
J
H
E
P
0
8
(
2
0
1
5
)
0
4
6

Published for SISSA by Springer

Received: May 27, 2015

Accepted: July 19, 2015

Published: August 11, 2015

D-brane on deformed AdS3 × S3

Malak Khouchen and Josef Klusoň
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1 Introduction

The recent developments in the field of higher-dimensional extended objects have led to the

deep understanding of the superstrings and supergravity theories. D-branes have been by

now well understood both from the conformal field theory (CFT) and from the geometric,

target-space viewpoint.1 Such hyperplanes are dynamical rather than rigid and they are

defined by the property that open strings can end on them [3]. The incorporation of such

D-branes permits to argue that the different types of string theories are different states of

a single theory, which also contain states with arbitrary configurations of D-branes. The

dynamics of Dp-brane is governed by the action

S = SDBI + SWZ , (1.1)

where SDBI is Dirac-Born-Infeld action

S = −Tp

∫

dp+1σe−Φ
√

−det(gαβ + bαβ + 2πα′Fαβ) , (1.2)

and SWZ is Wess-Zumino action of the form

SWZ = Tp

∫

∑

n

C(n)e(2πα
′)F+b , (1.3)

1For review and extensive list of references, see for example [1, 2].
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where σµ, µ = 0, . . . , p label world-volume of Dp-brane, Φ(x) is the dilaton and gαβ , bαβ
given in (1.2) are the pull-backs of the target space metric and the NS-NS two form field

to the world-volume of Dp-brane

gαβ = gMN∂αx
M∂βx

N , bαβ = bMN∂αx
M∂βx

N , (1.4)

where xM (σ) are embedding coordinates of D1-brane. Finally, Fαβ = ∂αAβ − ∂βAα is

the field strength for the world-volume gauge field Aα. The coupling of Dp-brane to

the Ramond-Ramond fields is expressed through the Wess-Zumino term (1.3) where it is

understood that expressions given there are forms and the multiplications between them

have the form of the wedge product.

Motivated by the recent surge of interest in finding out the dualities in D-branes and

fundamental strings bound states in anti-de Sitter space and gaining more insight into

CFT, we study in this paper the dynamics of D1-branes described by Dirac-Born-Infeld

action and Wess-Zumino terms. The corresponding target-space geometries are three-

dimensional κ-deformed AdS3 × S3 space-time. Very interesting class of deformations of

target space-time have been introduced in [14, 22] that preserve the integrability of the two-

dimensional quantum field theory on the world sheet.2 In the κ-deformed anti-de Sitter

background model, the metric is a direct sum of the deformed AdSn and Sn parts and could

be truncated from the ten-dimensional metric to κ-deformed AdS3×S3 for example [4]. The

presence of the deformation parameter κ introduces new interesting results that reproduce

the ordinary undeformed case in the limit κ → 0 as in [6]. Hence, it is interesting to study

the dynamics of D1-brane in given background as well. In fact, recently a one-parameter

model of the κ-deformed background AdS3 × S3 with non-trivial Ramond-Ramond (RR)

forms and dilaton was proposed in [7]. A remarkable property of given background is that

it depends on parameter a where it is presumed that a is a particular function of κ while the

full solutions were constructed for the special values a = 0 and a = 1 only. In our present

work, we will use these one-parameter backgrounds to analyze static and time-dependent

solutions of D1-brane equations of motion in the background with non-trivial dilaton and

with RR fields. Our analysis will reveal subtle features. Specifically, for the κ deformed

AdS3 background with a = 0 we will show that D1-brane does not see the presence of the

singularity of the κ-deformed background and can reach ρ → ∞ limit. We also find that

the static solutions are very simple deformations of the static solution known as AdS D1-

brane in AdS3 background with RR flux. Since such a solution has not been found in the

global coordinates before we present this result in the appendix A. Moreover, appendix B

exhibits static solutions of pD1-branes in AdS3 space-time with non-trivial BNS field. The

case of (1, q) string was analyzed previously in [18], but we provide an extended analysis

here for the (p, q) string in order to see the S-duality between given solution and the static

D1-brane solution in undeformed AdS3 space-time with Ramond-Ramond fields.

