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1 Introduction

Exact results in interacting quantum field theories (QFTs) are rare in general. The rigid

supersymmetry of field theories in curved backgrounds allows one to compute exact results

for a certain class of BPS observables [2, 3]. See also [4-21]. One of such interesting objects

is supersymmetric Rényi entropy (SRE), which in Euclidean signature can be defined using

supersymmetric partition function on space with conical singularity (or resolved).

In QFTs in flat space, the Rényi entropy can be used to measure the degree of entan-

glement between two regions A and A separated by the entangling surface A = ¥. For a



state characterized by a density matrix p on a spatial slice consisting of A and A, one can
define the Rényi entropy for A using the reduced density matrix ps = Tr zp,

1
Sy = 718 Tr[p}], (1.1)

where ¢ is a real parameter. The ¢ — 1 limit gives the entanglement entropy (EE)
across ¥.! This method to compute entanglement entropy is called replica trick and ¢
is called the replica number. The above formula can be expressed in terms of partition
function on a conic space, the ¢-fold cover of the original Euclidean spacetime. The con-
ical singularity generally breaks supersymmetry, therefore the ordinary Rényi entropy is
non-supersymmetric, however one can maintain the supersymmetry by adding background
fields. In consideration of supersymmetry, the SRE is refined to be

1 Z,
Sy = log[—q
17 1-¢q z1

] , (1.2)
SUSY

where the subscript means that all the partition functions appearing in the definition should
be supersymmetric. The SRE was first defined and studied in three dimensions [23-25]
and later generalized to other dimensions [1, 26-28|. In general, these quantities defined
by (1.2) are UV divergent but one can extract universal quantities free of ambiguities.

In flat space RV41, the Rényi entropy of a d-dimensional conformal field theory (CFT)
Sy across spherical entangling surface S%2 can be mapped to that on a sphere with a conical
singularity, Sg. It can also be mapped to that on a hyperbolic space Sé x H4 ! where the
entangling surface is mapped to the boundary of H%'. We stress that throughout this
work, we take the “smooth cone” boundary condition [29], which corresponds to the choice
of no boundary contribution in the hyperbolic space.? The universal part of Sy is shown
to be invariant under Weyl transformations of the metric [30]?

‘ B

Sq (log Zq[Sg] —-qlog 7, [Sd]) (1.3)

—_
I

q

—_
| =
<

(log Zg[Sy x HY™'] - qlog Z1[S' x H*']) . (1.4)

This chain of identities are generally true for both non-supersymmetric and supersymmetric
Rényi entropies of all CFTs.*
For ¢ — 1, it is known that the universal part of entanglement entropy is proportional
to “central object”,
S EE &< a;} N (1.5)

where a is the a-type central charge in even dimensions and the sphere free energy (over
27) in odd dimensions. It has also been shown that the Rényi entropy near ¢ = 1 has some

1See for instance [22] for a review on entanglement entropy in quantum field theory.

2See appendix C in [29] for the discussion in details. In particular this choice is consistent with all the
known examples of supersymmetric Rényi entropy [1, 23-28].

3Because of the unitary transformations between density matrices.

“Even in the presence of R-symmetry background fields, the relations hold because the Weyl transfor-
mation only affects the metric.



universal property [33].5 However, it is not clear whether universal relations exist or not
for the Rényi entropy at g away from 1.

In consideration of supersymmetry, the first equation (1.3) enables us to compute the
SRE by using the supersymmetric localization technique, while the second equation (1.4)
allows us to compute the SRE by using the heat kernel method in the hyperbolic space.
Having these computational tools, it is therefore attempting to ask whether one can find
universal behaviors of S, with the help of supersymmetry.

The goal of this work is to show that the universal part of SRE of general 4d N =1
superconformal field theory (SCFT) enjoys a simple relation to the central charges in the
limit ¢ — 0, proportional to 3¢ — 2a, where a and ¢ appear in the Weyl anomaly of the
theory [31, 32], .

i Gy
where W is the Weyl tensor and E the Euler density. More specifically, we will show that
the SRE across S? in flat space R for general 4d N = 1 SCFTs has the following property
at ¢ —> 0

(aE—ch) , (1.6)

GN=1 _ ~4(3¢-2a)

=0 =TT o7 log(R/e), (1.7)

where R is the radius of the entangling surface S? and € is a short-distance cutoff to

regularize the divergence. This is equivalent to a statement about the free energy of SCFTs

on conic space or hyperbolic space Sé x H? in the corresponding limit,
N-1 _ 4(Bc-2a) 1

o<

q—0 27 q2 ’ (18)

which can be considered as the counterpart of the Cardy-like formula on S x S* shown
in [34] (see also [35]), but now for S! x H?3.

We first derive the asymptotic behavior by free field computation in the presence of a
U(1) R-symmetry background and then provide a derivation of (1.8) by taking a particular
scaling limit of A/ = 1 partition functions on S}g x S7, which thus shows the universality
of the asymptotic behavior for general interacting N' = 1 SCFTs. We also revisit the
supersymmetric Rényi entropy of general A = 2 SCFTs initially studied in [1] and find a
simple formula for it in terms of central charges a and c,

SN=2 - _ (g +4a - c) log(R/e) . (1.9)

This paper is organized as follows. In section 2 we introduce the backgrounds for the
discussion of Rényi entropy and focus on the the general features in the limits ¢ - 0, 1, +o0.
In particular we extract the universal relations between Rényi entropy and other quantities,
such as Casimir energy and free energy under those limits. In section 3 we study explicit
free field examples. In section 4 we construct N = 1 superconformal field theories on the
conic sphere S;L and compute free energy as well as supersymmetric Rényi entropy. We
find that in the limit ¢ - 0, the leading contribution to both of them is proportional to

®The specific relation will be modified in the presence of additional background fields.



ﬁ(?)c —2a). We first derive it by free field computation and then derive it by taking
use of the exact results from supersymmetric localization. In section 5 we revisit N = 2
superconformal field theories on 83 and find simple formulas for the ¢-scalings of free energy

as well as supersymmetric Rényi entropy in terms of central charges.

2 Asymptotic limits of Rényi entropy

We begin with general discussions on asymptotic behaviors of Rényi entropy under different
limits, namely ¢ — 0,1, +oo.

