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1 Introduction and summary

Studying gauge theories on curved manifolds provides useful insights on their dynamics.

In particular, supersymmetric gauge theories on curved manifolds have been extensively

studied in recent years with various exact results. Important examples are Euclidean

super-Yang-Mills theories on spheres [1]. Some recently studied ones are SYM on S2 [2, 3],

S3 [4, 5], S4 [6], and S5 [7]. In this paper, we study SYM on Sn × R, Sn × S1, or Sn × I

(interval), with a focus on the case with n = 4.

Yang-Mills theories on Sn×R are relatively simple models in many ways. For instance,

studies on the phases of Yang-Mills theories on S3 × R [8] led to deep understandings on

their dynamics, and also on the AdS5 gravity duals when they exist. On very general

grounds, Sn×R is one of the simplest Lorentzian curved spaces to put the field theory on.

Supersymmetric gauge theories on Sn×S1 are also studied in great details. Their partition

functions are indices which count BPS states, often related to the ‘superconformal indices’

which count local BPS operators of SCFTs [9–11]. There have been extensive studies on

these indices in various dimensions: for instance, on S2 × S1 [12, 13], S3 × S1 [9, 10],

S4×S1 [14, 15], S5×S1 [16–22].1 Super-Yang-Mills theories on Sn×S1 (or sometimes on

different manifolds) related to the SCFT’s are often used to compute them.

Apart from the case with n = 3, classical Yang-Mills theory carries an intrinsic scale,

the coupling constant gYM. So there is no canonical way of writing down its action on

Sn × R, although the manifold is conformally flat. Demanding certain SUSY provides

strong constraints on possible SYM action on Sn × R. However, a systematic study on

writing down these SYM action appears unexplored in some dimensions, at least not as

much as the SYM on Sn. In fact, the relatively well-known SYM theories on Sn provide

1The index on S1 × S1, or a 2-torus, has a longer history. This index is called the elliptic genus. For

SUSY gauge theories, the elliptic genera were studied rather recently in [23–25].
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strong constraints on the possible SYM theories on Sn × S1 via the small S1 limit. This

also constrains the SYM on Sn × R, and the bulk term of the SYM on Sn × I. We would

like to clarify this issue in various dimensions.

In particular, we focus on the SYM on S4×R, S4×S1, and S4× I in this paper. One

motivation is that the 5 dimensional (maximal) SYM theory is useful to study the dynamics

of 6d (2, 0) superconformal field theory [26–28] with circle compactification, often by study-

ing the non-perturbative sector of the 5d SYM [29–32]. Nonperturbative studies of SYM on

S4×S1 or S4×R could thus shed light on the 6d (2, 0) theory on S4×T 2 or S4× cylinder, just

like the similar studies on R
4×S1 allowed one to study 6d theory on R

4×T 2 [33, 34]. [35, 36]

considered the SU(N) (2, 0) theory on S4 ×Σ2, where Σ2 is a Riemann surface, with some

punctures (codimension 2 defects). They found that the gauge theory partition functions

on S4 map to observables of the Liouville/Toda CFTs on Σ2. The 5d SYM on S4×R may

provide some insights on this relation. From the viewpoint of 5d SYM, the KK modes of

the Liouville/Toda theories on a cylinder should be visible as the nonperturbative instan-

tonic particles on S4. Even without instantons, it would be interesting to see if reducing

SYM theory on a small S4 yields the Liouville/Toda quantum mechanics.

With these questions in mind, we focus on a more elementary problem, to clearly

show that it is possible to put the (2, 0) theory on S4 × R
2 preserving some SUSY. After

compactifying one of the two directions of R2 to a circle, maximal SYM on S4 ×R should

also exist, preserving some SUSY. This SYM on S4 × R has not been constructed yet,

which we do in this paper. Also, general (punctured) Riemann surface has limits in its

moduli space. The surface consists of long ‘tubular regions,’ whose boundaries are either

connected by the 3-point junctions or end on the punctures. The limit corresponds to a

weak coupling limit of the 4d theory [37]. In this paper, we also construct the 5d SYM

living on the tubular region, namely on S4 × I (interval) after circle reduction. We also

find its coupling with boundary degrees living on S4.

Let us explain the basic idea of constructing the SYM theory on S4 × R, after which

one can also replace R by S1 or I. Perhaps we can start by providing a resolution of a

puzzle phrased in [38], which also arises for SYM on general Sn × R. [38] attempted to

construct 5d N = 1 SYM on S4 × S1 with a vector supermultiplet, and reported a failure.

One way to understand this failure is as follows. The 4d vector multiplet of the N = 2

SYM on S4 with radius r contains two real scalars, which have nonzero mass-square 2
r2
.

Trying to find a 5d uplift of it on S4×S1, one of the two 4d scalars should uplift to the S1

component A5 of the gauge field, which should have zero 5d mass from gauge symmetry.

As A5 transforms trivially under all the global symmetries, it is impossible to induce a

nonzero 4d mass to A5 via Scherk-Schwarz-like compactification. This appears to make it

impossible to realize minimal SYM on S4 × S1 which reduces to pure N = 2 SYM on S4.

It also appears that 5d N = 1 SYM coupled to hypermultiplets in general representation

of the gauge group cannot exist, for the same reason.

We find a SYM on S4×R when the field content is the maximal vector supermultiplet,

consisting of 5d N = 1 vector multiplet and an adjoint hypermultiplet. This theory

preserves 8 real SUSY. Reducing it on a small circle, we obtain a special N = 2∗ theory

on S4 of [6], in which the hypermultiplet mass parameter is specially tuned. The tuning
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is such that the curvature-coupling mass contribution is balanced with the extra N = 2∗

mass contribution, yielding zero net mass for two scalars in the 4d hypermultiplet. One of

these two massless 4d scalars uplifts to the A5 component of the 5d gauge field, and another

remains to be a massless scalar in 5d. So the puzzle phrased in [38] is resolved by providing

the massless A5 from a 4d hypermultiplet scalar. Of course one should be able to realize

general N = 2∗ mass on S4 by a reduction from the 5d/6d system. Or more generally, one

would like to find a higher dimensional uplift of the 4d SYM theories on S4 with the field

contents of [37]. (At least this is naturally suggested by the AGT correspondence.) We find

that the general N = 2∗ theory of [6] can be uplifted to the SYM on S4 ×S1 with a defect

wrapping S4 and localized on S1. This defect uplifts in 6d to a puncture on the Riemann

surface (T 2 in this case), which is natural from the construction of [37]. Some theories on

S4 with field contents discussed in [37] can be ‘uplifted to 5d’ by taking many SYM on

S4 × I, connecting various intervals and coupling the 5d theories to various 4d degrees at

the boundaries of I. The construction is well motivated by the D4-NS5 systems of [39].

As the setup of AGT is wrapping the 6d (2, 0) theory on S4, it only demands the

existence of a SYM on S4 × R with the field content of maximal SYM. We have no ideas

on other 5d SYM on S4 × R.

One could in principle obtain a quantum mechanical description of this system when S4

is small. AGT correspondence could be suggesting that we shall obtain the Liouville/Toda

quantum mechanics. We only make a few comments on it in section 3. It appears that

non-perturbative effects of the 5d SYM should play important roles to fully visualize the

Liouville physics, even in the quantum mechanical version.

Although the main focus of this paper is the SYM theories on S4×R, we overview the

problem of constructing supersymmetric Yang-Mills theory on Sn×R in various dimensions,

also summarizing known results. Just like the case of S4 × R, a constraint emerges from

the scalar masses on Sn after compactifying R to a small S1. We summarize known SYM

theories on various Sn and Sn ×R, and also find new maximal SYM on S5 ×R. The SYM

on Sn × R with n ≥ 6 appears to be forbidden. We also discuss possible applications of

these theories.

The rest of this paper is organized as follows. In section 2, we construct the SYM on

S4 × R, S4 × S1 and S4 × I with boundary degrees. In section 3, we make a few remarks

on the mechanical system obtained by taking S4 to be small. In section 4, we consider

the possibilities of SYM theories on various Sn × R, explain that maximal SYM exist for

n = 5, and comment on its possible applications.

2 SYM on S
4
× R

We start by providing a simple argument for the existence of a SYM on S4 × S1 with a

maximal vector supermultiplet. This can be easily seen by starting from a 4d deconstruction

description of the 6d U(N) (2, 0) theory on T 2 [40].2 The deconstructed theory is given by

a 4d N = 2 superconformal field theory, described by a circular quiver diagram of U(N)K

2This description works for U(N) gauge group. We take the arguments below as a guidance for U(N),

while the actual construction of 5d SYM on S4 × S1 is made with arbitrary gauge group.
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vector multiplet and bi-fundamental hypermultiplets for adjacent U(N) pairs in the quiver.

One starts from this 4d theory and give nonzero VEV to the K hypermultiplets, which

spontaneously breaks U(N)K to U(N). This Higgsing triggers an RG flow, and taking a

suitable large K scaling limit is suggested to yield the 6d (2, 0) theory on T 2.

The 4d classical gauge theory is obtained by deconstructing classical 5d maximal SYM

on S1 [41]. Discretizing the circle direction, one obtains the expected U(N)K circular quiver

theory in its Higgs branch. Thus, the large K limit of the N = 2 superconformal theory on

R
4 yields classical maximal SYM on R

4 × S1. The 4d fields which acquire nonzero masses

via Higgs mechanism provide the infinite tower of Kaluza-Klein modes on S1 in the large

K limit. The discussions of [41] are mostly within the classical field theory, so that it can

be applied to maximal SYM on any R
n×S1, supposing that Rn admits SYM with 8 SUSY.

