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1 Introduction

Transverse kinematic variables are ubiquitous to the description of collider events, due
to the simple reality that physical detectors cannot be sensitive to particle flow down
the beamline. Moreover, since the initial portion of longitudinal momentum carried by the
interacting “parton” constituents in a hadron collision cannot be ascertained, an imbalance
in the detected momentum sum can only be established in the beam-transverse plane, where
the net conserved momentum may be safely approximated as zero. This projection bestows
an intrinsic kinematic incompleteness on the transverse variables, by dint of which they
will generically tend to indicate new physics via a termination point rather than a peak.

The most basic definitions of this sort are the transverse energy and momentum of
a single particle, which feature invariance under the subset of Lorentz transformations
corresponding to longitudinal boosts.

Pr = P+ P,y

Er = \/M2+ Pp- Py = \/E? - P?
lim = |Pr| = \/P?+ P} (1.1)

A second statistic of great traditional importance to collider studies is the mutual
“transverse mass”, which for any two objects A and B, may be defined as follows [1],



referencing the transverse energy E1 of each constituent object in a recursively consistent

manner.

- = 2 = -
v = (e - (1B PR =i amg 2 (B - B B)

: DA PB _ B,A
MAEAI?B:O = \/2 |PA||PB] (1 — cos Ap ™) (1.2)

The Miﬁ B transverse mass distribution exhibits an endpoint corresponding to the mass
of a presumed common parent to particle species A and B, as enforced by the inequality
{ MTA B < MAB = ] (P + P§)?]}. This property is commonly employed as a selection
cut against leptonic decay of the W boson, where the associated neutrino is hypothetically
linked to an observed imbalance in the vector sum over transverse momentum. Beyond
application as a discovery statistic, MTA B has potential to facilitate future detailed mass
measurement of new particles predicted by Supersymmetry (SUSY).

However, association of a custodial mass scale to missing transverse energy signatures
may be a physically subtle task, complicated by the practicality that escaping particles
are commonly expected in models of new physics to be produced in pairs. These pairs
may become kinematically decoupled by intervening steps in the decay cascade, implying
that a substantial portion of the unseen tracks may internally cancel in the observable
missing momentum vector sum. This dilemma has historically motivated the consideration
of various increasingly sophisticated discovery and measurement variables.

One such variable is a generalization of the previously described transverse mass statis-
tic referred to as M?Q’B or the “s-transverse mass”. First introduced in ref. [2], the s-
transverse mass construction is based upon the observation that each such visible shower
may be convolved with its affiliated contribution to the missing momentum to yield a trans-
verse mass, as defined in eq. (1.2), that is bounded above by the mass of the system’s parent
particle. Since only the unified missing transverse momentum vector J?’T is experimentally
available, this analysis requires the specialization to a suitably optimized location in the
distribution of this sum between the pair of missing momentum candidates. The Mo
prescription is to assume a symmetric structure for each decay chain, so that the larger of
the two transverse masses may be used imply a lower bound on a common parent species,
subsequent to minimization of that maximum value with respect to all consistent Pt par-
titions. If event pollution by upstream decays of the initial state prior to the targeted pair
production can be neglected, the minimization may actually be performed analytically [3].
If the mass of the escaping particle species is additionally set equal to zero, the following
simple expression is realized.

Sp = E{ER + PA.PB

MAP = \/ZT +/ (502 - M3,
: pA|| DB B,A
MAEAD/[Ileo = \/2 |PA||PB] (14 cos Ap ™) (1.3)



Relative to eq. (1.2), one immediately notices the curious emergence of a Euclidean signa-
ture for the inner product. Although originally introduced as tool for deducing the mass
scale of decaying SUSY particles, the s-transverse mass (like the transverse mass itself) is
currently enjoying service as a discovery statistic, with variously tuned cutoff thresholds at
the Large Hadron Collider (LHC) ranging from around 100 GeV up to about half a TeV [4].

However, this event hypothesis is much too restrictive for the handling of many phys-
ically interesting scenarios, which may variously require the freedom to model (i) de-
cay chains that proceed asymmetrically from the initial pair production, (ii) arbitrary
masses for child particle species, (iii ) specification of multiple independently visible four-
momentum tracks associated with each event leg, and (i) an inclusive “upstream” deter-
mination of the missing transverse momentum including imbalances from event constituents
beyond those explicitly hypothesized to descend from the targeted pair production. In re-
sponse, the generalized one- and two-step asymmetric s-transverse mass event scale statistic
MTQ was developed by various authors [5-9], and has seen duty in the ongoing LHC SUSY
search [10]. The full weight of this added complexity necessitates the shift to a numer-
ical framework for analysis. Modern treatments of this variety have been driven by the
insight [5] that the original Mro statistic may be equivalently recast as the minimal parent
particle species mass compatible with all kinematic constraints on the hypothesized event
topology.

This document provides a (i) unified theoretical formulation, () complete solution
classification, (iii ) taxonomy of critical points, and (v ) technical algorithmic prescription
for treatment of the generalized one- and two-step asymmetric MTQ event scale. In many
regards, this presentation follows, or builds upon, the excellent pedagogical summary of
ref. [11]. Potentially novel elements of this presentation include (i) a unified symbolic and
computational environment encompassing arbitrary event configurations, (i ) a graphically
enhanced intuition for the organization and interrelation of solution classes, (7 ) a height-
ened sensitivity in the identification and handling of exception cases, (iv) an optimization
of the mass search bounds without resort to an arbitrary hard upper scale, and (v ) imple-
mentation of an existence test for solutions interior to some scale bounds without sampling
the enclosed bulk. A triad of appendices address (@) combinatoric assembly of event ob-
jects, (b) validation by public codes against Monte Carlo events, and (¢) the algorithm
pseudocode and logical flow diagram.

A standalone implementation of the described Mo algorithm in the PERL program-
ming language is available for download from the author’s personal website [12], and is also
included as an ancillary file “anc/amt2.pl” with this document’s electronic source at the
arXiv.org repository. A broader context for the practical usage of this algorithm is provided
by its inclusion in the author’s fully-featured selection cut software package AEACUS — in
Greek myth, the judges Minos, Rhadamanthus and Aeacus, sons of Zeus, weigh the fate of
souls departing the mortal sphere — (Algorithmic Event Arbiter and Cut Selector), which
was formerly developed under the name CUTLHCO [13, 14]. All described programs have
been freely released into the public domain under the terms of the GNU General Public
License [15].



Figure 1. One-step decay topology of a single MTQ event leg, including a parent particle species
Y, a detected visible product V', and an undetected hidden product H.

Y X H

Figure 2. Two-step decay topology of a single MTQ event leg, including a parent particle species
Y, a detected visible product V', an on-shell internal mediator species X, a detected secondary
product S, and an undetected hidden product H.

2 Theoretical formulation of MTz

The event topologies addressed by the s-transverse mass scale statistic family MTQ begin
with pair production of a massive parent particle species Y, possibly accompanied by some
component of upstream transverse momentum. Both legs of this initial production event
are permitted to decay independently, by either a one-step (cf. figure 1) or two-step (cf.
figure 2) process into distinct (possibly massive) daughter particle species, and distinct
assumptions about the invariant mass of an escaping hidden product H (or detection
anomalies, e.g. a lost lepton), may be imposed.

In the one-step topology the complete four-momentum of a single visible decay prod-
uct V' (or an effective product summed over independently observed leptons and jets) is
specified. Superior event discrimination may be possible in the two-step topology, where a
secondarily resolved visible decay product S (or, again, effective product) is hypothesized
to branch away from V via an on-shell internal mediator species X of specified mass.

The ]\7T2 statistic may be succinctly summarized as the minimal parent particle species
mass My that is compatible with all kinematic constraints on the hypothesized event
topology. For a one-step event leg, the decay must respect the following energy-momentum
conservation rule and mass-shell identities.

(Ph + Ph)? = (PY)* = M2 (2.1a)
(P’ = Mp, (2.1b)

The corresponding formulae for a two-step event leg are provided subsequently.

2 2
(Ph+ PE + Ply)” = (P))" = M3 (2.2a)
2 2
(P + P = (PY)" = My (2.2b)
(Ph)? = M, (2.2¢)



In the one-step scenario of egs. (2.1), taking P& as observational input and My as a
definition of the event hypothesis, the four-momentum of the hidden decay product Pl and
the mass of the parent particle species My comprise five residual unknown parameters. The
mass-shell condition on My may be considered to eliminate the time-like component of Pj;
in favor of the three undetermined spatial components. The longitudinal component of Pfl
is experimentally inaccessible, but obviously still bounded to positive magnitude-square
(P;f,)z > 0. This inequality may then be projected back onto the transverse components
(PyY) of the hidden momentum vector, defining a bounded consistency region in that
coordinate plane for each trial value of the parent mass My that admits real solutions.
The perimeter of this region corresponds to P7 = 0, and all locations interior to this
perimeter are scanned by increasing the magnitude of P7 until the phase space afforded
by the trial mass My saturates and the contracted geometry becomes singular.

In the two-step scenario of egs. (2.2), taking both P{; and P4 as observational input,
and both My and My as definitions of the event hypothesis, the same five unknowns,
namely P} and My, persist. However, there are now two supplementary mass-shell con-
ditions, on My and My, which may be considered to eliminate both the time-like and
longitudinal components of P}y, such that there is no need to invoke a softer inequality
condition on the magnitude of Pf. The expectation in this case is that of a continuous
thin contour of consistent solutions in the (P, P};) coordinate plane for each admissible
parent particle species trial mass My .

The resulting expressions of constraint may be somewhat formally simplified by boost-
ing into the longitudinally resting frame of the primary visible decay product V; imple-
menting this protocol, the notation Fy will always actually represent the transverse energy
E‘? . The only other four-momentum sensitive to this choice of reference frame will be that
of the secondary visible product S in the two-step decay topology. Whenever referenced,
Pg will thus represent the residual longitudinal momentum component of S, subsequent to
that transformation. Interestingly, it is legitimate to perform such a boost independently
for each of the two event legs, given that observables will only be cross-correlated between
legs in the invariant transverse directions.

The consistent (Pf;, P) two-dimensional area and one-dimensional curve subspaces
are embodied in the following relationships.

o2 ~ ~o 2 ~ ~
a(Ph)" +2bPLPY 4+ c(Ph) +2dP5+2f P +g

<0 1-Step
- 2.
{ = 0 2-Step (2:3)

Here, and throughout, application of the circumflex accent implies a dimensionless
ratio of the given kinematic construct against the leading visible event scale Ey .

5 _ (e, o (MY
P, = <EV) ; M = (EV) ; ete. (2.4)

Solutions for the coefficients employed in egs. (2.3) are as follows. A global (possibly
signed and/or dimensionful) factor, e.g. E‘Q/, may be freely multiplied through according



to taste or convention.
a = A2 +Q{1—(13$)2}
b= A, A, — QP PY
c=2+ofi- (Y}
d:AI<HF—A) —Qrpe
f:Ay<HP—A) — QU P!
o= (mr-a) +a (i -r?) (2.5)

Definitions for the dimensionless consolidating factors referenced in egs. (2.5) are as
follows. In particular, all dependencies on the (Pg , Mx) factors unique to the two-step
topology are sequestered here.

Lo MpoMR-MPooRYPE | MRoM-oMR [,
= 3 = 5 lim
2EV 2EV 1-Step
aoMioMoaE
2FyEg
EgP: — By PE
* EvEg
EgPY — EvPY
Y Ev Eg
Pz\?
0 = (== =1
(Es>
Inm =1 =0 (2.6)

Heuristically, the figure 1 one-step topology is recovered from the figure 2 two-step
topology as (P4 = 0), and (Mx = Mpy). In practice, this limit is rather delicate, but
its purpose is effected under the rules provided in egs. (2.6), in conjunction with the
discrimination of boundary versus bulk solutions made in eqs. (2.3). Idempotency (I1? = II)
of the logical switch IT will be freely leveraged in propagation to descendent expressions.

The two (or three) conditions of egs. (2.1 or 2.2) have been condensed in eq. (2.3) down
to only a single logical expression; the orthogonal informatics, again, may be considered
to take on the role of determining the physically inaccessible hidden energy Ep (and the
longitudinal momentum P7;). Insofar as this procedure may be performed consistently in
principle, there is no tangible need to actually implement it in practice. For all of the one-
step event topologies, and also the majority of interesting two-step event topologies, this
does prove to be the case; however, there are two-step edge cases for which consistency re-
quires a measure of supplemental “shepherding” from the remaining kinematic constraints.
To this purpose, it is noted that the logical subset of eqs. (2.2b), (2.2¢) is structurally



equivalent to an effective one-step subsystem, as described by egs. (2.1a), (2.1b), modulo
the mappings (P}, = P%) and (My = Mx). Since all constraints are posed in a Lorentz-
invariant fashion, this sub-analysis may be independently boosted into the longitudinal rest
frame of the secondary decay product S to induce a symmetry in the formal rendering of
any resulting component expressions; consistent with this understanding, the substitution
(I' = A) may also be considered in effect.

In order to extract a unified minimal compatible parent species mass My from the
joint consideration of both pair-production event legs A and B, it is necessary to project
the kinematic constraints on each leg into a common space for comparison. This is accom-
plished by associating the net missing transverse momentum vector for the event with the
vector sum on transverse momentum of the hidden decay products H from each event leg.

Pr¥ = (Py?) 4+ (Pg¥)p (2.7)

An alternate (primed) set of coefficients may then be extracted for use in egs. (2.3),
which perform a mapping of either event leg’s kinematically consistent solution space into
the conjugate leg’s (]3;},]313;’1) hidden momentum plane. These coefficients are provided
subsequently, in terms of the referenced leg’s native coefficient set from egs. (2.5), and
the joined event missing transverse momentum jo. The energy scale divided out of lz’T
according to the manner of eqs. (2.4) is Ey, that native to the projected ellipse, rather
than EY, of the target host ellipse.

a = a; b = b; ¢ =c

E
—{a gf-kb}/gyf—f—d}x <E§;)

f = —{cﬁi’r+bﬁ%+f} x <§Z>

S
I

g = {a(ﬁ%)g+2bﬁ%ﬁ§f+c(ﬁ§’r)2+2dﬁ%+2fﬁ:’f+g} ‘ @92 (2.8)

Finally, the MTQ statistic is recognized as the smallest trial value of My, if any, that is
capable of producing an intersection between the overlaid regions of kinematic consistency
for the two event legs.

3 Classification of MTz solutions

The consistency conditions from egs. (2.3) on the perimeter circumscribed by the transverse
momentum components (Pj?) of the hidden particle H exhibit the form of a general conic
section in some pair of coordinates (z,y), as follows.

ar? +2bzy+cy’ +2de+2fy+g=0 (3.1)
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Figure 3. A generic ellipse classification, in terms of translation (xg,yo), rotation (#), and scaling
(Z R, VR) parameters.

The conic discriminant (ac — b%) may be computed in terms of the explicit coefficient
substitutions provided in egs. (2.5), as shown subsequently.

ac—b2:Q><{<Az]3$+Ay133>2+]\//f‘2/<A33+AZ+Q>} (3.2)

Referencing egs. (2.6), and assuming physical, non-singular (Ey > 0 & Eg > 0) input
kinematics, this expression is well defined and manifestly positive semi-definite. For strictly
positive values of the conic discriminant, the specified geometry is that of an ellipse. The
conic discriminant vanishes for the one-step topologies if and only if (My = 0), or for the
two-step topologies, if and only if (2 = 0), i.e. if the two visible decay products V and S
share a common longitudinal rest frame. In this case, the corresponding geometry is that of
a parabola. More specifically, as (2 = 0), the conic prescription given in egs. (2.3) reduces
to the perfect square in eq. (3.3), encoding the geometry of a line, i.e. a degenerately
compacted (infinitely sharply folded) parabola.

~ ~ 2 Q=0
{AmPIﬁ + A, PY + (F—A)} =0 { lim } (3.3)

2-Step
Observing, however, that the main solution trunk is elliptical, it is beneficial to review
the structure of that geometric class explicitly; due consideration will be given in turn
to the parabolic solution branch, to which a majority of the results developed here will
likewise apply by common inheritance. As depicted in figure 3, the generic ellipse may
be characterized by six parameters, including two offsets of the center by (zg,yp) from
the coordinate origin, one rotation angle f, two relative scaling factors (=, ¥) for displace-
ments along the translated, rotated axes, and an overall scale parameter R. Only five of
these parameters are actually independent, as there is a degeneracy in the definitions of



(2, ¥, R) that preserves as invariants only the combinations E R and ¥R, with a combined
dimensionality equivalent to that of the coordinates; this is in precise correspondence with
the freedom to extract an overall scale from the six coefficients of eq. (3.1). The equations
governing the generic elliptical structure are as follows.