We also consider static and time-dependent solutions of D1-brane equations of motion

for the κ-deformed background when the value of the parameter a is equal to 1. In this

case we find D1-brane cannot cross the singularity ρc =
L
κ
and we also find that the static

solutions is more complicated than in case a = 0.

2For further works, see [4–17].
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The plan of this paper is as follows: in section 2 we will consider static D1-brane in

the κ-deformed background AdS3 × S3 [7]. We study the solutions of the corresponding

equations of motions and discuss the possibility of the D1-brane to reach the ρ → ∞ limit

of the deformed AdS3 × S3 space. In section 3 we consider a time-dependent ansatz. In

conclusion 4 we present summary of our results and their possible extension. Finally, some

details of the calculations are summarized in the appendices. In appendix A we find static

D1-brane solutions in non-deformed AdS3 × S3 background with non-trivial RR fields. In

appendix B, we find static solutions of pD1-branes in non-deformed AdS3 space-time with

non-trivial BNS field in global coordinates which is simple generalization of the solution

found in [18].

2 D1-brane in κ-deformed background

In this section, we will study time-independent solutions of the equations of motion that

follow from D-brane actions (1.2) and (1.3) in case when D1-brane is embedded in κ-

deformed AdS3 × S3 background [7] that has the form

ds2 =
1

1− κ2 ρ2

L2

[

−
(

1 +
ρ2

L2

)

dt2 +
dρ2

1 + ρ2

L2

]

+ ρ2dχ2

+
1

1 + κ2 r2

L2

[

(

1− r2

L2

)

dϕ2 +
dr2

1− r2

L2

]

+ r2dψ2 , (2.1)

with non-trivial dilaton and Ramond-Ramond fields

a = 0 e−2Φ =
(1− κ2 ρ2

L2 )(1 + κ2 r2

L2 )

[1− (κρr
L2 )2]2

,

C(2) =
1

L

1

1− (κ ρr
L2 )2

[

ρ2(dt+ κLdϕ) ∧
(

dχ+ κ
r2

L2
dψ

)

−r2(Ldϕ− κdt) ∧
(

dψ + κ
ρ2

L2
dχ

)]

,

a = 1 : e−2Φ =
(1− κ2 ρ2

L2 )(1 + κ r2

L2 )

[1 + κ2

L2 (r2 − ρ2 + r2ρ2)]2
,

C(2) =

√
1 + κ2

L(1 + κ2

L2 (r2 − ρ2 + ρ2r2))

[

ρ2dt ∧ dχ+ κ

[

r2 − ρ2 +
1

L2
(ρr)2

]

dt ∧ dϕ

+
κ

L
(ρr)2dχ ∧ dψ − r2Ldϕ ∧ dψ

]

, (2.2)

where L is the inverse curvature scale. Consider D1-brane in given background whose

dynamics is governed by the action

S = −TD1

∫

d2σe−Φ
√

−detgαβ − (2πα′)2F 2
τσ + TD1

∫

d2σC
(2)
MN∂τx

M∂σx
N . (2.3)

– 3 –
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Generally, the equations of motion for xM that follow from given action have the form

−∂α

[

TD1e
−Φ gMN∂βx

Ngβαdetgαβ
√

−detgαβ − (2πα′)2F 2
τσ

]

+TD1e
−Φ∂MΦ

√

−detgαβ − (2πα′)2F 2
τσ +

TD1

2
e−Φ ∂MgKL∂αx

K∂βx
Lgβα

√

−detgαβ − (2πα′)2F 2
τσ

+TD1∂MC
(2)
KL∂τx

K∂σx
L − TD1∂α[ǫ

αβC
(2)
MN∂βx

N ] = 0 , (2.4)

where ǫτσ = −ǫστ = 1. On the other hand the equation of motion for Aα implies

TD1
e−Φ(2πα′)2Fτσ

√

−detgαβ − (2πα′)2F 2
τσ

= Π , (2.5)

where Π is constant that counts the number of fundamental strings. Using this result, we

express Fτσ as

(2πα′)Fτσ =
Π

2πα′

√

−detgαβ
√

T 2
D1e

−2Φ + Π2

(2πα′)2

. (2.6)

Then the equations of motion (2.4) simplify as

TD1∂α

[
√

e−2Φ +
T 2
F1

T 2
D1

Π2gMN∂βx
Ngβα

]