Namely, after discretizing the fields along S1 as [41], one would obtain an n dimensional

SYM with 8 SUSY described by a U(N)K circular quiver. We focus on the case with n = 4

here, commenting on other dimensions in section 4.

The above procedure on R
4 × S1 can be generalized to SYM on S4 × S1. Firstly, note

that the above 4d superconformal quiver theory can be put on S4 with radius r, as the

latter space is conformally flat. All the scalars in the hypermultiplet acquire conformal

mass-square 2
r2
. So at this stage, one cannot Higgs this theory, and thus cannot address

the 6d (2, 0) on S4 × T 2 or 5d SYM on S4 × S1. What we need is a mass-deformation of

the CFT on S4, with an extra mass parameter for the 4d N = 2 hypermultiplets. This

deformation is basically the same as that in [6] for the N = 2∗ theory on S4, and for

general field contents can be derived from [42]. The mass parameter can be tuned to have

two of the four scalars in a hypermultiplet to be massless, as we shall explain below shortly.

We set the mass parameter to this value. Now the K Higgs fields can acquire expectation

values, by turning on one of the two massless scalars per hypermultiplet. Then we have

exactly the same mechanism as [41], obtaining the Kaluza-Klein modes for the 5d SYM on

S4 ×S1 in the large K limit. Another massless scalar is identified as the 5d gauge field A5

along the circle. The last identification is possible as this scalar always appears in the 4d

action with derivatives or in commutators, because this scalar plays the role of ‘would-be

Goldstone boson’ for the broken U(N)K−1 gauge symmetry.

The details of the 5d theory can also be obtained by deconstruction methods, although

it could be a bit cumbersome. We find the above existence argument itself quite useful.

We shall construct this theory in the next subsection more efficiently with arbitrary gauge

group, using the off-shell supergravity method of [43].

The theory constructed this way on S4×S1 has its 4d reduction given by a special N =

2∗ theory on S4, with the adjoint hypermultiplet mass parameter tuned to have two massless

scalars. To compare with the 5d theory we construct later, let us consider this special

– 4 –



J
H
E
P
0
8
(
2
0
1
4
)
1
6
7

N = 2∗ theory on S4. The general mass-square matrix for the hypermultiplet scalar is [6]3

2

r2
δij −MikMjk −

1

r
Rk(i|Mk|j) . (2.1)

Here i, j = 5, 6, 7, 8 label four real scalars, Mij is an SU(2)RR rotation matrix in SO(4) ⊂
SO(6)R, and Rij is an SU(2)RL (i.e. anti-self-dual) element normalized as RklRkl = 4 [6].

We can take

R =











0 1

−1 0

0 1

−1 0











, M = m











0 1

1 0

0 −1

−1 0











. (2.2)

The convention for m is same as that used in section 4 of [6], in which MijM
ij = 4m2.

The mass-square eigenvalues are
2

r2
−m2 ± m

r
(2.3)

where an eigenvalue with given sign appears twice in the matrix. At the point m = 0 with

maximal SUSY, all four scalars of the hypermultiplet have the conformal mass-square 2
r2

(same as the two scalars in the 4d vector multiplet). On the other hand, at m = ±1
r
, two

of the four scalars have conformal mass-square 2
r2
, while the other two are massless. This

mass matrix with m = ±1
r
is what we shall find from the circle reduction of our 5d SYM

on S4 × S1, with one of the massless scalars uplifting to A5 component of the 5d vector

potential on S1.

Similar analysis can be done for the U(N)K circular quiver gauge theory, by using the

results of [42]. This guarantees that one can Higgs the theory at m = ±1
r
and deconstruct

the 5d SYM on S4 × S1. We do not elaborate on it here.

We also explain the Killing spinor equation of the N = 2∗ theory on S4 [6], which will

be compared to what we shall obtain from our 5d SYM on S4 × S1. The spinors in [6] are

written in 10d N = 1 notation, while we shall naturally use its 5d reduction, which is a

spinor in Lorentz group SO(5) and R-symmetry group SO(5)R.
4 We find it convenient to

introduce the following 32 × 32 gamma matrices ΓM in 10d, using our 4 × 4 ones Γµ (for

5d space), and Γ̂I (for SO(5)R):

Γµ = Γµ ⊗ Γ̂5 ⊗ σ1 , Γi+5 = 14 ⊗ iΓ̂5i ⊗ σ1 (i = 1, 2, 3)

Γ9 = 14 ⊗ iΓ̂54 ⊗ σ1 , Γ0 = 14 ⊗ 14 ⊗ σ2 . (2.4)

3The coefficient of the last term was − 1

4r
in [6], instead of − 1

r
that we wrote. We find that − 1

r
is correct,

by following the derivations of [6]. Namely, we find

1

2r
ΨΓiΓklεRklMijΦj =

2

r
(ΨΓiε)RkiMkjΦj

at the second step of eq. (2.23) of [6], where the right hand side is 4 times what is written in [6].
4In [6], SO(9, 1) spinors were used, with (Γ0)2 = −1 for an internal direction. Having in mind the contin-

uation with Euclidean R-symmetry, we put an extra i factor to Γ
0. However, whenever we discuss Majorana

spinors in 10d, this will essentially be in the Minkowskian sense as in [6], Ψ̄ = Ψ
TC10. See appendix.
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We also define the 10d chirality operator Γ11 = −iΓ1234567890 = 14 ⊗ 14 ⊗ σ3. We shall be

working with 5d gamma matrices satisfying Γ12345 = 1, Γ̂12345 = 1. The 10d N = 1 SUSY

satisfies Γ11ǫ = ǫ, or

σ3ǫ = ǫ . (2.5)

Furthermore, the 8 supercharges of the 4d N = 2∗ theory satisfy the projection [6]

Γ5678ǫ = ǫ , (2.6)

where the 5678 directions are for the four scalars in the adjoint hypermultiplet from the

viewpoint of 4d SYM. 9 and 0 directions are for the two real scalars in the 4d vector

multiplet. From our 5d SYM on S4×S1, Γ5 is for the fifth spatial direction which we take

to be S1, and the remaining 678 are for the first three of the five internal directions. In

particular, we find that

ǫ = Γ5678ǫ = iΓ5Γ̂123ǫ = −iΓ5Γ̂45ǫ . (2.7)

The Killing spinor equation on S4, in the (10, 0) signature, is given by [6]

∇aǫ = − i

8r
ΓaΓ

0klRklǫ , (2.8)

where indices run over k, l = 5, 6, 7, 8, R can be chosen as (2.2), and a = 1, 2, 3, 4. This

equation has 8 solutions, which generate OSp(2|4) supersymmetry. Using (2.7), one obtains

ΓµΓ
0klRklǫ = 2ΓµΓ

0(Γ58 − Γ67)ǫ = 4iΓµΓ̂
34ǫ . (2.9)

Thus in our 5d notation, the S4 Killing spinor equation is given by

∇µǫ =
1

2r
ΓµΓ̂

34ǫ (µ = 1, 2, 3, 4) . (2.10)

This is what we shall obtain from the SYM on S4 × R, together with ∂5ǫ = 0.

2.1 Construction from off-shell supergravity

We construct the maximal SYM on S4 × R using supergravity methods of [43]. Although

it is straightforward to uplift the 4d SYM to S4 × S1 with a massless scalar, there are

benefits for constructing it using the formalism of [43]. The most important point is that

our construction below will not be just finding 5d SYM on S4 × R, but will also specify

the S4 ×R
2 supergravity background on which one can put the (2, 0) theory. One may be

interested in studying a 5d SYM obtained by a different circle reduction.

We first construct the off-shell supergravity background S4 × S1 or S4 ×R, admitting

Killing spinors, and then write down an on-shell SUSY action in that background. The

SUSY condition for the gravitino requires

Dµǫ
m =

i

2
SmnΓµǫn = − i

2
Sm

nΓµǫ
n , (2.11)

with µ = 1, 2, 3, 4, 5, where Dµǫ
m = ∇µǫ

m − 1
2(Vµ)

m
nǫ

n. Here, Vµ is the background gauge

field for the SO(5)R symmetry. S is an SO(5)R adjoint, or Sp(4) antisymmetric, scalar

– 6 –



J
H
E
P
0
8
(
2
0
1
4
)
1
6
7

which comes from the circle reduction of the SO(5)R gauge field in 6d. m,n = 1, 2, 3, 4 are

SO(5)R spinor indices. See [43] for more on notations. We also write

Smn = SIJ(Γ̂IJ)mn , V mn
µ = V IJ

µ (Γ̂IJ)mn (2.12)

with I, J = 1, · · · , 5 being the SO(5)R vector indices. In foresight, let us turn on nonzero

S34 and V 35
5 in the last IJ basis. This setting will turn out to admit backgrounds which pre-

serve 8 real SUSY, both on S4×S1 and S4×R. The above Killing spinor equation becomes

∇aǫ = −iS34Γ̂34Γaǫ ,
(

∂5 − V 35
5 Γ̂35

)

ǫ = −iS34Γ̂34Γ5ǫ , (2.13)

with a = 1, 2, 3, 4. Integrability on the S4 part demands

S34 = ± i

2r
. (2.14)

To be definite, let us choose S34 = + i
2r . So we obtained a complexified background for the

scalar SIJ . Then, demanding the spinor to be constant on S1 or R, one obtains

V 35
5 = S34 =

i

2r
, Γ̂45Γ5ǫ = iǫ . (2.15)

Again, we chose a definite sign between two possibilities. Most generally, one obtains four

possibilities, depending on the two signs of V 35
5 and S34. These will correspond to having

two possible values m = ±1
r
for the 4d hypermultiplet mass after the circle reduction, and

also the ± signs on the right hand side of (2.10). The projection condition (2.15) for Γ̂45Γ5

is consistent with the S4 part of the equation, as both ∇a on the left hand side and Γ̂34Γa

commute with Γ̂45Γ5. This projection reduces the spinor components of ǫ from 16 to 8.

