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ABSTRACT: We explicitly compute the tree-level on-shell four-graviton amplitudes in four,
five and six dimensions for local and weakly nonlocal gravitational theories that are
quadratic in both, the Ricci and scalar curvature with form factors of the d’Alembertian
operator inserted between. More specifically we are interested in renormalizable, super-
renormalizable or finite theories. The scattering amplitudes for these theories turn out to
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tors. As a special case the four-graviton scattering amplitudes in Weyl conformal gravity
are identically zero. Using a field redefinition, we prove that the outcome is correct for any
number of external gravitons (on-shell n—point functions) and in any dimension for a large
class of theories. However, when an operator quadratic in the Riemann tensor is added
in any dimension (with the exception of the Gauss-Bonnet term in four dimensions) the
result is completely altered, and the scattering amplitudes depend on all the form factors
introduced in the action.
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1 Introduction

Scattering amplitudes, in particular gauge invariant on-shell ones, are the observables of
major interest in particle physics experiments. The possibility of getting very precise and
well testable predictions for them is surely one of the biggest achievements of perturbative
quantum field theory. From a more theoretical point of view, they play a fundamental
role in constraining the higher derivative terms that are expected to arise at quantum level
as a consequence of the presence of divergences in loop diagrams in non-renormalizable
theories [1]. It is well known that, even for tree-level diagrams, the intermediate steps of
computation show a remarkable tangle that often disappears in the final physical ampli-
tudes [2]. This is a consequence of the ambiguity (and also the richness) intrinsic to the
Lagrangian off-shell formalism, which is invariant under gauge transformations and field
redefinitions. Recently there has been a wide interest in developing powerful methods for
on-shell scattering amplitudes, which have led to both improving calculation techniques



and gaining new insights into the underlying mathematical structures (see [3] and refer-
ences therein).

On the other hand, since it is quite difficult to propose good and unambiguous quanti-
ties which could play the role of observables in pure quantum gravity, we concentrate our
attention on hypothetical experiments of graviton scattering described in the perturbative
framework of quantum field theory around flat Minkowski spacetime. Due to the kinemat-
ical constraints the first non-vanishing amplitude (for on-shell massless gravitons) must
describe a scattering process involving four particles. One example is the scattering of two
gravitons into two, which is the topic of this paper. Here due to tremendous complications
present at loop levels in quantum gravity, we consider only tree-level amplitudes (only in
the Born approximation). Physically these amplitudes correspond to the classical processes
of monochromatic gravitational wave scattering happening in the empty space. Of course
such effects are predicted by Einstein general relativity, which is a nonlinear theory of
gravitational interactions, but non-linearities are very little effects due to the smallness
of the ratio between the typical graviton energy and the Planck mass. Nonetheless, the
amplitudes are indeed very useful probes of quantum gravitational physics and are the first
must-be-taken step to quantum gravity phenomenology.

The first attempt to compute tree-level scattering amplitudes was undertaken in the
simplest quantum gravity theory, namely in the quantum version of Einstein gravity. There
it was found [2, 4] that the final results are quite simple and can be derived even without
performing detailed computations using Feynman diagram methods [5]. Due to dimensional
reasons (G y has energy dimension —2 in four dimensions) the amplitudes showed behavior
that grow unboundedly with increasing energy of the scattering process. Precisely they
grow as E2. This observation led to the conclusion that naive tree-level unitarity bound
on the scattering amplitudes is violated. Further, it was derived that either Einstein-
Hilbert quantum gravity becomes non-perturbative around Planck scale or the theory needs
an ultraviolet (UV) completion and can be viewed merely as a low energy effective field
theory of quantum gravity. We keep this message in mind and we study the scattering
processes in a class of theories which can be without problems in the UV regime, but at
the same time these theories remain always in the perturbative regime. Indeed, higher
derivative super-renormalizable theories are asymptotically free and the unitarity bound is
not violated. This is transparent in the prototype asymptotically free theory proposed by
Stelle in 1977 [6-8]. The energy scaling of the scattering amplitudes is proportional to E* or
E?, but at a closer inspection it can be correct only up to the Planck scale because at very
high energy the interaction between gravitons becomes very weak and they travel almost
as free particles as a mere consequence of asymptotic freedom. Therefore, the scattering
amplitudes presented in this paper are meaningful up to the Planck scale (or the new scale
introduced in the theory), while a careful analysis is required around the Planck mass.

Moreover, despite the remarkable result of our computation, which states that ampli-
tudes in four dimensions are the same as in Einstein gravity, we could be able to determine
other phenomenological consequences of the graviton scattering processes. One of such
interesting implications concerns the production of micro black holes as resonances in the
elastic scattering of gravitons [9, 10]. Typically, as it is done in high energy physics, from a



broadening of the cross section we would be able to read out the half-width and therefore
determine the life-time of such objects. This would shed a new light onto the interpretation
of Hawking evaporation process in the fully-fledged (opposed to semi-classical approach)
quantum field theory of gravitational interactions. Other implications for particle physics
and its unification with gravity would require the coupling of matter to gravity, which we
do not attempt to make here.

As the last piece of our original motivation we want to mention that the results of the
amplitude computation might have served well for the determination of form factors, which
are used in nonlocal theories (for the special case of constant form factors we would be able
to determine values of the couplings in front of terms quadratic in curvatures in the Stelle
gravity). But since in four spacetime dimensions we find no dependence on interpolating
functions (form factors) with the exception of terms quadratic in Riemann tensors, this
cannot be done based only on tree-level results for the minimal super-renormalizable or
finite theory. The situation is different in higher dimensions as we point out explicitly in
the second part of the paper and this is one of the new results of this paper. In the higher
dimensional setup, thanks to these amplitudes, we are able to determine some characteristic
features of the form factors. For fully unambiguous determination of the form factors in
the minimal nonlocal super-renormalizable theory we will need the full one-loop result,
which is right now beyond our capabilities. It can be quite pleasing that in four physical
dimensions tree-level amplitudes do not depend on the form factors, because then we can
view the presence of the form factors as the clever way of parametrizing our ignorance.
However, as we see on the tree-level nothing depends on it and actually we are not forced
to determine the form factor there. This changes one of the biggest drawback of the theory
(ambiguity related to the choice of the form factor) into a virtue (now tree-level scattering
amplitudes are independent of it). This further may lead to seeing the form factors as
something that does not have very important physical meaning. The form factor may be
used only as a way to interpolate between infrared (IR) and UV behavior of the theory in a
covariant way. Such ideas are similar to the ideas of the smooth covariant cutoff developed
in the field of functional RG [11-16]. We believe that the true significance of the form
factors used in nonlocal theories will be revealed only at the loop level. This is confirmed
by partial computations of the beta functions of running couplings, which indeed do depend
on the asymptotic form of the form factors used.

All of this has drawn our attention to investigations, with somewhat more traditional
techniques, of what kind of physical information can be obtained from tree-level on-shell
amplitudes for a class of weakly nonlocal theories of gravity, which have been the subject of
recent studies [17-29]. These theories turn out to be a particularly convenient theoretical
framework to perform quantum gravity computations, because they have been proven to
be ghost-free and super-renormalizable or finite at quantum level. We work in the quantum
field theory framework and we assume as our guiding principle the “validity of perturbative
expansion” [30-32]. Moreover, the following postulates are required: (i) spacetime diffeo-
morphism covariance; (ii) weak nonlocality (or quasi-polynomiality); (iii) unitarity (the
spectrum is tachyon- and ghost-free); (iv) super-renormalizability or finiteness. The main
difference with perturbative quantum Einstein gravity lies in the second requirement, which



makes possible to achieve unitarity and renormalizability at the same time. In this way a
fully consistent quantum gravitational theory has been constructed free of any divergences.
However, the theory is not unique and all our ignorance is encoded in a form factor (entire
function) with very specific asymptotic limits in the ultraviolet and in the infrared fixed in
such a way to have a convergent quantum field theory. At classical level there are evidences
that we are dealing with a “singularity-free” gravitational theory in the case of physical
matter [33-48]. However, we know that Einstein spaces are exact vacuum solutions of the
weakly nonlocal theory, including the singular Schwarzschild spacetime [49-56].

The main findings of this paper consist of new results for tree-level scattering ampli-
tudes in Stelle gravity and its analytic nonlocal extensions. We find that the situation in
quadratic gravity in four dimensions is exactly the same as in Einstein gravity, while for
the Weyl conformal theory the four-graviton amplitudes are identically zero. In dimension
higher than four and when the terms quadratic in Riemann tensors are included the out-
come in Stelle gravity differs from the standard Einstein theory. If in four dimensions (or
extra dimensions) we allow for analytic nonlocal extensions involving the Riemann tensor,
then again we find a different outcome. We finally explain our results by proving a general
theorem about on-shell n—graviton scattering amplitudes and by explicitly considering di-
agrams from terms that cannot be redefined. We point out the possibility of determining
the form factors, when these theories are viewed as fundamental, and comparing them with
the experimental results about graviton scattering amplitudes. This may be taken as a first
step to verify this class of theories.