2.1 Backgrounds

Consider CFTs in a Euclidean flat space R? with the metric
dsgq = drg +dr? +r2dQ5_, (2.1)

where 75 is the Euclidean time and r € [0, 00) is the radial direction in the polar coordinates.
The entangling surface ¥ is given by (7 = 0,7 = R), which is a sub-sphere S92, After the

transformations
sinT sinhn

T = R—’ T = _R—7 2.2
£ coshn +cost coshn + cost (2:2)
where 7 € [0,27) and 7 € [0,00), (2.1) becomes a hyperbolic space S' x H* ! with a warp
_ 1
factor €2 = coshn+cos7?

dspa = Q%ds3y gar = QR*(dr? + dn? +sinh® ndQ3_,) . (2.3)

According to equation (1.4), the Rényi entropy associated with the spherical entangling
surface ¥ can be computed using the thermal partition function on a hyperbolic space
S; x H%!, the metric of which is obtained by 7 — ¢r for dsélxﬂ_ﬂd,1 in (2.3).

According to equation (1.3), one can also compute Rényi entropy by working on a
branched sphere Sfll,

dség/R2 = sin? Agdr? + d6* + cos? 07, , (2.4)

where 6 € [0,7/2] and 7 € [0,27), which is conformally equivalent to the hyperbolic space
S; x H%! by the coordinate transformation cot 6 = sinh 7

dsgd = sin? 9R2(q2d72 + d’n2 + sinh? nin,Q) = sin? Hdsgled_l . (2.5)
q q

As we see from the above, Sg and S}I x H%1 are different by a Weyl factor, which makes
that one can compute Rényi entropy on either of them. Below we will mostly take the unit
R =1 and recover it only when it is necessary.



2.2 Asymptotic limits

Now we discuss Rényi entropy in various limits of the parameter q. We are particularly
interested in the asymptotic behaviors near ¢ = 0, ¢ = 1 and ¢ = oco. Note that Rényi
entropy S, has less ambiguity than free energy F, := —log Z,. Namely the Rényi entropy
is invariant under a shift of free energy by a linear function of gq.

In the limit ¢ — 1, one obtains the entanglement entropy in terms of the free energy
and its first derivative

—Fl + aqu_q
—F1 + 27T3ﬁFﬁa27r ’ (26)

SEE

where the length of the Euclidean time circle represents the inverse temperature, 5 = 2mq.
It implies that the entanglement entropy is equal to the thermal entropy on a space with
a Fuclidean time circle, which is conformally equivalent to the original conic space up to a
Weyl factor. The physical meaning of the 3-derivative of Fjg is the energy

E, = 03Fs - %aqpq . (2.7)
In the zero temperature limit 5 — oo, the energy may be defined as the Casimir energy
E.:=~-lim dglog Z = L lim 0,F,, (2.8)
B—oo 27 g—o0
which implies that the low temperature expansion of the free energy takes the form
Fysoo =2mqE;+--- . (2.9)
One can also consider the high temperature expansion (¢ - 0) of the free energy F,
Fyo=Foyg “ +, (2.10)

where in general the free energy does not decrease as temperature goes up, Fg) 2 0 and
a>0.

Low temperature expansion. One can substitute (2.9) into (1.3) and (1.4) and obtain
the asymptotic large ¢ behavior of the Rényi entropy

Syeo = 21E, - F) . (2.11)

Note that when d is odd, 0,F;-1 in (2.6) vanishes since there is no conformal anomaly,
therefore one can replace —F} by Sgg and rewrite (2.11) as

ASq_NX, = Sq_,oo - SE‘E = 27TEC, (2.12)

which may provide a rigorous definition for the Casimir energy FE..



When d is even and the geometry is branched sphere Sg, for the universal logarithmic
part, Spp = —F} is still true and therefore (2.12) holds. If the geometry is Sé x HY! and
also d is even, (2.12) is no more true because Sgpg # —F} in this case.b

In general (2.12) should be written as

AS, 0 = 21(E.— Ey)
= 2TAE, (2.13)

which can be obtained by taking the difference between the ¢ — oo limit of (1.3) or (1.4)
and the equation (2.6).” This is true generally for all CFTs on a space with a Euclidean
time circle, which is conformally equivalent to the original conic space up to a Weyl factor
(including both Sg and Sé x H9"1). Tt means that the relative Casimir energy E. - F; can
be computed from the zero temperature limit of Rényi entropy by the law (2.13).

High temperature expansion. In the limit ¢ — 0, one can substitute (2.10) into (1.3)
and (1.4) and find that the high temperature behaviors of Rényi entropy and free energy
coincide (up to a sign flip)

Sq—0=—Fys0 . (2.14)

Note that so far we have only discussed the leading contributions in both low temperature
and high temperature limits. But one can go to the next orders straightforwardly.

Near “q =1" expansion. Finally let us look at the behaviors near ¢ = 1. At ¢ =1 we
get entanglement entropy according to (2.6),

Spp=-F +2rE; . (2.15)

Unlike ¢ = 0 and ¢ — oo cases, we now instead consider the n-th g-derivative of Rényi
entropy at ¢ = 1. One can translate the ¢-derivatives of the Rényi entropy into the ¢-
derivatives of either free energy or energy [33]

Mo _ 2" gmp_ 1 ome
0q_>15'q— (TL+1)' q—1"79 — (n+1)!8q—>1 q -

(2.16)

Furthermore, since the derivative with respect to ¢ can be equivalently considered as the
derivative with respect to the metric component g,,, the n-th ¢g-derivative of Rényi entropy
at ¢ = 1 can be shown to be proportional to the integrated (n + 1)-point function of 77,
in flat space. Indeed the first derivative J,5,-1 has been shown to be proportional to
the coefficient of the stress tensor vacuum two-point function [33]. In the presence of
supersymmetry, the attention should be paid to the additional R-symmetry background
fields.

®Note that the condition 9,F,-1 = 0 is also true if F is refined to be supersymmetric since the ground
state energy is zero.
"We have inserted (2.9).



3 Free 4d CFTs

In this section we discuss the asymptotic behaviors of Rényi entropy by studying free field
examples. In particular, we compute (2.13), (2.14), (2.16) for the non-supersymmetric
Rényi entropy of free fields. Notice that the asymptotic coefficients of Rényi entropy
may be expressed in terms of linear combinations of central charges a and c¢. The linear
combinations can be determined by fitting with the explicit results of conformal scalar
and massless fermion. However, as we will see that, except for the first g-derivative at
q = 1, these relations between non-supersymmetric Rényi entropy and central charges are
not universal.
We first show the relations coming from experimental test. For ¢ - oo,

3a+c

ASyoo = log(R/e), (3.1)
while for ¢ — 0,
Sy = %’% log(R/e) +--- (3.2)
And for the g-derivative at ¢ = 1,
0gSq—1 = 2clog(R/e) . (3.3)

The first derivative at ¢ = 1 is consistent with the result in [33].

