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1 Introduction

In our previous paper [1] we have shown that the Kontsevich-Penner model [2-6] is directly
related to the intersections on the moduli spaces. Namely, we claimed that in addition to
the well-known description of the intersections on the moduli spaces of the closed Riemann
surfaces [7-9] it also describes intersection theory on the moduli spaces of the Riemann sur-
faces with boundary. This intersection theory has been recently constructed in genus zero
by R. Pandharipande, J. Solomon, R. Tessler and further investigated by A. Buryak [10-
12] (see also [13, 14]). In particular, a conjectural description of all descendants on the
boundary in higher genera was introduced.

The Kontsevich-Penner matrix model

Nl o3 A%2D

v = det(A)"C /[dq)] exp (—Tr <3' - T N log <I>)> (1.1)
over M x M Hermitian matrices for N = 0 coincides with the famous Kontsevich ma-
trix model, which is known to describe the intersections on the moduli spaces of closed
Riemann surfaces. In this paper we prove that for N = 1 this integral indeed can be
identified with the generating function of open intersection numbers conjectured by R.
Pandharipande, J. Solomon, R. Tessler, and A. Buryak. For this purpose, in particular,
we prove that Buryak’s residue formula [12], which describes a relation between open and



closed intersection numbers, follows from the matrix integral representation (1.1). More-
over, we show how a generalization of Buryak’s formula appears in the general context of
the Grassmannian description of the KP/Toda-type integrable hierarchies [15, 16].

In this paper we also draw attention to the properties of the tau-function (1.1) for gen-
eral N. Using the Sato Grassmannian description we derive the full family of the Virasoro
and W-constraints, which completely specify the partition function of the Kontsevich-
Penner model for arbitrary N. In particular, (1.1) satisfies the string equation

oo 2
(Zktk 0 +t—8+2Nt2) ™ =0, (1.2)
k=3

Otp_o 2 otq

and the dilaton equation

. o 0 1 3N?
(;ktkm_%+8+2>ﬂv_o' (1.3)
Contrary to the constraints for the generalized Kontsevich model with the monomial po-
tential [3, 17, 18] our constraints for N # 0 in general do not belong to the Wi, algebra
of symmetries of the integrable hierarchy. Obtained constraints allowed us to construct the
cut-and-join type operator, which yields an explicit expression for the tau-function (1.1).}

The coefficients of the series expansion of (1.1) depend of the parameter N in a rela-
tively simple way. Namely, they are polynomials in N. This property allows us to consider
N as a continuous parameter. As we have already seen, at least for two values of N the
Kontsevich-Penner matrix integral gives the solutions to interesting problems of enumera-
tive geometry. However, the properties of the generating functions for these two cases are
quite different. The case N = 0, which describes the Kontsevich-Witten tau-function of
the KAV hierarchy, is very well studied. In particular, to completely specify the generating
function in this case we do not need higher W-constraints, and the cut-and-join operator
can be derived from the the Virasoro constraints [19]. It appears that in the case of open
intersection numbers (N = 1) we have a one-parametric family of the Virasoro constraints.
An operator associated with the parameter describes the dependence of the tau-function
on even times

(k — at% Za% 1. (1.4)

This relation for the generating function of the open intersection numbers was established

5t2<kz —j)

n [12]. We claim that for a positive integer N the tau-function (1.1) is also related to
interesting enumerative geometry and topological string theory models. In this paper we
describe in some details the case N = 2. For this case we have two families of the cubic
W-operators. The difference between them describes a dependence of the even times to,
for k > 2 and yields an analog of the relation (1.4).

It is well known that there exists a unique KdV tau-function, satisfying the string
equation, namely, the Kontsevich-Witten tau-function [17, 20]. We found an analogous

! Actually, we constructed a family of the cut-and-join type operators. It is not yet clear to us which
representative of this family corresponds to the geometric cut-and-join analysis (if any).



description for the Kontsevich-Penner model (1.1). Namely, we prove that for arbitrary N
there is a unique tau-function of the KP hierarchy, satisfying both the string equation (1.2)
and dilaton equation (1.3).

The present paper is organized as follows. In section 2 we briefly remind the reader the
action of the w4, algebra of symmetries on Sato’s Grassmannian and show, how one can
describe the acton of some simple operators from the universal enveloping algebra of Wi
on the tau-functions. In section 3 we prove that the tau-function (1.1) for N =1 is given
by Buryak’s formula, thus proving the matrix integral representation of the conjectural
generating function of open intersection numbers. Section 4 contains the derivation of the
finite number of Virasoro and cubic W-constraints for general N, which follow from the
existence of the Kac-Schwars operators and belong to the Wi, algebra. In section 5
we derive the complete (infinite) family of the Virasoro and cubic W-constraints (that, in
general do not belong to Wi ), which allow us to construct the cut-and-join operator
in section 6. Sections 7 and 8 are devoted to the case N = 1, which corresponds to
the open intersection numbers. In section 9 we briefly describe the tau-function (1.1) for
integer N > 1, in particular, we investigate the dependence on the even times for the next
potentially interesting case (N = 2). In appendix A we give the first terms of the series
expansion of the tau-function 7y and the corresponding free energy.

2 Wit algebra and the Sato Grassmannian

In this section we give a brief reminder of some important properties of the algebra wi o
and its central extension, the algebra Wi ... They describe the symmetries of the KP
integrable hierarchy and play a central role in our construction. For more details see,
i.e., [15-17, 21] and references therein.

