity. If 1), =¢_ and ¢/, = —¢’_, (A.1) becomes

Ly, sinf = ¢4 cos b, (A.3a)
— Ly’ sinf = 1)_ cos . (A.3b)

—Ap hence leaves the even and odd subspaces of La(R \ {0}) invariant.

On the odd subspace of La(R\ {0}), —Ap reduces to the unique self-adjoint extension
of —92 on the odd subspace of Ly(R). The generalised eigenfunctions are proportional to
sin(kz) where k > 0, and the spectrum is the positive continuum.

On the even subspace of La(R \ {0}), —Ap is determined by the Robin boundary
condition (A.3) on each side of z = 0. When 0 < 0 < %77, the spectrum is the positive
continuum, and the generalised eigenfunctions are proportional to sin(k|z| + d;) where

~ 18 —



k > 0 and d may be found in terms of 6 from (A.3). When 37 < @ < m, the spectrum
consists of the positive continuum, with the generalised eigenfunctions as above, together
with the single negative proper eigenvalue — cot?(#)/L? [26].

We may summarise:

e On the odd subspace of La(R\ {0}), —Ag involves no boundary condition and coin-
cides with the unique self-adjoint extension of —92 on the odd subspace of La(R).

e On the even subspace of La(R \ {0}), —Ayg is specified by the Robin boundary con-
dition (A.3).

The following two cases have special interest.

When 6 = 7/2, (A.3) reduces to Neumann on each side of x = 0. —A,/, hence
coincides with the essentially self-adjoint operator —92 on Ly(R). There is no boundary
condition and the point z = 0 has no special role.

When 6 = 0, (A.3) reduces to Dirichlet on each side of z = 0. Since the Dirichlet
boundary condition is identically satisfied by odd wave functions, this means that R, and
R_ are completely decoupled by an impermeable two-sided Dirichlet wall at x = 0.

Finally, we note that when 6 # 0, we may informally write

2
CAg = 3+ cot 6

o(x), (A.4)

where §(z) is Dirac’s delta-function. In physics language, the boundary condition (A.1)
with (A.2) can hence be described as a delta-function potential at x = 0, with the 6-
dependent coefficient shown in (A.4). Our reason to describe —Ay in terms of 6, rather
than in terms of the coefficient of the Dirac delta in (A.4), is that this will allow us to control
in the main text the regularity of the Dirichlet limit § — 04, in which the coefficient of the
Dirac delta in (A.4) tends to +oo.

B Detector response in static half-space

In this appendix we verify the properties quoted in subsection 5.2 about the response of
the inertial detector (5.4) in Minkowski half-space with Dirichlet boundary conditions.

In the Minkowski half-space z > 0 with the Dirichlet boundary conditions at x = 0,
W(r',7") consists of the Minkowski vacuum piece and the image contribution [46]

AW, 7") = o nuy/ AP — (7 — 77— e (B.1)
™

where € — 04. From (5.3) and (5.7) we then have

ADir}"l(l)(w) = —/ dr” Q‘/U(T”)/ dm'Qu (") 0 ApuW(T', ") . (B.2)

—00 —00

After inserting (B.1) and writing out the 7/-derivative, the inner integral may be evaluated
using the identity lim._o, (v — ie)"" = P(1/x) + ind(x), where P stands for the Cauchy
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principal value. Equations (5.8) in the main text then follow by writing out Q/ (7") =
gwr” [X, (") +dwx (" )] and performing straightforward integration variable changes.
To obtain the large |w| asymptotics, we assume w # 0 and rewrite (5.8a) as

1 .
Api F ) (w) = e Re{e_%"d 2in G, (2d)O(—w)

o0 G, (2d+s) — G, (2d — s)
+/0 ds cos(ws) p
— i/o-oo ds sin(ws) Gu(2d +s) + Gw(fd — 5) — 2Gu(2d) ] } ;

(B.3)

adding and subtracting a term proportional to G, (2d) and using the identity fooo ds s~ !sin(ws) =
%77 sgn w where sgn is the signum function. The method of repeated integration by parts, in-
tegrating the trigonometric factor [48], shows that the integral terms in (B.3) are O (w_l).
Writing out G,,(2d) gives formula (5.9) in the main text.

C Detector response for a rapidly created Dirichlet wall

In this appendix we verify the properties quoted in subsection 5.2 about the response of
the inertial detector (5.4) for a wall created in Minkowski space with the profile (4.2).