+ T 2
D1e

−2Φ∂MΦ

√

−detgαβ
√

T 2
D1e

−2Φ + Π2

(2πα′)2

−TD1

2

√

e−2Φ +
T 2
F1

T 2
D1

Π2∂MgKL∂αx
K∂βx

Lgβα
√

−detgαβ

+TD1∂MC
(2)
KL∂τx

K∂σx
L − TD1∂α[ǫ

αβC
(2)
MN∂βx

N ] = 0 , (2.7)

where TF1 =
1

2πα′ . This is the form of the equation of motion for D1-brane that we will be

our starting point. If we now return to the specific background given in (2.2) , we see that

since the background depends on r through its square we find that the equation of motion

for constant r has the form
δL
δr2

r = 0 (2.8)

that has solution r = 0. In the same way we can show that the equations of motions for

ϕ and ψ have the solutions ϕ = ψ = 0. In other words we will not consider solutions with

non-trivial behavior on deformed S(3).

2.1 Static solutions

Let us now consider the static D1-brane solution when we assume the following ansatz

x0 = τ , χ = σ , ρ = ρ(χ) (2.9)

so that

gττ = gtt , gσσ = gχχ + gρρρ
′2 , ρ′ ≡ dρ

dχ
. (2.10)

– 4 –
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For this ansatz the equation of motion for x0 = t is obeyed automatically. In order to solve

for ρ it is more convenient to consider the equation of motion for χ since the background

fields do not depend on χ explicitly. Then, we obtain
√

e−2Φ +
T 2
F1

T 2
D1

Π2gχχ

√−gtt
√

gχχ + gρρρ′2
+ C

(2)
χt = C , C = constant . (2.11)

From given equation we derive the differential equation for ρ in the form

ρ′2 =
1

gρρ



−

(

e−2Φ +
T 2

F1

T 2

D1

Π2
)

gttg
2
χχ

(C + C
(2)
tχ )2

− gχχ



 . (2.12)

In the following, we will solve this equation for different background fields by considering

two a-families.

2.1.1 The case a = 0

Let us begin with the case a = 0 so that we have the following background fields

e−Φ =

√

1− κ2

L2
ρ2 , C

(2)
tχ =

1

L
ρ2 . (2.13)

Then (2.12) gives

ρ′2 =
ρ4
(

1 +
T 2

F1

T 2

D1

Π2 − κ2

L2 ρ
2
)(

1 + ρ2

L2

)2

C2
(

1 + ρ2

CL

)2 − ρ2
(

1− κ2

L2
ρ2
)(

1 +
ρ2

L2

)

. (2.14)

This equation can be integrated at least in principle. However, when we choose C = L the

given equation simplifies considerably

dρ

ρ

√

ρ2

L2

(

T 2

F1

T 2

D1

Π2 + κ2
)

− 1

= dχ (2.15)

that has a solution

ρ2 =
L2

(

T 2

F1

T 2

D1

Π2 + κ2
)

1

cos2(χ− χ0)
. (2.16)

We choose the integration constant by requiring that D1-brane approaches ρ → ∞ for

χ → 0. Hence, the final result is

ρ2 =
L2

(

T 2

F1

T 2

D1

Π2 + κ2
)

1

sin2 χ
. (2.17)

Surprisingly, we find that there is only mirror modification of the static solution of D1-

brane in AdS3 background with non-trivial RR fields that is presented in appendix (A),

where this modification is given by the presence of the deformation parameter κ. Further,

we also see that D1-brane can be stretched through the singularity ρc =
L
κ
and can reach

ρ → ∞. This is very remarkable result especially in the light of the solution that we find

in case a = 1.