The KP hierarchy can be described by the bilinear identity, satisfied by the tau-function
7(t), namely

f ) (g — ) 7 (6 + [27Y])dz = 0, (2.1)

where £(t,2) = 332, tx2* and we use the standard notation

1 1 1
t+ 27 =3t —tat -5, t3t ... 0. 2.2
R R =1 2.2)
From the free fermion description of the KP hierarchy it immediately follows that the
operators
—~ o~ m ~
WD (z) = = (J(z) + az) T(2)* (2.3)

*

correspond to the bilinear combinations of fermions and span the algebra Wi, of sym-
metries of the KP hierarchy.? Here J(z) is the so-called bosonic current

~

J(z) =" % (2.4)

meZ

2Omitting some details, one can say that a group element eV, where We Wi4e, maps a tau function
7 to another tau-function e"'r.



where

9
N Oty
k=190 for k=0, (2.5)
—kt_;, for k <O.

for k>0,

The normal ordering for bosonic operators * ... * puts all operators JAk with positive k to
the right of all J with negative k.
The Virasoro subalgebra of Wi is generated by the operators, bilinear in Jg

~

T =Y (26)

meZ

l\'J \

namely it is spanned by the operators

~ 1 s
Ln=3 > abtaty + ; ki

a+b=—m

1

- 2.7
P o 2.7
The operators from the W®) algebra,

1 a1 9
Mkzg Z iJanJci=§ Z abctytyte + Z abtyty -

Ot
a+b+c=k a+b+c=—k c—a—b=k
83
_— 2.8
* Z atbatc Z ataﬁtbatc’ (2:8)
b+c—a=k a+ +c=k

are generated by
1 ~
3+ 2 (= Z m+3 (2.9)
me7

The operators j;g, Ek, and J\/Zk satisfy the following commutation relations

~

[Jk,fm- S —

[jkaim- = kJypm,

[Zk, Em: = (k — m) Ly + %k(zﬂ — 1)) (2.10)
(B W] = (2 = ) Wi+ Gh(R = 1),

|:j\k:a J/\Zm_ =2k Ek—l—m-

A commutator of two operators from W) contains the terms of fourth power of the current
components jm, so it can not be represented as a linear combination of jk, Ek, and ]\//.7k
The description of the integrable hierarchies in terms of the Grassmannian [15, 16]
allows us to work with the operators from the algebra wii (the differential operators
in one variable, which describe diffeomorphisms of the circle) instead of the operators
from Wi . This significantly simplifies the calculations in some cases. In this paper we



consider the tau-functions, given by matrix models of the Kontsevich type. Thus, we use

the following Miwa parametrization

1
b = T z* (2.11)
for a diagonal matrix Z = diag (z1, 22, ..., 2n). A tau-function of the KP hierarchy in this

parametrization is given by

o det%zl ‘I%'(Zj)

T([27]) = —AG) (2.12)

where A(z) is the Vandermonde determinant and we use a natural generalization of the
notation (2.2), [Z7!] = [21_1] + [22_1] +-+ [21\_/11].3 Here

1—2
Oi(z) =214 ) dpt (2.13)
k=—o00
are known as the basis vectors and define a point of the Sato Grassmannian. Let us denote
{®} = {P1, P, P3,...}. We call an operator a € wi4o the Kac-Schwarz (KS) operator
for the tau-function 7 if for the corresponding point of the Sato Grassmannian we have

a{®} C {®}. (2.14)

For the parametrization (2.11) a relation between the algebras wi4o and Wij is as
follows. With any operator a € wi4oo We identify an operator Y, € Wi i~ such that the
operators (—d,)™ 2% (which span the algebra w1 yo) are identified [21] with:

> L (J(z +0,)" ~
Y(_g,ym.—k = res; <z k;%{j@):) _ (2.15)

When the size M of the auxiliary matrix Z in (2.12) tends to infinity, we have an
infinite number of Miwa parameters:

IR detio’.}zl (IDZ‘(ZJ')
([Z27]) = NG (2.16)

Then, for any operator b € w4, and the corresponding operator 17}) € Wits we have a
family of the group elements:
detiS_; e;(z;)

6?1, t —
el )tk:%TrZ*k A(z)

(2.17)

Here € is an arbitrary parameter and it is assumed that in the jth row the operator b
acts on the variable z;. Let us introduce a notation for the determinant in the numerator
of (2.16):

00
Ad_etl (I)Z‘(Zj) = |(I)1, (I)Q, ‘I>3, . | N (218)
1,]=

3In [1] the same Miwa parametrization was denoted by [Z].



where ®; is an infinite column

Then, the family of the group elements, corresponding to the 17}, € Wit acts as follows:
1
tk:%TrZ*k a A(Z)

o (t) €Dy, Dy, L3, ... (2.20)

The first two terms of expansion of this identity in e give respectively

1 LS
A(Z) Z |(b1’ (1)2’ Tt (bl_l’ bq)lv (bl—i-l’ s |a (221)
=1
and
1 o
}/}27: Py, Py, ..., Py, b2(1>l, Dryq, ...
s (2

(2.22)

o
42 [Py, By, ., By, by, Dy, -, Dy, bRy, By, !) :
k<l

3 Buryak’s residue formula

In this section we prove that the tau-function 7 indeed coincides with the conjectural
generating function of open intersection numbers of [12]. In particular, we show that the
residue formula for the generation function, proved in [12], follows from the determinant
expression (2.12) for the tau-functions of the KP hierarchy. Moreover, this type of relations
appears to be universal for tau-functions.