' =x—x0; v =y -1y
2" =12’ cosf 4y sind

! / !
"=y cos® — 2’ sin 6

(£)' (£)-x

The corresponding ellipse coefficients may be read off by sequential application of the
prior coordinate redefinitions, with recursive references used to simplify the form, as shown
next. The sign convention (a > 0 & ¢ > 0) is in effect here, in agreement with egs. (2.5).

cos26  sin%6
=2 + P2

1 1
b = sinfcosf <52 — \Il2>
sin?@  cos?6
=2 U2

d=—(axy+byo)

f=—(cyo+bxg)

(20 cos 6 + yo sin ) N (0 cos O — g sin 0)*

2
- = ~R (3.5)

The content of eqgs. (3.5) may also be inverted in favor of the physical parameter set,

as follows.
L _bf—cd
0= Ge—p2
_bd—af
Yo = ac— b2
g — =@ = V(e =)’ +40]
20
{220} = =
’ (a+c)F[(c—a)?+4b2]
2 2
Rl ted 2bdf_g (36)

ac— b2

Rotation by 7 radians is a symmetry of the elliptical geometry, as reflected by the 7-
wide principal range of the inverse tangent function. A further potential ambiguity of /2



radians associated with exchange of the axial scaling factors (2 < W) has been alleviated
by choosing signs for root splittings to enforce the conventions of figure 3, wherein = gauges
extension of the major axis, and 6 is the standard angular orientation of that axis relative
to the positive (x) coordinate direction. The ellipse eccentricity €, as defined subsequently,
and the angle 0, depend only upon the parameter subset (a,b,c), which are static in
egs. (2.5), (2.6), (2.8) under variation of the trial parent particle species mass My, and
also under projection onto the conjugate event leg hidden momentum plane. By contrast,
the ellipse coordinate center (z,10) and squared scale factor R? do vary with respect to
My, via dependence upon the parameter subset (d, f, g), which are in turn dependent upon

the factor I'.
e =+1-02/=2 (3.7)

Reality constraints (22, ¥2) > 0 on the axial scaling factors are satisfied trivially, given
kinematic positivity of the conic discriminant (ac — b?); the larger of this pair (Z2) will
diverge on the parabolic branch, as is intuitively consistent with the infinite displacement
of an elliptical focal point as the geometry “opens up” on one side. Conversely, enforc-
ing the matching reality condition (R? > 0) on the unified ellipse scale provides a vital
event consistency classification in terms of kinematic boundaries on My . The search for
transitions into or out of compliance with this requirement may be posed as a quadratic
equation (R? o< agl' + Bole +76 = 0) in the factor I from egs. (2.6), with coefficients as
defined in eqs. (3.8). A global positive dimensionless factor 22/ (ac — b?) has been divided
out; incidentally, the proportionality (R? o< Q) explains the previously observed geometric
degeneracy in the (2 = 0) limit. Corresponding real (M2 > 0) parent mass scales may
then be extracted from the quadratic inversions { Tt = (—f0 £V/[ 83 —4ac10])/ 200 },
which are linearly dependent upon M2, with a positive slope +(1/2 E%), associating the
positive root with My itself.

an=Q - 10 + {AI—Hﬁ$}2+ {Ay—Hﬁg}Q
Bo = zA{nMa A PE Ayﬁg}
e = M [{Amﬁf}—Ayﬁ&F — A2 - A2 - m\’fé] YN (3.8)

For the one-step event topology, applying the limits furnished in eqs. (2.6), the R?
parabolic dependence on I' develops upward concavity as (ag = +1 > 0). The solutions
Toxr = :EM\H]\/IV) generically admit two real, positive roots |My + My | for My, between
which (R? < 0). The physical (+) root provides a lower limit in the search for Mo,
corresponding to the parent particle species mass at which the kinematically consistent
elliptical region initially materializes as a singular point (PgY)o4, and beyond which it
may expand in scale without bound. This root (M{?Jr = My + My) is readily interpreted
(cf. figure 1) as the threshold rest mass necessary for decay into the (H, V') particle species.

For the two-step event topology, applying factors from egs. (2.6), (ap =
—{ Mg /E5}2 < 0), which pushes the R? parabola into a regime of downward concavity

,10,



(for Mg > 0) and reverses the ordering in T' of the (&) signed (R? = 0) quadratic roots.
The quadratic discriminant (6% — 4 ag7e) may be computed explicitly, as follows.

B2 —4dapye = {M% — (My + Ms)*} x {Mx — (My — Mg)*}
x { (PYPy)? — My M3 } + (EvEg)* (3.9)

Real roots for I', will thus be yielded if the production threshold (Mx > My + Mg)
is met. Curiously, real roots are also developed in the kinematically off-shell region My <
|Mg — Mg|, whereas imaginary roots do appear in the mass gap separating the two regimes.
Restricting consideration to the scenario where genuine, real solutions for I' do exist,
energy-momentum conservation at each vertex ensures that a consistent, minimally on-
shell parent particle species mass limit may be extracted in each case. The role of the (+)
root persists from the one-step topology, as M$+ continues to represent the threshold at
which the corresponding elliptical region kinematically onsets. However, the (—) root is
now the heavier of the two, and it attains physical significance here as well; growth of the
hidden momentum ellipse scale is now bounded, and M}@* represents a conjugate parent
mass threshold at which the squared radial scale factor R? recollapses to zero following
successive phases of expansion and contraction. The loci of these singular points (Pfl’y)@i
in the hidden momentum plane may be disjoint, such that the related ellipse transits
across the solution space as the parent particle species mass My is scanned; this is in
contrast to the one-step decay topology, where the origination point (Pj;")q . is persistently
encompassed by the ellipse at all scale sizes.

Intuitively, the appearance of an upper My bound reflects the greater degree of kine-
matic constraint that is in force for the two-step event topology. In the one-step decay
topology (cf. figure 1) inherent kinematic indeterminacy of the escaping hidden product H
implies that elevation of the parent particle species mass My may simply be shunted onto
a compensating relativistic boost of Pﬁ. By contrast, in the two-step decay topology (cf.
figure 2) the on-shell internal mediator species is kinematically constrained at vertices on
both ends, rendering it too slender a conduit for the evacuation of indefinite amounts of
energy and momentum.

Quantitative insight into this effect is garnered by consideration of the two extremal
scenarios in which the quadratic discriminant for I', vanishes, cutting off the mass splitting
between M§})+ and M}@_. The first such scenario places (My = My + Mg) directly at its
minimal production threshold, which is equivalent to the statement (Pf PL = MyMs),
implying that (P}; oc PX) develop co-moving rest frames. The measurement of P thus
suggests also (given the mass M) a full knowledge of P4, which may be combined in turn
with the observable four-vector P"} to exactly calculate My-; if Mz is zero, the four-vector
proportionality (My/Mg) becomes indeterminate and is replaced by (Er/Es), which is un-
specified and unmeasured, and may thus assume any positive semi-definite value. The sec-
ond such scenario directly pushes the invariant four-vector contraction (PY Pg = My M)
to its lower kinematic limit, corresponding again to the onset of co-moving rest frames, now
for the visible decay products (P{} o Pg ); boosting into this rest frame, and (hypotheti-
cally) rotating into alignment with the (unknown) three-velocity ¥y of the parent species

— 11 —



Y, the full transfer of momentum and partial transfer of energy (modulo the dropping out
of My and Mg) from particle Y to particle X to particle H (the latter two having spec-
ified masses) enforce four algebraic conditions on four unknowns (My,vy,vx,vy), such
that My is exactly calculable; note that (€ = 0) is an implied superclass of (Pl o P¥).
Relaxing away from either of these kinematic proportionalities, a finite splitting between
the allowed boundaries on My is recovered.

The imposition of a two-step decay topology on either event leg yields a natural upper
and lower boundary on the viable search space for a minimal kinematically consistent
parent particle species mass. However, it is also potentially useful to systematically
establish an upper trial mass boundary for the scenario where a one-step decay topology is
imposed on both event legs. This task may be equivalently reframed as the establishment
of a single value of My where the two ellipses are positively known to possess an overlap.
Given that elliptical regions associated with one-step decay topologies must necessarily
grow in all directions without bound as a function of increasing My, such a mass may
always be established. One suitable strategy consists of solving for the scale M;‘? at which a
given ellipse’s kinematic perimeter eclipses the hidden momentum origination coordinates
(f@Jr,JA)@JF) associated with its partner. For each event leg, the expression of this onset
point (ﬁfl’y)@+ in its self-hosted dimensionless coordinates may be identified with the
ellipse center (xo,yo) from eqs. (3.6), inserting the eqgs. (2.5) coefficients, with the factors
(specifically I') from egs. (2.6) evaluated at the M " kinematic threshold mass; the result
may be redimensioned by multiplying with Ey . For the one-step event topology, this loca-
tion reduces to {Mp/My} x (P;;¥). When projected onto the conjugate event leg’s hidden
momentum plane via eq. (2.7), this, or any, pair of coordinates shift, as shown following.

@.3) = [P - 5] < (3 ) (3.10)
\%

In the prior, the energy scale Fy represents that native to the projected ellipse, whereas
EY, is that of the target host ellipse. In lieu of subtraction, egs. (2.8), (3.6) may be used to
equivalently compute the projected ellipse’s modified origination coordinates directly in the
target system. Associating some (2? , )A/) with points (z,y) on the host ellipse’s perimeter,
as expressed in eq. (3.1), employing again the content of egs. (2.5), (2.6), a quadratic
intersection criterion (agl'2 4+ Bpl'e + 7o = 0) in the factor T' from egs. (2.6) emerges,

with coefficients as defined in egs. (3.11).

Q

Qg
Be

20{Pp X+ PyY} + 21 {A -7, X -0, P}
P

~

~ 2 —~ ~ —~ ~ ~ 2
53}} —Q{M§+X2+y2}—{A—AzX—Ayy} (3.11)
Although egs. (3.11) are written in a form generic to both the one- and two-step decay

topologies, applicability to the latter scenarios is limited, due to the related facts that the
ellipse scale does not grow indefinitely with My and persistent elliptical containment of

— 12 —



the origination coordinate is not guaranteed. In the former scenario, applying the lim-
its furnished in eqs. (2.6), the parabolic dependence on I'" develops upward concavity as
(g = +1 > 0). The quadratic inversions { Tgt = (—Bs £ /[82 —4aavs])/2ag }, are
generically real, and the physical (+) root exhibited in eq. (3.12) also necessarily admits
a real, positive root for My, providing an upper limit in the search for MTQ. This scale
{MZ* > (MJ+ = Mp+My)} is at least as large as the mass threshold at which the kine-
matically consistent elliptical region initially materializes as a singular point, and beyond
which it may expand to intersect any specified position in the hidden momentum plane.

Toy = [ ME+ X2+ 32— PEX—PLY {1115?313} (3.12)

It will be conventional to adopt hidden momentum coordinates hosted by the heavier
event leg, commencing primary analysis at the associated scale (M$+), with first annexa-
tion of the plane occupied in waiting by the lighter projected event leg. In practice, however,
it can be beneficial to compute M}@Jr from both directions, interchanging the respective
host and projection roles. An interesting inversion case may be identified whenever the
intersection mass M$+ of a lighter host leg with the origination coordinates (2/(\@+, j)\(a_l,_) of
a heavier projected leg is less than the turn-on mass M$+ of the projected leg. This implies
that the host ellipse will already have passed over the projected origination coordinate at
the scale of its initial materialization. Since the one-step elliptical perimeter of egs. (2.3)
inclusively bounds a closed two-dimensional area, the minimal consistent kinematic overlap
between the two legs is satisfied immediately at the scale M$+, defining MTQ in prior of
any actual intersection. This “unbalanced” solution, to be called “type I”, may also be
relevant to mixed one- and two-step event topologies, if the lighter ellipse is of the one-step
variety, despite the fact that M}@Jr is not then suitable (or necessary) for setting an upper
bound on MTQ if the ellipse perimeters are “balanced”, i.e. non-overlapping at the turn-on
mass of the heavier event leg. A case study exhibiting trivial unbalanced kinematics in the
dual one-step decay topology context is presented in a footnote.!

If no such trivial solution exists, then MTQ must be established by scanning in My
for the first intersection (if any) to occur above the heavier of the two leg’s minimal mass
scales M$+ and below the lighter of the two leg’s maximal mass scales, either of the M)@_
kinematic turn-off variety (for two-step event legs) or of the M@Jf origination coordinate
intersection variety (for dual one-step event legs). If the minimal and maximal search
boundaries are disjoint, or if the scan reveals that intersection is precluded (this cannot
occur with dual one-step event legs), then no physical asymmetric MTQ event scale may
be defined. If a numeric report is still desired in this case, the value of MTQ may revert to

I This note provides the kinematic blueprint for an example event with dual one-step decay topology that
satisfies minimal parent mass My constraints in an unbalanced fashion. The first (heavier, host) ellipse
is selected with Pl = (125,+75,—-50,+75) GeV and Mgy = 80.4GeV. The second (lighter, projected)
ellipse is selected with P{; = (75,450,—25,—-25)GeV and My = 0.0GeV. The event missing energy
components are selected as P7Y = (+125.0, —75.0) GeV. The projected ellipse materializes at the threshold
mass Myt = 43.3GeV, at the position (P5Y)o+ = (+125.0,—75.0) GeV. The host ellipse materializes
on the interior of the closed projected ellipse, at the threshold mass MQJ’ = 123.7GeV, at the position
(PEY)oy = (+139.3,—92.8) GeV, immediately defining a type I unbalanced solution for the Mo event scale.
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either zero or some arbitrarily large cap, depending on the application; the former choice
is typical when attempting to fit the mass scale of a signal for new physics and the latter
choice is typical when attempting to suppress background from known physics for a specific
event topology hypothesis.

The establishment of MTQ by the method of intersecting kinematically consistent
perimeters in the (P?) transverse hidden momentum plane is depicted for a pair of canon-
ical examples in figure 4 (dual one-step decay topology) and and figure 5 (mixed one- and
two-step decay topology), with overlaid elliptical contours sampled at various trial masses
My for the parent particle species Y. The shepherding role of the subordinate one-step
ellipse is clearly exhibited in figure 5, as a static perimeter that encompasses and perfectly
silhouettes the inception, translation, and dissolution of its two-step analog. A case study
exhibiting the malady of spurious compatibility with reality constraints, which may af-
flict events with a two-step decay topology, is presented in a footnote.? Incidentally, the
one-step shepherd also constitutes an effective filter against this spurious two-step root.

4 Critical point behavior of ]\N4T2

A complete taxonomy of possible MTQ solutions must supplement the preceding description
of canonical event scenarios with an analysis of the geometric reaction to approaching
various kinematic critical points. Certain of these solution classes are physically essential,
while others are of primarily academic interest, and unlikely to be represented in realistic
data samples. Nevertheless, comparative intuition and computational surety will benefit
from the study, for completeness’ sake, of transitions toward and among all demonstrable
edge cases.

Beginning with the one-step event topology, the previously referenced parabolic branch
is accessed in the limit (My = 0). The coordinate center (zo,yo), as specified in egs. (3.6),
becomes undefined due to vanishing of the conic discriminant and severe associated dis-
tention of the underlying geometry. Correspondingly, the parabola does not kinematically
onset as a point, but rather as a line segment. A suitable proxy for the elliptical coordinate
center is the location of the parabolic vertex. The associated transverse hidden momen-
tum (PjY) coordinate pair may be determined by implicitly differentiating the eq. (3.1)
specification of the conic perimeter to establish a slope function (dy/dx), forcing that slope
to take a value {—1/tanf = (b/a) = —1 x (@/‘A{g)} oriented normal to the inclination
of the parabolic symmetry axis — the form of which carries over intact from eqs. (3.6),

2This note provides the kinematic blueprint for an example event that inauthentically satisfies mass-
shell reality constraints with a mixed one- and two-step decay topology. The one-step ellipse is se-
lected with P! = (50,0, +25, —25) GeV and My = 25.0 GeV. The two-step ellipse is selected with P{; =
(75,—50, —25,+50) GeV, PE = (130,0,0,+50) GeV, Mg = 30.0 GeV and Mx = 30.0 GeV. The event miss-
ing energy components are selected as P¥ = (4+50.0, +25.0) GeV. The mass threshold for production of the
secondary visible product S and escaping hidden product H (cf. figure 2) is (Mx > Mg+ My = 150) GeV,
which is manifestly unsatisfied. However, since the hierarchy (Mx < |Mgs — Mp| = 90) GeV is satisfied, the
two-step ellipse specification may remain real. Codes that do not actively filter against this scenario will
spuriously report a first intersection of the two ellipses at My = 74.2 GeV, although no genuine asymmetric
Mrs event scale may be defined in this case.
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Figure 4. Intersection of elliptical kinematic consistency regions for an example event with
dual one-step decay topology. The upper (heavier, host) ellipse is selected with P{ =
(100, —50, +50, —50) GeV and My = 80.4 GeV. The lower (lighter, projected) ellipse is selected
with P} = (75,425, +25,450) GeV and My = 0.0 GeV. The event missing energy components
are selected as Pf}y = (0.0, —100.0) GeV. The projected ellipse materializes at the threshold mass
MPT = 43.3GeV, at the position (P5%)o; = (0.0,—100.0) GeV. The host ellipse materializes on
the exterior of the closed projected ellipse, at the threshold mass M$+ = 130.4 GeV, at the posi-
tion (PrY)o+ = (—80.4,+80.4) GeV. The projected and host ellipses intersect their conjugate leg’s
origination coordinates at mass scales of M;‘,H' = (170.2,202.9) GeV, respectively. The ellipses first
intersect at My = 138.1 GeV, defining the MTQ event scale.

and which has been further simplified by applying the degeneracy relation (b* = ac) and
the corresponding kinematic limit (My = 0) — and subsequently convolving the deduced
constraint on (x) and (y) back into eq. (3.1). The result of this procedure, reprojected onto
physical kinematic parameters, is as follows.