– 5 –
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2.1.2 The case a = 1

In this case, the relevant components of the background fields at r = 0 are

e−2Φ =
1

1− κ2 ρ2

L2

, C
(2)
tχ =

√
1 + κ2

1− κ2 ρ2

L2

ρ2

L
. (2.18)

Again (2.12) gives

ρ′2 =

(

1 + ρ2

L2

)2
ρ4
(

1

1−κ2 ρ2

L2

+
T 2

F1

T 2

D1

Π2
)

(

C +
√
1+κ2

1−κ2 ρ2

L2

ρ2

L

)2 − ρ2
(

1− κ2
ρ2

L2

)(

1 +
ρ2

L2

)

(2.19)

We simplify this equation by choosing C = L√
1+κ2

. Hence, the previous equation has the

form

ρ2maxρmin
dρ

ρ(ρ2max − ρ2)
√

ρ2 − ρ2min

= dχ , (2.20)

where

ρ2max =
L2

κ2
, ρ2min =

L2

(1 + κ2)Π2 T 2

F1

T 2

D1

. (2.21)

Solving this equation, we get

tan−1

√

ρ2 − ρ2min

ρmax
+

ρmin

2
√

ρ2max − ρ2min

ln





√

ρ2max − ρ2min +
√

ρ2 − ρ2min
√

ρ2max − ρ2min −
√

ρ2 − ρ2min



 = χ−χ0 . (2.22)

We choose the integration constant χ0 in such a way that for ρ → ρmin , χ → π
2 . Then

we obtain

χ0 =
π

2
. (2.23)

From (2.22), we see that D1-brane does not reach the maximum value ρmax for χ in the

interval χ ∈ (0, 2π). More precisely, D1-brane reaches the maximum value at ρmax for

χ → −∞ that implies that D1-brane has to wrap compact χ direction infinitely many

times. We also see that now D1-brane does not cross the singularity at ρc = L
κ
. In

summary, we see qualitative different behaviors of these two solutions corresponding to the

cases a = 0 and a = 1. We will also see this difference in case of pure time-dependent

solutions that will be analyzed in the next section.

3 Time-dependent solution

In order to find time-dependent solution, we consider an ansatz

t = τ , χ = σ , ρ = ρ(t) (3.1)

– 6 –
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so that

gττ = gtt + gρρ(ρ̇)
2 , gσσ = gχχ . (3.2)

For such ansatz, we find that the equation of motion for χ is automatically obeyed. On

the other hand, the equation of motion for t gives
√

e−2Φ +
T 2
F1

T 2
D1

Π2
gtt

√
gχχ

√

−gtt − gρρ(ρ̇)2
− C

(2)
tχ = C ,C = const (3.3)

that implies following differential equation for ρ̇

ρ̇ =

√−gtt√
gρρ

√

√

√

√

√1 +
gttgχχ

(

e−2Φ +
T 2

F1

T 2

D1

Π2
)

(C + C
(2)
tχ )2

. (3.4)

In the following we will consider two different one-parameter a-families of background fields.

3.1 The case a = 0

Substituting the fields of (2.13) in (3.4), we obtain

ρ̇ =

(

1 +
ρ2

L2

)

√

√

√

√

√

√

1−
ρ2
(

1 + ρ2

L2

)(

1 +
T 2

F1

T 2

D1

Π2 − κ2 ρ2

L2

)

(

1− κ2 ρ2

L2

)(

C + ρ2

L

)2 (3.5)

Let us impose the condition C = L that simplifies the given equation considerably. For

this condition, the turning point at which ρ̇ = 0 will be at

ρmax =
L

√

Π2 TF1

TD1
+ κ2

(3.6)

which is less than L
κ
. Hence, we see that in this case the D1-brane does not cross the

singularity at ρc =
L
κ
.

On the other hand let us consider the case when Π = 0. From (3.5), we obtain

ρ̇ =

(

1 +
ρ2

L2

)

√

√

√

√

√

√

1−
ρ2
(

1 + ρ2

L2

)

(

C + ρ2

L

)2 (3.7)

It seems interesting that now the expressions containing the deformation parameter κ

disappear. The turning point is at

ρ2t.p. =
C2

1− 2C
L

(3.8)

this implies that in order to have real solution we have to demand that C < L
2 . For C = L

2 ,

we realize that the D1-brane reaches ρ → ∞ asymptotically. More explicitly, in such case

we can easily integrate the differential equation with the result

2ρ− L tan−1 ρ

L
= t , (3.9)

and we see that for t → ∞ D1-brane approaches (ρ = ∞).

– 7 –
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Finally, for C > L
2 the D1-brane reaches ρ → ∞ since the expression under the square

root is then always positive without any restrictions on the radial coordinate ρ. In other

words, D1-brane with zero electric field can probe the space-time beyond the singularity

ρc =
L
κ
as well.

