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via Irnerio 46, I-40126 Bologna, Italy
bDepartamento de Ciencias F́ısicas, Universidad Andres Bello,

Republica 220, Santiago, Chile
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1 Introduction

The original two-dimensional Poisson sigma model [1, 2] provides a quantum field theo-

retic implementation [3] of Kontsevich’s formality theorem [6], which states that, modulo

the issue of ordering prescriptions, there is one-to-one correspondence between algebras of

functions equipped with Poisson brackets and nonlocal products that are noncommutative

and associative, known as star products. More precisely, the Feynman diagrammatic ex-

pansion of the Poisson sigma model [3] on a disc reproduces Kontsevich’s star product in

the case of Poisson manifolds of Rn topology. More general worldsheet topologies involving

multiple boundaries have been analyzed in [4] and a related boundary state formalism has

been set up in [5].

It is natural to ask whether there exists an extension of the star product to differential

forms that is manifestly covariant and compatible with a nilpotent operator that deforms

the de Rham differential, referred to as differential star product algebras. Indeed, at the

semi-classical level, the Poisson algebras of functions can be extended to differential forms

that are compatible with the de Rham differential [7–9], also known as differential Poisson

algebras. Following the algebraic approach, these algebras have been shown [10–12] to

admit deformations that yield differential star product algebras up to second order in the

deformation parameter, except in the torsion free symplectic case where the star product

is given by a covariantized Moyal formula to all orders. For realizations of differential

star product algebras on manifolds with compatible Poisson and Riemannian structures,

– 1 –



J
H
E
P
0
8
(
2
0
1
5
)
0
4
7

related to Connes’ construction of noncommutative differential algebras based on spectral

triples [13], see for example [7, 9].

In [14], we have constructed a natural extension of the original Poisson sigma model

by including vectorial fermions, and proposed that its perturbative quantization yields the

full differential star product algebra on a manifestly covariant format. A key feature of this

model is that, besides its gauge symmetries, it exhibits a rigid nilpotent supersymmetry,

i.e. a symmetry generated by a holonomic vector field, that is the vectorial superspace

counter part of the de Rham differential on the original bosonic Poisson manifold.

In this technical note, we show that it is possible to gauge this holonomic symme-

try, following the standard Noether approach, without the need to impose any further

constraints on the differential Poisson algebra geometry. This construction opens up a

framework for constructing topological open string fields theories within the framework

of Cartan integrable systems. In particular, based on [15–17], we propose that models of

these type may provide first-quantized formulations of higher spin gravities, as we shall

comment on further in the Conclusions.

The paper is organized as follows: section 2 describes the basic features of the un-

gauged model and its proposed usage in deformation quantization. The gauged model is

formulated and analyzed in section 3, with particular attention paid to its universal Cartan

integrability. We conclude with a proposal for higher spin gravity in section 4. Appendix A

contains some useful identities for tensor calculus on Poisson manifolds.

2 The ungauged model

2.1 General framework

While we are here going to focus on a particular class of two-dimensional models, related

to associative free differential algebras, these models are part of a larger framework for

constructing homotopy associative quantum algebras with free differentials based on topo-

logical open p-branes [18–21]. The basic idea is to use perturbative quantization on the

worldvolumes to deform the semi-classical algebras of differential forms Λ(N) on graded

target space manifolds N . As proposed in [14], in order to include elements in Λ(N) of

arbitrary degrees, the manifold N should be extended to a vectorial superspace TfN , in

the sense that for each coordinate of N , Xα say, of degree pα, one introduces a fermionic

partner, Θα, of the same degree. Thus, the bundle TfN has local vectorial supercoordinates

(Xα,Θα) with bi-grading

deg(Xα,Θα) = (pα, pα) , ǫf(X
α,Θα) = (0, 1) . (2.1)

As for the rest of the construction, following the usual procedure, additional momentum

variables, say (Pα, λα), are introduced, with

deg(Pα, λα) = (p− pα, p− pα) , ǫf(Pα, λα) = (0, 1) . (2.2)

playing the role of Lagrange multipliers on the worldvolume. Thus, the sigma model map

ϕ : Mp+1 → N sends the worldvolume to a target bundle N over TfN that is (N,Z2)-

graded, in the sense that all tensorial objects O over N have a degree deg(O) and an
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additional Grassmann parity ǫf(O). Finally, in order to have well-defined semi-classical

algebra the Koszul sign convention is taken to be

OO′ = (−1)deg(O)deg(O′)+ǫf(O)ǫf (O
′)O′O . (2.3)

The classical action of the extended model with fermions takes the same form as that of

the original bosonic model, viz.

Scl =

∫

Mp+1

ϕ∗(ϑ−H) , (2.4)

where ϑ is the symplectic potential on N and H is a generalized Hamiltonian obeying

{H,H} = 0, using the bracket defined by the symplectic form Ω = dϑ. By means of

the AKSZ procedure [22], the classical action can then be extended further to a Batalin-

Vilkovisky [23–25] (quantum) master action with AKSZ superfields with distinct total

degree | · |, equal to the sum of ghost number and (classical form) degree, and Grassmann

parity; the Koszul sign convention now takes the form

OO′ = (−1)|O||O′|+ǫf (O)ǫf (O
′)O′O . (2.5)

In particular, working on N , the differential d on N , which has

deg(d) = 1 , ǫf(d) = 0 , (2.6)

can be realized as a holonomic vector field δf on TfN , which has

deg(δf) = 0 , ǫf(δf) = 1 , (2.7)

by mapping p-forms ω on N to zero-forms fω on TfN that are p-linear functions of the

fermionic fiber coordinates, viz.