One may ask whether the remaining 8 components with Γ̂45Γ5ǫ = −iǫ could solve the sec-

ond Killing spinor equation on S4 ×R, depending on x5. We find no such solutions which

are compatible with the first equation of (2.13). So this background preserves 8 SUSY on

both S4 ×S1 and S4 ×R. Note that, the S4 part of (2.13) and the projection in (2.15) are

the same as (2.10), (2.7) for the N = 2∗ theory on S4.

Before proceeding, we turn to an issue of the reality condition on spinors. In [43],

all Lorentzian fermions are taken to satisfy symplectic-Majorana conditions. The matter

fermion and Killing spinor satisfy the same reality condition. Let us discuss the reality

condition for ǫ here. The reality condition is ǭ = ǫTCΩ, where C,Ω satisfy CΓT
µC

−1 = Γµ,

Ω(Γ̂I)TΩ−1 = Γ̂I . To be concrete, we assume

Γµ =

(

0 σa

σ̄a 0

)

,

(

12 0

0 −12

)

(2.16)

with a = 1, 2, 3, 4, σa = (−i~τ , 1), σ̄a = (i~τ , 1), and

Γ̂I =

(

0 σm

σ̄m 0

)

,

(

12 0

0 −12

)

(2.17)
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with m = 1, 2, 3, 4, σm = (−i~τ , 1), σ̄m = (i~τ , 1). Then we can take C = −Γ13 = diag(ǫ, ǫ)

with ǫ12 = −ǫ21 = 1, and Ω = −Γ̂13 = diag(ǫ, ǫ). Had it been the Lorentzian theory in a

real background for V, S, the reality condition would come with ǭ = ǫ†Γ0. In this case, the

SUSY condition from the gravitino variation δψµ and its conjugate δψ̄µ are equivalent so

that solving the former (2.13) suffices. However, going to Euclidean signature and having

a complex background both affect the equivalence. For the consistency of our analysis

above, we should carefully choose the definition of ǭ so that solving (2.13) still suffices in

our Euclidean complex background. Namely, starting from (2.13), we derive the equations

for ǫTCΩ and ǭ ≡ ǫ†M , and require the two to be the same. This imposes the following

conditions on M :

0 = [M, Γ̂34Γa] = [M,Γab] = [M, Γ̂34Γ5] = {M, Γ̂35} . (2.18)

These conditions are satisfied by M ∝ Γ̂5. We take ǭ ≡ ǫ†(−Γ̂5), and the same definition

for barred fermions holds for matters below.

To complete the construction of the SUSY background, we also consider the dilatino

equation of [43] with nonzero V 35, S34, Dmn
rs . This is given, in Euclidean signature (in which

we Wick-rotate from the Lorentzian theory with ǫ01234 = 1 by x0 = −ix5), by

δχmn
r = − i

12
DλS [m

r εµνρσλΓ
µνρσǫn] − 4

15
Dmn

rs ǫ
s − (trace) = 0 , (2.19)

where DµS = ∂µS − 1
2 [Vµ, S]. The subtracted ‘trace’ terms are explained in [43], related

to Dmn
rs satisfying 0 = Dmn

rs Ωmn = Dmn
rs Ωrs = Dmn

mn. The solution to this equation is

Dmn
rs = − 15

2r2

[

(Γ̂45)[mr (Γ̂45)n]s − 1

5
δ[mr δn]s − 1

5
ΩmnΩrs

]

, (2.20)

where we have used our convention Γ12345 = 1 for the gamma matrices. (In all four

cases in which S34, V 35
5 take ± signs, the above solution for Dmn

rs is always the same.) This

completes the construction of the 5d supergravity background. We note that one can easily

uplift this 5d background to the 6d supergravity background on S4 × R
2, following [43].

Once the background is found, the SYM action on S4 × R or S4 × S1 immediately

follows from the results of [43]. Our Euclidean theory is obtained by a Wick rotation from

theirs, on the fields and the x0 coordinate. The action is given by

S=
1

g2YM

∫

d5x
√
g tr

[

1

4
FµνF

µν+
1

2
Dµϕ

IDµϕI− 1

4
[ϕI , ϕJ ]2 +

1

r2
(ϕi)2 +

1

r2
(ϕi′)2 (2.21)

−2i

r
ϕ5
(

D5ϕ
3 − i[ϕ1, ϕ2]

)

+
i

2
Ψ̄ΓµDµΨ+

i

2
Ψ̄Γ̂I [φI ,Ψ]− i

4r
Ψ̄
(

Γ̂34 + iΓ̂35Γ5
)

Ψ

]

where I = 1, 2, 3, 4, 5, i = 4, 5, i′ = 1, 2 for the SO(5)R vector. Again Ψ̄ ≡ Ψ†(−Γ̂5), and all

SO(5)R spinor contractions above are understood as Ψ̄m(· · · )Ψm, Ψ̄m(Γ̂I)mnΨ
n, etc. We

also note that our derivatives D5 are just gauge covariant derivative of SYM, not covari-

antized with background V5 gauge field for SO(5)R. The SUSY transformations are given by

δAµ = −iǭmΓµΨ
m
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δϕI = ǭm(Γ̂I)mnΨ
n (2.22)

δΨm =
1

2
FµνΓ

µνǫm + iΓµDµϕ
I(Γ̂I)mnǫ

n +
i

r

(

φi(Γ̂iΓ̂34)mn + 2φi′(Γ̂i′ Γ̂34)mn

)

ǫn − i

2
[ϕI , ϕJ ](Γ̂IJ )mnǫ

n .

Ψ satisfies the same reality condition as ǫ, Ψ̄ = ΨTCΩ.

Since the 8 SUSY satisfies the projection condition Γ̂45Γ5ǫ = iǫ, one can decompose

the fermion Ψ into two parts: λ which has +i eigenvalue of this matrix, and ψ which has −i
eigenvalue. The SUSY transformation then naturally divides the 5d maximal vector mul-

tiplet into 4d N = 2 ‘vector multiplet’ Aa, λ, ϕ
4,5 (with a = 1, 2, 3, 4) and ‘hypermultiplet’

A5, ϕ
1,2,3, ψ. The SUSY transformation rules are

δAa = −iǭmΓaλ
m

δϕi = ǭm(Γ̂i)mnλ
n

δλm =
1

2
FabΓ

abǫm + iΓaDaϕ
i(Γ̂i)mnǫ

n +
i

r
ϕi(Γ̂iΓ̂34)mnǫ

n − i[ϕ4, ϕ5](Γ̂45)mnǫ
n

+iΓ5D5(ϕ
3Γ̂3 + ϕi′Γ̂i′)mnǫ

n − i[ϕ3, ϕi′ ](Γ̂3i′)mnǫ
n − i[ϕ1, ϕ2](Γ̂12)mnǫ

n (2.23)

and

δA5 = −iǭmΓ5ψ
m

δϕ3 = ǭm(Γ̂3)mnψ
n , δϕi′ = ǭm(Γ̂i′)mnψ

n

δψm = Fa5Γ
a5ǫm + iΓaDa(ϕ

3Γ̂3 + ϕi′Γ̂i′)mnǫ
n +

2i

r
ϕi′(Γ̂i′Γ̂34)mnǫ

n

+iΓ5D5ϕ
i(Γ̂i)mnǫ

n − i[ϕi, ϕ3](Γ̂i3)mnǫ
n − i[ϕi, ϕi′ ](Γ̂ii′)mnǫ

n . (2.24)

The on-shell supersymmetry algebra is given by

[δ1, δ2]Aµ = 2iξν∂νAµ + 2i(∂µξ
ν)Aν +∇µΛ + i[Λ, Aµ] = 2i(LξA)µ +DµΛ,

[δ1, δ2]φ
I = 2iξµ∂µφ

I + i[Λ, φI ]− 4

r
(ǭ2Γ̂

5ǫ1)
(

− i(δI1δJ2 − δI2δJ1)
)

φJ , (2.25)

for the bosonic fields, where

ξµ = ǭ2Γ
µǫ1 (2.26)

Λ = −2i(ǭ2Γ
µǫ1)Aµ + 2(ǭ2Γ̂

Iǫ1)φ
I = −2i(ǭ2Γ

aǫ1)Aa + 2(ǭ2Γ̂
iǫ1)φ

i

with i = 4, 5 and a = 1, 2, 3, 4. This shows that the algebra is OSp(2|4), up to a gauge

transformation with parameter Λ. The algebra on fermionic fields should be

[δ1, δ2]Ψ
m = 2iξµ∂µΨ

m +
i

2
ΘabΓabΨ

m + i[Λ,Ψm]− 4

r
(ǭ2Γ̂

5ǫ1)

(

− i

2
(Γ̂12)mn

)

Ψn , (2.27)

where Θab = ∇[aξb]+ξλωab
λ with the spin connection ωab

µ on S4, which we have not checked.