3.2 The case a = 1

In this case, substituting the fields of (2.18) in (3.4), the differential equation has the form

ρ̇ =

(

1 +
ρ2

L2

)

√

√

√

√

√

√

1−
(1 + ρ2

L2 )ρ2
(

1 +
T 2

F1

T 2

D1

Π2
(

1− κ2 ρ2

L2

))

(

C
(

1− κ2 ρ2

L2

)

+
√
1 + κ2 ρ

2

L

)2 (3.10)

We are interested in the special case when Π = 0. In this case, we find the turning point at

ρ2t.p. =
−(2CA− 1)±

√

(2CA− 1)2 − 4C2(A2 − 1
L2 )

2(A2 − 1
L2 )

(3.11)

where A =
√
1+κ2

L
− C κ2

L2 . After the analysis of the expression under the square root

(the discriminant), we realize that it is always positive. Then we have to consider two cases.

In the first case, A2 − 1
L2 < 0 then to have an overall positive quantity, we require a

condition

C ∈
(

L

(

√
1 + κ2 − 1

κ2

)

, L

(

√
1 + κ2 + 1

κ2

))

(3.12)

In the second case we have A2 − 1
L2 > 0 that gives

C ∈
(

−∞, L

(

√
1 + κ2 − 1

κ2

))

∪
(

L

(

√
1 + κ2 + 1

κ2

)

,∞
)

(3.13)

In this case however we have also to demand that

2CA− 1 < 0 (3.14)

that implies

C ∈
[(

−∞,
L

2κ2
(
√

1 + κ2 −
√

1− κ2) ∪
(

L

2κ2
(
√

1 + κ2 +
√

1− κ2),∞
))]

(3.15)

Now, however we find that the second condition is always obeyed since the second interval

is included in the first. Therefore, there always exist real roots corresponding to the turning

points ρr.t..

Let us try to determine the value of the turning point for large C
L

≫ 1 (large energy

limit). In this case, we can write A ≈ − C
L2κ

2 and we obtain

ρ2r.t. =
L2

κ2

(

1 +
L2

2C2κ4
± L

C

√
1 + κ2

2κ2

)

(3.16)

– 8 –
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so that when we restrict to the terms linear in L
C
≪ 1 we obtain two roots

ρ2max =
L2

κ2

(

1 +
L

C

√
1 + κ2

2κ2

)

,

ρ2min =
L2

κ2

(

1− L

C

√
1 + κ2

2κ2

)

. (3.17)

In other words we find two situations. In the first case D1-brane is in the region below the

singularity ρ2c = L2

κ2 and can reach its turning point at ρ2min and then it returns back. In

the second case, D1-brane is in the region ρ2 > ρ2max i.e. beyond the singularity. However,

it is important that in both of these cases, D1-brane cannot go through the singularity.

Finally, we compare this result with the analysis of the time-dependent solution of

the fundamental string in κ-deformed background. Recall that the fundamental string is

described by the Nambu-Gotto action

S = −TF1

∫

dτdσ
√

−detgαβ , gαβ = gMN∂αx
M∂βx

N . (3.18)

The equation of motion for t for the time dependent ansatz again implies

gttg
ττ
√

−gχχ(gtt + gρρρ̇2) = C , C = constant . (3.19)

Solving given equation for ρ̇ we obtain

ρ̇ =
1

CL

(

1 +
ρ2

L2

)

√

√

√

√

(ρ2− − ρ2)(ρ2 + ρ2+)

1− κ2 ρ2

L2

(3.20)

where

ρ2− =
L2

2



−
(

1 + κ2
C2

L2

)

+

√

(

1 + κ2
C2

L2

)2

+ 4
C2

L2



 ,

ρ2+ =
L2

2





(

1 + κ2
C2

L2

)

+

√

(

1 + κ2
C2

L2

)2

+ 4
C2

L2



 .