ω =
1

p!
dXα1 ∧ · · · ∧ dXαpωα1···αp 7→ fω =

1

p!
Θα1 · · ·Θαp ωα1···αp , (2.8)

and taking

δfX
α = Θα , δfΘ

α = 0 . (2.9)

2.2 Differential Poisson algebras

As for the underlying target space geometry, upon going to canonical coordinates, the ex-

pansion of the Hamiltonian in momenta yields a set of mutually compatible poly-vector

fields and related geometric structures on N (including pre-connections), that constitute

graded (anti-)symmetric brackets obeying natural graded generalizations of Leibniz’ rule

and the Jacobi identity, defining a generalized differential Poisson algebra on N . The defor-

mation quantization of such brackets can be achieved following a purely algebraic approach.

In particular, the algebra of zero-forms on a manifold N of degree 0 equipped with an ordi-

nary bi-vector field Π = Παβ∂α∧∂β obeying the Poisson condition {Π,Π}Schouten = 0, such

that the Poisson bracket {f, g} = Π(df, dg) between zero-forms obeys the Jacobi identity,

can be deformed to an associative algebra equipped with Kontsevich’s star product.
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The semi-classical Poisson bracket algebra can be extended to a differential Poisson

algebra with a Poisson bracket between general differential forms that is compatible with

the de Rham differential. This extension can be achieved by introducing a connection one-

form Γα
β = dφγΓα

γβ and an additional tensorial one-form S = dφαS
βγ
α ∂β ⊙ ∂γ , such that

the bracket between a function f and a one-form ω reads

{f, ω} = Παβ∂αf∇βω + (∇̃Παβ + Sαβ)∂αfıβω , (2.10)

where ∇̃ is defined using the connection one-form Γ̃α
β = dφγΓ̃α

γβ where Γ̃α
γβ = Γα

γβ + Tα
βγ ,

i.e. ∇̃ω = ∇ω + 2ıTω treating the torsion T of Γ as a vector-valued differential two-form.

It is convenient to work with a connection that annihilates the Poisson structure, that is,

to make the following compatibility assumption:

∇̃αΠ
βγ = 0 . (2.11)

Its integrability requires that the curvature two-form R̃α
β = 1

2dφ
γ ∧ dφδR̃γδ

α
β obeys

R̃αβ := ΠβγR̃α
γ = R̃βα , (2.12)

and, as shown in the appendix, that

Πλ[β
(
Rλǫ

γ]
α +Rαλ

γ]
ǫ −∇λT

γ]
ǫα

)
= 0 . (2.13)

Assuming in addition that S = 0, the resulting Poisson bracket between two differential

forms ω and η can be written as

{ω, η} = Παβ∇αω ∧∇βη + (−1)deg(ω)R̃αβıαω ∧ ıβη , (2.14)

where the last term thus ensures that d{ω, η} = {dω, η}+ (−1)deg(ω){ω, dη}. As has been

shown in [7, 8, 10–12], the graded Jacobi identities hold provided that the torsion and the

curvature obey integrability conditions, listed below in eqs. (2.22)–(2.25).

We would like to remark that whereas there is no obstruction to deforming a Poisson

bracket into a star product in a space of zero-forms, which is one of the main results

of Kontsevich’s formality theorem, there is to our best understanding no classification of

the obstructions, if any, to deforming a differential Poisson algebra into a differential star

product algebra.

2.3 2D Poisson sigma model with holonomic symmetry

Returning to the field theoretic point-of-view, the natural approach towards the deforma-

tion quantization of the aforementioned bracket structures thus consists of coupling the

underlying integrable geometric structures to open topological p-branes, as outlined above.

One can then treat the classical differential forms as symbols for boundary vertex opera-

tors, with the aim of obtaining the differential star product algebra perturbatively using

the AKSZ formalism, which we leave for future work.

As far as the deformation of standard Poisson brackets between zero-forms is concerned,

the perturbative quantization of the two-dimensional Ikeda-Schaller-Strobl Poisson sigma
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φα ηα θα χα

deg2 0 1 0 1

ǫf 0 0 1 1

Table 1. Form degree deg2(·) on M2 and Grassmann parity ǫf(·) of the fields (φα, ηα; θ
α, χα).

model [1, 2] was shown by Cattaneo and Felder [3] to re-produce Kontsevich’s explicit star

product formula on N = R
n [6], indeed without encountering any obstructions albeit on a

non-manifestly covariant form.

More recently, in [14], we have proposed that the manifestly covariant deformation

quantization of the differential Poisson algebra, including differential forms in higher de-

grees, can be achieved starting from the aforementioned natural extension of the Ikeda-

Schaller-Strobl model, which thus facilitates the mapping (2.8) of line-elements dφα on N ,

with degree one and fermion number zero, to the fiber coordinates θα on TfN , with degree

zero and fermion number one.

To write the model down, one thus introduces momenta ηα and χα for φα and θα,

which thus have degrees one and fermion numbers zero and one, respectively. The classical

action is now given by [14]

S0 =

∫

M2

(
ηα ∧ dφα +

1

2
Παβηα ∧ ηβ + χα ∧∇θα +

1

4
R̃γδ

αβχα ∧ χβθ
γθδ

)
, (2.15)

where the field variables (φα, ηα; θ
α, χα) are assigned form degrees deg2(·) on M2 and an

additional Grassmann parity ǫf(·) as in table 1.