Any KP tau-function can be expanded in the Schur polynomials

T(t) =) casa(t). (3.1)
A
Then, the sum restricted to Young diagrams with at most n non-zero lines
() = D easalt) (3.2)
I(N)<n
is also a KP tau-function for all n > 0. This type of tau-functions often appears in matrix
integrals [22, 23].
Assume we have an expression for the tau-function in the Miwa parametrization
T ([Z_l]) for Z = diag(z1,29,...,2p). Then, the orthogonality of the Schur functions

allows us to find an expression for this tau-function, dependent on an infinite number
of times:

M .
(M) =37 f. 7{A ) exp (ZZtkzl ) D 1:[1 2;5;] (3.3)

k=11=1




On substitution of the determinant representation (2.12) we obtain

M) () = f%A(z exp (ZZtkzl> H D;( 2mz . (3.4)

k=1 1=1

Here we use the antisymmetry of the Vandermonde determinant. Let us extract the integral

over z1:
> d21
P00 = f exp (kz wf) 2(8:21) @1(21) s (35)
where
co M M dz
Z(t;z1) = f...%A(z_l)exp (ZZtkzlk> H(I)J(ZJ)QT(‘ZJZ
k=1 1=2 j=2 J
> & S dz
_ A(,—1 k (. J
- f...y{A(z ) exp (ZZW,> H <z] - 21> @(zj)mzj (3.6)
k=1 1=2 j=2
co M M
~, 1 D;(z5) dz
=¢...p Az Hexp (tk ) 2F L L
% 7{ ; ; k2 ! s A 2miz;
Here
A= ] (zi—2) (3.7)
1<j; 1,j=2..N
is a determinant of the (M —1) x (M —1) Vandermonde matrix. Comparing (3.4) and (3.6)

we see that Z(t; z1) can be identified with the tau-function 7(M =1 (t — En 1]) which corre-
sponds to the point of the Grassmannian {z Lpy, 27 1Pg, 271y, . .. }:

M (4 j{exp (Z tkzl> (t - [zl_l]) @1(21)27652;121. (3.8)

When M tends to infinity we get a relation

= ?{exp (Z tkzk> 7~'(t — [z_l]) Dy (2) 2::;2 (3.9)
k=1

Thus, we proved the following statement: for any tau-function 7 and arbitrary series

®1(z) = 1+0(271) the residue (3.9) gives a tau-function of the KP hierarchy, corresponding
to the point of the Sato Grassmannian

{@1,2&)1,Z$2,Z&>3,...}. (310)

Moreover, it is easy to see that the resulting tau-function satisfies the MKP hierarchy
equation

]{ D ot — ) F(E + [27Y])dz = 0. (3.11)



The relation (3.9) is a particular case of a more general relation between tau-functions.
Namely, in the same way it is easy to show that for any tau-functions 7 and 7* the function
7 defined by

() = AZ%...?{A(z)A(zl)? (t—[27])m ([27"]) exp (ZZ%) ﬁ ﬁfi

k=1 I=1
(3.12)
is a tau-function. The corresponding point of the Sato Grassmannian is given by
{ ’;,@;,...,@M,zMél,chfz,zM@,.“}. (3.13)

For the tau-function 7 of the Kontsevich-Penner model considered in section 4 rela-
tion (3.9) reduces to

%exp (Z iz ) o1 (= [271]) @iv(z);;l;z. (3.14)

In particular, for N = 1 we have

= j){exp (Z tkzk> 70 (t — [271]) ®i(z) 2;11_;. (3.15)
k=1

Since 79 = 7Tkw, the r.h.s. coincides with the expression for the generating function of

the open intersection numbers, derived by A. Buryak in [12]. Thus, we proved that the
conjectural generating function of open intersection numbers is given by the Kontsevich-
Penner model for N =1

To = T1. (3.16)

4 Kac-Schwarz operators and corresponding constraints for general N

As we have established in our previous work [1], an operator

18 1\ 1

is the KS operator for the tau-function, corresponding to the Kontsevich-Penner model

/ [d®] det (1 + i) - exp <—Tr <(I:j * Ajﬂ))
/[d(b] . <_Tr A<21>2> (4.2)

3 2
= det(A)VC? / [d®] exp <—Tr <<I; - AT(I) + N log q>>> .

T™N =

Namely, the basis vectors

SN2 3 2
N = N0, = T 6_3/Cdyyk_N_1eXp <_g:/))'+y;> (4.3)



with a properly chosen contour C, satisfy a relation
an®Y = o . (4.4)

These basis vectors have an expansion

12(2 — p)? — 1 241

24 gV T3P TR TP 5
L(Ls T 5 1225, 285 o 221137 , 73400 5075225
&P TP T T P T o304 P T Te76 P k0044

>zk_10+0(zk_13),

where p = k — N. Using the integral representation (4.3) it is easy to see that the operator
of multiplication by 22 acts as follows:

2o =), —2(k— N — 1) ,. (4.6)
This operator is not the KS operator for N # 0, because
220) = @) + 2N ¢ {@V},  for N #0. (4.7)
However, it is straightforward to check that the operators

Ifl = —an,
lo = —2%any + N — 1, (4.8)
I, = —ztay + 2(N —1)22,

are the KS operators for any N [1]. For example, from (4.6) we see that for |; it is enough
to check the condition (2.14) only for ®. A constant term in the operator |y is chosen in
such a way that the following commutation relations hold:

i, 1] = 26 — jliv; k=—1,0,1. (4.9)

The algebra sl(2) generated by operators (4.8) can be extended to the full semi-infinite
Virasoro algebra of the KS operators I, = 2272a, + ... with £ > —1 only for N = 0 (the
KW tau-function, both ag and z? are the KS operators, so that any of their combinations
is also the KS operator) and for N = 1 (the open intersection numbers of [10-12], any
operator z?*a; for k > 0 is the KS operator).