The SO(2)R R-symmetry rotates ϕ1 and ϕ2 and leaves ϕ3,4,5 invariant. Note that, in generic

4d N = 2∗ on S4 [6], SO(2)R rotates ϕ1,2 and also A5, ϕ
3. However, at the special value

m = ±1
r
of hypermultiplet mass, it rotates ϕ1,2 only, consistent with what we record here

(for m = 1
r
). Also, the Killing vector ξµ appearing on the right hand side of the algebra

only acts on S4 part, i.e. ξ5 = 0, generating the Sp(4) = SO(5) rotation on S4.
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The theory we found indeed has the correct reduction to the N = 2∗ theory on S4 with

special hypermultiplet mass m = 1
r
. See the appendix. A simple but important aspect one

can check from (2.21) is the scalar mass. The scalar ϕ3 is massless, which combines with

A5 to form two of the four hypermultiplet scalars. The remaining four scalars have net

mass m2
net = 2

r2
: two of them are the other two scalars in the hypermultiplet, while the

remaining two are from the vector multiplet. This is exactly what we saw at the beginning

of this section.

The values for the 4d hypermultiplet mass parameter which allow the 5d uplifts arem =

±1
r
, where the two signs are obtained by suitably changing the signs of the backgrounds

S, V5. On round S4, this corresponds to m = ±ǫ+ at the north and south poles of S4 in

the sense of [6], where ǫ+ = ǫ1+ǫ2
2 is the effective Omega deformation parameter in the

self-dual part near the poles. We shall see in the next subsection that the N = 2∗ theory

with general hypermultiplet mass uplifts to SYM on S4 × S1 with a defect on S1.

The key requirement that the 4d theory should have massless scalars to admit an uplift

to the SYM on S4×S1, and thus on S4×R, is an essential condition for the 6d background

for the (2, 0) theory. To see the power of this constraint, one can go to the squashed S4 and

apply the same logic. The study of [42] on squashed S4 is based on their metric and Killing

spinor ansatz. In particular, the metric is that on flat R5 induced on the following ellipsoid:

x20
r2

+
x21 + x22
ℓ2

+
x23 + x24
ℓ̃2

= 1 . (2.28)

Incidently, the analysis of [42] left three real functions c1, c2, c3 of S4 undetermined. De-

manding that there exist two massless scalars in 4d, we find that c2, c3 are algebraically

determined, and c1 is required to satisfy a complicated partial differential equation. Thus,

these functions are completely constrained, at least locally. Even with generic 4d hyper-

multiplet mass parameter, which is realized as the mass of 4d hypers on a defect, the

possibility of the 5d uplift would still constrain (and locally determine) the background.

We have not solved these conditions in full generality. In a simple case with ℓ = ℓ̃, the

metric has SO(4) isometry. In this case, we explicitly found the globally regular solution

c1 = −3

4

(

1

ℓ
− 1
√

r2 sin2 ρ+ ℓ2 cos2 ρ

)

cot ρ , c2 = 0 , c3 = 0 , (2.29)

admitting two massless scalars at m = ±1
ℓ
.5 ρ is a coordinate of S4 [42], satisfying

0 ≤ ρ ≤ π. It will be interesting to generalize this to the case with ℓ 6= ℓ̃.

2.2 5d uplifts of more general 4d SYM

We shall now discuss the 5d uplift of the N = 2∗ theory with general 4d hypermultiplet

mass. Since the existence of a massless hypermultiplet scalar in 4d was crucial, we cannot

5This does not agree with the exact Ω-background of [42] around the north pole ρ = 0, presented in

pp.14-15 there. Due to different ρ scalings of the chiral and anti-chiral Killing spinors of eq. (3.40) there,

we observe that the asymptotic form of some background fields near north pole may have a finite deviation

from the exact Ω-background. The finite deviations are suppressed by a factor of ρ in the Killing spinor

equation, multiplied by the chiral Killing spinor ξαA ∼ O(ρ1). It is unclear to us whether such a deviation

will affect the partition function calculus of [42]. It deserves further studies.
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uplift the hypermultiplet with general mass into 5d fields. The 4d hypermultiplet with

general mass should come from degrees of freedom living on a 4d defect, transverse to the

uplifted circle. Note that [37] engineers the 4d N = 2∗ theory with general hypermultiplet

mass by compactifying the 6d (2, 0) theory on T 2 with a simple puncture. This comes from

an intersecting M5-brane system, whose type IIA reduction along a circle is the D4-NS5

system [39]. The puncture of [37] reduces to the boundary of D4-branes ending on NS5,

on which a 4d hypermultiplet can live. The 5d theory on S4 × S1 with a defect can be

understood as living on S4×I, where I is an interval of length 2πr1, with suitable boundary

conditions at the two ends. This theory has the flat space limit r → ∞ on R
4 × I with

boundary degrees, which can be well understood with the results of [44]. The SYM on S4×I
can in fact be understood as a building block of the ‘5d uplift’ of a larger class of gauge

theories on S4, obtained by wrapping M5-branes on Riemann surfaces, in the limit in which

the Riemann surface degenerates [37]. These 5d SYM coupled to boundaries may be a useful

set-up to study the physics of M5-branes on S4 × Σ2, possibly with instanton corrections.

We first explain the familiar boundary conditions on R
4×I, and then elaborate on the

case with S4 × I. We start by considering the brane realization of this SYM on flat space.

This is given by the NS5-D4 configuration of [39], where NS5’s are extended along 012345,

and N D4’s are extended along 01236 in R
9,1. The 6 direction is put on a segment I, and

a D4-brane ends on an NS5-brane at each end, with the boundary R
3,1 along the 0123

directions. Across a boundary of I, we put another set of N D4-branes starting from the

same NS5-brane, also extended along 01236. The relative displacement of the two sets of N

D4-branes along the 45 directions is labeled by a complex number ∼ m. The open strings

ending on these two points provide a 4d bi-fundamental hypermultiplet field with mass m.

This field is supported on the ‘NS5-brane defect’ localized in the 6 direction. This way, we

can form linear or circular quiver gauge theories in the 4d limit [39]. The corresponding

configurations of [37] are either N M5-branes wrapped on a sphere with 2 full punctures and

many simple punctures, or N M5-branes wrapped on a torus with many simple punctures.

Let us first summarize the boundary condition for D4-branes ending on an NS5-brane,

before taking the 4d boundary degrees into account. The 5d fields should satisfy the

following boundary conditions at an end of the interval. For bosonic fields, they are

Fa5

∣

∣

∣

y=0
= 0 , Dyϕ

4,5
∣

∣

∣

y=0
= 0 , ϕ1,2,3

∣

∣

∣

y=0
= 0 . (2.30)

There are projection conditions for fermions as well. The 1, 2, 3 directions for the scalars

denote the three directions transverse to the NS5-brane. y ≡ x5 is the coordinate for the

interval, and a = 1, 2, 3, 4 is for the remaining 4 directions. Such boundary conditions are

imposed at the two ends of I, say at y = 0, β. Since ϕ1,2,3 are constrained to be zero at the

two ends of the interval, the 4d masses for these 5d fields are all proportional to β−1, which

become very heavy on a short interval and decouple. The A5 field can also be set to 0 by

using y dependent local gauge transformation (where the gauge function is unconstrained at

the two boundaries). Thus, all the four fields ϕ1,2,3, A5 are set to zero in the 4d limit. With

4d boundary degrees, the fields with Dirichlet boundary conditions will satisfy modified

Dirichlet boundary conditions [44]. However, the argument on the decoupling of the bulk
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fields on a short I will remain unchanged with the boundary degrees turned on (also with

curvature corrections on S4). The boundary degrees will provide the hypermultiplet on S4

in the 4d limit with general mass.

The hypermultiplet that we introduce at the boundary of the interval couples to the

bulk 5d gauge fields in the following way. Let us put the defect at x5 = 0. There are two

boundary values of the fields Aa, λ, ϕ
4,5 which are subject to Neumann boundary conditions,

living on the interval on the right side x5 > 0 and on the left x5 < 0. One of these two

intervals may be semi-infinite. Let us call these two boundary values as A±
a , λ

±, (ϕ4,5)±,
respectively. Then the boundary hypermultiplet would naively appear to be coupling to

these the bulk fields in the bi-fumdanental representation of U(N) × U(N). Of course we

are able to construct the 5d SYM coupling with the defect degrees in this way. However,

there is a subtle point on this gauge coupling [39], if one wishes to realize the QFT for

the D4-NS5 system. Let us start by considering (ϕ4,5)±, which represent the end points of

the D4-branes at the NS5-brane from the two sides. From the NS5-brane dynamics, it was

shown [39] that the modes with finite NS5-brane inertia should satisfy

∂a
[

tr(ϕ4,5)+ − tr(ϕ4,5)−
]

= 0 (2.31)

at x5 = 0. Extending this result to the full vector multiplet, the dynamics of the relative

U(1) of U(N) × U(N) is frozen. As other fields in the relative U(1) is frozen to zero,

only the constant (non-dynamical) value of tr(ϕ4,5)+− tr(ϕ4,5)− couples to the 4d degrees.

This is the mass m of the hypermultiplet [39]. Thus, only the SU(N)×SU(N) gauge fields

dynamically couple to the 4d degrees, since the overall U(1) of U(N)×U(N) also decouples.

