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1 Introduction

The original two-dimensional Poisson sigma model [1, 2] provides a quantum field theo-
retic implementation [3] of Kontsevich’s formality theorem [6], which states that, modulo
the issue of ordering prescriptions, there is one-to-one correspondence between algebras of
functions equipped with Poisson brackets and nonlocal products that are noncommutative
and associative, known as star products. More precisely, the Feynman diagrammatic ex-
pansion of the Poisson sigma model [3] on a disc reproduces Kontsevich’s star product in
the case of Poisson manifolds of R™ topology. More general worldsheet topologies involving
multiple boundaries have been analyzed in [4] and a related boundary state formalism has
been set up in [5].

It is natural to ask whether there exists an extension of the star product to differential
forms that is manifestly covariant and compatible with a nilpotent operator that deforms
the de Rham differential, referred to as differential star product algebras. Indeed, at the
semi-classical level, the Poisson algebras of functions can be extended to differential forms
that are compatible with the de Rham differential [7-9], also known as differential Poisson
algebras. Following the algebraic approach, these algebras have been shown [10-12] to
admit deformations that yield differential star product algebras up to second order in the
deformation parameter, except in the torsion free symplectic case where the star product
is given by a covariantized Moyal formula to all orders. For realizations of differential
star product algebras on manifolds with compatible Poisson and Riemannian structures,



related to Connes’ construction of noncommutative differential algebras based on spectral
triples [13], see for example [7, 9].

In [14], we have constructed a natural extension of the original Poisson sigma model
by including vectorial fermions, and proposed that its perturbative quantization yields the
full differential star product algebra on a manifestly covariant format. A key feature of this
model is that, besides its gauge symmetries, it exhibits a rigid nilpotent supersymmetry,
i.e. a symmetry generated by a holonomic vector field, that is the vectorial superspace
counter part of the de Rham differential on the original bosonic Poisson manifold.

In this technical note, we show that it is possible to gauge this holonomic symme-
try, following the standard Noether approach, without the need to impose any further
constraints on the differential Poisson algebra geometry. This construction opens up a
framework for constructing topological open string fields theories within the framework
of Cartan integrable systems. In particular, based on [15-17], we propose that models of
these type may provide first-quantized formulations of higher spin gravities, as we shall
comment on further in the Conclusions.

The paper is organized as follows: section 2 describes the basic features of the un-
gauged model and its proposed usage in deformation quantization. The gauged model is
formulated and analyzed in section 3, with particular attention paid to its universal Cartan
integrability. We conclude with a proposal for higher spin gravity in section 4. Appendix A
contains some useful identities for tensor calculus on Poisson manifolds.

2 The ungauged model

2.1 General framework

While we are here going to focus on a particular class of two-dimensional models, related
to associative free differential algebras, these models are part of a larger framework for
constructing homotopy associative quantum algebras with free differentials based on topo-
logical open p-branes [18-21]. The basic idea is to use perturbative quantization on the
worldvolumes to deform the semi-classical algebras of differential forms A(/N) on graded
target space manifolds N. As proposed in [14], in order to include elements in A(NN) of
arbitrary degrees, the manifold N should be extended to a vectorial superspace T;N, in
the sense that for each coordinate of N, X say, of degree p,, one introduces a fermionic
partner, ©% of the same degree. Thus, the bundle Tt N has local vectorial supercoordinates
(X%, ©%) with bi-grading

deg(X*,0%) = (pasPa) (X4 0% =(0,1) . (2.1)

As for the rest of the construction, following the usual procedure, additional momentum
variables, say (P,, \a), are introduced, with

deg(Paa )\oc) = (p — Pa,P — poe) ) 6f(Pom /\a) = (07 1) . (2'2)

playing the role of Lagrange multipliers on the worldvolume. Thus, the sigma model map
¢ : Mpy1 — N sends the worldvolume to a target bundle N over TN that is (N, Zs)-
graded, in the sense that all tensorial objects @ over N have a degree deg(O) and an



additional Grassmann parity (). Finally, in order to have well-defined semi-classical
algebra the Koszul sign convention is taken to be

00 = (_1)deg(o)deg(ol)+€f(O)€f(0/)(’)’(’) . (2.3)

The classical action of the extended model with fermions takes the same form as that of
the original bosonic model, viz.