The relation (2.15) allows us to find the operators from the Wi, algebra, which
correspond to the operators (4.8):

~ ~

B
L1=1L_o— — + 2Nt

oty
~ A 0 1 3N?
I A 4.10
0 0 9t 8 + 5 ( )
-~ ~ 0 0
Li=Ly— — +3N—
B TS



The operators EZ also satisfy the commutation relations of the si(2) subalgebra of the
Virasoro algebra

so that the constrains
Lytv =0, k=—1,0,1 (4.12)
are satisfied. In what follows we call the equations with k¥ = —1 and k& = 0 the string

equation and the dilaton equations.*

Let us show that the string and dilaton equations uniquely specify the solution of the
KP hierarchy (in the same way as the string equation specifies the KW tau-function of
the KdV hierarchy [17, 20]). We follow the approach of [24], namely, we prove that the
corresponding KS operators |_1 and Iy completely specify a point of the Sato Grassmannian
(let us note that these operators, however, do not generate the KS algebra for 7). Indeed,
the operator |_; = ay allows us to find all higher (k > 1) basis vectors ® via (4.4) if the
first basis vector is known. Thus, it remains to show that the first basis vector is completely
defined by the KS operators |_1 and lg. Indeed, from the definition of the KS operators, it
follows that the series lo® = 23 + ... should be a combination of the basis vectors:

3
ol = (Z akalfv> o, (4.13)

k=1

for some constant «j. On substitution of the anzats
(o]
oF =1+ bz * (4.14)
k=1

into this equation, we immediately obtain an expression for the coefficients ay:
(a3 — 2%an +2(N — 1)) Y = 0. (4.15)
This equation has a unique solution of the form (4.14):

) 1 385 73 161 7 1
OV =1+ <+N+N2> z‘3+< + N+ N? 4+ N34+ N4> 270 (4.16)

24 2 1152 ' 24 48 6 8
85085 6259 58057 ., 2075 . 725 , 11 1
N2 N3 N4 7N5 7N6 -9 —12 )
(82944+ 351 g0 NV o N PN VN ) Ao

Thus, there is a unique KP tau-function, satisfying the string (1.2) and dilaton (1.3) equa-
tions. Equation (4.15) can be considered as a version of the quantum spectral curve for
the Kontsevich-Penner model.

4The string equation was derived by E. Brezin and S. Hikami in [2]. They also found a constraint, similar
to our dilaton equation (but their equation is essentially different and we claim that it contains a misprint)
and a constraint M_s (see below).

,10,



For arbitrary N the operators
m_s = al,
m_; = z%a% — (N — 2)ay,
mo = zta% — 2(N — 2)2%an + ;(N —1)(N —2), (4.17)
m; = 2%a% — 3(N — 2)2%ay + 2(N — 1)(N — 2)2?
my = 2%a% — 4(N — 2)28ax + 4(N — 1)(N — 2)2*

are the KS operators Of course, these operators are not unique KS operators with the

2k—4

leading terms z a%;. Namely, one can add to them a combination of the operators (4.8)

and a constant. Our choice corresponds to the commutation relations
[, mi] =2(2) — k)mjqp. (4.18)

The correspondence (2.15) for the operators (4.17) yields

|\7|_2 = ]/\2_4 — 22_1 + 2N <E_4 — t1> -+ £ + (4N2 + 1) ta,
2
~ —~ ~ ~ 0 0 1
M_y=M—2L; +3N(L_9g— — — 4+ (4AN?+ 2 )¢
1 2 1+ < 2 8>+6t4+< +2> 2,
1
Mo6 = My — 2L3 + 4N 2 49 N
06 0 3+ ( 8t3>+8t6+ ( 4> ; (4.19)
|\7| :M2—2L5+5N 6N2 1 0
Oty
1\ 0
My = My —2L; + 6N ( L IN? + =) —,
2= My =207+ (4 ) dtw < >at4

so that in general we can write

. _ ~ . 1\ ~
My = Mo — 2L2k+3 + J2k+6 + (3(l€ + 1)N2 + 4> Jog

4.20
+ (k+4)N (E% — J}M) + <N2 - i) N6k + 4 N?ta0, 1 + 16 N*145; _o. .
For k= —1,0,1 and m = —2,—1,0, 1,2 we have the following commutation relations
[Ek, 1\7@ = 2(2k — )My, (4.21)

thus R
M7y =0, k=-2,—-1,0,1,2. (4.22)

However, equations (4.12) and (4.22) without referring to the integrability have more then
one solution. In the next section we will construct an infinite family of constraints, which
completely specify partition function of the Kontsevich-Penner model. These operators, in
general, do not correspond to any KS operators, thus, they do not belong to the algebra
Witeo. However, it is possible to construct an infinite number of the independent con-
straints given by the operators from Wi, o, which would correspond to the operators from
W10 With higher powers of ax and would completely specify the generating function.