3.1 Heat kernel method

The partition function Z(/3) on hyperbolic space S%:%q x H? can be computed from the
heat kernel of the conformal Laplacian [47, 48]

% d
log 2(8) = 5 [~ e 0), (34)

where the kernel of the Laplacian A is defined as K(t) := Tr(e™®*). The kernel on the
product space Sé x H3 can be factorized

Kt (1) = Koy (6) K (D)€" (3.5)

where the exponentiation is to eliminate the gap in the spectrum of the Laplacian on H?.
The kernel on Sg is

ﬁ _B2n2+»2 N
K (t) = e~ o Tnp+imn(—1) ’ 3.6
S}i’( ) \/@ n¢%;ez ( )

where f =0 for scalars and f =1 for fermions. The hyperbolic space is homogeneous so
that the volume can be factorized

KHB (t) = f d3x\/§KH3 (.’E, l‘,t) = VHSKH3(O, t) y (37)

where Vigs = —2mlog(R/e) is the regularized volume of the 3-hyperbolic space H?. 1/e is
the IR cut-off and R is the curvature radius of H?.



3.2 Conformal scalar

For a complex scalar, the equal-point heat kernel on H? is given by

. 2 e
H?’(O:t) = W@ At . (38)
The free energy F':= —log Z is computed by using (3.4), (3.5), (3.6), (3.7), (3.8)
Vs
F? = . 3.9
() =~ s (3.9)

And the Rényi entropy is

(@ D@+ DV

S?° 3.10
360mq3 (3.10)

So the limit ¢ - oo of the Rényi entropy can be extracted

Vs
ASy oo = — , 3.11
? 1207 (3.11)
and the limit ¢ — 0 of the Rényi entropy is
Vi

S,0= ——— . 3.12
07 360m¢3 (3.12)

It can be checked that (3.1), (3.2) and (3.3) hold, given the central charges a and ¢ for a
complex scalar

0= —  c=— (3.13)

3.3 Massless fermion

For a Weyl fermion, the equal-point heat kernel on H? is

KL, (0,1) = 21%53%756—4“2t (3.14)
The free energy is then obtained®
FJ(B)=-—Q§g§%g;%¥E3 (3.15)
And the Rényi entropy is ,
Sf:(q+1§;$;;7ﬂh3‘ (3.16)
The limit ¢ - oo of the Rényi entropy can be extracted
Aswwo=—2égij (3.17)
and the limit ¢ —» 0 is
Sq-0 = %% . (3.18)

It can be checked that (3.1), (3.2) and (3.3) hold, given the central charges a and ¢ for a

Weyl fermion
11 18

—, = — .
720 720

8Note that there is an additional overall minus sign compared to the scalar.

(3.19)




3.4 Non-supersymmetric Rényi entropy of N =4 SYM

It may be a good time to test the universality of (3.1), (3.2), (3.3). Let us now consider
the non-supersymmetric Rényi entropy of A/ = 4 Super-Yang-Mills (SYM) [49]. Free N =4
Super-Yang-Mills contains 3 complex scalars, 4 Weyl fermions and 1 vector field. Putting
all together we have

L+q+7¢% +15¢%) Vg
4873 '

S, =38 +45/ +5v = ( (3.20)

where we have used the Rényi entropy of scalar and fermion discussed before and inserted
the Rényi entropy for a vector field [49]

(91¢® +31¢% + g+ 1) Vigs

SY =
360mq3

(3.21)

One can check that except for the first g¢-derivative at ¢ = 1, other relations
in (3.1), (3.2) are no longer true for this specific example. This may be due to the fact that,
the non-supersymmetric Rényi entropy of N/ =4 SYM is known not protected [53], while
central charges a and ¢ are protected. So there is no reason to expect that the asymptotic
behaviors of non-supersymmetric Rényi entropy of N' =4 SYM should be characterized by
a and c. It also leads us to consider the supersymmetric refinement of Rényi entropy.

3.5 Supersymmetric Rényi entropy

Now we start to look at supersymmetric Rényi entropy in the free field limit [1]. In order
to preserve supersymmetry, one has to turn on R-symmetry background fields to twist the
boundary conditions. Turning on a constant background field (chemical potential) along
S}j gives the kernel KS%; (t) a phase shift [46]

~ /8 52’“2 2 ; 1 f
Ra (t) = S e ar rmmimn (D) (3.22)
b ATt ni0.ez

Now one can repeat the free energy computations by using (3.4), (3.5), (3.7), (3.8). For a

complex scalar
M4+2M3+M2_%VH3 (3.23)

127q3

F2 () =
while for a Weyl fermion,

~240p* + 12012 + (3602 — 30)¢> - 7
28807¢3

Fl(p) = Vigs - (3.24)
In consideration of supersymmetry, p is required to be a function of ¢ and u vanishes
at ¢ = 1 because we do not need the R-symmetry background in the absence of conical
singularity, u(q = 1) = 0. The value of the background field can be solved (by solving
Killing spinor equations) either on branched sphere Sé or on hyperbolic space Sé x H? since
it is invariant under Weyl transformations.



The supersymmetric Rényi entropy can be defined as

GSUSY _ qF1(0) - Fy(p)
q

= . (3.25)

It is convenient to extract the extra contribution in SRE for each field due to nontrivial p,
AS = SqSUSY - S4. For a complex scalar

2 2
s p(p+ 1)
AS =—V 3.26
while for a Weyl fermion,

PP (=2p° +3¢% + 1)
247 (q—1)g3

AST(p) = Vigs - (3.27)
Note that ASY(u) is an even function of p but AS*(yu) is not. Notice that the effective

chemical potential p depends on both R-charges of the dynamical fields and the value of
the background field.

4 N =1SCFTs

In this section we study N =1 SCFT with a conserved U(1)z R-symmetry on four-sphere
with a conical singularity, S;l. As discussed in the introduction, the partition function on
Sg can be used to compute supersymmetric Rényi entropy. In the absence of the conical
deformation, A/ = 1 SCFTs on round four-sphere were initially discussed in old minimal
supergravity [36] and later discussed in the context of NV =1 conformal supergravity [55].
These theories can be placed on S* canonically since the sphere is conformally flat. It has
been shown that the R-current is conserved at the fixed point [36].° For other systematic
study of rigid supersymmetry on four-manifolds, see [37-41].

In the presence of the conical deformation, half of the supersymmetries can remain if
one adds a proper R-symmetry background A, to the geometry [1]. Once the value of A, is
determined, one can perform the heat kernel computation of partition functions by working
on S! x H? since the Weyl transformation only affects the metric. We will first show that
the universal part of supersymmetric Rényi entropy S, (or free energy Fj) in ¢ — 0 limit
is proportional to a linear combination of central charges 3¢ —2a by free field computation
and then provide an independent derivation by taking a particular scaling limit of N =1
partition functions on Sk X Sg, which thus confirms the validity of the asymptotic formula
for general interacting N =1 SCFTs.