In this paper we mainly concentrate on the calculation of tree-level four-graviton scat-
tering amplitudes. The interested reader can also consider the following references [81-83],
where different methods than Feynman diagrams are used to compute scattering amplitudes
in gravity. In the remaining part of this introduction we remind the reader the construc-
tion of the weakly nonlocal quantum gravity. Later, in the second section, we start with
some kinematical considerations and we find the propagator and compact expressions for
vertices. We first perform the amplitude computation in quadratic Stelle theory [6] in
section three and then in the most general weakly nonlocal super-renormalizable theory
quadratic in the Ricci and scalar curvature tensors in section four. Moreover, in the fifth
section we interpret the technical results as a consequence of a general theorem based on
Anselmi’s field redefinition theorem [57, 58|, and [59-62]. Finally, we discuss the general-
izations of our results (also some expectations beyond tree-level) and we give conclusions.
We supplement the paper by two appendices, where we put more technical details about
the propagator and variations of curvature invariants.

1.1 Weakly nonlocal gravity

The general D-dimensional theory weakly nonlocal and quadratic in Riemann, Ricci and
scalar curvature reads [17-21, 23, 24, 26, 28, 63-71],

Ly = 2657 V=9[R + R (0)R + Ricy:(0)Ric + Riem v, (0)Riem + V] .(1.1)

The theories above consist of a weakly nonlocal kinetic operator and a local curvature
potential V. Therefore they are quite general, more general thing would be only to allow



the potential to be nonlocal too. The local potential V for a gravitational theory, which is
however sufficient, is made up of the following three sets of operators
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where operators in the third set are called killers, because they are crucial in making the
theory finite in any dimension. They are used to kill the beta functions. In (1.2) Lorentz
indices and tensorial structure have been neglected.! For more details about notation in
the potential V we refer the interested reader to original papers [21, 22]. Moreover in (1.1)
0 = ¢"'V,V, is the covariant box operator, and the functions ~,(0) (¢ = 0,2,4) (form
factors) will be shortly defined. When ~4(0J) = 0 minimal unitarity requires
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where H(z) is an entire function on the complex plane. Given the conditions (1.3), in the

perturbative spectrum of the theory we only have the massless transverse graviton, whose
propagator is modified only in a multiplicative way from the Einstein theory. In (1.3) A is
a fundamental invariant mass scale in our theory and we define z = —[Jy = —[1/AZ.

A universal exponential form factor exp H(z) compatible with the guiding principles of
quantum field theory and with the requirement of proper IR limit of the theory H(0) =0
is [26]:

V() = G = 5 [0(0,p(2)?) +7E-+log(p(2)?)]

o (o () o} o0

where the last equality is correct only on the real axis. g ~ 0.577216 is the Euler-

E
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Mascheroni constant and I'(0,z) = f;oo dte~'/t is the incomplete gamma function with
its first argument vanishing. Now we define capital N by the following function of the
spacetime dimension D: 2N 4+ 4 = D in even and 2N +4 = D + 1 in odd dimensions.
Besides integer N in our theory we have also another integer number ~, which measures
how far the theory is from the minimal renormalizable one in given spacetime dimension.
The polynomial p(z) in (1.4) is of degree v + N + 1 and such that p(0) = 0, which gives
the correct low energy limit of our theory (coinciding with Einstein gravity). The entire
function has asymptotic UV behavior given by the polynomial p(z)* in conical regions
around the real axis. However in most applications we will choose a monomial behavior
200N+ \where a is another positive integer number. Then these conical regions are with
an opening angle © = 7/(4(y+N+1)). For v = N = 0 we have the maximal angle © = 7/4
for all a.

! Definitions — The metric tensor g,, has signature (— + ---+4) and the curvature tensors are defined
as follows: Ry,, = —0.1'), +..., Ry = Rl,,, R = g""R,,. With symbol R we generally denote one of
the above curvature tensors.



1.2 Propagator, tree-level unitarity and power counting

We shortly discuss the propagator in a theory (1.1). Splitting the spacetime metric into the
Minkowski background plus fluctuations and after performing a gauge fixing, we can invert
the quadratic in fluctuation fields kinetic operator to finally get the two-point function in
Fourier space [86, 87| (see section (2.2) and appendix A for more details),

2 2 00
o l= V(kkz/A) <P2 — DP—2> . (1.5)

The indices for the operator O~' and the projectors [86, 87, 90] {P%, P2} as well as gauge-
dependent terms in (1.5) have been omitted. The tensorial structure in (1.5) is the same
of Einstein gravity, but the multiplicative form factor V' (k?/A?) in Fourier space makes
the theory strongly ultraviolet (UV) convergent without the need to modify the spectrum
or introducing ghost instabilities. The theory propagates only massless spin two particle
(graviton with two helicities), however the UV behavior of the propagator is modified. This
fact about the tree-level spectrum ensures us that we are dealing with a perturbatively
unitary theory.

We now review the power counting analysis of the quantum divergences [17-20, 26,
27, 29]. In the high energy regime, and in even dimension the above propagator (1.5) in
momentum space schematically scales as

O~ (k) in the UV . (1.6)

~ k2D

The interaction vertices can be collected in different sets, that may or may not involve
the entire functions exp H(z). However, to find a bound on the quantum divergences it is
sufficient to concentrate on the leading operators in the UV regime. These operators scale
as the propagator giving the following upper bounds on the superficial degree of divergence
of any graph [17-20, 76-80],

w(G) =DL+(V-1)(2y+ D). (1.7)
We rewrite above in a more convenient form as
w(G)=D —2v(L—-1). (1.8)

In (1.8), we used the topological relation between the numbers of vertices V, internal lines
I and the number of loops L: I =V + L — 1. Thus, if v > D/2, in the theory only 1-
loop divergences survive. Therefore, the theory is super-renormalizable [28, 33, 34, 72-75]
and only a finite number of operators of mass dimension up to M? has to be included in
the action in even dimension. For odd dimension, if v > (D — 1)/2, then the theory is
completely without divergences and hence automatically finite.

1.3 Super-renormalizable and finite gravitational theories in D =4

The main reason to introduce a potential V in the action (1.1) is to make the theory finite
at quantum level. It is easy to see that it is always possible to choose the non-running



coefficients sj; in (1.2) to make all the beta functions vanish. We consider the simplest case
of a monomial asymptotic behavior for the form factor, namely: p,in41(z) = 27N+ For
this particular choice of the form factor in the large z limit, the analysis of the previous
subsection shows that only divergences, which are to be renormalized by terms with D
derivatives (like RP/?/e in dimensional regularization (DIMREG)), are generated at one-
loop. However, the killer operators in the last set of operators in (1.2) give contributions to
the beta functions of the theory linear in the front parameters s ;. The latter ones can be
fixed in such a way to make the theory finite in any even dimension. The tensorial structure
of killers must reflect the structure of terms, which are renormalized in the original theory
(terms with D derivatives).

In D =4 (N = 0) the whole situation is simple to describe, because we only need two
killer operators. The highest derivative terms in the kinetic part of the action come from
the form factor and are of the type R7R [84-87]. The minimal choice for a finite and
unitary theory of quantum gravity in four dimensions may consist of terms with v = 3 (and
a = 1) in the kinetic part. This alone leads to one-loop super-renormalizable quantum
nonlocal gravity. For simplicity we introduce only two quartic killers and no cubic in
curvature operators. This is sufficient to make vanish all two beta functions for R? and
wa operators. The simplest Lagrangian with the Tomboulis type of form factor (1.4) may
be the following,

9 eH(=04) _q eH(=04) _q
- —— /= D ]
Len H?f/ g|R+ Ry, = R" — R 55
+51 R*O(R?) + 52 R, R*'TO(R,0 R*) |, (1.9)

where p(z2) = 2%, 51 = —272%wa(c1 + 2)/3, s2 = 872wacs and wy = A Sexp(yr/2) [21].
Here ¢ and ¢y are two constants independent on wo, that have to be determined from the
calculation of the contributions to the beta functions from terms quadratic in curvature
and dominant at high energies. A more general Lagrangian can have a finite number of
other local terms, but still finiteness of the theory can be obtained exactly in the same way.

We recently proposed, following [29], another class of weakly nonlocal possibly finite
theories, which are constructed entirely from kinetic terms (only weakly nonlocal operators
quadratic in curvature appear), without local or nonlocal gravitational potential V cubic
in curvature or higher. The simplest nonlocal four-dimensional theory we can write to
achieve finiteness is exactly the one given in (1.1), but without assuming the relation (1.3)
(unitarity is anyhow achieved as proven in [23, 25]),

L= —2xk;%/=g[R+ Ryo(O)R + R,y2(0)R™ + Rypeya(D)R*™P7],  (1.10)

eHe(=0OA) _q
0)=——
Ye(0D) 5
We assume that all three form factors (for £ = 0,2 and 4) have the Tomboulis form (1.4)
with the same degree of UV polynomial v + 1. The operators in (1.10) can be written
equivalently in other bases using Weyl tensors C, 070 (0)CH*P7 or generalized Gauss-
Bonnet Lagrangian. The finite theory would boil down to some relations between UV



polynomials for each form factor. At the moment we cannot definitely assert that the
theory is finite, because the beta functions for the operators R? and wa are quadratic in
three parameters defining the asymptotic UV behaviors of the entire functions Hy. This
theory and its generalizations are currently under careful investigation and the results will
be published in a future paper. Nevertheless, looking at the beta functions reported by
Kuz'min [29], it turns out that for v > 4 we can always find a solution for

/8R2 =0 or 6R;2w = 0, (111)

hence in this class of theories only one beta function could be non-zero.