~ PN M2 — T2 My =0
(BEY), = (V7)) x (%) {tim ) (4.1)

If the limit (Mg = 0) is also in effect, the vertex of the parabola will onset at the
coordinate origin of its self-hosted (P;f[’y) transverse hidden momentum plane; otherwise,
the vertex will onset with infinite displacement from the origin, but rapidly proceed toward
it. In both cases, as the mass scale My increases, the parabola unfolds, and it’s vertex
advances directly away from the point of focus, along the axis of reflection symmetry.
This geometry represents a smooth transition away from the one-step ellipse, which grows
increasingly narrow and elongated as (My = 0) from positive values. Like the one-step
ellipse, the one-step parabola bounds a planar continuum of bulk solutions to its interior,
and the solution perimeter expands indefinitely with My, without yielding subjugated
territory, encompassing the complete coordinate plane as (My = o0). A depiction of two
intersecting one-step parabolas is provided in figure 6.
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Figure 5. Intersection of elliptical kinematic consistency regions for an example event with mixed
one- and two-step decay topology. The central (heavier, host, one-step) ellipse is selected with
Pl = (250,0,+75,425) GeV and My = 150.0 GeV. The left-to-right transiting (lighter, projected,
two-step) ellipse is selected with P{; = (150, +50, 0, —25) GeV, P5 = (50, —35,0,425) GeV, My =
55.0GeV and My = 100.0 GeV; the dynamic trajectory of this geometry is statically bounded
by a one-step elliptical shepherd. The event missing energy components are selected as P%y =
(—170.3,0.0) GeV. The projected ellipse materializes at the threshold mass M$+ = 254.6 GeV,
at the position (Py¥)or = (—178.9,0.0) GeV, and recollapses at the threshold mass My~ =
475.0 GeV, at the position (P;¥)s— = (4+178.9,0.0) GeV. The host ellipse materializes on the
interior of the open projected ellipse, at the threshold mass M$+ = 387.2GeV, at the position
(Pi%)o+ = (0.0,+47.4) GeV. The ellipses first intersect at My = 389.9 GeV, defining the Mo
event scale.

Segueing to the two-step event topology, the first critical transition to elaborate is
that associated with (Mg = 0). The crucial observation here is that the leading quadratic
coefficient in the search for R? = 0 roots, namely o from eqs. (3.8), vanishes, implying
that the root relation is linear (at most), with no more than a single solution. The slope
parameter, B¢ from eqgs. (3.8), is positive semi-definite, vanishing if and only if (P « P%)
or (P{} x Pg ), i.e. precisely the two conditions that trigger degeneracy (ﬂ% —4dapyes = 0)
in the associated quadratic discriminant; incidentally, either of these circumstances will
simultaneously nullify the zeroth order coefficient -y, rendering egs. (3.8) logically moot.
Avoiding these two scenarios, there will be an isolated real root M$+ at which the elliptical
kinematic consistency region materializes out of a point. Proceeding upward from this scale,
the ellipse transits across the (Pj;Y) transverse hidden momentum plane, enlarging along
with the unbounded MTQ search range. The subordinate one-step shepherd geometry, with
Pg assuming the traditional role of P!, simultaneously accesses its parabolic branch, as
is consistent with the absence of a recontraction phase for the two-step geometry. The
intersection of a mixed one- and two-step decay topology, where the secondary visible
decay product of the latter event leg is massless (Mg = 0), is depicted in figure 7.
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Figure 6. Intersection of parabolic kinematic consistency regions for an example event with
dual one-step decay topology, where the visible decay product of each leg is massless (My =
0). The central-right (heavier, host) parabola is selected with P{; = (100,100,0,0)GeV
and My = 75.0GeV. The upper-left (lighter, projected) parabola is selected with P, =
(75,450, —50,25) GeV and My = 0.0 GeV. The event missing energy components are selected
as P%y = (—50.0,+50.0) GeV. The projected parabola materializes at the threshold mass M$+ =
0.0 GeV, with vertex at the position (P5") . = (—50.0,450.0) GeV. The host parabola materializes
on the exterior of the closed projected parabola, at the threshold mass M$ T =75.0GeV, with ver-
tex infinitely displaced from the coordinate origin. The parabolas first intersect at My = 136.5 GeV,
defining the MTQ event scale.

The next two-step boundary case to be described will be that associated with (2 = 0),
which corresponds to vanishing of the conic discriminant and a related transition onto the
parabolic branch. The elliptical scale factor (R? o ) defined in eqs. (3.6) is identically
null; this implies that the primary geometry is automatically degenerate, in the mode of a
line (compacted parabola), as specified previously in eq. (3.3). The role of the subordinate
one-step shepherd becomes particularly acute here, as it must literally truncate into a line
segment the spurious infinite extent displayed by the two-step line. Despite these facts,
roots for the mass thresholds Mgi deriving from egs. (3.8), from which the impact of
(Q = 0) was divided out, remain valid. The coordinate center (z,yo) from eqs. (3.6) is
presently undefined, in keeping with generic expectation for the conic discriminant going
to zero. Nevertheless, definite loci (Pz’y)@i of inception and dissolution are salvaged by
convolving the transiting linear geometry with the fixed elliptical shepherd; their initial and
final intersections will define a pair of tangent points at precisely the expected scales Mgi.

It is useful to quantify the locations (Pj;Y)g at which the two-step line bisects the
perimeter of its one-step elliptical analog in the (2 = 0) limit; this is the only scenario
for which the primary geometry is materially truncated by its subordinate shepherd, and
analysis is simultaneously here simplified by linearization of the leading conic constraint.
Substituting the coordinate (ﬁﬁ) from eq. (3.3). into the eq. (2.3) ellipse definition, using
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Figure 7. Intersection of elliptical kinematic consistency regions for an example event with
mixed one- and two-step decay topology, where the secondary visible decay product of the lat-
ter leg is massless (Mg = 0). The central (heavier, host, one-step) ellipse is selected with P/ =
(150,0,—50,+475) GeV and My = 125.0 GeV. The lower-left-to-upper-right transiting (lighter, pro-
jected, two-step) ellipse is selected with P{; = (50, +25,425,0) GeV, P5 = (75, —50, =50, +25) GeV,
My =0.0GeV and Mx = 50.0 GeV; the dynamic trajectory of this geometry is statically bounded
by a one-step parabolic shepherd. The event missing energy components are selected as P%y =
(—150.0,—150.0) GeV. The projected ellipse materializes at the threshold mass M)@Jr = 128.5GeV,
at the position (P5¥)o4+ = (—156.0, —156.0) GeV, and does not recollapse. The host ellipse mate-
rializes on the exterior of the open projected ellipse, at the threshold mass M$+ = 2449 GeV, at
the position (Pr¥)e+ = (0.0,—52.1) GeV. The host ellipse initially expands rapidly, catching up
to the projected ellipse for a first intersection at My = 254.7 GeV, defining the MTQ event scale.
Subsequently, expansion of the host ellipse slows, and the transiting projected ellipse pulls away,
terminating their intersection at My = 274.8 GeV.

a single dotted accent to distinguish factors belonging to the one-step shepherd geometry,
a quadratic intersection criterion { ag (P¥)2 + B (P¥)o +70 = 0} in the coordinate (PY)
emerges, with coefficients as defined in eqgs. (4.2); a global dimensionless factor A2 has been
multiplied through to insulate the (A; = 0) limit.

ap = dA; — 2bA A, + A2

Bo

2(ahy—bAy) (T—A) = 2d8, A, + 2/ A2
7@5d<F—A)2—2dAx (F—A) + g A2 (4.2)

When numerically rendering the coefficients from eqgs. (2.5) of the one-step conic shep-
herd that are referenced (with singly dotted accent) in eqgs. (4.2), an additional computa-
tional simplification is conferred by the (2 = 0) limit; since the longitudinal rest frames of
the primary and secondary visible particle species (V, S) are coincident, there is no need to
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Figure 8. Intersection of elliptical and segmented-linear kinematic consistency regions for an
example event with mixed one- and two-step decay topology, where the secondary visible de-
cay product of the latter leg satisfies (2 = 0). The lower-left (heavier, host, one-step) ellipse
is selected with P{; = (160, —80, —80,+40) GeV and My = 100.0 GeV. The left-to-right transit-
ing (lighter, projected, two-step) vertical line is selected with P{; = (120,+75,+75,+30) GeV,
PE = (80,—50,+450,+20) GeV, My = 50.0GeV and Mx = 100.0 GeV; the dynamic trajectory of
this geometry is statically bounded by a one-step elliptical shepherd. The event missing energy
components are selected as 1Y = (—162.5, +162.5) GeV. The projected line materializes, in a first
intersection with its elliptical shepherd, at the threshold mass M$+ = 195.8 GeV, at the posi-
tion (PrY)e+ = (—168.0,4120.0) GeV, and recollapses, in a final intersection with its shepherd,
at the threshold mass My~ = 373.0 GeV, at the position (Py¥)s- = (+168.0, —120.0) GeV. The
host ellipse materializes on the exterior of the projected elliptical shepherd, at the threshold mass
MY+ = 205.8GeV, at the position (P")e+ = (—75.6, —75.6) GeV. A spurious preliminary inter-
section between the host ellipse and the projected line, exterior to the domain of its shepherd, is
initiated at My = 211.7 GeV. The host ellipse and projected, shepherded line segment experience
a first legitimate intersection at My = 227.8 GeV, defining the MTQ event scale. Subsequently, the
transiting host ellipse pulls away, terminating their direct intersection at My = 296.8 GeV, but
maintaining enclosure.

perform a supplementary longitudinal boost prior to projecting the mappings (P{} = Pfg‘ )
and (My = Mx) onto the existing one-step formalism established in eqs. (2.6). This also
implies that the existing A term calculated for application in the two-step geometry may
be adopted without modification for reuse in the role of I" for the one-step geometry. It is
emphasized that the factor Ey appearing as a denominator of A in egs. (2.6), and likewise
as a divisor for the dimensionless ratio ]\//.712{ from eqs. (2.5), is engaged as ballast against the
similar factor in (P5Y) of eq. (2.3), and is thus unaffected by the substitution (P = PL);
in contrast, all dimensionless references ﬁ"} to the primary visible particle species V' in
eq. (2.5) are to be exchanged for a corresponding reference to the secondary visible species
S, including both the four-vector orientation P4 and the transverse energy scaling Eg.
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The leading quadratic coefficient o in egs. (4.2) reduces to { (PXPg)Q — MEMZY} =+
(Eyv Eg)?, making application of the constraint (2 = 0), mimicking a positive semi-definite
factor observed previously in eq. (3.9); the limit where this term vanishes, namely propor-
tionality (P{} x Pg ) of the visible decay products, shall be considered independently, sub-
sequently. The discriminant (32 —4 agvp) associated with quadratic inversion { (ﬁly{)@i =
(—BotV[B2—4a72])/ 20 } of the coefficients in eqgs. (4.2) is itself a quadratic function
of the factor (I' oc M) from eqgs. (2.6); the coefficients of this expression are equivalent,
modulo a global positive semi-definite rescaling (4 A2), to the two-step (2 = 0) coefficients
defined in egs. (3.8). The (]3}_/[)® roots are thus indeed degenerate, signaling tangency of
the associated intersection, at each of the scales I'o1 developed from egs. (3.8) to bound
materialization and recollapse of the composite shepherded geometry; interior to these
bounds, the solutions deriving from eqs. (4.2) are generically realA. If the (ﬁﬁ)@i coordi-
nate partners are likewise desired, they may be recovered from (P}L’I)@i by application of
eq. (3.3), or from eq. (2.3) if (A, = 0), or from a reciprocal ({z,a,d, A} < {y, ¢, f, Ay}) of
eqs. (4.2) with inversion (+ < F) of the root order association. (PiY),, when evaluated
at the scales M)@i, thereby constitute a suitable proxy for localization of (ﬁé’y)@i.

The intersection of a mixed one- and two-step decay topology, where the secondary
visible decay product of the latter event leg satisfies (2 = 0), is depicted in figure 8. The
geometric intuition of this edge scenario is continuously connected to that of the canonical
example depicted in figure 5, which exhibits progressive narrowing of the transiting ellipse
as 2 approaches zero from positive values; however, there are peculiar aspects of the
practical treatment, stemming from a need to reject spurious intersections with the two-
step line that occur beyond protection of the one-step shepherd’s border. Knowledge of the

previously established coordinate bounds (Pp;Y)

~

o+ on this domain is vital, but it is also
beneficial to supplement the egs. (4.2) content with an analogous criterion {04®(13}’I)%® +
Be(Pf)e + Ve = 0} in (Py) for transversal of the (bar-primed) conic perimeter cross-
projected from the conjugate event leg via eqgs. (2.8) by the linear eq. (3.3) host geometry.
The associated quadratic coefficients are defined in eqs. (4.3); the source formulae for
factors indicated by either event leg diversely refer to their own distinct leading energy
scale as Ey, and that of their dual as EJ,.

ag = aAl — 20 Ay Ay + A2

B

2(a'Ay = A, ) (T = A) = 2d'A, Ay + 2 7'A2
e = d (r - A)2 —2dA, (r - A) + A2 (4.3)

A priori decorrelation of kinematic factors across opposing event legs and active de-
pendence of the projected event leg’s geometry on the parent particle species mass My dis-
tinguish the handling of quadratic inversions { (]31%1)@&E = (—BeEV[BE—4agye])/20s }
deriving from egs. (4.3) relative to that of corresponding solutions associated with eqs. (4.2)
for intersection with the host line’s own static shepherd geometry. The discriminant
(ﬁ% — 4 agyg) is again a quadratic function of M2, on which the factor I' from egs. (2.6)
in turn depends linearly, although there are now competing versions of I' from each event
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leg that must be disentangled; the roots of that discriminant again isolate the scales of
degenerate tangential intersection, but no such intersections are now guaranteed to exist;
if present, these roots again correspond to bounds on materialization or dissociation of the
composite geometry, but the interpretation may be obscure, for example, linking a single
root to a terminal scale of intersection that is apparently unbounded from below. The
leading quadratic coefficient ag in eqs. (4.3) vanishes, if the conjugate event topology is
one-step, whenever the projected geometry is parabolic (My = 0) with a symmetry axis
parallel to to the host line, or likewise, if the conjugate event topology is two-step, when-
ever the projected geometry is also linearly degenerate (2 = 0) with a slope identical to
that of the host; it is otherwise positive. The collinearity requisite to these scenarios is not
foreclosed by a phase transition of the type experienced by the eqs. (4.2) inversions.

The Mrs statistic will be defined trivially as an unbalanced (type I) solution if the
degenerate coordinate (ﬁz)® of materialization for the shepherded host line is enveloped
at the corresponding mass scale Mgi by the projected conic geometry, and if that body
is of the one-step variety. A similar solution, albeit one unique to the present event con-
figuration, presents at the scale of first tangential intersection between the host line and
the projected conic geometry, if such a scale exists, and if it corresponds to a moment
of inception rather than dissolution, and if the associated degenerate (13[7{1)(8 coordinate is
bounded by the range of coordinate overlap (ﬁg)@i between the host line and its shepherd.
A case study exhibiting the described scenarios for indigenous geometric containment in
the context of mixed one- and two-step event topologies is presented in a footnote.?

The status of this “type II” unbalanced containment may be established cleanly, not-
ing that nullification of the egs. (4.3) discriminant implies a degenerate positional root
{(ﬁ}’_})@ = —fg/2ag}, which may be substituted into the quadratic criterion associated
with eqs. (4.2); given upward concavity (ag > 0), this expression will evaluate as negative
for coordinates interior to the shepherded bounds at (ﬁ}f[)@i. Multiplying through by the
positive semi-definite constant «g, and making a substitution using the vanishing eqs. (4.2)
discriminant, the quadratic (in M2) functional inequality presented in eq. (4.4) emerges

3This note provides the kinematic blueprint for a triplet of example events with mixed one- and
two-step decay topology, demonstrating the potentiality for indigenous geometric containment involving
a single linearly degenerate leg. The two-step (heavier, host) event leg, a line, is selected with Pl =
(150, 0, +100, +50) GeV, PE = (75,0, —50,425) GeV, My = 50.0 GeV and Mx = 125.0 GeV; the dynamic
trajectory of this geometry is statically bounded by a one-step elliptical shepherd. The one-step (lighter,
projected) event leg, an ellipse, is selected with P{; = (125,0,+75,+25) GeV and My = 125.0GeV. The
event missing energy components are selected, successively, as P3Y = (0.0, { +100.0, —100.0, —750.0 }) GeV.
The projected ellipse materializes at the threshold mass Mg* = 221.8 GeV, at the respective positions
(PiY)o+ = (0,{+3.2,-196.8, —846.8 }) GeV. In the first scenario, the host line materializes, in a first in-
tersection with its elliptical shepherd, on the interior of the closed projected ellipse, at the threshold mass
MET = 257.6 GeV, at the position (P5¥)o+ = (0,+26.3) GeV, immediately defining a type I unbalanced
solution for the MTQ event scale; the linear geometry recollapses at the threshold mass M}(? T =415.2GeV,
at the position (Pg;Y)eo+ = (0, —238.8) GeV. In the second scenario, the host line makes a first tangential
intersection with the projected ellipse on the interior of the closed host shepherd, at the threshold mass
My = 279.7GeV, at the position (Pg"¥)e = (0, —3.3) GeV, defining a type II unbalanced Mrs solution. In
the third scenario, the projected ellipse has no spatiotemporal overlap with the host shepherded line, and
no genuine asymmetric Mrs event scale may be defined.
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as a gauge of root enclosure, to be evaluated at the described scale (if any) of onsetting
tangential intersection; the (ag = 0) limit is safe.
(4.4)

{ (%7@ +04®7®) < %5®5® H (83 =4ag7s]

Failing either of the prior compound criteria, a solution may be isolated only at a
mutual triple intersection of the host line with the outer perimeters of the host shepherd
and projected conic; quantitatively, a condition {(ﬁg)® = (ﬁ}/])(@} must apply for one of the
available (4) sign combinations. Isolating radicals, squaring, and repeating, the following
single equivalent condition emerges, with all relative signs absorbed; this expression is
quartic in the mass-square scale M12/, and the lightest root within the physically viable
search range may be associated with the square of Mrs. A global factor of (apag)? has
been multiplied through; the limit in which this constant vanishes is safe. A global negation
has also been applied, for a purpose detailed subsequently.