Set = /M o0 —H), (2.4)

where 1 is the symplectic potential on AN and H is a generalized Hamiltonian obeying
{H,H} = 0, using the bracket defined by the symplectic form Q = dv. By means of
the AKSZ procedure [22], the classical action can then be extended further to a Batalin-
Vilkovisky [23-25] (quantum) master action with AKSZ superfields with distinct total
degree | - |, equal to the sum of ghost number and (classical form) degree, and Grassmann
parity; the Koszul sign convention now takes the form

00 = (-0« o0 | (2.5)

In particular, working on N, the differential d on N, which has
deg(d) =1, e(d) =0, (2.6)

can be realized as a holonomic vector field ¢ on T¢/N, which has
deg(dr) =0,  e(dr) =1, (2.7)

by mapping p-forms w on N to zero-forms f, on T;/N that are p-linear functions of the
fermionic fiber coordinates, viz.

1 1
w= Hanl AN NAdXPwaya, = fu = Eeal O Way iy, (2.8)
and taking

0 X = 0%, 0% =0. (2.9)

2.2 Differential Poisson algebras

As for the underlying target space geometry, upon going to canonical coordinates, the ex-
pansion of the Hamiltonian in momenta yields a set of mutually compatible poly-vector
fields and related geometric structures on N (including pre-connections), that constitute
graded (anti-)symmetric brackets obeying natural graded generalizations of Leibniz’ rule
and the Jacobi identity, defining a generalized differential Poisson algebra on N. The defor-
mation quantization of such brackets can be achieved following a purely algebraic approach.
In particular, the algebra of zero-forms on a manifold N of degree 0 equipped with an ordi-
nary bi-vector field IT = I1*?9,, A 0 obeying the Poisson condition {II, II}gchouten = 0, such
that the Poisson bracket {f, g} = II(df,dg) between zero-forms obeys the Jacobi identity,
can be deformed to an associative algebra equipped with Kontsevich’s star product.



The semi-classical Poisson bracket algebra can be extended to a differential Poisson
algebra with a Poisson bracket between general differential forms that is compatible with
the de Rham differential. This extension can be achieved by introducing a connection one-
form I'“g = d¢7f% and an additional tensorial one-form S = d¢a5g785 ©® 05, such that
the bracket between a function f and a one-form w reads

{f,w} =0, [V gw + (VII? + 59)), frgw, (2.10)

where V is defined using the connection one-form re 3= dqﬁf% where f% = I‘% + T g‘w
ie. Vw = Vw + 217w treating the torsion 17" of I' as a vector-valued differential two-form.
It is convenient to work with a connection that annihilates the Poisson structure, that is,
to make the following compatibility assumption:

VoII?' =0 . (2.11)

Its integrability requires that the curvature two-form R~ 8= %dqzb”Y A d(b‘séwa 3 obeys

R .= TIMRY, = R% (2.12)
and, as shown in the appendix, that
G (Rma + Rop e — vAng) ~0. (2.13)

Assuming in addition that S = 0, the resulting Poisson bracket between two differential
forms w and 7 can be written as

{w,n} = T*V,w A Vgn + (—1)3°8@) R84 0 A 181, (2.14)

where the last term thus ensures that d{w,n} = {dw,n} + (—1)%“){w, dn}. As has been
shown in [7, 8, 10-12], the graded Jacobi identities hold provided that the torsion and the
curvature obey integrability conditions, listed below in eqgs. (2.22)—(2.25).

We would like to remark that whereas there is no obstruction to deforming a Poisson
bracket into a star product in a space of zero-forms, which is one of the main results
of Kontsevich’s formality theorem, there is to our best understanding no classification of
the obstructions, if any, to deforming a differential Poisson algebra into a differential star
product algebra.

2.3 2D Poisson sigma model with holonomic symmetry

Returning to the field theoretic point-of-view, the natural approach towards the deforma-
tion quantization of the aforementioned bracket structures thus consists of coupling the
underlying integrable geometric structures to open topological p-branes, as outlined above.
One can then treat the classical differential forms as symbols for boundary vertex opera-
tors, with the aim of obtaining the differential star product algebra perturbatively using
the AKSZ formalism, which we leave for future work.