2 Four-graviton scattering amplitudes in higher derivative gravity

We start by studying the higher derivative gravity theory proposed and extensively studied
by Stelle in 1977. The action is quadratic in curvature and it is the limiting case of (1.1)
for the particular case of constant form factors and zero potential, namely:

Y (O) = const = vy, ~2(0) =const =2, Y (d)=const=74, V=0. (2.1)

Therefore, the higher derivative Stelle’s gravitational action reads

Sy = =2k 77 /dDZL‘ V=9 [R+% R? + "}/QRZV + '74R;2wpa] . (2.2)

In this section, before carrying out the computation of the on-shell four-graviton scattering
amplitudes, we derive the propagator and vertices and discuss some general properties of
helicity amplitudes.

2.1 Helicity amplitudes

For the external on-shell gravitons we assume the physical conditions in transverse traceless
gauge

0y = =0, (2.3)

which will turn out to be very convenient in order to simplify the algebra all along the
computation. In this gauge [4] the polarization tensors for gravitons with helicities £2 in
four dimensions are related to those of photons with helicities =1 by tensor product

€ (D, £2) = €u(p, £1)e,(p, £1) (2.4)

where the polarization vectors satisfy

eu(p, \p* =0, en(p, A (p, A) =0,
eﬂ(pa _)‘) = 6;(})7 >\)7 E,u(pa )‘)eu(p7 _)‘) =1. (25)

Furthermore, we require the polarization vectors to form a complete basis for a representa-
tion of the SO(2) group of rotations in the transverse directions which leave p* invariant.



In the axial gauge we introduce the auxiliary vector ¢" }f p* such that ¢ - p # 0, and the
sum on the polarizations reads

* Pudv + Pvq
Z 6#(19, )\)Ey(pa )\) = Npv — R (26)
A==+1 p-q

In particular, taking momenta in spherical coordinates (6, ¢) to be

Dy = (po,po sin @ cos ¢, po sin f sin ¢, pg cos 5) , (2.7)

we can make the following explicit choice of the polarization basis,

en(p, £1) = \2 (O, cos 6 cos ¢ T isin ¢, cos 0 sin ¢ + i cos ¢, — sin é) . (2.8)
Therefore we choose the polarization vectors to be helicity eigenvectors. For the special
choice g, = (po, —p) they satisfy (2.5) and (2.6).

We denote by F); a,:n, ), the helicity amplitudes for the scattering process 1+2 — 3+4
of spin 2 particles with helicities ;. The helicity amplitudes satisfy a number of relations
as a consequence of parity conservation and time reversal for a reaction a +b — a + b,
Bose symmetry for a reaction a + a — b + ¢, and invariance under particle-antiparticle
conjugation for a reaction a + @ — b + b, namely

Fxg aainne = (_1))\*M 5 VD VPSS W v

Fxg ainne = (_1))\_M Fxipaina s

Fxghainne = (*1))\74 Fxs aadon

F)\S»)\4§/\1:)\2 = (_1))\_“ F>\3,>\4;>\2,)\1 ) (2'9)

where A = Ay — Ap and p = A3 — \4.

The most significant advantage of working with such amplitudes is that they are defined
as Lorentz invariant quantities for massless particles, which implies we are automatically
computing gauge invariant quantities, only dependent on the Mandelstam invariants s =
—(pr+p2)* t=—(p1—p3)°
and u = — (p1 — pa)*.

Using relationships (2.9), out of 16 amplitudes in four dimensions, we can single out
four independent helicity amplitudes [5]

A (++, ++) = F272;272, A (+_, +—) = FQ,,Q;Q’,Q,

2.10
A(++,+—) = Frao o, A(++,——) = Fro._o . (2.10)

2.2 The two-point function

Let us start by considering the propagator of the Einstein-Hilbert theory assuming the
expansion of the metric around a flat background

G = Nuw + w5 (2.11)



where h,, is the fluctuation field. We will denote by O™ the n-th order term of the
expansion of operator O in the fluctuation field. Furthermore we will distinguish between
on-shell and off-shell fields by underlining the latter.

The equation of motion is given by

58
Spi =2k /dDa:\/—gR — 5gEH
nv

g =—2K7° /de\/ < 9" R—RM )5g,W.
(2.12)

We can always assume (JSgq/ 5gw,)( ) = 0 because R©) = R,(AOV) = R,(PV)W = 0 as a conse-
quence of having chosen a flat background metric. The two point function is obtained by
considering the expansion to the second order

S’g& = 2K}’ /dDm (vV—=9gR) @
= 277 /de [(\/?g) @ RO 4 (=) RO 4 (y=5)© R@)] . (213)

For an on-shell graviton
RWM = 9,0,h® —Ohe =0,
1
R = 5 (Z0u0h + 00" hay + 0,0 hay — Ohyw) =0,

nv
Rl(ﬁll/)ga = % (=0u0phve + 0u0shup + 0y 0phye — 0,05hyy,) # 0, (2.14)

which in particular imply the minimum condition for the quadratized Einstein-Hilbert
action

62SEn 0) B
<<W@:)cw@)> =0 (2.15)

For the higher derivative theory (2.2) we need to add the second order expansion of the
quadratic terms Squap

Squap = (~2x7’ / 7z (701%() +72R()? +74R,§)p(,). (2.16)

To be able to define the inverse of the kinetic operator we add to the Lagrangian the
standard gauge-fixing term

Sgt = —2K 52 / dPx < ) (0%hay — BOLHY)?
where we choose a = 1 and 8 = 1/2, corresponding to the usual harmonic gauge condition
1
0%hgy = iayhg. (2.17)

This is consistent with the physical conditions (2.3) chosen for on-shell gravitons. We can
rewrite the kinetic operator in the momentum space as follows,

[ 52 (S, + Sgr)
2ﬁaﬂ( k) <5gaﬁ(_k)5g'y§(

©) )
5) 1ol = Ghas(ROPP B0, (219

,10,



A standard procedure can be employed to compute the propagator ZO;,él’ 5 s(k) as reviewed
in appendix A.

2.3 The three and four-graviton vertices

Three graviton vertex — The three graviton vertex is obtained by collecting all terms in
the action that are cubic in the graviton field h,,. Since we are interested in the on-shell
four-point function, in particular in the scattering amplitudes of four massless gravitons,
we do not need to go through a lengthy computation keeping track of all terms eventually
vanishing on-shell. Therefore, we can make full use of the simplification brought about
by the linearized vacuum equation of motion for the physical field h,, in the harmonic
gauge (2.17), i.e. Ohy, = 0. Actually, our choice of polarizations is such that we can assume
the conditions (2.3) all along our computation, which greatly simplifies the algebra. In fact,
these conditions imply that all the scalar operators are vanishing on-shell at linear order
in h,,, including the scalar curvature RM and the root of metric determinant \/?g(l).
One can further show that Rl(},,) = 0 due to the linearized EOM. The diagrams we need to
compute are such that for each three graviton vertex two gravitons out of three are on-shell
and one is off-shell because it must be contracted with the propagator of the internal line
of the diagram. This means we can consider the physical and off-shell gravitons as different
fields, even from the combinatorial point of view. Hence the procedure is first to expand
the action to the first order in the off-shell field hu
physical field 7, .

, and then to the second order in the

It is convenient to rewrite the action (2.2) in terms of the only two combinations of
the v, parameters that appear in the propagator, namely

Sy=—2kp> / dPx /=g (R + (o —m) R*+ (v2 + 4u) R+ (R, o — AR, + R?) )
(2.19)

We note the last term is the famous Gauss-Bonnet density, which is topological in four
dimensions whereas for generic higher dimensions it gives rise to vertices only.
For the Einstein-Hilbert action Sgpy = —2/1]32 / dPx/—gR we simply have for the three
graviton vertex:
()
5Sem %) 1 1
z( EH) =i(-2xp%) [V—g <gWR R“”) =i (—2kp?) <2n“”R(2) RW(2>>

0w 2
(2.20)
Similar expressions arise from the scalar curvature square action
S5 = ~20* (o =) [P V=g, (221)
the Ricci square action
S = —2I€52 (v2 + 474) /de \/—gRﬁQ, (2.22)
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and the Gauss-Bonnet action
Sy =252 / dz /=g (R}, ,, —4R., + R?) . (2.23)

The outcome is:
(2)

557 \(2) :
i <59 ) > =i (=26p7) (o =) |29 (9“”V2 — VAV + EQWR — RW) R
v

= 2 (—2xp%) (o — 74) (PO — 0"0”) RP) (2.24)
@)

a5, \® ) 1 o \
i <5g ) =i (=2kp7) (v2+4v) |V—y <29“”R” R\ — 2R* RVA)
nv

(2)
+i (=263°) (va+4y) [\/ —g (—g"“g”v2 —Q“VV“V“rg“”“VAV”+g”*V“V“) Rm}
=i (=2kp") (32 + 474) (—n““n”D — IR+ N 4 OO ) RY,
(2.25)

where [ is the flat d’Alembertian operator. In D = 4, as far as the computation of vertices
is concerned, we can ignore the presence of S because of the Gauss-Bonnet theorem. The
terms in (2.20), (2.24) and (2.25) contributing to the three graviton vertex with two legs
on-shell are expressed in terms of the following second order expansions

R® = —9,ha.0°h + ;achaba%ab,

R(?) = %auhabayhaﬁhab (B50ahy+ 8,0, hat, — OBy Ta — OBl ua) +0°h,® (Ophua— Bahuy) -

Four-graviton vertex — For the on-shell four-graviton amplitudes we only need the
four-graviton vertex with all the gravitons on-shell. Therefore, by the same arguments
used for the three vertex, we can argue that

i (Sen) ) = 267 / Pz (v=gR)™
= —2%52 /de (R(4) + (vV=9) @ R(z)) ,

i (S('])(4) = 72/-@52 (Yo — 74) /dDac <R(2)>2 ,
2
i ()W = —2672 (y2 + 4y4) / Py (Rff,)) . (2.26)

Apart from (y/ —g)(2) = —%hw,h‘“’ the only new quantity appearing in the four vertex is
R™ | whose expression is given in appendix B. We remind the derivation of all vertices
from Sgp, S| and S} is valid in any dimension D.