Now we explain the SYM on S4 × I with boundary degrees. The boundary hyper-

multiplet action on S4 with gauge coupling is completely dictated by the analysis of [42].6

The bulk action on S4 × S1 that we constructed in the previous subsection also has to be

replaced by an action on S4× I with an interval I. The boundary terms for the bulk fields

should also be introduced. All such boundary terms in the flat space limit can be taken

from [44], using the formalism of 4d infinite dimensional gauge theory for the 5d SYM,

and the corresponding ‘4d D-term’ fields. [44] in fact uses the 3d infinite dimensional gauge

theory for the 4d bulk fields coupling to the 3d boundary, but the same method can be

applied to our 5d-4d system. There are curvature corrections for the surface terms, which

we justify by a brutal SUSY check.

To write down the coupled 5d-4d system, it is helpful to write all spinors (matters,

SUSY) in a way to make the 10 = 4 + 6 dimensional decomposition clear. These are

summarized in the appendix. Firstly, the 4d action for the defect hypermultiplet qA, ψ is

given by [42]

S4d=

∫

S4

d4x
√
gtr

[

Daq̄
ADaqA +

2

r2
q̄AqA +

m

r
(τ3)AB q̄

BqA −DI+(τ I)ABqAq̄
B +DI−qA(τ

I)AB q̄
BqA (2.32)

+
(

q̄Aϕ4
+−ϕ4

−q̄
A
)

(

ϕ4
+qA−qAϕ4

−

)

+
(

q̄Aϕ5
+−ϕ5

−q̄
A−imq̄A

)

(

ϕ5
+qA−qAϕ5

−−imqA
)

+ iψ̄γaDaψ

6The formalism of [42] technically requires the gauge group to be embedded in Sp(r) with a suitable

r. We simply wrote down our SUSY action essentially using the results of [42], but checked the SUSY

invariance of the coupled 5d-4d action independently.
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+iψ̄
(

ϕ5
+ψ − ψϕ5

− − imψ
)

+ ψ̄γ5
(

ϕ4
+ψ − ψϕ4

−

)

+
√
2ψ̄(λA

+qA − qAλ
A
−)−

√
2
(

q̄Aλ̄A+ − λ̄A−q̄
A
)

ψ

]

where A,B = 1, 2 are for SU(2)R (broken to U(1) on S4), λA± are boundary values of the

5d gaugino satisfying a symplectic-Majorana condition as explained in the appendix. We

took ψ to be a Dirac fermion. DI
± for I = 1, 2, 3 are the boundary values of the bulk D-term

auxiliary fields, which we shall introduce shortly. τ I are three Pauli matrices. In [42], all

terms containing m can be introduced by coupling the hypermultiplet to a background 4d

vector multiplet φm, φ̄m, DI
m (namely, eq. (4.6) of [42]) for the U(1)F flavor symmetry on

(qA, ψ). The full SUSY transformation for these fields will be explained below, after we

explain the bulk action. The above 4d action is the form in which the boundary fields

couple to the U(N)× U(N) gauge fields. In case one restricts the 4d fields to couple only

to the SU(N) × SU(N) part, one should replace all the 5d bulk fields by their traceless

parts. For instance, one should replace

−DI+(τ I)ABqAq̄
B +DI−(τ I)AB q̄

BqA → −DI+
[

(τ I)ABqAq̄
B − (trace)

]

+DI−
[

(τ I)AB q̄
BqA − (trace)

]

.

In case the 4d fields live at the intersection of a finite interval and a semi-infinite region, one

of the two bulk fields is taken to be nondynamical. If one considers many 5d SYM on S4×I
connected to others in a quiver, there should be many boundary actions of the form (2.32).

Now we turn to the 5d action. We shall write the 5d bulk action plus extra boundary

terms while keeping the auxiliary DI fields. This makes up an off-shell vector multiplet

in the 4d sense, with Aa, λA, ϕ
4,5. The analysis below follows [44] (SYM with boundaries

on flat space), although we had to check SUSY ourselves to decide the surface term at 1
r

order. The 5d SYM action on S4 × I with two boundaries at y = y1, y2 is given by

S5d =
1

g2
YM

∫

S4×I

d5x
√
g tr

[

1

4
F 2
ab +

1

2
F 2
a5 +

1

2
(Daϕ

i)2 +
1

2
(Dyϕ

i)2 − 1

2
[ϕ4, ϕ5]2 − 1

2
[ϕi, ϕI ]2

−1

2
DIDI +DI

(

Dyϕ
I +

i

2
ǫIJK [ϕJ , ϕK ] + δ(y − y1)ϕ

I(y1)− δ(y − y2)ϕ
I(y2)

)

+
1

r2
(ϕi)2 +

1

r2
(

(ϕ1)2 + (ϕ2)2
)

+
2i

r
ϕ3Dyϕ

5 − 2

r
ϕ5[ϕ1, ϕ2] +

i

2
λ̄Aγ

µDµλ
A +

i

2
χ̄Aγ

µDµχ
A

+χ̄ADyλ
A +

i

2
λ̄A[ϕ

5, λA] +
1

2
χA

(

−i[ϕ5, χA] +
1

r
(τ3)ABχ

B

)

+
1

2
λ̄Aγ

5[ϕ4, λA] +
1

2
χ̄Aγ

5[ϕ4, χA]

−1

2
χ̄A(τ

I)AB [ϕ
I , λB ] +

1

2
λ̄A(τ

I)AB [ϕ
I , χB ]

]

(2.33)

with I = 1, 2, 3, i = 4, 5. After integrating out DI , this is the SYM action on S4 × R we

wrote down in section 2.1, up to surface terms. Note that the term −2i
r
ϕ5Dyϕ

3 we wrote

in our SYM action in the previous subsection is changed to +2i
r
ϕ3Dyϕ

5 on the third line:

in other words, we have to add a surface term at 1
r
order.

The actions S5d and S4d are separately invariant under the following SUSY transfor-

mations:

δAa = −iǭAγaλA (2.34)

δϕ4 = −iǭAγ5λA , δϕ5 = ǭAλ
A

δλA =
1

2
Fabγ

abǫA + (iDaϕ
5 +Daϕ

4γ5)γaǫA + [ϕ4, ϕ5]γ5ǫA

−iDI(τ I)ABǫ
B +

i

r
(ϕ4γ5 − iϕ5)(τ3)ABǫ

B
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δDI = −ǭA(τ I)ABγaDaλ
B + iǭA(τ

I)AB
(

γ5[ϕ4, λB] + i[ϕ5, λB]
)

(2.35)

for the bulk ‘vector multiplet’ fields (with a, b = 1, 2, 3, 4),

δA5 = −ǭAχA , δϕI = −iǭA(τ I)ABχB (2.36)

δχA = −iFayγ
aǫA −Daϕ

I(τ I)ABγ
aǫB + (iDyϕ

4γ5 −Dyϕ
5)ǫA

+
(

i[ϕ4, ϕI ]γ5 − [ϕ5, ϕI ]
)

(τ I)ABǫ
B +

2

r
ǫ3IJϕI(τJ)ABǫ

B

δχ̄A = −iǭAγaFay + ǭBγ
a(τ I)BADaϕ

I + ǭA(iγ
5Dyϕ

4 −Dyϕ
5)

+ǭB(τ
I)BA

(

−iγ5[ϕ4, ϕI ] + [ϕ5, ϕI ]
)

+
2

r
ǫ3IJ ǭB(τ

I)BAϕ
J

for the bulk ‘hypermultiplet’ fields (with I, J = 1, 2, 3), and

δqA = −
√
2iǭAψ , δq̄A = −

√
2iψ̄ǫA (2.37)

δψ = −
√
2DaqAγ

aǫA +
√
2i

(

ϕ4+qA − qAϕ
4−

)

γ5ǫA −
√
2
(

ϕ5+qA − qAϕ
5− − imqA

)

ǫA +

√
2i

r
qA(τ

I)ABǫ
B

δψ̄ =
√
2ǭAγ

aDaq̄
A −

√
2iǭAγ

5
(

ϕ4−q̄A − q̄Aϕ4+
)

+
√
2ǭA

(

ϕ5−q̄A − q̄Aϕ5+ + imq̄A
)

+

√
2i

r
ǭB(τ

I)BAq̄
A

for the boundary hypermultiplet fields.

The bulk action in the flat space limit 1
r
→ 0 can be naturally understood by re-

garding the 5d gauge theory as a 4d gauge theory with ‘infinite dimensional gauge group,’

following [44]. Namely, one regards the 5d y ≡ x5 dependent gauge transformation with

finite gauge group as a 4d gauge transformation with infinite dimensional gauge group. [44]

applied this idea to the 4d maximal SYM theory with 3d boundary, but it extends to

our problem in one higher dimension. As a warming up, following [44], let us rewrite the

bosonic part of the bulk hypermultiplet potential as

1

2
(Dyϕ

I)− 1

4
[ϕI , ϕI ]2 =

1

2

(

Dyϕ
I +

i

2
ǫIJK [ϕJ , ϕK ]

)2

− i

6
∂y
(

ǫIJKϕI [ϕJ , ϕK ]
)

. (2.38)

Note that 1
2(Dyϕ

I)2, which is part of the 5d kinetic term, is regarded in 4d viewpoint as

part of the potential. The second term is the boundary term which one can drop in the

absence of boundaries. With a boundary, only the first complete-square term should be

kept in our action. One can rewrite the first term as

1

2

(

Dyϕ
I +

i

2
ǫIJK [ϕJ , ϕK ]

)2

→ −1

2
DIDI +DI

(

Dyϕ
I +

i

2
ǫIJK [ϕJ , ϕK ]

)

(2.39)

by introducing three D-term fields, which can all be found in our action S5d. With bound-

aries, the on-shell value of DI from our action is given by

DI = Dyϕ
I +

i

2
ǫIJK [ϕJ , ϕK ] + δ(y − y1)

(

ϕI(y1)− g2YMµ
I
1

)

− δ(y − y2)
(

ϕI(y2)− g2YMµ
I
2

)

(2.40)

on the interval y1 < y < y2, where

µI1 ≡ (τ I)AB

[

q(1)Aq̄
B
(1) −

1

N
1N×N tr(q(1)Aq̄

B
(1))

]

,
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µI2 ≡ (τ I)AB

[

q̄B(2)q(2)A − 1

N
1N×N tr(q̄B(2)q(2)A)

]

. (2.41)

q(1)A, q(2)A are the boundary fields at y = y1, y2, respectively. This is the hyper-Kahler

moment map for the 4d infinite dimensional gauge group in the presence of boundaries and

boundary degrees [44]. µI1,2 are the moment maps for the two SU(N) gauge transformations

acting on the boundary fields.