— 11 —



5 Higher constraints for general IV

The Virasoro and W-constraints for the generalized Kontsevich model can be obtained by
standard matrix model techniques, namely, by variation of the matrix integral.® For the
Kontsevich-Penner model (4.2) with arbitrary NV # 0 the calculations are rather cumber-
some. The reason is that for general N the partition function satisfies the third order
equation [2, 3]

3 . N
((iaiw) —A? <11X@i“"> +2(N — M)) dt(CA)TN ([Afl]) =0, (5.1)

while for N = 0 it can be reduced to the second order equation

<<11\aitr>2 — A2> C 'l kw ([AT1]) =0. (5.2)

In this sense the derivation of the constraints for the Kontsevich-Penner model (4.2) is of

the same level of complexity as the calculations for the generalized Kontsevich model with
the quartic potential, performed in [25].

This is why we take a different route and develop here a new approach based on the
correspondence (2.15) between the operators from Wi, and wi4. Let us show that the

operator
~ = 0 0 0?
Lo=Lyj——+3N—+ — 5.3
R TR TR T (5:3)
annihilates the tau-function (4.2). This operator, because of the term 387227 does not belong
2

to the Wi~ algebra, thus, it does not directly correspond to any KS operator.
First of all, let us consider an operator

p=—25an + (2N —3)2*, (5.4)

which, via the identification (2.15), corresponds to the operator

5 - 0 0
Yy=Ly— — +3N—. 5.5
p =l g T (5:5)
This operator belongs to the Wi, algebra, thus, its action can be easily considered on
the level of the basis vectors. Indeed, from (4.4) and (4.6) it immediately follows that only
two terms in the r.h.s. of (2.21) survives:

S 1

Y, N = (lp@l, @, @, ...|+|@), po), &5, ...|)
A(z)
1

= 5 COVOD el e e e v o, off, e, ).

(5.6)

SPart of the corresponding calculation, which, however, is not enough to find the full algebra of con-
straints, is given in [2].

— 12 —



For the operator ¢ = 22 the corresponding operator from the algebra Wi, is }//\ZI = E%

and from (2.22) it follows that

82 1 S N N N 4 /5N N
RN Z\@l R SANURINE: TARAK TANE: SAPI
2 =1
o (5.7)
2> (e, o), . e, 2oy o, L oY, e, e, |> .
k<l
Again, in the first sum only terms with [ = 1 and [ = 2 survive
oo
R AR SRS FARTEAK: TANE A
— (5.8)

=4N(N +1) [N, &), @), ... | +4N(N — 1) [@], of, &, .. ],
while in the double sum only a term with £ =1 and [ = 2 survives

o

N oN N oN N oN
22’¢1’q)25" Oy, 20y, Oy, .., B, 22D N,
k<l (5.9)

=8N(N —1)|®f, o, @5 ,...].

Combining (5.6)—(5.9) and an expression for the Virasoro operator L= Y + we obtain

at27
Lymy = 0. (5.10)

To find a full algebra of the Virasoro constraints it is enough to consider nested com-
mutators of the operators Ly with L_;. The resulting operators

Ly =1L 0 Z (L3 G+ 2Nt k> -1
b 2k 6t2k+3 875% iz 8752]875% 2j 8 2 k.0 20k —1) B =
(5.11)
constitute an extension of the algebra (4.10) to an infinite subalgebra of the Virasoro
algebra

[Lk, Lm} = 2(k — m)Lpomm, (5.12)

and annihilate the tau-function
Ly =0, k> —1. (5.13)

Let us now construct the operators |\7Ik for kK > 2. One can find all higher M r operators
assuming that the commutation relation (4.21) holds for £ = —1,0, 1 and arbitrary [. Then,
a commutation relation

[E_l, |\7|3} = —10M, (5.14)
allows us to find

ok 4 03

5t~ 350 (5.15)

o 1\ 9 9
Mz = Mg — 209 + —— 12N?4+> ) —+7N — | +2N
s = Mg 9+8H+( +>66+7( 8t9)+

,13,



Then, a commutation relation between the Virasoro and W-operators
[El, 1\7@ =2(2— )My (5.16)
yields all operators M g for k> —2

U N N 1\ ~
My = Moy, — 2Loj43 + Jop16 + (3(k‘ +1)N? + 4> Jok,

~ ~ 1
+(k+4)N (LWJ%H) + (N2+4> NGy o+4 N0, 1 +16 N*tadk, 5 57y

4
—2)N = S
ZatZJatQk 25 3 Z: Dty 0ty; Oty

A straightforward calculation shows that the following commutation relations between the
Virasoro and W-operators hold

k-1
o~ A~ AN a
[Lk, Ml} =2(2k — DMyyy — 4 (k(k — 1) — 205 1) NLg +8 E Ig— LH—J (5.18)

for k> —1 and [ > —2, so that
Mpry =0, k> —2. (5.19)

Of course, one can choose another basis in the space of constraints. Let us consider
the operators

|\7|/_2 = '\/7'727
. _ —~ (5.20)
%:Mk—(k‘—Q)NLk, k> =2,
which also annihilate the tau-function
Moy =0, k> —2. (5.21)
These operators satisfy the commutation relations
k—1
- o
[Lk,Ml} :2(2k—l)Mk+l+cklNLk+l+SZy L,+J k> -1, 1> -2 (5.22)