0=-1x {(O@W@ —agVe)’ + (aBs — asBo) X (ToBs — 1982) } (4.5)

If the conjugate event leg also features a linearly degenerate (2 = 0) two-step event
topology, then its projection has no isolated points of degenerate tangential intersection
with the host line in the finite coordinate domain; however, as before, the deprecation of
an existing tool is roundly compensated by a dramatic algebraic simplification. Comparing
the content of egs. (3.1), (3.3) for the two-step linear (2 = 0) limit, the following alternate
“conic” coefficient specification is suggested; rather than retracing the indicated line as an
infinitely compacted parabola, it makes only a single traversal; correspondingly, it is linear
in the square of the trial parent particle mass M%, rather than quadratic.

a=0; b=10; c=10
d= A, /2; f=Ay/2; g= (I —-A) (4.6)

If the surrogate eq. (4.6) coefficient set is employed to specify the projected event
leg’s native geometry in eqs. (4.3), noting that the egs. (2.8) transformation into “primed”
coordinates must still be enacted, then convolution with egs. (4.2), as expressed in eq. (4.5),
will yield an expression that is quadratic in M}Q/, rather than quartic, and thus readily
invertible; the coefficient g vanishes explicitly. Intuitively, the intersection of two (non-
parallel) lines is a point, which will linearly traverse the (P, Py;) coordinate plane in
response to variation of the trial event scale; this roving point may potentially intersect the
host geometry’s static one-step shepherd for some range of scales, the smallest of which
constitutes a candidate value for MT?. However, it is necessary that any such point of
intersection be additionally bounded by the remote geometry’s one-step shepherd; as such,
this calculation should be performed twice, with the roles of target and projection geometry
interchanged, accepting as MTQ the smallest scale (if any) for which mutual overlap is
achieved. Literal simultaneous solution of each event leg’s eq. (3.3) line for a pair of
coordinates set on the perimeter of the host’s static one-step shepherd, cf. eq. (3.1), yields
an expression with identical root structure to that of the eq. (4.5) quadratic reduction,
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but which may differ by various positive semi-definite multiplicative constants, including
ag, A%, and (AxA; — AyA;)Q; the last of these vanishes when the two lines have a parallel
orientation, a limit that remains safe for analysis, if informatically supplemented with the
mass bounds M}@i on each event leg’s kinematic materialization and dissolution. It may
likewise differ by the imposition of a global sign; the phase convention elected eq. (4.6)
serves the purpose of maintaining a positive function value in regions of physical overlap
with the shepherd, interior to the boundary scales associated with root inversion. A case
study exhibiting mutual intersection in the context of an event with dual linearly degenerate
two-step event topology is presented in a footnote.*

Returning to the task of globally classifying MTQ critical point behavior, conjunction
of the limits (Mg =-0) and (2= 0) proceeds cleanly, exhibiting no uniquely diverse
phenomena, but instead reframing the presentation of its constituent ingredients. The
two-step geometry is that of a line, as enforced in eq. (3.3), which emerges at the
mass M$+ from a point of degenerate tangential intersection with a parabolic one-step
shepherd. The coordinates (ﬁﬁ,’y)@+ of materialization may again be extracted, at the
appropriate scale, from the pair of degenerate roots (ﬁfl’y)@ established by eqs. (4.2), (3.3);
this point may exist at any location along the parabola’s perimeter, and is not generically
confined to the vertex. The initial intersection subsequently expands into a transiting line
segment with indefinitely increasing My .

The third independent two-step boundary case to be treated consists of the limit
(P}; o PL); this is the first of two scenarios for which the mass thresholds Mgi deriving
from eqs. (3.8) become degenerate with vanishing of the associated quadratic discriminant,
as expanded in eq. (3.9). The resulting geometry is simply that of an isolated point, existing
at a single consistent mass scale My . The primary two-step ellipse and the secondary one-
step shepherd each independently position the (ﬁfl’y)@Jr coordinates equivalently to direct
computation of (zg,yo) according to the egs. (3.6) prescription; the result is precisely
as should be expected (PyY = {Mpy/Mg} x P§Y) from the stipulation of four-vector
proportionality between the particle species H and S. The conceptual ease of this result

4This note provides the kinematic blueprint for a pair of example events with dual linearly degenerate
two-step decay topology, demonstrating the potentiality for mutual dynamic intersection interior to the
static bounds of each geometry’s one-step elliptical shepherd. The first (heavier, host, two-step) line is
selected with P!, = (100,0,+75,450) GeV, Pt = (160, +120,0,+80) GeV, My = 75.0GeV and Mx =
175.0 GeV. The second (lighter, projected, two-step) line is selected with P{; = (150, 0, +100,+50) GeV,
Py = (75,-50,0,+425) GeV, My = 50.0GeV and Mx = 125.0GeV. The event missing energy com-
ponents are selected, successively, as PY = (—75.0,{0.0,+250.0 }) GeV. The projected and host lines
materialize at the threshold masses M}(?Jr = 235.9GeV and M?* = 255.1 GeV, respectively, in a first
intersection with their elliptical shepherds. In the first scenario, the locus of crossed linear intersec-
tion makes first contact with the projected shepherd at the threshold mass My = 240.6 GeV, at the
position (PgY) = (—97.5,—22.5) GeV, which is exterior to the closed host shepherd; it passes out of
contact at the threshold mass My = 313.3GeV, at the position (PgY) = (4+137.5,—-56.1) GeV. Cor-
respondingly, first contact with the host shepherd occurs at the threshold mass My = 277.7GeV, at
the position (Pg¥) = (14.6,—38.5) GeV, which is interior to the closed projected shepherd, defining
the MTQ event scale. it passes out of contact at the threshold mass My = 381.5GeV, at the position
(PgY) = (4+413.7,—-95.5) GeV. In the second scenario, the two elliptical shepherds have no domain of static
spatial overlap, and a genuine asymmetric Mrs event scale cannot be defined.
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belies the computational taxation that may vex certain practical approaches to isolating a
singular, or nearly singular, moment of solution.

Intersection of the limits (Mg = 0) and (Pl o P§), which imply also (Mg = 0),
presents an interesting logical paradox. On the one hand, (P;‘I x ng ) insinuates conver-
gence of the scales Mgi for elliptical materialization and recollapse, while on the other
hand, (Mg = 0) suggests that these scales must be infinitely disjoint, such that the recol-
lapse does not actually occur at all. This apparent contradiction is resolved, while retaining
elements of intuition from both antecedent conditions, by observing that all three quadratic
coefficients from eqgs. (3.8) simultaneously vanish, which implies that (R? = 0) indepen-
dently of the My scale selection; an otherwise kinematically consistent effective solution
to eqs. (3.8) is given by (I'ex = {0,00}), from which a corresponding lower bound on My
may be extracted. Consequently, the two-step elliptical geometry is indeed contracted to
a point, but it is a traveling point rather than a static one, which initially manifests at the
coordinate origin of its self-hosted (Pj;”) transverse hidden momentum plane, and subse-
quently translates away from the origin without bound as My increases. This is in keeping
with the expectation (Py¥ = {Epy/Es} x Pg") for proportionality between the particle
species H and S in the massless limit, where E is otherwise unconstrained, and may take
any positive semi-definite value. As (Mg = 0), the subordinate one-step shepherd ellipse
accesses its parabolic branch; as (Pl o< P%), which is equivalent to (Mx = My + Msg),
this parabola becomes kinematically degenerate (minimally on-shell) and folds into a com-
pact line segment; given also (My = 0), the vertex of this line segment sits at its own
coordinate origin. The shepherd thus precisely delineates the transiting elliptical point’s
trajectory. A case study featuring the described mutual limit is presented in a footnote.®

Intersection of the limits (Q = 0) and (P}; o P4) presents no independent geometric
phenomenology, directly recalling, both intuitively and technically, various elements of its
distinct parent classifications. The two-step geometry is that of a line, as enforced in
eq. (3.3), and it is only the subordinate one-step shepherd that illuminates the consistent
solution space, which is now an isolated point rather than an elliptically shaded continuum
of line segments. Again, the coordinates (ﬁé’y)@r are opaque to direct computation of
(0, y0) by eqs. (3.6), but transparent to the (Pj¥)e proxy of eqs. (4.2), (3.3), consistent
with the kinematic proportionality expectation (Py¥ = {My/Ms} x P$Y).

Triple conjunction of the limits (Mg = 0), (Q = 0) and (P}; « P§) yields, again, a
rather directly intuitive summation of its constituent ingredients. The two-step geometry

5This note provides the kinematic blueprint for a pair of example events with mixed two- and one-step de-
cay topology, where the secondary visible decay product of the former leg satisfies the criteria (Ms = 0) and
(Py; < PE). The two-step (heavier, host) event leg, a pointlike elliptical compaction, is selected with P}/ =
(125,0,+50,+75) GeV, PL = (75,450, —50, +25) GeV, My = 0.0GeV and Mx = 0.0 GeV. The one-step
(lighter, projected) event leg, an ellipse, is selected with P}y = (100,0, +75,425) GeV and My = 75.0 GeV.
The event missing energy components are selected, successively, as PRY = (+75.0,{—75,+75}) GeV.
The projected ellipse materializes at the threshold mass M$+ = 136.2GeV, at the respective posi-
tions (Pr¥%)o+ = (+75.0,{—166.9,—-16.9}) GeV. The host point materializes at the threshold mass
M$+ = 165.8 GeV, at the coordinate origin, and linearly transits without decohering, while maintain-
ing a perpetually collapsed geometry. In the first scenario, this point initially lies to the exterior of the
projected ellipse, and first intersects the conjugate ellipse perimeter at My = 192.7 GeV, defining the MTz
event scale. In the second scenario, the host point materializes interior to the projected ellipse, immediately
defining a type I unbalanced Mrs solution.
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Figure 9. Intersection of instantonic-elliptical and point-like kinematic consistency regions for an
example event with dual two-step decay topology, where the where the primary and secondary
visible decay products of the former event leg are proportionally directed (P}; o« PE), and the
latter leg exhibits triple conjunction of the critical limits (Mg = 0), (2 = 0) and (P} x P¥%).
The frozen upper-right (heavier, host, two-step) ellipse, in ersatz manifestation of an effective one-
step geometry, is selected with P{; = (120, +40,440,+80) GeV, P§ = (75,425,+25,450) GeV,
My = 0.0GeV and My = 105.0 GeV. The lower-to-upper transiting (lighter, projected, two-step)
horizontal line is selected with P{; = (75,425,425, —50) GeV, P4 = (120,440, —80, —80) GeV,
My =0.0GeV and Mx = 0.0 GeV; the dynamic trajectory of this geometry is statically bounded
by a one-step segmented-linear shepherd. The event missing energy components are selected
as P%y = (+75.0,—150.0) GeV. The projected line materializes, in a first intersection with its
segmented-linear shepherd, at the threshold mass M)C})+ = 117.8 GeV, at the position (P;)oy =
(4+75.0,—150.0) GeV, and does not decohere, although the intersected geometry remains perpetu-
ally collapsed. The closed host ellipse materializes non-locally, in exterior containment of the pro-
jected point momentarily positioned at (Pg¥), = (—~0.3,40.6) GeV, existing only at the degenerate
threshold mass M$ = 191.0 GeV, defining a type III unbalanced solution for the MTQ event scale.

is a roving line, as described by eq. (3.3), that is validated only at its single point of inter-
section with the shepherding static one-step line segment, which is directed outward from
the coordinate origin, parallel to the orientation of the secondary visible particle species S.
This point of intersection likewise onsets at the origin and transits away with indefinitely
increasing My, tracing out a track (PyY = {Ex/Es} x Pg") consistent with massless
kinematic proportionality of the particle species H and S. The line and line segment may
exhibit any relative angular orientation, barring only perfect parallelism, for which inter-
section would be complete but momentary; the approach to this limit identically tracks the
onset of kinematic proportionality (P}, oc PY) in the visible decay products, which is an
independent case to be subsequently resolved. The intersection of a dual two-step decay
topology, where one event leg illustrates the described triple limit, is depicted in figure 9.
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The final independent two-step boundary case requiring classification consists of the
limit (P“/‘ o Pfg‘ ), which is a subclass of the previously described limit (2 = 0); this is
the second of two scenarios for which the mass thresholds Mgi deriving from egs. (3.8)
become degenerate with vanishing of the eq. (3.9) quadratic discriminant. Unique
geometrical consequences engendered by this limit stem from an associated vanishing
of the factors (A;,) defined in egs. (2.6). Following projection of these factors into
eq. (3.3), which expresses the linear (2 = 0) reduction of the two-step conic geometry,

no kinematic constraint in the (PgY)

transverse hidden momentum plane is retained;
however, consistent nullification of the residual constant term in eq. (3.3) implies the rule
(T’'o+ = A), which absolutely determines My, in keeping with degeneracy of the quadratic
(R? = 0) roots. All restriction on (PpY) thus emerges solely from the static ersatz
one-step geometry, which presents the frozen silhouette of all tracks that might otherwise
be scanned with My by the two-step geometry; in contrast to the limit (PI’fI x Pg‘ ), which
effects a condensation of inception and dissolution masses by inducing a singularity in the
geometry, approaching (P{; oc PL) instead preserves a spatially extended event topology
while accelerating the geometric transition between mass boundaries, creating a nonlocal
instantaneous union of histories in the hard limit. Concurrently, a “type III” variant of
the unbalanced MTQ solution may potentially be identified, if this instantonic structure
bounds a projection of its conjugate event leg’s (possibly also noncompact) geometry at
the isolated scale of advent. The intersection of a dual two-step decay topology, where
one event leg satisfies (P{; « Pk), is depicted in figure 9.

The baseline expectation for the ersatz one-step conic’s topology is that of an ellipse,
but this may be modified according to the coincidence of additional critical phases. A
merger of the limits (Mg = 0) and (P{; < P§) sends this geometry onto its parabolic
branch; although standard determination of the roots I'n4 is here foreclosed by uniform
vanishing of the quadratic coefficients in egs. (3.8), (I'e+ = A) remains the appropriate
(degenerate) effective solution. Conjunction of the limits (Pj; o< PY) and (Pl} « P§), the
former of which is equivalent to (Mx = My + Mg), condenses the one-step geometry to a
point, again highlighting the kinematic proportionality expectation (PyY = {Mpy/Mg} x
PgY). Finally, the mutual application (Mg = 0), (P}, « P) and (P «x P§), of all
possible critical transitions sends the secondary conic geometry into the degenerate phase
of its parabolic branch, i.e. a line segment emanating from the coordinate origin along the
(PyY = {Eun/Es} x Pg"Y) track; consistent with expectations, this is the frozen image
that would be traced out with advancing My by the roving two-step point if the (P o
PY) proportionality were relaxed; the maintenance of (Mx = My + Mg) via equivalent,
non-zero, values for (M, Mx) is unphysical, as reflected by dispatch of the entire frozen
topology to a point at infinity; enforcing the physical limit, the singular kinematically
consistent parent mass scale is (My = 0). A case study featuring each itemized union of
critical limits is presented in a footnote.5

5This note provides the kinematic blueprint for a triplet of example events with mixed two- and
one-step decay topology, where the primary and secondary visible decay products of the former leg
are proportionally directed (P} o« PY%), and the visible decay product of the latter leg is massless
(My = 0). The two-step (equivalently massless or heavier, host) event leg, in frozen ersatz manifesta-
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5 Algorithmic treatment of Mm

An algorithmic treatment of the one- and two-step asymmetric MTQ event scale statistic is
descriptively outlined in the present section, mirroring the composition of the standalone
Mo utility available for download from the author’s personal website [12], or as an
ancillary file “anc/amt2.pl” with this document’s arXiv.org electronic source materials,
and also as a modular element of the generalized selection cut package AEACUS [13, 14].
This software is coded in the PERL language, employing a primarily (though not purely)
functional programming paradigm, wherein computation is realized by the sequential
mapping of data through a succession of externally stateless transformations. Neverthe-
less, the presentation mode is intentionally abstract, and may be projected onto a more
procedurally imperative implementation in any suitable host language. Pseudocode and
a diagram of logical flow are provided in appendix C.

Philosophically, the purpose of this exercise is to construct a logically complete algo-
rithm that handles all MTQ event classes described by the main document body in a unified,
numerically stable, and maximally compact manner. Specifically, (i) a well-defined set of
acceptable inputs should be strictly enforced, while the capacity should exist to map all
members of this set to their appropriate functional output, and (ii) if a viable theoreti-
cal solution exists for a given input, the algorithm should guarantee convergence, without
artificial endcaps on the solution range, and with vanishing likelihood of overstepping a
solution by fault of finite domain sampling. Pragmatically, relaxation of the hard critical
limit criteria previously described to some epsilon-width margin may increase the likeli-
hood of gainfully deploying the various corresponding edge case routines by an order of
cardinality, while simultaneously softening computation in regions of phase space that are
proximal to associated numerical indeterminacies. However, there is no implication that
codes excluding certain of the described processing stages are less than serviceably robust.