In the target space, the fields φα are local coordinates of the base manifold N of a

bundle T ∗[1, 0]N⊕T ∗[1, 1]N⊕T [0, 1]N with fiber coordinates (ηα, χα, θ
α), where T ∗[m, ǫ]N

is obtained from T ∗N ≡ T ∗[0, 0]N by replacing the fiber coordinates by new fiber coor-

dinates with degree m and Grassmann parity ǫ, idem T [m, ǫ]N . The sigma model map

ϕ : M2 → N induces a bundle over M2 as follows:

ϕ∗
(
T ∗[1, 0]N ⊕ T ∗[1, 1]N ⊕ T [0, 1]N

)

=
(
ϕ∗(T ∗[0, 0]N)⊗ T ∗M2

)
⊕
(
ϕ∗(T ∗[0, 1]N)⊗ T ∗M2

)
⊕ ϕ∗(T [0, 1]N) , (2.16)

whose sections we denote by (ηα, χα, θ
α) as well, for simplicity of notation. The covariant

derivatives on M2 of these sections are given by

∇θα = dθα + dφβΓα
βγθ

γ ,

∇ηα = dηα − dφγΓβ
γαηβ ,

(2.17)
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idem χα. As shown in [14], the equations of motion, which read

Rφα

0 := dφα +Παβηβ = 0 , (2.18)

Rθα

0 := ∇θα +
1

2
R̃γδ

αβχβθ
γθδ = 0 , (2.19)

Rηα
0 := ∇ηα +

1

4
∇αR̃δǫ

βγχβ ∧ χγθ
δθǫ +Rαγ

β
δχβ ∧ dφγθδ = 0 (2.20)

Rχα

0 := ∇χα −
1

2
R̃αδ

βγχβ ∧ χγθ
δ = 0 , (2.21)

form a universally Cartan integrable system provided that the background fields obey the

conditions

Πδ[αT
β
δǫΠ

γ]ǫ = 0 , (2.22)

ΠαρΠσβRρσ
γ
δ = 0 , (2.23)

Παλ∇λR̃βγ
ρσ = 0 , (2.24)

R̃ǫ[ρ
(αβR̃σλ]

γ)ǫ = 0 , (2.25)

which in their turn are equivalent to that the Poisson bracket (2.14) obeys the graded Jacobi

identities. More precisely, the integrability of the constraint on Rφα

0 requires eqs. (2.22)–

(2.24), while the integrability of the remaining constraints requires eqs. (2.23)–(2.25). In

fact, decomposing the constraints into Young tables (not subtracting any traces), one

finds that the covariant derivatives of (2.22) and (2.23) contain parts of (2.23) and (2.24),

respectively, while all of (2.25) is contained in the covariant derivative of (2.24).

The compatibility of the bracket (2.14) with the exterior derivative translates into the

fact that the action has a rigid holonomic symmetry, denoted by δf, which acts on the fields

as follows:

δfφ
α = θα ,

δfθ
α = 0 ,

δfηα = Γβ
αγηβθ

γ +
1

2
R̃βγ

δ
α χδ θ

βθγ ,

δfχα = −ηα − Γβ
αγχβθ

γ . (2.26)

The supersymmetry invariance of the action can be made manifest by re-writing its La-

grangian on the following δf-exact form:

S0 =

∫

M2

δfV , (2.27)

where the functional V , which is a fermionic two-form, is given by

V = −χα ∧

(
dφα +

1

2
Παβηβ

)
, (2.28)

– 6 –
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where we have used (2.11). The corresponding Noether current is given by

Jf = ηαθ
α −

1

2
Tα
βγχαθ

βθγ . (2.29)

In computing dJf on-shell, the coefficient of the χ2θ3 term can be seen to vanish using

eq. (A.5) and the Bianchi identity (A.8) for the Riemann tensor. The coefficient of the

ηχθ2 term cancels by virtue of the relation between the curvatures of Γα
βγ and Γ̃α

βγ in (A.7)

and the torsion Bianchi identity (A.9).

3 The gauged model

In this section, following the standard Noether procedure adapted to the generalized Hamil-

tonian format, we shall derive a classical action for a version of the above sigma model in

which the rigid supersymmetry is gauged. That is, we shall add two fields to the model,

namely a fermionic one-form ψ, whose role is to covariantize all the derivatives, and its

fermionic zero-form Lagrange multiplier λ. As we shall see, at the classical level, the

gauging is consistent without imposing any further restrictions on the background Poisson

geometry than those already underlying the construction of the ungauged model.

As already remarked, whether the model actually remains consistent at the quantum

level, and whether there exists any related extension of Kontsevich’s formality theorem

to the deformation of differential Poisson algebras, remains to be investigated further. In

particular, it would be interesting to examine carefully potential anomalies in the Noether

current and the conditions on the background in order to avoid or cancel these. We

would also like to remark that one may think of ψ as a gravitino field for an abelian

superalgebra without any bosonic generator, which may be of importance in introducing

further gaugings in order to construct topological open string models, that in particular

could serve as microscopic origins for higher spin gravities.

3.1 The action

In order to gauge the holonomic vector field δf we introduce a fermionic one-form ψ gauge

field and its corresponding fermionic zero-form momentum λ, and couple ψ to the Noether

current (2.29). The resulting gauged model is described by the classical action

S = S0 +

∫

M2

(
ψ ∧ Jf + λdψ +

c

2
ψ ∧ ψ

)
, (3.1)

or more explicitly,

S =

∫

M2

(
ηα ∧ (dφα − ψθα) +

1

2
Παβηα ∧ ηβ + χα ∧ (dθα + (dφβ − ψθβ)Γα

βγθ
γ)

+
1

4
R̃γδ

αβχα ∧ χβθ
γθδ + λdψ +

c

2
ψ ∧ ψ

)
, (3.2)

where c is a real parameter that cannot be fixed as we are gauging an abelian symmetry.

The field variables degrees deg2(·) on M2 and the additional Grassmann parity ǫf(·) are

given in table 2.
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φα ηα θα χα ψ λ

deg2 0 1 0 1 1 0

ǫf 0 0 1 1 1 1

Table 2. Form degree deg2(·) on M2 and Grassmann parity ǫf(·) of the fields (φα, ηα; θ
α, χα;ψ, λ).