Note that for large C, ρ− has the form

ρ2− = L2

(

1

κ2
− L2

C2κ6

)

(3.21)

We see that the allowed regions for the propagation of the string is (0, ρ2−) and (L
2

κ2 ,∞). In

other words, strings cannot cross the singularity at ρ2c =
L2

κ2 when it is originally confined in

the region around the point ρ = 0. On the other hand, for C
L
≪ 1 we obtain ρ2− ≈ C2 ≪ L2

and the string is confined in the region around ρ = 0 there is no sign of the deformation of

the target space-time.

– 9 –
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4 Conclusion

In this paper we have studied the dynamics of D1-brane in κ-deformed AdS3 × S3 back-

ground with non-trivial dilaton and Ramond-Ramond fields [7]. We have found that the

background with a = 0 possesses many interesting properties. We have shown that the

static solution of D1-brane in the presence of RR-charges can reach ρ → ∞ limit of the

deformed AdS3 × S3 space-time and that given solution is a slight modification from the

AdS D1-brane solution in undeformed AdS3 × S3 background with Ramond-Ramond flux

that is found in appendix (A). Moreover, it is also very interesting that the time dependent

solution does not see the presence of the singularity at ρc =
L
κ
. In other words, D1-brane

in deformed AdS3 × S3 space-time can cross given singularity and reach ρ → ∞. Hence,

D1-brane can be considered as natural probe of given space-time.

These results are in sharp contrast with the case a = 1 where we have shown that the

D1-brane does not reach the singularity. Explicitly, it was shown that in such conditions the

D1-brane can move in the region beyond the singularity or in a region below the singularity,

but it can not cross the singularity in both situations. The latter result was confirmed by

analyzing the dynamics of the fundamental string in given background. Again, it was

demonstrated that a string originally confined in the region around ρ = 0 can not cross

the singularity.

We have further examined the static gauge ansatz of pD1-branes bound to q fundamen-

tal strings with non-trivial NS-NS flux in global coordinates. After solving the equations

of motion, we were able to generalize Bachas result [18] for the constant C that determines

the radius of AdS. We have shown that C is proportional to the number of fundamental

strings in the bound state and inversely proportional to the number of D1-branes. Fi-

nally, we considered the time-dependent solution of pD1-branes bound to q fundamental

strings in the same background. We were able to show that in the limit T(p,q) → qTF the

fundamental string can indeed reach ρ → ∞.

The present analysis can be extended in various directions. First of all it would be

very interesting and challenging to study the dynamics of pD1-branes in the κ-deformed

AdS3×S3 with complex deformation parameter. Further one can try to find the complete

solution with arbitrary parameter a then proceed with a similar analysis as we did in this

paper. It would be also interesting to perform analysis of D1-brane and fundamental string

configurations that could describe Wilson loops in dual field theory. We hope to return to

these problems in future.
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A D1-brane as probe of AdS3 × S3 background with Ramond-Ramond

background

In this appendix we consider the static solution of D1-brane equations of motions in the

non deformed AdS3 × S3 background with non-zero Ramond Ramond field. Let us be
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more explicit and consider the case of the near horizon limit of D1-D5 brane system that

in global coordinates has the form3

ds2 = −
(

1 +
ρ2

L2

)

dt2 +

(

1 +
ρ2

L2

)−1

dρ2 + ρ2dϕ2

+L2(dθ2 + cos2 θdφ2 + sin2 θdχ2) ,

eΦ = R2 , C
(2)
tϕ = −Q5

L3
ρ2 , C

(2)
φχ = Q5 sin

2 θ , (A.1)

where ϕ, φ, χ, ym ∈ [0, 2π] and θ ∈ [0, π] and where

R2 =

√

Q1

Q5
, L2 =

√

Q1Q5 . (A.2)

The equations of motion for D1-brane in given background have the form

TD1

2

e−Φ∂MgKL∂αx
K∂βx

Lgβαdetg
√

−detgαβ − (2πα′)2F 2
τσ

− ∂α

[

TD1e
−ΦgMN∂βx

Ngβαdetg
√

−detg − (2πα′)2F 2
τσ

]

−∂α[CMN∂βx
N ǫαβ ] = 0 , (A.3)

while the equation of motion for Aα again implies

TD1
e−Φ(2πα′)2Fτσ

√

−detgαβ − (2πα′)2(Fτσ)2
= Π (A.4)

