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1 Introduction

The source method is a well established tool for probing the structure of Quantum Field
Theory (QFT). The basic idea is to promote the Lagrangian parameters (coupling con-
stants and masses) to local background fields and to exploit the resulting (possibly local)
symmetries to constrain the form of the effective action. Moreover, the use of local sources
allows to control the correlators of the associated composite operators, and, in particular,
allows to map the behavior of some operators across strongly coupled regimes. Prominent
examples of the use of the source method are given by the chiral lagrangian of low-energy
hadrodynamics [1] and by exact results for holomorphic quantities in supersymmetric gauge
theories [2, 3]. Another playground where to usefully apply the method is given by softly
broken supersymmetry, in perturbation theory [4] and beyond [5, 6].

A crucial aspect of any given QFT is its behavior under renormalization group (RG)
evolution. Technically, RG evolution corresponds to the change of the dynamics under a di-
lation. In view of that, it seems natural, in order to try and explore the structure of the RG
flow, to formally promote the explicitly broken dilation invariance to an exact Weyl symme-
try. Of course, in order to be able to do that, one must promote the Lagrangian parameters
to local fields with definite transformation property under Weyl symmetry. In particular the
flat Minkowski metric 77, must be upgraded to a generic curved metric g,,,. This program
was carried out to a very significant extent about two decades ago in a series of interesting
papers by Jack and Osborn [7-9]. One first basic result is that the Weyl variation of the
quantum effective action W in the presence of sources is given by an anomaly equation’

(20 sy~ Vg o) WAoo = A@) (1)

where A are the external sources, and A is a local scalar function of these sources and the
metric. In the case of a conformal field theory (CFT), by turning off all the sources apart
from the metric, A reduces to the well known expression for the Weyl anomaly [11, 12].
On the other hand, away from criticality, where 8 # 0, this equation can be interpreted
as a local generalization of the Callan-Symanzik (CS) equation. Now, a second, perhaps
more interesting set of results follows from the request of integrability of A. This request
can be enforced along two equivalent routes. One is to directly derive A from the bare
lagrangian in a given renormalization scheme, for instance dimensional regularization [8].
The other is to require A satisfies a Wess-Zumino consistency condition, regardless of de-
tails concerning the renormalization scheme [9]. The result is a set of non-trivial constraints

! An earlier version of this equation was introduced already in 1979 by Drummond and Shore [10].



involving the S-functions and the anomaly coefficients. The latter can also be interpreted
as the short distance singularities in different correlators involving the energy momentum
tensor and composite scalars and vectors. It is indeed according to that interpretation
that some of these results had earlier been derived in works by Brown and Collins [13] and
by Hathrell [14]. However, concerning 4D QFT, the most remarkable result of refs. [8, 9]
is a relation involving the S-function and a quantity a that coincides with the anomaly
coefficient @ at critical points?

oa

o = (st &)’ (1.2)

where x and ¢ are respectively symmetric and antisymmetric covariant tensors over the
space of couplings. Indeed, in the '70’s, a relation of this form had been proved at finite
loop order, and for specific models, through a laborious diagrammatic analysis [15]. How-
ever the use of the local CS equation offers both a deeper viewpoint and a more systematic
approach. Moreover, as a only depends on the RG scale via its dependence on the running
couplings, a corollary of the eq. (1.2) is

ujz S (1.3)
This equation is fully analogous to the perturbative incarnation of Zamolodchikov’s c-
theorem [16] for 2D QFT, with x;; interpreted as a metric in the space of couplings.
Indeed the c-theorem itself can be shown to coincide with the Wess-Zumino consistency
condition associated with the 2D anomaly off-criticality. More precisely, in the 2D case, as
proven in ref. [9], there exists a choice of scheme where a quantity ¢, coinciding with ¢ at
criticality, evolves according to the analogue of eq. (1.3), with a positive definite metric.
Concerning the 4D case, although in refs. [8, 9] the positivity of x7; could be established
at leading order in perturbation theory, a robust non perturbative picture was missing.
Perhaps because of this obstacle, no attempt to draw conclusions on the structure of 4D
flows, in particular on their irreversibility, was made in those works.

Even in the absence of a proof, eq. (1.3), Cardy’s conjecture [17] and direct evidence
from exact results in supersymmetric gauge theories [18] had led to the belief that an
irreversibility argument for a, an a-theorem, should have existed in the 4D case as well.
But a complete proof only arrived in 2011, in the work of Komargodski and Schwimmer
(KS) [19, 20], who showed that, in any flow between two CFTs, the end points of the flow
satisfy the inequality ayy > arr, where ayy (arr) is the value of the a coefficient in the UV
(IR) fixed point. With the wisdom of hindsight, it is now rather clear why the 4D proof
took so much longer: while for the c-theorem in 2D it suffices to study the 2-point function
of Ty, the 4D analogue requires a study of higher point correlators. This necessity had
already been noticed by Osborn [9], but within the local CS methodology there was no
concrete guideline onto how to proceed. KS instead found a guideline in the form of an
external background dilaton field, the component of the background metric that couples
to the trace T' of the energy momentum tensor. The on-shell dilaton scattering amplitude

24 is the coefficient of the Euler density term in the Weyl anomaly in 4 dimensions.



just happens to package the right combination of 2-; 3- and 4-point functions of T' that is
directly sensitive to the RG flow of the anomaly coefficient a. Using a dispersion relation
for the scattering amplitude and using unitarity, KS could then compare the value of a at
the UV and IR asymptotics and prove ayy > agr.

The a-theorem represents a non-perturbative constraints on the RG flow under the
assumption that the end points are described by conformal field theories. However the
same methodology introduced by KS gives a guideline to obtain further constraints on the
structure of the flow, very much like it happens in 2D. A further step in this direction
was given in ref. [21], where the finiteness of the amplitude was used to exclude anomalous
asymptotic behaviors for perturbative RG flows.? In a sense, the ingredients for this proof
already existed in [8, 9], but the usage of the dilaton amplitude and dispersion relations
made the connection to the asymptotics of the theory more transparent. Ref. [21] provided
a synthetic derivation relying on the minimal set of ingredients needed in a perturbative
computation. In particular, no detailed discussion of the structure and the role of multiple
insertions of T was given. Moreover, issues like scheme dependence, operator mixing and
the role of explicitly broken global symmetries were not analyzed in full detail. Similarly
the connection between the dilaton amplitude trick and eq. (1.3) was not fully explored.

The original goal of this paper was to illustrate all these details and to present a
systematic method for computing correlation functions of T' off-criticality. We achieved
this goal by studying and applying the local Callan-Symanzik equation. A by-product of
this study is a new understanding of the structure of the Weyl anomaly. In practice we
have shown that the anomaly can be written in a manifestly consistent manner up to the
very few terms related to the a coefficient.

The first part of this paper, section 2, consists of a detailed analysis of the local Callan-
Symanzik equation and is largely based on the original work by Osborn [9]. In particular,
in section 2.1 we present the equation and give a simple description of its derivation (a
more detailed discussion based on dimensional regularization is given in appendix B).
Section 2.2 focusses on the generator of Weyl transformations, and subtle issues involving
its dependence on the scheme, choice of improvement and ambiguities in the presence of
global symmetries. We also introduce new terminology and notations which are essential
for the discussion in the following sections. Next, in section 2.3 we study the anomaly,
which is parameterized by 25 unknown tensor coefficients related by ~ 10 differential
consistency conditions. We show that most of these conditions can be explicitly solved
and that the anomaly can be reformulated in a manifestly consistent form, with only
3 non-trivial consistency conditions remaining. One combination of these is the famous
equation (1.2), while two others, involve anomalies related to external gauge fields. We then
apply these results to the study of gradient flow formulae for the g-functions in section 2.4.

In the second part of the paper, we present a method for computing the n-point
correlators of T', which we package in terms of an effective dilaton action. We show how

3That result was confirmed by an explicit study in weakly coupled gauge theories in ref. [22]. As concerns
ruling out anomalous asymptotics beyond perturbation theory, the specific case of scale invariant field theory
without conformal invariance was cornered in ref. [21] and even more significantly so in ref. [23]. A totally
clearcut proof is in our opinion still waiting, but probably imminent [24].
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Figure 1. Our discussion concerns RG flows in the vicinity of a conformal fixed point, where the
[B-function and the anomalous dimensions can be treated as small perturbations.

to express these correlators as the sum of a local term related to the anomaly (section 3.2)
and correlators of composite scalar operators (section 3.3). Finally, in section 3.4 we
use this machinery to revisit the results of ref. [21]. We also connect the dilaton based
approach of ref. [21] to the consistency condition approach of ref. [9]. As a by-product
we show that there exists a scheme where the metric x7; essentially coincides with a
manifestly positive definite metric constructed in terms of combinations of matrix elements
of composite operators. That is the analogue of what done in ref. [9] for the 2D case. In
section 4 we draw our conclusions.

2 The local Callan-Symanzik equation

2.1 General set-up

Our main goal is to study the properties of the RG flow in the neighbourhood of a con-
formally invariant fixed point. The basic idea, as sketched in figure 1, is to turn on all
the possible marginal deformations of the CFT, which we describe by a set of independent
couplings A, I = 1,..., N, such that A’ = 0 corresponds to the unperturbed CFT. These
couplings are associated with scalar operators Oy, corresponding, at the fixed point, to
primaries with dimension equal to 4. We shall moreover assume the original fixed point
is endowed with an exact flavor symmetry G, which is in general explicitly broken at
M £ 0. One relevant question, originally addressed in ref. [21], is to ask which flows are
possible and which are not, under the assumption that the asymptotics lie perturbatively
close to the original fixed point. An example to which our assumption applies is given by
weakly coupled renormalizable gauge theories with scalars and fermions. In that case the
original fixed point corresponds to free field theory. In particular it can be applied to the
study of the flows in large N theories where one plays Banks-Zaks tricks [25, 26] to obtain
novel fixed points or, possibly anomalous flows, such as SFTs (theories with scale but not
conformal invariance) or limit cycles.* However, our analysis also applies to the case where
the original CFT represents a strongly coupled non-perturbative fixed point endowed with

1 As we already mentioned these exotic possibilities are now ruled out by the analysis in ref. [21], which,
among other things, we will here reproduce with extra details.



its own marginal deformations, like they are known to exist in supersymmetry. Indeed, as
we shall be able argue later on, our discussion applies to the more general case in which
there exists an extended region of A space, where, even though the A’ may not be treated
as small perturbations, the S-function can still be treated as small. Examples of this more
general case can be found in QFTs with manifolds of fixed points (see for instance [27]).
While we do not know of any explicit examples in theories without supersymmetry, we
believe consideration of this possibility, even if merely conceptual, better illustrates what
are the necessary ingredients in our study.

In QFT the trace of the energy momentum tensor 7' = T}/ is known to correspond to
the divergence of the naive dilation current. The change of the dynamics under (naive)
dilations is thus controlled by correlators involving 7. In order to make the properties
of these correlators more explicit, we need to expand T in a complete basis of scalar
operators of dimension 4. This basis surely includes the scalar deformations O; that
generate the flow, but in principle there could also appear divergences of the flavor currents
9, J'y and operators of the form 0O, where, at the fixed point, O,, are primary scalars of
dimension 2. It is therefore crucial to have a convenient method to control the properties
of these operators. Now, the standard methodology to define composite operators and
their correlators is to introduce the associated spacetime dependent sources. For instance,
the energy momentum tensor T*” will have as its source a local background metric g,,, (),
while O; will have as its source a spacetime dependent coupling A’ (). Along the same line,
in order to source the currents J%, we shall turn on background vector fields A;‘ () gauging
the flavor group G g, while the dimension 2 operators O, will be sourced by scalar fields
m®(x). We shall collectively indicate the set of local sources by J = (g"¥, A ,Aﬁ,ma).
The renormalized partition function in the source background

Z|J) = eV = / Dpe (P T] (2.1)

acts as the generator of the correlators for the associated renormalized composite operators.
The same information is more efficiently encapsulated in the quantum effective action W,
which generates the connected correlators. When acting on W the functional derivative
with respect to a source coincides with the insertion of the corresponding operator in a
connected correlator

2 5 R .
ﬁm = [ ,uu(x)] \/_—g(”\[(x) = [OI( )]
L0 AW L% _10.) . (2.2)

V=g 0A(x) V=g 0m®(x)
Time ordered n-point correlators are obtained by first taking n-derivatives of YW and then
setting the sources to “zero”: g"¥(x) — n**, M (z) — M = const, Af} =0 and m®(z) —
m® = const. We will use the following convention:

_ 5 5
<T{OI1(IL’1)...OI”(1’TL)}> - \/—g(m)...\/—g(mn) 5)\["(xn) (SAll(xl)W
_ (_i)n_lzn HnVn g Hivy 4
(T @) T@)Y) = e o s o™ (23)



Notice that our definition of the n-point correlator of 1" coincides with the standard one
(—i)n—1on 5 5
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up to contact terms.

A standard property of effective actions for sources is to formally respect extended
symmetries, up to anomalies. As concerns diffeomorphisms and G transformations, in
this paper we shall make the simplifying assumptions that they are anomaly free. Indeed
most of our discussion shall focus on the case of parity invariant theories, for which diff x G g
are not anomalous.® The other crucial symmetry is given by Weyl transformations under
which the metric transforms as

9" (x) = 27 g (z) 09" (x) = 20(2)g"" (x) - (2.5)

and whose anomaly is the centerpiece of our study. The origin of the Weyl anomaly is
discussed in more detail in the appendix, focussing on dimensional regularization. Here we
shall limit ourselves to the basic story, which goes as follows. As a function of the sources
T = (g™, M\, Aﬁ, m®) and of the dynamical fields the bare action can be in general split as

S =5We, 7]+ SP[J] (2.6)

where S™) involves only terms that non-trivially depend on the dynamical fields, while S(2)
contains, instead, purely source dependent terms such as (VZ)\)%, R(V )2, R, RF, etc..
The addition of S is necessary in order to obtain a finite quantum effective action after
renormalization. In dimensional regularization S®) can be chosen to be a series of pure
poles in 1/e. Now, given that J represent the complete set of sources for the operators
that can appear in the expansion of T', it is basically by definition that there must exist a
choice of Weyl transformation 6,7 such that S() is invariant. Once again, as we show in
the appendix, in dimensionally regulated weakly coupled gauge theories, this fact is pretty
obvious. On the other end, once 8,7 is picked that way, it is clear that S® will in general
not be invariant.% Since S has no dependence on the dynamical fields, its variation will
directly control the variation of the quantum effective action. We thus have

/ d4:c60j W= / d'z 6,7 jS@)— / diz A, (2.7)

where the locality of S dictates A, must be a local function of the sources. Notice more-
over that, even though S® is a series of counterterms that diverge with the cut-off, by
eq. (2.7), its variation | A, equals the variation of the renormalized action with respect to
the renormalized sources, and must therefore be finite. A, represents an anomaly for the
Weyl symmetry. Eq. (2.7) is the local Callan-Symanzik equation we sketched in eq. (1.1).