As far as the deformation of standard Poisson brackets between zero-forms is concerned,
the perturbative quantization of the two-dimensional Tkeda-Schaller-Strobl Poisson sigma
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Table 1. Form degree deg,(-) on My and Grassmann parity €¢(-) of the fields (¢, na; 0%, Xa)-

model [1, 2] was shown by Cattaneo and Felder [3] to re-produce Kontsevich’s explicit star
product formula on N = R" [6], indeed without encountering any obstructions albeit on a
non-manifestly covariant form.

More recently, in [14], we have proposed that the manifestly covariant deformation
quantization of the differential Poisson algebra, including differential forms in higher de-
grees, can be achieved starting from the aforementioned natural extension of the Ikeda-
Schaller-Strobl model, which thus facilitates the mapping (2.8) of line-elements d¢® on N,
with degree one and fermion number zero, to the fiber coordinates 6% on Ty N, with degree
zero and fermion number one.

To write the model down, one thus introduces momenta 7, and y, for ¢* and 6%,
which thus have degrees one and fermion numbers zero and one, respectively. The classical
action is now given by [14]

1 1~
So = /M (na A d® + ST na Atgs + X A VI + SRy Xa A Xﬁew‘;) , (2.15)
2

where the field variables (¢%, 74;0%, xo) are assigned form degrees degy(-) on Ms and an
additional Grassmann parity €;(-) as in table 1.

In the target space, the fields ¢® are local coordinates of the base manifold N of a
bundle T*[1,0|N®T*[1,1]N@T[0, 1] N with fiber coordinates (7q, Xa, 0%), where T*[m, €] N
is obtained from T*N = T*[0,0]N by replacing the fiber coordinates by new fiber coor-
dinates with degree m and Grassmann parity €, idem T[m,e]|N. The sigma model map
@ : My — N induces a bundle over My as follows:

0" (T*[L 0N @ T*[1,1]N & T0, 1]N)

- (gp*(T*[0,0]N) @T*MQ) ® (@*(T*[O, 1IN) ® T*Mg) @ o*(T[0,1]N),  (2.16)

whose sections we denote by (14, Xa, 0%) as well, for simplicity of notation. The covariant
derivatives on My of these sections are given by

VO* = do* + d¢’TG,67

ﬂ (2.17)
VT/OL - dna - d(bfyr'yanﬁ )



idem Xq. As shown in [14], the equations of motion, which read
Ry = do® + 115 =0,
a 1=~
Ry = VO + iRvgaﬁxﬂmm =0,

1

1~
Rga = VXa — §Ra5’87)(/3 A X796 =0,

VaRs? x5 A x40°0° + RorPsxs Add70° =0

(2.18)

(2.19)
(2.20)

(2.21)

form a universally Cartan integrable system provided that the background fields obey the

conditions

el =o,
7P R,75 =0,
%'V R, =0,

Re[p(aﬁRm\]v)e =0,

2.22

)
3)
)
)

\V)
\V)
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.24
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(2.25

which in their turn are equivalent to that the Poisson bracket (2.14) obeys the graded Jacobi
identities. More precisely, the integrability of the constraint on Rga requires eqs. (2.22)—
(2.24), while the integrability of the remaining constraints requires egs. (2.23)—(2.25). In
fact, decomposing the constraints into Young tables (not subtracting any traces), one
finds that the covariant derivatives of (2.22) and (2.23) contain parts of (2.23) and (2.24),

respectively, while all of (2.25) is contained in the covariant derivative of (2.24).

The compatibility of the bracket (2.14) with the exterior derivative translates into the
fact that the action has a rigid holonomic symmetry, denoted by d¢, which acts on the fields

as follows:
5f¢a = 9&7
0" = 0,
1~
Otttoc = Torst + 5 Ry’ xs 0°07

0tXa = —Ta — Fgﬂ/Xﬁe’y .

(2.26)

The supersymmetry invariance of the action can be made manifest by re-writing its La-

grangian on the following d¢-exact form:

So = oV,
Mo

where the functional V', which is a fermionic two-form, is given by

1
V = —Xa AN <d¢)a + 2Ha6n5> N

(2.27)

(2.28)



where we have used (2.11). The corresponding Noether current is given by

1
Jr=ma0" 5 % Xa0%07 . (2.29)
In computing d.J; on-shell, the coefficient of the x26% term can be seen to vanish using

eq. (A.5) and the Bianchi identity (A.8) for the Riemann tensor. The coefficient of the
nx0? term cancels by virtue of the relation between the curvatures of I'g, and I'g in (A.7)
and the torsion Bianchi identity (A.9).