4.1 Killing spinors on S‘q1

To construct rigid supersymmetric field theories in curved spacetime, one has to set up
Killing spinor equations, whose solutions generate rigid supersymmetries. Those equations
will also tell us what background allows rigid supersymmetries. The explicit form of Killing

9We thank Efrat Gerchkovitz and Lorenzo Di Pietro for discussions on this point.

,10,



spinors on S* depends on the choice of vielbein. In stereographic coordinates, the solu-
tions were well explored in appendix B in Pestun’s work [3]. In spherical coordinates, the
solutions were explored first in [56]. Now we briefly review N =1 Killing spinors on conic
four-sphere Sg [1] but leave the details in appendix A. In 4-spinor notation, the Killing
spinor equations take the form of

1

D,uC = +2_£'7,u<,7 (4.1)
1

D,ugl = _Q_ﬂ"c’ (4.2)

where ¢ and ¢’ are Dirac spinors and the covariant derivative is defined as D,, = V,, +i4,,
to incorporate the R-symmetry background field. One can describe the Sg as the one-
dimensional blowing up of a S} or describe it as a S} fibered on a direction p € [0,7] [1].
We focus on the latter case since the solutions found in the former coordinates [1] will
project out the U(1)g symmetry [55]. The metric is given by

ds®|R? = dp? + sin p?(d6? + sin® 0¢>dr? + cos? 0d¢p?) . (4.3)

One can check that half of the Killing spinors of the round sphere can be preserved on the
g-deformed sphere provided the background field is added [1]

_a-t
AS;L = TdT . (4.4)
See the explicit Killing spinor solutions in appendix A.
Given the background field (4.4), now we switch to the hyperbolic space S; x H? to

compute supersymmetric partition function and also supersymmetric Rényi entropy.

4.2 An asymptotic formula at ¢ - 0

Now we compute supersymmetric partition functions of A" =1 SCFTs on conic space by
working on S; x H? and using heat kernel method. It is important to emphasize that by
working on S}] x H? we only focus on the universal logarithmic term of the corresponding
free energy on sphere.

Free chiral multiplet. A N =1 chiral multiplet contains 1 complex scalar and 1 Weyl
fermion, with R-charge r and r —1, respectively. The chemical potentials for the scalar and
the fermion are (¢ —1)/2 and (r - 1)(g—1)/2, respectively. So the supersymmetric Rényi
entropy is given by

Schiral _ SS+ASSI:T(Q_1):|+Sf+ASf|:(r_1)(q_1):|
2 2

Vigs ( 2r - 3r? + 93 N 3r2 —2r3
487 q? q

Free vector multiplet. A N =1 vector multiplet contains 1 Weyl fermion and 1 vector

+2—2r+r3) . (4.5)

field, with R-charge +1 and 0 respectively. So the supersymmetric Rényi entropy is given by
Svector _ Sf i ASf [q_ 1] + SV
2

Vis (2
= - . 4.
24w (q ! 7) (4.6)

— 11 —



Supersymmetric Rényi entropy and a,c. Consider a A = 1 SCFT which allows a
UV free description. G is the gauge group and R; is the representation of the matter field
where i denotes different types of matter. One can define the trial functions as

az—(3TrR3 TrR) = — [2]G| Z(3(rz—1)3 (rz—l))\R|]

c= —(9TrR3 5TrR) = [4|G| + 2(9(” -1)3=5(r; - 1))|RZ~|] , (4.7)

with R the R-symmetry charge and the trace runs over the fermonic fields of the multiplets
of the theory. |G| is the dimension of G and |R;| is the dimension of the representation R;.

The SRE for a A/ =1 free theory with the gauge group G and matter representation
R; is given by

Ggh=1 VHs(Z 37“ +73 Zi(37“i2—27’?)|7-\’4‘|+4|G|
q

SRl +
4871 q? q

+>(2-2r + )R] + 14|G|)

_ 4(3c—2a)log(R]e)
- A8 i (4.8)

where we have expressed the coefficient of ¢~2 term as a linear combination of functions
a and c¢ defined in (4.7). Therefore we obtain a simple formula for the high temperature
limit of A/ = 1 supersymmetric Rényi entropy

_ 4(3c - 2a) log(R/e)
SN - : 4.9
q—0 27 q2 ( )
which can be rewritten in terms of the density
S 2(3c-2a) 1
Sqor 1= =2 0 2Bc=2) 1 (4.10)

|Vis | 2T ¢

According to (2.14), this can also be translated into the behavior of the density of free

energy

FNG 2(3¢-2a) 1

|Vigs| 27 ¢%
Consider the RG flow from a UV free theory to some IR SCFT, where the U(1) R-

symmetry is preserved along the flow. Because of 't Hooft anomaly matching and the

fq—0:= (4.11)

algebraic relations between central charges and the U(1)g anomaly, (4.7) will determine
the IR central charges [57]. The ambiguity of the R-charges r; of the matter can be fixed
by the a-maximization [58]. Therefore at IR fixed point (4.9) actually characterizes the
supersymmetric Rényi entropy of the IR SCF'T. From the above derivation, it is clear that
the formula (4.9) is true for general N’ =1 SCFTs which allow UV free descriptions. Later
we will provide an independent derivation of (4.11) from exact results by supersymmetric
localization, which thus confirms the universality of the asymptotic behavior for general
interacting SCFTs.
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Hofman-Maldacena bound. Now we consider the inequalities satisfied by the Rényi
entropy derived in the information theory, H, := S,/S1 [72, 73]

OqHy <0, (4.12)

qg-1
aq(T q) >0, (4.13)
9q((¢-1)Hg) 20, (4.14)
0;((g=1)H,) <0 . (4.15)

Imposing these conditions to our result (4.8) and take the limit ¢ — 0, one obtains

N W

Qe

<=, (4.16)

which is the Hofman-Maldacena upper bound for general A" =1 SCFTs [68].

4.3 Explicit examples

Now we would like to verify that (4.9) is true in explicit examples.

N =1 description of N =4 SYM. The simplest N' =1 SCFT may be N = 4 super-
Yang-Mills, which can be considered as N = 1 theories with one vector multiplet with gauge
group G and 3 chiral superfields ®; 5 3 in the adjoint representation, coupled through the
superpotential W = h®;®5®3. One can determine the R-charges for 3 A/ =1 chirals ( their
R-charges are the same by symmetry ) by the a-maximization,

3

a= 3—2[2|G|+3(3(r—1)3—(r—1))|G|], e = g (4.17)

and the central charges a, c are determined to be
a=c=—. (4.18)

Both the gauge coupling and the superpotential can be shown to be exactly marginal using
the way in [59], therefore the central charges a = ¢ = |G|/4 are valid for any coupling.
The SRE (4.8) is given by

Vigs 1+ 7q + 19¢>
27 27q '

S, = 35°hiral (. = 9/3) 4 gvector _ || (4.19)

One can check that
VHB 1 _ 4(2(1 — 30) l

21 27¢2 2742

og(R/e), (4.20)

which verifies (4.9).