C.1 Rapid wall creation limit

At x > 0, the spatially even mode functions are given by (2.8) with (4.5), while without the
wall the spatially even mode functions are given by (2.8) with Ey(t) = e~*. From (5.10)
we then have

8RN = [ ar [T QU AW ). (€.1)
where
1
AW () = 2E A
AT T 47r(l+e—/\7’)(1+e—/\7”)[ 1 (e +iA7))

— e TE (4 i) (e 4+ iAT)) — T E (0 — i) (e + iAT))}

- 47T(1+16w) [El (e +4AT)) + Er(u(e + i(AT — 2d)))
— e—AATEl ((,u, +iX\)(e + Z’AT))
— AT B (u+ N (e + (A — 24))) |

- w [El (e +iAT)) + Er(u(e + i(AT + 2d)))

— MR, ((u —iX\)(e + iAT))
— AT By (14— X (e +i(Ar + Qd)))] : (C.2)
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AT := 7/ — 7" the positive constant p is an infrared cutoff, and E; is the exponential
integral in the notation of [49], taking values on its principal branch in the sense of € — 0.

We wish to take the limit A — oo in (C.1). For the terms in (C.2) that contain A in the
argument of F, we may use properties of E; from [49] [the integral representation (6.2.1)
and the asymptotic expansion (6.12.1)] to show that the contribution from these terms
vanishes in the limit A — oco. For the remaining terms in (C.2) the limit is elementary,
leading to equations (5.11) and (5.12) in the main text.

C.2 Simplified expression (5.13) for the response function

We now express AF1)| given by (5.11) with (5.12), in terms of integrals that do not involve
special functions.
Starting from (5.11) with (5.12) and breaking the integrations into subdomains gives

AFD(w) = A]-"l(l)(w) +AFS (W), (C.3a)
AFD () = / dr’ / dr" QL (L) Br (i — 7)) | (C.3b)

A]:g(l)(w):*%Re /0 d/ dr" QL(TQLE") Ex(in(r — 7" —2d)),  (C.3¢)

where F; takes values on its principal branch.
Consider A]—"l(l). In (C.3b), interchanging the integrals and integrating by parts in the

inner integral gives

AFP () = AR (W) + AR (W), (C.4a)
0 S —
AF (w) = XQ(::) Re / dr" QL () By (—ipr") (C.4b)
@) =5 Re [ W oaca) | e T (o)
1,2 27_[_ oo w 0 w (7_/ . T//)

From now on we assume w + p # 0.

To evaluate A]‘—1(,11)a we write A]—"l(}l) = lime_0, A‘Fl(,ll),e7 where A]—'Sﬂe is as (C.4b) but
with the upper limit of integration replaced by —e. Integrating by parts, renaming the
integration variable by 77/ = —s, and adding and subtracting under the integral a term
proportional to e_i(w+“)s/s, we find

AJ:l(,ll),e(w) = ><2(7(:){/00 ds Wcos((w + ,u)s)

+Re [x(—€)e By (ipe)] — x(0) /OO % cos((w + p)s) } : (C.5)

The last term in (C.5) is proportional to the cosine integral Ci(|w + pe) [49], and the limit
e — 04 can be taken using the small argument asymptotic forms of Ci and F; [49]. We
find

2 oo —yv(—s
ar ) = M it ] + 42 [ as X o ps) . ()

2T s
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To evaluate A}"l(g , we interchange the integrals in (C.4c), write Q' (1) = ™" X' (7")+
iwx(7")], change the integration variable in the inner integral by 7 = 7/ — s where
s € (1',00), and interchange the integrals again. Renaming 7’ as u, we find

A}—f,lz)(w) = —% 000 ds cos((w + p)s) s~" /OS dux(u)X (u— s)
_ % Ooo dssin((w + p)s) s~! /08 du x(u)x(u —s) . (C.7)

Consider next A]—"z(l). We change the integration variable in the inner integral in (C.3c¢)
by 7”7 = 7/ — 2d — s, interchange the integrals and rename 7’ as u, obtaining

AR = —5-Re [ dsEiGins) [ du Qi@ —2d—5)

—00 0

= re{e e [T dsmius) e L)} (O8)

S on oo

where H, is given by (5.13b). The last equality in (C.8) follows by observing that
JoZ duQlL(w)Q,(u—2d — s) = =& [ duQl,(u)Qu(u — 2d — s).