5We plan to get back to the general case of anomalous global symmetries in a forthcoming paper.
SUnless new sources, coupling to pure functions of J are introduced, in such such a way that their
variation compensates for §,95.



2.2 The structure of Weyl symmetry

In this section we analyze in detail the Weyl transformation of the sources. The discussion
is based mainly on [9], but we shall highlight properties which we repute relevant to the
study of the anomaly and to the computation of the dilaton effective action.”

Let us recall once more the role of our sources. The dimensionless sources A (z),
associated with quasi marginal operators O;(z), are local versions of the couplings A that
produce the RG flow we want to study. The CFT fixed point we are expanding around
corresponds to ! = 0. This fixed point respects a flavor symmetry G, which is in general
explicitly broken at AT # 0. The vectors Al‘j‘, with the index A running in the adjoint of G,
are background fields gauging Gp. They act as sources for the currents J/;. By the scalars
m(x), we indicate the sources of scalar operators O, with dimension equalling 2 at the fixed
point. Notice that m® have mass dimension two, in spite of the perhaps misleading notation
(which we adopted from ref. [9]). The CFT may also possess relevant scalar deformations of
dimension # 2. For instance, in weakly coupled gauge theories these are given by fermion
masses and scalar trilinears, that are associated with dimension 3 operators. In the limit
where the corresponding mass deformations vanish the appearance of these operators in the
expansion of T is forbidden by Lorentz invariance. We shall thus neglect them in the course
of our discussion. Finally notice that, although we do not indicate it, the sources and the
corresponding composite operators in eq. (2.2) are defined at some renormalization scale p.

The discussion in this section is not affected by the assumption of parity conservation.
As it will be clear from eq. (2.10), that is simply because, by dimensional analysis, the
Levi-Civita tensor e*”?? cannot appear in the Weyl transformation of the sources. The
situation is however different for the Weyl anomaly discussed in section 2.3. Notice that
for parity invariant theories, G should be thought as a (maximal) vector subgroup of the
full flavor group.

The Weyl symmetry generator is the sum of the variations of the complete set of
sources J = (g, A, Aﬁ,m“)

e J— =0, =N — AP 2.
0T 5 R (28)
where
AI = /d4:n 20g’“’—5
o 5guy
0 0 o
B _ _ 4 . R R
A /d x <5g)\ 5 + 54, 5A, + dom 5m> . (2.9)

The Weyl variation of the sources will have the most general form compatible with dimen-
sional analysis (power counting) and symmetry (diffeomorphisms and G'z). That is:

SN =—cp!
0o All=—0pV, X + V084

7 As further reading material we recommend [28, 29].
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5gm“:(f<mb (261‘,‘—72)+C“R+D?V2)\I+2E?JVH)\IV“)\J>—V#JG?V“)\I+V2017“ (2.10)
where V to denotes the Gy covariant derivative
VA = 0\ + AN (TuN)! (2.11)

and T4 is a generator of Gr. By dimensional analysis, the various coefficients 37, p‘;‘, co,n®
in eq. (2.10) are functions of the marginal couplings /. Moreover, as the Weyl symmetry
commutes with G, these coefficients should be covariant functions. It would be straightfor-
ward to add to this set up the sources m® of relevant scalar deformations having dimension
= 2 at the original fixed point. By dimensional analysis the transformation would simply
reduce to

5om* = o Dgm” (2.12)

with Dj a A dependent matrix whose eigenvalues differ from 2 in the whole neighborhood

of the fixed point we are studying. Notice that unlike for the case of m® in eq. (2.10), the

dimensionality of m® forbids the presence of terms involving R(g) or derivatives of o and \.
The local Callan-Symanzik can thus be written as

AW = (AL — APyw = /d4x.Ag : (2.13)

We shall now study the Weyl generator A, in detail, focussing on properties that will help
clarify the structure of the anomaly and also help compute the matrix elements of T'.

2.2.1 The global CS equation, dilations and conformal transformations

It is important to relate the Weyl symmetry generator A, to the other incarnations of
dilations. First we must relate it to RG transformations, which are obtained as follows.
Consider first all the classically dimensionful parameters appearing in WW. In our case these
are just the renormalization scale p and the dimension two sources m®. Accounting for the
fact that lengths are purely controlled by g,,, we have then the obvious identity

AFW = ["aau + /d4:r <2m“(:c)5mf(x) + 2¢M (1) )] W=0 (2.14)

dgh (z)

By combining the above operator with a Weyl generator with constant parameter o = —1
in such a way as to eliminate the derivative with respect to the metric we obtain

5
5m“(:p)+) (2.15)

which corresponds to the ordinary Callan-Symanzik operator generalized to the case of local

0
N ()

0
ARG = AP L A,__ = ,u@ + /d4x (ﬁI + ﬁgmb(x)

sources. The RG transformation of the effective action, AR“W), is simply the integral of the
Weyl anomaly for constant o. This result establishes a direct connection between the terms
in the anomaly and the explicit dependence on In g of W. This dependence is associated
with logarithmic UV divergences. We shall further discuss this connection in section 2.3.



The other important incarnations are global dilations and special conformal trans-
formations. They correspond to those particular combinations of a diffeomorphism and a
Weyl transformation that leave the flat metric 7, invariant. The generator of infinitesimal
diffeomorphisms is defined by

: 5 J
AP = / d'e <(Vp§“g”” + V) s = VA )

dghv v (5Aﬁ‘
4¢P I J A J a J
— d .'L‘f Vp)\ W + VPAV W + me m . (216)

Our assumption that diffeomorphism are non-anomalous corresponds to A?if W =0 for
any £. An infinitesimal dilation is given by the following combination of a diffeomorphism
and a Weyl transformation

&t = cat o=—c (2.17)

The corresponding generator is

AD = ADIT 4y N,

E=cx

1) 1)
4 I A I A
:C/dx<ﬁ SRR AL —AM)M{})
4 b a  =a a ax72\ 1 1 a I J 0
—c [ d's (m" (26} —75) + C"R+ DFVAN + ZBf, VN VAN )

5 5 0 0
—c/d4x a’ <vaf(W + va;‘m + V,m W) (2.18)

Infinitesimal special conformal transformations are instead given by
H=2(b- )zt — M o=-2b-x (2.19)
so that the corresponding generator is

K _ ADiff
Ay = AE:(Q(b-z)zH_ZZb;L) +Ag=—2p2

2, [ ' (a8 50 + (o (10 - ) —ats*) )

—Zbu/d‘la: <x“ (mb (208 —7%) + C“R + DI\ + %E}QVMIVHX’) - e?v“,\’> %
f/d‘lx (2(b-z)z” — ) (V N w4ty vme (2.20)
PRGN T TP GAA T TP Sma

QFTs that are invariant under dilations (and conformal tranformations) correspond to
points in source space that are left invariant by the action of AP (and AK). As expected,
a point A' = Al = const, such that B/ = 0, with also v = M, A;‘ = m® = ( satisfies
dilation invariance. On the other hand, from the explicit form of AX, one sees that the
condition for conformal invariance is a different one. In particular, if 3 = 0 while S4 # 0
we have an SFT, that is a QFT with scale invariance but without conformal invariance.



2.2.2 The local CS equation and the operator algebra
Equation (2.13) encapsulates the relation between 7' and the other composite operators.

By iterating the equation we find this relation for any number of insertions of 7. We can
consider the following distinct cases:

e When none of the points in the time ordered correlator coincide, then by eq. (2.13)

we can write

(T{T(x)...}) D BI<T {O1(z)...})+ SA(T {Vqu(x) .. }) —n*T {VQOa(x) .. }}
(2.21)
This can be understood as an operator equation for 71"

T =101+ 54V, [Jh] —n"V? (O] . (2.22)

The coefficients 87, S4 and —n® are the coordinates of T" in the space of dimension
4 composite operators.

e When two, or more, points coincide, we find contact terms proportional to variations
of the coefficients in the Weyl generator, e.g.

(T{T@)01(y) . }y>id(x—y) (018" (T{0(x) .. }) = pT{V,uTh(a) .. })

~ DHT {V20u().. }))
(T{T(@)01(1)0,(2) ...}y >=d(x — y)d(x — 2) By (T {Ou(a) ... }) (2.23)

e When all points coincide, there are additional ultra-local contributions encoded by
the Weyl anomaly. These will be discussed in section 2.3.

It is also interesting to consider the field operator interpretation of the commutators

of the source differential operators with A% AP and AX defined in the previous section.

ARG’

In particular the commutators with control the renormalization scale dependence of

the corresponding renormalized composite operators. For instance we have

[ARG, 5;(95)] - —afﬁf(”jsm + ... — uiof =080 +...  (2.24)
The commutators with AP and AX control the transformation of the composite operators
in the Ward identities for the corresponding (generally explicitly broken) symmetries. At
the special symmetry preserving points in parameter space these can be interpreted as the
commutator with the corresponding conserved charges D and K*. The explicit computa-
tion of the commutators among the various functional differential operators leads to the

following results

T 0 6CV2 0 0 T

d | O 0 -5 0 0 Oy
— = @ 2.25
Hap | 74 0 DS (TaN)EVE  —pB(TuN)E 0 Jh (2.25)

O[ 0 D?V2 ,OIBV# —815‘] OJ
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T 4 —6CtV2 0 0 T
b =~ b
) B e B A S A | Rl BECED
JH 0 D5 (TAN)EVF 358 + pB(TaN) 0 Jh
O; 0 —D?Vz —pIBVu 45}7 + a[BJ Oy
T 0 6COVH 0 0 T
O, 0 0 0 ol 1] o
K =2 2.27
JY 0 — (Db + 65)(TaN) K g 0 of[J% (2:27)
0

Oy (QD? + 9?)V“ pIB +018% 0 Oy

Focussing on fixed points, we shall later comment on the consistency of the above results
with the algebra of unitary conformal field theory.

2.2.3 Ward identities and ambiguities

The basis of renormalized operators used to write 7" in eq. (2.22) is redundant in the
presence of symmetries. Indeed, by the equations of motion, V,,.J Z equals the G variation
of the Lagrangian and can thus be expressed in terms of a combination of Oy and O,. In
the background source approach this is viewed by considering the G Ward identity (a?(z)
are the Lie parameters of Gp)

afw= [ d [O‘A <(TAA)I<W(5 @ " (TAm)amfo:)) ~ Vi <5Ag(;p)> ]W -

2.28
which simply translates into the operator equation | )
(TaN) O1 + (Tam)* O + V. JH = 0. (2.29)
An alternative procedure is to define a new Weyl generator by combining the original

A, with an infinitesimal G transformation with Lie parameter a(z) = —o(x)w?(\)
Ay = AL =N, +AF_ (2.30)

Provided w? () is chosen to be a covariant (but otherwise arbitrary) function of the \’s, the
redefined Weyl symmetry still commutes with Gp. Eq. (2.30) corresponds to the following
redefinition of the coefficients of the local CS operator:

B = BT+ (WATaN) 5 = 35 + (W),

(2.31)
SA 5 84 4 A pt = pt — Ot

Notice that this is an ambiguity inherent in the definition of the S-function and of the
anomalous dimensions [9, 30, 31]. When carrying out the renormalization procedure this
ambiguity corresponds to the freedom in defining the wave function renormalization matrix
relating bare and renormalized fields [21].

The redundancy in the definition of A, is quite analogous to a gauge symmetry. Like
for gauge symmetry, unambiguous physical information is carried by the invariants, which
in our case these are given by

B! = g — (SATN)!
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Pit = pit +0rs!
Ve =75 — (S"Ta), - (2.32)

These are the quantities that unambiguously describe the RG flow. Indeed they correspond
to fixing the “gauge” by choosing w? = —S4 in eq. (2.31) so that the redefined S* vanishes.
Correspondingly, by solving for V,J/ in eq. (2.29), at mq =0, T in eq. (2.22) reads

T = B'O;] - n*V?[0,] . (2.33)

Notice that by the change in eq. (2.30) also the ARC acquires an extra flavor rotation
term. Making the choice w? = —S4 and using eq. (2.29), the RG transformation of the
renormalized operators becomes then (disregarding the contribution from O,)

d (Jh\  [—PE(TaN® 0 Jh
Fan <01j> h ( 0 —~ (81BJ+PIC(TC)\)J)> <0f.> (2:34)

With this definition, we can identify the following matrices as the anomalous dimensions
of the composite operators

v{ = 0rB7 + P T4\’
7K = PR(TaN" . (2.35)

2.2.4 Lie derivatives

A recurrent object that will appear in the analysis is a variant of the Lie derivative, which
describes the Weyl transformation of covariant tensors

E[YJBb ] BKaK {43;1) + i YJBb + ,)/ijBb + ’YaYJBb
—7KYKBb — 8y /o by IBe 4 (2.36)

where the different v matrices were defined in (2.32) and (2.35). The operator £ so de-
fined satisfies the distributive property of derivatives when considering products of tensors,
including contractions of covariant and contravariant indices. Schematically one has

LY -Z) =Y - LIZ]+L]Y] Z. (2.37)

For instance one has L[Y]-Z4] = YI£[Z4])+ L]Y]]Z#. Moreover one can easily check that
the tensor vl = (T4\)! satisfies L[v]] = 0 and can thus be carried freely in and out of the
L symbol. The latter property depends crucially on eq. (2.35) which relates the anomalous
dimensions for scalars and currents. The Lie derivative appears, for example, in the Weyl
variation of space-time derivatives of the sources

Ay (YIVEA) = o (—LY1)V M) + Vo (-B'Y)
Ay (YIVEN) = o (27 VAN — LIYIVEN — YU 2 VA VEAD)
+ Vo (—2Y7UVPAT) + V20 (-B'Y) (2.38)
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where Y7 is an arbitrary covariant function, and where we also defined the following tensors
1
Ui =6/ +0:B” + 5P;“(TAA)J
Vi = (UL 0k + POTaE) ) - (2.39)

Notice that in the specific example of eq. (2.38) the Weyl operator acts on G singlets.
Therefore the result is automatically dependent only on the invariant coefficient functions B
and P. In the case of the Weyl variation of tensors of G there would appear an additional
G rotation with Lie parameter S4. In the course of our study we shall however mostly
encounter the action on G singlets.