In order to quantitatively associate a numerical value for MTQ with a given pair of event
leg topologies, it is necessary to establish a formal procedure for determining whether the
respective conic boundaries on kinematic consistency experience an intersection, for a given

tion of an effective one-step geometry, is successively selected with P{; = (120,0,+72,{+96,0,496 }) GeV,
PL = (100,0,+60,{ +80,0,+80}) GeV, Mg = 0.0GeV and Mx = {80.0,80.0,0.0 } GeV, satisfying the
supplementary critical limit criteria (Mg = 0), (Pf o P%), and {(Ms = 0) & (P}; « PL)}, accordingly.
The one-step (massless, projected) event leg, a parabola, is selected with P! = (75,450, +50, —25) GeV
and My = 0.0 GeV. The event missing energy components are selected as Pf}y = (+75.0,4+125.0) GeV. The
closed projected parabola materializes at the threshold mass M$+ = 0.0 GeV, with vertex at the position
(Pi") oy = (+75.0,+125.0) GeV. The instantonic host materializes, in turn, as a non-locally extended
closed parabola with vertex at the position (Pg¥)_ = (0.0, —26.7) GeV, as a pointlike elliptical compaction
positioned at the coordinate origin, and as a segmented-linear degenerate parabola emanating from the
same, existing, respectively, only at the degenerate threshold mass M$ = {118.7,176.6,0.0 } GeV. In the
first scenario, the host parabola experiences a pair of disjoint intersections with the projected parabola,
spanned by a finite region of mutually consistent kinematic phase space. In the second scenario, the host
singularity abides in a state of type I unbalanced containment within the conjugate parabolic projection.
In the third scenario, the host line segment makes a four-fold degenerate cross-cutting of the projected
parabola, which is likewise momentarily in a degenerately compacted phase. In each case, a consistent
value of the My event scale is concurrently defined.
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parent particle species mass My, when projected onto a common transverse hidden mo-
mentum coordinate plane (ﬁzy), precisely such a technology has been outlined in ref. [16],
and will be reviewed and expanded upon presently. The abstract system to be considered
consists of two conic perimeters A and B, each satisfying an algebraic constraint of the
eq. (3.1) variety, which is quadratic in each of the shared coordinates (z,y); subsystem A
may be considered to exist natively on the plane of analysis, playing the role of host to
subsystem B, which is projected into this plane via some linear coordinate transformation,
as expressed by the adoption of a primed coefficient set. It is possible to imagine inverting
each quadratic constraint in the coordinate (x), and equating the two resulting functions of
an implicitly equivalent coordinate (y), establishing a criterion for geometric intersection;
isolating radicals, squaring, and repeating, the following quartic expression emerges in (y),
with all relative (£) signs for various root associations absorbed.

0 = ug + ury + usy® + uzy® + ugy* (5.1)

The five coefficients u; referenced by eq. (5.1) are defined in egs. (5.2), in terms of
an additional eleven coefficients v;, which are themselves defined in egs. (5.3). A global
positive semi-definite factor (a4 ay )? has been divided out, and the overall phase selection
is arbitrary.

_ 2
Up = V2010 — Uy
up = vov1g + v2(v7 + vg) — 2 V304
_ 2
ug = vo(v7 + vg) + v2(ve — vg) — V5 — 2vV1U4

us = vo(ve — vg) + VU5 — 2V1V3

Uy = voUs — V3 (5.2)
vo = 2 (aably — agba); v1 = (aacp — dgea)

vo = 2 (aady — agda); v3=2(aafp —apfa)

vs = (aagp — dpga); vs = 2 (bacp — bipca)

ve =4 (bafp —bpfa); vr = 2 (bagp — bpga)

vg = 2 (cady — cgda); vy =4 (dafp — dpfa)
vio = 2 (dagls — digga) (5.3)

Yet, the root structure of eq. (5.1) does not directly address the most currently relevant
and interesting line of inquiry, that being isolation of the parent mass My at which kine-
matic intersection is initiated; rather, it specifies the (y) coordinates, if any, at which inter-
section occurs, for an individually sampled trial value of the parent mass. Nevertheless, this
expression does potentially facilitate that investigation via a bisection algorithm trained
for convergence to the mass scale of transition between intersection and non-intersection.
For this application, specific numerical roots in the coordinate (y) are immaterial; the only
pertinent question is whether any real roots exist, for a given My, at all. The method of
Sturm sequences for counting real polynomial roots within some (possibly infinite) domain
interval is the tool of choice for this application, providing both speed and accuracy. To
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summarize, crossings of the vertical axis are inferred by comparing flips in sign at the do-
main boundaries of the original function, its derivative, and a sequence of polynomials with
decreasing degree that are recursively composed by the negated remainders of long division
in preceding elements. The Sturm algorithm embedded within the present Mrs analysis
package may be of interest for its (i) generalized treatment of polynomials of any order,
(7 ) acceptance of finite and infinite (undefined) domain boundary specifications, (iii ) sym-
metric inclusive counting of roots located at either boundary, (iv) option to individually
count degenerate roots, and (v) option (by boundary omission) to return an encapsulated
function with memoization of the costly Sturm sequence computation that may be reap-
plied to various delayed specifications of the domain, although a detailed presentation of
its architecture exceeds the scope of this document.

In practical application of the described procedure, there are certain circumstances
under which a spurious intersection may be indicated at a (y) coordinate laying outside the
physical body of the geometric objects under consideration. In particular, this contingency
may be anticipated when the relative alignment and global orientation of a pair of event leg
topologies conspire to facilitate a continuum of trial parent particle species masses My for
which a pair of pointlike intersections occur with a common (y) coordinate. An extended
effective two-fold degeneracy of this type will generate a tangential point of contact with the
eq. (5.1) zero-axis, which may persist (within some epsilon-width detachment) even at event
scales where the active geometries have discontinued any actual overlap. Events with dual
one-step parabolic legs are moreover acutely susceptible to the possibility that degeneracies
at infinity may pollute the ascertainment of finitely positioned roots. Large exponents, both
explicit and implicit, attending the computation of intersection may likewise render even
ostensibly safe kinematic parameterizations numerically vulnerable to false tagging. An
effective blockade against these hazards may be realized by collapsing the boundaries in
(y) of the Sturm sequence search to the physical coordinate overlap between each event leg’s
geometric domain. The (y) coordinate extent of a given conic topology may be determined
by implicitly differentiating the eq. (3.1) perimeter specification to establish a slope function
(dy/dz), forcing that slope to zero, and subsequently substituting the resulting constraint
on (x) back into eq. (3.1). This procedure produces a quadratic criterion {a@(ﬁ}_/])é +
B@(ﬁz)@ +7% =0} in (ﬁ}_/l), with coefficients defined following, by eqgs. (5.4); a positive
semi-definite factor of (a) has been multiplied through.

as =b —ac
Bo=2(bd—af)
Yo =d* —ayg (5.4)

The leading eq. (5.4) quadratic coefficient g recalls the conic discriminant from
eq. (3.2), and will thus vanish in the case of geometric degeneracy, most pertinently on
the one-step parabolic branch (My = 0). In this case, and if (17;,, # 0), a single solution
{(ﬁg)@ = —7o/ Pa} of the residual linear expression is expected, which diverges, con-
sistent with eq. (4.1), for the infinitely displaced onset of a massive (Mg # 0) parabolic
geometry. Otherwise, given that the associated quadratic discriminant { Bé —dagys =
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4a R? (ac—b%)} is positive semi-definite for physical mass scales, there are a matched pair
{ (ﬁz)ei = (—BoxV/[B2—4acvs])/2as } of real inversions corresponding to the upper
and lower coordinate reach of the associated conic.

It is additionally possible to directly establish the root structure of all tangential conic
intersections as a function of the trial event scale. Since tangential intersections represent
the convergence to degeneracy of two otherwise distinct roots, the appropriate criterion
is vanishing of the quartic discriminant (D4 = 0) associated with eq. (5.1), as exhibited
subsequently in eq. (5.5). However, this direct approach yields a comparatively fragile

2th order in the T factor

numerical function, where each displayed term is implicitly of 1
from eqs. (2.6). Nevertheless, its expression is useful, particularly in conjunction again with
the Sturm sequence method, for quickly establishing whether intersection occurs inside
some (possibly positively infinite) physical search bounds on the trial parent mass, without
directly sampling the enclosed bulk; it is specifically inapplicable to events featuring a
linearly degenerate topology (£2 = 0), where truncation of the primary two-step geometry
by the static one-step shepherd exposes a raw line-segment endcap, logically invalidating

the imperative of initial tangential intersection.

Dy = 256 ujus — 192 uduyuzus — 128 udusu? + 144 uduguiuy — 27 udus + 144 uguiugu?
—6 uou%u?))wL — 80 uoulugt@,w; + 18 u0u1u2u§ + 16 u0u§U4 — 4u0ugu§ — 27 u‘llui

+18 uduguzug — Adudul — dutuduy + uiudul (5.5)

There are certain circumstances under which the quartic coefficient uy from eq. (5.1)
vanishes identically, or within a numerical error allowance epsilon, a principal example of
which is given by the occurrence of axial alignment between dual one-step parabolic event
leg topologies; in fact, the ug coefficient vanishes in this case as well, robustly nullifying Dy,
in a manner stable against both unified rotation and relative lateral displacement. The ap-
propriate redress to such a lapse is cascaded regression to the discriminant ID; of the residual
leading order, as summarized in egs. (5.6). A case study exhibiting loss of the intersection
coefficients (ug4,us), in addition to a degenerate string of spurious eq. (5.1) roots after the
fashion corralled by eqs. (5.4), in the dual one-step decay topology context, is presented
in a footnote;” in actuality, the lower order coefficients (uso,u1,uo) vanish in kind for the
indicated event kinematics, although this is precipitated merely by a coordinate singularity,
which may be circumvented utilizing the procedure to be outlined together with egs. (5.9).

D3 = u%u% — 4u0u§ — 4u:1)’u;3 + 18 uguqugug — 27 ugug
Dy = uj —4duguz; D1=1; Dy=1+uj; Dy=0. (5.6)

"This note provides the kinematic blueprint for an example event with dual one-step decay topology,
where the visible decay product of each leg is massless (My = 0). The first (heavier, host) parabola is
selected with P{; = (80,—64,0,+48) GeV and My = 75.0 GeV. The second (lighter, projected) parabola
is selected with P{; = (100, 480,0,60) GeV and My = 0.0 GeV. The event missing energy components are
selected as PTY = (+50.0,0.0) GeV. The projected parabola materializes at the threshold mass M$+ =
0.0 GeV, with vertex at the position (Pg¥)_, = (+50.0,0.0) GeV. The host parabola materializes on the
interior of the closed projected parabola, at the threshold mass M)C? T = 75.0 GeV, with vertex infinitely dis-
placed from the coordinate origin, immediately defining a type I unbalanced solution for the Mrs event scale.
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The ]\7T2 analysis, proper, begins with a reading of input kinematic assignments
(P{;, My, P, Mx) for each event leg; the presence of a defined P4 input for the sec-
ondary visible decay product S triggers handling as a two-step event topology, and a
Boolean flag is set to indicate this logical fork in subsequent operations. A Lorentz boost
{P% = (P% — ﬁ‘z/ POy~ /[1— (ﬁ‘z/)Q} } into the longitudinal rest frame of the primary
visible decay product V' is applied to each of the four-vectors (Pl;, PX); if this frame does

not exist, or if either of the energies (Ey, Fg) vanishes, then Mpy is undefined. A unified
(z,y) pair of missing transverse momentum components (P71Y) is additionally read from
input, or, if omitted, is calculated as the negation of the vector sum of visible transverse
momentum over both event legs.

Dimensionlessly scaled variables will generally be preferred in the present analysis, both
because of the formal simplifications that they tend to engender, and also the smoother
numerics that attend manipulation of commensurately scaled (e.g. all of order unity) values.
As such, the quantities (ﬁ{}, M\H, J/W\X, J/W\V, ﬁf}y) are archived, after the mode of eqgs. (2.4);
analogous treatment is made of the variables (P4, Mg), although it proves more profitable
to here divide out the secondary visible event scale Eg. The ratios (Ev/Ej,), where EY, is
the primary visible scale of the conjugate event leg, and (Eg/FEy ) are likewise computed
and cached, along with the absolute dimensionful event scale Ey/ .

These parameters are subsequently sequenced through a routine that conditionally
evaluates the dimensionless consolidation factors (I', A, A, ,, Q,II) from egs. (2.6), accord-
ing to either the one- or two-step prescription. The scale dependence of I is tidily rendered,
employing techniques associated with the object-oriented programming paradigm, as an
ordered pair of constant coefficients for linear polynomial expansion in the subsequently
defined dimensionless mass-square parameter Y; this choice of base is symmetric under
exchange of the event legs, facilitating cross-computation, and is adopted as the exclusive
internal format for all references to the parent particle species trial mass My .

T = M/(2EvE;) (5.7)

A method is supplied for conversion of polynomial objects into pure numbers via
evaluation at a specified event scale; operator overloading for multiplication, addition,
subtraction, and exponentiation allows for transparent object-aware polynomial manipu-
lation, and streamlines the propagation of scale dependence into descendent functionals of
I'. Two supplementary recurring factors ((, &) are also precomputed, as defined following,
and Boolean flags are triggered for the one-step (My = 0) and two-step (Mg = 0, 2 = 0,
P}, « P&, P} « Pk) critical limit criteria.

¢ = (PYP§)+ (EvEs)
¢ = (% — (My/Ev)? x (Ms/Es)* (5.8)

Given that various aspects of the event analysis handle the (z,y) coordinates in an
asymmetric manner, e.g. egs. (4.2), (4.3), (5.1), (5.4), it can be advantageous, and is in
certain rare cases essential, to apply a global rotation { P*Y = ( P*Y cos p£ PY*siny) } in
the transverse coordinate plane to all presently defined event objects bearing vector indices,
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namely (]35, ﬁg , jﬁ%y’ A; ). Computation of intersections in the conic phase space bound-
aries on event kinematic consistency will, by convention, isolate root degeneracies along the
13}’{ hidden momentum axis; a suitable protocol for optimized selection of a unified rotation
angle ¢ may therefore consist of maximizing the summed projection of each event leg’s ellip-
tical major axis (or parabolic symmetry axis) onto the ﬁ}’; direction, substituting the static
ersatz geometry for the primary if (P} o< Pf). Although the two event legs must be rotated
in unison, no differential compensation is required for the assignment of roles as target or
projection geometry, as the slope of a line is symmetric under coordinate reflection. The
inclination of an individual conic may be extracted from the third member of egs. (3.6), and
split into finite (cos @, sin @) components using standard trigonometric identities; the result-
ing formulae couple naturally with the eccentricity, cf. eq. (3.7), yielding the subsequent
expressions, which moreover possess the benefit of vanishing in the rotationally symmetric
circular (¢ = 0) limit, while emphasizing the strongly oriented parabolic (¢ = 1) branch.

VIle—a)? +402] £ (¢ —a)
VIle—a)? +482]+ (a+c)

The associated angle may be confined to quadrants (I & IV), i.e. (cos® > 0) may be

EQ{COSQQ,SiDQH} = (5.9)

assumed without loss of generality, while allowing the phase of sin @ to be inherited from
tan @ in egs. (3.6), which is in turn signed oppositely to the conic coefficient b from egs. (2.5).
The orientation components derived from each event leg may then be merged as a vector
sum if the differential angle is acute, i.e. the individual orientations have a positive inner
product, or a vector difference otherwise; no rotation is indicated if both eccentricities are
null, whereas no sum is required if either eccentricity vanishes. Taking an inverse tangent
of the unified vector components yields an angle that must be subtracted from 7/2 radians
to establish the target rotation ¢ for optimizing mutual kinematic alignment with P};; this
procedure ensures that the angular separation of linear two-step (2 = 0) and parabolic
one-step (My = 0) event topologies from that axis will be no greater than 45 degrees.

Next, the bounds I'c4 associated with egs. (3.8) on materialization and dissociation
of each leg’s geometry are computed; the lower limit (I'54) must always exist, whereas the
upper limit (I'5_) is unphysical for the one-step event topology, and likewise undefined for
certain critical limits of the two-step topology. In the one-step case, (I'cy = M H]/\f\v); if
(P} o PL), then (To+ = A); if {(Mg = 0) & (Pl < PL)}, then (To+ = {0,00}), the
latter of which is numerically indicated by an undefined value; otherwise, the quadratic
coefficients in eqs. (3.8) may be specialized to the two-step event topology and inverted
numerically, with (g = —{Mg/Eg}?), noting that only the single effective I'o . root will
persist as (Mg = 0). The dimensionless scales retained for future reference are in the
canonical Yo+ form of eq. (5.7), which is easily extracted from ', and easily converted
to a physical dimensionful mass M)@i.

Building on these prerequisites, a quartet of anonymous function closures are initial-
ized, for each event leg, to perform delayed evaluation of (7 ) the egs. (2.3) conic coefficients,
(7 ) the egs. (4.2), (4.3) linearly degenerate intersection criteria, (iii ) the egs. (3.6) ellip-
tical center coordinates (or a suitable proxy), and (iv) the eqgs. (5.4) conic (y) coordinate
domain boundaries (or a suitable proxy). The “closure” is a staple of functional program-

— 32 —



ming, consisting of a first-class reference to a segment of invocable machine code that
persistently encapsulates a lexically-scoped context of state. In preparation, if (P"} o Pfg‘ )
and/or (2 = 0), coefficients for the subordinate conic shepherd are tabulated according
to the one-step prescription of egs. (2.5), (2.6), making the replacements (I' = A) and
(ﬁ& = P /Es). Likewise, the conic discriminant (b* — ac) from eq. (3.2) is precomputed;
since forthcoming calculations may be very sensitive to this factor as a denominator, espe-
cially near the parabolic phase transitions, and since a convenient closed form expression
is available in terms of kinematic observables, it is preferable to handle the various logical
forks discreetly; if (P} oc P%), then the ersatz one-step discriminant is (Mg/Eg)?, unless
the geometry is parabolic (Mg = 0), in which case the value is undefined; otherwise, for a
two-step event leg, the discriminant reduces to (€ x £); otherwise, for a natural one-step
event leg, the discriminant is M 2 or undefined if (My = 0).