We may now write A]:Q(l) = lime0, A]-'Q(’le), where A]:z(’le) is as in (C.8) except that

the integration over s omits the interval (—¢,€). Integration by parts gives

1 - . .
A]:2(,1€) (w) = o Re{e_m‘“d Eq(—ipe)e™“H,(2d — €) — Ey(ipe)e "““H,(2d + ¢€)

—e e~ iutw)s 9] e~ ilutw)s
+/ dus(2d+s)+/ ds S H,(2d +s)
€ S

o s

(C.9)

The limit € — 0 in (C.9) can be taken by using (6.2.4) of [49] in the first two terms and by
the change of variables s — —s in the third term. We find

Afél)(w) = % Re{e_%“’d [inw(Zd)

0 —i(utw)s _ i(ptw)s _
+/ o Hw(2d+s)8 e H,(2d — s) ” . (©10)
0

Combining (C.6), (C.7) and (C.10), we obtain formula (5.13) in the main text.

C.3 Limit of large energy gap

We now obtain the large |w| form of AFM (w).
For A.Fl(l), we apply to the integral terms in (C.6) and (C.7) the method of repeated
integration by parts, integrating the trigonometric factor [48]. The second integral term
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in (C.7) is —% + O(w™!) and all the other integral terms are O(w™!). Combining, we
have

0)12
AFD (w) = [X;T)] In(e™ 1+ (w/m)]) + O(w™) . (C.11)
For A]—"z(l), we apply to (C.10) the same method that was applied to (5.8a) in ap-

pendix B. We obtain
AF (W) = O(—w) Re[ie 2 H,,(2d)] + 0™ (w™") . (C.12)

Combining these observations and writing out H,,(2d) gives formula (5.14) in the main
text.

D Bogoliubov coefficients

In this appendix we examine briefly the wall creation in terms of Bogoliubov coefficients.
We anticipate that this formalism will be useful for analysing the entanglement structure
in the bursts of particles that the wall formation generates [21].

D.1 Wall in Minkowski space

Consider the wall creation in Minkowski spacetime, in the notation of section 2. We recall
that it suffices to consider the spatially even mode functions, and we write down the
formulas for the mode functions only in the half-space > 0.

The mode functions that reduce to standard Minkowski mode functions before the wall
starts to form are denoted by Uy with & > 0 and are given by (2.8) with (2.10)-(2.12).
The mode functions that reduce to standard Minkowski mode functions with the Dirichlet
boundary condition after the wall has fully formed are denoted by Wy with & > 0 and are

given by
1 - .
Wi (u,v) = Ey(v) - 7] (D.1)
8k
where
Er(v) =e * v forv>\"1, (D.2)

and the expression for Ej(v) for v < A~! can be found by the methods of section 2 but
will not be needed here. W) satisfy the Klein-Gordon orthonormality relations similar
to (2.15).

We write the Bogoliubov transformation between the two sets of modes in the notation
of [1] as

Wy, = / (aklUl + Bklﬁl) dl, (D.3)
0

so that

o= Wi, U), Bu=-WU) . (D.4)
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The inner products in (D.4) may be evaluated by choosing a hypersurface of constant ¢ at
t > A7! and using (2.8) with (2.10)—(2.11) and (D.1) with (D.2). The result is

1 [k (14 etk L
W=\ T “D<l_k 3 BNV Ry () dy| (D.5a)
Ll [ e A
BT e A D.
B =\ T 5% +A/0€ Rix(y)dy| (D.5b)

were P denotes the Cauchy principal value. The presence of particle creation is manifest
in the nonvanishing beta-coefficients (D.5b).

D.2 Wall in the Dirichlet cavity

For the wall creation in the Dirichlet cavity we may proceed similarly, in the notation of
section 3. We assume the cavity to be so large that a > 2/\.

For A™! < t < a/2, combining the results of sections 2 and 3 shows that the V-
modes (3.1) are obtained from the U-modes of (2.8) with (2.10)—(2.12) by including the
overall multiplicative factor /27 /a and restricting ka/7 to odd positive integers, while the
W-modes are obtained from (D.1) with (D.2) by including the overall multiplicative factor
/27 /a and restricting ka/m to even positive integers. The Bogoliubov transformation is
written as in (D.4) but the integral replaced by a sum. It follows that the Bogoliubov
coefficients are obtained from (D.5) by including the overall multiplicative factor 27/a,
restricting ka/m to even positive integers, restricting la/m to odd positive integers, and
dropping the symbol P. Again, the presence of particle creation is manifest in the nonva-
nishing beta-coefficients.
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