Here a combination of the Kronecker symbols 1 =8(0k,—1(1 — 6;,1) — (k+2)6;,—2(1 =k 0))
guarantees that in the r.s.h. there appear operators L; only with £ > —1. In particular,
we have

M =M o—2L N|(L_ — 10N? + = ) ¢
1 2 1+6 ( 9 — 8t1>+8t4+(0 +2> 2,

—~ o~ ~ 9 9 3
"= My —2Ls +6N (L — 5N? ) N,
0 0 8t (0 8t3>+8t6+< +

e R R R R 1\ -~ (5.23)
% = Moy — 2Log 13 + 6N (sz - J2k+3) + Jokt6 + (9N2 + 4) Jo;
4 o3
- = - k> 0.
3 i+j§:k 6t2Z8t2] Oty

— 14 —



At the end of this section let us describe a simple Sugawara construction of the Virasoro

constraints (5.11). For this purpose we introduce the bosonic operators

i forodd k>0,
Oty
0
3— for even k> 0,
~ oty
Je =19 V3N for k=0, (5.24)
—kt_y, forodd k<0,
k
——t_ for even k <0,
(3 F
and the corresponding bosonic current
~ m A~
i)=Y (Jk——5h_3)2_k_1 (5.25)
k=—oc0
with the dilaton shift t; = t; — %(5;@3.6 Then
1 C T2 % Ek 5k,0
kez/2

6 Cut-and-join operator for general N

Following the idea of [26] in this section we construct the cut-and-join operator represen-
tation for the tau-function 7. Let us introduce the gradation degty = % such, that

~ ~ — k
deg J, = deg L, = deg M}, = —3 (6.1)
and the degree operator
PO )
D=- ktp—. 6.2
2>kt - (6.2)
k=1
Then, the operators
r=Lk+ , k>—1, (6.3)
2k+3
have the degree —2k/3, and the operators
Y Y 0
Otort6

consist of the terms with degree —2k/3 and —(2k/3 4+ 1). From the Virasoro and W-
constraints (5.13) and (5.21) it immediately follows that

o

~ 1 Tx Y
Dty = 3 Z ((% + Dtakp1ly—y — (2k + 2)t2k+2Mk—2) TN- (6.5)
k=0

®Let us stress that the only difference between the standard bosonic current and (5.25) is the normal-
ization of the even components. Thus, the current (5.25) can be reduced to the standard one by the change
of even times tax — /3tay.



An operator in the r.h.s. is a sum of the operators Wl and \7V2:

~ 1 [ & 3 (—D)F [~ 0
W) = - kty————— | Lp—3 + 3N
1=3 kz_o k 9 k—3 T Dtr_s

> = 0> 3N? 1
+ (Qk + 1)(k‘ + 1)t2k+1 — +3 ( + > ts3 + 6Ntits |,
k=3 ]2 at2j8t2(k,j,1) 2 8
—~ 9 [ & — ~ ~
W2 = —g (Z(k’ + 1)t2k+2 <M2k_4 + GNLQk_4> - 4Nt2L_4 (66)
k=0

= 1\ o 4 o3
+ ) (k+ D)togo (9N2 + ) —_— —_—
kZ:?, 2 atgk_4 3 i+j+lZ=k:—1 8t218t2j8t25

9
+2(12N2% 4 1)taty + <4 - 15N2> t6

such that
degW; =1, degWy = 2. (6.7)

From (6.5) it is clear that 7y is a sum of components with integer degree:

o0
=1+ 1, (6.8)
k=1
where deg %) — k. Let us introduce a variable q which counts the degree:
= k
™v(g) =1+ > 7" (6.9)
k=1

Then the operator D acts as a derivative qa%, so that 7 (q) satisfies the cut-and-join type
equation

0

qa—qTN(q) = (qwl + q2W2) ™~ (q). (6.10)

For the commuting operators Wl and WQ the solution would be
exp (qu + 2W2> -1, (6.11)

but it is easy to check that
[Wl,wz} £ 0. (6.12)

Thus, the solution can be represented in terms of an ordered exponential, and the opera-
tors (6.6) define a recursion

o0

(Wl T](\?il) +W2 T](\?iz)) , (613)

e
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©0) _

with the initial conditions 7’ =1, T

= 0. In particular

—

=

1 17
(VAV? + Wz) 1, (6.14)
3 _ 1

™ =g (VA\/% + Wi W, + 2W2W1) 1.

\]
2%

=
M| = é)

Explicit expression for these three terms can be found in appendix A.

From our construction it is clear that the operators VA\/LQ are not unique. In particular,
if one substitutes the operator |\7|,*; in (6.5) with an operator I\A/IZ—F BrLy for arbitrary constant
Bi’s the equation remains valid. This gives the following change in the operators:

0
Oto—3’

—~ 2.
AW, = 3 kZQk/Bk:a Lok
. ) o ) (6.15)
AW, = —2 ; k Be—s tarly_s.

However, it is easy to see that this freedom is not enough to make the operators Wl and
Wg commuting with each other. However, one can consider more general transformations,
generated by the operators Z;’;fl Bk,jjk,jfj with some constant matrix 3 ;. It is not
clear if this is enough to make the operators commutative.