The full SRE result (4.19) agrees with the SRE obtained by directly dealing with N =4
SYM with 3 equal U(1) chemical potentials in [1]. Furthermore, (4.19) can be shown to
hold at the strong coupling by the holographic computation from 5d BPS topological black
hole [1], which of course demonstrates the validity of (4.20) at strong coupling.
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Note that one can extract the central charge at UV, ayy, from S; at ¢ =1,

% G
L = —4CLUv, aygy = u 5 (4.21)

Se=1 =16 27 4

which is the same as the central charge a in (4.18). This is another way to show that the
central charge is independent of marginal couplings in this specific example.

There is another SCFT example including 3 chirals with different R-charges and 1
vector. We leave the analysis in appendix B.

Klebanov-Witten. Another well-known A/ =1 SCFT is the conifold theory proposed by
Klebanov and Witten [45]. It contains 2 vector multiplets and 4 chiral superfields A;, B; (i =
1,2) in bi-fundamental representations, with a superpotential W = \e’ eler(AinAjBl).
We take the two gauge couplings to be the same, therefore the R-charges of the 4 chirals
should be the same by symmetry and one can fix the R-charges by the ¢ maximization,

1
£ == . 4.22
s (422)
Note that the R-symmetry should be non-anomalous. The SRE for this theory is thus
given by
; 4+1
Sq _ |G’(4SChlral(T _ 1/2) T 2Svector) _ |G‘@ (3 + 5Q( + BQ)) ) (423)
T 9642
The central charges a and ¢ are given by
17 2
a=c- %|G| [2 <24 4(3(r=1)? = (r=1))/.r > 5] - 6_1 al. (4.24)
Again one can easily verify that
4(2a - 3¢)
Sq_>0 = TqQ IOg(R/G) (4.25)

is true. One can also check the famous central charge ratio 32/27 by comparing (4.24)
and (4.18), given that the central charge of the Zy orbifold theory is two times of that of
N =4 SYM.

For the conifold theory, the fix line does not cross the free point, as one can check that

— = 4—|G| = ~dapy VEa. 4.26
m 96 192‘ | v oy ( )

Sg=1 =G

One can extract the ratio between two central charges

avv _ 88 (4.27)
a 81 ° .

4.4 A derivation from exact result

Now we give a derivation of the high temperature formula of N = 1 partition functions (4.11)
using exact results by supersymmetric localization. The idea is that the hyperbolic space
S; x H? can also be mapped to S' x Sg by a Weyl transformation, where the partition
functions can be computed exactly by localization technique in the latter case.
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From hyperbolic space to primary Hopf surface. We first parametrize 3-hyperbolic
space H? as a fiberation with a 2-torus. The metric of Scll x H3 is given by

ds3y s = ¢°dr* + cosh? fjdr + dij” + sinh? 7jd¢? (4.28)
q
where the domains are given by
T€[0,2m), TEpe[0,2m), 7e[0,00), ¢@e[0,27) . (4.29)

This description of H? is different from the previous one including a 2-sphere (2.3). The
difference is that here the volume is finite after regularization while the previous volume
is logarithmic divergent. Sine H?® is homogeneous, the free energy on the new description
is different from the previous one only by a volume factor. As we will see, this actually
explains why the universal finite part of free energy on a complex manifold could corre-
spond to the universal logarithmic part of the spherical free energy (up to normalization
by volume).

By multiplying a factor cosh 27 to (4.28) and using the coordinate transformation
sinh 7 = cot # one obtains

dsgy g3 = dTp + ¢*sin® 0dr?* + d*0 + cos® 0dp* , (4.30)
q

which is a direct product of a circle and a 3-dimensional conic sphere, S! x Sg.

One can actually define 4-dimensional Rényi entropy associated with a 3-dimensional
replica number ¢ by using the partition functions on S' x SZ’. With supersymmetry, one
can instead consider the smooth version with a squashed 3-sphere, S' x gg, whose metric
is given by

dsélxgs = drd + ¢*sin® 0d7* + f(0)2d6? + cos® Ado? (4.31)
q

f(0):= \/sin29 +q%cos?0 . (4.32)

This is a primary Hopf surface with a squashed 3-sphere.

It has been shown in [9, 12, 24| that 3-dimensional A = 2 supersymmetric partition
function only depends on the Reeb vector, which is independent of the resolving factor f(8).
In 4-dimensional case, it has also been shown in [9, 10, 17] that A/ = 1 supersymmetric
partition function only depends on the complex structure, which is independent of the
resolving factor too. This is consistent with the 3-dimensional result provided that there
is a 4d — 3d reduction. Those results tell us that there is an equivalence between N = 1
partition function on S' x gg and that on S' x gg’, where g;;’ is a 3-sphere with a small
resolving of the conical singularity, the singular limit of which is used to define the original
conic sphere, SZ, with “smooth cone” boundary condition on it.

Supersymmetric primary Hopf surface. Now we briefly review the supersymmetric
primary Hopf surface with a squashed 3-sphere in the formulation of the rigid limit of new
minimal supergravity following [37].1° In this formulation, the bosonic part of the gravity

19See also [17, 60].
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multiplet includes metric g,,,, a R-symmetry gauge field A, and a two form gauge field B,
whose strength V# is conserved. In Euclidean signature, two independent Killing spinors
1 and 7 carrying R-charges +1 and —1, generally satisfy

(Vu—iAu)n = =iVyn—iVo,,n,
(Vyu +iAL) T = +iV,i7 + iV G0 . (4.33)

Here n and 77 are left hand and right hand spinors due to the decomposition of the rotation
group SO(4) = SU(2)1, xSU(2)g. We take the same conventions as that used in [37] in this
subsection, see for instance appendix A there.

In the coordinates (4.31), the U(1) x U(1) isometry of the squashed 3-sphere is gener-
ated by the Killing vectors 0. and J, and the third U(1) isometry is generated by 0-,. In
the frame,

et =drg, *=f(0)d0, e=cosOdp, e*=qsinbdr, (4.34)

two supercharges 1 and 7] carrying opposite R-charges can be obtained by solving (4.33)

K e3(+7-0) i e~ 5(0+7-0) L35
17" iesermo | T oo | (4.35)

The complex Killing vector K :=not7j0, is given by
K =0,, —idy— -0, (4.36)

q

which satisfies
K,K"=0. (4.37)

The background fields are given by

V= ——dTE+mK dz”, K!8,k =0,
f(9) !