The first of the described function closures, which will be referred to symbolically as
O, is now instantiated to return a numerical evaluation of the conic coefficients referenced
in eq. (2.3) at an input event scale, or if no event scale is provided, as a list of polynomial
objects. A second input flag is provided to optionally trigger projection into the conjugate
event leg’s coordinate plane via the eqgs. (2.8) transverse missing momentum prescription.
The scale independent coefficients are archived (as a function of T) at the outset for
efficiency; if (P& o Pfg‘ ), the previously computed shepherd coefficients are substituted as
a static ersatz one-step geometry; otherwise, if (2 = 0), the truncated linear surrogate
coefficients from eqs. (4.6) are adopted; otherwise, the eqs. (2.5) coefficients are applied
directly, referencing the precalculated one- or two-step elements of eqs. (2.6).

The next routine stored, to be labeled @, will be used to compute the pointlike in-
tersections of a two-step linearly degenerate host geometry, and is thus defined only if
(2 = 0), and if that condition is not implied by comprehensive kinematic proportionality
of the visible decay products, i.e. (P{; ¢ P). By default, intersection is imposed with the
linear geometry’s own one-step shepherd, as in egs. (4.2), although an alternate set of conic
coefficients may be input, e.g. a projection from the conjugate event leg’s primary geometry,
facilitating code reuse for the analysis of eqs. (4.3). In either event, quadratic intersection
coefficients are accounted in the hidden momentum coordinate ﬁ}(], the leading term sim-
plifies (ap = &) to a precomputed factor from eqs. (5.8) in the default self-intersection.
Again, inputs are provided for specifying the event scale at which intersection is to be
evaluated, and whether the point(s) of intersection should be projected into the conjugate
event plane, as in eq. (3.10); if no event scale is provided, the list of quadratic coefficients
is returned, without evaluation, in polynomial object form. Otherwise, depending on the
context of usage, the subroutine return value will be either an ordered pair of intersection

roots (P%)s in the single (y) coordinate, or a single vector coordinate (PjY)

representing
the average locus of quadratic roots in the transverse coordinate pair.

The third function closure defined here, to be denoted ®, is tasked with establishing
the central coordinate position (ﬁzy) of the associated conic geometry at an input event
scale; a primary use case for this routine will entail analysis at the threshold parent mass
M§})+, cf. egs. (3.8), for inception of real event kinematics, with the purpose of determin-

ing the degenerate vector coordinate (ﬁfl’y)@+ at which the geometry first materializes.
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The canonical method for calculating this location is evaluation of the (z,yo) elliptical
coordinate center from eqs. (3.6); however, vanishing of the eq. (3.2) conic discriminant
precludes this approach for the one- and two-step parabolic geometries. For the case of a
parabolic one-step event shape (My = 0), including the ersatz {(P}; o< P¥) & (Mg = 0)}
one-step parabolic branch, there truly is no singular coordinate of geometric onset, or fi-
nite global coordinate centroid, although the vertex position described by eq. (4.1) may
serve as a suitable proxy, making the standard replacements (I' = A) and (]3{} = P{/Es)
in the case of an effective one-step event topology; if the vertex displacement magnitude
diverges, as is expected for the kinematic onset of a massive parabolic event leg, then a
dimensionlessly large, though numerically tame, value may be substituted, while main-
taining the physical coordinate orientation. For the case of a parabolic two-step event
shape {(Q = 0) & (P{} & PL)}, the tangential onset of intersection with the subordinate
one-step shepherd, as regulated by eqs. (4.2) at Mg*’, does constitute a legitimate point
of origination; at general (physical) event scales, a suitable proxy for the ellipse center
may be generated by averaging the boundaries of linear overlap with the shepherd, which
coincides with an existing functionality provided by the closure @. Failing either of these
exception cases, and including {(P}; o« P§) & (Mg # 0)}, which is interpreted by context
as a request for the ersatz one-step geometry’s center, the determination of (xg,yp) from
egs. (3.6) may proceed, deferring to the closure O for scale specialization of the egs. (2.5)
conic coefficients, and applying the precomputed conic discriminant as a divisor. The latter
two scenarios, which make reuse of @ and O respectively, will automatically inherit the
capacity for projecting results into the coordinates of a conjugate target system, whereas
analogous behavior must be supplied internally for the one-step parabolic branch.

The final function closure to be instantiated, which will be referred to as &, serves to
establish the 13}/{ coordinate extent of the corresponding conic geometry at an input event
scale, as is relevant to limiting the Sturm sequence method search domain. The baseline
technique for determination of this interval will be inversion of the egs. (5.4) quadratic
coefficients, as populated, again, by evaluation of the egs. (2.5) conic coefficients, including
cross projection if applicable, via the closure O. This approach is unsuitable for linearly
degenerate topologies, i.e. event legs satisfying {(Q = 0) & (P{;  P%)}, in which case
the closure @ is defined, and capable of providing a functionally equivalent specification
(with optional projection) of truncation boundaries enforced by the coupled subordinate
one-step shepherd. Failing this, if ag vanishes, a parabolic one-step (or ersatz one-step)
event topology is indicated, such that only one isolated root may be expected, the remote
parabolic tail being extended to positive or negative infinity (horizontal orientation along
]3[‘3 is mitigated by the egs. (5.9) rotation), which is assigned the undefined position value.
If B additionally vanishes (within some epsilon-sized margin), the parabola is degenerate,
and the interior ]31% bound may be identified with the (y) component of the ® vertex locus,
which is either also “infinitely” displaced, or indeterminately positioned at the (self-hosted)
coordinate origin; the undefined value (true infinity) is a lower bound if precisely one of
two criteria, those being the application of coordinate projection (exclusively) or (]3“3 <0)
ersatz (PY/Es < 0), applies, or alternatively, an upper bound. Otherwise, egs. (5.4) may
be inverted directly to obtain an ordered bounding pair; if (ag = 0), then, the undefined
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value is a lower bound if (85 < 0), or alternatively, an upper bound, the physical values of
the quadratic expression associated with egs. (5.4) laying above the zero-axis.

Proceeding with primary analysis, the two event legs (A, B) are sorted according to
their mass of initial kinematic onset M$+, and a provisional lower MTQ search bound A’
is initialized to the maximum of corresponding dimensionless scales { A’ < max (Té’f) }
by convention, the (]sfly) hidden transverse momentum coordinates associated with this
heavier event topology will be appointed the role of host system in the hunt for a minimal
consistent phase space overlap. Similarly, an acting upper MT? search bound V' is provided
by the minimum scale of geometric dissociation { V' <= min (Té’fg) }; by contrast, only two-
step event leg topologies with (Mg # 0) manifest kinematic turn-off at a finite (defined)
mass Mg ~. Next, various contingencies related to the described solution classifications and
critical phases will be screened, conditionally updating the interim evaluation floor A" and
ceiling v/, and ultimately supplying a suitable initialization of the global search bounds (A
, Vo) and trial event scale > for continuation into the final procedure. Following application
of these filters, MTQ will immediately be deemed undefined if the consistency condition
(A< V') is not satisfied, modulo some epsilon-width numerical roundover allowance.

If either event leg exhibits the critical limit (P{; &< P%), a test is undertaken to deter-
mine whether the resulting ersatz one-step geometry is in type III unbalanced containment
of its conjugate, at the degenerate scale T, of its existence. Temporarily considering both
host versus projection assignations, the conjugate leg’s closure ® is utilized to project a vec-
tor coordinate (Xa, Ver), cf. eq. (3.10), for its geometric center at the target analysis scale;
the primed notation emphasizes that this is not the projected geometry’s intrinsic scale of
materialization, but that it belongs instead to the host. If defined, these coordinates are in-
serted into an appropriate generalization of eq. (3.12), with (13{; = PL/Eg), to compute the
scale 'y at which the ersatz one-step geometry, if hypothetically allowed a dynamic devi-
ation from the static replacement (I' = A), would intersect the projected point. If the re-
quired adjustment is toward contraction (I'g4 < A), and pending the scale inversion consis-
tency check, then the ersatz one-step geometry either intersects, or is in full containment of,
its conjugate, thus defining MTZ? the global upper bound is then tentatively identified with
the standing lower bound (Vo< A’), condensing the viable search space to a single scale.

Failing the prior, the strategy introduced in conjunction with eqs. (3.11) is applied to
the identification of standard type I unbalanced MTQ solutions, and for the providence of a
definite upper search bound initialization Vo with guaranteed containment of a legitimate
intersection. Again, temporarily considering both role reversals, analysis proceeds only
when the acting host features a one-step event topology. The projected event leg’s ©
closure is invoked at its own scale T4 of first kinematic materialization to supply the
corresponding vector coordinate (f@.}r,y@_’_), in the eq. (3.10) form. The dimensionless
scale at which the one-step host geometry passes over this point is extracted from the
associated solution I'g4 to eq. (3.12); the probationary upper bound V" is defined as the
minimum of these scales { v/ < min (Tgf) }, or control flow passes to the next test
grouping if no such value exists. The inversion (V" < A’) corresponds to a light one-
step geometry that eclipses its heavier conjugate’s locus of origination prior to (or at) the
scale of kinematic onset; this unbalanced fulfillment of the MTQ comimission is respected
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by condensing the upper and lower search bounds (Vo < A’). Otherwise, if both event
legs carry a one-step topology, mutual intersection is certain to occur at some scale no
greater than V", and the appropriate assignment is (Vo < V”); this appointment may be
bypassed if V" is excessively large, exceeding some BIG search domain cap, as can occur
when matching an “infinitely” displaced one-step parabolic vertex.

Failing the prior, the procedures anticipated in discussion ensuing from egs. (4.2), (4.3)
are implemented in order to cope with intersections involving linearly degenerate (2 = 0)
two-step event topologies. Once again making successive permutation of projection and
host roles, analysis proceeds only when the de facto host is attached to an operational in-
stance of the function closure @; this routine is utilized to render the quadratic coefficients
from eqs. (4.2), (4.3) as implicit polynomial object functions of an undetermined event
scale, employing also the conjugate event leg’s closure O for projection of the requisite
egs. (2.8) conic coefficients in the latter case. The eq. (4.5) convolution of these coefficient
sets is additionally precomputed as an indicator of triple intersection among the host line,
the host shepherd perimeter, and the projected conic perimeter. If the projected conic is
likewise linearly degenerate, i.e. also holding a defined @ closure, then MTQ may be identi-
fied with the largest mutually consistent lower bound on this triple intersection, associating
each event leg’s one-step shepherd, in turn, with the pair of lines; otherwise the possibility
exists of identifying a type II analog of the unbalanced solution scenario, wherein the point
of first tangential contact, at a root of the egs. (4.3) quadratic discriminant (ﬁé —4dagye),
between the host line and its conjugate, is enveloped by the host’s static one-step shepherd.
The eqgs. (4.3) discriminant and the dual linear reduction of eq. (4.5) are each implicitly a
quadratic function (a@Tgﬁ— BoYo+7ve = 0) of the dimensionless mass-square event scale T
from eq. (5.7), and each takes on a positive function value in the region of physical intersec-
tion, interior to the scale of bounding roots. In the latter case, the leading quadratic coeffi-
cient is negative semi-definite (ag < 0), vanishing if the merged linear trajectory is collinear
with the symmetry axis of a parabolic one-step shepherd; the ag phase is similarly negative
in the former case, if the projected geometry carries a two-step event topology; however,
the sign of o, is undetermined, complicating the interpretation of associated quadratic in-
versions { Yot = (—BoEv/[B3—4agve])/2ag }, for a conjugate event leg of the one-step
variety. Intuitively, this difficulty may be traced to the possibility of a phantom tangential
intersection occurring between the host line and a kinematically imaginary (negative T)
reflection of the projected geometry. A suitable unified protocol for rendering roots, while
evading this spiegelgeist, is as follows: if the quadratic discriminant (Bé —4agyg) is nega-
tive, no real intersections exist, and MTQ is immediately undefined; otherwise, if (ag < 0),
downward parabolic concavity implies that the mass-ordered Y g4 roots represent a mini-
mum and maximum of intersection, respectively, which may elevate A" and/or diminish v,
as applicable — the scale inversion filter will subsequently invalidate a dual intersection
with the imaginary geometry; otherwise, if (ag > 0), reversal of the mass-ordering implies
that the lighter root corresponds to turn-off of an imaginary intersection, which is ignored,
whereas the heavier root initiates a phase of unbounded physical intersection, which is used
to buttress A’ in the upward direction — the scale T, is a lower bound in both cases,
and vice versa for Yg_; otherwise, with (ag = 0), attention turns to the sign of g, with
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the single linear inversion { Yo = —1 X (vg/Bg) } providing an imaginary upper bound for
(Bg < 0), which potentially lowers V', or a physical lower bound for (g > 0), which poten-
tially raises A’; otherwise, if (8g = 0), there can be no intersection unless (vyg = 0) as well,
in which case no bounds are set, and failing which MTQ is immediately undefined. If both
event legs are linearly degenerate, or if the quadratic inversion defined a lower scale bound
satisfying the eq. (4.4) criterion for enclosure of a tangential intersection by the host shep-
herd (within some epsilon-width error), then MTZ is considered isolated, pending the scale
inversion consistency check, as reflected by consolidation of the search bounds (V<= A').
Alternatively, for a single linearly degenerate event leg, and again pending the scale inver-
sion consistency check, the interim upper search bound is promoted into the global position
(Vo< V'); although no legitimate MTQ scale may exist exterior to the specified containment
region, the question of whether a solution exists interior to it remains open in this case,
and the existing realization of eq. (4.5) is retained for subsequent reuse to help settle it.

Failing the prior, the global upper search bound defaults to the least available limit
(Vo < V), if any, and a Boolean flag is set to trigger use of the tangential intersection
discriminant from egs. (5.5), (5.6) for ascertaining the status of My root containment.

The last stage of preparations for the iterative confinement of a potentially latent MTZ
solution begins by filtering against scale inversion (A’ < V'), and employing a very soft
logarithmic type cut on numerical runaway of the dimensionless scale ratio (A" <BIG), and
elsewise undefining MTQ. If the global upper search bound V is not positively guaranteed to
bound a valid intersection — this is indicated either by the preceding flag for indeterminate
root containment, or by prior retention of the quartic triple intersection (host line, host
shepherd, and generalized conic projection) criterion expressed in eq. (4.5) — then it is
capped at a maximal value of BIG, or set directly to the BIG value if undefined. The global
trial event scale (>>¢ <= A’) and the global lower search bound (A < A') are each initialized
to the standing minimum. These three variables, along with a copy of the mass-squared
scaling reciprocal (2 By EY,), and a pair of new function closures (@, ®) to be described
following, constitute the sole input to this final routine. Both closures may potentially make
use of the eq. (5.1) quartic coefficients wu;, a polynomial object representation of which is
thus precomputed via eqgs. (5.2), (5.3), calling, in turn, on each event leg’s O instance to
supply respective host and projection eq. (2.3) conic coefficients.

The closure @ accepts a dimensionless input scale Y, cf. eq. (5.7), and outputs an
integral count of candidate event geometry intersections occurring interior to Y’, interpreted
as a lower root boundary, and a static copy of the global upper search bound initialization
scale V. Internally, this routine applies the Sturm sequence method to count roots, in
T, for an archived, context sensitive, polynomial object. If either event leg exhibits a
static ersatz event topology (P} Pg ), then legitimate intersection may occur only at the
singular physical event scale, and the null root count value (0) is returned. Otherwise, if
the eq. (4.5) quartic triple intersection has been retained from the screening phase, then it
doubles here as the analysis function. Otherwise, if the indeterminate containment flag is
set, then the appropriate function for analysis is the 12" order discriminant D; of tangential
conic intersection from egs. (5.5), (5.6), as assembled from the archived egs. (5.2), (5.3)
polynomial object coefficients u;; an undefined intersection count, as may occur if D; is
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identically null, is interpreted numerically as (0). Otherwise, no such analysis functionality
is essential, and @ is thus left undefined. To expedite computation, the corresponding
sequence of Sturm polynomials is assembled only a single time, and reapplied to root
counting for variable boundaries on demand. As a note, a version of the Sturm sequence
that counts degenerate roots separately is employed in this cycle, in order to distinguish
that circumstance from the crossing of a single root.

The closure ® accepts a dimensionless input scale Y’, cf. eq. (5.7), and outputs a
Boolean assertion of whether the conic perimeters associated with each event leg occupy a
state of mutual intersection in the (P5Y) transverse hidden momentum plane. Internally,
this routine applies the Sturm sequence method to count roots, at Y', in ]3}’[, of the
polynomial w;. The ﬁﬁ[ search boundary is truncated to the intersection of physical
coordinate domains (possibly allowing some marginal excess width epsilon) for the host
and projected conic topologies, each of which is supplied, in turn, by a linked closure
©. The zeroth order (y)-intercept of this expression may be varied by some positive and
negative margin of size epsilon, and optionally scaled in proportion to the wu; coefficient
norm, in order to tune for enhanced detection of roots occurring in (near) degenerate
pairs. A true value is returned if the enclosed count of intersections is at least one, or if all
of the u; from eq. (5.1) vanish simultaneously (the Sturm algorithm returns an undefined
value), indicating degeneracy of the event leg geometries.