3 The amplitudes in Stelle gravity

In this section we explicitly evaluate the four-graviton scattering amplitudes for quadratic
Stelle gravity using the method of Feynman diagrams. We distinguish the two cases of
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XA

s channel t channel u channel

contact

Figure 1. Tree-level Feynman diagrams giving rise to the process of four-graviton scattering.

Eluy EQMV

Figure 2. Kinematics of the process hh — hh.

four and higher dimensions. In the first case we have already introduced all the ingredients

which will be used in the computation. For the second one we will add new vertices and

extend the form of polarization tensors. This second case will be the first extension of our

results first obtained in quadratic four-dimensional Stelle theory.

3.1 4D Stelle gravity

In Born approximation there are four diagrams to be considered, which include the contact

one and the ones with virtual propagation in the s, ¢ and u channels. They are depicted

in figure 1, while the kinematics of the process is showed in figure 2.
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The exchange diagrams can be computed by contracting two three graviton vertices
with the propagator. Out of the five possible tensor structures in the propagator (see
appendix A) only three (X, Xy and X3) are seen to have a non-vanishing contribution
as a consequence of the fact that we are considering on-shell gauge invariant amplitudes.
In order to be able to carry out the algebra effectively, it’s very convenient to express the
Mandelstam variables in terms of the energy F and the scattering angle ¢ in the center-of-
mass reference frame,

s=4F%*, t=-2E*(1—cosf) and u= —2E%(1+cosf) . (3.1)

With this choice of variables and assuming all the momenta lying in the plane defined by
¢ = 0, the incoming (p; and py) and outgoing (ps and p4) gravitons are identified by the
momenta (2.7) and polarizations (2.4) obtained from (2.8), where 6 is chosen to be 0, 7,
0 and 7 + 6 respectively. For outgoing gravitons the complex conjugates of polarization
tensors should be used.

The contributions from different diagrams to the amplitude for gravitons with all
helicities 42 are

2\ 9 29
As (++,++) == ( 2) —FE%sin®0—i (—2> - [8(70—74)+(’72+4’y4) (cos 20+3)},
ki) 8 ki) 4
(3.2)
(—2k3°%) cos* § 1,
— M SR 52399 20 — 72 .
Au (b ) = i [ (392 cos 0 + 80 cos 20 — 8 cos 30 — 720) (3.3)

+(v0 — Y1) E* (4cos 0 4 16 cos 20 — 6 cos 30 — 4 cos 40 + 2 cos 50 — 12)

+(y24474) E* (2146 cos §—216 cos 20 — 99 cos 3046 cos 40 +cos 50—1838)} ,
(—2/@?2) sin4%
256(cos 6 + 1)
+(70 — v4)E* (4 cos§ — 16 cos 20 — 6 cos 30 + 4 cos 40 + 2 cos 50 + 12)

+(y2+474) E* (2146 cos 64216 cos 20 —99 cos 30 — 6 cos 40+ cos 59—{—1838)} ,

Ay (4, +4) = —i | E2(392 cos 0 — 80 cos 20 — 8 cos 30 + 720) (3.4)

_9KT2
Acontact (++, ++) = i(l()’;Z) [E2(160 cos 20 — 8 cos 46 + 872) (3.5)

+(70 — 74) E* (=34 cos 20 + 4 cos 40 4 2 cos 60 + 18460)
+(72 4 474) E* (1711 cos 20 — 46 cos 40 + cos 60 + 9598) | .

These results themselves contain a nontrivial piece of information. In fact, in such a
covariant gauge as the harmonic one we have chosen, at any energy scale the propagator
behaves like 1 1 1
o = e (30)
K2(1—~'k2) k2 k2— 1
and because of the small k expansion [k? (1 — 7'k?)] o2y v —~42k? + ... we would
expect quantities dependent on arbitrary powers of E2, whereas we find that only energies
up to the fourth power show up and in particular no energy powers appear in the denom-

inators. This is the sign of nontrivial cancellations happening between the three graviton
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vertices and propagators for each diagram. The ghost poles in (3.6) disappear at any en-
ergy scale and moreover we are safe from IR divergences. However the contribution from
each diagram is not separately gauge invariant and only the sum giving the full amplitude
matters.

Actually, it’s easy to check that the full scattering amplitude reads

A (4, +4) = A (++, +4) + Ag (++, ++) + Au (++, +4) + Acontact (++, ++)

2 1
=2 (—2) B,
Kj sin” 6

which is the same result as the one for the tree-level amplitude of Einstein theory. We can
also find a similar result for the other three independent helicity amplitudes

COS 4
A(H+,+-) = A(++,——) = 0. (38)

As a consequence of another nontrivial cancellations these results coincide with the very
well known one [4] for tree-level graviton scattering in Einstein theory in spite of the fact
that the dimensional arguments that completely constrain the form of helicity amplitudes
in the latter case [5] can no longer be naively applied to quadratic gravity in D = 4,
because of the presence of new dimensionless couplings in the theory. We will find a
natural explanation for these surprising results in section 5.

3.2 D >4 Stelle gravity

For D > 4 the situation becomes more complicated. First of all, the Gauss-Bonnet
term is no longer topological and so it gives a non-vanishing contribution to the three
and four-graviton vertices. Apart from the terms we have already computed, for Sy =

( 2k )74 dex«/ R;Wpo we find

(2)

55, \(?

1 <6g 4 > = (—QHD )74 [2F ( MVRHAPURHA{)U gVTR“)\pURT)\pJ—{—V)\vKR(”MV)R)]
v

- 1 v 2 K 1 14 v
= () g (B8 ) =207 RS R, S0r0r R ),

oles pvpo - tuvpo TVPO = “A\Upo

i (SafY= (—%zf)w/dD | (R ) +2RY RO 48y WRM RO

2
+12g7 g ORA) RY) + 497 @RGRD +v=9? (RY,,) ]
(3.9)

The three and four-graviton vertices are therefore determined in terms of the on-shell non-
vanishing quantities, whose explicit expressions are given in appendix B. As we will see
from the results below, it is crucial to include the term /— pra
dimensions. This term is naturally motivated by effective field theory considerations and

in the action in higher

addition of it is in another direction, how we can extend four-dimensional theory.
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An additional complication is given by the fact that in D > 4 the graviton has M

polarizations. This is a trivial consequence of the fact that the little group for a massless
particle in D dimensions is SO(D — 2) and that the graviton is by definition identified
with the traceless symmetric rank 2 tensor representation. Because a massless vector
particle with momentum p,, (p? = 0) has (D —2) independent polarizations EE (p, A) we can
choose the Lorentz gauge condition pe, = 0 and identify €, up to a gauge transformation
€, — €, +vpy (for any ) to single out an irreducible representation of SO(D — 2) with A
identifying the elements of the vector basis. This basis can be conveniently chosen as the
one such that

1. D _ i, D
HE# (pv)‘) —)\6# (pa )‘)7

with H? the elements of the Cartan subalgebra , i =1,...,7. For SO(D — 2) we can break
up the (D — 2)-dimensional space into [D/2] — 1 different two-dimensional subspaces. The
rotation operator W* (k= 1,...,[D/2] — 1) acts on the subspace (2k,2k — 1). Therefore
polarization vectors are identified by the D — 2 weights of the fundamental representation
of SO(D — 2). If we assume the momentum p, to be in the (D — 1)-th spatial direction
and WIP/2=1 to be the generator of rotations in the (D — 3, D — 2) plane, then we should
consider in particular the polarizations corresponding to the [D/2] —1 dimensional weights
(0,...,0,£1), i.e. the D-vector (0,...,0,1,£4,0). In the following computation we will
concentrate on this structure of D-dimensional polarization vectors. Now we want to
repeat the discussion in the section 2.1 for a general dimension D.

For a generic momentum whose spatial components are only in (D —3, D —2, D — 1)-
subspace

pu = (p0,0,...,0,psinf cos ¢, py sin f sin ¢, po cos §) (3.10)
we have
ef(p, +) = (0, ...,0,cos0cos ¢ Fisin ¢, cosfsin ¢ £ i cos ¢, —sin@) .

These polarizations can be used to construct two traceless symmetric tensors satisfying the
gauge condition p*e,, = 0 and equivalent up to a gauge transformation €, — €., +a,p, +
aypy, where a-p =0,

e (p.£) =€ (p, £)el (p, £) .

Gravitons in D dimensions, which we consider here, are with two possible polarizations +
or —, similarly to the case in four dimensions.