From the above action, we can understand the boundary conditions for the bulk fields

at y = y1, y2. The boundary values DI(y1) ≡ DI
1, D

I(y2) ≡ DI
2 appear linearly in the ac-

tion from the surface terms of DI contained in S4d and S5d, since the bulk term
∫

dyDIDI

has extra infinitesimal factor dy and can be ignored. So DI
1,2 are Lagrange multipliers,

for the boundary conditions of the hypermultiplet scalars ϕI . They are modifications of

Dirichlet boundary conditions [44],

ϕI(y1) = g2YMµ
I
1 , ϕI(y2) = g2YMµ

I
2 . (2.42)

The gauge field Ay may be fixed to 0 by using y dependent gauge transformation on the

interval I, as explained before. Thus, the boundary values of bulk fields ϕI , Ay forming a

hypermultiplet are all constrained in terms of the boundary degrees. The boundary con-

ditions for the bulk fields Aa, ϕ
4,5 forming 4d vector multiplet can also be determined. In

the flat space limit, they satisfy the Neumann boundary conditions Fay = 0, Dyϕ
4,5 = 0.

Some of them are modified in the presence of boundary degrees and curvature corrections.

Making a variation δϕ4,5 and demanding extremization of the action including the surface

terms, the modification for the ϕ4,5 fields is given by

[

Dyϕ
4
]

y=y1,2
= ∓g2YM

δS4d
δϕ4(y1,2)

,
[

Dyϕ
5
]

y=y1,2
=

2i

r
ϕ3(y1,2)∓ g2YM

δS4d
δϕ5(y1,2)

, (2.43)

where ∓ signs are for y = y1, y2(> y1), respectively. The field ϕ3(y1,2) appearing on the

right hand side is g2YMµ
3
1,2, from (2.42).

Let us focus on the 5d uplift of the N = 2∗ theory on S4. Here, the two ends of I are

coupled to the same boundary field, transforming in the bi-fundamental representation of

the bulk gauge field at y = y1 = 0 and y = y2 = 2πr1. Here, r1 is the circle radius if one

views this system as living on S4 × S1 with a defect at y = 0. The mass m for the hyper-

multiplet in S4d is the twisted compactification parameter on S1. In the small circle limit,

r1 → 0, we have checked that the full action reduces to the general N = 2∗ action with gen-

eral mass m on S4. Here we simply illustrate how this works with the bosonic action. With

given boundary fields qA, the bulk fields ϕI with I = 1, 2, 3 satisfy the modified Dirichlet

boundary conditions. So the tower of higher Fourier modes for these fields on I become

heavy with mass gap 1
r1

and decouple in the small r1 limit. More precisely, one can write

ϕI = g2YMµ
I
1(q)−g2YM(µI1−µI2)

y

2πr1
+ · · · = g2YMµ

I
1(q)−

g2YM

2πr1
(τ I)AB[qA, q̄

B]y+ · · · , (2.44)

with 0 ≤ y ≤ 2πr1, where · · · denotes ‘higher modes’ form a Fourier expansion with

nonzero wavenumbers on I. So at low energy, we ignore this tower and the light mode of
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ϕI is constrained by the 4d fields. The coupling −1
2D

IDI +DI∂yϕ
I provides the required

4d D-term potential for qA in the 4d limit:

1

g2YM

∫ 2πr1

0
dy

(

−1

2
DIDI +DI∂yϕ

I

)

→ − 1

2g24
DIDI −DI(τ I)AB[qA, q̄

B] . (2.45)

g24 ≡ g2
YM

2πr1
is the 4d gauge coupling. One can also show that, with the above lowest mode,

all the other terms in S5d containing the bulk hyper fields ϕI , χ do not contribute to the

low energy action on S4 with small r1. Moving on to the bulk vector multiplet, the right

hand sides of (2.43) all contain r1 (with fixed 4d coupling g24 =
g2
YM

2πr1
) so that one recovers

the Neumann boundary conditions at both ends. So on a small S1, the lowest modes come

from the zero modes of these fields on the interval. Thus the 5d bulk vector multiplet

action reduces to the 4d vector multiplet action on S4. Combining this action with S4d,

we find that one obtains the N = 2∗ theory on S4 with general mass parameter m [6].

So far, we discussed the gauge theories living on S4 times many intervals, I1, I2, · · · , In,
where the n intervals either form a linear quiver or a circular quiver. A 4d hypermulti-

plet in bi-fundamental representation connects two different intervals, and fundamental 4d

hypermultiplet couples to one end of an interval. Another important ingredient of the 4d

gauge theories of [37] is the so-called TN theory, which has SU(N)3 global symmetry. One

may consider coupling this TN theory to three 5d gauge theories at the end of the intervals.

Although we are quite ignorant on the microscopic description of this part for general N ,

the case with N = 2 would admit a Lagrangian description. Then the 6d SU(2) theory

compactified on general Riemann surface would admit a ‘5d uplift’ in the sense explained

in this subsection.

3 Comments on the reduction on small S4

In this section, we briefly discuss the compactification of 5d SYM on a small S4. This

setting could shed light on the AGT correspondence, maybe by exhibiting the effective Li-

ouville/Toda quantum mechanical description in this limit. In particular, a similar problem

of reducing the 6d (2, 0) theory on a small S3 was shown to be very interesting [45].

The energy scale of our interest is much smaller than 1
r
, where r is the radius of

S4. We would like to keep 1
g2
YM

≪ 1
r
, so that the mass of instanton particles is much

lighter than the KK scale of S4. We are interested in the low energy effective quantum

mechanics. There is an obvious light degree, which is the s-wave of the massless scalar

ϕ3(y) on S4. We find that other 5d fields do not provide any more light degrees, meaning

that all the modes carry nonzero frequencies proportional to 1
r
on R. The effective quantum

mechanical action for ϕ3(y) could receive perturbative and non-perturbative corrections.

We shall mostly speculate on what sort of ingredients would be necessary to have the

asserted Liouville/Toda physics.

Firstly, it is tempting to identify the light scalar ϕ3 as the variables of the Toda quan-

tum mechanics. This is possible because the our quantum mechanical system is gauged with

A5(y). One can fix this gauge by diagonalizing the real scalar ϕ3. Among theN eigenvalues,
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one of them corresponding to the overall U(1) decouples, yielding N − 1 scalars which can

possibly interact with one another. The number of light degrees match with the number of

variables in the Toda mechanics. It is still unclear how the Toda potential could be gener-

ated. However, accepting the above identification of the N − 1 eigenvalues with the Toda

scalars, we consider how such a potential could possibly appear from the 5d SYM viewpoint.

We first consider the 1d kinetic term obtained by classically reducing the 5d SYM on

a small S4. The proper scaling limit is to keep the s-waves of ϕ3 and p ≡ ϕ5

r
finite in the

small S4 limit. (Unlike ϕ5, other massive modes simply decouple with ϕ3 even after similar

scalings.) The mechanical action on Euclidean R is given by

8π2r4/3

g2YM

∫

dy tr

[

1

2
(Dyϕ3)

2 + p2 + 2iϕ3Dyp

]

, (3.1)

where the prefactor 8π2r4

3 comes from the volume of S4. Without boundaries, we can

integrate by part the last term and algebraically integrate out the p field to obtain

4π2r4

g2YM

∫

dy tr(Dyϕ3)
2 . (3.2)

We fix the gauge symmetry by diagonalizing ϕ3. The 1-loop correction to the effective

action from the heavy perturbative modes on small S4 should be computable in the back-

ground ϕ3(y). We have not performed this computation, but this factor might cancel out

or does not seriously change (at least qualitatively) the nature of the above classical ki-

netic term. We assume so in the considerations below, just to illustrate a possible (or

hypothetical) way of getting the Liouville-Toda potential from this approach.