3 The gauged model

In this section, following the standard Noether procedure adapted to the generalized Hamil-
tonian format, we shall derive a classical action for a version of the above sigma model in
which the rigid supersymmetry is gauged. That is, we shall add two fields to the model,
namely a fermionic one-form v, whose role is to covariantize all the derivatives, and its
fermionic zero-form Lagrange multiplier A. As we shall see, at the classical level, the
gauging is consistent without imposing any further restrictions on the background Poisson
geometry than those already underlying the construction of the ungauged model.

As already remarked, whether the model actually remains consistent at the quantum
level, and whether there exists any related extension of Kontsevich’s formality theorem
to the deformation of differential Poisson algebras, remains to be investigated further. In
particular, it would be interesting to examine carefully potential anomalies in the Noether
current and the conditions on the background in order to avoid or cancel these. We
would also like to remark that one may think of ¢ as a gravitino field for an abelian
superalgebra without any bosonic generator, which may be of importance in introducing
further gaugings in order to construct topological open string models, that in particular
could serve as microscopic origins for higher spin gravities.

3.1 The action

In order to gauge the holonomic vector field d¢ we introduce a fermionic one-form v gauge
field and its corresponding fermionic zero-form momentum A, and couple 9 to the Noether
current (2.29). The resulting gauged model is described by the classical action

S—So+/ (wAJf+Ad¢+f¢A¢), (3.1)
My 2
or more explicitly,
« « 1 « (63 (0%
5= <na A (dg™ = 0%) + ST1na A g + xa A (A0 + (do” — 07)T5,07)
2
1~
+ TR xa A X070+ Adp + S A w) , (3.2)

where c¢ is a real parameter that cannot be fixed as we are gauging an abelian symmetry.
The field variables degrees degs(-) on My and the additional Grassmann parity e¢(-) are
given in table 2.
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Table 2. Form degree deg,(-) on My and Grassmann parity eg(+) of the fields (¢%, na; 0%, Xa; ¥, A).

3.2 Equations of motion

We have the following equations of motion:

R = RY” — 90 =0, (3.3)

o 1
= RE — SV TE 0°97 =0, (3.4)

1~
R = RI* — 4 A (RCW”B(; Xp 070" + T nz 07 + §R5¢5a Xs 9%) =0 (3.5

RXo 1= RX® 4+ A <77a + T % eb’) —0, (3.6)
RY == dp =0, (3.7)
RN =d\—Jr—cp =0,
The Cartan curvatures (Rd’a JRIY RXe RY ,72/\) are proportional to the functional deriva-
tives of S with respect to (n, x, 0, A\, 1), respectively, while (3.5) has been obtained from
08

1
S = et 50T Ay (T2t = X A AT + BaT s A (d6” — 67) ) 6

1~
—leﬂxﬂY A doP + ZOQRM&X(; A x0%07 (3.9)

by rewriting 8041_[577]57)«Y using R?" = 0 and VoI = 0, and the quantities dx,yflﬁeﬁ and
XVFZ BdQﬁ using RXe = 0 and RY" = 0, respectively.
Alternatively, upon defining

1
D% = dop*™ — 6>, DO = Vo~ — 51/;95:%97, (3.10)
1 1
Do, = Vo + izpeﬁTga Any,  Dxa=VXa+ §¢95Tga A Xy s (3.11)
the equations of motion take the form
D¢ + %5 =0, (3.12)
1~
DO* + iRvaaﬁ x3076° =0, (3.13)
1~ 1

1 ~
Do + R s x5 N DH0° + ZvaR&ﬁvxﬁ A x4 0°6°+

1 ~
—50 A (Bor’axs 070 + Tym 07) = 0. (3.15)



This more geometric form of writing the equations is less useful, however, for verifying the
Cartan integrability, as the on-shell value of the D? operator is more involved than that of
the V2 operator, as can be seen by comparing

D2ge = nﬂﬁmeTa s A — f@z) A (H%Tﬁ ns0° + R.s° xﬁmeﬁ) (3.16)
1, .~ 1
D20% = —p A <H’7€Rﬁ7“5n60505 + ZTgwR(;fﬂxpeéafm + 2H5PV5T§777P9’397> . (3.17)
1 ~ 1
D%xq = —1h A (H&R%ﬁane A xgb" — ZTgaR(;prp A X0°0° + §H5€V5Tgane A Meﬁ)