The convergence toward a minimal kinematically consistent parent particle species
mass My for generalized one- and two-step event topologies now culminates with an itera-
tively sampled probe of scales, which persists until the upper v and lower A search bounds
become sufficiently mutually nestled about a verified moment of conic intersection, or the
search space becomes exhausted. The closure @ is prized for an ability to count bounded
intersection roots directly in the mass domain T (as opposed to operating in the coordinate
domain at fixed scales), but it can be numerically fragile; in deference to unrivaled stability
of root isolation in ]S}fl associated with the closure ©, @ is used, when defined, as a beacon to
home in on scales of interest, which are subsequently reviewed in N steps by ®. During each
process cycle, the prevailing trial event scale > will be conditionally assigned to one of the
two search bounds (A, V): if the closure @ is defined, while the step count N is not, then (¢ )
it is evaluated to establish a count n of bounded roots superior to >, and for primary loop
entry (7 ) an initial root count is retained (ny<n) for comparison while the lower bound
(A<=1>) is elected for assignment (a null operation), or for loop reentry, if the sequestration
of roots 7 is undiminished relative to 7, then (7 ) the lower bound is extended (A< r>), or
(7v) the lightest root has elseways been passed over and the upper bound is clipped (V < >);
otherwise, (i) the closure ® is evaluated for topological intersection at t>, and if found, then
() @ and N (being redundant) are undefined while the upper scale bound is diminished
(V «<1>), or otherwise (i) the lower scale bound is elevated (A< >). Subsequently, the
trial event scale is itself updated, by a step-wise increment of the scanning interval (V — Ag)
if N is defined, or alternatively to the bisection of event bounds {>< (A +V) +2}; in
the former case, a map that power-compresses sampling at lighter scales while diluting the
sample density at heavier scales is desirable, cf. appendix C. The enclosing loop terminates
when (i) n is defined and either has relinquished just a single contained root to 1y or 7y
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is null, or (4i) the scale gap (V— A) approaches zero; for a specific proximity criterion that
optimizes uniform mass resolution in My, cf. appendix C. If the closure @ is residually
defined, then hunting with @ and scanning with © alternate in a tic-toc cadence with re-
visions to the initialization state providing the opportunity to either validate and converge
upon a broadly isolated root candidate or bypass a spurious intersection to continue search-
ing at heavier candidate scales: if N is not defined, then (i) a suitable scanning sample
count (N < Ny) is selected (cf. appendix C) and the acting lower scale bound reverts to
the global floor { (A,>) <= (Ao, Ao) } while (n,70) are undefined and the primary loop is
reentered, or, if the acting and global upper scale bounds are equivalent (V = V), then (i)
scanning has broached the global bound with no intersections found and MTQ is reported as
undefined, or (iii ) the active hunting interval is pushed above the failed scanning interval
{(A,>,V) < (V,V,Vq) } while (N,Ng,n,n0) are undefined and the primary loop is reen-
tered; otherwise, at last, and optionally enforcing a final scale filter (> < BIG), a physical
asymmetric s-transverse mass statistic value is assigned { My < /[ (2 EvEj)x>]}.

6 Conclusions

The Mo, or “s-transverse mass”, statistic was developed to cope with the difficulty of asso-
ciating a parent mass scale with a missing transverse energy signature, given that models
of new physics generally predict production of escaping particles in pairs, while collider
experiments are sensitive to just a single vector sum over all sources of missing transverse
momentum. This document focused on the generalized MTQ extension of that statistic
to asymmetric one- and two-step decay chains, with arbitrary child particle masses and
upstream missing transverse momentum. A (i) unified theoretical formulation, (4 ) com-
plete solution classification, (i ) taxonomy of critical points, and (iv ) technical algorithmic
prescription were provided for treatment of the ]\7T2 event scale.

Potentially novel elements of this presentation have included (i) a unified symbolic
and computational environment encompassing arbitrary event configurations, (ii) a
graphically enhanced intuition for the organization and interrelation of solution classes,
(#ii ) a heightened sensitivity in the identification and handling of exception cases, (iv) an
optimization of the mass search bounds without resort to an arbitrary hard upper scale,
and (v) implementation of an existence test for solutions interior to some scale bounds
without sampling the enclosed bulk.

An implementation of the described algorithm is now available for download [12], and
is also a deployable component of the author’s fully-featured selection cut software package
AEACUS (Algorithmic Event Arbiter and Cut Selector), which was formerly developed
under the name CUTLHCO [13, 14]. All described programs have been freely released into
the public domain under the terms of the GNU General Public License [15].

A triad of appendices are provided following, addressing (a) combinatoric assembly
of event objects, (b) validation by public codes against Monte Carlo events, and (c¢) the
algorithm pseudocode and logical flow diagram.
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A Combinatoric assembly of MTZ

The preceding treatment of M has assumed a well-defined particle association for each of
the primary V' and secondary S visible particle species, cf. figures 1 and 2. However, in a
realistic collider environment, both the topology of the parent process and the roles played
by particular descendent tracks within that topology are obscured. The typical application
of M’IQ therefore consists of stipulating a parent event hypothesis, permuting the logically
consistent assignment of roles to each hard track, and the minimal resulting MTQ scale
for consistency with the event hypothesis. The present section of the appendices details
several common strategies of this type, including the associated treatment of pre-selection
event cuts and the combinatoric assembly of constituent objects, as well as providing a
brief tutorial for the tidy automation of this full analysis within the author’s generalized
selection cut package AEACUS [13, 14].

Failing a robust and luminous signal of new physics, the MTQ variable will necessarily
find employ as a discovery tool, i.e. an aid in the suppression of standard model background,
rather than as the classificant of a putative new physics mass scale. Correspondingly, the
variable specializations MP2,, MP5, MY [8], and MT, [10] to be detailed following will each
adopt a Standard Model event hypothesis, namely that of top quark pair production (¢t),
and cut events that realize an MTQ scale beneath the top quark mass threshold at 175 GeV.

The variable M2, [8], like each of those to be here considered, assumes an underlying
event topology of di-leptonic top quark pair production, with one lepton track lost to the
detector. In order to facilitate variants of the Mo algorithm that are limited to symmetric
invisible daughter species, the visible leptgn is manually discarded via assimilation into
the missing transverse momentum vector Pr. Each event leg thereby features a one-step
decay, with the role of the visible (V') particle object played by an available bottom-quark
jet, and an invariant missing mass (Mpy = 80.4 GeV) associated with the lost lepton and
neutrino (W boson) pair.

The variable M2, [8] is similarly based upon a dual one-step event topology, but
is optimized for algorithms that allow asymmetric invisible daughter species. The visible
lepton is instead merged with its upstream jet, such that the hidden mass (Mg = 0.0 GeV)
on that event leg is now attributed to only the lost neutrino.
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The variable MTV% [8] instead adopts a mixed one- and two-step event topology, taking
advantage of the extra information density available by reserving independent roles for
the lepton, which is adopted as the secondary (S) visible species, and jet, which retains
assignment as the primary (V') visible species. The hidden mass (Mg = 0.0 GeV) on that
event leg is again associated with the neutrino, whereas the on-shell mediator species (X)
is hypothesized (Mx = 80.4 GeV) to be a W boson.

The variable M7, [10], which corresponds to a dual two-step event topology, stipu-
lates that the “lost” lepton was actually a hadronic tau, which therefore contributed an
additional measure of visible momentum to the event, in the form of a third final state jet.
The leptonic M7, event leg is treated identically as for its prior appearance in M%g For
the hadronic event leg, the pair of neutrinos (from W — 7, and 7 — v;j) are implicitly
combined into a single, ostensibly massless (Mg = 0.0 GeV), invisible object, whereas the
mediator species (X) is again a W, with (Mx = 80.4 GeV).

Each of the described variables, with the exception of MTbQ, which counterfeits
the transverse missing momentum, is available as a native processing option in the
AEACUS [13, 14] event selection package. The combinatoric assembly of jets made avail-
able to the M’IQ algorithm is handled internally, in a manner consistent with the suggestions
of ref. [8]. If there are two or more tagged jets supplied, then all pairwise combinations are
considered, whereas all non-tagged jets present are otherwise permuted into the vacancy or
vacancies; both pairwise orderings for the event leg assignment are entertained. For Mf,,
all available jets not currently playing the role of a primary visible (V') object are cycled
into the secondary () visible position on the hadronic event leg, for each combination of
leading pairs. The smallest well-defined value of MTQ extracted from all combinatoric trials
is associated with the event as a whole.

The AEACUS control syntax for constructing a typical analysis is demonstrated in
Card 1; the object reconstruction phase of this card enforces identification of a solitary
isolated lepton, in conjunction with the existence of precisely one or two heavy-flavor
tagged jets among the hardest four jet candidates, which are supplied as a group to the
MTQ algorithm. A missing transverse energy event selection cut of 100 GeV is enforced, in
addition to a lower bound of 175 GeV for each of the variables M%g, M%VQ, and Mt,, which
are referenced as modes (1,2, and 3), respectively.

B Validation by public codes of MTz

The present section of the appendices summarizes results for a thorough cross-comparison
of the described MTQ algorithm against other public codes, in the context of realistic
Monte-Carlo data, including both Standard Model background events and the simulation
of various candidates for new physics. The M%Q statistic [8], corresponding to a dual one-
step event topology with symmetric invisible daughters, is precisely of the type accessible
to the original algorithm [5, 17] by Cheng and Han (CH), which then constitutes a first
natural touchstone. That algorithm has previously demonstrated excellent agreement with
the earlier effort [2, 18, 19] of Lester and Barr et al., which is therefore omitted from

comparison. The M% and M¥V2 event hypotheses [8] correspond respectively to a dual
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/4;::AEACuS 3.4 cut_card.dat *** ‘\\\
* Study MT2bl, MT2W, & MT2Tau with
* 1-2 b-Tags in 4 hardest Jets & 1 isolated Lepton
**xxx Object Reconstruction *xx*x*
O0BJ_TAU = PTM:[0,0], JET:1

# Recast Tau Leptons as Jets
OBJ_LEP = PTM:10, PRM:[0.0,2.5], EMT:-3, CUT:[1,1]

# Enforce exactly one e/mu with PT > 10 and ETA < 2.5
OBJ_JET = PTM:25, PRM:[0.0,2.5]

# Define Jets with PT > 25 and ETA < 2.5
0BJ_LEP_001 = SRC:+000, EMT:+1

# Identify Electron flavor subset for future reference
0BJ_JET_002 = SRC:+000, CMP:+001, CDR:0.2

# Enforce Jet isolation DeltaR > 0.2 from prior Electron
0BJ_LEP_003 = SRC:+000, PTM:25, CMP:+002, CDR:0.4, CUT:[1,1]

# Enforce Lepton isolation DeltaR > 0.4 from prior Jets

# Enforce isolated Lepton is not soft PT > 25
0BJ_JET_004 = SRC:+002, PTM:50, CUT:[4,UNDEF,-1]

# Identify 4 hardest Jets with PT > 50
0BJ_JET_005 = SRC:+004, HFT:0.5

# Identify heavy-flavor (via PGS4 code) Jet subset
OBJ_JET_006 = SRC:[+004,-005], CUT:[2,3]

# Enforce exactly 2 or 3 of hardest 4 Jets not b-Tagged
*kxkkkk Event Selection kkkkkokxk
EVT_MET = CUT:100

# Enforce Missing Transverse Energy > 100 GeV
EVT_ATM_002 = MET:000, JET:004, LEP:003, MOD:1, CUT:175

# Enforce minimum MT2bl of prior objects > 175 GeV
EVT_ATM_003 = MET:000, JET:004, LEP:003, MOD:2, CUT:175

# Enforce minimum MT2W of prior objects > 175 GeV
EVT_ATM_004 = MET:000, JET:004, LEP:003, MOD:3, CUT:175

# Enforce minimum MT2Tau of prior objects > 175 GeV

w**************************** J

Card 1: AEACUS syntax for Mr%, Mj\fg, and M7, selecting four hard jets, one or two of
which must carry a heavy-flavor tag, and a single isolated light lepton.

one-step and a mixed one- and two-step event topology, both with asymmetric daughter
products; extensions of the work by Cheng and Han, with extenuation of authorship by
the latter, are also publicly available for the computation of these statistics [9], and are
selected as the candidates for comparison in these cases; the shorthand notation (CH) is
carried over to inclusively describe these derivative works. The author is unaware of other
publicly available codes for the analogous treatment of dual two-step event topologies, and
the M1, statistic is therefore neglected in the trials.

One hundred thousand Monte Carlo event samples, including parton showering and
fast detector simulation, were generated via the standard MADGRAPH/MADEVENT [20],
PyTHIA [21], PGS4 [22] chain for each of three subprocesses (all plus 0,1, or 2 jets),
including the (i) Standard Model top quark pair production (t) background, as well as
the SUSY stop squark pair production (fg ) signal for (7 ) an mSUGRA benchmark with
My = 210GeV, My = 350 GeV, and tan 8 = 40, and (iii) a No-Scale F-SU(5) [23-25]
benchmark with M/, = 850 GeV. A modification of the AEACUS [13, 14] selection cut
package, enacting the instructions specified in Card 1, was used to select events compatible
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with the target topology, and catalogue all viable combinatoric variants of the associated
physics objects for use in the computation of MTbQ, M%, and M¥V2; in the case of MTbQ,
the visible lepton was manually merged into the the missing transverse momentum lgT, as
previously described. In order to amplify the statistical inclusion of background samples,
the natural (¢¢) mono-lepton samples were enriched with counterparts fabricated from di-
lepton samples where the lighter partner was intentionally “lost”, being likewise absorbed
into Pr; in this case, only the two hardest jets were retained for consideration, irrespective
of any heavy-flavor tags. After selection cuts, approximately 21,500 event configurations
were retained for the testing of MTbQ, whereas twice this tally (via breaking of the event leg
symmetry) were available for application to each of the leg and Mr}g statistics.

For approximately five percent of all trials, the local algorithm reports a finite MTQ
solution that is above the arbitrary 500 GeV upper bound at which the M%QH family of
solutions terminate their hunt. Although that mass ceiling may be easily adjusted, the
circumstance does highlight a strategic divergence taken by the present approach, wherein
no such linear scale bounds (there is a logarithmic bulwark against numerical runaway)
exist. Excepting this trivial variety, there are no cases found for which the local algorithm
and the (CH) routine develop a discrepancy in the MZP, statistic beyond the per mille
{ |MT2 - MEH| + (MTQ + MSH) < .001} level. Similarly, no substantive discrepancies
are present in the pairwise computation of MTY\;; two events are found to diverge by more
than a part per mille, but still less than a part per centum, and the offset is attributed
to process noise. By contrast, the evaluation of M%g presents 43 event configurations,
approximately 0.1% of the relevant trials, where a non-trivial discrepancy emerges between
MT? and M%{, as documented in table 1, with entries rounded to the nearest tenth GeV.
Validity of the MTQ solution has been directly visually confirmed with MATHEMATICA 9
for each case. In the majority (40) of these scenarios, the step-wise sampling engine
employed by the (CH) algorithms has paced over a lighter intersection, finding a secondary
root, whereas a minority (3) of events exist where no defined solution is reported at all.
For fairness’ sake, it must be stated that the uniformly excellent performance of the (CH)
routines is singly responsible for instigating a coda of the present algorithm’s development,
wherein several crucial procedural refinements have been realized.

Unsurprisingly, the (CH) algorithms may fair rather less well against test cases con-
trived to probe onset of the various geometric degeneracies and critical phases described.
There is no inherent obstacle to inclusive treatment of the parabolic branches (My = 0),
cf. figure 6, and (Mg = 0), cf. figure 7, and both computations of these scenarios agree.
The topologies depicted in figures 4 and 5 are elementary, and again present no difficulty.
However, the segmented-linear (2 = 0), cf. figure 8, and pointlike (P}; o< P¥) or instan-
tonic (P{; o< PY), cf. figure 9, limits are more challenging, and the (CH) algorithm finds no
solution for these examples. It fails similarly for the scenarios in footnote 2 (reporting the
spurious intersection), 3A, 3B, 4A, 6A, 6B, 6C, and 7 (reporting undefined), and also 5B
(reporting the finite value of 156.7 GeV, which is in the unphysical mass-gap). It agrees that
the events in footnotes 3C and 4B have no defined solution. It reports a somewhat large,
but entirely passable, value of 194.6 GeV in association with footnote 5A. The scenario in
footnote 1 is elementary, and there is agreement.
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PRy Py)” P)” Mp, MEH
(-147.2, -265.1) (186.3, -136.3, -6.5, +89.1) (93.0, -30.4, -52.7, -69.2) 93.1  148.2
(-52.3, +190.1) (199.5, -8.2, +180.3, -36.4) (422.5, +65.3, +194.6, +369.3)  131.7 undef
(-425.7, -174.8) (157.0, +132.9, -11.2, 4+51.2) (139.5, -74.7, -28.2, +111.6) 107.9  225.1
(-586.3, -52.4) (390.4, -23.7, +166.1, +342.5) (106.3, -53.7, -5.8, +91.1) 90.3  157.2
(-315.57 -175.1) (159.4, -36.6, -92.4, +74.6) (139.6, -137.1, -13.9, +11.3) 119.3  209.2

(-513.17 +1128.8) (198.6, +115.6, -84.7, -69.8) (577.1, -130.0, +161.4, -529,8) 267.9 6714
(-668.7, +389.7) (496.8, +37.6, -235.0, -432.5) (124.1, -37.6, +65.2, -97.8) 105.4  404.5
(-78.1, +244.7) (268.8, +192.3, -100.6, +120.0)  (481.2, -74.0, +169.2, +442.4)  122.0 137.8
(-199.5, -170.6) (169.9, -8.4, -101.0, +77.4) (297.9, -177.4, -105.9, +212.1)  121.0  179.0
(-199.5, -170.6) (112.4, +17.2, -46.8, +7.2) (297.9, -177.4, -105.9, +212.1)  118.7  190.0
(+73.8, +102.8) (118.5, -0.8, -40.3, -54.2) (205.5, +74.3, +64.6, -178.9)  111.6  206.4

(-226.3, -52.8) (164.9, -60.5, +55.7, +108.5) (120.6, -113.6, -23.0, +30.8)  100.7  141.1
(-733.3,-286.9)  (332.5, +16.1, +243.9, +123.5)  (465.2, -386.3, -172.7, +154.3)  219.0  252.7