2.2.5 Source reparametrization and the form of A,

The choice of parametrization of the sources is of course subject to some freedom. A
change of parametrization leads to a change in the definition of the renormalized composite
operators and in the form of the Weyl operator A,. Compatibly with dimensionality, one
can consider the reparametrization

)\I/ _ )\]+f1
Al A A I
A = AL+ [T VA
1 1
m = m®+ fimb + 5 FAR+ foVAN + 3 VN VEAT (2.40)
Provided the various coefficients fr, ff‘, ... respect G covariance, the new parameters

N ,, Aﬁ/, m® transform as the corresponding original ones under Gr. The effective action
changes form but its value is unaffected:

W (g, N, A',m'] = W[g, \, A,m]. (2.41)

The form of the Weyl operator in the new coordinates is straightforwardly derived by
applying the chain rule. One finds the following relation for the coefficients in the new
coordinate system:

B! = 5"+ 50, f!

i = pit+ LI

SA/ _ SA o Blffq

" = 0"~ L L[f]

DY = Df — L[ff]
E}) = E; — LIfE] - 2UEE f2

0y = 07 + B f3, +2U] 3

n* =n"+ f*— B f} (2.42)

where we used the Lie derivative and the matrix Uj] introduced in the previous section.
The most important remark concerning the above equation is that by a suitable choice
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of f* and ff, the tensor coefficients n* and 0% can both be set to zero. As suggested by
eq. (2.33), and as further clarified in section 2.2.8, the choice 7 = 0 corresponds to an
“improved” energy momentum tensor.

As we said, the change of coordinates corresponds to a redefinition of the renormal-
ized operators. It is possible, however to find linear combinations of operators that are
invariant under the change of basis. Consider, for example, the change of coordinates
m® — m¥ = m® + f}lvz)\l . Focussing on the scalars for simplicity, the operators in the
new basis are related to the original ones via

[01] = [01)' + [7V? O]
[Oa] = [Od] (2.43)

Combining this with eq. (2.42) we find that the operator

~ 1

(01 = [01] + S (UT)7059? [Od] (2.44)
is scheme independent. This definition will be useful in section 3.4.

2.2.6 Consistency conditions

The abelian nature of the Weyl symmetry imposes constraints on the form of the generator
A,. The vanishing of the commutator

[Asy, Asy ] =0 (2.45)

leads to a set of equations relating the different coefficients appearing in (2.10):

BIPA =0
B'D} = L[y +6C
B'E%; = —L[9%] — 2U{ D% (2.46)

Notice that these consistency conditions are independent of the choice of gauge discussed
in section 2.2.3. Alternatively, as shown in appendix B, these conditions can be derived by
directly computing the coefficients of A, from a dimensionally regulated action. According
to that derivation the abelian nature of Weyl invariance, as realized on the bare sources in
eq. (B.3), is just an explicit fact, which need not be imposed.

One can easily check that the consistency condition P{AB! = 0 implies £[B!] = 0.
Together with L[(T4)\)!] = 0 we thus have

B'L[Yr;.] = L[B"Y1y ]
(TeN) L[Yar..] = LI(TpA) Yar..] (2.47)

What role is played by eq. (2.46)7 For instance, at a point where B = 0, the second
equation ensures that, once the choice n* = 0 is made, C* must also vanish. Eq. (2.25)
then implies that if 7" is improved so as to vanish at a given RG scale then it automatically
vanishes at all scales. The first equation, as we shall see in section 3, ensures the absence
of currents in the short distance singularities of correlators with multiple insertions of 7.
This significantly simplifies the derivations of constraints on the structure of RG flows.
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2.2.7 Dimension 2 covariant functions

In general, the Weyl transformation of dimensionful functions of the sources contains deriva-
tives of o (see eq. (2.38)). However, it is possible to find linear combinations of dimension
2 functions which transform “covariantly” under this symmetry:

" = v, v, — BUAY)

R 1
% = m® — = — —g2A! 2.4
m® —n 5 291 (2.48)
where we defined the function
I —1\! o0g , L
A= (U )J<V)\ +63R>. (2.49)

The variations of I’/ and II% contain no derivatives of . In the “gauge” S4 = 0 they are

AUHIJ S (QHIJ . 7{<HKJ . ’Y%HIK +'}’{(JLHKL)
AT = o (zna — APTIY 4 40,11 ) (2.50)

where we defined the tensors

J
7{(JL = B(I'YK)L
1
35 = & (B + 0%E) (251)

In computing the transformation property of II* we imposed the consistency condi-
tions (2.46). II’7 and II* will play an important role in the rest of the paper.

2.2.8 Limiting cases

It is interesting to consider various limiting ‘fixed points’. Focusing on T in eq. (2.22), we
can basically consider three cases:

1. When both n® and B! = g7 — SA(T4)\)! are zero the operator T vanishes, corre-
sponding to a conformal fixed point. Notice that conformality is signaled by the
vanishing of B! and not of any other choice of B-function. Conformal theories with
non-vanishing S-functions were discovered in [22].

It is interesting to consider the conformal transformations in eq. (2.27) in this limit.
Choosing a parametrization where §¢ = 0, the consistency conditions eq. (2.46) imply
D} = C* = 0, so that all entries in eq. (2.27) vanish, apart from one. In particular
one finds K*O* = K /‘J,f‘ = 0, consistent with these operators being primaries, but
also K*O! = —PIAJ " indicating that some of the O are descendants of the currents.
This result is indeed expected because of eq. (2.29). In appendix C we study this in
detail showing there exists an operator basis where each broken symmetry current is
associated to its a unique scalar descendant. In this basis all the remaining scalar
operators are annihilated by the generator of special conformal transformations and
all the remaining currents are conserved and have vanishing anomalous dimension.
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2. The case B! = 0 and n® # 0 corresponds to a fixed point whose energy-momentum
tensor is not improved
T(z) = —n"V?[0,] . (2.52)
This possibility is relevant when considering a QFT flowing to different CFTs
in the UV and in the IR. Adjusting the coupling to the background metric such
that the energy momentum tensor is improved at one asymptotic does not imply
improvement at the other.

3. Another type of conceivable fixed point is an SFT, corresponding to the existence
of a scheme where 3/ = 0 but S4 # 0 so that B! # 0. As noticed below (2.20),
such point in coupling space is invariant under dilation but not under conformal
transformations. In this case (2.22) becomes

T =-V,[V"] (2.53)

where V# = SAJN + V1O, is referred to as the virial current. By eq. (2.33),
since BY # 0 and since O; and O, are independent operators, we have also that
T = —V,V# # 0, with no possibility of improvement to make 7" = 0. The fact that
T vanishes only up to a total derivative is another way to see that the theory is
endowed with global scale invariance, but not with conformal invariance (local scale
invariance). Perturbative unitary SFTs are ruled out by the argument in ref. [21],
which we shall revisit in section 3.4.

Notice that in the case of an SF'T, one can consistently consider a reduced set of
sources by freezing ! = A\l = const such that 8/ = 0 and by reducing Aﬁ to a one
dimensional subspace: Aﬁ = SACM. One can then easily check that the Weyl trans-
formation of Af} in eq. (2.10), simply reduces to 6,C,, = V0. The relation BIPA =0
is essential to obtain this result. The source €, so defined thus corresponds to the
virial current gauge field of ref. [21]. Notice also that the inhomogeneous terms in
dom?, at n* = 0% = 0, package into a term proportional to R= R+6VHC), —6CHC,,.
Similarly the quantities I’/ reduce to constant coefficients times R. The quantity
R on the reduced set of sources 9w, Oy, satisfies 8y R = 20 R and plays an important
role in the structure of the anomaly in a SF'T, as we shall comment later.

2.3 The structure of the Weyl anomaly

We will now discuss the structure of the anomaly appearing in the local CS equation
AW(g, A\, m, A] = / d*z A, (2.54)

First, let us review the anomaly at an improved conformal fixed point (B! = % = 0). This
case corresponds to freezing all the sources apart from the metric (A\! = A\l = const, such
that BY()\,) = 0 and Al‘i‘ =m® = 0). The Weyl generator A, thus reduces to the metric
variation AJ. The anomaly A, is a linear combination of all the dimension 4 scalars that
can be constructed from the metric and its derivatives [11, 12, 32]

1
— A, =0 (aEqy — bR?* — ¢cW?) — V?6dR . 2.55
— (a4 ) (2.55)
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where R is the scalar curvature, W? is the Weyl tensor squared, and Ej is the 4-dimensional
Euler density.

The anomaly is constrained by a Wess-Zumino integrability condition [33]: since the
Weyl symmetry is abelian, one must have

AY, (/ d:clAgl) - Ay </ deA@) = (A%, A IW=0. (2.56)

This condition is satisfied by all terms in eq. (2.55) apart from R?. At a CFT fixed point,
the anomaly coefficient b must therefore vanish.
Deser and Schwimmer classified the conformal anomalies into three types [34]:

e Contributions that equal the variation of a local functional. Such contributions can be
eliminated by adding to the action a suitable local functional. They must, therefore,
not be considered as genuine anomalies. In the present case, V2o R corresponds to
such a removable term, as it equals the Weyl variation of \/§R2.

e Type “A”: anomalies that vanish when integrated over space-time with a constant o.
An equivalent characterization of these anomalies is that they do not contribute to

d
M@W = ARGy, (2.57)

Therefore type “A” anomalies are not associated with additional (logarithmic) UV
divergences arising in the presence of space-time dependent sources. The Euler den-
sity anomaly is such an anomaly because its integral vanishes on topologically trivial
spaces, such as Minkowski space. In practice this is because \/gFy can be locally
written as a total derivative (of a non covariant quantity).

e Type “B”: anomalies that do not vanish when integrated over space-time. Equiva-
lently, by the previous argument involving A%C these anomalies are associated with
an explicit In p dependence in the effective action. In 4D CFTs the corresponding
anomaly is W?2. An example of the associated In 1 dependence is given by the two
point function of T}, which in Fourier space reads

(T Tpo) = 1), p* np?/1i?, (2.58)

2) . . .
where H,(w)pg is the projector on transverse traceless 2-index tensors.

Strictly speaking, also the F4 can give rise to a In u dependence, but only when the CFT
is embedded in a space with non trivial topology, like for instance the sphere S4. In any
case, the logarithmic divergences associated with F4 do not affect local quantities, such as
correlators.

Let us now consider the anomaly in the presence of all the external sources, and see
what becomes of the properties we just discussed. Up to terms involving €7 the most

general form, first given in [9], is
1 _ 2 1, 2\ o2 (1
ﬁAa =0 (ﬂaW + Bo B + 9BCR ) Vo (ng)
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1 1 1
+U<g><?VM’V“R + XL VA VA R 4+ ox T, GV ATV

1 1 1
+ §X7JV2)\IV2/\J + §XI}JKV;L>\IV”)\JV2)\K + ZX?JKLV;L)\IVMAJVV)\KVV)\L

+Vto (walvu’ + %RYIVW\I + SV A (U EVIAE + %TUKVW\IV“/\JVNAK)

—Vo (U,VW + %VUVUAIV”)\J)

1
3
+V,0 (majalvw) — V20 (n°ka)

+a<%pabmamb +m” < GaR +1ar VAN + %sa“v,@’vu’) )

1 1
+o (ZHABF;‘VFBW + 5gAUF;“Vv“AIv%\J) + Vo (nA,F;‘uv%\’) (2.59)

where G, is the Einstein tensor, F; ‘ﬁ, is the field strength associated with the background
field Al‘i‘ and m®* = m® — énaR. As in the CFT limit, A, is redundant, in that it is only
defined modulo the variation of a local functional F' of the sources: A, ~ Ay + A F.
This redundancy corresponds to the freedom in choosing a renormalization procedure. At
the same time A, is subject to the Wess-Zumino consistency condition, now given by the
analogue of eq. (2.56) with A, instead of Aj. This condition translates [9] into ~ 10
differential equations involving the 25 tensor coefficients appearing in A, .

A new result, which we present here, is a reformulation of the anomaly, in which most
of the consistency equations are explicitly solved, leaving only three non-trivial constraints.
One of these is the equation discovered in [8, 9] and describing the flow of the coefficent a.
The other two equations involve instead the anomaly coefficients associated with the flavor
gauge fields. One key observation in our analysis is that, by eliminating a suitable set of
scheme dependent terms, most of the consistency equations become algebraic. They can
thus be readily solved and substituted back into the anomaly. The consistency equations
in this suitable scheme choice appear in appendix D.

According to our analysis the general anomaly in eq. (2.59) can be written as a sum of
five terms which we indicate using an analogy with the Weyl anomaly of a CF'T (eq. (2.55)):

Ag = AV 4 AR L AW 4 AP A (2.60)
The different parts of the anomaly are:

1. Generalized V2R anomaly.

The generalized V2R anomaly represents the terms that can be written as A, F and
can thus be eliminated by a choice of scheme. By a proper choice of local terms,

that is specified in the appendix, the coefficients d,Ur, Vi, S(1.), T1iK s ka, jar can
be set to zero.

2. Generalized R? anomaly.

The terms associated with /BC,Y[,X?,X{J,X(ILJ,XE}JK,QQ,ra_[ can be rewritten using
the consistency equations in the following compact form:

1

1 1 1
\/jg.A?Q =0 (2babHaHb + iba[JHaHIJ + 4b1JKLHIJHKL> (2.61)
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This part of the anomaly is simply the most general bilinear scalar constructed from
the covariant objects TI/Y and I1* which were defined in (2.48). Since the variation
of the II’s does not contain derivatives of o, the above term is manifestly consistent.

We refer to this anomaly as the generalized R? anomaly because in the limit
where VA = m = 0 the only term remaining from this anomaly is proportional
to R?. The definitions of the coefficients appearing here, in terms of the original
parameterization of the anomaly, are given in the appendix.

. Generalized W? anomaly.
1 2
AV = —ge W? (2.62)
V=3
The form of the W?2 anomaly is unchanged off criticality. The only difference is that
the ¢ coefficient is replaced by a function of the sources A/, but the anomaly remains

manifestly consistent.

. Generalized E4 anomaly.