1 1 1
+5Y AU /\( 6P axs070° — —Tﬁ ST xA 0007+ V5T x,0°6° + T7 waﬁﬁﬁm) ,

(3.18)
and a similar expression for D%, with
Vdo® = %Hﬁéme%m Ane— NIDPTG s 07 — %w N TS0°07 (3.19)
V20% = —op ATI“R.,5%m.076° — lw AR :%5070°0° (3.20)
Ve = 1 AT RosP 0ne Angd? + zp AYR 5% anp070° (3.21)
V2Xa = = AR5 ame A x50 + 51/} AYR axs076° (3.22)

where HQBHV‘SRB(;eA = 0 has been used repeatedly, and the torsion Bianchi identity
eq. (A.9) has been used to cancel the 1?-terms in D20%. Thus, in what follows, we shall
verify the integrability of the equations of motion by acting with V on the generalized
Cartan curvatures.

3.3 Universal Cartan integrability

Letting R? = (R, RI", R, RXa, RY, RY), sometimes referred to as the Cartan curva-
tures, we are going to show that there exists a field dependent matrix MJ’ such that the
obstructions
A= VR + RINM] (3.23)
defined off-shell, vanish on base manifolds of arbitrary dimensions, essentially by virtue
of egs. (2.22)—(2.25) and the compatibility condition (2.11) and its consequences (2.12)
and (2.13). In other words, the equations of motion form a universally Cartan integrable
system on the base manifold, that is, the field variables generate a free differential algebra
on-shell, by virtue of the fact that the target space geometry describes a differential Poisson
algebra.
In order to analyze the above problem, one first computes VR’ off-shell, and one may
then proceed on-shell by first using the identities (3.19)—(3.22) and then simplify the ex-
pressions further by means of identities involving the background fields. In doing so, we



shall not keep track of the matrix M ]Z:, and we shall expand A? = A} +y A AL+ %@ZJ AP AAb,
where thus Aj, vanish due to egs. (2.22)-(2.25), (2.11) and (2.12) (but not (2.13)), as was
shown in [14]. Thus, we only need to analyze the potential obstructions from A} and Aj.
As we have already stressed, we shall see that these obstructions vanish without any further
conditions on the background (though the vanishing of A" requires eq. (2.13)).

AY: This quantity vanishes identically because Vdi) = ddy = 0.

A*: As Vd\ = 0 and Vi = dip = 0, we have to check that d.J; remains closed on-shell in
the gauged model. Indeed, the 16 term vanishes identically due to the relation (A.7)
and the torsion Bianchi identity.

A" The 1)x6? and 1262 terms cancel uneventfully while the coefficient of the 1nf term
cancel as a consequence of the compatibility assumption (A.10).

A" The ¢mh? term can be seen to cancel using the relation (A.7) and the torsion Bianchi
identity (A.9). The 1x6? term vanishes by virtue of (A.5) and the Bianchi identity (A.8)
for the Riemann tensor of I. The 126> term can be cancelled using the Bianchi identity
for the Riemann tensor of I'.

AXe: The ¢nxf term can be cancelled by first using (A.7) and then the torsion Bianchi
identity (A.9). The ¢x?0? terms caan be seen to vanish by first using (A.5) and then the
Bianchi identity (A.8) for the Riemann tensor of the connection L. Finally, the 126%y
terms cancel due to (A.7).

A"e: The verification of the vanishing of this obstruction is less straightforward than the
previous ones. The 91?0 term cancels due to the identity (2.13) (which was not needed in
checking the Cartan integrability of the ungauged model). The coefficient of the x26 term
is proportional to the covariant derivative of the Bianchi identity for the Riemann tensor of

the connection T, that is, VM(%[QPLM]& — f[g BEW] 2%€) = 0. One can furthermore check that

the ¥xn6? term vanishes using (A.7) and the two Bianchi identities (A.8) and (A.9). The
coefficient of the 1?1f? term can be seen to vanish using (A.7). Finally, the 1/%x6? term
can be cancelled by first using (A.5) and then the Bianchi identity (A.8) for the Riemann

tensor.