A= 2f(9) ——(2idTg +do + qdT) + = (dgb +dr)+ = HK dzt . (4.38)
The contribution (to partition function) of the coupling with the R-symmetry background
is controlled by [37]
1 1
—iKFA, = —= (1+—) . 4.39
? m 9 q ( )

In the limit ¢ — 0, one can find that the dominating component of A, in (4.38) is given
byll
1
—A ==, (4.40)
2
which is consistent with the background field (4.4) on S x H? in the limit ¢ - 0. Notice
that both S; x H? and S' x gg preserve two supercharges, with opposite R-charges.

"The additional minus sign is due to different R-charge conventions on S' x H* and S* x gg.
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Partition function. Before moving on we would like to identify the geometry (4.31) we
are interested in with the familiar one S}g X SZ’ appearing in the literatures. Recall that the
metric of the latter in the usual convention (for instance used in [60]) is given by

ds® = ridrg + 3 [(b7sin® 0 + b% cos® 0)d6? + b sin® Od7* + b~* cos® 0dg? ] (4.41)

where r; and r3 denote the radius of S' and that of the 3-sphere, respectively. b is the
squashing parameter for the 3-sphere. (4.31) and (4.41) are the same (up to an overall
scale) with the following identifications

%:%, b=7. (4.42)
Note that for scale invariant theories the partition function should not depend on the
overall scale. The limit ¢ — 0 corresponds to the zero temperature limit g := 27wr; - oo
with fixed r3. In the squashed 3-sphere’s point of view, this is the extremely squashing
limit, b — 0.
The partition functions of A/ =1 SCFTs on Sk x S§ with the metric (4.41) have been
studied in [17] by supersymmetric localization, see also [42, 60].}? In particular, the low
temperature contribution to the partition function has been obtained in the leading order

108 Z[Shro0  Siz 5] = ~BEc +--

dr (1 Ar (1 ’
?(—+\/a) (a—c)+2—7(—+\/§) (30—2&)] , (4.43)

1

~ ——

T3

Vi Vi

where FE. is the supersymmetric Casimir energy, which has been shown to be scheme-
independent [60] and the dots denotes the supersymmetric index part and higher order
corrections. ' Note that only the ratio ry/rs appears in the free energy (4.43), which
confirms the fact that the final result does not depend on any overall scale of the geometry.

Because of the conformal equivalence between S; x H? and S! x SZ’ (therefore Rényi
entropies are the same following [30]), where the partition function on the latter is equal to
that on S}i:l Nk Sg’: @ together with the fact that the relevant background fields coincide
on the two geometries in the limit ¢ — 0, one can actually use the following equality to

compute the exact results on the hyperbolic space!

fan[Sé X HS] = quO[Si/\/a X Sg:\/a] . (444)

Note that we have normalized the free energy by a ¢-independent volume factor, which
in the right hand side of (4.44) should be Vol(S! x D?) = 272, according to (C.13). In
appendix C we give another geometric reason why the equality (4.44) should be true.

2See [43, 44] for initial works on A" =1 SCFTs on S' x S%.

3For other perspectives on the supersymmetric Casimir energy, see [61, 62].

We have also used the equality (up to a sign flip) between Rényi entropy and free energy (2.14) in the
limit ¢ — 0.
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Now we apply the scaling (4.42) to the free energy result (4.43) and then obtain the
free energy in the leading order'®

Fa0[Sq xB’] = fyo[Sty 5 % Sy 4]

' logZ[S%/\/a x ngﬁ]
= —lim
q—0 272
2
= —(3c-2a) . 4.45
(3020 (1.45)

This precisely agrees with the free field result (4.11), which thus confirms the validity
of (4.10) and (4.11) for general interacting ' =1 SCFTs.

5 N =2 SCFTs revisited

In this section, we revisit N/ = 2 SCFTs on four-sphere with a conical singularity, S;l. The
partition function on S;l can be used to compute supersymmetric Rényi entropy for N = 2
SCFTs. In the absence of conical deformation, N' = 2 SCFTs with Lagrangian descrip-
tions on sphere were extensively studied in [3], where the spherical partition function and
the expectation values of BPS Wilson loop operators were computed by supersymmetric
localization. This was extended to squashed four-sphere later in [13]. Eventually it was
realized that rigid A/ = 2 supersymmetric field theories on sphere (and deformed) can be
well studied in the context of N = 2 conformal supergravity [63]. Recently it was shown
that the spherical partition function actually characterizes the Kahler potential [55].

In the presence of the conical deformation, it has been shown that part of the super-
symmetries can be maintained if one adds a proper U(1); R-symmetry background A;{ to
the geometry S;l [1], where U(1) s is the diagonal part of SU(2)z R-symmetry.'® The Killing
spinor equations have been studied extensively in [1] and the value of the background field
has been determined

A= (5.1)

Given that the background field is invariant under the Weyl transformation between S;l
and S; x H3, we can perform the free field computation on the hyperbolic space by heat
kernel method once we know the U(1); charges for all the dynamical fields.

5.1 A complete formula

Now we compute SRE for general NV = 2 SCFTs by working on S; x H? in the free field
limit. We focus on the relations between the SRE and central charges a, c.

5One can check that the supersymmetric index part does not contribute to the leading order in our
particular scaling limit. It would be very interesting to establish the precise relation beyond the limit ¢ — 0.
We leave this for future work.

151t has been shown in [1] that the conic sphere can be defined as the singular limit of a resolved sphere.
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Free vector multiplet. A A =2 vector multiplet includes a A/ =1 vector and a N =1
chiral. In particular we choose the current of the diagonal U(1); of SU(2)g to couple with
the background field. Under this U(1);, the vector component field and the scalar are
neutral, and two Weyl fermions are charged oppositely, 1 [64]. Note that the supersym-
metric Rényi entropy for fermions is an even function of the chemical potential. So the
total supersymmetric Rényi entropy of a N/ = 2 vector multiplet is

SV _ Schiral(r _ 0) + gvector _ @ (1 + 4) . (5.2)
127 \¢q

Free hypermultiplet. A N = 2 hypermultiplet contains two N = 1 chiral multiplets,
with the scalar and fermion charged +1 and 0 respectively, under U(1) . So the supersym-
metric Rényi entropy of a A = 2 hypermultiplet is

SH _ 2Schiral(7_ _ 1) _ @

» (1 + 1) . (5.3)

q

General N =2 SCFTs. For a general V' =2 SCFT with n, vectors and n ¢ hypers, and
with U(1); being the R-symmetry coupled with the background field, the SRE is given by

52\/22 _ @ (QTLU +ny

247 q

_i (2?% +ng
12 q

+ 8Ny +nf)

+8ny + nf) log(R/e) . (5.4)

In particular, for n, = ny, one obtains

SN=2 -y, (3(14; ! ) log(R/e), (5.5)

which is true for some specific examples, such as N = 2 description of A/ =4 SYM and
S®/Zy orbifold theory. In the former case, (5.5) agrees with the result obtained in [1].
Recall that the central charge formulae for N' = 2 SCFTs which allow weak coupling

descriptions
:5nv+nf’ C:2nv+nf . (5.6)
24 12
One can express the SRE for general N’ =2 SCFTs in terms of central charges,
g2 (f +da- c) log(R/e) . (5.7)
q

At g =1, (5.7) is proportional to —4a, which is the standard relation between entanglement
entropy and a-anomaly.