As in the case of the W? anomaly, away from the fixed point, the coefficient of the Fj
anomaly is a function of the \’s, and is thus space-time dependent. However, since
the Weyl variation of E4 contains two derivatives of o, the consistency condition
involves (after integration by parts) terms proportional to V,a, which are not
present at the fixed point where a()) is a numerical constant. The result is that the
FE, anomaly is no longer automatically consistent away from criticality: additional
terms must exist in order to restore consistency. We find that a consistent anomaly
containing F; must have the following structure:

1 1 1 1
ﬁAf4 =0 <aE4 +x9; <2rwvmfvw - 4U{<AKAJ> - 2X§JKQIJK>

+VNJ (w[G'w,vV)\I) - %8[]11][]5{7”7 (2.63)

where x9, and wy are functions of A, introduced in eq. (2.59), and where we used
the notations defined in section 2.2.7 plus the definitions

R
F;UJ = Guu + Eguu
OlJK _ (HIJ + 1B(IAJ)> AK
2
=l = A (2V,0VFN — orf TR (2.64)

and 1

Y?JK = —8(JX§<1) + §3KX?J . (2.65)
Notice that, even though it involves several terms, this anomaly is described by just
three tensor functions a,wr, X? ;- Moreover, Wess-Zumino consistency implies the

following constraint
Llwr] = —8dra + X?JBJ (2.66)
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5. Generalized 2 anomaly.

The generalized F? anomaly depends on three coefficients, kap,Cars and naz, and
takes the form
1 F2 1 A pBuw | L A Ty J 14 A 1IK
7_90_,40 =0 <Z“ABFHVF o §CA1.1FWV“/\ \VAD NS (§PI Carr +77A16[JPK]) Q )
v 1 -
+Vto (nAIF;ﬁ,V )\I) - EUA[IPﬁ:f,J (2.67)

The three coefficients appearing in this anomaly are related to one another and to

the coefficients of the generalized F; anomaly via 2 consistency conditions®

Lnar] = kapPP + Carg B — X ,(TaN)’
0 = nar B + w(Ta))! (2.68)

In the end we find that the anomaly can be described by 10 physical scheme indepen-
dent tensorial coefficients, constrained by the 3 consistency conditions in egs. (2.66), (2.68).
Note however that the second constraint in (2.68) is not fully independent from the other
two. Indeed, the vanishing of the Lie derivative of this constraint is automatic once the
other two constraints are enforced.

2.3.1 Comments on the R? anomaly

Some comment on the Aff anomaly are in order, as it represents a novelty compared to
the well known CF'T limit. We will show that it is associated with logarithmic divergences
in CFTs that can be “unimproved” when scalar operators of dimension exactly equal to
two are present. We will also show that the components associated with operators with
non-zero anomalous dimensions can be eliminated by a choice of scheme.

The coefficients by, bars and bryx are associated with the short distance singular-
ities in respectively (O,0p), (0,010;) and (O;O;O0kOpr). This is easily seen by con-
sidering the action of the RG flow operator A®“. For instance concerning Gy (z,y) =
i(Oq(x)Op(y)) one has

d ) )
— Gup(z,y) = ARC — W 2.69
'ud,u b( y) (5ma(:c) 5mb(y) ( )

) 1) ) )
RG

, 7w+ a 2.70
omq(x) omy(y) dmq(x) dmp(y) ! ( )
= G uw(2,y) — V5 Gac(z,y) — bapd*(z — y) . (2.71)

The implications of this equation are more easily worked out in momentum space. For
instance, at the original unperturbed CF'T fixed point where 73, Bl =0 and by, = bfl%) =
const, we have

d

PGt = <) = Ga = —5t) (=) (2.72)

2ab

8Indeed the E4 anomaly is not fully consistent on its own in the presence of a non-vanishing field strength
background F; ;3,. Terms involving the field strength in the Weyl variation of the E4 anomaly go along with
similar terms from the F2 anomaly, and thus appear in the F? consistency condition in eq. (2.68).
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where the cut of the logarithm is chosen along the positive real axis p?> > 0. Now for the
imaginary part at p? = |p?| + ie we find 2Im Gy = —ng%)H(pQ) so that by unitarity we
conclude that bg,))) must be negative definite. Considering the expression for I1 in eq. (2.48)

at the original fixed point A = 0, the anomaly associated with bg%) reduces to

a b
b <m“ - %R) (mb - %R) . (2.73)

By eq. (2.72) this result is readily intepreted as due to a deformation of the CFT by
the coupling (m® — n®*R/6)O,. This is also consistent with the interpretation of 7 as a
parameter describing the “unimprovement” of the CFT. We stress, although it is obvious,
that compared to the standard CFT anomaly in eq. (2.55), where R? is inconsistent,
eq. (2.73) is made consistent by the Weyl tranformation of an extra source, m®. A related
discussion of this issue is found in section 2.3 in ref. [21].

Notice that the coefficients by, bery and by 7, can be modified by the addition of local
counterterms of the same form:

1 1 1
SW = /d4x\/—g <2cabnanb + o + cUKLHUHKL>

2 4
5bab = —,C [Cab]
B KL b
Obarg = —L[cars] + V17 CarL + 271 sCab
Sbrsrr = —Llersxr) 5N emnkrn + 2 cravn + vk pcars + V8 carr - (2.74)

In particular, at a CFT fixed point 0b,, = V;cep + Vi Cac, 50 that all the entries in by
can be eliminated apart from those associated with operators of dimension exactly equal
to 2. This makes sense because only for those entries does Gy (p?) involve a logarithm,
corresponding to an ineliminable In ;x dependence in WW. The same remark applies to bq7s
and by yir: around a CFT fixed point the only genuine anomalies, the ones that cannot be
removed by local counterterms, correspond to 3- and 4-point functions of fields, such that
the sum of their anomalous dimensions vanishes.

It is also interesting to consider what would become of these anomalies in the limit of
an SFT. Limiting the set of sources to just g" and the virial gauge field Aﬁ = SAC’M, and
improving the theory by the choice n* = 0, the anomaly reduces to a term proportional
to R? (see section 2.2.8). This is the SFT anomaly discussed in ref. [21]. As this anomaly
coefficient controls the J = 0 component of the energy momentum 2-point function, one
easily deduces that the coefficient must be positive in a unitary theory.

2.4 Weyl consistency conditions and gradient flows

If one considers the quantity [8, 9]
1
a=a+ gw[BI (2.75)

then eq. (2.66) together with the second constraint in eq. (2.68) implies the famous gradient
flow equation
80ra = (X%]—i-a['w!]—a]wI—l—PIA?]AJ) B’. (2.76)
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The gradient flow equation is one major result in the work of Jack and Osborn [8]. To our
knowledge, however, in the general case involving global symmetries, it was not cast in
the form of eq. (2.76) until recently in [35] (see for instance section 3.6 of ref. [21]). Notice
indeed that, in order to obtain eq. (2.76), eq. (2.68) is crucial, in that it implies that a
seemingly spurious term Pflw;(T4))” is indeed proportional to the B!’s. Eq. (2.76) gives
rather non-trivial relations among perturbative expansion coefficients of the S-function
and of the other quantities in the right hand side. Indeed, as pointed out in [8] and further
demonstrated in [35], there arise relations purely involving the S-functions of different cou-
plings at different perturbative orders. For instance, in weakly coupled gauge theories with
scalars, one can relate the leading contribution of the scalar quartic coupling to the gauge
[B-function, which comes at 3-loops, to the 1-loop S-function for the scalar quartic itself.

Another implication of eq. (2.76) is that a is stationary at a conformally invariant fixed
point, where B! = 0. Notice that at a CFT @ and a have the same value, though a is in
general not stationary. However, since at a CFT d;a = —w ;07 B’ /8, we have that a is still
stationary with respect to marginal perturbations, that is perturbations associated with
vanishing eigenvalues of 9;B7. A corollary of this result is that @ must be constant on any
manifold of fixed points. Moreover, since in a CF'T « is the coefficient of one of the three
structures describing the 3-point function of 7}, [36], our result implies the vanishing of
the tensor structure corresponding to a in

[ 5O@) T ) T (T ). (2.77)

Although we have not studied that, this result should also be obtained by using the con-
straints imposed by conformal symmetry on the correlators. A corresponding result applies
in 2D CFTs for the the correlator [ d*z(O(x)T,,(y)T,(2)). Though in that case it triv-
ially follows from the vanishing of correlators involving n insertions of 7" and one insertion
of another primary, which is a consequence of the Virasoro algebra.

However, the most interesting consequence of eq. (2.76) is obtained by contracting it
with B! 3

8M§Z =8B'0;a = x},B"B’, (2.78)

where the relation B! PIA = 0 was used. The relevance of this result lies in the positivity
property of the matrix x9 > as for XY 7 > 0 it implies a is a monotonically evolving function
of the couplings. Moreover, in an SFT, one would have that BTy = N4(T4\)0; is just
a G rotation. Then the Gy covariance of @ would imply xJ JBI B’ = 0. For a positive
definite x¥; one would conclude that B! =0, and that therefore the theory must be a CFT.

Indeed, as noted already in [8], unitarity guarantees the positivity of x7, in a
neighborhood of the original CFT where all p-functions and anomalous dimensions
remain small. This proof is based on the following relation between x7,; and the anomaly
coefficient x%; (see eq. (2.59)):

XSIJJ = _QX?J + O(Bv aB’ P) (279)

This relation can be derived from the Wess-Zumino consistency condition of the original
anomaly. When B, dB, P can be treated as perturbations, then all anomalous dimensions
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are small and the positivity of x7 ; coincides with negativity of x7;. We will now describe a
proof for the negativity of this matrix in unitary theories. In section 3.4 we will present an
alternative argument for the positivity of X? 7 based on the dilaton scattering amplitude.

The negativity of x¢; can be established as follows: by the same considerations used
in the discussion around eq. (2.69) and by the use of eq. (2.59), we have that the two point
function Gy = i(O1(p)Os(—p)) satisfies the RG equation

d
M@GU + 9 Gy + 5 G = —(®)*x4, - (2.80)

Defining ¢t = %ln(—,u2 /p?), in such a way that ¢ is real at euclidean momenta, the general
solution of the above RG equation can be written in terms of the running couplings A (¢) as

Grr = (p*)? [FU()\(O)) + /Ot dt'(A(t')Xa(/\(t'))AT(t'))IJ] (2.81)
where
At = <Tef0t dt’w(*(”))j (2.82)

and where F7y is a scheme dependent integration constant. From the above equations, it
follows that any RG scale, up to corrections controlled by the anomalous dimensions and
[S-functions,

ImG[J = —WXL}J. (283)

As long as those corrections can be neglected, unitarity implies x¢; < 0 and thus, by the
previous discussion, x§ 7 must be positive. Notice that this conclusion is not affected by
changes of scheme generated by the addition of local counterterms to the action. Indeed
under these additions one has x§;, — x}; + L[crs], with ¢r; a covariant function of the
couplings: the change in x¢; is again controlled by anomalous dimensions and 3-functions,
which are small under our hypothesis. Let us stress again our conclusion: in a neighbour-
hood of the original fixed point (see figure 1) where the S-function and the anomalous
dimensions of O, O, J ﬁ can be treated as small perturbations, unitarity implies the posi-
tivity of x¥ ;- We should also emphasize that this result does not rely on the perturbativity
of M. Indeed xJ ; may differ significantly by its value at the fixed point, but under our
assumptions of small 8 and small anomalous dimensions, unitarity nails x¥ ;7 to be positive.
Nonetheless, we understand that the generic situation is one where the smallness of 5 and
of the anomalous dimensions is controlled by the size of the couplings A/ themselves.
Now, the integral of eq. (2.78)
H2
)~ ) = § [ A AW B ) dinn (289)
M1

gives a straightforward bound on the asymptotics of the RG flow. As long as the RG tra-
jectory is in the neighbourhood of the original fixed point, the left-hand side of eq. (2.84)
is finite, since as a is a finite function of the renormalized couplings. Then, if the RG tra-
jectory remains in this neighbourhood asymptotically, In 4 — +00, the positive integrand
at the right hand side must vanish in the corresponding asymptotics

lim  x7, (M) B (A1) BY (AM(u)) = 0. (2.85)

In p—=+o0
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This can only happen if either B! — 0 or if 0% 7 asymptotes a matrix with null eingenvalues.
In the latter case, the operators corresponding to such eigenvalues would vanish in the limit
where S-functions and anomalous dimensions are neglected: so they must vanish for real
otherwise our hypothesis of negligible g-functions and anomalous dimensions is violated.
We conclude that within our hypothesis, one must have B! — 0 asymptotically for all
non-null operators. The asymptotics must therefore be CFTs. A particular case satisfiying
our hypothesis is that of Banks-Zaks type theories: the only possible asymptotics in a
neighbourhood of the original free field theory must as well be CFTs.

2.4.1 Gradient flow for the vector 3-functions?

Recently, it was conjectured by Nakayama [28] that the vector S-function, defined as Bﬁ‘

PIAVH)\I satisfies a form of a gradient formula

B! = guwH"()) (A, N) (2.86)

)
5aB7
with unknown functions H4Z and f. By dimensional analysis and covariance f must take
the form f(A,\) = %FUVM)\IV“)\J, and this equation can be rewritten in terms of the
function PIA as follows

P = HABF ;(Tp\)! (2.87)

where F7j is necessarily a symmetric tensor.
What can one say about this conjecture based on the Weyl consistency conditions?
Eq. (2.68) can be recast in the following form:

Pt = (k" H)AB (x9, + 0rwy — Bywr + Pinay + Pinar) (Ts\)’
+(rmHAP (¢Brs + 20umB.) B’ (2.88)

Notice that by unitarity the matrix x4p is invertible. Moreover, the tensor in the first line
is equal to the tensor appearing in the gradient flow formula of the 5 function (2.76) (up
to terms which are eliminated using B! P{* = 0). We see that the conjecture (2.87) would
imply non-trivial constraints on the p-function and anomaly coefficients, constraints for
which we do not find evidence in the framework discussed here.

In ref. [28], the validity of eq. (2.86) was checked in CFTs based on an AdS dual. As
that result corresponds to the leading order in a 1/N expansion, we are tempted to guess
it should not hold true when including higher orders.

3 Correlation functions of T off-criticality

3.1 The dilaton effective action

In this section we shall use the local Callan-Symanzik equation to write the correlators of
T in terms of the correlators of the other composite operators, plus local terms associated
with the anomaly. For this purpose we will introduce the dilaton field 7(x), and define
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the dilaton effective action I'[g, 7] as the quantum effective action W evaluated in the
background?