3.2 Equations of motion

We have the following equations of motion:

Rφα

:= Rφα

0 − ψθα = 0 , (3.3)

Rθα := Rθα

0 −
1

2
ψ Tα

βγ θ
βθγ = 0 , (3.4)

Rηα := Rηα
0 − ψ ∧

(
Rαγ

β
δ χβ θ

γθδ + T β
αγ ηβ θ

γ +
1

2
R̃βγ

δ
α χδ θ

βθγ
)

= 0 (3.5)

Rχα := Rχα

0 + ψ ∧
(
ηα + T

γ
αβ χγ θ

β
)
= 0 , (3.6)

Rψ := dψ = 0 , (3.7)

Rλ := dλ− Jf − cψ = 0 , (3.8)

The Cartan curvatures (Rφα

,Rθα ,Rχα ,Rψ ,Rλ) are proportional to the functional deriva-

tives of S with respect to (η, χ, θ, λ, ψ), respectively, while (3.5) has been obtained from

δS

δφα
= dηα +

1

2
∂αΠ

βγηβ ∧ ηγ +
(
Γγ
αβdχγ − χγ ∧ dΓγ

αβ + ∂αΓ
γ
δβχγ ∧ (dφδ − ψθδ)

)
θβ

−Γγ
αβχγ ∧ dθβ +

1

4
∂αR̃βγ

δǫχδ ∧ χǫθ
βθγ , (3.9)

by rewriting ∂αΠ
βγηβηγ using Rφα

= 0 and ∇̃αΠ
βγ = 0, and the quantities dχγΓ

γ
αβθ

β and

χγΓ
γ
αβdθ

β using Rχα = 0 and Rθα = 0, respectively.

Alternatively, upon defining

Dφα = dφα − ψθα , Dθα = ∇θα −
1

2
ψθβTα

βγθ
γ , (3.10)

Dηα = ∇ηα +
1

2
ψθβT

γ
βα ∧ ηγ , Dχα = ∇χα +

1

2
ψθβT

γ
βα ∧ χγ , (3.11)

the equations of motion take the form

Dφα +Παβηβ = 0 , (3.12)

Dθα +
1

2
R̃γδ

αβ χβ θ
γθδ = 0 , (3.13)

Dχα −
1

2
R̃αβ

γδχγ ∧ χδθ
β + ψ ∧

(
ηα +

1

2
T
γ
αβ χγ θ

β

)
= 0 , (3.14)

Dηα +Rαγ
β
δ χβ ∧Dφγθδ +

1

4
∇αR̃δǫ

βγχβ ∧ χγ θ
δθǫ+

−
1

2
ψ ∧

(
R̃βγ

δ
α χδ θ

βθγ + T
γ
αβ ηγθ

β
)
= 0 . (3.15)
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This more geometric form of writing the equations is less useful, however, for verifying the

Cartan integrability, as the on-shell value of the D2 operator is more involved than that of

the ∇2 operator, as can be seen by comparing

D2φα =
1

2
ΠβδΠγǫTα

βγηδ ∧ ηǫ −
1

2
ψ ∧

(
ΠγδTα

βγηδθ
β + R̃γδ

αβχβθ
γθδ

)
, (3.16)

D2θα = −ψ ∧

(
ΠγǫRβγ

α
δηǫθ

βθδ +
1

4
Tα
βγR̃δǫ

βρχρθ
δθǫθγ +

1

2
Πδρ∇δT

α
βγηρθ

βθγ
)

, (3.17)

D2χα = −ψ ∧

(
ΠδǫRγδ

β
αηǫ ∧ χβθ

γ −
1

4
T
γ
βαR̃δǫ

βρχρ ∧ χγθ
δθǫ +

1

2
Πδǫ∇δT

γ
βαηǫ ∧ χγθ

β

)

+
1

2
ψ ∧ ψ ∧

(
Rγδ

β
αχβθ

γθδ −
1

2
T
β
δρT

γ
βαχγθ

δθρ+∇δT
γ
βαχγθ

βθδ +
1

2
T
γ
βαT

ρ
ǫγχρθ

βθǫ
)
,

(3.18)

and a similar expression for D2ηα, with

∇dφα =
1

2
ΠβδΠγǫTα

βγηδ ∧ ηǫ − ψ ∧ΠγδTα
βγ ηδ θ

β −
1

2
ψ ∧ ψ Tα

βγθ
βθγ , (3.19)

∇2θα = −ψ ∧ΠδǫRγδ
α
βηǫθ

γθβ −
1

2
ψ ∧ ψRγδ

α
βθ

γθδθβ , (3.20)

∇2ηα = ψ ∧ΠδǫRγδ
β
αηǫ ∧ ηβθ

γ +
1

2
ψ ∧ ψRγδ

β
αηβθ

γθδ , (3.21)

∇2χα = −ψ ∧ΠδǫRγδ
β
αηǫ ∧ χβθ

γ +
1

2
ψ ∧ ψRγδ

β
αχβθ

γθδ , (3.22)

where ΠαβΠγδRβδ
ǫ
λ = 0 has been used repeatedly, and the torsion Bianchi identity

eq. (A.9) has been used to cancel the ψ2-terms in D2θα. Thus, in what follows, we shall

verify the integrability of the equations of motion by acting with ∇ on the generalized

Cartan curvatures.

3.3 Universal Cartan integrability

Letting Ri = (Rφα

,Rθα ,Rηα ,Rχα ,Rψ,Rλ), sometimes referred to as the Cartan curva-

tures, we are going to show that there exists a field dependent matrix M i
j such that the

obstructions

Ai := ∇Ri +Rj ∧M i
j (3.23)

defined off-shell, vanish on base manifolds of arbitrary dimensions, essentially by virtue

of eqs. (2.22)–(2.25) and the compatibility condition (2.11) and its consequences (2.12)

and (2.13). In other words, the equations of motion form a universally Cartan integrable

system on the base manifold, that is, the field variables generate a free differential algebra

on-shell, by virtue of the fact that the target space geometry describes a differential Poisson

algebra.