Let us now presume an ansatz where the D1-brane is wrapping τ and ϕ directions and

where ρ = ρ(σ),

x0 = τ , ϕ = σ , ρ = ρ(ϕ) (A.5)

where we use the notation σ0 = τ, σ1 = σ keeping in mind that σ is dimensionless. For the

ansatz (A.5), the equation of motion (A.3) for M = 0 is automatically satisfied while that

of ϕ implies

√

T 2
D1 +

(

Π

2πα′

)2

e−Φgϕϕ
√
−ggσσ + TD1

Q5

L3
ρ2 = C , C = constant (A.6)

that can be solved for ρ′ as

ρ′2 =
ρ4(1 + ρ2

L2 )
2

C ′2(1− K
LC′ ρ2)2

− ρ2
(

1 +
ρ2

L2

)

, (A.7)

where K2 =
T 2

D1

(T 2

D1
+( π

2πα′
)2)

and where now ρ′ ≡ dρ
dϕ

. Let us now choose the constant C ′ in

such a way that

C ′ = −KL (A.8)

3We follow the conventions used in [19, 20].
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when the equation above simplifies considerably

ρ′ =
ρ

KL

√

ρ2(1−K2)−K2L2 (A.9)

and hence we find the solution

ρ2

L2
=

K2L2

1−K2L2

1

cos2(ϕ− ϕ0)
. (A.10)

We again choose the integration constant that for ϕ → 0, the system approaches ρ → ∞
so that

ρ2

L2
=

1

Π2

T 2
D1

T 2
F1

1

sin2 ϕ
. (A.11)

This is the solution corresponding to AdS D1-brane in AdS3 background with non-trivial

RR fields. In the next appendix we show that given configuration is S-dual to the specific

bound state of D1-branes and fundamental strings in AdS3 background with non-trivial

BNS two form.

B pD1-branes in AdS3 with BNS field in global coordinates

Let us now consider a collection of pD1-branes in AdS3 background with the metric

ds2 = −(1 +
ρ2

L2
)dt2 +

1

1 + ρ2

L2

dρ2 + ρ2dχ2 (B.1)

but with non-zero BNS field in the form

B =
ρ2

L
dχ ∧ dt . (B.2)

Since we are interested in the collective dynamics of the bound state of p D1-branes it is

clear that given action is the standard DBI action multiplied with the number p so that

S = −pTD1

∫

dτdσ
√

−detgαβ − (bτσ + 2πα′Fτσ)2 . (B.3)

Note that the equations of motion for xM that follow from given action have the form

−∂α

[

pTD1
gMN∂βx

Ngβαdetgαβ
√

−detgαβ − (bτσ + 2πα′Fτσ)2

]

+
pTD1

2

∂MgKL∂αx
K∂βx

Lgβαdetgαβ
√

−detgαβ − (bτσ + 2πα′Fτσ)2

−pTD1∂τ

[

(bτσ + (2πα′)Fτσ)bMN∂σx
N

√

−detgαβ − (bτσ + 2πα′Fτσ)2

]

+ pTD1∂σ

[

(bτσ + (2πα′)Fτσ)bMN∂τx
N

√

−detgαβ − (bτσ + 2πα′Fτσ)2

]

+pTD1
(bτσ + (2πα′)Fτσ)∂MbKL∂τx

K∂σx
L

√

−detgαβ − (bτσ + 2πα′Fτσ)2
= 0 (B.4)

The equation of motion for Aα implies

pTD1
bτσ + 2πα′Fτσ

√

−detgαβ − (bτσ + 2πα′Fτσ)2
=

q

2πα′ , (B.5)
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where q is the number of fundamental strings bound to p D1-branes. Note that using the

previous result we can express bτσ + (2πα′)Fτσ as

bτσ + (2πα′)Fτσ =
qTF1

√

−detgαβ
√

p2T 2
D1 + q2T 2

F1

(B.6)

Let us now choose the following ansatz

t = τ, χ = σ , ρ = ρ(σ) . (B.7)

In this case we find that the equation of motion for t is automatically obeyed while the

equation of motion for χ implies

√

(pTD1)2 +
( q

2πα′

)2
gχχg

σσ
√

−detg +
q

2πα′ bϕt =

√

(pTD1)2 +
( q

2πα′

)2
C , (B.8)

where C is a constant. From given equation we obtain differential equation for ρ′