In this framework we have carried out the computation for the amplitude AP (++, ++)
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in D =5 and 6 dimensions. These are the results

AP= (44, +4)
_ 2 { 165°97 [1+ 82 (370 — 7a) + (32 + 41))] o L }
k2 | (1 —4E2%(y2 +4y4)) 3+ 4E% (16(70 — 74) + 5(72 + 474))] sin?6 [’
(3.11)
AP (44, 4+4)
_ —iz { 8ESF [1+8E? (3(70 — 7a) + (2 + 414))] o2 1 }
kg | (1= 4E2(y2 +4m)) [1 + 2E% (10(70 — 74) + 3(72 + 471))] sin® @ |
(3.12)

Quite beautifully, each amplitude is the sum of two terms, one comes from the usual
FEinstein gravity, whereas the other one is overall proportional to ’yz. This implies that
in the absence of the Riemann square action Sj the (quite boring) result found in four
dimensions holds true in higher dimensions too, making the scalar curvature square term Sy
and the Ricci square term Sy undetectable in the tree-level graviton scattering amplitudes.
This is why the presence of the S4 term in the action is crucial in higher dimensions. The
mechanism of cancellation in the former case is the same as in four dimensions.

Another interesting feature is that, apart from the standard Einstein term, the re-
maining dependence of the amplitudes on the parameters of the quadratic terms is only
through the combinations vy — 4 and 72 + 474. To better understand we first define a new
quadratic action for gravity with parameters ~(,, 74 and 74 according to

Sy = —2K77 /de V=g (R +%R* + R, + 74GB) : (3.13)

which is completely equivalent to (2.2), and where GB denotes the Gauss-Bonnet La-
grangian. We find precisely that ~(, and 7% are equal to combinations appearing in (3.11)
and (3.12). Therefore those results can be rewritten in a more compact form

_ 2 16E%+3 [14 8E?(3v) + 73)] 1
AP (4, +4) = i . 0 2 _9p? . (3.14
| ) W2 | (U= 4E%) B + 4B (167 + 573)] sin? 0 (3:14)
_ 2 8E%y; [1+8E%(37) + )] 1
AP=E (4, +4) = —i 5 - 0 —2F? . (315
| ) k2 | (U= 4E2) [L+ 2E2(107 + 3+3)] sin? 0 (3:.15)

The dependence on the parameters ; in the two above formulas can be easily explained
diagrammatically. We know that the propagator derived from (3.13) doesn’t depend on 4
coefficient in any D, only cubic and quartic vertices derived from the Gauss-Bonnet term
possess such dependence (precisely expressions for them are linear in the 74 parameter).
The propagator depends only on /@BQ, 7, and 5. Hence our conclusion is that besides
contribution to amplitudes (3.14) and (3.15) from Einstein gravity, we have additional
contributions from exchange diagrams, where both three graviton vertices are derived from
the Gauss-Bonnet term and on the internal line we have the full propagator of the theory.
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The dependence on v and 74 is only through the propagator, but not through vertices.
The dependence on 552 is determined by dimensional reasons. The fact, that there is
no any linear dependence on 4 in the final results forces us to believe that here we are
witnessing another cancellation between contact diagram with vertex from Gauss-Bonnet
term and exchange diagrams with two different vertices (one from GB, the second one from
standard terms R, R? or Riy). This interpretation of the results is quite natural, because
we have modified the theory (with already many cancellations) only by addition of new
vertices coming from the Gauss-Bonnet term, but the propagator has remained the same.
We have also computed the amplitudes for other choices of polarizations and checked that
their general properties are similar.

Moreover, as it is obvious from (3.14) and (3.15) the new terms in the amplitudes
are associated with the appearance of arbitrary powers of E? in the expansion of the
denominators in the infrared regime, while in the ultraviolet regime the highest power is
of course E*, because this is a quadratic gravity. This result already extends the previous
findings [62, 92], which were restricted only to the order E* in energy expansion around
E = 0. When we treat the theory (3.13) as fundamental, then we do not need to focus
on the low energy limit of the amplitudes and we have the exact energy dependence in
the tree-level amplitudes. By comparing the cross sections computed in [92], we could in
principle read out the values of the parameters 7, 75, and 4. Then it would be natural to
associate the parameter 4 with the strength of Gauss-Bonnet interactions, while two other
76 and +4 would be related to the masses of the ghost and the curvaton, which appear in
the spectrum of quadratic gravity. However, this theory is not unitary (due to the presence
of the ghost) and we cannot conclude about new physically meaningful contributions to
the graviton scattering compared to the amplitudes computed in Einstein gravity. In the
next section we would like to address the same issue in a more realistic theory.

4 Four-graviton scattering amplitudes in nonlocal gravity

In this section we explicitly calculate the four-graviton scattering amplitudes for the weakly
nonlocal theory (1.1) with zero potential (V = 0), namely

Ly =265 vV—g[R+ Ry(0)R+ Ruy2(0)R*™ + Ruppe a(D)RMP7] . (4.1)

This is another direction of extension of our original four-dimensional result in Stelle grav-
ity from (3.1). Here we assume the theory to be valid in any dimension D, but the explicit
formulas will be given for the case D = 4 (in higher dimensions only the numerical coef-
ficients change, but the final results are the same). Additionally results from this section
can be used in particular for any local higher derivative theory, whose action is quadratic
in gravitational curvature and contains a finite number of derivatives. We remark that for
below results to hold true the assumptions about super-renormalizability (or only renormal-
izability), unitarity and nonlocality of the theory are not by any means necessary. Since we
compute the tree-level scattering these issues are irrelevant. We decide to speak about the
theory (1.1), because this is a candidate theory to have a good behavior at quantum level

,18,



too and could be viewed as a fully consistent realization of quantum gravity in quantum
field theory framework.

The stunning result is once again the same of Einstein gravity for the case y4(0J) = 0
in any dimension. Since on-shell the expansion of two the simplest curvature invariants is
R ~ O(h?) and Ric ~ O(h?), the form factors are spectators in the expansion in number of
gravitons and many of the results of the previous section still apply to the general nonlocal
theory (4.1). In more technical terms, when we compute the variations to find propagator
and vertices, we don’t need to vary the form factors and original covariant boxes [J being
the argument thereof. Putting all the n-point functions on flat spacetime we can substitute
these arguments with flat d’Alembertian operators. Finally after going to momentum space
we can easily replace them with negative invariant squares of the momenta — Mandelstam
variables — s, ¢t and u for each channel respectively [27]. Only for the contact diagrams
we have to be careful and we closely investigate on which graviton legs the operator inside
the form factor acts to properly associate dependence on s, t and w in form factors in
momentum space.

We here report the result in D = 4 and with form factors appearing only inside cur-
vature scalar and Ricci tensor squared terms (no terms with Riemann tensors sandwiching
the form factor v4(00J)) for the amplitude A(++,+4) and we explicitly show the cancella-
tions leading to the important result announced above. The amplitude A(++, ++) gets
contributions from the contact diagram and ones with graviton exchanges in the s, t and
u channels (compare figure 1), namely

9t t 9 9

As(+, ++) = —2/@;2 <_8 (S;_ )+32’yz(s) (52 + (s + 2t)2) + 882’}/0(8)> , (4.2)
1 (8% = 5s%t — st? +1%) (s + )

Ai(++, +4) = =27 (—8 (s =5 th ) (s+1)

t —Y(t) ———
16 o + '70() g4

L (251 — 1053 — 5262 +-dst3+11) (s+1)2 1 t2(3+t)4) 43)
8 S

1 (8% —55%u — su? +u?) (s + u)?
Au(++, ++) = =2k 2 <—( 5 ) s+ 1)
s3u
1 25 —10s3u—s?u? +-4sud4+ut) (s+u)? 1 u?(s+u)t
FEBOL Hlowre) (4 L S0 (0
16 s 8
_ 1st+s3t—2st3—t1 9 9
-Acontact("'"‘a ++) = _254 2 <_4 53 _37272(8) (52 + (S + 2t)2)—§82’70(5)
1 0 (2s* — 1083t — s%% + 4st3 + 1) (s +1)? 1 (t)tZ(s + 1)
16 s g0 s
1 25 —10s3u—s?u? +4sud+ut) (s +u)? 1 u?(s+u)
Lo ) G L) )

The full amplitude is given by the sum of above contributions (4.2)+(4.3)+(4.4)4(4.5),
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and the result is:

A(++,++4) = As(++, ++) + Ae(++, ++) + Au(++, ++) + Acontact (++, ++)
= A(++, ++)En, (4.6)

where A(++,++)gn is the amplitude for the Einstein-Hilbert theory. Notice that all
terms but the first of equation (4.2) cancel with the last two terms of the first line of (4.5).
Analogously terms from (4.3) cancel with the second line of (4.5) and those from (4.4)
cancel with the last line of (4.5). For the other helicity amplitudes (2.10) we get analogous
simplifications.

Once the operator quadratic in Riemann tensor (or Weyl tensor, or the generalized
Gauss-Bonnet term) is turned on the scattering amplitudes change radically. Not only
amplitudes will explicitly depend on the form factor v4(0J), but also on the other form
factors in the theory, namely ~o([J) and ~2(0J), as it is evident from the five- and six-
dimensional results reported in (3.14), (3.15) for the case of constant form factors. There
74 is an overall factor, and if it does not vanish, the results will depend also on vy and .
However the mechanism for acquiring such dependences is exactly the same as described in
section 3.2. The case of computation with non-vanishing form factor v4(0) is qualitatively
different from presented here. In this situation to obtain vertices we need to vary the form
factor and covariant boxes in it. The reason for this is simple to explain — the expansion
of Riemann tensor on-shell starts at the first order, Riem ~ O(h), which is in opposition
to the case for Ricci tensor and curvature scalar.