7 Open intersection numbers: Virasoro and W-constraints

In this section we consider the case N = 1 which, as we proved in section 3, describes open
intersection numbers of [10-12].
As we have established in [1], an operator
1o 31
20z 222

is the KS operator for the tau-function 7. Moreover, in this case we have a family of the

a1 = ZaKW 2 (7.1)

KS operators
19 = =222 k> 1, (7.2)

which constitute a subalgebra of the Virasoro algebra and guarantee [1] that the tau-
function satisfies the Virasoro constraints

L1 =0, k>—1. (7.3)

Here

S SO 13
L(]; = Lo + (k + Z)Jgk — Jopys + 6k,0 <8 + 2) . (74)

Thus, for N = 1 we have two sets of the Virasoro constraints, namely (5.10) and (7.3),
which do not coincide for £ > 1. The difference is

k—1

o B, 0?
On—To_ T (k-1 _ . 7.5
k k k N1 ( )at% J; ({%gjatz(kfj) (7:5)
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From the constraints

Opri =0, k>1, (7.6)

we obtain the relations, which describe the dependence of the tau-function on even times
toy for k> 1,7
0 oF
8t2k e 8t§ okt

This property of the generating function of open intersection numbers has been established

(7.7)

n [12]. This equation allows us to describe a dynamics with respect to the times to
for k > 1:

8k
T1(t) = ex t T1(t1,t9,t3,0,t5,0,t7,0,...). 7.8
1(t) p(g”“@ﬁ) 1(t1,t2,13,0,15,0, 17 ) (7.8)
Thus, there is a one-parametric family of the constraints
L3(a) = LY + aOy, (7.9)
where we assume that 5k = 0 for k = —1,0,1. These operators satisfy the Virasoro
commutation relations
|L8(0), Zau(@)] = (k= m) L a), (7.10)

and annihilate the tau-function 71. The Virasoro constraints obtained in [12] correspond
toa=1/2.

In addition to the Virasoro constraints we have infinitely many higher W-constraints.
Let us consider the KS operators

w = 22* 2 k> 2. (7.11)
They satisfy the following commutation relations
(W, 12, = 20k — 2m)wg,,, + dm(m + 115, (7.12)

while commutators [wy,w;] contain terms with an operator a3. Using the correspon-

dence (2.15) we construct the following operators from Wi :

M Q—M_4+2L 4—2L 1+ 5ty — 2t + —

oty’
_— —~ ~ ~ 13 0 0
M, = M_ 4L 5 — 2L —ty — 44— + —
21 2+ 2 1+2 2 8t1+8t4’
— ~ ~ 0 0 23
M§ = My+6Ly—2L3 —6— + —
0 0o+ 6L 3~ %%, + Bty +— (7.13)
% )\ 0
Mk = M2k + 2(kﬁ+ 3)L2k — 2L2k+3 + + 6k -+ k‘ 0t
2%
2(k+3) 0 + 0 , k>1,

Otogrz  Otopye

"These constraints immediately follow from the residue formula (3.15). TLet us note that the same
relations are true for the tau-function 7 given by (3.9), for any ®; if 7 is an arbitrary tau-function of the
KdV hierarchy.

,18,



or

M = Mop + 2(k + 3) Lok, — 2Log45 — 2(k + 3) Jojr3
23 5k,0 (7'14)

95 4 ~ ~
= 46k 4+ —k? .
+<12+6 +3 >J2k+JQk+6+ 3

The constant term in l\7|8 is chosen in such a way that the following commutation rela-
tions hold

Mg, T, | = 206 = 2m) Mg, + dmlm + DEg e b2 —2,m > -1 (7.15)
These commutation relations guarantee that

Mer =0 k> -2 (7.16)

8 Cut-and-join operator for open intersection numbers

In section 6 we have already obtained the cut-ant-join operator description of the
Kontsevich-Penner model, which is valid for arbitrary IN. In particular, it is valid for
the case N = 1, corresponding to open intersection numbers. However, as we have seen in
the previous section, for this case the Virasoro and W-constraints have additional param-
eters, thus, there is a vast family of the cut-and-join type operators. Here we construct a
representative of this family. We will directly follow the construction of section 6. Let us
introduce the shifted operators

~ ~ 0
L T 8.1
K Chl Otop+3 - (8.1)
and
— — 0
Mry= M+ —
72 72 + 8t27
— — ~ 0
M= M2 +2(k+3)L + ~—— (8.2)
Otok+6
— 49 2 5\ -
= — Mo + 2Lopy3 + T 4k + §k Jog + 400, k> -1
so that
Ly = m, k> -1,
ot
25”’ (8.3)
Mim = T, k>-2.
B Otok+6 !
Then
. 1 ~ _
Dr=2y" ((2k  U)toper LE_y + (2k + 2)t2k+2M;§_2> . (8.4)
k=0
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Again, the operator in the r.h.s. of (8.4) is a sum of two operators

0 39
kt L Qk 1 k+1)t —1i34+611t
<Z e k3+k22 +(+)2k+18t Jtalst 12>,
g ) o A ~
W20 = — (— Z(k + 1)t2k+2M2k,4 — 2oL _y4 (8.5)
3
k=0
(o]
2 4 5 0
+ (k+1) (k2 + -k — > tokto—— — 2tats + 12t5 | ,
P 3 3 4 Otog—a
such that

deg Wf =1, deg I//I\/ZO = 2. (8.6)

For the expansion of the tau-function

=1+ ZTl(k)v (8.7)
k=1
where deg Tl(k) = k, we have a recursion
(k:) o_(k=1) o (k 2)
= (W T Wer ) (8.8)
such that
7-1(1) = /‘/‘710 ’ 17
(2) _1 1170 2 o) .
L <(W1> +W2> L (8.9)
3 1 AO /\O AO AO
¥ = o <(W1> L WO + 2W W1> 1

These three terms give the expansion of 7,, presented in [1].