TG, 7) = (g" =e*"g", X = N (1) = const, A;‘ =0, m*=0). (3.1)

This effective action can be written as an expansion in powers of T

Nlgr) = Wiz = e (AIWLT)| | =Y a1 .awlg)| (32
=0

n

where we used the operator A? defined in (2.9), and defined the background Jy as
Jo@) = (¢™ = g™, N = X (1) = const, A/‘:‘ =0,m*=0). (3.3)
Using the definition (2.3), we see that the coefficient of the 7(z1)...7(zy) term in I'[g, 7],

evaluated with a flat metric g = n*¥, corresponds to the n-point correlator for T’

n—1

F[Uﬁ] = Z !

n=0

/d%n . / day (zn) . T )T {T(z1) ... T(zn)}) . (3.4)

n!

In order to write the correlators of T"in terms of those of the other composite operators
we need to consider the quantum action for the Weyl transformed sources

Po(a. ) =ep (A} T| = (@ N, A me) (35)

for which the 7 dependence is transferred to A, Aﬁ, m®. We shall discuss below the form
of the Weyl transformed sources A![7], Af}[v‘], m?[r]. The effective action for 7 can then
be conveniently written as the sum of two contributions

F[@, 7'] = {W[jl] - W[jQ]} + W[jQ] = Flocal[T] + I'non—local [T] (36)

where the term in curly brackets = I'jca1 is clearly local, as it corresponds to a finite Weyl
variation of the action. The second term T'on_1ocal is a functional where A [7], Aﬁ [T], m®[T]
act as sources for respectively Op, J', O,. When focussing on an order by order expansion
in 7, it is also convenient to write eq. (3.6) as

Plg.7] = exp{A2} (1 - exp{~A )W +exp (AL} exp {7~ AZ}W
0

Jo
— exp{AZ} (1 —exp {—A )W

+exp{Aé+1 [Ag,Af—Ag] +...}w
Jo 2 Jo

= Flocal [T] + I‘non—local [T] . (37)

where in the second term we made use of —A, = Af — AY. In principle, the dots in the
second line can be completed using the Baker-Campbell-Hausdorff (BCH) formula. Again,
the first term is manifestly local because all the terms in it involve at least one power

9We keep a non-trivial background metric in order to allow in principle to control matrix elements of
T,.. But we shall eventually focus on the flat case g, = My
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of A, acting on W, which gives the anomaly A. The second expression is a series of
terms involving derivatives of W with respect to the sources, that is a series of correlation
functions of composite operators. Notice that in the absence of dimension 2 operators, all
the commutators in the BCH formula vanish, and the computation simplifies significantly.

In principle, the effective action can be obtained by working out the exponentials in
eq. (3.7) order by order in 7. A perhaps more direct way to get a hold of the result is to
consider the source

Fin(a.7) = ep (A} | = @ Nl Al mira). (39

which interpolates between [J; at y = 0 and J2 at y = 1. The advantage of using this
interpolating source is readily seen when considering I'joca1[7]. One can indeed write

1 1
Peatlr] = WIA] — W] = — /0 dyijww]z / d'x /0 WA (Tiry)  (3.9)

where A, (J14y) is just the Weyl anomaly of eq. (2.59) computed for Lie parameter o = 7 on
the background Ji4,. To compute both pieces in I'[g, 7] we must then first find J,. This
is done by solving a set of differential equations. Indeed, by its definition, J14, satisfies

d

which corresponds to a set of first order differential equations for its components. Given
eq. (2.10) the solution is found by considering A first, A;‘ second and m® third. We have

jy)\I[T, yl = TBI(A[T, y]) (3.11)

which, with initial condition A[7,0] = A (1), has solution
N r,y] = M (ue?™) (3.12)

This result is obvious given the definition of A [7,%] in eq. (3.8), but for the other sources
the result will be less obvious. Consider now the vector field. One has

CZJA;?[T, y| = TyBIPIAVHT — 7'PIA(TB)\)IA£3 [T, y] (3.13)
where A! = M (ue¥”) is understood everywhere. Notice moreover that by the rela-
tion B! PIA = 0 only the homogeneous term survives. Thus, given the initial condition
Aﬁ[T, 0] = 0, the unique solution is A,[7r,y] = 0. This is an interesting and non-trivial
result. It implies that I'joca is not affected by anomaly terms involving the field strength of
the external gauge fields, while I';,o _10cal is independent of the correlation functions of the
Noether currents J/f‘. We stress that this result depends on the choice S4 = 0 and would
not hold otherwise. As we saw in section 2.2.3, setting S = 0 amounts to using the Ward
identity eq. (2.29) to eliminate 8,,J% in the expansion of T in eq. (2.22). What our present
argument shows, is that J/| is eliminated altogether, including the general case where oper-
ators are inserted at coinciding points and contact terms must be taken into consideration.
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Consider finally m®. Its Weyl transformation is somewhat intricate, and so is the dif-
ferential equation for m®[r, y]. The computation is considerably simplified by focussing in-
stead on the “covariant” quantity I1%[7, y]. This is simply related to m?|[r, y] (see eq. (2.48))
via the sources we already computed, the metric g*[r,y] = §" e ~%7 and M [r,y]. By
eq. (2.50) the equation it satisfies is

4]

5,0 = = {2 = ] 44011 [y (3.14)

= —7 {(2 — )M, y] + €27V (60 + L[7Y]) <613R + V2 — (VT)2> }
(3.15)

where ¢ = n® + 10%(U _1)§B‘] and where, as before, Al = M (ue¥™) is understood every-
where. In the second line we have used the explicit expression for ~¢ JHI JIr,y], which is
readily computed as this quantity purely depends on A/ and on the metric. Furthermore we
have used its definition and the consistency conditions to rewrite the coefficient ;. This
is a standard differential equation whose solution is formally written in terms of integrals
involving the known functions on the right-hand side. The dependence on 7 can then be
made explicit by expanding the formal solution in a Taylor series in 7.

The structure of II* is the main source of complication in the computation of I'[g, 7]
for general 7. In the appendix we give more details about the general case. Here we shall
instead focus on the specific dilaton field configurations respecting the “on-shell condition”

R(g"e®) = e (R+6 [VQT — (Vr)z]) =" (R—6e"V?e ™) =0 (3.16)

which for the flat background g"” = n*” reduces to the massless Klein-Gordon equation for
the “canonical” dilaton 1 + ¢ = e~7. The effective action for a dilaton satisfying the on-
shell condition very roughly generates the correlators of 1" for lightlike external momenta,
though the relation is more involved because of contact terms. These configurations are
interesting because they are precisely those that help constraining the structure of the RG
flow [21]. Now, in the case of an on-shell dilaton, a remarkable simplification takes place:
%[r,y] = '’[r,y] = 0. Indeed one readily checks that for on-shell configurations the
boundary condition is 11%[7, 0] = I1//[r, 0] = 0. Then, since the system of II[7, y]’s satisfies
a homogeneous differential equation (see eq.(2.50)), the solution vanishes identically. By
the explicit form of I1* we thus have that on-shell and for a flat metric

9(1
M[ryl =0 —  mry) =07 ly(L—y)n® +y* B | Or (3.17)

where again all coefficients implicitly depend on 7 and y via A = A (ue?™). Notice that
for y = 1, relevant for the computation of I'yon_jocal, the above result further simplifies to
(all 7 dependence now explicit)
09 (X(pe™

7( (2,“6 ) Bl

m®[r, 1] = (AMpe™))Or. (3.18)

We have now all the ingredients to quickly evaluate the dilaton effective action in the on-
shell case (The off-shell case is discussed in appendix E). We shall consider the local and
non-local contributions separately.
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3.2 Computation of I'jgcal

From eq. (3.9) we see that I'jyeq) is linear in the anomaly. It thus consist of the addition of
5 terms, one for each of the contributions in eq. (2.60).

Dot = TV R 4 TR 4 TW? | DEa 4 P (3.19)
1. TV°E,

This local contribution can be obtained by dividing the generating functional into
two pieces
W =W — Foop (3.20)

where

— Ay Fo2g = /d%AZQR . (3.21)

while W' is a modified action whose anomaly has the canonical form AB® 4 AW? 4
APv 4+ AF® . The explicit expression for Fyzp is given in (D.2). By the definition
eq. (3.2), and by using eq. (D.2) we then simply have

2
TV*R[g, 7] = — Foapldi] = /d4 T/~ d< 9] + Vi — (VT)2> (3.22)
where d is given by
T 1 1 s InJ a 1 a; nl
d=d+ §B UI‘*‘ZS(IJ)B B —n ka—in JarB (3.23)

and we introduced the notation B = (UYL B7. Tt is important that once we have
extracted this piece from the generating functional, the remaining terms must be
evaluated using W', namely in a scheme where the generalized V2R anomaly vanishes.
The main result here is that I'V’E vanishes for dilaton configurations satisfying
eq. (3.16). As such this contribution does not affect the discussion on the RG flow
structure: that makes sense, since the local functional Fg2p is arbitrary.

2

2. TH,

This contribution is given by the integral of a quadratic form in the ITI's. It is
therefore proportional to the square of R + 6 [VQT — (Vr)z], and therefore trivially
vanishes for on-shell dilaton configurations.

3. TW?,

The contribution from A" is easily integrated: \/§W2 is Weyl invariant, so that
the only dependence on 7 and y comes from the coefficient function ¢(A). We find

Mg, 7] =~ [ day=g COw)7Wg (3.24)

where C'(A f ue’ @))dIn . This contribution vanishes in a flat metric
background
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4. TBa 4 TF?,

We group these two contributions, since AF* and AF ? are related by the Wess-
Zumino consistency condition. Notice however that since Al‘:‘ [7,y] = 0, the gauge
field strength vanishes and AF * reduces to the terms proportional to PIA. We find

g, 7] = /d4xx/jg<A(/\(M)77)E4[g]

Ya(A (e ) <4GW GV 7V 7 — AV2rV, 7V T + 2 (v,ﬂv%)?)
— LA€™) (Vur VAT 4 ... (3.25)
where A(A(u),7) = fﬁef a(A(@))dIn i, while the dots stand for additional terms

of order O(B)? and proportional to R + 6 [V*r — (V7)?]. These additional terms
therefore vanish on-shell.

Notice that eq. (2.78) implies 8L[a] = x7,B'B’ = O(B?). Therefore, close to the
fixed point, where we can use B! as a small expansion parameter, and focussing on
a flat metric, the above formula reduces to

%y, r]=a / d*z (—4V2TVMTV“T +2 (vurv“rf) +0(B?) (3.26)

This has precisely the form of the Wess-Zumino term at the fixed point [19]: the
non-trivial result is that the corrections begin only at order (B1)2.

Let us summarize: for flat background metric g = n*¥ and for 7 satisfying the on-shell

condition e™” = 0, the local contribution to the effective action is controlled by the

anomaly coefficient @ and reduces to the second and third lines of eq. (3.25).
3.3 Computation of I',,on_10cal

As long as we are not interested in correlators involving 7}, we can set g = n*”. Using
the results in section 3.1, we have

Chon—local = W[J2] = W[A[T, 1], m[r, 1]] (3.27)

where, with a slight abuse of notation, we have dropped the metric and gauge field as one
is flat and the other vanishes. By writing

WA, 1, mlr, 1] =exp {/d4x [(A[T, 1]-%@))6;(1:) +mlr, 1}5”1%(36)} } Wiall e

and by using the functional correspondence between derivatives and operators, the have
that the 7 dependence of ' on_10cal 18 effectively generated by adding to the lagrangian of
the QFT an effective interaction (we use [A[7, 1] = A(ue™))

Lo = (N (1) = X ()01 + (m*[, 1)) O, (3.29)

In the case of an on-shell dilaton the explicit result is

07 (A(peT))

5 BY(\(pe™))0r 0, . (3.30)

Lo = (M (neT) = M (1)) Or +
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where of course the composite operators are also renormalized at the scale u. Because
of the piece proportional to 6, this result corrects the naive expectation according to
which in a QFT with purely marginal deformations the effective coupling to a background
dilaton is simply obtained by promoting A(u) to A(ue”). That would for instance be
automatically true in the absence of dimension 2 scalars. However, we have seen before
that even in the presence of dimension 2 operators a scheme to define composite operators
exists where §¢ = 0. In such a scheme the form of the effective dilaton interaction would
respect the naive expectation. Notice that the operator redefinition generated by the source
reparametrization in eq. (2.40), reduces to a simple operator shift, as described in eq. (2.43),
only when operators are inserted at separated points. When considering insertions at
coinciding points the operator mapping is made more involved by the presence of contact
terms. In view of that, one should not be worried if the second term in eq. (3.30) cannot
be naively absorbed by the first through a simple operator shift.

We should however stress that the simple result in eq. (3.30) relies on two other in-
gredients. First, it relies on the choice S4 = 0 to fix the freedom in defining the RG flow.
This choice is equivalent to using the Ward identity to rewrite d,JYj in terms of Oy and O,.
Secondly, and more importantly, eq. (3.30) is only valid for on-shell dilatons. Without that
assumption there would be new genuine contributions basically related to the existence of
the additional non-minimal operators /gR(g)O, coupling the QFT to gravity.

For the purpose of the discussion in the next section, it is useful to write the lowest
order contributions to I'yon_local N an expansion in the canonical dilaton ¢

eT=1+4+0¢. (3.31)

for which the on-shell condition is V¢ = 0. Using the expansions 7 = —¢ + %¢2 —...and
V21 = —(1 - ¢)V2p + (V¢)? + ... we find

0
[Mhon—local [177 ¢] = 1 exXp { /d4$( - ¢ BI 5/\1(1:)

2 ) 1 )
R BJ I BI 7BJ9a 2
T3 < 05+ 058°) 5510y T 28700V s

- O(¢3)> } : W‘ (3.32)

where by the :: we mean that the functional derivatives do not act on their coeflicients. As
a check of the consistency of our result notice that the term proportional to ¢? is given by

2 ~
/ d%%BJ (6 + 9sB") |04 (3.33)
where O is the scheme independent dimension 4 operator defined in eq. (2.44). Also con-
sistently with that: thanks to O¢ = 0, Oy and Or make no difference in the term linear in ¢.