(-438.9, +115.4) (124.8, +39.7, +69.8, +28.3) (226.7, -93.1, +37.8, +202.8)  97.6  180.0
(+230.5, +37.3) (179.3, +46.0, -130.4, +58.8)  (127.7, +107.5, +33.0, +51.1)  113.2  134.5

(+1053.3, +831.7)  (244.4, -17.6, +148.6, -172.3) (96.6, +72.8, +31.1, +52.2) 122.8  261.3
(6.0, +424.1) (351.6, -261.3, -104.5, -193.1) (82.6, +16.1, +68.4, -40.7) 96.2  138.8

(+393.2, +170.0) (712.87 -518.6, +186.0, -442.4) (197.27 +159.9, -16.2, +109.3) 126.0 344.1
(-248.4, -409.4) (196.0, -34.3, -167.8, -56.5) (200.2, -99.5, -105.2, -137.7) 98.9  130.8
(-248.4, -409.4) (231.8, -66.7, -159.0, -133.3) (200.2, -99.5, -105.2, -137.7) 101.3  143.8

(+1093.0, -402.4)  (216.5, +112.3, -132.6, +97.9) (192.3, +160.3, -55.7, -87.1)  109.3  164.3
(-139.0, +285.7) (303.5, -155.6, -88.1, +231.5) (209.4, -22.4, +70.9, +195.6)  90.5  122.4
(+144.5, -42.3) (160.1, +86.5, +74.8, -98.5) (259.0, -228.9, +40.6, -114.1)  155.9 undef
(+207.7, +263.7)  (181.9,-85.8, +106.3, +11.9)  (319.2, +242.8, +172.2, -107.6) 135.0 192.4
(+466.3, -78.6) (158.5, +51.9, -60.1, -111.4) (98.1, +58.9, +1.8, -78.4) 89.3 2228
(+53.7, -223.1) (231.8, +36.4, +111.2, +191.2) (52.7, +15.7, -47.7, +15.9) 87.4  264.8
(+204.6, +229.1) (110.5, -6.2, -27.8, -41.3) (447.2, +182.2, +162.4, -374.1)  113.5  174.7
(-148.8, +169.7) (99.0, +59.8, -29.6, +1.4) (171.3, -75.4, +97.5, +118.5) 98.0 182.4
(4+225.8, -82.9) (168.3, -104.1, +85.5, +86.5) (103.3, +83.2, -32.5, +51.8) 88.7 263.5

(-103.2, -88.5) (196.3, +153.9, -72.3, +36.1) (129.2, -105.2, -40.7, -61.7) 104.6  153.3
(-103.2, -88.5) (107.8, +44.9, -44.7, +1.2) (129.2, -105.2, -40.7, -61.7) 106.8  169.7
(-58.1, +84.2) (301.2, -21.2, +165.3, +246.1)  (203.9, +15.8, -126.1, -159.4)  94.3  undef

(4243.7, -700.0) (339.2, -90.0, -67.3, -302.6) (141.0, 4+78.0, -100.6, +52.7) 132.7  290.6
(+195.6, -30.3) (427.6, -136.6, +177.6, +355.2) (100.5, +65.8, -11.4, +74.9) 91.7 129.2
(-337.1, +291.8)  (358.2, +21.6, -116.6, +332.3)  (160.7, -72.0, +75.5, +121.8)  91.2 1588
(-134.8, +104.3) (152.8, +3.1, -124.6, +8.3) (151.6, -89.3, +115.3, +38.1)  106.5  181.8
(+126.7, +415.1) (229.9, -182.7, -67.9, -74.0) (198.2, +127.4, +125.7, -61.3)  154.1  289.0
(+213.6, +20.3) (194.1, -57.4, +157.3, -69.7) (68.1, +58.4, -31.8, -13.8) 91.7  181.3

(-177.5, -59.0) (124.6, +17.3, -15.4, -84.7) (415.9, -78.4, -46.8, -405.4) 102.5  205.8
(+68.7, +50.5) (330.2, -19.0, -193.8, -251.2) (355.4, +77.0, +174.8,-299.5)  113.6  223.2
(+132.4, -20.3) (115.1, -42.5, -40.5, -56.0) (140.5, +59.0, -19.8, +125.9) 96.2  202.1
(+159.5, -66.2) (263.0, +38.9, -120.6, +215.7) (50.4, +48.2, +13.5, +4.3) 97.0  150.3
(+25.9, +101.8) (129.2, +75.7, -23.9, -53.7) (57.0, +18.3, +52.0, +12.6) 97.5 1349

Table 1. Monte Carlo event samples for which a discrepancy exists in computation of the asym-
metric dual one-step event statistic M25 [8]. By definition, M7} = 0.0GeV and MJ = 80.4 GeV.
Tabulated masses and momenta are likewise in GeV.
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The massless phases (with some epsilon-width acceptance) may be quite common in
real data, and are sensitive to particle species and the handling of jet kinematic reconstruc-
tion. In the present trials, (My = 0) is realized by about 0.7% of the raw dual one-step
event candidates, and (Mg = 0) by approximately half (leptons are light) of the mixed
one- and two-step topologies. The onset of (2 = 0) is inherently statistical, representing
a common longitudinal frame (within some tolerance) for the primary (V) and secondary
(S) visible species of a two-step decay chain; in tests, this phase occurs once per about
2,700 opportunities. The kinematic proportionalities (P; o P§) and (P} o< P§) are not
observed; the latter, representing an explicit collinearity, is generically precluded whenever
isolation in (AR) is enforced on the reconstructed physics objects, as is presently the case;
the former, representing an implicit collinearity equivalent to (Mx = My + Mg), remains
broadly accessible in principle, although it presently requires that the secondary visible
decay product has a mass (Mg = Myy) consistent with that of the W-boson, which should
not much be expected of a leptonic track assignment.

It would seem that the most immediately practical and impactful innovations offered
by this work are (i) an inherently unified structure, which holistically treats all one- and
two-step asymmetric event topologies, (i) a substantially improved logic for the initial
upper and lower parent particle species My scale boundaries (which is intrinsically depen-
dent upon a clear and comprehensive understanding of the accessible critical phases), and

(iii) deployment of the 12"

order polynomial quartic discriminant D4[Y], cf. eq. (5.5), as
a lighthouse for the illumination of conic intersection roots. Together, these technologies
(the second is particularly relevant to M%, and the third to M¥V2) serve to reduce the like-
lihood of passing over, and to streamline the convergence toward, a kinematically viable
parent mass scale. In principle, the described MTQ algorithm should fare no worse for any
particular example than the (CH) varietals, given that it reverts to the lower level scan-
ning and stepping method as a safety net underlying the more sophisticated (theoretically
complete or near so) analysis framework; in practice, differential selection of the sample
point distribution may still engender disparities for certain numerically slender cases; in
fact, there remains a non-vanishing likelihood that both routines will simultaneously fail
to affirm the provenance of some particularly delicate intersections, as may well be the
circumstance, unheeded, even for a subset of those limited trials here undertaken.

The algorithms in the (CH) family do fare quite substantially better in execution time
for the described tests, by about a magnitude order for M%z and M%, and two for M¥V2
However, it must be emphasized that a large fraction, if not the outright majority, of this
time differential may be ultimately be attributable to the fact that the author’s current
working implementation is realized in the interpreted programming language PERL, which
provides a highly flexible environment to developers, although one that is well-known to
execute substantially more slowly than compiled languages such as C++4 or FORTRAN in
head-to-head tests. Notably, many of the advances outlined herein are intended to pro-
vide a stable alternative to the method of finely-grained incremental review of potential
intersection scales, thereby providing a sizeable negative offset to the net instruction count;
however, certain numerical frailties argue still for the implementation of incremented sam-
pling as a fallback, and the default tuning here has favored accuracy (and, to a lesser extent,
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precision) at the cost of speed. Scientists and members of Physics Working Groups who
might benefit from projection of the described MTQ algorithm into a compiled language
are encouraged to contact the author directly; an additional advantage of this refactoring
could be realized in the selective application of quad precision floating point arithmetic
to compensate for comparative fragility of the quartic discriminant, thereby rebalancing the
relative weights of computational time and computational safety away from the universal
application of step-wise sampling in revision.

C Pseudocode and logical flow of MTz

The present section of the appendices supplies a thorough pseudocode and diagram of
logical flow for the MTQ algorithm, which symbolically supplements the detailed textual
commentary of the main document body. Further clarification of technicalities may be
realized by cross-referencing the available [12] exemplar of functioning source code, as
projected into the PERL programming language. Liberal use is made in the following of
the ternary (If) ? (Then) : (Else) flow control operator.

read (P, My, P, Mx)4 p kinematic input
read (P7Y) or set (P1¥ < —1x Y PrY) missing momentum

Y

set ((2-Step), Corriniv)as < ((defined PY), My =0, Mg =0, Q= 0, P;; x P¥, P x P5) s p

compute (A4,0p) < & x {|cosf|, —1 x (signb) x [sin@|}qp with (Q=1) if (Cry)ap cf Egs. (8,9,38)
set (0) < (04 + (sign(04-0p)) x 05); set (¢) < (7/2—arctan (|6, |, (signf,) x 6,))

for (P3Y, (P, PY)ap) set (P™Y) < (P™Ycosp+ P sing) global rotation goto

I1
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IT

for (A,B) { each leg

if (Ey eq 0) or (P eq 1) then { set (A7T2 < undef); exit } ¢f. Egs. (7)

for (P, PY) set (P*?) < (P"* — P; p*° )+ V[1- (f’é)z] transverse frame

if (Ey eq 0) or (Eg eq 0) then { set (ZLNITZ < undef); exit }

compute (P}, My, My, My, P%Y, P4 /Eg, Ms/Es, By | Eys, Es/Ey, By) ¢f. Egs. (7)

define (T[Y]) polynomial function, cf. Eqs. (9,36); compute (A,A, ,,QT1,(,€) cf. Egs. (9,37)

if (Cy or Cpy) compute (A < {a,b,¢,d, f,g}) with (I'= A) and (P} = P4/Es)) shepherd, ¢f. Eqs. (8,9)

compute (D < (ac—1b%)) < (Cry) 7 (Cp) ? (undef) : (Mg/Esg)? :
(2-Step) 7 (2 x &) : (Cp) 7 (undef) : (MZ) conic discriminant, cf. Eq. (13)

set (Toy) < (1-Step) 7 (My My ,undef) : (Cpy) 7 (A,A) : (C; and Cpyy) ? (0,undef) : do {
compute (ag, = —(Ms/Es)*,80.70) cf. Eas. (19)
evaluate ((C1) 7 (—7p/Boundet) : (—fe £ V(65 —4ag1e])/2a0) ¥

compute (Y .) scale bounds, cf. Egs. (9,36)

define OY,P] = {
compute (A[Y]) < (Cy) 7 (A) : (Cy) 7 {0,0,0,A,/2,A,/2,(C—A)} : {a,bc.d, f,q} cf Egs. (8,9.12,14)
if (defined Y') then evaluate (A = A[Y']) numerically specialize
if (P) then evaluate (A = A) cross project, cf. Eqs. (11)
return (A) } conic coefficient closure

define O [Y,P,A,Y] = (Cry or ¢;) ? (undef) : { do {
if (defined A') then compute (ar, B,7)[Y] < (g, Bg,7e) dual intersection, cf. Eqs. (26)
else compute (a,(,7)[Y] < (ap =&, Bp.7p) self intersection, cf. Eqs. (25)
if (defined Y') then evaluate («,f,7) = (a,f,7)[Y'] numerically specialize
else return («,f,7)[Y] polynomial function; set (13}{11)@1 = (=B [B —4aq])/2a
if (P) then set (P4)ps < (BEy/Ey) x (P4 — (PY)oy) cross project, of. Eqs. (11)
return (ﬁ}})®i if (V) y root pair } for ((y,b, f,Ay,ﬁgl’q) and (y,b, f,Ay,ﬁ%) = (x,a.d, Azﬁfp)) }
return (avg (ﬁ;)@b avg (ﬁ}’{)@i) z,y coordinate averages } linear intersection closure

define ®[Y',P] = (defined @) ? O [Y',P,undef, false] z,y coordinate averages : {
if (defined D) then { set (A <« O[Y',P]) coefficient array; return (vo,yo)[A] cf. Egs. (17) ¥
set (P".T') < (2-Step) 7 (P4/Eg,A) : (PL,T[Y))
set (PiY), « (P™Y) x (T eq 0) 7 (My eq 0) 7 (0) : (INF) : (M7 —T")/(2T")
if (P) then set (PoY), <« (By/Ey) x (PLY — (PhY)y) cross project, cf. Egs. (11)
return (PjY), center proxy } conic center closure

define ©[Y',P] = (defined @) ? O [Y',P,undef, true] y root pair : {
set (A < O[Y,P]) coefficient array
compute (o = —1 x D, B, 75)[Y'] horizontal tangents, cf. Egs. (33)
if (defined D) or (S not eq 0) then {
set (Pf)os < (detined D) 7 (—fg + V[B2 —4age])/ 205
(Be >0) z (—=75/Bs,undef) : (undef,—v-/B5) } ~
else { set (P})or < ((P) exclusive or (2-Step) 7 (P§/Es <0) : (P} <0)) ?
(undef, ® [Y',P]) : (©[Y',P],undef) degenerate vertex }
return (ﬁ,ﬂ)ei y root pair } conic boundary closure

: /fﬂ
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oto



I11

set (4, B) < sort descending (i = (4, B)) by (Th,)
set (A, V) < (TéJr,min(Tgf)) acting bounds

if (CF) and do {
compute (/'?Q/,JA}G/) < Op [TH true] of. Eq. (21); compute (I'%,) with (P = PY/Eg) ¢f Eq. (23)
evaluate (I, < A™) } for (H,P) = (A,B) or (H,P)= (B,A)) then { set (Vo«<a') type [l }
else {
set (V" < min( do {
compute ((é/t'\@Jr,JA}@Jr) = Op YL, true]) of. Eq. (21); compute (TY,) of. Eq. (23)
evaluate (T2, ) ¢f Egs. (9,36) } unless (2-Step)™ for ((H,P)= (A,B) and (H,P)= (B,A))))
if (defined V") and (V'< A’) then { set (Vo<=4') type I}
else if (defined V") and (V’< BIG) and (not (2-Step)™?)
else if (defined @4 or ©p) { do {
set (ag,B0:70)[Y] < Oy [undef] of. Eq. (25)
set (g, By, 7g)|Y] < Oy [undef, false, Op [undef, true|] ¢f. Egs. (8,26)
define (@/>[T] < —1x ((apre — u@’Y@)Q + (apBe — aeBy) X (Vobs —Ve80)) cf Eq. (28)
evaluate (ag,fg,70) for (agYe + BeYo + 7o) < ((defined Dp) ? @ : (82 —4agys)) [Tl
if (85 —4agvg) <0) then { set (M, < undef); exit }
if (ag not eq 0) set (To): < (—By £ VI[85 —4agrg])/2ag
set (0",V") <= (ag<0) ? (Tosr) : (ag>0) ? (Tgs,undef) : (B <0) ? (undef,—7yq/Bg) :
(Bgy>0) ? (—vg/Bg,undef) : (g eq 0) ? (undef,undef) : do { set (]VITZ < undef); exit }
set (A',V') < (max(a’,A"), min (v',v"))
if (defined Tp) or ((defined 4”) and (e + o) — (Bufs)/2)[6”] < 0)
then { set (Vo< A') type IT; undefine @ } else { set (V,<=V') triple intersection }
} if (defined @y) for ((H,P)= (A,B) and (H,P)= (B,A)) }
else { set (Vo< V'); set (@ <« true) quartic discriminant }}

then { set (Vo< V") absolute bounds

if (o' > V') or (»' > BIG) then { set (M, < undef); exit }

set (V) < (©” or (defined ©')) ? (defined V,) ? min(V,,BIG) : (BIG) : (V)

set (Ag, Do) < (A", 4"); set (A,1>,V) < (Ag,>0,Y) initial bounds

set (A, A') < (O, [undef, false], O [undef, true]) coefficient arrays

compute (u; [v;[A, A']]) ¢f. Egs.(31,32); compute (D; [u;]) ¢f. Eqs.(34,35)

define ©[Y] = (©” or (defined @) ? (Cfy or Cfy) 7 { return 0 } :
{ return int roots ((defined ©@') 7 @'[Y] : D;[Y]) in (Y',V,) Sturm sequence } : (undef)
bounded roots closure

define ® (Y] = {
set (PY)A,,(PY)B,) « (4T false], Oy [T, true]) physical domain
set (41,5 ) < (max((BY)A,, (P4)2,), min (P44, (P4)E.)) geometric overlap

return (false) if (y_ < y,) inversion filter

intersection status closure
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return (not defined w;[Y’]) or ((int roots (> u;[Y']y") in (ye,y_)) > 0) Sturm sequence } /
g

}

oto

IV



— yes _
[compute (n< @[D])]—<—<(defined ©) and (not defined N)

(defined 1))

set (g < 1)

no

undefine (©,N)

B> {set (V<=r>) diminish upper bound] [ set (A<1>) elevate lower bound]—<—

Y Y

[set (>) < (defined N) ? v x pow ((Ag+ V), (N« N— 1)+ Ny)) (A+V)/2]

Y

yes no
(defined 7) and ((n eq (1o — 1)) or (ny eq 0))

goto

S yes(((va)/z < EPS x [ (2B BY))) IV

(defined ©@)

(defined N) set (A,>>,V,N,n) < (A, Ag, V, int (14 (1 — (A¢g+ V) x TRY)) X TRY), undef)]

Y

set (A,>,V,N,n) <« (V,V7V07undef><2)]—’-[set (00, Ng,m9) <= (A7N,7])]

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

set (M, < undef); exit
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