When the nonlocal generalized Gauss-Bonnet operator

GB,, (o) = Riemy4(0)Riem — 4Ricy,(0)Ric + Ry4(O)R (4.7)

is switched on the amplitudes will depend explicitly on ~4(0) (through vertices) and on
7%(0) = v0(0) —v4(0O) and v4(0O) = v2(0) +4v4(0) (through propagators). This operator
is non-trivial in any dimension D > 4, and gives rise only to new vertices, but not to the
full propagator of the theory. As it is now obvious from the discussion in section 3.2 the
vertices derived from this term contain derivatives of the form factor with respect to its
argument (up to the second order). Moreover the argument of the form factor, which is the
covariant box operator (acting on a tensor field up to rank four) must be varied too (up to
the second order), which complicates the situation quite a lot. Therefore the computation
of such vertices is quite involved and we don’t attempt to present the exact results here.
We only remark that the results for constant form factors in section 3.2 for D > 4 are
consistent with these qualitatively described here. The presence of a non-constant form
factor v4(0J) in a nonlocal theory (4.1) is crucial even in D = 4 and there in an ideal
graviton scattering experiment we could fit the form factors ~y(0), 75(0) and ~v4(0) by
measuring the cross section.
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5 General n—graviton scattering amplitudes in local and nonlocal theo-
ries

Having discussed the scattering amplitudes in four-dimensional Stelle theory and in sim-
ple extensions of it in the previous sections (higher dimensional setup, inclusion of terms
quadratic in Riemann tensor, and nonlocal form factors), now we wish to explore other
possible directions about how we could extend our results. The main motivation is to
seek a well-defined setup in which amplitudes will differ significantly from those obtained
in Einstein theory and therefore would permit for unambiguous verification of the theory
by comparing predictions for cross sections with hypothetical experiments on gravitational
wave scattering. As we will see in this section it is still difficult to depart from very ubig-
uitous results of Einstein gravity. As a first step we will try to describe the situation when
n-point correlation functions are considered. In this area the theorem (first proven by
Anselmi in [57, 58]) will reveal to be very enlightening for the tree-level situation. We will
again find typically only standard results from Einstein theory and a justification for this
will be given. A special role will be assigned to the Riemann tensor and to the form factor
~v4(0). At the end we will comment on other possible extensions by the inclusion of other
operators: local (and higher in curvatures) and in a sense more nonlocal, and by going
beyond tree-level. In this way we will touch on any reasonable extension of the original
theory (2.2). Exploration of all these directions in an exhaustive way is beyond the scope
of this paper and we will leave it for future publications.

Let us consider the case of higher than four-graviton scattering amplitudes at tree
level. For this goal we present here the following theorem.

Theorem. All the n-point functions in any gravitational theory (in particular super-
renormalizable or finite) with an action

Lo = —2;@52 V=9[R + R~ (O)R + Ricvy,(O)Ric + V(R, Ric,Riem, V)], (5.1)

give the same on-shell tree-level amplitudes as the FEinstein-Hilbert theory, Lgn =
—2552 V—9R, provided that the potential V is at least quadratic in Ric and/or R. In
particular for any theory in which we can recast the potential in the following form

V = Ric- V - Ric = R,,,[V(R, Ric, Riem, V)|""*" R ,,, (5.2)

the theorem is still valid (\7 is in full generality a differential operator with contravariant
indices p, v, p,o acting on the Ricci tensor to the right, containing at least one power of
gravitational curvature.)

Proof. The proof is based on the field redefinition theorem proved by Anselmi [57] at
perturbative level and to all orders in the Taylor expansion of the redefinition of the metric
field.

First we assume that we have given two general weakly nonlocal action functionals
S’(g) and S(g’), respectively defined in terms of the metric fields g and ¢’, such that

S'(g) = S(9) + Ei(9)Fij(9)E;j(9), (5.3)
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where F' can contain derivative operators and E; = §5/dg; is the EOM of the theory with
action S(g).2 The statement of the theorem is that there exists a field redefinition

9i =9+ AGE; A=A, (5.4)
such that, perturbatively in F', but to all orders in powers of F', we have the equivalence

S'(g) = S(d)- (5.5)

Above A;; is a possibly nonlocal operator acting linearly on the EOM Ej;, with indices ¢
and j in the field space, and it is defined perturbatively in powers of the operator Fj;(g),
namely A;; = Fj(g) + ... Let us consider the first order in the Taylor expansion for the
functional S(g’), which reads

05

S(g") = S(g+ Ag) = S(g) +5fgi5gi = S(g) + Eidg; - (5.6)

If we can find a weakly nonlocal expression for dg; such that
S'(g) = S(9) + E; ogi (5.7)

(note that the argument of the functionals S’ and S is now the same), then there exists
a field redefinition g — ¢ satisfying (5.5). Hence the two actions S’(g) and S(¢') are

tree-level equivalent. 0

As it is obvious from above, in the proof of our theorem it was crucial to use classical
EOM E;. In the theory (5.1) this implies Ric = 0 in vacuum regions without the presence
of any matter source. These are the conditions we have imposed on the linearized level
when we defined asymptotic states of on-shell gravitons as perturbative states of our theory.

Now we can apply the above field redefinition theorem to our class of theories (1.1),
where we do not include terms with Riemann tensor Riem. Since we are interested in
S(¢') = Sen(¢’) and S’(g) = Sexr(g), the relation (5.3) reads

S(g") = Sen(9) + Ry (9) "7 (9) Rpe (9) = S'(9) - (5-8)

Here we also used that in the spectrum of Einstein-Hilbert theory we only have the mass-
less spin 2 graviton (contrary to the case of the theory described by the action (5.1) with
polynomial form factors) and the on-shell scattering of such particles we relate in the two
theories. It would be clearly nonsensical to apply the theorem for scattering of other par-
ticles (appearing e.g. in theory (5.1)) and attempt to relate it to the scattering amplitudes
in the Einstein two-derivative theory.

If the potential V is at least quadratic in R and/or Ric, namely takes the form (5.2),
where V is a rank four tensor made of any tensor including Riemann tensor, its contractions

2Here we use a compact deWitt notation and with the indices ¢, j on fields we encode all Lorentz, group
indices, and the spacetime dependence of the fields. Additionally, we assume that the field space is flat and
we do not need to raise indices in sums there.
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and derivative operators, then the tensor Fj;(g) used in the field redefinition (5.3) exists,
it is weakly nonlocal, and equals to

FHp = ghv gpo () + gMPg"772(0) + V(R, Ric, Riem, V)7 . (5.9)

In the additional part of our theorem we will discuss about the possibility of recasting the
potential V in the form (5.2). Of course due to the known ambiguity related to an order of
writing covariant derivatives (non-commuting on a general manifold) in tensorial expres-
sions, this last remark is not very precise. More precisely we require that the contribution
to the EOM from the potential V should vanish, when the ansatz Ric = 0 is used. (This
is the conclusion about vacuum spacetime in Einstein gravity, which on the linearized level
coincides with the on-shell conditions for the massless gravitons.) We do not say that in
order to use the theorem the initial potential V must be in the form (5.2), it only must be
possible to cast it in such form.

Our results about Stelle theory in four dimensions reported in section 3.1 can be
understood in the following way. First, we may employ Gauss-Bonnet theorem to reduce the
action to the form with only the Ricci scalar and the Ricci tensor square terms. Secondly, we
can use the field redefinition theorem to prove that this theory is equivalent to the Einstein-
Hilbert theory regarding the on-shell tree-level graviton amplitudes. Another convenient
choice is to start with a theory written in a Weyl basis with the quadratic part consisting of
the Ricci scalar square R? and the Weyl tensor square C2. We can take the limit in which
only the coefficient in front of C? survives so that the theory is now conformally invariant
at classical level for D = 4. The operator C? should contribute with the fourth power in the
energy to the four-graviton scattering amplitudes, but conformal invariance requires the
scattering amplitudes to be numbers independent on the scale. Therefore, the amplitudes
must be zero because the graviton field is dimensionless and there is no other scale in
Weyl gravity. On the other hand, in NV = 4 super-Yang-Mills theory we can have non-zero
amplitudes because the gauge bosons have energy dimension one. However, we explicitly
proved that also the operator R? does not give any contribution to the amplitudes, so
that we can conclude the scattering amplitudes for any purely quadratic gravity in D = 4
are vanishing.

As a special case, our explicit computation confirms that the four-graviton scattering
amplitudes in four dimensional Weyl conformal gravity [89] is identically zero, namely

L=—0g/—9Cup,C""” =  A(4-graviton) =0. (5.10)

This derives from the fact that in any CFT S matrix must be trivial.

In D > 4, operators quadratic in the Riemann tensor (with or without form factors)
cannot be recast in the form of operators quadratic in the Ricci and scalar curvatures
without introducing extra vertices because the generalized Gauss-Bonnet operator (4.7) is
no more topological. Therefore, they could contribute to the scattering amplitudes. This
completely explains the results found in section 3.2 and also explain why in the case of
form factors sandwiched among Riemann tensors the results will deviate from the ones
computed in Einstein theory. In the four dimensional case the generalized Gauss-Bonnet
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term (4.7) does have an impact on the EOM and the Ricci-flatness ansatz is not valid in
the vacuum of the theory. Therefore, also in this case we cannot apply the theorem and the
amplitudes differ from those of the Einstein theory in agreement with the results reported
in section 4. In particular the amplitudes in the Einstein-Hilbert action supplemented by
the two-loop correction term (Goroff-Sagnotti term [61]), understood as an effective field
theory, will not coincide with those from pure Einstein theory.