Let us discuss the U(2) theory for simplicity. Decomposing the overall U(1) and the

rest by ϕ3 = ϕ012 +
1
2σ

3ϕ the action for ϕ is given by

2π2r4

g2YM

∫

dy ϕ̇2 . (3.3)

Thus, at this stage one obtains a free scalar action on R
+, after modding out by the Weyl

gauge symmetry. Let us putatively interpret this as the kinetic term of the Liouville action,

1

4π

∫

d2x
(

∂µφL∂µφL + 4πµe2bφL

)

, (3.4)

put on a cylinder and reduced on the small circle to mechanics. φL denotes the scalar field

in the above Liouville theory normalization. Reducing the Liouville theory on a circle, one

obtains the following quantum mechanical action:

g2YM

8π2

∫

dτ
(

φ̇2L + 4πµe2bφL

)

(3.5)

where we write the circumference of the small circle as 2πr2 =
g2
YM

2π , interpreting this

circle as the sixth circle which uplifts from the 5d SYM. (This relation holds with our
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normalization for the Yang-Mills kinetic term 1
4g2

YM

tr(FµνF
µν).) From this, we make the

following identification of the Liouville scalar φL and the scalar ϕ from the 5d SYM:

φL =
4π2r2

g2YM

ϕ . (3.6)

One can also rewrite the Liouville quantum mechanics action with our ϕ variable. Since

we consider the round S4, we insert b = 1 in (3.4) and obtain

2π2r4

g2YM

∫

dy

(

ϕ̇2 + 4πµ̃e
8π2r2

g2
YM

ϕ

)

(3.7)

where µ ≡ µ̃16π4r4

g4
YM

. So the potential that is needed for the Liouville quantum mechanics is

exp

(

4πr2 · 2πϕ
g2YM

)

, (3.8)

assuming our interpretation of ϕ as φL.

The potential takes the form of a non-perturbative correction in the Weyl chamber

ϕ < 0. So it would be interesting to think about what kind of non-perturbative effects

could account for (3.8) in the SYM on S4 × R. It is tempting to make a somewhat wild

speculation about (3.8). Namely, the prefactor 4πr2 is the volume of a great 2-sphere cycle

in S4. So the above exponent could be coming from a configuration wrapping this S2,

or a co-dimension 3 finite action ‘instantons’ on S4 × R which is wrapping the S2. It is

somewhat hard for us to imagine how such a finite action configuration could be possible

on S4 ×R. Perhaps trying to reconsider an alternative localization on S4 might provide a

hint, similar to [46] which manifestly keeps the SO(3) isometry of the above S2 factor. Note

also that, 2π|ϕ|
g2
3

is the action of a ’t Hooft-Polyakov monopole instanton in 3 dimensional

gauge theory on R
3 with gauge coupling g23 and scalar VEV ϕ (again with our convention

L = 1
4g2

YM

tr
(

F 2
µν + · · ·

)

for the Yang-Mills action). So this makes us wonder whether a

suitable stepwise compactification of the 5d SYM to 3d and then to 1d would enable us to

easily see the above non-perturbative effect. For instance, considering the S4 as a foliation

of S2 × S1 over a segment 0 < θ < π
2 with metric

ds24 = r2
(

dθ2 + cos2 θds2(S2) + sin2 θdψ2
)

, (3.9)

a formal reduction of the SYM on S2 would yield 1
g2
3

= 4πr2

g2
YM

near θ = 0. Presumably it

should be more appropriate to study the 5d SYM on highly squashed S4 ×R, by uplifting

the gauge theory of [42] on squashed S4 to 5d. It would be interesting to see if these

thoughts survive after more rigorous investigations.

4 SYM on S
n
× R

In this section, we discuss SYM theories on Sn × R. Many such theories are known. For

n = 2, 3, we shall simply summarize the theories that are known or easily deducible from

– 18 –



J
H
E
P
0
8
(
2
0
1
4
)
1
6
7

known results. For n = 4, 5, SYM on Sn provides a strong constraint and we only find

SYM on Sn × R with the field content of maximal SYM. For n ≥ 6, SYM is not allowed

on Sn × R within our ideas. We start by summarizing known results.

On S3 × R, Yang-Mills action can be written down in the canonical way, since it

is classically conformal. Supersymmetric Yang-Mills theories can also be written down

easily. If the matter contents are suitably chosen, one can have an N -extended SCFT with

SU(2, 2|N ) symmetry at the quantum level. We shall only discuss classical aspects of the

superconformal action on S3 × R. By suitably compactifying the theory on S1, one can

obtain SYM theories on S3. For simplicity, consider 4d N = 1 SCFT on S3 × R. The 4d

superconformal symmetry has 4 Poincare SUSY Qα, Q̄α̇, with R = +1 and R = −1 and

4 conformal SUSY Sα, S̄α̇ with R = −1 and R = +1, respectively, where R is the U(1)

R-charge. One can make a twisted compactification on S1 using E −R/2, where E is the

translation on R (dimension of operators). This compactification preserves half of the 8

superconformal symmetries which commute with E−R/2, namely Qα and Sα. This should

yield 3d N = 2 SYM with OSp(2|2) symmetry, which were found in [4, 5]. The 3d theory

has one real scalar σ in the vector multiplet, which comes from the holonomy of A4 on S1.

From the 4d perspective, σ should be massless. This is in fact true, which one can check

by integrating out the D-term auxiliary field of [4, 5].

Let us move on to n = 2. For simplicity, we only consider the cases withN = (2, 2) [2, 3]

or more SUSY. The 2d (2, 2) vector multiplet has two real scalars, σ1, σ2. One scalar, say

σ2, is massless on S2. Another scalar σ1 has the following coupling

(

F12 +
1

r
σ1

)2

, (4.1)

where F12 is the field strength in the frame basis. The presence of the massless scalar σ2
admits the possibility of an S2 × S1 uplift. In fact, one can easily construct 3d N = 2, 4, 8

super-Yang-Mills theories consisting of the vector multiplet. For N = 8, maximal SYM

on S2 × R is known with SU(2|4) symmetry [47, 48]. Starting from this, one can obtain

the N = 2, 4 truncations. Let us consider the case with N = 2 SUSY. The maximal SYM

has seven real scalars Xa, Φ, four fermions ΨA, and complex Killing spinors ξA, where

a = 1, · · · , 6 and A = 1, 2, 3, 4 for SO(6) ∼ SU(4) R-symmetry. We can consistently turn

off Xa = 0 and Ψ1,2,3 = 0, preserving SU(2|1) symmetry. The fermionic symmetries are

parametrized by ξ4. One can reduce this theory on S1 preserving all SU(2|1) SUSY, by

twisting S1 translation E by the U(1) generator. As the complex SUSY ξ4 has a definite

U(1) charge, this twisting loses no SUSY and yields the above 2d N = (2, 2) theory, in

which Φ = σ1, A3 = σ2. We can also truncate the maximal SYM to N = 4 SYM on S2×R,

by turning off X1,2,3,4 = 0 and Ψ1,2 = 0. One finds SU(2|2) symmetry, whose fermionic

generators are labeled by ξ3,4. The truncation can not be extended beyond N = 4, which

should be the case since there are no such theories even in the flat space limit. Coupling

matters to these N = 2, 4 theories presumably should be possible, which we do not discuss.

Now let us move on to higher dimensions, Sn × R or Sn × S1 with n ≥ 5. We first

consider the case with n = 5. On S5 with radius r, the real scalar in the N = 1 vector

multiplet has mass 2
r
. So one cannot uplift N = 1 SYM with vector multiplet only to
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S5 × S1. However, like the SYM on S4, uplift to S5 × S1 is possible with an adjoint

hypermultiplet. The bosonic action for the vector multiplet and an adjoint hypermultiplet

with mass m is given by [7, 16]

g2YMLbos = tr

[

1

4
FµνF

µν +
1

2
(Dµφ)

2 + |Dµq
A|2 + 5

2r2
φ2 +

15

4r2
|qA|2 − 1

2
DIDI − i

r
φD3

+([q̄A, φ]−imq̄A)
(

[φ, qA]−imqA
)

−q̄A(τ I)AB
(

[DI , qB]+δI3
m

r
qB
)]

, (4.2)

where m = 1
r

(

∆− 1
2

)

in the notation of [16], and I = 1, 2, 3, A,B = 1, 2 for the SU(2)R
symmetry broken to U(1)R. φ is the real scalar in the vector multiplet, and q1, q2 are the

two complex scalars in the hypermultiplet. With general m, this SYM preserves SU(4|1)
symmetry with 8 SUSY. After integrating out the auxiliary DI fields, the mass terms are

given by
2

r2
φ2 + q̄A

[(

15

4r2
−m2

)

δAB − m

r
(τ3)AB

]

qB . (4.3)

From this, one finds that one of q1, q2 becomes massless at m = ± 3
2r . At these values,

another complex scalar has net mass-square 3
r2
, and the real scalar φ has mass-square

4
r2
. The 5d theory at these values of mass can be uplifted to S5 × S1, with one of the

two massless scalars uplifting to A6. This can be easily convinced by again relying on a

deconstruction-like argument. The above SYM on S5 can be written down with arbitrary

gauge group and matter content, so we consider the U(N)K theory with K bifundamen-

tal hypermultiplets forming a circular quiver. Although the full quantum deconstruction

like [40] is not expected to exist, as both 6d and 5d theories are nonrenormalizable, one can

still discuss it at the level of discretizing higher dimensional classical field theory, in the

spirit of [41].7 Taking all K hypermultiplet mass parameters to be, say m = 3
2r , one can

give Higgs VEV and take large K scaling limit like [40, 41] to provide massive Kaluza-Klein

modes on S1. The full action on S5 × S1 or S5 × R can be obtained, although one has to

pay some effort to convert the spinor convention to what is more natural in 6d. We simply

write the bosonic action here. Let us take m = 3
2r , and call q1 = A6−iφ3

√
2

, q2 = −φ2+iφ1

√
2

.