3.4 (Gauge transformations

Following the general procedure [26] outlined in [14], we use R®" to eliminate d¢®, as to
write the equations of motion as

RO = do™ + TPy — 0° (3.24)
~pa 1~
RY = do~ — 117" TG5n,0° + iRﬁaﬁXﬁmefﬂ (3.25)
~ 1 ~
R = dno + TP T%, 1y A s + T Ray "5 A x0° + ZVQR&MXB A x,0°6°
1~
— YA <F’§,Y’I7/39’y + 2R575QX5959W) , (3.26)

. 1~
RX = da + TP Thamy A Xs = 5 Ras™ 3 Axa0° + 10 A (77a + rfwxﬁm) . (327)

,10,
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Table 3. Form degree degy() on My and Grassmann parity eg(-) of the gauge parameters
(6&77); ng); e(d’)).

RY = dip =0, (3.28)
RN = d\ — nab* + %T;;Xaeﬁm —ap=0. (3.29)
Since these curvatures are on the canonical form
R=dZ + QU(Z) =0,  Z'= (6" 00; 0%, Xa; 1, A) (3.30)
where thus @ is a Q structure, viz.
Gin2o—0, (3.31)
071
the universal Cartan integrability amounts to the generalized Bianchi identities
T, (3.32)
071
The on-shell gauge transformations are consequently given by

9

i gi
0Z" = de EaZj

o, modulo R , (3.33)
where ¢ = (0, 687); 0, E&X); €®) 0) are gauge parameters with degrees and Grassmann par-
ities given in table 3. Applying the above general formalism to the present model, the
infinitesimal on-shell gauge transformations are found to be

S = _Haﬁegﬂ 4 g (3.34)
1~
30 = T’ — §R75a56/(3>‘)0795, (3.35)

9] 95

0o = Ve — TTY, s — I Ro 5 €7 x30° + I Ry P e

1 ~ 1~
—ivaRéﬁeg)Xve%ﬁ + @) (rfwngm + 2R575QX59597> , (3.36)

e = V) — TIPTS5 + Fag €000 = ) (o + Tiot") . (330)

6 = de®) | (3.38)
oA = g — %ngeg})&ﬁm +ce™) (3.39)

— 11 —



In particular, we note that the gauge transformation associated to the gauge parameter
¢®) corresponds to the & supersymmetric transformation (2.26), i.e

66(1/1) (¢a7 Tas 9047 ch) = €(w)5f(¢a7 Tas 604’ Xa> 5 (340)
and moreover
S th =de) | 5 A =ce?) . (3.41)
Off-shell, it follows from the general formalism [26], that the gauge transformations are
given by
. . 9]
T gt 1 - k 51 Y3ckj jz
07" = de* — Q + 5€ R a7 P (3.42)

where we have introduced the symplectlc two-form
1 . 1 , ,
Q=di = 5dZ'0ydZ = SdZ'dZ'0;, PHOy; = =6, (3.43)
of degree three on the full target space A/, with symplectic potential
V= No A dd® + xa A VO + Adt) (3.44)

treated as a one-form of N-degree two on N. Thus, the matrix O;; can be read off from

20,0 5%00” 07 Toxa  —Lpab® 0 0 /dg
0Py 0 0 0 00 dny
1 —I'% x 0 0 -4, 0 0 dg”
Q=_(do¢” dn, do” dx, di d\ P ’
2 (d6# dny dov d, i i) T%,0° 0 5 0 0 o dxy
0 0 0 0 0- dy
0 0 0 0 10 dA
(3.45)
Moreover, the components P7% of the Poisson structure on N are given by
0 —07, 0 0 00
—05" Rapaﬁxaeﬁ [5a60% —IGXa 00
» 0 Ie,0° 0 —-5%, 0 0
pik — p 3.46
0 Fpgxa 0o" 0 00 (3:46)
0 0 0 0 0-—1
0 0 0 0 10
Using the above four by four matrices is simple to show that Pik(’)kj = —5;-. If the connec-

tion vanishes identically, then the off-shell modification of the gauge transformation (3.42)
vanishes.