ρ′2 =
ρ4
(

1 + ρ2

L2

)2

(

C − qTF1√
p2T 2

D1
+q2T 2

F1
L
ρ2
)2 − ρ2

(

1 +
ρ2

L2

)

. (B.9)

If we choose the integration constant C to be equal to

C = − LqTF1
√

p2T 2
D1 + q2T 2

F1

(B.10)

we find simple differential equation for ρ

ρ′ = ρ

√

ρ2

L2

p2T 2
D1

q2T 2
F1

− 1 (B.11)

that has solution
ρ

L
=

qTF1

pTD1

1

sinχ
(B.12)

which is the generalization of the solution found in [18] to the case of the bound state of

p D1-branes and q fundamental strings. Note that the special case when we have p = Π

D1-branes and q = 1 fundamental strings is S-dual to the solution found in the previous

section which is the bound state of single D1-brane and Π fundamental strings. It is also

instructive to consider time-dependent solution corresponding to the motion of the bound

state of pD1-branes and q fundamental strings in given background when we consider

an ansatz

x0 = τ , ρ = ρ(τ) , χ = σ . (B.13)

Then the equation of motion for t implies

√

p2T 2
D1 + q2T 2

F1gttg
ττ
√

−detgαβ − qTF1btχ = C (B.14)
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and hence we obtain

ρ̇ =

√−gtt√
gρρ

√

1 +
(p2T 2

D1 + q2T 2
F1)gttgχχ

(C − qTF1btχ)2
. (B.15)

For the background given in (B.1) and (B.2) we obtain that there is a turning point at

ρ2 =
−(p2T 2

D1 + q2T 2
F1 − 2C

L
qTF1) +

√

(p2T 2
D1 + q2T 2

F1 − 2C
L
qTF1)2 + 4p2C

2

L2 T
2
D1

2
p2T 2

D1

L2

.

(B.16)

Note that there is a special formal case when p = 0 when the turning point occurs at

ρ2 =
C2

qTF1(qTF1 − 2C
L
)
. (B.17)

We see that given turning point is real when C < 2 qTF1

L
. We also see from (B.17) that the

string can reach ρ → ∞ when

Ccr =
q

2
TF1L . (B.18)

In fact, it is easy to see that for C > Ccr, the expression under the square root in (B.15) is

always positive for all ρ. Hence, for C > Ccr and for p the given configuration can always

reach ρ → ∞.

Finally, we would like to compare the given result with the analysis of the motion of

fundamental strings in the given background. Recall that the dynamics of the classical

string is governed by the Nambu-Gotto action

SNG = −TF1

∫

dτ

∫ l

0
dσ

[

√

−detgαβ +
1

2
ǫαβBMN∂αx

M∂βx
N

]

, (B.19)

where ǫτσ = −ǫστ = 1. Now the equation of motion of xM takes the form

∂α[gMN∂βx
Ngβα

√

−detgαβ + ǫαβBMN∂βx
N ] = 0 . (B.20)

Consider the time-dependent ansatz as in case of D1-brane

x0 = τ , χ = σ , gσσ = gχχ , gττ = gtt + gρρ(ρ̇)
2 . (B.21)

Then the equation of motion for χ is obeyed automatically while that for t implies

ρ̇2 =

(

1 +
ρ2

L2

)

(

1−
(

1 + ρ2

L2

)

ρ2
(

C + ρ2

L2

)2

)

(B.22)

Now the expression on the right has turning point at

ρ2 =
C2

1− 2C
L

⇒ C <
L

2
(B.23)
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Let us try to integrate the equation of motion for C = L
2 when we obtain

dρ

(

1 + 2 ρ2

L2

)

√

1 + ρ2

L2

= dt (B.24)

Integrating both sides we obtain

ρ2

L2
=

−1 +
√

1 + (t− t0)2

2
(B.25)

and we see that given string reaches ρ = ∞ in the limit t → ∞. It is also easy to see that

for C > L/2 there is no turning point and fundamental string always reaches ρ → ∞ which

is well known fact [18].

Open Access. This article is distributed under the terms of the Creative Commons

Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in

any medium, provided the original author(s) and source are credited.
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