3.4 Correlators of T' and the constraints on the RG flow

The constraint on the RG flow asymptotics discussed in section (2.4) can be alternatively
derived by studying the specific combination of correlators of T' that corresponds to the
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2 — 2 scattering amplitude of a background on-shell dilaton. This approach is at the
basis of the proof of the a-theorem in ref [19] and was already followed in ref. [21] to
constrain the RG flow asymptotics. This section has a twofold aim. On one hand we
would like to use the results of the previous section to fill in some details that where not
fully developed in ref. [21]. These concern the role of multiple insertions of 7', and the issues
of scheme dependence and operator mixing. In the end these issues affect only subleading
contributions and so they do not alter the proof in ref. [21] as, under the assumption of
perturbativity, that only relies on the leading order scattering amplitude. However, with
a complete control of the scattering amplitude, the relation with the consistency condition
approach of refs. [7-9] will be more clear. That is our second aim.

The idea is to study specific combinations of correlators of 7' that can be directy
interpreted as the 2 — 2 scattering amplitude of the background dilaton field ¢ defined in
eq. (3.31)

o o o

0
4 _
(2m)%0(p1 + - - - + pa) A(p1, P2, 3, pa) = 59001 36(02) 56(p3) 5¢(p4)W[j1] - (3.34)
Notice that since 5 5
T —eTE (3.35)

the amplitude is a combination of 4-, 3- and 2-point functions

A1y pa) = —i(T{T(p1)T(p2)T (p3)T (pa)}
— ((T{T(p1 + p2)T(p3)T (ps)}) + permutations)

+i ((T{T(p1 + p2)T(p3 +pa)}

)

)
)
) + permutations)
+i ((T{T(p1 + p2 + p3)T(ps)}) + permutations) . (3.36)

Notice that, for generic kinematics, the correlators of T' require renormalization. As a
result of that, these correlators are generically 1 dependent. An equivalent statement is
that the dilaton effective action for a generic ¢ is u dependent. As discussed in section
2.2.1 this dependence is fully controlled by the integral of the anomaly for a constant
variation parameter ¢ = const. Now, it turns out that, for a pure dilaton background
G = M (1 + ¢)? satisfying the “on-shell” condition

R(e ) = ¢*0e™" = (14 ¢) 0o =0 (3:37)

the anomaly of eq. (2.59) integrates to zero. Indeed, in a pure dilaton background
(A = const, Af} = m® = 0) the only terms to consider are those involving just the
metric: Ej integrates to zero over asymptotically flat space, \/—gW?(g) vanishes for con-
formally flat metrics, while the on-shell condition (3.37) eliminates the R? term. The
scattering amplitudes for on-shell dilatons are thus automatically finite, that is they are
RG independent.

The same conclusion can be obtained from the power counting analysis in ref. [21],
from which one deduces that for an on-shell dilaton background all counterterms vanish
except for a cosmological constant term %(1 + ¢)*. For m® # 0 the cosmological term

— 31 —



would logarithmically depend on p. This dependence is associated with the TI*II® terms
in the anomaly. However, for the case m® = 0 we are interested in there is just a quartic
divergence: A is a p independent constant, that we may in principle even set to zero.
Indeed eq (2.59) corresponds to the choice A = 0.

As a consequence of the above discussion, on dimensional grounds, the scattering
amplitude, takes the form

A(s,t) = s°F(s/p?,t/pu®, M) + A (3.38)

with I an RG invariant function

(ua‘l n Bf;j[) Fs/12% /12, () = 0. (3.39)

Notice that, since the dilaton is a flavor singlet source, I’ must be invariant under the
background Gr: in eq. (3.39) we can equally well use B! or 3.
The constraint on the flow is obtained by considering a dispersion relation for the

forward scattering amplitude A(s,t = 0) [19, 21]. In principle, given the kinematics (p? =

i
0,t = 0), one may be concerned about the IR finiteness of the amplitude. While we believe
it should be possible to carefully study the conditions for IR finiteness by performing an
operator expansion analysis, in the present study we shall content ourselves by assuming
the amplitude is finite. There are different reasons to believe that must be the case. One
is that, as it will become clear below, A(s,t = 0) appears to provide a concrete “on-shell”
scheme to define the quantity a that emerged from the study of the consistency conditions.
It seems hard to believe that happens just by chance. Another, maybe weaker, indication
is associated with the explicit form of A(s,t = 0), when expanded in powers of the (-
function. As we shall discuss below, at the leading 52 order, the amplitude is determined
by the two point functions of operators 61 with dimension near 4, and is manifestly IR
finite. The next-to-leading order ~ /32 is determined by 3-point functions of such operators,
which at lowest order in g can be computed in the original unperturbed CFT. Here again,
the explicit computations of CET 3-point in momentum space [38], allows to rule out IR
singularities. According to this reasoning IR singularities could only arise beyond the order
(% While this seems difficult to believe, a dedicated analysis seems to be needed to rule
out this possibility. We leave such analysis for future work.
Let us now go back to the forward amplitude. It is useful to parametrize it as

A(s,0) = s2F(s/p%,0, M) + A = —8s%a(s) + A (3.40)
such that the positivity constraint imposed by unitarity becomes
ImA(s,0) >0 = Ima <0 (3.41)

Notice that, by the results of sections 3.2-3.3, eq. (3.25) in particular, at a conformally
invariant fixed point, « coincides with the anomaly coefficient a. Away from criticality,
using the p independence of A, we can also write

—8a(s) = F(1,0,\(V/s)), (3.42)
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S2

S1

Figure 2. The contour C' in the complex s plane.

a finite function of the running couplings. The dispersion relation corresponds to the

f A0 40 g (3.43)
C

g3

Cauchy integral relation

for the contour C' shown in figure 2. By using crossing A(s,0) = A(—s,0) and “hermiticity”
A(s,0)* = A(s*,0), and by defining the “average” amplitude

a(s) = & /0 " a(se®)do (3.44)

eq. (3.43) becomes [21]

™ ;S

G(s2) — Gs1) = = / % ima(s)) > 0 (3.45)

Notice that by crossing and hermiticity, & is a real quantity. Notice also that the cosmolog-
ical term, being analytic over the whole complex plane automatically gives no contribution
to the dispersion relation.

We can now use the results from our study of the local Callan-Symanzik equation to
elucidate both sides of eq. (3.45). Consider the left-hand side first. The split of the dilaton
effective action into a local and non-local contribution corresponds to a similar splitting for
the dilaton amplitude o = o + Anon—10c- The results of the two previous sections imply

Qe = a(p) + O(B?) Onon—loc = O(B?) (3.46)
from which, using the p independence of «, we deduce & satisfies
a(s) = a(v/s) + O(B?) (3.47)

This relation is sufficient to conclude that there exists a choice of scheme where a(s) =
a(+/s). Indeed adding to W the local term

Crj
7\/§G*‘”V“>\IV,,>\J (3.48)
does not affect the dilaton amplitude, as that is computed at VM/\I = 0, but modifies a
and x7, according to

a—a+ BBy X9, = X9, + Lcrs) . (3.49)
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7
7

Figure 3. The 2-2 and 3-1 cuts of the on-shell dilaton scattering amplitude.

Figure 4. The different configurations for the diagrams with 2-2 cut.

The first equation, together with eq. (3.47), implies a c¢y; with regular dependence on M
can be chosen such that a(s) = a(y/s). Consider now the right-hand side of eq. (3.45).
The imaginary part of the amplitude is obviously only affected by the non-local part of the
dilaton action. We must thus expand I',on_10c to fourth order in ¢. Notice first of all, as it
may also seem obvious, that only 2-2 cuts contribute!? if the amplitude is assumed to be
finite for external momenta on the lightcone: 3-1 cuts would expectedly be associated with
singularities at p? = 0. The absence of 3-1 cuts physically corresponds to the fact that a
background massless dilaton cannot decay to QFT states. This last statement can also be
checked by noticing that the contribution from I'yon _1oca1 to the dilaton 2-point function
vanishes on-shell.

Now, since only 2-2 cuts contribute to the imaginary part, we must consider terms
where at most two ¢’s are at coinciding point, as shown in the figure (4). The contributions
with at most two coinciding ¢’s are determined by the O(¢*) term in the expansion of
eq. (3.32). These contributions can be written in terms of “Feynman rules” where the
building blocks are 2- 3- and 4- point correlators of O and O,. Inserting a complete set
of states |¥) in the cut, the imaginary part is conveniently written as

~Tma(s) = ﬁ S (2m)16 (py — p1 — po) BB M (U Mi(®)  (3.50)
v

with the matrix elements defined as
BIM; () = Bl (0] [(55 + rBEYOR (0) + BEO 1 (p1 — p2)| |0) (3.51)

where we used the “scheme independent” dimension 4 operator O; defined in eq. (2.44),

Tndeed this is necessary to establish eq. (3.41), as 2-2 cuts are manifestly positive while 3-1 cuts are not
manifestly positive.
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and defined
Orx(pr — pa) = / dye P1-P/2T (O, () Ok (—)) . (3.52)

p1 and py are the momenta of the two incoming dilatons, so that (p1 + p2)? = 5. The
matrix element B! Mj(¥) describes the probability amplitude for two incoming dilatons
to be converted into the state |¥). The first two terms in eq. (3.51) correspond to two
dilatons absorbed at coinciding points (pure ¢ = 0-wave) while the third corresponds to
insertions at non-coinciding points, and thus involves all higher partial waves £ > 0.

One can thus define a positive metric Gy such that

~Ima(s) = B'B’Gyy (3.53)
Gry = 53 3 (2)'0" (b — 1 — )My () My () (3.54)
v

In the above equation, by the p independence of the amplitude, the couplings and the
composite operators can be conveniently renormalized at ;. = /s. Plugging this result into
eq. (3.45) and comparing to eq. (2.84) one concludes that, in the scheme a(y/s) = a(s),

32
Xy, = ?GIJ +Ary (3.55)

where Ajy satisfies B'B/A;; = 0, while G is manifestly positive definite. The positive
matrix Gy can be viewed as the 4D analogue of Zamolodchikov’s metric for 2D RG flows

G = pi S (27282 (pw — p) (0101 (0)] %) ([0 (0)]0) (3.56)
'

With the benefit of hindsight we can now better appreciate the difference between the 2D
and 4D cases. In the first case the RG flow is controlled by the 2-point correlator of 7', while
in the second a specific combination of 2-, 3-, and 4-point correlators is the relevant object.
Without the dilaton scattering amplitude as a guideline it would not have been obvious
how to assemble these correlators in order to construct Gyy. Of course the approach we
followed in this paper is bound to the study of near marginal deformations where both B!
and 0;BY are treated as small perturbations. In that case Gr; is dominated by the first
term in eq. (3.51) and takes the same 2-point function structure fo the 2D case. That is
the result discussed in ref. [21]. Ideally one could however conceive of extending eq. (3.51)
beyond perturbation theory including all scalar operators in the theory [37]. Unitarity
would then dictate the evolution of & with energy is controlled by an infinite dimensional
positive metric constricted in analogy with Gy.

We want to conclude with a comment concerning parity violation and e**?? terms in
the anomaly. In this paper we have disregarded them in order to simplify the discussion on
the structure of the anomaly. However it is rather clear that their presence does not affect
the derivation of the effective action for the dilaton, and the discussion about RG flow based
on it. This is readily seen by considering in turn I'jocar and I'yon_1ocal- The former is a local
action involving 4 derivatives and any power of a scalar field 7: by Bose symmetry it is evi-
dent that one cannot write down any term involving e**”?. The latter is totally determined
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by the Weyl tranformation properties of the sources, which as we noticed in section 2.2,
is not affected by parity violation. Therefore the discussion of RG flow asymptotics is not
affected by parity violation and, consequently, by mixed flavor-gravity anomalies.

4 Conclusions

Osborn’s original paper [9] on the local RG outlined a beautiful formalism to shed light on
the structure of RG flows, independent of details of the underlying theory. The present can
be largely considered as a corollary to that classic paper, where we obtained the following
results:

e We introduced the “covariant” objects I1% and II’Y whose Weyl variations do not
involve derivatives of the Lie parameter. These objects are essential in all applications
of the local RG, from the construction of manifestly consistent Weyl anomalies to
the computation of the effective action for a background dilaton.

e We showed that most of the consistency conditions for the Weyl anomaly can be
explicitly solved and that the anomaly can be reformulated in a manifestly consistent
form, with only 3 non-trivial consistency conditions remaining. A crucial step in that
procedure was the isolation of the scheme dependent terms in the anomaly, that is
terms that correspond to the variation of a local functional. That allowed to write
most consistency conditions as algebraic equations as opposed to differential equa-
tions. We believe this new formulation of the Weyl anomaly represents a significant
simplification over the original discussion in ref. [9], providing focus on the genuinely
non-trivial consistency conditions.

e Using the full set of consistency conditions, in particular those involving the back-
ground flavor gauge field strengths, we derived a general gradient flow formula for the
B-function, eq. (2.76). This equation implies a certain combination of anomaly coef-
ficients @ = a +w;B! /8 is stationary at fixed points. It turns out this is precisely the
quantity that decreases monotonically when flowing towards the IR. Therefore max-
ima and minima of @ respectively correspond to UV and IR attractive fixed points.
Another corollary of this result is that the E4 anomaly coefficient « is stationary on
a manifold of fixed point.

e We established the monotonicity of the RG flow of @, under the condition that the
RG trajectory is bound to a neighbourhood of a CFT, where the S-function and the
anomalous dimensions can be treated as small perturbations. These quantities are
indeed the expansion parameters in all our computations. Our result evidently does
not rely on the original CF'T being free.

We then related the approach to gain insight on RG flows based on Weyl consistency
conditions to the approach based on the background dilaton trick of Komargodski and
Schwimmer [19, 21]. Our study consists of the following steps and results:
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e We derived a formal expression for the generating functional of the correlators of the
energy momentum trace 7: the effective action for a background dilaton 7. This
action consists of two contributions. The first is local and determined by the Weyl
anomaly. For on-shell dilaton configurations the result is fully determined by the
E, anomaly term and shown in eq. (3.25). A consequence of our result is that, up
to O(B?) in the S-function B, the forward dilaton scattering amplitude at energy
/s is controlled by a(y/s), the same crucial quantity describing the gradient flow
equation. This result was essentially derived already in ref. [22], though, we think,
without analyzing the relevance of the on-shell condition.