In order to analyze the above problem, one first computes ∇Ri off-shell, and one may

then proceed on-shell by first using the identities (3.19)–(3.22) and then simplify the ex-

pressions further by means of identities involving the background fields. In doing so, we

– 9 –
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shall not keep track of the matrix M i
j , and we shall expand Ai = Ai

0+ψ∧Ai
1+

1
2ψ∧ψ∧Ai

2,

where thus Ai
0 vanish due to eqs. (2.22)–(2.25), (2.11) and (2.12) (but not (2.13)), as was

shown in [14]. Thus, we only need to analyze the potential obstructions from Ai
1 and Ai

2.

As we have already stressed, we shall see that these obstructions vanish without any further

conditions on the background (though the vanishing of Aηα requires eq. (2.13)).

Aψ: This quantity vanishes identically because ∇dψ = ddψ = 0.

Aλ: As ∇dλ = 0 and ∇ψ = dψ = 0, we have to check that dJf remains closed on-shell in

the gauged model. Indeed, the ψχθ3 term vanishes identically due to the relation (A.7)

and the torsion Bianchi identity.

Aφα

: The ψχθ2 and ψ2θ2 terms cancel uneventfully while the coefficient of the ψηθ term

cancel as a consequence of the compatibility assumption (A.10).

Aθα : The ψηθ2 term can be seen to cancel using the relation (A.7) and the torsion Bianchi

identity (A.9). The ψχθ3 term vanishes by virtue of (A.5) and the Bianchi identity (A.8)

for the Riemann tensor of Γ̃. The ψ2θ3 term can be cancelled using the Bianchi identity

for the Riemann tensor of Γ.

Aχα : The ψηχθ term can be cancelled by first using (A.7) and then the torsion Bianchi

identity (A.9). The ψχ2θ2 terms caan be seen to vanish by first using (A.5) and then the

Bianchi identity (A.8) for the Riemann tensor of the connection Γ̃. Finally, the ψ2θ2χ

terms cancel due to (A.7).

Aηα : The verification of the vanishing of this obstruction is less straightforward than the

previous ones. The ψη2θ term cancels due to the identity (2.13) (which was not needed in

checking the Cartan integrability of the ungauged model). The coefficient of the ψχ2θ3 term

is proportional to the covariant derivative of the Bianchi identity for the Riemann tensor of

the connection Γ̃, that is, ∇µ(∇̃[αR̃βγ]
δǫ− T̃ λ

[αβR̃γ]λ
δǫ) = 0. One can furthermore check that

the ψχηθ2 term vanishes using (A.7) and the two Bianchi identities (A.8) and (A.9). The

coefficient of the ψ2ηθ2 term can be seen to vanish using (A.7). Finally, the ψ2χθ3 term

can be cancelled by first using (A.5) and then the Bianchi identity (A.8) for the Riemann

tensor.

3.4 Gauge transformations

Following the general procedure [26] outlined in [14], we use Rφα

to eliminate dφα, as to

write the equations of motion as

R̂φα

= dφα +Παβηβ − ψθα , (3.24)

R̂θα = dθα −ΠβγΓα
βδηγθ

δ +
1

2
R̃γδ

αβχβθ
γθδ , (3.25)

R̂ηα = dηα +ΠβγΓδ
βα ηγ ∧ ηδ +ΠγλRαγ

β
δ ηλ ∧ χβθ

δ +
1

4
∇αR̃δǫ

βγχβ ∧ χγθ
δθǫ ,

− ψ ∧

(
Γβ
αγηβθ

γ +
1

2
R̃βγ

δ
αχδθ

βθγ
)

, (3.26)

R̂χα = dχα +ΠβγΓδ
βαηγ ∧ χδ −

1

2
R̃αδ

βγχβ ∧ χγθ
δ + ψ ∧

(
ηα + Γβ

αγχβθ
γ
)
, (3.27)
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ǫ
(η)
α ǫ

(χ)
α ǫ(ψ)

deg2 0 0 0

ǫf 0 1 1

Table 3. Form degree deg2(·) on M2 and Grassmann parity ǫf(·) of the gauge parameters

(ǫ
(η)
α ; ǫ

(χ)
α ; ǫ(ψ)).

R̂ψ = dψ = 0 , (3.28)

R̂λ = dλ− ηαθ
α +

1

2
Tα
βγχαθ

βθγ − cψ = 0 . (3.29)

Since these curvatures are on the canonical form

R̂i := dZi + Q̂i(Zj) = 0 , Zi = (φα, ηα; θ
α, χα;ψ, λ) , (3.30)

where thus Q̂i is a Q structure, viz.

Q̂j ∧
∂

∂Zj
Q̂i = 0 , (3.31)

the universal Cartan integrability amounts to the generalized Bianchi identities

dR̂i + R̂j ∧
∂

∂Zj
Q̂i = 0 . (3.32)

The on-shell gauge transformations are consequently given by

δZi = dǫi − ǫj
∂

∂Zj
Q̂i , modulo R̂i , (3.33)

where ǫi = (0, ǫ
(η)
α ; 0, ǫ

(χ)
α ; ǫ(ψ), 0) are gauge parameters with degrees and Grassmann par-

ities given in table 3. Applying the above general formalism to the present model, the

infinitesimal on-shell gauge transformations are found to be

δφα = −Παβǫ
(η)
β + ǫ(ψ)θα , (3.34)

δθα = ΠβγΓα
βδǫ

(η)
γ θδ −

1

2
R̃γδ

αβǫ
(χ)
β θγθδ , (3.35)

δηα = ∇ǫ(η)α −ΠβγΓδ
βαǫ

(η)
γ ηδ −ΠγλRαγ

β
δ ǫ

(η)
λ χβθ

δ +ΠγλRαγ
β
δ ηλǫ

(χ)
β θδ

−
1

2
∇αR̃δǫ

βγǫ
(χ)
β χγθ

δθǫ + ǫ(ψ)
(
Γβ
αγηβθ

γ +
1

2
R̃βγ

δ
αχδθ

βθγ
)
, (3.36)

δχα = ∇ǫ(χ)α −ΠβγΓδ
βαǫ

(η)
γ χδ + R̃αδ

βγǫ
(χ)
β χγθ

δ − ǫ(ψ)
(
ηα + Γβ

αγχβθ
γ
)
, (3.37)

δψ = dǫ(ψ) , (3.38)

δλ = ǫ(η)α θα −
1

2
Tα
βγǫ

(χ)
α θβθγ + cǫ(ψ) . (3.39)
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In particular, we note that the gauge transformation associated to the gauge parameter

ǫ(ψ) corresponds to the δf supersymmetric transformation (2.26), i.e.