4 Conclusions and remarks

Starting from the two-dimensional topological sigma model that was constructed in [14]
with the aim of covariantly quantizing differential Poisson algebras, we have shown that it is
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possible to gauge its rigid supersymmetry without having to impose any further constraints
on the background fields. It remains to be examined whether the gauging is consistent at
the quantum level, which in particular would require that the charge

g = y{Ju (4.1)

of the Noether current (2.29), or a suitably improved version thereof, is nilpotent as an
operator, which may lead to extra conditions on the geometric structures of the differential
Poisson algebra, e.g. its Ricci curvature Ragﬁ ~. However, if such obstructions were to arise,
one might argue that they would do so already in the star product at the first sub-leading
order in the deformation parameter, but this is not the case, as was shown in [11] following
the algebraic approach to deformation quantization. This suggests that there will not
arise any obstruction at any order of perturbation theory, which we plan to examine in a
separate work.

One may ask for several natural generalizations of the present model: First of all, it is
possible to rewrite the action on a format more closely related to the original Ikeda-Schaller-
Strobl Poisson model [27] which facilitates the inclusion of the tensorial one-form S5 A in
eq. (2.10) while preserving the rigid supersymmetry, as well as further gaugings resulting
in more general Q-structures than the de Rham differential. For example, it would be
interesting to gauge additional holonomic vector fields arising from complex structures on
complex submanifolds, or sp(2) algebras associated to submanifolds with conical metric
structures.

Assuming quantum consistency, it is natural to expect that finite deformations of the
background can be modeled by an open string field ¥ obeying

{(Q Ul +Ux¥ =0, (4.2)

using the BRST operator
Q = var + QU (4.3)

where ~ is a bosonic ghost and Q") is built from the 1 and y ghosts. Drawing on recent
results in higher spin gravity [16, 17], we propose that ¥ contains a superconnection Z
valued in the direct product of two copies of the differential star product algebra on NN,
arising from zero-modes and winding-modes, and finite-dimensional matrices forming a
graded Frobenius algebra F with inner Klein operator x. Saturating the fermionic zero-
modes by inserting a delta function in the path integral, one may then argue that (4.2)
contains the flatness condition

{kgt, 23+ Z %2 =0, (4.4)

where ¢¢ thus acts only on winding modes, and Z consists of even forms in the odd part of
F and odd forms in the even part of F, all valued in the associative (higher spin) algebra
generated by the bosonic zero-modes. Thus, if confirmed, our proposal would provide a
first-quantized framework for the duality extended Frobenius-Chern-Simons formulation of
higher spin gravity given in [16, 17].
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A Conventions and some useful identities
The covariant exterior derivative of a one-form w = w,d¢® is given by
Vwe = dwe —TPq Awg, T =d¢"T; . (A1)
In terms of components, we have
Vw, = dd)ﬁvlgwa , Vawsg = Oqwg — Fgﬁw,Y . (A.2)

The curvature and torsion tensors

Rag’s = 20alg; + 2T ligss  Tag = 2T - (A.3)
The square of the exterior covariant derivative acting on a one-form is
1
Ve = —RP o Awp, RB, = §d¢7 ANd¢°RsP, . (A.4)
We also make use of the covariant derivative V with connection one-form
B =de' T =o'y, T, =T0, =15, - T8, (A5)
and curvature two-form
2 53] Da 1 ~y ip
Viwa = —R° o ANwg, R5=§d¢ Ndo°Rys 5, (A.6)
where
Rop"s = Rag's — zv[aTg]é + 2T[l|e 36 — TosTs - (A7)
The component forms of the Bianchi identities for the Riemann tensor and the torsion read
as follows:
6 A 0
Vieltgy e = Tiggltyn'e = 0, (A-8)
and
Riap"5 = V[QT[%] — T[eaﬁT%e, (A.9)

and, similarly, for the ' connection we have %[aégﬂ‘sg — ZF[Z‘C 5]5;7] V. =0 and ﬁ[a[ﬂ(ﬂ =
V[ang} — T[;BT%( -
The compatibility condition V,II?Y = 0 can equivalently be written as

VoII? = —2mlP7) (A.10)
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The integrability of the compatibility condition implies that
Rop™ =TI R,p57 = R . (A.11)
Alternatively, starting from the Ricci identity applied to the Poisson bi-vector, viz.
[Ve, Vo JIIPY = —T8 V51?7 — 2R, 1A 511710 (A.12)

and using the identity (A.9), we find that the integrability of the compatibility condi-
tion (A.10) can be phrased as that

e (RAJ]Q + Ry — vATgol) ~0. (A.13)

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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