9 Other interesting values of IV

2E(an )N+ with non-negative m and k are the KS

)N

In general, for integer N > 0, operators z
operators for the tau-function 7. Indeed, an operator (ax)" maps the basis vectors (4.3)

into the set, proportional to the basis vectors of the KW model
Yo} =N {er) (9.1)

and, on this space, operators 22 and ay are the KS operators. Thus, for integer N > 1
we have additional constraints, which follow from the existence of two different families
of the WWHD constraints. These constraints allow us to restore the dependence of the
tau-function on the even times t9f for £ > N from the dependence of the times to, ..., toN.
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For example, for N = 2 the operators z*7%¢q 2 for k > —2 are the KS operators. Thus,
for N =2 in addition to the constraints (5.19) we have the operators

M, = Moy + 2(k +4) <E2k - 2fzk+3) + Jose

< k* + 8k + 12>J2k_L2k+3+175k,07 k> =2,
which annihilate the tau-function
M} 75 = 0. (9.3)

The simplest equation, which follows from the existence of two different families of the
constraints, is

o) ~
— = P31t 9.4
8t67—2( ) = P37a(t), (9.4)
where
~ 3 0 193
= - - ——. 9.5
ST 200ty 208 (9:5)
This equation describes a dynamics with respect to the time tg:
To(t1,t2,t3,t4, 5, 6, t7, ... ) = exp <t6131> mo(t1,t2,t3,t4, 15,0, 7, ... ). (9.6)
In general, for £ > 2 we have
) .
P, 9.7
572(6) = Pera(t) (9.7)
where
_ 9.8
— 1 ]z; atgjatgk 2j (k‘ — 1 — 2 Z 8t218t238t21 ( )

i+j+l=k

describes the dependence on the time to; (and, for arbitrary k > 2, the operator ﬁk can
be reduced to the operator, acting only on the times t5 and t4). This dependence follows
from the integral representation

O =§ § (5 -2 ) et Dng (6= [ - [57) ) Bh) gt 5

2miz1 2Tz

(9.9)

which is a particular case of (3.12).
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A Explicit formulas for 7n and log(7n)

13 1 25
™ =1+ <8+2 N2) ta+ t1°+2N tyto+ <3N3+4 N) titsta+4AN (1+N?) tg

4 9 39 25 1 1 1 25
Nt 2+ (= N - = N2 = ) 32— 1154+ — Nt Mt S N2 2 )t 348 N2 #ot
+3 2 +(8 +16 +128 3 +72 1 +3 1 tat 1 +48 3t1”+ 12

1 2
+4 Nt %t +2 N2t12t22+( > N2+5) t1t5+—8 N2t130t,+32¢ N2t > +20 N (142 N?) t5ty

2 8 3

35 105 3 2 4
+32N (1+N?) tits+ <16+4 Nz) t12t7+35N <4+N2> totr+ (9 N+g N3) 1383

49 5 35 3 1225 37
— N42N3 ) o3t + (= N2+ = ) 1M s+ | — N+ ———+ = N? ) ;%52
+(6 N )2 3+(4 )T 1Y e T b

26 2 61 49 1 49
TN+ N3 ) 36+ 6 N°+— N3+ — N | totz+— | N*+— ) ;5
+(3 +3 )1 6+( LTI st \V T

105 735 105 1225 9 1299 225 1
SEONA I N D g (2 DN S N2 E N ) g0
+( g 6 +128) 9+(3072+16 o5 Ve RETTTAS

1 2 8 245 375 45
— Nt to+= Nt12ty+ - N2t + | —— 4+ =5 N2+ = N4 tytst
+36 1 2+3 1 4+3 1lo”+ 64+8 +4 1lsts

49 111 9 1225
+ (2 N+6 N3> t1%tsta+ (49 N2 +12 N?) totsty+ (8 N3+ 1 N°+ e N> totits?

1 49
+ (56 N2+8 N4) tot1te+ (2 N3+ﬂ N) t2t14t3+16N (1+N2) t1t22t4

49 65 1
+ (3 N4+Z N2> t12 %t + (4 N+15 N3) tat1%t5+30 N2t22t5+§ N2t %%+ (A1)

1 3 1

log(Tn) = <8+2 N2> t3+6t13+2Nt1t2+6 Ntytots+4N (1+N?) tg
4 9 3 1 15 5

S Nto3+ [ SN2+ ) t32+ = 1381 +8 N2toty+4 12Nt NS ) gt

+3 2+(4 +16>3+231 +8 ola+41t 4+ 5 +8 115

1 105 /1 7
+8 Nty t5+15 (3 N2+4> titsts+24 Nty 2tsts+30 N2t22t5+? (16+2 N2+N4> to
16 ' 4

+48 N2totsts+18 Ntytats® +20 N (142 N?) tsta+24N (N?+1) tets+8 Nt1%tg

3 13
+35 (N3+4 N) trta+35 (+ N2> trt1>+32 N (N?+1) tst1+32N> t1t,°

3 . 5 9 3
+§t1‘3t32+48N2t1t2t6+16Nt1t22t4+§t14t5+ <2N2+8) t33 415Nt 2tots+... (A.2)
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