δǫ(ψ)(φα, ηα; θ
α, χα) = ǫ(ψ)δf(φ

α, ηα; θ
α, χα) , (3.40)

and moreover

δǫ(ψ)ψ = dǫ(ψ) , δǫ(ψ)λ = c ǫ(ψ) . (3.41)

Off-shell, it follows from the general formalism [26], that the gauge transformations are

given by

δZi = dǫi − ǫj
∂

∂Zj
Q̂i +

1

2
ǫk R̂l ∂Ωkj

∂Z l
Pji , (3.42)

where we have introduced the symplectic two-form

Ω = dϑ =
1

2
dZiOijdZ

j =
1

2
dZidZjΩij , P ikOkj = −δij , (3.43)

of degree three on the full target space N , with symplectic potential

ϑ = ηα ∧ dφα + χα ∧∇θα + λdψ , (3.44)

treated as a one-form of N-degree two on N . Thus, the matrix Oij can be read off from

Ω=
1

2

(
dφρ dηρ dθρ dχρ dψ dλ

)




2∂[ρΓ
α
γ]βχαθ

β δρ
γ −Γα

ργχα −Γγ
ραθ

α 0 0

δργ 0 0 0 0 0

−Γα
γρχα 0 0 −δρ

γ 0 0

Γρ
γαθ

α 0 δργ 0 0 0

0 0 0 0 0 −1

0 0 0 0 1 0







dφγ

dηγ

dθγ

dχγ

dψ

dλ




.

(3.45)

Moreover, the components Pji of the Poisson structure on N are given by

P ik =




0 −δσρ 0 0 0 0

−δσ
ρ Rσρ

α
βχαθ

β Γρ
σαθ

α −Γα
σρχα 0 0

0 Γσ
ραθ

α 0 −δσρ 0 0

0 Γα
ρσχα δσ

ρ 0 0 0

0 0 0 0 0 −1

0 0 0 0 1 0




. (3.46)

Using the above four by four matrices is simple to show that P ikOkj = −δij . If the connec-

tion vanishes identically, then the off-shell modification of the gauge transformation (3.42)

vanishes.

4 Conclusions and remarks

Starting from the two-dimensional topological sigma model that was constructed in [14]

with the aim of covariantly quantizing differential Poisson algebras, we have shown that it is
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possible to gauge its rigid supersymmetry without having to impose any further constraints

on the background fields. It remains to be examined whether the gauging is consistent at

the quantum level, which in particular would require that the charge

qf =

∮
Jf , (4.1)

of the Noether current (2.29), or a suitably improved version thereof, is nilpotent as an

operator, which may lead to extra conditions on the geometric structures of the differential

Poisson algebra, e.g. its Ricci curvature Rαβ
β
γ . However, if such obstructions were to arise,

one might argue that they would do so already in the star product at the first sub-leading

order in the deformation parameter, but this is not the case, as was shown in [11] following

the algebraic approach to deformation quantization. This suggests that there will not

arise any obstruction at any order of perturbation theory, which we plan to examine in a

separate work.

One may ask for several natural generalizations of the present model: First of all, it is

possible to rewrite the action on a format more closely related to the original Ikeda-Schaller-

Strobl Poisson model [27] which facilitates the inclusion of the tensorial one-form S
αβ
γ in

eq. (2.10) while preserving the rigid supersymmetry, as well as further gaugings resulting

in more general Q-structures than the de Rham differential. For example, it would be

interesting to gauge additional holonomic vector fields arising from complex structures on

complex submanifolds, or sp(2) algebras associated to submanifolds with conical metric

structures.

Assuming quantum consistency, it is natural to expect that finite deformations of the

background can be modeled by an open string field Ψ obeying

{Q,Ψ}⋆ +Ψ ⋆Ψ = 0 , (4.2)

using the BRST operator

Q = γqf +Q(η,χ) , (4.3)

where γ is a bosonic ghost and Q(η,χ) is built from the η and χ ghosts. Drawing on recent

results in higher spin gravity [16, 17], we propose that Ψ contains a superconnection Z

valued in the direct product of two copies of the differential star product algebra on N ,

arising from zero-modes and winding-modes, and finite-dimensional matrices forming a

graded Frobenius algebra F with inner Klein operator κ. Saturating the fermionic zero-

modes by inserting a delta function in the path integral, one may then argue that (4.2)

contains the flatness condition

{κqf , Z}⋆ + Z ⋆ Z = 0 , (4.4)

where qf thus acts only on winding modes, and Z consists of even forms in the odd part of

F and odd forms in the even part of F , all valued in the associative (higher spin) algebra

generated by the bosonic zero-modes. Thus, if confirmed, our proposal would provide a

first-quantized framework for the duality extended Frobenius-Chern-Simons formulation of

higher spin gravity given in [16, 17].
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A Conventions and some useful identities

The covariant exterior derivative of a one-form ω = ωαdφ
α is given by

∇ωα = dωα − Γβ
α ∧ ωβ , Γα

β = dφγΓα
γβ . (A.1)

In terms of components, we have

∇ωα = dφβ∇βωα , ∇αωβ = ∂αωβ − Γγ
αβωγ . (A.2)

The curvature and torsion tensors

Rαβ
γ
δ = 2 ∂[αΓ

γ

β]δ + 2Γγ

[α|ǫΓ
ǫ
|β]δ , T

γ
αβ = 2Γγ

[αβ] . (A.3)