Then the bosonic part of the 6d SYM action on S5 × R is given by

g26Lbos = tr

[

1

4
FµνF

µν +
1

2
(Fµy)

2 +
1

2
(Dµφ)

2 +
1

2
(Dyφ)

2 +
1

2
(Dµφ

I)2 − 1

2
[φ, φI ]2

−1

2
DIDI +DI

(

Dyφ
I +

i

2
ǫIJK [φJ , φK ]− i

r
φδI3

)

+
3i

r
φ
(

Dyφ
3 − i[φ1, φ2]

)

+
5

2r2
φ2 +

3

2r2
((φ1)2 + (φ2)2)

]

, (4.4)

where µ, ν = 1, 2, 3, 4, 5, y ≡ x6 and I = 1, 2, 3, and g6 is the 6d Yang-Mills coupling.

7From brane perspective, N Dp-branes probing C
2/ZK × R

5−p engineer p + 1 dimensional circular

quiver theory. Higgsing with large K, the C/ZK part of the geometry probed by the Higgs branch would

approximate to R×S1. T-duality along S1 (equivalent to the Fourier transformation in the deconstruction

of [41]) yields p+ 2 dimensional maximal SYM.
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The studies of the 6d maximal SYM on S5 × R or S5 × S1 may be interesting in

the context of type IIB little string theory with (1, 1) SUSY. The S5 partition function

acquires contributions from three instanton partition functions on R
4 ×S1 [20, 21, 49, 50].

Thus one could think that the S5 ×S1 partition function would be obtained by combining

three instanton partition functions of 6d SYM on R
4 × T 2 [55], where the extra circle

direction comes from the S1 uplift. There appears one subtlety in this uplift, from the

fact that one real scalar is massless in 6d. The massless scalar will cause a divergence of

the perturbative partition function on S5 as we take m → 3
2r . This divergence happens

in the diagonal U(1)N part of the perturbative partition function [16]. There will thus

appear a net (mr − 3
2)

−N divergence. This is precisely the divergence coming from the

half-BPS partition function of the 6d (2, 0) theory, if one views the S5 partition function

as the (2, 0) index. However, the residue of the partition function at m = 3
2r is finite. A

simple calculation using the results of [20, 21] yields

ZS5 → 1

N !βN (32 −mr)N
· 1

η(e−β(1+a))N
· 1

η(e−β(1+b))N
· 1

η(e−β(1+c))N
(4.5)

in the m→ 3
2r limit, apart from the zero point energy factor. Here β =

g2
YM

2πr is the chemical

potential for the ‘energy,’ and βa, βb, βc are the chemical potential for the SU(3) ⊂ SO(6)

angular momentum on S5: see [21] for the details. η(q) is given by η(q) = q
1

24

∏∞
n=1(1−qn).

The first factor is the m→ 3
2r limit of the U(N) half-BPS partition function:

N
∏

n=1

1

1− e−n( 3
2
−mr)β

→ 1

N !βN (32 −mr)N
. (4.6)

The result (4.5) is somewhat boring, as the residue at mr = 3
2 just takes the form of the

U(1)N index. This is natural as this can be interpreted as the IR index after Higgsing the

theory with a complex scalar. It would be more interesting to study the defects on S1. For

instance, the 5d version of the AGT proposals and q-deformed CFT’s studied in [51–54]

may be explored, if it has a higher dimensional origin like [35, 37].

Finally, at n = 6, 7, maximal SYM on Sn is known in the literature [1, 56].8 On

S6, one scalar have mass-square 4
r2
, and three have 6

r2
. On S7, the three scalars have

mass-square 3
r2
. So there are no massless scalars in either case. It is also impossible

to provide deformations like extra hypermultiplet mass to have massless scalars. In 6d,

hypermultiplet cannot be given a mass parameter already in flat space limit, as the fermion

of 6d hypermultiplet is chiral. Also, there is no notion of hypermultiplet in 7d, and thus no

way to tune the mass matrix. So we cannot use our argument to have a SYM on Sn × R

at n = 6, 7. This seems to lead to the conclusion that n+ 1 = 6 is the maximal dimension

in which one can write down SYM on Sn × R.

8For n = 6, the superalgebra should be F (4) since it has SO(7) × SU(2)R symmetry. For n = 7, the

superalgebra should be OSp(8|2) since it has SO(8)× SU(2)R.
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A Spinor conventions

As explained in (2.4), we can conveniently uplift our SO(5) × SO(5)R spinors into a 10

dimensional spinor by using the following 32× 32 gamma matrices:

Γµ = Γµ ⊗ Γ̂5 ⊗ σ1 (A.1)

Γi+5 = 14 ⊗ iΓ̂5i ⊗ σ1 (i = 1, 2, 3)

Γ9 = 14 ⊗ iΓ̂54 ⊗ σ1 , Γ0 = 14 ⊗ 14 ⊗ σ2 .

Our convention for Γµ and Γ̂I are explained in (2.16) and (2.17). The 5d spinor bilinears

transform to the following 10d bilinears,

Ψ̄1Γ
µΨ2 → Ψ̄1Γ

µΨ2 , Ψ̄1Γ
IΨ2 → iΨ̄1Γ

IΨ2 , (A.2)

where Ψ1,2 are the corresponding 10d spinors satisfying the Weyl condition σ3Ψ1,2 = Ψ1,2.

10d barred spinors are defined by Ψ̄ ≡ Ψ†(−iΓ0), where −iΓ0 is the ‘time component’

of the Gamma matrix for the 10d theory in the (9, 1) signature theory obtained by Wick

rotation [6]. The symplectic-Majorana condition for the 5d spinors uplifts to

Ψ̄ = ΨTC10 , C10 ≡ C ⊗ ΩΓ̂5 ⊗ σ1 , C10(Γ
M )TC−1

10 = ΓM (M = 1, 2, · · · , 0) . (A.3)

Using the above bilinear relations and also using

− i

4r
Ψ̄(Γ̂34 + iΓ̂35Γ5)Ψ → 1

4r
Ψ̄Γ0

(

Γ67 + Γ58
)

Ψ , (A.4)

one can show that our 5d action (2.21) uplifts in the 10d notation to

S =
1

g2YM

∫

d5x
√
g tr

[

1

4
FMNF

MN +
i

2
Ψ̄ΓMDMΨ− 2i

r
ϕ5
(

D5ϕ
3−i[ϕ1, ϕ2]

)

+
1

r2
(

(ϕ1)2+(ϕ2)2+(ϕ4)2+(ϕ5)2
)

+
1

4r
Ψ̄Γ0

(

Γ67 + Γ58
)

Ψ

]

(A.5)

where AM ≡ (Aµ, ϕ
I), FIJ ≡ −i[ϕI , ϕI ], DIΨ ≡ −i[ϕI ,Ψ], FµI ≡ Dµϕ

I . Compactifying

x5 direction to a small circle and reducing to 4d, one defines ΦM = (A5, ϕ
I+5) with P =

5, · · · , 0. Then the 4d action is given by
1

g24

∫

d4x
√
g tr

[

1

4
FMNF

MN − iD0Φ
i(MijΦ

j)− 1

2
(MijΦ

j)(MikΦ
k) +

1

r2
ΦPΦP − 1

2r
RkiMkjΦ

iΦj

+
i

2
Ψ̄Γ

MDMΨ+
1

8r
Ψ̄Γ

0MijΓ
ij
Ψ ,

]

(A.6)
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where i, j = 5, 6, 7, 8, and R,M are given by (2.2) with m = 1
r
. This reproduces the special

N = 2∗ action on S4 with mass parameter 1
r
, where D0Φ

i− iMijΦ
j and

(

D0 − i
4MijΓ

ij
)

Ψ

combinations come from the Scherk-Schwarz mass assignment.

To couple the 5d system to 4d boundary degrees in section 2.2, it is more useful to

assume the following 4 + 4 + 2 decomposition of the 10d gamma matrices:

Γa = γa ⊗ 14 ⊗ 12 , Γ4+i = γ5 ⊗ γ̂i ⊗ σ2 , Γ9 = γ5 ⊗ 14 ⊗ σ1 , Γ0 = γ5 ⊗ γ̂5 ⊗ σ2 , (A.7)

with a = 1, 2, 3, 4, and we take

γ̂i =

(

(σi)AḂ

(σ̄i)ȦB

)

, γ̂5 =

(

−δ B
A

δȦ
Ḃ

)

(A.8)

with σi = (1,−i~τ), σ̄i = (1, i~τ). The projection Γ5678ǫ = ǫ becomes γ̂5ǫ = ǫ, meaning

that ǫȦ part generates 8 SUSY while ǫA is broken. If we write the 5d action in this

convention, such as the 5d SYM on S4 × I in section 2.2, the fifth direction corresponding

to Γ5 = γ5 ⊗ γ̂1 ⊗ σ2 is picked. So the SO(4) rotation acting on the i type indices breaks

to SO(3), even in the flat space limit. Since this SO(3) is the diagonal of the two SU(2)

rotations acting on the A, Ȧ indices, the A and Ȧ indices are identified. This is the A

doublet indices for SU(2)R that we use in section 2.2. Reduction of the 10d Majorana

condition yields the symplectic-Majorana condition in 4d, which is the one used in [42].

This reality condition applies to our 5d spinors λA, χA in section 2.2. In this spinor basis,

the Killing spinor equation for ǫA on S4 is given by

∇aǫ
A = − i

2r
γa(τ

3)ABǫ
B . (A.9)
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