The second contribution to the dilaton effective action is non-local and associated
with the expansion of T" in terms of a complete basis of operators, also including
the effects of multiple insertions at the same point. Here the main result is that, for
an on-shell dilaton, there exists a suitable “scheme” such that the action is simply
generated by making the formal substitution A(x)! — M (ue™). On one hand the
choice of scheme concerns the mixing between dimension 4-scalars O! and operators of
the form JO%, with O% dimension 2 scalars. On the other, it concerns the systematic
use of flavor Ward identities to substitute the divergence of currents 9,J% in the
correlators. That procedure corresponds to the freedom to define the Weyl operator
such that S4 = 0, and such that the S-function is the “physical” one, B!. We stress
that, aside these technical scheme issues, the on-shellness of the background dilaton is
the key to the simple result. In practice the on-shell condition beautifully filters out
interactions (and related complications) associated with improvement terms. This
property was already the key to the analyses in refs. [19-21].

e We used the effective action to study the forward dilaton scattering amplitude. We
showed that there exists a scheme where the reduced forward amplitude a(s), defined
in egs. (3.40)(3.44), equals the quantity a(1/s) appearing in the study of Wess-Zumino
consistency conditions [8, 9]. That scheme freedom is associated with the possibility
to add to the action a local and finite functional of the sources. We then applied the
optical theorem to show that, within this scheme and for a unitary theory, the matrix
X7, controlling the flow of a, essentially!! coincides with a positive definite metric
in coupling space Grj. The latter metric is explicitly written in terms of matrix
elements involving 2, 3- and 4-point correlators of the operators O; that drive the
RG flow. In practice the use of the dilaton scattering amplitude allows to identify
the 4D analogue of the Zamolodchikov metric of 2D-QFT.

There are other directions in which one might proceed in the study of the local Callan-
Symanzik equation and of the dilaton effective action. One obvious and straightforward
exercise is to study the case of parity breaking QFTs allowing for mixed gravity-flavor
anomalies. As we already mentioned, parity violation will not affect the discussion on
the dilaton scattering amplitude and the RG flow of a. However it is not excluded that

1 «Essentially” is here used in the sense specified by eq. (3.55): a possible difference A;; would necessarily
be “orthogonal” to the S-funtion vector B! and not play any role.
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additional non trivial consistency conditions will appear involving the parity breaking co-
efficients. A less straightforward generalization from the methodological point of view is
the one to supersymmetric field theories. Again, it is not excluded that additional and
important consistency constraints will appear. Supersymmetric RG flow lives on a (stable)
submanifold of general QFT, where additional, and perhaps stronger, irreversibility con-
straint may apply. Ref. [39] conjectures the existence of one such constraint valid in some
specific cases. It is rather clear the local Callan-Symanzik equation offers a systematic
methodology to hunt for all the possible constraints.
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A Definitions and useful equations

A.1 Notations

The generator of the local CS symmetry:

Ay =N — AP (A1)

. AR RN W0
e ["(ﬁ oA (@) PV 5Aﬁ(w)> Ve (s 6A;?<w)>

1
—0 <mb (208 — %) + CR + DIV + ZE?JVM)\IV“)\J>

) )
ax7puy ! R w2 a
+V,o («91V A 5m“(:ﬂ)> Vo <77 5m“(x))

Non-ambiguous functions in the local CS equation

0
ome(x)

(A.2)

1 _
B' =p"—(SAT\) A= - (8ATY),  P=pf+oSt (A3
Notations appearing in the dilaton effective action
~ N 1 .~
Bl =w=hHB!  jr=nr+ 59?31 (A.4)
Useful anomalous dimension matrices

vh = 8;BT + PA(TaAN)
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o5 = (U5 (0 + PHTwh)

1
Y1y = 5 (Ef; + 05%71y)
KL _ (K, L)

Y15 = Vg
vi = PP (TaN)’
1
Ul =65 +0;B" + 5Pf(TAAJ ) (A.5)

Useful functions of the sources

A= (] <v2x’ + 1BJR)

' = v\ - B(If‘])
[0 — o _nag N %9%1
' = G* + %g“”
OlJK _ <HIJ + ;B(IAJ)> AK
=l = A (2V,0VFN — o TR (A.6)

A.2 Lie derivatives

We use L to denote a Lie derivative along a direction in parameter space defined by the
RG flow. This derivative satisfies the following definitions and relations:

L[Y] = Blory
LIY/] = BRoxY{ + 47 Y =Y/~
L[Yar) = B 0;Yar +~{Yas + 5 Y51

(TN L[Ya;

]
]
]
B'L[Y1,.] = L[B'Y7,.]
]
]
]

L[B"] = —~},.B'BX (A7)
where Y. stands for an arbitrary covariant function of M, and U } is defined in (A.5).

A.3 Gravitational terms and their Weyl variations

1
W2 = R Rpe — 2R"™ Ry + gR2
Ey = R"" Ry pe — 4AR" Ry, + R?

1
Gul/ = Rm/ - §guuR (AS)
AL = 209"
AV = oy g
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AIV NV = 20(,00,)f — 90?00, f
AIV2f = 20V2f — 20,00 f
AYR = 20R + 6V2%0
AIGuy = 2V (, V)0 — 29, V70
AL/ —gW? =0
AY\/—gE; = —8/—gG"'V,V,0 (A.9)

A.4 Weyl variations of dimensionful functions of the sources

Ay (YIA) = o 2Y7AT — LIY7AT — Yo (7Y — 2V 0 (Y7 V40T
A, (Y1) = o (2y,117 — E[Y S+ Y i TTRE)
A (Yo I1%) = o (2Y,I1% — L[V, |TI* + ~,4117)
A, (YaFh) = o (LI, 2YA8[JP}V NV = Vo (2Ya PV, )
Ao (ViKY = (4YIJKQIJK — LYK + Yy oy I TIMY)
+V 0 (=2Y7 VN VYN VENE) — BIYy 20K (A.10)

where the Y’s are arbitrary covariant functions of \’.

B Weyl symmetry in a regulated theory

In this appendix we shall give more details concerning the local CS equation. In particular
we shall outline its derivation in dimensional regularization in weakly coupled 4D field
theory and explicitly derive the structure of the anomaly and its consistency condition in
2D field theory.

First of all we want to explain how to find the Weyl transformation for the sources 7.
An explicit way to do that is by a variant of the dilaton trick [21]. In order to see how
that works, let us focus for the moment on a classical bare action S [®, 9uv,Lo], where
Ty indicates the general set of bare sources, the metric excluded, that can couple to non-
trivial local functions of ® and of its derivatives. In the case of a theory regulated with
a momentum cut-off such as Pauli-Villars one should add to the set Zy also the regulator
mass A. Now, the trick is to write the metric in a redundant way by introducing a dilaton
field 7: S = () [®, €27 gy, Zo]. The action so written is trivially invariant under a Weyl
transformation under which 7 — 7 + o, g, — g,we_%, while ®, Zy (and the regulator
mass) do not transform. Now, if, and only if, Zy includes all the sources that can couple
to the fields ®, we can certainly absorb 7 in the fields and in the sources (and regulator
if needed): SW[®, €% g,,,Zo] = SW[®7, g,,,Z7]. Now, the redefined fields and sources,
via their 7 dependence, transform in a definite way under Weyl so as to compensate the
transformation of the metric, and ensure formal invariance of the action. That is most
easily understood by working around 7 = 0 which gives

50I0 EIg —I(). (Bl)
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The situation is particularly neat when dimensional regularization (DR) can be used. In
DR, the regulator itself is Weyl invariant and only the bare sources transform non-trivially.
On the other hand, in the case of a momentum regulator, such as Pauli-Villars, things
are a bit more involved as one must also consider a 7 dependent, and consequent Weyl
transforming, regulator mass: d,A = oA. An obvious generalization of RG invariance
then ensures that the combination of the transformation in eq. (B.1) together with
00N = oA has the same effect on the partition function as a certain transformation 6,7
of the renormalized sources Z. The latter combined with 659, = —20g,,, defines the
transformation of renormalized sources [J. According to the discussion at the end of
section 2.1, the local Callan Symanzik equation then follows.

Consider now a 4D renormalizable field theory based on a gauge group G, and involving
scalars and fermion transforming in a representation of GG. In addition to the metric g,
the set of sources J consists of

e the marginal couplings \! = gauge, Yukawa and scalar quartic couplings

e the gauge fields Aﬁ of the flavor symmetry group G of the kinetic term; this sym-
metry is in general broken by the Yukawa and quartic couplings.?

e mass terms m® for the scalar bilinears.

The general relation between the bare and the renormalized sources is obtained by consid-
ering all the terms allowed by symmetry and power counting

M) = pH'e (M (@, 1) + L)
Af(x) = Az, p) + NPV
mi(w) = (6 + Z§) m"(w, ) + Z°R(g) + Z¢VN + 28,V N VNT) - (B2)

where L1, N f‘, Zy, Z%, Z¢, Z§; are series of poles in € whose coefficients are polynomial
series in A\. The coefficients k! (understood not to be part of the summation convention)
correspond to the dimensionality of the bare couplings in 4+e¢. The k! equal —1, —1, —1 /2
for respectively gauge, scalar quartic and Yukawa couplings. Notice that the dimensionality
of A()“H and m{ is not affected by dimensional continuation. Notice also that the bare and
the renormalized metric can be taken to coincide. The effective action is renormalized
by adding the most general set of diffeomorphism invariant counterterms: these can be
absorbed in redefinitions of the fields and sources in eq. (B.2), with no need to redefine
guv- By inspection of the most general dimensionally continued bare action S (1) the Weyl
transformation of the bare sources is simply given by

(gl“/’ /\(I)a AE)L‘;U mg) — (620.glwa dﬁea)‘é? Aé}m eQUmg) (B?’)

By eq. (B.2) this can be univocally translated into the, generally more involved, tranfor-
mation law for the renormalized sources

55T = (209", 5,1, 0, A7}, 54m®) . (B.4)

12 As we assume our theory respects parity we just need to focus on the maximal vectorlike subgroup of G .
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In practice, the first of eqs. (B.2) fixes §,A, and once that is fixed the second equation
fixes 5UA;:‘. Finally, once all other tranformations are fixed the the third equation can be
used to deduce d,m®. By applying the logic described in section 2.1, we thus conclude the
renormalized action must satisfy an equation of the form

/ dPx (&,j({;) W = / dP 16,52 7] = / dPr A, (B.5)

)
dgHY

respect to the renormalized sources, one deduces that (5,\’, (5UA;‘, dom®) and A(x) must

By this equation, given the finiteness of g"* W and the finiteness of derivatives with
also be finite. In other words: given 7' is finite, then the coefficients of its expansion in terms
of renormalized operators must be finite, along with the contact terms associated with the
anomaly. The condition of T finiteness is at the basis of the derivation of consistency
conditions given in ref. [8]. Finiteness then allows us to safely take the n — 4 limit in the
above equation. This is the formal derivation of the local CS equation. In the following
sections we shall describe in detail the structure of (6, A/, (5JAZ‘, dom?).

B.1 The variation of \I

d-A! can be found using the following manipulation

" F N (@) = 7 p (M (@, 1) + LT (A, 1), )
= uk'e (M (2, e77p) + LT (\x, e 7). €)) (B.6)

where we used the p independence of the bare sources. In other words, a Weyl transfor-
mation for the bare sources is equivalent to a change in the renormalization scale:

Ao e\ = Mz = M(ze ) (B.7)

In assigning these transformation properties it was essential that the sources are x depen-
dent by definition. This can be translated into the following infinitesimal transformation
law for the renormalized sources

S M (2, 1) = —0 () Mz, p) = —op! (B.8)

dlog 1

In agreement with the local CS equation.
The last step is to relate the B-function to the poles in the counterterm. This is done
by using the invariance of the bare parameters under change of renormalization scale:

dXo

Ao a’
o

=0=  (6f+0,L ) T —ek! (N + L) (B.9)

Using the finiteness of A\; we find in the ¢ — 0 limit

Bl — gl = —k'LT + 1N o; L1 (B.10)
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B.2 The variation of AI‘:‘

Unlike A}, Ag‘# is invariant under the local scale transformation. Using this in eq. (B.2) we

find
(6% + (NP (Tp)IXT)) 0,48 = o (B/0,Nf + N9 87) O, + NPBIV,0 (B11)
and we can identify the functions p and S from the local CS equation:
(05 + (NTsA)) pft = =7 0,Nf' — N0,
(0p + (NATpN)) SB = N3 . (B.12)

Focusing on the e independent terms in these equations, and using the finiteness of the
renormalized sources, we find

S4 = —k'N NP
P =K'\ (9,Nf, — arN7Y) (B.13)
where L! and N fl are the coefficients of the simple poles in L/ and N IA.

Let us now derive the consistency condition B - P = 0. First, we multiply the first line
of (B.12) by B! = ! — (SATu\)!

(6% + (NATpN)) Bl pft = ~BTor (N787) + 5740y (55 + NTp) (B.14)

where we used the covariance of 3, namely (TA)’ ;87 = (T3)?. Next, we substitute the
second line of eq. (B.12) and find

(62 + (NATpN)) (prf + Bfals) ~0. (B.15)
We conclude that

B'Pit = B (p + 915 =0 (B.16)

where we used the covariance of S4 to show that (STA)! 878 = 0 and hence B'9;S4 =
plopsA.
B.3 Dim 2 operators

Once the Weyl tranformations of ¢"”, A and Aﬁ are fixed the expression for the bare
source

md = ((5;; + Z0ymb () + Z°R + Z8V2N + 78w, A vm N ) : (B.17)

as well as its Weyl transformation equation mg — ezamg, fix the coefficients functions in
Oom®.

(202 + Z2)7, = L[Zy]
(208 + Z9)C¥ = L[29]
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(207 + Z3) D} = L[Z]]
(207 + Z§)Epy = 225010;5" + 2L[Z],)]
(207 + Z§)07 = —22¢ — 225017 — 287 7},
(268 4+ Z¢)nb = plz8 —62° (B.18)
(for brevity we have ignored the contributions in the transformation related to global
symmetries). From these expressions it is possible to derive the remaining consistency
conditions (2.46).
B.4 Consistency conditions for the anomaly coefficients

As an example for the derivation of the consistency conditions for the anomaly coefficients
we present the computation for the 2d case where the anomaly is given by (see [9]):

.
V=9

For simplicity we will ignore the contributions from dimensionful sources. The coeflicients

1 1
As =0 <—25¢R - QXIJVH/\IV“)\J) + Vo (wVHAT) (B.19)

in this anomaly satisfy the consistency condition
01Ba — x1s8” + Llwr] =0 (B.20)

In dimensional regularization this anomaly can be understood as the result of the
non-invariance of the following counterterms in the effective action

1 1
1A%} /dDy\ﬁ—g;f <2bR + 2cuvuva“x7> (B.21)

where b and cy; are understood as a series of poles in € = D — 2, where the finite part is
assumed to vanish.
Defining the symmetry generator of the regulated theory as

Ay = / dPz o(x) ( 5fo) e &f(x)) (B.22)

where B[ = —eM + BT, we find

1 1
A, / dPy/—guc <2bR+ §chMAfvuAJ >

1 1
= / V=gd"z (a <—25¢ + 2)2]JVH/\IV“)\J> + Vo (u?[V“)\I)> (B.23)

where

~

Bo = B 0Kb— eb
X1s = —Llers] +ecry
wy = —(1+¢€)0rb— C[J/BJ . (B.24)
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The finiteness of T" ensures that these specific combinations are necessarily finite. In other
words, in the ¢ = 0 limit we find 8¢ — B, X717 — X717 and w; — wy;. Moreover, these
coefficients satisfy the relation

OrBs — X167 + L[] =e (—31/@@ + ﬁ}z) (B.25)

which, in the € = 0 limit, gives eq. (B.20).