The square of the exterior covariant derivative acting on a one-form is

∇2ωα = −Rβ
α ∧ ωβ , Rβ

α =
1

2
dφγ ∧ dφδRγδ

β
α . (A.4)

We also make use of the covariant derivative ∇̃ with connection one-form

Γ̃α
β = dφγΓ̃α

γβ = dφγΓα
βγ , Γ̃α

βγ = Γα
γβ = Γα

βγ − Tα
βγ , (A.5)

and curvature two-form

∇̃2ωα = −R̃β
α ∧ ωβ , R̃α

β =
1

2
dφγ ∧ dφδR̃γδ,

α
β , (A.6)

where

R̃αβ
γ
δ = Rαβ

γ
δ − 2∇[αT

γ

β]δ + 2T γ

[α|ǫT
ǫ
|β]δ − T ǫ

αβT
γ
ǫδ . (A.7)

The component forms of the Bianchi identities for the Riemann tensor and the torsion read

as follows:

∇[αRβγ]
δ
ǫ − T λ

[αβRγ]λ
δ
ǫ = 0 , (A.8)

and

R[αβ
γ
δ] = ∇[αT

γ

βδ] − T ǫ
[αβT

γ

δ]ǫ , (A.9)

and, similarly, for the Γ̃ connection we have ∇̃[αR̃βγ]
δ
ǫ − T̃ λ

[αβR̃γ]λ
δ
ǫ = 0 and R̃[αβ

γ
δ] =

∇̃[αT̃
γ

βδ] − T̃ ǫ
[αβT̃

γ

δ]ǫ.

The compatibility condition ∇̃αΠ
βγ = 0 can equivalently be written as

∇αΠ
βγ = −2Πδ[βT

γ]
αδ . (A.10)
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The integrability of the compatibility condition implies that

R̃αβ
γδ := ΠδǫR̃αβ

γ
ǫ = R̃αβ

δγ . (A.11)

Alternatively, starting from the Ricci identity applied to the Poisson bi-vector, viz.

[∇ǫ,∇α]Π
βγ = −T δ

ǫα∇δΠ
βγ − 2Rǫα

[β
δΠ

γ]δ , (A.12)

and using the identity (A.9), we find that the integrability of the compatibility condi-

tion (A.10) can be phrased as that

Πλ[β
(
Rλǫ

γ]
α +Rαλ

γ]
ǫ −∇λT

γ]
ǫα

)
= 0 . (A.13)

Open Access. This article is distributed under the terms of the Creative Commons

Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in

any medium, provided the original author(s) and source are credited.

References

[1] N. Ikeda, Two-dimensional gravity and nonlinear gauge theory, Annals Phys. 235 (1994) 435

[hep-th/9312059] [INSPIRE].

[2] P. Schaller and T. Strobl, Poisson structure induced (topological) field theories,

Mod. Phys. Lett. A 9 (1994) 3129 [hep-th/9405110] [INSPIRE].

[3] A.S. Cattaneo and G. Felder, A Path integral approach to the Kontsevich quantization

formula, Commun. Math. Phys. 212 (2000) 591 [math/9902090] [INSPIRE].

[4] A.S. Cattaneo and G. Felder, Coisotropic submanifolds in Poisson geometry and branes in

the Poisson σ-model, Lett. Math. Phys. 69 (2004) 157 [math/0309180] [INSPIRE].

[5] A.S. Cattaneo and G. Felder, Relative formality theorem and quantisation of coisotropic

submanifolds, math/0501540 [INSPIRE].

[6] M. Kontsevich, Deformation quantization of Poisson manifolds,

Lett. Math. Phys. 66 (2003) 157 [q-alg/9709040].

[7] C.-S. Chu and P.-M. Ho, Poisson algebra of differential forms,

Int. J. Mod. Phys. 12 (1997) 5573 [q-alg/9612031] [INSPIRE].

[8] E.J. Beggs and S. Majid, Semiclassical differential structures, math/0306273 [INSPIRE].

[9] E. Hawkins, The structure of noncommutative deformations,

J. Differential Geom. 77 (2007) 385 [math.QA/0504232].

[10] A. Tagliaferro, The Star Product for Differential Forms on Symplectic Manifolds,

arXiv:0809.4717 [INSPIRE].

[11] S. McCurdy and B. Zumino, Covariant Star Product for Exterior Differential Forms on

Symplectic Manifolds, AIP Conf. Proc. 1200 (2010) 204 [arXiv:0910.0459] [INSPIRE].

[12] M. Chaichian, M. Oksanen, A. Tureanu and G. Zet, Covariant star product on symplectic

and Poisson spacetime manifolds, Int. J. Mod. Phys. A 25 (2010) 3765 [arXiv:1001.0503]

[INSPIRE].

[13] A. Connes, Noncommutative Geometry, Academic Press (1994).

– 15 –

http://creativecommons.org/licenses/by/4.0/
http://dx.doi.org/10.1006/aphy.1994.1104
http://arxiv.org/abs/hep-th/9312059
http://inspirehep.net/search?p=find+EPRINT+hep-th/9312059
http://dx.doi.org/10.1142/S0217732394002951
http://arxiv.org/abs/hep-th/9405110
http://inspirehep.net/search?p=find+EPRINT+hep-th/9405110
http://dx.doi.org/10.1007/s002200000229
http://arxiv.org/abs/math/9902090
http://inspirehep.net/search?p=find+EPRINT+math/9902090
http://dx.doi.org/10.1007/s11005-004-0609-7
http://arxiv.org/abs/math/0309180
http://inspirehep.net/search?p=find+J+Lett.Math.Phys.,69,157
http://arxiv.org/abs/math/0501540
http://inspirehep.net/search?p=find+EPRINT+math/0501540
http://dx.doi.org/10.1023/B:MATH.0000027508.00421.bf
http://arxiv.org/abs/q-alg/9709040
http://dx.doi.org/10.1142/S0217751X97002929
http://arxiv.org/abs/q-alg/9612031
http://inspirehep.net/search?p=find+EPRINT+q-alg/9612031
http://arxiv.org/abs/math/0306273
http://inspirehep.net/search?p=find+EPRINT+math/0306273
http://projecteuclid.org/euclid.jdg/1193074900#info
http://arxiv.org/abs/math.QA/0504232
http://arxiv.org/abs/0809.4717
http://inspirehep.net/search?p=find+EPRINT+arXiv:0809.4717
http://dx.doi.org/10.1063/1.3327559
http://arxiv.org/abs/0910.0459
http://inspirehep.net/search?p=find+EPRINT+arXiv:0910.0459
http://dx.doi.org/10.1142/S0217751X10049785
http://arxiv.org/abs/1001.0503
http://inspirehep.net/search?p=find+EPRINT+arXiv:1001.0503