Note that the universal log term (5.4) corresponds to the universal logarithmic part of
the N =2 SRE on the ¢g-deformed 4-sphere. Below we will see how to derive (5.4) from the
exact N = 2 partition function on Sg.
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5.2 A derivation from exact results

The exact partition function of N = 2 theories on S;l with “smooth cone” boundary condi-
tion has been obtained in [1]

~ 872 Tr(p2 T, (io-a)Y,(=io -
Z = f Hd(a),e g\QKM ( )HQEA+ q(ZU 04). q( ZO—Q a) |Zinst|27 (58)
i [z per, Yolio-p+3)

where o is a Lie algebra (of the gauge group) valued constant matrix, gywm is Yang-Mills

coupling, « is the set of positive roots and p is the weight space of the matter, which is in
a certain representation of the gauge group. Z denotes different types of matter. Y,(x) is
defined to regularize the infinite products as follows

T,(x) = H (mql/2 + nq_1/2 +Q - x)(mql/2 + nq_1/2 + x) . Q=q+1/\/qg. (5.9)

m,n>0
Note that after regularization both the function Y () and the matrix integral (5.8) are fi-
nite. Nevertheless we want to extract the universal coefficient of the logarithmic divergence
on the g-deformed 4-sphere from the matrix integral (5.8).

This can be done by doing large (o - ) expansion for the log of 1-loop determinants
and read off the coefficient in front of the log divergence term.'” This is equivalent to
introduce a UV cutoff A during the (double) Gamma function regularization and pick up
the coefficient in front of log AR [67], which eventually becomes the coefficient of the log
divergence term in the final free energy on the g-deformed sphere.

Recall that Y,(x) can be decomposed as Barnes double gamma functions

1

T = . 5.10
Ol @ Q7 () 10
At large |z|, Barnes double gamma function can be expanded as [54]
1 1¢1 1
logTs[x, (a,b)] = —ﬂxQ log x + %332 *5 (5 + 3) (xlogx —x)
1 b 1
—(E(%+a)+1)loga¢+--- . (5.11)

For a pair of vector multiplet, the expansion is the large z (z := 0 - «) expansion for
log[ Y, (iz)Y ,(—iz)], which is given by

log[ T, (ix)Y4(—ix)]

1 2 1+q)?
= 322+ —2902+M logx+ﬂ+(9(a;_4) . (5.12)
3q 12¢gx2
For a pair of hypermultiplet, the expansion is the large y(y = o - p) expansion for
—2log[ Y, (iy + Q/2)], which is given by
—2log[Yy(iy + Q/2)]
1+¢? 1+q)%(1+6q+q?
g 22 BT \jggy - LD () oy (5.13)
6g 964%y>

"The instanton contribution can be neglected by considering the large N limit.
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The quadratic terms in (5.12) and (5.13) cancel with each other because of the conformality
condition [3]
> (o a)? = Y (o p)? . (5.14)
o P
One can add up the log coefficient of (5.12) and the log coefficient of (5.13) because both
of them can be translated into the coefficient of log AR as mentioned before.
For a general N = 2 conformal field theory containing n, vector multiplets and ny
hypermultiplets, one can again take use of the conformality condition and obtains the ¢
scaling of the universal term of free energy

2 2
FN2 o (Ml FBara np vty (5.15)
4 2 3q 2 6q

which gives the g-scaling of the supersymmetric Rényi entropy

_ 4q+1 1
5’;\/—2«—( q6+ nv+q1-|2r nf)z—(f+4a—c) . (5.16)
q q q

This precisely agrees with the free field result (5.4), which implies that the results (5.4)
and (5.7) are universal. It would be interesting if one can reproduce the g-scalings from
the background invariants in the context of N' =2 conformal supergravity.

Note that the large (o - ) expansion we used here is also consistent with the large mass
expansion in the works [70, 71], which turns out to be the correct way to extract universal
entanglement entropy (and Rényi entropy) for massive theories. Recall that in the weak
coupling limit A := g%, uN — 0, the 1-loop part in (5.8) is essentially the effective action
with a background field o on the ¢g-deformed sphere (which can be used to compute Rényi
entropy in free field limit). Now consider the numerator and denominator of the 1-loop part
in (5.8) separately, the effective actions are for massive theories, since the coupling with o
gives the effective mass term both for the vector multiplet and the hypermultiplet [65, 66].
The universal parts of Rényi entropy (supersymmetric) for these massive theories come
from the log coefficient in (5.12) and that in (5.13), respectively, following [70, 71]. Further
cancellation because of the conformality condition eliminates the mass dependence, which
eventually leads to the final results (5.16).

Bounds of a/c. Now we consider the inequalities for N' = 2 supersymmetric Rényi en-
tropy (5.7)

" S, §+4a—c .
=== 5.1

The large ¢ limit of (4.13) gives
1

>, 5.18
! (5.18)

which is the lower bound for A/ = 2 theories consistent with the results in [68, 69].
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A Killing spinors on S}

The round four-sphere can be considered as a three-sphere fibered on the p direction. The
metric is given by
ds?/R? = dp? + sin p*(d6? + sin? 0d7? + cos? 0dp?) (A1)
with
pel0,m], O€[0,7/2], T€[0,27), ¢e[0,2m). (A.2)
We choose the vielbein as
e'/R = sin psin(7 + ¢)df + sin pcos(T + ¢) sin f cos H(dr — d¢)
e’ /R = —sin pcos(t + ¢)df + sin psin(7 + ¢) sinf cos O(dr - d¢) ,
e} |R = sinp (sin0*dr + cos0>dp), e'/R=dp . (A.3)

One can define a 7" matrix as

0 0 —% tang 0
0 0 0 —itan?
T = 2 2 A4
(r) %cot L0 0 0 (A-4)
0 %cot g 0 0

We take the gamma matrices given in terms of Pauli matrices as follows

B 0 B 0 m
m= —im 0 )’ 2= —iTy 0 ]’

0 ’iT3 0 12><2
= 5 = . A..5
3 (_Z.7_3 0 ) 4 (12X2 0 ) (A.5)