C Unitarity and anomalous dimensions of currents

In this appendix we would like to study in more detail the scale and conformal transfor-
mations of the operators, eq. (2.27), at a conformal fixed point. In particular, we would
like to distinguish the primary scalars operators from the descendants of the non-conserved
currents.

Let us suppose the background couplings A’ break the flavor group Gp down to a
subgroup H. Let us to parametrize the coset Gr/H with indices A = 1,...,m, while
the remaining indices A = m + 1,...,dimg, parametrize the generators of H. Using
the notation vﬁl = (Ta4\), we thus have that for A = 1,...,m, vg % 0 are m linearly
independent vectors, while vj{‘ =0 for A > m. In block matrix notation we can write

v= <O 0) (C.1)

where 0 is a m x m matrix. The rows of v run over the indices A, while its columns run over

the indices I = 1,..., N: v is a rectangular dimg, x N matrix. Since U114 are m linearly-

independent vectors, © can be taken invertible by a proper linear tranformation in I-space.
The anomalous dimension matrix for J¥ is:

VA =valr. (C2)

By the properties of unitary representation of the conformal group it must vanish for the

) = (g 8) (C.3)

with 4 a diagonal and strictly positive definite matrix (thus invertible) acting on the sub-

conserved currents and take the form

space of broken generators. Now, using egs. (C.1)-(C.3) P is constraned to have the form
S—1(a _ a1

p_ (U (4 —ab) —v ap) (C.4)
b p

with b an (N —m) X m matrix and p is an (N —m) x (dimg, —m) matrix. Notice that
P is a transposed rectangular matrix with respect to v: rows run over I and colums over
A. We can now go to a basis in I space such that v and P are block-diagonal:

v—v =08l = (1 0) (C.5)
00
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PP =SP= (7 0) (C.6)
0p

5= (—b’y‘lﬁ (1 —bﬁ‘%t)) (C.7)

In the new basis, by eq. (2.29) the operators Oy I =,1,...,m are the descendants of
the broken currents J%, A = 1,...,m. On the broken generator subspace P equals the
anomalous dimension matrix 4. Correspondingly eq. (2.27) gives, as expected, K*O, =
—ﬁgJ["; for a, 8 = 1,...,m. However, as long as p # 0, eq. (2.27) also implies K*O; =
Yo Asm pf‘J 1 0 for the supposedly primary operators described by I > m (notice the sum
is over the conserved curents). We thus expect p should vanish. The proof comes by using
unitarity as follows.
Let us consider the 2-point correlator of a scalar field and an unbroken current:

(J4(p)Or(=p)) = f(p*)p" (C.8)
The conservation of the current p,J4 (p) implies f(p?)p? = 0, thus f(p*) = 0.
(J4(2)01(0)) =0 (C.9)
If we act with a conformal transformation:
0 = ([K”, J4()]01(0)) + (T4 ()K", 01(0)]) = pF (J4(2) T5(0)) (C.10)

where the B runs only over the non-conserved currents, since otherwise the 2-point function
vanishes. In a unitary theory (J4(x)J%(0)) is invertible, thus p? = 0.

D The consistency conditions for the Weyl anomaly

The most general parameterization of the Weyl anomaly given in eq. (2.59) can be reduced
by a change of scheme. More specifically, the terms proportional to d, Ur, V15, S(r.1), T1sK
ko, and j,r can be eliminated by adding to the generating functional W a local functional

‘FV2R_/d4x\/§£V2R (Dl)
with
_ 1 I R2 R AV 1 R InopyJ ~a R
Ev2R— (d+2B U]>36+U]6VA +§‘/}JEVM)\V A +m kaa

1 1. 1/~ 1 1.
+ZTIJKH]JAK + 5ja1HaAI t1 (5(1J) + §TIJKBK + 2Ja193> ATA7(D.2)

In addition to eliminating the mentioned terms, this operation also changes the remaining
anomaly coefficients (the specific expression are not particularly illuminating). In the
following equations we assume that all the coefficients are given in the scheme where these
terms are indeed vanishing.
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A key observation is that in this scheme the consistency conditions can be written as
algebraic constraints. Here we list the equations, and the terms in the Lh.s. of (2.56) to
which they are related:

onVuo V¥R Be = —ix?BI
o Vo VAN Xt = —%X?JBJ
V2U[1VMUQ]VH)\I : Y —xr = _%g[IJ]BJ
a[lv%Q]VMIV“/\" : X?} = %X?_; + %XI}JKBK -0 (X(IZ)KBK)
o Vioygm® : Ga = %TaIBI
a[lv#aﬂv“/\’m“ : rasU] = *%SaIJBJ - %pabel}
Vo VAN : X5 USUS = 1pusbibl + Ssaonth BY = 5 B Xk Uk — 5x0p,cUS
U[1Vu02]VHAKVu>\IVV)\J : XEILUIL( = —%Saua?( +X95 — X?JKLBL + g[KM]’Y%
V.o Vo VAT VAT Si1s) = dwn + naw Pi)

The three non-trivial consistency conditions and the corresponding terms in the commutator
are , ;
on Vo G*'V A Llwr] = —801By + X7, B

o Vo Fa, VYA Linar) = kapPP + CarsB” — x4, (TaN)’
V“UDV”UQ]F:‘V . narBl = —wI(TA)\)I

The coefficient of the last term in the commutator, o VMJQ]V“)\[I A7!, vanishes by imposing
the three unresolved consistency conditions, without introducing new constraints.

The anomaly coefficients appearing in 2.3 are related to the ones appearing in the
original formulation of the anomaly via

a = Bb? c= _Baa
bab = Pab
bary = kY
alJ = SalJ — JaKVI1J>
1 1
brikr = XTyKL — §TIJM’Y§\</[L —3 "KLMY (D.3)

E Computation of I',on_10ca1 Off-shell

In this appendix we present a method for computing the non-local part of the dilaton
effective action, without imposing the on-shell condition. In (3.6) we found an expression
for this action which was obtained using the BCH formula

(E.1)

Jo

Fnonflocal[gﬂ-] = exp {Aé + % [Ag_’ AE — A‘;].} + .. } w

To make use of this expression, it is necessary to bring it to a normal-ordered form, namely,
to write the exponent in a form where all the derivatives are brought to the right. This
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can be done using the following useful relation:

5 —1_ 4
exp {}—M} =: exp {Z k!]:kdj} : (E.2)
k=1

where : : denotes normal ordering, F is some function of the sources J and Fj, is the first
order differential operator in (f %)k which can be defined recursively via
)
Fro=F—Fu1. E.3
k 577 k1 (E.3)

This relation, as well as the convenient transformation properties of the II functions given
in (2.50), will play an important role in the computation of the non-local part of the
effective action.

E.1 Ton—1ocal Without dimension 2 operators

To demonstrate the method of our computation, we begin by considering a theory without
dimension 2 operators, where all the commutators in (E.1) vanish and (E.2) can be used
to write

— 1
Ihon—local [T] = exp{Af}W =: exXp {Z klAqﬁ—,k} : W‘jo (E4)
k=1""

where the most general form of Af  can be parameterized via

B _ 4 k(.1 9O A 1 0 k—1 A0
Aﬂk = /d x (7‘ (U,k:(;)\[(x) + (vlvkvu)\ ) 5Af}(x)> +7 VT (uk(SAl‘;‘(:n))) .
(E.5)
Using eq. (E.3) one easily finds a recursive expression for the coefficients appearing in this

formula:
vﬁ = B! Ufk = B/,
A A A J A J, A
vip =P v = B0 10 k1 (E.6)
uﬁ =0 uf,i, = BYouit | + Blvﬁk_l
What is the physical interpretation of this expression? Using the definition of the

effective action (E.4) the coefficients v,ﬁ, vf‘k, and 1)7‘2 can be understood as the coupling of

the composite operators [O;] and [JZ] to k dilatons. Notice that, as in the computation
described in section 3.1, the dilaton decouples from the currents [J Z] in the gauge S4 = 0.
This is based on the following observations: first, vf,k does not contribute in the limit
VA = 0. Also, it is easy to show by induction, using the consistency condition B! PIA =0,
that also Blvfk = 0 for any k. Plugging this into the third line of (E.6), and using the
choice uf! = —$4 = 0, we find

up =0 (E.7)

and therefore, in this gauge, both terms in (E.5) containing % can be ignored.
We conclude that in the absence of dimension 2 operators the non-local part of the
dilaton effective action can be written as

>k
. 4 T J k—1 I (S .
Lhon—local[T] =: exp {/d xkgl m (B 8J) B 75)\1(1') } : W‘JO (E.8)
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where, in agreement with the result quoted in the text, the series can be summed to give

the following expression
x  _k
ST (BY9,) T BT = M(ueT) — N (u) - (E.9)

k!
k=1

E.2 Ton—local in the presence of dimension 2 operators

The computation of the effective action in the presence of dimension 2 operators is more
complicated because the commutator in eq. (E.1) is not vanishing

I'hon—local [ga T] = exXp {Aqg—} exp {*AT} W‘j
0

:exp{Af—;[Aﬁ,AT]—i—...}W

Jo
= exp{zf}W‘% (E.10)

We will now explain how to find the normal ordered form of the effective action

(E.11)

~ 1~
A B _. E ~AB .
Fnonflocal[gﬂ-] = eXp{AT}W)jO =:exp {kl klAT,k} tW o

without using the BCH formula explicitly. As a first step, we rewrite the first order
differential operator in the product of exponents appearing in (E.10) as follows:

1 n m
[exp {A?}exp{_AT}}lst—order, Jo — Z Z mn! [(Ag) (_AT) ]1st—order, Jo
n=0m=0
5N L K
= A2+ S(-a0) (E.12)
k=2 1st—order, J1

where the notation [.. .] stands for keeping only the first order differential operator,

1st—order
and the sources Jy and J; were defined in egs. (3.1) and (3.3). Comparing this expression
with (E.11), and matching the first order differential operators in both expressions, we find
for k > 1:

= (—1)"Asx (E.13)

AB k
AT’k a [(_AT) }lst—order,jl n J1
where A, is defined as in eq. (E.3).

Next, we compute A, j in the scheme 67 = n® = 0 where m® = II*. The transformation
properties of the II functions given in (2.50), suggests to write the term in A, j which is

proportional to % as

0
(—DFAL . D / diz 7" (vgvknb + ¢ J,,CH”) S () (E.14)
where the coeflicients are defined recursively by
vlo =00 vl =Ll ] — 208,
b,0 b bk [V k—1] bk—1 (E.15)

a _ a _ pAr.a a KL a a b
Urjo = 0 Urgk = E[”IJ,kq] - 2UIJ,k71 —71J YKL k-1~ Vbk—171J

— 49 —



and the notation £ stands for the Lie derivative evaluated when ignoring the upper a

indices. In the limit VA = A = 0 we can substitute II// = —%BIEJR and use the
consistency condition C'* = —%E}l JBI B’ to further simply this expression:'?
o (o]
(_1)k 4 . —2T (_1)k k[ ~ b 1~a 0
2 ! Aq-yk D) d*xe ; TT Ubykm + E’U’kR W(x) (Elﬁ)

where we also extracted a factor of e=2™ and defined
~ _sa ~a __ I ~a c~a
Upo =0y Uy = B Orvy 1+ 700 k1

~ ~a I ~a ~a b (E17)
'U70 = 0 U,k = B 3[1)’,671 —+ 6Ub,k710 .

Plugging these results into (E.11) we finally find that the non-local part of the dilaton
effective action, associated with the dimension 2 operators in this scheme, is given by

> pa )
. - : 4 Ok ko2 2y 2 L.
non—local[g, T| Dt exp {/d l‘; il T (V T —(V7) ) 5m“(m)} w

Next, let us introduce a non-zero n* and 6¢. In this case, it is convenient to write the

(E.18)

Jo

variation of m% as

1 R 1
A,m® =0 ((255 — T + 31 JH“> + A, (”ba - 29§AI) (E.19)
Consequently, the general form of A, ;. can be factorized into two terms:
a a 5
(—1)FArx D /d% T <vb7kHb—|—vU7kHI‘]> S (2)
R 1 5
—ANF (= + Z0AT E.20
S e (5:20)

The first line generates terms similar to eq. (E.18), with a few modifications due to the
appearance of 7% and 07 in the definition of 1I* and in the consistency conditions:

0k
3 ' 4 T (~a _ ~a ~b 2, 2 L :
Thon—local[g, 7] D: exp {/d w; X (’UJC Up, k7 ) (V T — (V1) ) 5m“(x)} W

Jo
where 7% was defined in (A.4) and
Uyo =0 Uy = B[alﬁg,kq + Y00 k-1 (B.21)
0 =0 0% =B'orv%_; + g1 (6C° + L[7) .
Plugging the second line of (E.20) into (E.12), one finds the following expression
— 1 R 1
(=A== + Zgen! E.22
> ot (g goan)| (522
k=1
© _k
T~ T an a
= =" (V7= (V7)) _ o7 ((BJaJ)k(ele) (v%f(vT)?)+(BJaJ)k(9,BI)(vT)2>
k=0""
131t is also necessary to use the identity vi5BY(U™1){ = —L[(U™H¥].
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In conclusion, the non-local part of the dilaton effective action, which is a generalization

of eq. (3.30) to include off-shell dilatons, given as a series expansion in powers of 7 is

© i
Log = Z % <(BJ8J)k_1 BIOI + <'Dflk — ﬁg7kﬁb> (VQT — (VT)z) Oa)
k=1 "

" i?j ((B70,4(05BY) (V> = (V7)°) + (B'9,)"(6B")(V 7)) O,
k=0

—ijae”” (V1 — (V7)?) O, (E.23)

where the coefficients 99, and o}, are given in eq. (E.21).
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