J
H
E
P
0
8
(
2
0
1
5
)
0
4
7

[14] C. Arias, N. Boulanger, P. Sundell and A. Torres-Gomez, 2D σ-models and differential

Poisson algebras, arXiv:1503.05625 [INSPIRE].

[15] R. Bonezzi, O. Corradini and A. Waldron, Is Quantum Gravity a Chern-Simons Theory?,

Phys. Rev. D 90 (2014) 084018 [arXiv:1407.5977] [INSPIRE].

[16] N. Boulanger, E. Sezgin and P. Sundell, 4D Higher Spin Gravity with Dynamical Two-Form

as a Frobenius–Chern–Simons Gauge Theory, arXiv:1505.04957 [INSPIRE].

[17] R. Bonezzi and P. Sundell, Higher Spin Gravity in any Dimension with Dynamical

Two-form, to appear.

[18] J.S. Park, Topological open p-branes, hep-th/0012141 [INSPIRE].

[19] N. Ikeda, Deformation of BF theories, topological open membrane and a generalization of the

star deformation, JHEP 07 (2001) 037 [hep-th/0105286] [INSPIRE].

[20] C. Hofman and J.-S. Park, Topological open membranes, hep-th/0209148 [INSPIRE].

[21] C. Hofman and J.-S. Park, BV quantization of topological open membranes,

Commun. Math. Phys. 249 (2004) 249 [hep-th/0209214] [INSPIRE].

[22] M. Alexandrov, M. Kontsevich, A. Schwartz and O. Zaboronsky, The Geometry of the

master equation and topological quantum field theory, Int. J. Mod. Phys. A 12 (1997) 1405

[hep-th/9502010] [INSPIRE].

[23] I.A. Batalin and G.A. Vilkovisky, Gauge Algebra and Quantization,

Phys. Lett. B 102 (1981) 27 [INSPIRE].

[24] I.A. Batalin and G.A. Vilkovisky, Quantization of Gauge Theories with Linearly Dependent

Generators, Phys. Rev. D 28 (1983) 2567 [Erratum ibid. D 30 (1984) 508] [INSPIRE].

[25] I.A. Batalin and G.A. Vilkovisky, Existence Theorem for Gauge Algebra,

J. Math. Phys. 26 (1985) 172 [INSPIRE].

[26] N. Boulanger, N. Colombo and P. Sundell, A minimal BV action for Vasiliev’s

four-dimensional higher spin gravity, JHEP 10 (2012) 043 [arXiv:1205.3339] [INSPIRE].

[27] C. Arias, N. Boulanger, P. Sundell and A. Torres-Gomez, Vectorial Superspace formulation of

Gauged Poisson Sigma Models in Two Dimensions, to appear.

– 16 –

http://arxiv.org/abs/1503.05625
http://inspirehep.net/search?p=find+EPRINT+arXiv:1503.05625
http://dx.doi.org/10.1103/PhysRevD.90.084018
http://arxiv.org/abs/1407.5977
http://inspirehep.net/search?p=find+EPRINT+arXiv:1407.5977
http://arxiv.org/abs/1505.04957
http://inspirehep.net/search?p=find+EPRINT+arXiv:1505.04957
http://arxiv.org/abs/hep-th/0012141
http://inspirehep.net/search?p=find+EPRINT+hep-th/0012141
http://dx.doi.org/10.1088/1126-6708/2001/07/037
http://arxiv.org/abs/hep-th/0105286
http://inspirehep.net/search?p=find+EPRINT+hep-th/0105286
http://arxiv.org/abs/hep-th/0209148
http://inspirehep.net/search?p=find+EPRINT+hep-th/0209148
http://dx.doi.org/10.1007/s00220-004-1106-7
http://arxiv.org/abs/hep-th/0209214
http://inspirehep.net/search?p=find+EPRINT+hep-th/0209214
http://dx.doi.org/10.1142/S0217751X97001031
http://arxiv.org/abs/hep-th/9502010
http://inspirehep.net/search?p=find+EPRINT+hep-th/9502010
http://dx.doi.org/10.1016/0370-2693(81)90205-7
http://inspirehep.net/search?p=find+J+Phys.Lett.,B102,27
http://dx.doi.org/10.1103/PhysRevD.28.2567
http://inspirehep.net/search?p=find+J+Phys.Rev.,D28,2567
http://dx.doi.org/10.1063/1.526780
http://inspirehep.net/search?p=find+J+J.Math.Phys.,26,172
http://dx.doi.org/10.1007/JHEP10(2012)043
http://arxiv.org/abs/1205.3339
http://inspirehep.net/search?p=find+EPRINT+arXiv:1205.3339

	Introduction
	The ungauged model
	General framework
	Differential Poisson algebras
	2D Poisson sigma model with holonomic symmetry

	The gauged model
	The action
	Equations of motion
	Universal Cartan integrability
	Gauge transformations

	Conclusions and remarks
	Conventions and some useful identities