We comment also on applications of the above theorem to the case of dimension D. For
the case of a finite theory the result can be extended to any order in the loop expansion if
we neglect the finite contributions to the quantum action. In even dimension we can easily
achieve finiteness by using of killers constructed at least out of two Ricci tensors (compare
formula (1.9) for D = 4). Note that in odd dimension, for v > (D —1)/2 in the description
after formula (1.4), the theory (4.1) is finite in DIMREG without the need to add any killer
operator. We also note that in D = 3 the Riemann tensor is not independent from the
Ricci tensor and the scalar, therefore three-dimensional Einstein-Hilbert gravity without
matter is finite at quantum level (but without perturbative degrees of freedom).

For the case of a 1-loop super-renormalizable theory in D = 4 the theorem can be
applied at any order in the loop expansion including quantum loop divergences of ampli-
tudes and the quantum logarithmic corrections coming together with the one-loop running
of gravitational couplings. However, we again expect deviations from Einstein Hilbert am-
plitudes due to other quantum finite contributions. It is crucial here that the theory is
one-loop super-renormalizable, because we only have divergences at the controllable one-
loop level. In a general renormalizable theory we would have divergences of the type R?
and RZV at any loop order in D = 4, and the structure of the RG equations for the
running coupling constants or the finite terms in the effective action will be much more
complicated. In the case of theories renormalizable (and super-renormalizable) in higher
dimension D > 6 we cannot apply our theorem any more, because then operators of the
type Riem? in the potential V are needed for having a renormalizable theory.

To make the discussion of the redefinition theorem more transparent we present here
an example of its use.

Ezample. For the finite four-dimensional theory (1.9), the following choice of F'
makes (1.9) tree-level equivalent to the Einstein-Hilbert theory (all the graviton scattering
amplitudes are the same):

eH=08) — 1 1 el(=0x) _ 1

= 1 PO
g9 O

HVPO _ 1P (VO
gg 0 D)

+519"¢”° RO(R-)+s2 RFO(RP?-).
(5.11)

(When the action of the field redefinition (contraction F***?R,;) is evaluated, we substi-
tute the center dot in the last two terms above by the Ricci tensor on the right R,,.)
Remark. We here showed that S, and Sgy are tree-level equivalent and all the on-shell
scattering amplitudes can be equivalently calculated using one or the other theory. How-
ever, off-shell amplitudes do not match, because in proving the theorem we made crucial
use of the equations of motion Ric = 0, that uniquely characterize the perturbative gravi-
ton field in vacuum in both the theories. Similarly in the domain of classical field theory
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other non-perturbative solutions exist in Sg;, which are not shared by Sgy. Therefore the
two theories are equivalent only in the framework of perturbation theory, and full matching
of the amplitudes happens only at tree-level.

As reviewed in section 1.3, we can introduce other operators, local or nonlocal, to
make the theory (1.1) finite at quantum level. In this section making use of the field
redefinition theorem we proved that the killer operators in the action (1.9) do not give
tree-level contributions to the n—graviton on-shell scattering amplitudes. However, (1.9)
is not unique and we are free to introduce other killers that can affect the n-point functions.
One example of such killers is the following quartic operator in the Riemann tensor,

54 Riem?[1"?Riem?, (5.12)

which gives contribution to the four and n—graviton scattering amplitudes (n > 4), as
shown in the proof above, because we can extract from it at least four-graviton fields
around flat spacetime (we remind that we get Riem ~ O(h), while Ric ~ O(h?) when
expanding the metric around Minkowski spacetime with on-shell metric fluctuations).

Beyond tree-level amplitudes. Finally, we expand about the operators we expect beyond
the simplest tree-level computation. In this short subsection the main emphasis is placed
on the finite terms and their contributions to the scattering amplitudes at loop levels. Of
course it is known that such terms are not universal and the results for the amplitudes are
unambiguous only if some renormalization conditions at some energy scale are fixed (below
it is assumed that is is already done).

At quantum level Einstein gravity is non-renormalizable and we expect contributions
to n—gravi—ton amplitudes from many other operators unlike the case of 1-loop super-
renormalizable or finite theories. For the latter we expect to have an upper limit on the
number of derivatives in the UV for the operators in quantum effective action (precisely
2y + 4 in D = 4), while for Einstein gravity we formally have up to infinite number of
them.

At one-loop a super-renormalizable theory in D = 4 gets extra nonlocal contributions
that in the UV look like

O O
R log <_M2> R, Riclog <_M2> Ric, (5.13)

and by virtue of the results in this paper they do not contribute to any graviton scattering
amplitudes. Conversely the finite contribution, which arises in higher dimensions,

O
Riem log (—2) Riem, (5.14)
W

will give an explicit or implicit (after recasting in terms of the operators (5.13) plus extra
vertices) contribution. Moreover, we have an upper limit for the UV energy scaling of the
scattering amplitudes evaluated with the quantum action. For the super-renormalizable
theory without Riemann tensors, or a finite theory with killers not involving them, the
upper limit is E* in D = 4, while in extra dimensions it is EP.
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With the field redefinition at hand we may attempt to compute the contribution even
beyond tree-level in theories for which we can still apply our theorem. In this situation the
two theories differ only by the Jacobian of the transformation that we need to include when
we compute the partition function with the path integral method. As we proved above the
action functionals are equivalent, i.e. S(¢') = S’(g). In the path integral we also have to be
careful about the change of the measure — Jacobian of the transformation. The Jacobian
of the field redefinition transformation g — ¢’ is given by

j == Det(s—g = Detm = Tr 10g 6gMV(l‘)

o9’ 0Gpo (') 0gps(2')

Its divergent part vanishes in DIMREG scheme for the case of any analytic field redefini-

(5.15)

tion. However, the finite non-analytic contributions to the quantum action, if any, take
part in the Jacobian that we can compute perturbatively. For this purpose we introduce
two ghost-like auxiliary fields (similar to Faddeev-Popov ghosts), which have fermionic
statistics [59]. Next, we can consider Feynman loop diagrams with these fields and we
compute the contribution of the Jacobian to the scattering amplitudes. At the zero-loop
order (tree-level) the Jacobian is one and we should do not worry about the inclusion of
diagrams with the new ghosts in the amplitudes. The contribution of the Jacobian starts
at the one-loop order.
In D =5 we may expect the following finite terms in the effective action,

g RV-OR, ¢ Ricv—ORic, ¢ Riemv—-CORiem. (5.16)

The non-analytic functions (like the above square root) of the covariant box operator
appear due to dimensional reasons in any odd dimension. Only the last operator with two
Riemann tensors will contribute to the amplitudes, and the coefficient g4 will keep track of
all the other form factors present in the classical or quantum action as explicitly evaluated
in section 4.

We do not know at the moment the other finite contributions to the quantum action,
but we know, as already mentioned, what the upper limit for the energy scaling of the
finite contributions to the quantum action is: E* in D = 4. In the high energy regime
(E > /il_)l ~ Mp ~ A) we expect these finite contributions to approach the form of the
following operators:

11 5 111 5 111 1 o
RERER ) RERERER ) REREREER s e (5.17)
which probably contribute to the scattering amplitudes.

Anyhow, only an explicit calculation of the one-loop scattering amplitudes will tell us
the form of such corrections.

6 Conclusions

In this paper we have performed a tree-level computation of on-shell four-graviton scatter-
ing amplitudes in the context of higher derivative Stelle theories and nonlocal gravitational
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theories quadratic in the curvature with non-locality specified by form factors. The the-
ories in the first class are known to be generically non-unitary due to the appearance of
non-physical poles in the spectrum [6]. Conversely, the second class of theories, under some
specific choice of the form factors, have been proven to be good candidates for a ghost-free
and super-renormalizable or finite theory of quantum gravity [17-21, 23, 26, 28]. In both
cases we have checked that, in the absence of terms quadratic in the Riemann tensor, the
amplitudes coincide with the ones found in Einstein theory. Furthermore, the four-graviton
scattering amplitudes in Weyl conformal gravity are identically zero.

We provided an explanation of this result on the basis of a field redefinition map of
quadratic gravity into the usual Einstein-Hilbert action [57]. This map is defined pertur-
batively at all orders in the parameters appearing in quadratic gravity. This ensures the
two theories, sharing the same unperturbed action, are completely equivalent from the
point of view of the tree-level amplitudes. More specifically this equivalence holds only
as long as the two theories are supposed to have the same free spectrum. We cannot use
the map to address the computation of observable quantities involving poles not present
in Einstein theory.

The idea that field redefinitions do not affect the physical S matrix was actually dis-
cussed in the context of quantum field theory, specifically renormalization theory, a long
time ago and it actually lies at the core of the fundamental results about the quantum
divergences of Einstein gravity [60, 61]. An application of the field redefinition very sim-
ilar to the one in this paper can be found in [62]. In [62] the authors argue that, just
thanks to field redefinition, the order o/k?* four-graviton amplitudes calculated in string
theory can be derived from an effective action, where only the Gauss-Bonnet density shows
up, consistently with the previous predictions in [91]. The field redefinition was also used
to prove that in any higher derivative effective gravitational action the effective graviton
propagator is always without ghosts. Similar results are derived at large in [58]. Our cal-
culation is actually very near in the spirit to the one in [92], where the effective quadratic
action, reproducing the string theory amplitudes at the order o/k?, is determined by only
considering the O(k*) amplitudes. However, in the approximation considered, the presence
of the additional poles in the propagator contributes only linearly in 9 and ~s.