And the chiral projection matrices are given by

PL=5(+95), Pr=3(1-15), (A.6)
where
V5 = V1727374 - (A.7)
With the vielbein and metric given above, one can actually find the following matrix
identities 1
2w =wT(p), n=0,7.0 (A.8)
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where w,, are spin connections. It means that an arbitrary constant 4-spinor (y satisfies
the first three equations (u =6, 7,¢) of (4.1), provided that ¢’ is defined as

1 / Ey—
QC =T(p)¢ . (A.9)

There remains an undetermined p-dependent matrix factor S(p) and the true Killing spinor
will be given by

¢=5(p) - (A.10)
Finally, S(p) can be determined by studying the p component of equation (4.1) and it is
given by
smf 0 0 0
0 sinf 0 0
S(p) = 2 A1l
(p) 0 0 cosb 0 ( )

0 0 0 co

w0

p

2

Now the g-branched four-sphere is obtained by replacing d7 in (A.1), (A.3) by ¢dr, and it
is easy to check that

C1

2

¢=S(p) (A.12)

C3
Cq

is still a solution, provided that a background field is turned on through the coupling

+1 0 0 0
Dy =V, +iA, 8 _01 +01 8 : (A.13)
0 0 0 -1
where A, takes the value
Ag - %dT . (A.14)

Recall that Pr, and Pgr project out the upper half and lower half of the 4-spinors. Pr( and
Pr( have opposite R-charges, +1 and —1. Therefore the true coupling with the background
field is

+1 0 0 O

. 0 +1 0 O
D,=v,+iA, 00 -1 0 (A.15)

0 0 0 -1

This means that the second component and the third component of the Killing spinor were
killed out and the remaining ones have opposite R-charges,

C1

=5 4 (A.16)

Cq
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B 3 different chirals plus 1 vector

Now we consider SCFTs including 3 chirals with different R-charges rq, 792,73 and 1 vector,
all standing in the adjoint representation of some gauge group G. They may be realized as
IR fixed points of some RG flows with UV free descriptions and nontrivial potentials. Let
us parametrize the three R-charges as

2 2 2
le_x)TQZ_y)TSZ_Z' (B]‘)

The SRE is given by

o —101@ A+ (3B-2A)q+ (27-3B+ A)¢?
q~ 21T 27q2 ’
A=xyz, B=xy+yz+zr, (B.2)

where the sum of R-charges satisfies x + y + z = 3 by the constraint from the cubic super-
potential. One specific way to construct this IR SCFT is to consider N/ =4 SYM under 3
different U(1) chemical potentials. And (B.2) precisely agrees with the SRE computed by
directly dealing with N'=4 SYM in [1]. The result (B.2) has also been shown [1] to hold in
the strong coupling by the holographic computation of SRE from 5d BPS STU topological
black hole [50-52] with three different charges.

Let us look at the central charges of the IR SCFT. a and ¢ are given by

9 > 3y _ |G|
a=c=|Gl—=(1+> (r;i-1)°) = —zyz . (B.3)
32 - 4
One can verify that (4.9) is again satisfied.

By looking at the ¢ — 0 limit of (B.2) we clearly see that the R-charges affect the high
temperature behavior of SRE, therefore affect the central charges. However this does not
happen when ¢ — 1, where
Vs G|

== B.4
2 = (B.4)

Sg-1 =G

which is independent of R-charges.

C A geometric coincidence

Let us first look into more details about the scaling geometry under the limit ¢ - 0 for
S; x H3. The metric of S; x H? is given by

dsééng = R?(¢*dr? + dn? + sinh? ndQ3), (C.1)

which can be related to the 7 circle fibered on a 3-dimensional flat space by a Weyl factor
f:=cosh™n,
dszy s = R* 1 (fgPdr® + f(dn? +sinh® d3)) (C.2)
q
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where f is chosen to make the metric fds%ﬂg flat,
fdsts = dr* +1r2dQ3, r=tanhne[0,1] . (C.3)

After dropping the overall factor R?f~1, the metric (C.2) becomes a circle fibered on a flat
3-space,
ds? = (1 -r®)¢®dr® + dr® + r2dQ3,  re[0,1], (C4)

where the universal part of Rényi entropy or supersymmetric Rényi entropy should be the
same as that on the hyperbolic space since they are conformally equivalent [30]. Under the
limit ¢ — 0, the 7 circle shrinks and the geometry goes to a product with a tiny circle

S}PO x R3 . (C.5)

Notice that the supersymmetric nature is preserved on the space (C.5), which can be seen
by noting that the heat kernel on Sé (3.22) has periodic boundary condition for fermions
in the limit ¢ - 0.

The key observation is that the space (C.5) can also be obtained by taking a particular
limit of Szli X Sg. This is the limit

B~ —>%, b=y/q—0. (C.6)

Sl-

Let us look into more details about the scaling limit of S}j X SZ’. We use r1 and r3 to
denote the radius of the circle and the 3-sphere, respectively. The length of the circle is
defined as the inverse temperature, 8 = 27wr;. The metric of S}; X S‘Z’ is given by

ds® = ridr® + r3 (b7 sin® 0 + b* cos® 0)d6? + b~? cos® 0T + b? sin® 0d¢3 ] | (C.7)
where
T€[0,2m), O¢€[0,7/2], ¢1€[0,2m), ¢Poe[0,2m) . (C.8)
Replacing b by /q one obtains
2
1,2 Lpo o 2 .2 2 2 2, 2.2 2
E = édT + p [(sin” 0 + ¢* cos® 0)d6” + cos® 0dpT + ¢* sin” Od | (C.9)

where we have divided the metric by an overall r3, which will not affect the final partition

function for scale invariant theories. Notice that the part inside the square brackets is the

squashed 3-sphere §2, which can be considered as the resolved version of (2.4) in d = 3.
Under the limit ¢ — 0,

dség sin? 0d6? + cos? 0dp? + ¢* sin® Od >

dy? + y*det + > (1 - y*)d¢s, (y:=cosf e [0,1]) (C.10)

which is effectively D? x S; in the limit. Here D? means 2-disk with unit radius. In
consideration of the 1/q factor in front of the square brackets in (C.9), the geometry

becomes D? x St 7

1va
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Now we take a particular scaling for r; in order to combine the circle SE and the 2-disk
D? we have just obtained from the extremely squashed 3-sphere,

2
T 1
T—% == (C.11)
3 g
Putting all together in the limit ¢ — 0, the 4-geometry becomes
[S' %Dy, 5% S,yq, (C.12)
which can be rescaled by multiplying an overall factor /g,
[S' xD*] xS, . (C.13)
In the limit ¢ — 0, the geometry becomes
Se0 xR?, (C.14)

which is the same as the one in (C.5).

Because of the coincidence of different geometries in the limit ¢ — 0, we could be able
to compute the exact result on Scll x H? using the available results on other manifold, such
as S,}? x S3, by identifying the leading free energy (normalized by a volume factor)
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