In this paper we have considered the full non-linear dependence including the full
propagator of quadratic gravity and checked the redefinition theorem to all orders in g
and v2. When the Riemann square term contributes to the interaction vertices (in D > 4)
we have found additional terms in the amplitudes, depending on ~y and 2, which were
neglected in previous computations. This is justified because the previous computations
were to order O(k?%), while the first non-vanishing vertices’ contribution are possible to be
derived from terms at least cubic in curvature (so at least of order O(k%)). Furthermore,
the on-shell four-graviton amplitudes for a large class of weakly nonlocal gravity theories
have been computed drawing on the fact that the form factors present in the action can be
treated without much effort when on-shell gravitons are considered [25, 27]. We emphasize
that our results differ from the standard ones obtained in Einstein gravity for the case
of Gauss-Bonnet term in higher dimensions and also in the case of generalized Gauss-
Bonnet terms (sandwiching a function of the d’Alembertian O operator (4.7)) in D >
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4. In principle, this allows us to determine the form factors by comparing the results
for amplitudes with hypothetical experimental data on graviton scattering. In particular
we are able to determine the coefficients in the most general quadratic Stelle theory in
D = 6 dimensions. Among other extensions of our results we mentioned amplitudes with
any number of external gravitons (n > 4) and our expectations about results beyond
the tree-level.

Finally, although the original motivation of this study was to evaluate scattering ampli-
tudes in a particular class of weakly nonlocal theories of gravity, the outcome of the paper
is a general feature of any higher derivative local or nonlocal gravitational theory: Ein-
stein quantum gravity [58], conformal gravity, effective string theory, and local or nonlocal
higher derivative super-renormalizable theories [85]. We are now motivated to introduce
more advanced techniques in order to calculate n—point functions in local or nonlocal
gravity involving the Riemann or Weyl tensors [93].
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A Details on the propagator

In this appendix we will closely follow the procedure employed in [86, 87]. Lorentz covari-
ance and Bose symmetry allow us to rewrite the kinetic operator Ons.,5(k) in (1.5) making
use of the following basis,

koko Kk

1
X1 =NuwNps, Xo= B (nupnua + nuanl/p) y X3 =N o k2 + 77,0077 (A'l)
(A.2)

1 < kvko kuk, ko k:uk:p> . _ kukukoko
) 5= T 59

X4:1 nup?"i‘nua 12 Lt =57 12 +77uo? (k:2)2

We note that Onp.5(k) = Z?Zl fiX; does not depend on g, 2, and 74, but only on the
two linear combinations 9 — 74 and 72 + 474, because the integral

/ Pz (R( 22— 4R(L? +R(1)2) (A.3)

pvpo

is identically zero in any dimension D. From action (4.1) we read the coefficients f;:
ENE 2 1
f1 = (—26p°k%) Z+2k (70*74)+Z(V2+474) ;

fo = (<2n2?) <_;) 1= K2 (9 + )]

o= (-26528%) (-28%) [ (0 = 30) + § ( +400)
fr=(=26pK?) (=F?) (72 + 474)
fs = (—265°K) K* [2 (o — va) + (72 + 474)] - (A.4)
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In order to define the graviton propagator we have to invert the kinetic operator O.
These calculations are most conveniently carried out in terms of the Barnes-Rivers opera-
tors [88, 90] in the space of symmetric rank-two tensors. The complete set of D-dimensional
operators is given by

1
P;}u poc = 5 (e,upwua + Opowyp + Oy pwpo + Guawup) )

2
2 1 1
BPvpe = B) (Ouplvo + Ouobup) — m%,ﬂpa )
1
00 0 0 00 Owb
P;w po — ﬁelwepg ’ P;u‘:),pa WuvWpo P;w po P;U/o;a + P,u;}pa )

00w

1 0wl 1
wpo = =g omer s Fupe = =0
where 0, and w,, are the usual transverse and longitudinal vector projection operators

k, ko k, ky
euu = Npv — ZT’ Wpy = /];2 >

that satisfy the relations: 0,05 = 0,,, wy,w) = wyw, and 0,,w) = 0. The operators P!,
P2.P% and P% are idempotent, mutually orthogonal, and satisfy the following complete-
ness relation,

1
= 5 (Mupvo + Nuotlvp) = Luv,po -

P4+ p?24 pY4 POW] (
pvpo 2

They project out the spin-1, spin-2, and two spin-0 parts of the field. The two spin-0
transfer operators are such that

PPl = PPY = P'P2 = p2p¥ =, (P°)* = PY 4 P%, (A.5)
POwPO _ POPOG _ POwe, POQPO _ pOPOuJ _ P09w ) (AG)
We decompose the operator O in the projectors basis
Ouprs(k) = c1 Pt + caP? + g PO + f PY + ¢y P, (A7)
where the coefficients ¢y, co, cff, cg, co are obtained using the tensorial identities

Xy =(D-1)PYP*% 4 /D-1P°,  Xy=P' 4 P>y P4 p%

_ 1
=D —1P° + 2P% Xy = 5Pl +P%, X;=P%. (AS)

The coefficients ¢; are explicitly:

1 1
=fa+ §f4 = (—2r}°k?) 3
e = fo =265k (1= k* (92 + 4m))

G=D-1)fi+fa=(- 2552k2) . (D = 3)+2k* (4(D—1) (v0 — 74) + D (2 + 4m))] ,

)

e =VD—1(fi+ f3) = (—265°K?) Z\/D —1. (A.9)

»-lk\H

&g =H+fot+2fs+ fi+ fs = (—2c5°k?) (



The problem of finding 0;51 75(14:) = 51 P! + 59P? + s‘éJPOW + sgPOG + 50P° boils down to
solving the linear system

¢t 000 0 1
S
0ca 00 0 ! 1
S
0.01_|00d0a Sj |1
00¢ 0 c Sg 0
000cac]| (™ 1
S
000¢cd/ \° 0
Using the echelon matrix form [86, 87]
c1000 01 ca000 0 1
0ca 00 01 0ca0 0 0 1
00c0¢!l 00c 0 & 1
00¢c 00 000¢& & T I
000ce!l 000 0de—c2—a
000¢eco 0000 0 0

the propagator is given by

1 1 2
O — EP + 7P + 0 —9

L (P ).

B Useful expansions

We list the expansions that are necessary to determine the propagator and vertices used
in the paper. The expansion of the metric around flat spacetime is defined as

Guv = Nuv + hp,l/; (Bl)

We will always assume h,,, as an on-shell field satisfying the conditions Uh,, = 0, 0*h,, =
0, hj, = 0. This is convenient to reduce the expressions to a compact form which is the one
we actually need in most computations for on-shell gravitons amplitudes. When we want
to refer to unconstrained off-shell fields we will adopt the notation h,,,,.
gW(l) = —h*,
g,u,u(Q) _ h‘uahal/,
2 1
(vV=9)" = =Shah™,
RWM = 8,0,h® — OhY,
3
R®) = —9yhac0°h + 5e)chabacw,

— 30 —



RW = —12h%h9, haeOeha® + 18 ha®h®Oph®0hge + 24 haCh®h%0,0phge
—24h h®h8,0.hig 4+ 36R™ hO,ha Dghpe — 24h™hY OyhaDghee
—24h,°h® h%8,0:hpg + 24ha R h%* 0,04hpe + 24R*°h D ghee O°hap
—6hhDpheg Ohay — 24hP R ghye Ohae + 18RO hyg O hae
—24ho h®0,hge % — 12ha h™Oghee O°hp® + 36ha h®pheq O°hy?,

R{) = % (—8M8VQZ + auaaﬁau + auaaﬁau - Dh/w) )

uv
1
R/(}V)QU D) (=0u0phwo + 005 hup + 0u0ph e — O0shyp)
R = L 0uhnd sy 2 0uhp® e + 0% Buhipn — ~0hypdh
Mygg'__ialjo' up+§aup /,Lo+§ Vo,upa_§ vpYultoa
1 1 1 1
—Eaahwa,,hpa + iaﬂhgaﬁyhpa’ + §8ahup8,,hoa — §auhpaa,,hm
1 1 1 1
+§8ah,,03phu“ — §8yhga8phua — §8ahwaphya + §8tha8phya
1 1 1
—iaahyp(%hua + iayhpaaahu“ + iaph,,a&,hua
1 1 1
—i—i({“)ah#paghm — §8phyaaghm — iﬁuhpa&,hl,a,
3) _ 3 ab 3 ab 3 ab 3 ab
Rior = —§h OahpoOphup + §h OahypOphye — §h OahuoOpuhpp + §h OahwpOuhop

3 3 3 3

—§h‘1b8“hab8,,hpa + §habaahwa,,hpb — 5h“baah#,,a,,hgb + ih“bauhpa&,hgb
3 3 3 3

—ih“babhwaphua + §h“b8,,hgb8phua - 5habauhg,,aphm + §habaahwaphyb
3 ab 3 ab 3 a

+§h OohpOohya — §h Owh pbOshya — §h 20phub 00

3 a 3 a. 3 a
+§h 201 O huva — 5h 20Oy + §h 20ph1uaOohup-

1
R® — §8uh“b&,hab+h“b (850ah s+ 0,0, ha,— 040y huve — DDy Tyua) + 1 (Ohue — Dahup ),

(B.2)

(B.4)
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